DYNAMIC FORMULATION OF OPTIMAL TRANSPORT
PROBLEMS.

C. JIMENEZ

ABSTRACT. We consider the classical Monge-Kantorovich transport problem with a
general cost c(x,y) = F(y — ) where F : R? — RT is a convex function and our aim
is to characterize the dual optimal potential as the solution of a system of partial
differential equation.

Such a characterization has been given in smooth case by L.Evans and W. Gangbo [16]
for F' being the Euclidian norm and by Y. Brenier [5] in the case where F' = |- |? with
p > 1. We generalize these results to the case of general F' and singular transported
measures in the spirit of a previous work by G. Bouchitté and G. Buttazzo [7] and
by adapting Y. Brenier’s dynamic formulation.

Keywords: Wasserstein distance, optimal transport map, measure functionals, duality, tangen-
tial gradient, partial differential equations.

1. INTRODUCTION

In this paper, we deal with the following problem introduced by L.V. Kantorovich
(see [22]):

i F(y—xz)d ey = fo

where fy and f; are two fixed probability measures, €2 is the closure of a bounded open
subset of R? and F is a convex cost (for example: F(y —x) = |z — y[P, p > 1). We
denote by 7T§t’)/ and ﬂg’}/ the marginals of ~.

This problem, which is central in optimal transport theory, has numerous applications
in economics (see for example [12], [13]), mechanics (see for example [9]), signal theory
(see for example [6] and [21]). Recently, many papers have been published around this
problem, this interest is motivated by its relation with various mathematical areas like
partial differential equations, geometry, probability theory (see [23])...

We focus on the link between transport theory and partial differential equations. This
link has first been enlightened by L. Evans and W. Gangbo (see [16]) when fp and f; are
regular measures and F' is positively 1—homogeneous. G. Bouchitté and G. Buttazzo
have generalized their result (see [7]) to the case where no regularity assumption is
made on fy and fi. The proof of G. Bouchitté and G. Buttazzo is based on the fact
that, when F' is 1—homogeneous, (P) can be viewed as the dual formulation of an
optimization problem on Lipschitz functions with a convex gradient constraint:

(P*) sup {/Qu(a:) d(f1 — fo)(x) : u e Lip(Q), Vu(z) € C a.e. x}

C={z":<z,x2">—-F(x) <0 Vz}.
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Again, by duality, this problem is equivalent to a third one:
(P) m%/FW:AeMmMR%mmch,dMM:ﬁ—hmRﬂ

where A — [ F()) is defined by

ﬂM:AFG&@O&Wﬂ

The constraint should be taken in the sense of distribution.

The crucial point of the proof is that any optimal solution u of (P*) (called trans-
port density) and the optimal vector measure A = ou (@ a positive measure and
oeL,(Q, R%)) of (P) satisfy the following equality:

/ u() d(fy — fo)(z) = / Flo(x)) du(x).
Q

Considering the constraint on A , if u is regular, an integration by parts is possible and
leads to:

[ vut@) @) dutw) = [ Flo@) duta). (1.1)

Note that F' = x¢, where xc(x) := 0 if x € C, 400 otherwise. Then, as Vu(z) € C a.e,
(L.1) implies
Vu(z)-o(x) = F(o(z)) p—ae. (1.2)

If F=|-|and o = %(x), w=|A|, (1.2) can be rewritten as

[Vu(z)| =1, Vu(z)=oc(x) p-—ae.
The problem is that w is not regular in general cases. The integration by part made to
reach (1.1) cannot be done in the classical sense but is still possible replacing Vu by

the tangential gradient V,u (see [§] and section 4 of this article). The theorem that
was finally proved is (in case F' = |- |):

Theorem 1.1. (G. Bouchitté and G. Buttazzo)
Let (u, ) be any solutions of (P*) and (P). Then, (u,o,u) where p = ||, 0 = %
satisfies the following system (Monge-Kantorovich equation):

Vou=0c pu—ae.

(MK) —div((Vyu)u) = fi — fo in the sense of distributions in R,
Voul =1 p—ae.
u € Lip,(Q).

Conversely, if (u, 0, p) satisfies (M K), then u is solution of (P*) and A = oy is solution
of (P).

Remark 1.2. The equation (M K) has first been established by L. Evans and W.
Gangbo ([16]) in case fi, fo are absolutely continuous with respect to the Lebesgue
measure and of Lipschitz density. In this case yp = a(x) dz with a € L*>°(Q) and the
eikonal equation |V, u(z)| = 1 p — a.e.x becomes |Vu| = 1 almost everywhere on
{a > 0}.

2



In the case where F' is not 1—homogeneous, the dual formulation of (P) does not
involve only one application u € Lip(2) but two applications:

(P*) sup {/v(x) dfo(x) +/ u(x) dfi(z) : u(zx)+ov(y) < Fly—x) Va,ye Q}
u,v

(see for example [26]). This formulation cannot be linked in a direct way to a problem

similar to (P).

Nevertheless, assuming F' is superlinear, Y. Brenier (see [5]) proved the equality between

the minimum of (P) and the infimum of the following problem:

inf {/F (Zi)\) dp(z,t) : _?)ft) —div]d) = f1®d1 — fo® (50} . (1.3)

Notice the introduction of the time variable t.

Y. Brenier’s results where generalized to manifolds with a superlinear length cost
by P. Bernard and B. Buffoni ([4]), and L. Granieri ([18]).

To understand how (1.3) was introduced, take the case fo = 0x,, f1 = dx, with
X1, Xo € RL Let us consider all regular curves s joining Xo to X; (s(0) = X,
s(1) = X1) and the following associated measures:

p(l‘,t) = 55(15) ® ]1[071] (t) dt,
A =35(t)0s1) @ Lp(t) dt,
the assumption satisfied by (), p) is in this case is

0
787;) — le()\) = f1®d — fo® dbo.

Moreover it holds:
1nf(77) = F(X1 — X())

1
- inf{/o F(3(8) dt : 5(0) = Xo, s(1>:X1}
— {/F (2) dp(z,1) —gf _div(\) = f1 ® 61 — fo @50} .

Generalizing this idea to any probabilities fo and f; leads to (1.3)).

In this paper, we give a new approach that allows to introduce formulation like (P*)

and (P) in both cases (F' being 1—homogeneous or superlinear), more precisely, we
prove:

Theorem 1.3.
min (P) = max(Q*) = min(Q),
where (Q*) and (Q) are defined by:
(Q%)
Sup{ < i, Y> —< [fo®b, > Y € Lip(Q X [O, 1]),

op(z,t) + F* (Vo (z,1)) <0 ae(z,t) € 2 x [0,1]}
3



(Q)
min { JH(x):x€ My(REFT R spt(y) € Q x [0, 1],
—divgi(x) = f1 ® 61 — fo ® o on R4}

where H(x,t) is the perspective function of F'.

Then, we make the link between transport theory and partial differential equations
and get the following result:

Theorem 1.4. Let (¢, p,0) € Lip(Q2 x [0,1]) x M (RT) x LL (€ x [0, 1))+, If ¢ and
ou are solutions of (Q*) and (Q), then, the following system is satisfied:

(Q
a) Opp(x,t) + F*(Vap(x,t)) <0 ae(x,t) € Q x[0,1],
(MKy) b) —divay(op) = fL®01 — fo®dp, in R
c) H(o(z,t)) = o(z,t) - Dyp(x,t) p—ae(z,t) € Qx[0,1].

