SECOND ORDER SINGULAR PERTURBATION MODELS FOR
PHASE TRANSITIONS

IRENE FONSECA* AND CARLO MANTEGAZZAT

Abstract. Singular perturbation models involving a penalization of the first order derivatives
have provided a new insight into the role played by surface energies in the study of phase transitions
problems. It is known that if W : R? — [0, +00) grows at least linearly at infinity and it has exactly
two potential wells of level zero at a,b € R, then the T'(L!)- limit of the family of functionals

Jo (W42 42| vu?) dz it we WHA(Q;RY),

Fe(u) :=
+o0 if u e LY(Q;RY) \ Wh2(Q;RY),

where  is a bounded, open set in RV, is given by

Flu) m Perg({u=a}) if u € BV(Q;{a,b}),
u) =
+o00 otherwise,

for a suitable constant m depending on the energy density W. In this paper, and motivated by the
study of phase transitions for nonlinear elastic materials, the T'(L')- limit is obtained in the case
where in F.(u) the penalization term &|Vu|? is replaced by £3|V?u|?, for u € W22(Q;R9). The
resulting functional is of the same form as F(u) above.
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1. Introduction. In this paper we show that the I'(L')- limit of the family of
singular perturbations

Jo (W2 4+ 3V2uf?) do it we W2 (R,

+o0 if we LY RY) \ W22(Q; RY)

where W : RY — [0,4+00) grows at least linearly at infinity and has exactly two
potential wells of zero level at a,b € R, is given by

m Perq({u = a}) if u e BV(9;{a,b}),
F(u) := .
400 otherwise,

with

— i m2 g, . 2,2 wdy T _ ; _
m = mm{/R(W(f) e f e WEZRRY, lim f(t) =b, lim_f(t) = } .
Singular perturbations of nonconvex, multiple-well variational problems may be
found in gradient strain theories in plasticity, ferromagnetics, and other areas of ma-
terials science and engineering. In particular, within the context of phase transitions
of nonlinear elastic materials, let W : RN — [0, +-00) be the stored energy density

*Department of Mathematical Sciences, Carnegie Mellon University, Pittsburgh, PA 15213, USA
(fonseca@andrew.cmu.edu).
tScuola Normale Superiore, Pisa, 56126, Italy (mantegaz@sns.it).

1



2 I. FONSECA AND C. MANTEGAZZA

of a material with reference configuration an open, bounded set Q C RY, and which
may undergo a phase transformation. This material instability may be due, in part,
to the multiple well profile of W. For simplicity, assume that

W(€) =0 if and only if ¢ € {4, B},

where rank(A — B) = 1. Let us assume further that equilibria for fixed phase volume
fraction is determined by minimum energy; physically, this model is oversimplified
since it is incompatible with the frame indifference requirement, it does not take into
account material symmetries, evolution is neglected, and there is no heat diffusion.
Then we are led to (see [20, 22])

min {/Q W (Vu)da :u € WHH(Q;RY), /Q Vudr = LN (Q)(0A+ (1 — 9)3)} :

where 8 € (0,1) is a fixed volume fraction, and £V stands for the N-dimensional
Lebesgue measure in RY. Due to the rank-one compatibility between A and B, there
are infinitely many laminates with strain gradients alternating between A and B which
will minimize the total bulk energy. As in the Cahn-Hilliard model for liquid-liquid
phase transformations with underlying variational formulation

min{/QW(u)dx:u€Ll