Conversely, if (¥, p, o) satisfy (MKy), then ¢ is a solution of (Q*) and o is a solution
of (Q)-

In section 2, we introduce the new cost H involving the time variable, this cost is
1—homogeneous even if F' is not. An alternative formulation of (P) is given using the
cost H.

In section 3, Theorem [1.3is proved using classical duality and Hamilton Jacobi theory.
To go further and write extremality conditions linking the solutions of (Q*) and (Q),
it is necessary to introduce the tangent space to a measure and the tangential gradient
with respect to this measure (section 4).

Finally, these last definitions make possible to prove the extremality conditions (The-
orem [1.4) and to interpret them (section 5).

We illustrate our results through giving some examples (section 6).

2. NOTATIONS AND PRELIMINARY RESULTS

Let © be a subset of R%, we assume €2 to be the closure of a convex open set w. Let
fo and fi be two probabilities on 2, we denote the space of such measures P(Q2). If ~
is in P(2 x ), the marginals of 7 will be written as W%’}/ and ﬂg'y. We also introduce

the following notations:

e M(A,R?) with A a borelian set and n € N: the space of vector borelian
measures on A with values in R¢,

° M;(A): borelian non negative and bounded measures,

e C,(A): continuous functions that vanishes at the infinity on A,

e Cp(A): bounded continuous functions on A,

e Lip(A): Lipschitz functions on A.

By abusing notations, we will denote by L!(Q) the space L!(w). We consider a convex
continuous cost F : R? — RT. We assume F is even, vanishes at 0, and satisfies:

lim F(z)= +o0, (2.1)
|2|—+o0
where | - | denotes the Euclidian norm. The point is that we have not made any

assumption on F about its homogeneity or superlinearity. As we have seen in the
introduction, when F' is positively 1—homogeneous, it is possible to make a relation
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between (P) and partial differential equations. In order to recover homogeneity, we
build a new cost function depending on the time variable:
Definition 2.1.
H: R{xR — [0,4]
tF (%) if t>0,
(z,t) — H(zt):=¢ F*®(z) if t=0,
—+00 if t<0;

where F*°(z) := lier tF (%) = SUp;~g tF (%) is the recession function of F.
t—0

The function H is called the perspective function of F' (see [24] and [20]).

Example 2.2. We denote by | - | the Euclidian norm.
o Let F(z):=|z|, then:

] it t>0,
H(zt) '—{ too if ¢ <0
o F(z):=1zP, p>1:
)
H(z,t):=4¢ 0 if 2z=0,t=0,
+oo if  z2#0,t <0.

Hereafter, we list some basic properties of H (Proposition 2.3, Lemma 2.4 and
Proposition 2.5).

Proposition 2.3. H is convex, lower semi-continuous and positively 1—homogeneous
with respect to (z,t).
Its Fenchel transform is:

HY (& 00) = xwe (&, 7) 1= { —i-(;o ZféfheiuzzseeK (22)
where K 1is the conver set
K :={(z"t"): F*(z")+t* <0}
We have:
H(z,t) = H™(2,t) = sup {<z2* > +it'}. (2.3)

(z*t*)eK
The proof of this proposition is left to the reader.
Lemma 2.4. The interior of K is not empty.

Proof. Note that F*(0) = 0 so (0, —s) € K for all s > 0. We are going to show (0, —s)
belongs to the interior of K for all s > 0. It is sufficient to show 0 is in the interior of
the domain of F*, indeed, F"* will be continuous at 0 (it is a convex and l.s.c. function)
which gives the desired result.

Remember we have | |lirﬂ F(z) = 400, so taking A > 0, we consider t such that:

Z|—T00
|z| >t = F(z) > A.
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Choosing € > 0 such that te — A < 0, 2* € B(0,¢), we get, for all z of norm ¢:
<z z>—F(A\z) < Me—AF(z) <0 forall A >1,

<z* Az >—-F(\z) <te forall A<1.

The first inequality is obtained using the convexity of F' combined with F'(0) = 0 and
the second is a consequence of the fact F' is non-negative. Finally, we get:

sup {< 2", > —F(2)} <te <400 for all * € B(0,¢). (2.4)
z€R4
We can conclude saying B(0,¢) is a subset of the domain of F™. U

Let us introduce the functional G on M(R ! R9*1) associated to H and the set
2 x [0, 1] which will play a rule hereafter:

dA .
GO\ = /H(/\) = /H (dlu(a:,t)> du(x,t) if spt(A) € Q x [0,1], (2.5)
+00

otherwise.

where 1 € M (R1) is any borelian measure such that |A| << u. Notice that, as H
is positively 1—homogeneous, G is well defined i.e. does not depend on the choice of p.
The proof of the following result can be found in [11]:

Proposition 2.5. G is convez, positively 1—homogeneous, l.s.c. with respect to the
weak star topology of measures.
The following equalities hold:

G\ = Sup{/¢(:r,t) d\(z,t) . ¥ € Co(RTTL,RITY), o(x,t) € K, V(ac,t)}, (2.6)
for any A € M(RYT RHL) such that spt(\) C Q x [0, 1],
G = [ () ). (2.7)
Qx[0,1]

Remark 2.6. Let 1g € C°(R¥™1 RY) and 14,1 € CO(RTLR). We have the following
equivalences:

G (Ya,Yar1) =0 & Yapa(z,t) + F ' (Ya(z,t) <0 ae (z,t) € Qx[0,1]

& (Yalz,t),Yar1(z,t)) € K ace (x,t) € 2 x[0,1]

& H*(Yq(z,t),Yae1(x,t) =0  ace (x,t) € Qx[0,1]

& <w, (Walx,t), Vg (z,t) >< H(w) Yw € R ace. (x,t) € Q x [0,1].
Next result has a very simple proof but justifies in some sense the introduction of

the function H:

Proposition 2.7.

i H(y —z,t —8) d3((x,5), (y, 1)) : 77 = o, TA=FL®6
WGP((mQIXnRﬂQ){/(QX]Mz (Y —z,t—s) d3((z,5), (y,1)) : mT = fo®do, M7= Fi® 1}

= min {/QQF(y—:B) dy(z,y) : W%”y:fo, Wg’Y—fl}-

YEP(Q?)
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Proof. Let ~ such that va = fi1 (i = 1,2). From v we build ¥ € P((Q x R*)2) by
setting:
’?((:U’ 8)7 (y7 t)) = 7(1‘) y) ® 6(0,1) (87 t)'

Clearly 7r§’y = fi—1 ® ;-1 (i =1,2). Moreover we have:
/ H(y—x,t—s) dﬁ?((xﬂs):(:%t)) = / H(y—.%',t—S)d’}/((L',y)®(5(071)(8,t)
(QxR+)? (QxR+)2

= | H(y—=z1)dy(z,y) = F(y —z)dy(z,y).
QQ QQ

From this, we get the inequality:

i H(y —a,t—s) dy((z, ), (y, 1)) : 77 = 8o, T = )
%P(gl)lxnwm{/(QX]M2 (Y —z,t =s) d3((x,5), (y,1)) : M7 = fo© o, T = f1® 1}

< min {/92 F(y — ) dy(z,y) : ©iy = fo, 7T§7=f1}- (2.8)

- YEP(Q?)

Now, let us consider 4 such that Wf’? = fi-1 ® ;-1 (1 = 1,2). For all borelian set
B C Q) x Q) we set:

Y(B) =7 ({((z.5),(y,1) : (z.y) € B, (s,) € (RT)?}).

Then ﬂf’y = fi—1 (i = 1,2). Moreover, we have:

/“ Fly - 2)dy(z.y) = /‘ Hy — .t — 8)d7((x, ). (4.1))
aOx0 Qx{0}xQx{1}

S [, H = 9439 000

This inequality combined to (2.8) gives the statement. O

Remark 2.8. In this section we have introduced costs and measure depending on the
time wvariable t € RT. The general abstract problem that one may consider is the
following:

inf{/ c((z, ), (y, 1)) dv((z,s), (y,1)) : Wf’y = fi, i= 1,2} (2.9)
(RIxRT)2

with ¢ : (R4 x RT)2 — Rt and f; (i = 1,2) two probabilities on R x RY. The formu-
lation (2.9) may be used in different practical cases. Let us give some interpretations
for time-dependent costs and measures. Let us begin with measures and consider for
instance

1 1
fo(x,t) = 5((5(A70)($,t) + (5(3’0)(1}715)), and fl(ac,t) = 5((5(071/2)($,t) + 5(D71)<1’,t)>.

(A, B, C and D being fived points in R?). The measures fy and fi may be viewed as

follows:

o At the beginning (at time t = 0), two quantities of 1/2 each of a given material are

located at A and B,

e Two quantities of 1/2 each are needed at C' and D at time 1/2 and 1 respectively.

Now, let us deal with the cost c. Many choices of costs may be relevant in applications.
7



Of course c((xz,s), (y,t)) = H(Y=%) may be used to traduce that fast transportations

t—s
2
are more expensive (think of ¢((z,s), (y,t)) = |Z|/t_i“
us give another time depending cost where masses are restricted to move inside a set

which may vary with time:
t
(a0 =int { [ Fo@) ar: e Ws R,

v(s) ==z, v(t) =y, v(r)el(r)V T € [S,t]},

where average speed appears). Let

F :RY — RY is a convex regular function such that Cy| - [P < F(-) (p > 1) for some
positive constant Oy and T'(t) is a closed conver subset of RY for any positive t.

3. DuaLiTY VviA HAMILTON JACOBI THEORY
In the introduction, we have seen that, in case F' is homogeneous:
min(P) = sup(P”*), (3.1)
with

(P*) sup {/Qu(a:) d(f1 — fo)(x) : u e Lip(Q), Vu(z) € C a.e. 33}

C={z":<z,x2">—-F(z) <0 Vz}.

Let us now consider the optimization problem introduced in Proposition 2.7

i H(y —z,t—s) dy((z,9), (y, 1)) : 7 = 8o, T = 5
%P((Higlxnw)z){/(QX]M2 (y —a,t = s) dy((x,5), (y,1)) = M7 = fo®do, M7= fr®h
(3.2)

Recall H is homogeneous (Proposition 2.3)), then similarly to (3.1), we should be able
to show the equivalence between the problem (3.2) and the following one:

sup{ < f1® 01,0 > — < fo®do,¥ > ¥ € Lip(Qx [0,1]),
op(z,t) + F*(Va(z,1)) <0 ae.(z,t) € 2 x[0,1]}.

Using a particular viscosity solution of the Hamilton-Jacobi equation dytp + F* (V1) =
0, we are going to prove that the max-value of (Q*) is equal to the min-value of (3.2)
or, which is equivalent, to the min-value of (P) (cf Proposition 2.7).

To this aim, we consider the following optimization problem for which the equality (3.5)
bellow holds (see for instance [26]) :

max{ L& @ dite)+ [ W dnw): v cbm)} (3.3)

(Q)

where
" (y) = min {F(y - z) - p(x)},
FF . F
= Fly—x)— .
o' (@) = min {Fy —2) = 9" (y)}
It is easy to show that:
(™) =" (3.4)
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It holds:
min(P) = max(3.3)). (3.5)
Taking ¢, a solution of (3.3), we set (Lax-Oleinick formula) for all (z,t) € € x [0, +o0[:

U,(z,t) := inf {—gpfF(U(O)) —1—/0 F(o(r)) dr: o(t) = x} (3.6)

where the infimum is taken over all path o : [0,t] — R? continuous and C' by parts
and such that o(0) € Q.

By the convexity of F', for any ¢ > 0, the infimum is reached for a right line and we
have an equivalent definition (Hopf-Lax formula):

U, (z,t) := min {—gpfF(y) +tF (H) } .

yeQ t

Note that, as a consequence of the convexity of F', W,(x,-) is non-increasing for all
x € Q2. We have (using (3.4) and formula above for ¢t = 1):

Uo(2,0) := —pg " (2), Uolz,1) = g ().
Moreover, setting
S(t)u(z) = inf {u(U(O)) + /0 F(o(r)) dr: o(t) = x} )

it is obvious that S has the semi-group property (S(s + t)u(z) = S(t) o S(s)u(x)),
consequently, the following formula holds for all y € Q, s,t €]0, 400], t > s:

W,(y. 1) = min {(t _§)F <”; - y) U (a, s)} . (3.7)

S — S

We shall show V¥, is a Lipschitz function which satisfies the inequation of Hamilton-
Jacobi Oy + F*(V,¢) < 0 almost everywhere. In fact, this function is a viscosity
solution of the corresponding Hamilton-Jacobi equation (we refer to [2] and [15]). The
following lemmas are adapted from [15]:

Lemma 3.1. W, is a Lipschitz function on Qx [0, +oo[, hence it is differentiable almost
everywhere.

Proof. e Let us first show the existence of a constant C1 > 0 such that, for everyt < 1/2
and x € §, it holds:

|Wo(x,t) — Uo(x,0)] < Cit.
In order to simplify the proof, we assume 0 € €.
U, (x,-) being non-increasing, we may only show

Uy(z,0) — ¥o(x,t) < Cht.
Using (3.7) we can easily obtain for all y € Q:

P = W) < (- 0F (12 + walou) (3.5

Take y € € such that

FF T
T V= F
Po <1—t> <1—t
9
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Such an y exists because we have assume 0 € Q so 75 € Q =y € Q.

Y% with z, € Q. Then we have:

(If 0 € Q, we may just replace {%; by

y_ta:o
1-t

and the proof can be done exactly in the same way.) Then, by (3.8), we have:

wie.0) > ) - 0-oF (T=7)

= @) —(1-1) (@5 <1y_t>+<pfF<1ft>).

Consequently (recall ¥, (z,0) = —pfF(z)), we get:

y y Xz A
Wy (2,0)—Wo(z,t) < —ph (y)+o) <1—t> —tl <1—t> —oi (@) +o5 " (1—t> —tos * <1 — t> :

As F is convex ls.c, it is Lipschitz on every compact set, hence ¢ and ¢Z'F" inherit
this property (in particular on the compact set A = U;<4 /2%) S0 it exists a constant

C > 0 such that:
Y FF €
—tol (L) —¢ ).

Finally, using the boundedness of 4,05 and 505 F on A and the fact ﬁ <t, we get:

EQ=ye(1-t)(Q—x,)+x,=>yeEN

Yy T
— < A -
U,(x,0) \Ifo(x,t)_C‘l ; y'—{—C'l_t T

W,(x,0) — Uo(z,t) < 2Ct sup ly| +tsg‘p(!wf\ + [oE ).
ye

elet 0 < s <t such that |t — s| < 1/2. Let us show that, for all x € Q:
0 < Uy(z,s) — Yyo(z,t) < Ch|t — 5.
Using again (3.7), we get the existence of u € Q such that:

) — Uy(u,t — s)
—po " (u) = Wo(u,t — )
U, (u,0) — Wy(u,t — s)
< Chlt —s|.
olet 0 < s <t. Let us show that, for all x € Q:
0<Uy(z,s) — Vpo(z,t) < Ch|t — 5. (3.9)
Take m € N and 0 < € < § such that [t — s| = 2 + . We have:
Vo(x,s) — Yo(x,t)

m

— Z |:\IIO <x73+i;1> -, <x,s+;)} + 0, (x,s%—%) — Uy(x,t)

1=1
01% + Cie
= Cﬂt — 8‘.

u—x

Uo(z,s) — Yoz, t) = Yy(x,s)— sF( .

IN

10



o Finally, we show the existence of Co > 0 such that for oll x,y € Q, 0 < s:
0 < Wo(x,5) = Uo(y,s) < Caly — xl. (3.10)
Let t = s + |x — y|, applying again (3.7):
(Wo(z,5) = Wo(y,s)| < [Wolz,5) = Wo(x,t)| + |Wo(z, 1) — Wo(y, )|
< Cilt—s|+|t—s|F <“:_i/>

< Cilz—y|+ |z —y| sup F.
B(0,1)

Consequently to (3.9) and (3.10), ¥, is Lipschitz, hence, by Rademacher’s Theorem
(see [1]), it is differentiable almost everywhere. O

Lemma 3.2. ¥, satisfies the following inequation almost everywhere in £ x [0, 1]:
WVo(x,t) + F*(Vy¥,(x,t)) <0.
Proof. Let z in the interior of Q. Using (3.7), we get for all y € R¢%:
Ve > O such that z +ey € Q, VYo(z+ey,t+¢) — Yo(z,t) <eF(y)
Ve > 0 such that z —ey € Q, Y, (z,t) — Vo(x — ey, t —e) < eF(y).
Then, for all A € R small enough to have x + hy € Q) :

Uo(z + hy,t+ h) — U, (x,t)
h

Take (z,t) € Q x (RT)* such 9, ¥, V, ¥ exist and let h go to 0, it holds:

< F(y).

then: < V,¥(z,t),y > —F(y) < —0,¥(x,t). Taking the supremum on y on the left
part of the inequality gives the desired result.
U

Proposition 3.3.
min(P) < sup(Q*).

Proof. The function ¥, defined above is admissible for (Q*) (consequently to lemmas
3.1l and 3.2), moreover it satisfies U, (z,0) := —plF(z) and ¥,(z,1) = ¢! (x) where @,
is a solution of (3.3). These remarks imply:

— FE (. z) — e x
max(33) = /Q oI (2) df () /Q oF () df ()

_ / U, 1) d(fy @ 6,)(x,1) — / U, (o t) d(f1 © 51) (1)
QxR+ Q
sup(Q*).

The result follows from (3.5). O
By duality, we are going to show the equivalence between (Q*) and a new optimization
11
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problem:

(Q)
min { /H(X) cx € MR R spt(y) € Q x [0, 1],
—divy(x) = f1®0 — fo®d on RdH}

where "div, ;" is intended in the sense of distributions, i.e. for all function ¢ € C°(R4+1):

— < divg(x), ¢ >=< (Vap, 0rp), x > .
The quantity [ H(x) is defined by (2.5).

Remark 3.4. When F' is superlinear, the problem (Q) can be written as:
min { /F(a) du: e MR, spt(p) € Q x [0,1],
o€ L}L(Q x [0,1],RY), —div,(opu) — 0= f1 @61 — fo @y sur Rd+1}.

Indeed, taking x = (A, p) with A € M;T (R RY) and p € M (R, as F°(2) =
~+o00 when z # 0, we have:

/H(A,u) < 400 = || << p.

Proposition 3.5.
sup(Q*) = inf(Q).

Before proving this result, we need to gain some regularity on the admissible func-
tions of (Q*), this will be made possible using the following:

Lemma 3.6. Let A a closed subset of RY and K a closed convex subset of RYV. Let

Y € Lip(A) satisfying Dy € K almost everywhere. Then, it exists ¢, € C°(RY) such
that:

Un — ¥ uniformly on A, (3.11)

D, (z) € K for all x € A. (3.12)

Consequently to this lemma;:
sup(Q*) =sup { < fi® 1 — fo®do, ¥ > ¢ € C'(RMY),
Op(z,t) + F* (Vo (,t) <0 V(z,t) € 2 x [0,1]}.
(3.13)
Proof of Lemma'3.6. By Rademacher’s Theorem, 1 is differentiable almost everywhere
and it exists R > 0 such that |Dy(x)] < R. We introduce the following application:
pr(Z%) :=sup{< z,2" > z€ K, 2| < R} = X}, (27)

with K = {z € K, |2| < R} and xk,(2) = 0if 2 € Kp, +oo otherwise. It is a
continuous application, moreover, Kr being convex and closed, ph(2*) = xK,. We
extend v outside A by setting:

U(z) = inf {¢'(y) + pr(z —y)}. (3.14)
=
12



Let us verify ¢ and ¢ coincides on A. First note that the set of points (z,y) € A? such
that 1 is differentiable L'-almost everywhere on the segment [z,y] is a dense set. For
all point (z,y) of this set, it exists ¢ € [z, y] such that: ¥ (z) < ¥ (y)+ < DY(c),z—y >,
which implies ¥(x) < 1 (y) + pr(x — y). By continuity, this last inequality remains true
for all (z,y) € A%2. Consequently 1 (z) < (x) on A. The converse inequality is also
true (take y = x in (3.14)).

We can easily show that:

P(z) —p(y) < prlz —y) V(z,y) € RY. (3.15)

We make a regularisation of 1;, take (fn)n a classical sequence of regularisation kernel
(fn supported on a ball of radius 1/n centered at the origin), we set:

nlz) = / Fa(y)i — ) dy.
B(0,1/n)

The sequence (¢,), converges uniformly to ¢, moreover, by (3.15)), it satisfies:

Yn(z) — ¥n(y) < pr(T —Y).

This inequality implies < Dy, (z),y >< pr(y) for all y, i.e. pk(D¢p(x)) < 0 which
means D, (x) € K for all .

O
Proof of Proposition|3.5. Using (3.13)), the proof reduces to show the following equality:

sup{ <fi®ed—fo®d,Y> Ye Cl(Rd+1),
op(z,t) + F*(Vah(z,1)) <0 V(z,t) € Qx[0,1]}

= inf {/H : Spt ) C Qx [0, 1], _divx,t(X) = f1®d — fo ®50} .

p(RI+1)d+1
We introduce the operator A : Co(R¥1) — C(R! RI) of domain C'(R4H1) N
Co(R¥*1) defined by:
Ay = (Vath, 0) V9 € C'(RM).
Then, as C'(R¥*1) N C,(RH1) is dense in C!(R4*1), we have (cf Remark 2.6):
sup{ < fi®6& — fo®o, 0 > ¢ € CHRITY),
Op(z,t) + F*(Vah(w,t) <0 V(z,t) € 2 x[0,1]}

Sup{ < fi®d — fo®b0,0 > P € CHRML) NC,(RIFY),
op(z,t) + F*(Vap(x,t) <0 V(z,t) € Qx0, 1]}

= (G"oA)* (fi®d1 — fo®do)
where G* is the functional which appears in Proposition 2.5 Let us note that on the
one hand the domain of A is dense in C,(R%*!). On the other hand considering v in the

interior of K (which is not empty by Lemma 2.4) and the application i (z,t) = v-(x,t),
G* is continuous at Awp. Then we can compute the Fenchel transform (G* o A)*:

(G*oA)*(f1®61— fo®dp) = inf {G**(X) : X € MB(RTLRUY) A*(x) = L @01 — fo® 50} )
13



where the infimum is in fact a minimum.
We have: A*(x) = —divg+(x), and, by Proposition 2.5/ :

G () = Gly) = /H(x) ifl spt(x) C £ x [0, 1],

Consequently:
(G o A)*(f1 ® 1 — fo ® do)

= min {/H :spt(x) C Q2 x [0,1], —divy¢(x) = f1 ® 1 — fo ®(50}.

Rd+l d+1

O
We have already shown that sup(P) < sup(Q*) = inf(Q). In order to get the equality
between all these quantities, we only need to show:

Proposition 3.7.

min(P) > min(Q).
Moreover if v is a solution of the problem (P), we are able to construct a solution x of
(Q), by using the formula:

<x,® >i= / / ((1 = s)xo + 521, 5) - (w1 — 20, 1) dsdry(xo, 1), (3.16)
QQ
for all ® € C,(R¥H! R+,

Proof. Let v € P(Q x Q) such that 7717 = fo and wg'y = f1. Let x € My(R1 R
associated to v by formula (3.16). The measure x is admissible for (Q). Indeed, let
¢ € C (R, applying (3.16) with U = (V ¢, 1), we get:

<X, (Vad, 0r9) >

1
B /Q2 /0 Vad((1 = s)zo + s21,5) - (21— 20) + 0d((1 = 8)x0 + 521, 5)dsdy(wo, 1)

1
= /Q2 / % (o((1 = s)xo + sz1,8)) ds dy(xo, 1)

= / ¢ 1'1, :EOv ) d’Y(x(JafEl)

= < f1i®01— fo®dy,d>.

Let U € C.(R¥*! R4*1) such that W(z,t) € K for all (z,t). By Fenchel inequality:
U((1—s)xg+ sz1,8) - ((x1 —x0),1) < H* (V((1 — s)zop + sz1,s)) + H(z1 — x0, 1).

Consequently (recall Remark 2.6):

X, (W, ) > = /QQ/ ((1 = s)xo + sz1,8) - ((x1 — o), 1)dsdy(z,t)
< /92 [/o H* (¥((1 - s)xg + sx1,t)) + H(z1 — x0,1) ds] dry(z,t)
1
= / / H(zy — xo,1) dsdy(zo,21) Z/ F(z1 — xo) dy(wo, 1)
a2 Jo o Q2



Then, by Proposition 2.5/ :

/ H(x) = sup{ <x, U > UeC (R RUY W(z,t) e K V(x,t)}
Qx[0,1]

< / F(x1 — xo) dvy(xo,x1).
02
As ~ is admissible for (P), the inequality above implies:
inf(P) > min(Q).

O
Now, we can state the main theorem of this section which is an immediate consequence
of propositions 3.3, 3.5 and 13.7:

Theorem 3.8.
min (P) = max(Q*) = min(Q),

s0 18 to say:

i Fy — ) dvy(z, ol = ) iy =
veg(l&l)nxﬂ){ QxQ (v =) dy(z,y) MY = Jo, W fl}

- & <fi®0,Y > - < fo®d, ¥ > ¢ €Lip(Qx 0,1
at¢(xt>+f££l(vxm(m))<o{ hr®o,y fo® 00,9 ¥ € Lip(©2 x [0,1])}

= inf {/H s ospt(x) C 2 x[0,1], —divas(x) = fi ® —f0®(50}.

Rd+1 d+1

4. TANGENTIAL GRADIENT TO A MEASURE

The notion of tangential gradient to measure has first been introduced by G. Bou-
chitté, G. Buttazzo and P. Seppecher (see [7], [§], [9], see also [17] and [10]). In the
following subsection we try to explain their idea and why this notion is useful in our
case.

4.1. Motivation. Take ¢ € Lip(Q x [0,1]) and x € M(R¥*! RI+1) two solutions of
(Q*) and (Q) respectively. By Theorem 3.8, we have the following equality:

/Hu%<wﬁ®&>—<mh®%>.

Then, using the properties of x, we may replace the measure f; ® §; — fo ® dg by the
divergence of x which leads:

/H(X) =<1, —=divy i x > . (4.1)

Let us assume for a time that 1 is regular, say C2, we may use an integration by parts
in the right size of the equality and obtain:

[ 00 = [(Vwte.0.0) i),
At this point, we may write x as ou where p € M (R*!) and o € L}L(RdH,Rd“)

(take for instance u = |x| and o = %

[ Hew.0) dute.t) = [ (Va0 00(@0) ot duet). (42
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Then, using (2.3) we get the following optimality condition:
H(o(x,t)) = (Va(x,t),00) - o(z,t) p—ae(x,t) e Qx]0,1].

Unfortunately, 1 may not be regular and consequently the above argument may be
false. To avoid this problem, one may use an uniform approximation of 1) by a regu-
lar sequence (), which we assume to be equiLipschitz, then, up to a subsequence,
(Vatbn, O¢thy )y, has a limit £ for the weak star topology o (Lzo, Lb), moreover, we have:

<, —divyx >=lm < )y, —divy x >= lim/(wan, Opthy,) -0 dp = /f o du.

Then (4.2) holds true with & instead of (V,1,941)). The problem is that £ does not
make sense because it depends on the sequence (1), we choose. To be convinced of
that, let us consider an example.

Example 4.1. Letd =1, Q = [-7m,7], C := {(z,y) : y=2*}N(Q2x[0,1]), u=LILC.
We consider the following sequence:

fn(l'>y) =

It converges uniformly to zero but its differential (Vyfn,Oifn) converges weakly to
&(x,y) = (—2x,1) for the topology o (LZO,LL). On the contrary, take g, = 0, the se-
quence (gn)n obviously converges uniformly to zero and (V zgn, Orgn) converges weakly
to £(x,y) = 0.

Let us introduce the following set which plays an important rule in the following:

sinn(y — x?)
—

N = { £ € LY(RTLRMY) 2 F(up)p, un € CHRYT),
(4.3)
upn — 0 uniformly on R4, Du, = ¢in o (LZO, L}L) }

where we have denoted D = (V,, 0¢). We make tow essential remarks:
(1) it is clear that if p is such that N is reduced to {0}, there is no problem,
(2) even if ¢ is regular, the part of its gradient which makes sense in the above
argument is D - o and not D in its integrality (cf (4.2).

The idea is, for p-almost all (z,t), to make a projection of Dy, (z,t) (where 1, is an
equiLipschitz and regular sequence tending uniformly to 1)) on a subspace of R¥+1-
called the tangent space of p on (z,t)- in order to ”kill 7 N and to conserve the part
of the gradient which makes sense.

4.2. Definition of the tangential gradient to a measure. We consider y a general
Radon measure on R, We introduce the topology 7:

U, — u uniformly on R4+!

3C € R such that | Duiz < C. (4.4)

unAu@){

An element of R will be written as ”y”. We denote by ”-” the convergence for the
topology o (L7, LL) The set N is defined as before by (4.3). Finally, the closure of N/

for the weak star topology of L7? (R R4*1) will be denoted by V.
16



The aim of this subsection is to define the tangential gradient to p of any ¢ €
Lip(©2 x [0,1]). The construction will be done first for ¢y € Lip(R%*1), then by a
localisation argument for ¢ € Lip(2 x [0, 1]).

Lemma 4.2. N is a vectorial subspace of LZO(Rd“,RdH) and satisfies:
VE e N, Yo e CHRMY), cp e N.
Using this lemma, we can define the tangent space to the measure u:

Proposition and Definition 4.3. It exists a multifunction T}, from R jnto RAFT
such that:

neNt ey €Tuly) n—aey,

EeN &y el (y) p—aey.

For p almost every y, T,,(y) is a vectorial subspace of R called the tangential space
of p aty. We denote by P,(y,.) the projection on T,(y).

Proof. We consider the orthogonal of N:
N {o e L@ R s [ e)-oly) duly) =0, Ve e

We first show that for all ¢ € N+ and A € R4, we have 1 40 € N't. To show this, it
is sufficient to consider a sequence (¢, )n of LY N C'(R4*1) which converges to 1 4 for
the weak star topology. Let £ € A, by Lemma 4.2, ©,,¢ is in N and:

/R LA@)€ du(y) = < ELao >z

= nh_)Ing <&Pn, 0 >(ree 11)= 0.

d+1

This shows 140 € N'1.
Then, as N is a closed subspace, by a theorem of F. Hiai and H. Umegacki (see [19]
or [25]), we get the existence of a multifunction T}, satisfying:

ce Nt <oy €Tuly) p—aey.

Note that as ANt is a vectorial subspace of Ly (R RIFL) the set T),(y) is a vectorial
subspace of R4+!. Moreover, by a result of [11]:

N o= A
= {ecrr@s [ o)) autn =0, vo ent|

- {5 € LY (RH) sup (/Rdﬂ a(y) - £(y) du(y)) _ 0}

= {ﬁeLf(Rd“)r/ sup z-&(y) du(y)zo}

R+ 2€T,(y)

S

Before going further we give some classical example of tangent spaces:
17



Example 4.4. o Lety:[0,1] — R¥ a regular curve and take u = H*L~([0,1]).
Then T,,(y(t)) = {\y(t) : X €R forallt € [0,1].
o Let U a bounded open subset of R and take p the Lebesque measure on U,
then T,,(z,t) = R for almost every (z,t).

One may define the tangential gradient of a regular function as the projection of its
gradient at p-almost every y on the tangent space at p-almost every y. The following
proposition allows us to extend this definition to every Lipschitzian function:

Proposition 4.5. We consider the following operator of domain C'(R*+1):
A Cl(Rd+1) N LZO(RCH_I)
u = P,(., Du(.)).
It can be extended continuously on Lip(R4H1) with respect to the topology T defined by
(4-4)-
Proof. We must show that if (u,), is a sequence of Lff(Rd“) converging to 0 for the

topology 7, then Au, — 0.
Let (up)n such a sequence. As (Duy,), and (Auy), are bounded in LZO(RdH), up to
subsequences, it exist 7, § € Ly? (R4*1) such that:

Au, =1, Duy > €. (4.5)

Let us show n € N NN+
a) On the one hand ¢ belongs to A/. On the other hand, for y—almost every y € R+,
we can decompose the vector Du,(y) and get the existence of a vector w,(y) € Tj (y)
such that:

Dup(y) = wn(y) + Aun(y) p—aey e R

By definition, w,, € N'. Making n — +o0o0 we obtain that the limit £ —n of wy, is in N.
Consequently, as £ € N, n is in V.

b) By (4.5), as Au, € N'* for all n € N and N'* is closed, 7 is in N+, O

Definition 4.6. Let u € Lip(R*1). We call the tangential gradient of w and denote
by Dyu the unique function § € LY such that:

(un) € Lip(R*Y), equiLipschitz
Uy — U, uniformly on R4+

b= Bt Dun() 5 6
Remark 4.7. If u € CH(R1), then Dyu = P, (-, Du(-)).
The next result appears while proving Proposition [4.5:
Proposition 4.8. Let (uy), a sequence in C1(RYTY) such that:
U, — u uniformly on R,
Du,, = € € LP(RHH).

Then & = Dyu+n for somen € N.
18



4.3. Basics properties. The point is now to give the ad hoc integration by part
formula.

Lemma 4.9. Let § € L, (R R such that —div(Op) € My(RT RIY). It holds:

0(y) € Tu(y) p—aey.
Proof. By Proposition and Definition 4.3, it is sufficient to show that § € N*. Let
¢ € N, by definition it exists (u,), in C'(R%*!) such that u, — 0 uniformly and
Du,, = ¢. Then:

/ £y)-6(y) duly) = lim [ Dun(y) - 0(y) duly)

n—-+00

=  lim — < up,,div(fp) >

n—-+0o00

= 0.

]

Proposition 4.10. (Integration by parts formula)
Let ¢ € Lip(R™) and 0 € LR R such that —div(0u) € My(RT R,
Then:

< —=div(fp), ¢ >= /9(@/) Dt (y) du(y)-
Proof. By slightly modifying the proof of lemma 3.6, one can easily build a sequence
(n)n of C°(RI1) such that:
¥n — 1 uniformly on R,
Dy, (z,t) < Lip(vp) V(z,t), where Lip(v)) is the Lipschitz constant of 1.

By the definition of D, we have: D, 1, i D). On the other hand, by Lemma 4.9,
9(y) € T,(y) p-almost everywhere, consequently

Din(y) - 0(y) = Dybn(y) - 0(y) p — almost everywhere.

Thus:
< —div(fp), ¢ > = lim < —div(0p), 0 >
=l [ Duuly)60) duy)
= dim [ Dudbn(y) - 0(y) du(y)

- /Dulﬂ(y) 0(y) du(y).

O
As we have already said, the aim of this subsection is to build the tangential gradient
D,1 of any 1 € Lip(2 x [0, 1]). At this point, we have defined the tangential gradient

D, for any ¢ € Lip(R4T). Of course, one may consider a Lipschitz extension ¢ of
¥ € Lip(92 x [0,1]) and define

D,p(x,t) == Dyib(z,t)  p—ace.(z,t) € Qx [0,1].
19



The question is: does this definition depends on the Lipschitz extension 1; we choose?
By the lemma above, it does not depend on the choice of the extension and so D,
is well defined for all ¢ € Lip(2 x [0, 1]). Moreover all the previous properties remain
true.

Lemma 4.11. Let B a borelian of R*1. Then we have the implication:

w Lipschitzian on R4H1

w=0pu—ae inB } = Dyu=0 p— almost everywhere.

Proof. Without any restriction, we can assume u > 0. By the generalized coarea
formula proved in [3], for any borelian function g : R — R™ it holds:

+oo
[ oDl du= [ goper, fu> 1} at.
Re+1 0

Taking g = 1(;—qy, leads:

+oo
[ 1Dl s [ Daldu= [ g0 de=o.
B {u=0} 0

O

Definition 4.12. Let ¢ € Lip(Q2 x [0,1]), the tangential gradient of 1 is defined by:
Db = Dyt
where 1/; is any extension of 1 to R1,

The following lemma will be very useful in the next section:

Lemma 4.13. Let C C R¥*! q closed conver set. Let ¢ € Lip(Q2 x [0,1]) such that
Diy(y) € C for all y € Q x [0,1]. Then it satisfies:

D,(y) € C’+Tj(y) p—ae yeQxo1].

Proof. By Lemma [3.6, we can construct a sequence (¢,,),, of C>®°(R%*!) with the same
Lipschitz constant as ¢ and such that D, (y) € C for all y € Q x [0,1]. For all n € N
and p—almost all y € @, we make the following decomposition (cf Proposition [4.8)):

D%(?/) = D;ﬂ/’n(y) + nn(y)

where 1, (y) € T,,(y)*. We have D, (y) = Dvn(y) — n(y) € C + T,(y)*+. Moreover,
D1y, is bounded uniformly by the Lipschitz constant of v, so up to a subsequence, it
admits a limit for the weak star topology of Lff(Rd“), by definitions 4.6/ and [4.12], the
restriction of its limit to € x [0,1] is D).

Now, on the one hand D,y (y) € C + T,,(y)* p—almost everywhere, and, on the other
hand C' +T),(y) is a closed convex set, consequently passing to the weak limit:

D,(y) € C’—FTM(y)L p—ae y e x|o,1].

20



5. EXTREMALITY CONDITION

We assume that the boundary of € x [0, 1] is Lipschitz. Returning to (4.1), the notion
introduced in the above section will allow us to get a system of partial differential
equations. In other words, we give the corresponding to Theorem [1.1]in our case:

Theorem 5.1.
i) Let ¢ € Lip(Q x [0,1]) and x € My(RI R solutions of (Q*) and (Q) respec-
tively. Then, for all u € M;(Rd“), o€ L}A(Q x [0,1], R™) such that x = op, it
holds:

H(o(z,t)) =o(x,t) - Dyp(z,t) p— ae(x,t) € Qx][0,1].
ii) Conversely, let (o, u,) such that 1 € Lip(Q x [0,1]), p € My(RY*TY) with spt u C
Q x [0,1] and o € L, (Q x [0,1], R™™), we assume:

a) Dy(x,t) € K a.e.(x,t),
(MKy) b) —divei(op) = f @0 — fo®@d in R (Diffusion equation)
c) H(o(z,t)) = o(x,t) - Dyp(x,t) p— ae(x,t) e Qx|0,1]
Then v is a solution of (Q*) and o is a solution of (Q).
Proof. i) Let ¢ and x = op as in Theorem [5.1. Now recall the computation we have
made at the beginning of section 4, the main tool of this computation was Theorem

3.8 and it leads to (4.1). Proposition 4.10/ allows us to make an integration by parts
and write:

[ He@ D = [ D0 olatdute.). (5.1)
Qx[0,1]
By Lemma 4.13:
Dyb(x,t) € K+ Ty(z, )" p—ae(z,t). (5.2)
So is to say, it exists n € N (Proposition and Definition 4.3) such that:
D, p(x,t) +n(x,t) € K p—ae(x,t). (5.3)
Hence, as by Lemma 4.9 o(x,t) € T),(x,t), (5.1) implies:
L, HO )~ (D) (e ) ol () =0 (G5
X0,

Well then, by (2.3), we have:
H(o(z,t)) = (Dut(,t) +n(,1)) - o(x, 1) > 0.
Combining this with (5.4)), leads to:
(Dutp(x,t) +n(x,t)) - o(x,t) = H(o(z,t)) p—ae(z,t).
Finally, as n(z,t) € T,(z,t)* and o(z,t) € T),(x,t) p—almost everywhere:
Dp(x,t)-o(x,t) = H(o(z,t)) p—ae(x,t).

ii) Let (o, u,%) as in Theorem 5.1. Let us show that v is solution of (Q*) and ou a
solution of (Q). Notice first that 1 is admissible for (Q*) and ou admissible for (Q).
By Theorem 3.8, it is sufficient to show:

<ﬁ®&—h®%w>—/ H(o(z,1)) du(z,t). (5.5)
Qx1[0,1]
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The assumption —divy (op) = f1 ® 51 — fo ® Jp combined with Proposition 4.10/ implies
<f1®51—f0®5o,¢>:/ D,y - odp.
Qx[0,1]

Consequently, using the assumption H(o(z,t)) = D,y (z,t) - o(z,t) p—almost every-
where, we get (5.5). O

The equation (M Ky.c) can be viewed as an eikonal equation, more precisely:

Proposition 5.2. The equation (M Ky.c) is equivalent to:

U(.%',t) S NKM(x,t)<DM¢($7t)) w—= a.e.(:c,t) €N x [07 1] (56)
where K, (z,t) = Py((z,t), K) p-almost every (z,t) and N, (z1)(y,s) is the normal
cone of K,(x,t) at (y,s).

When g is the Lebesgue measure and K is the sphere of radius one, we get the
classical eikonal equation: |Dw(z,t)| =1 for almost every (z,t).

Remark 5.3. The problem (Q) does not have a unique solution in general. Moreover,
when F is a positive function (except at 0), it is always possible to find a solution
X = op such that H(o(z,t)) =1 p—almost everywhere. Indeed, take x given by

1
<x@zim [ [ (1= 9wt sers) (@ - a0 1) dsir (@), (57)
02 Jo

where 7 is any solution of problem (P) and ® € C.(R RI). Let us denote by p
the following measure:

w= H(x), where [H(x)](A) = sup {< X, ® > @€ C(ARM, &(x,t) € K V(m,t)} ,

50 is to say < p,p >:= [ fol o((1 = 8)xg + sx1,s)F(x1 — x0) dsdy(zo,x1), for any
borelian set A C R and o € C.(R™1Y). It satisfies |x| << pu and H (%(x,t)) =1

p—almost everywhere.

Remark 5.4. The equation (5.6) implies that p—almost everywhere on the set
{(z,t) € A x RT : o(x,t) # 0},

the tangential gradient D,(x,t) lies on the boundary of K,(x,t) (because the normal
cone at D,i)(z,t) is not reduced to 0).

6. EXAMPLES

Take a > 0 and consider Q = [0,a] C R, fo = do f1 = da-

In this case we have inf(P) = F'(a), ¥ = (0, is the only admissible measure and it
is optimal.

Using formula (5.7), we can associate to this v a solution of (Q):

a 1
= , H'L S
X0 <\/1+a2 \/1+a2> "
where Sy := [(0,0), (a,1)]. It is easy to see that if H is strictly convex, this solution is

the unique solution. If it is not strictly convex, we can, for example look for solutions
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of type %HL(U([O, 1])) with v(0) = (0,0) and v(1) = (a,1) and v continuous and C!

by parts. This reduces to find solutions of the following problem:

1
inf {/ H(o(t)) dt : v(0) = (0,0), v(1) = (a,1), v C' by parts}. (6.1)

0
Taking v a right line and using Jensen inequality, it is easy to see g is a solution of

(6.1) and:
min(Q) = min(6.1) = F(a).
Moreover, we can exhibit a solution of (Q*):
tF(%) if0<x<atandt+#0,

Yo(z, 1) 1= { F(a)— (1 -t)F (a*‘r> ifat <z <aandt#1. (62)

1—t
In the rest of this section, we give some solutions of (Q) and we try to interpret the
condition the optimal condition (5.6) in the two following cases:
1. F(2) = |z|, (linear case) 2. F(z) = |z|?, (quadratic case).
6.1. Case F(z) = |z|. In this case, we have:
7l if t>0, flAY
H(Z’t)_{ too it t<o )=

and K = {(z,s): |2|] <1and s <0}.

0 if [2*] <1,
400 otherwise,

Then, any path v([0,1]) (v = (vi,v2) with 03 > 0, 9 > 0) is a solution of (6.1), so
is to say, any measure of the form y, = \ZE3|HI—(U([07 1])) is optimal for (Q). More

generally, considering a family of paths {S,}aca, where A is a set equipped with a
probability P, we can give a new solution x of (Q) defined by

<x,®>= / < Xva, ® > dP(a) VP € C,(Q, R,
A

We now give sense to the optimality condition (5.6). Note first that the particular
solution 1, of (Q*) given by (6.2) becomes v,(x,t) = z. It is a regular solution so for
all vectorial measure p:

Du¢o($7t) = PH((SU, t)vDQ;Z)o(xvt)) = PM(($, t)’ (1’ O))
Condition (5.6) with 9 = 1), then reads as:
o(.1) € Nicy o (Pul (1), (1,0))) 1 — . (2,8) € 2 x 0,1

where K, is the projection on T),(x,t) of the convex K. Moreover, remember that
o(z,t) belongs to T),(z,t) (cf Lemma 4.9) so we deal with the condition:

o(z,t) € Tu(z,t) N Ni, (o0 (Pul(2,1),(1,0))) p—ae. (x,t) € Q x [0,1]. (6.3)

Now, as T),(x,t) is a vectorial subspace of R?, we may consider the p-measurable sets
Ey = {(x,t): T,(z,t) =R%*} and Ey = {(x,t) : T,(z,t) is a line containing 0}.

On FEy, we have P,((x,t)(y,s)) = (y,s) so K,(x,t) = K, P,((x,t),(1,0)) = (1,0)
and (see figure [1):

Tu(a:,t) N NKH(x,t)(PM((xvt% (1,0))) = NK(l,O) = {(2’1,22) 12120, 29 > 0} = R2++.
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N (L)

FIGURE 1. Case T),(z,t) = R?.

A

£, (2.0)

FIGURE 2. Case T),(z,t) is a line intersecting R? | .

Finally, (6.3) reads as
o(z,t) € RY,.

Let us study the case (x,t) € Fa. Let us set Tj,(x,t) = {\(cosf,sinf) : X\ € R} with
cos® > 0. For p—almost every (z,t) and for all (y,s) we have:

P,((z,t),(y,s)) = (y cosf+s sinb)(cosf,sinf) and P,((z,t),(1,0)) = cosB(cosb,sinh).
Then, by a simple computation, we get:
K, (z,t) = P,((x,t), K) = {A(cosf,sinf) : X <cosf}, if sinf >0,
K, (z,t) = P,((z,t), K) = {\(cosf,sinf) : A > —cosf}, if sinf <O,
K, (x,t) = Py((2,1), K) = [(—1,0), (1,0)] if sinf = 0.
In case sin@ < 0 (so is to say T),(z,t) intersects R% ), we have (see figure 2):
Ty(2, 1) N Nie,, (2,0 (Pu((2,1),(1,0))) = {A(cosf,sinf): Acosf = max Ar}

r>cos 6
= {Acosf,sinf): A\>0}=R%,.
Finally, also in the case T),(z, ) is a line intersecting R% |, (6.3) reads as:

o(z,t) € RY,.
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FIGURE 3. Case T),(,1) is a line not intersecting R% | .

In case sinf < 0 (so is to say T),(,t) does not intersect R2 ), we have (see figure
3):
Ty(2, ) N, (20 (Pul(2, 1), (1,0))) = {A(cos 0,sin ) : Acost = max 07’)\} = {(0,0)}.
T CcOs
This leads to o(x,t) = (0,0). As we can always assume o # 0 on a set on which p is
concentrated, this case is not relevant.
We can conclude saying that the following equivalences hold:

_ . . —divgx = 5((171) — 5(070) —div, tX = 5((1 1) — O (0,0)
X = ou is a solution of (Q) < { (0, 1) satisfies (ME,.c) & o(z, %

6.2. Case F(z) = |z|%. (see figure 4).
In this case, we have:

|z|? if

e ittt > 0,

H(z,t):=4 0 ifr=t=0,
400 otherwise;

||

QET}. The cost H being strictly convex, the

and F*(z*) = |xz2, K = {(az,t) < —
problem (Q) admits a unique solution which is given by:

(a,1)
=H'L[(0,0),(a,1)], 0=—F—=,
p=HL0.0), (@ D), o= o
Tﬂ(x?t) = {(CLS,S) tse R}? pw—a.e. (.1‘,t) € Spt(,u) = [(070)7 (a¢ 1”
Let us check that it satisfies (5.6). We have

if 0<z<atandt#D0,

Ol’,t: T_
Yolw,?) {(12—(‘11_?2 if at<z<aandt#1

(@—ﬁ) if 0<xz<atandt+#0,

d D t) = AN
an Yo(z,t) {(2({1 ‘”)7 ((‘i ‘f)) if at<z<aandt=#]1.

7
The tangent space is T),(z,t) := {(as,s) : s € R} p—almost every (z,t), and the
projection on this space is given by: P, (( 1), (y,8)) = ggﬁ(a 1) for all (y,s). Then,

as D1, is regular, we have:

Dytpo(,t) = Pu((@,1), Yo(, 1)) =

a2
1+a2
25

(a,1) p—a.e. (x,t) €[(0,0),(a,1)].



Dl (x t

FIGURE 4. Quadratic case.

We can easily compute that:

2
Kuw.t) = Pu(,0). K) = (520 1)s s< =0
2
= {)\(CL, 1) A < T‘H—}7
a2 a
and NKM(m,t)(m(a> 1)) = {(y,s): m(ay—l— s) = )\3152752( AMay +s)}
<5

= {(y,s) :ay+s>0}.

Then, obviously the following condition is satisfied:

a(m, t) € NKH(:v,t) (DM(¢O($7 t))
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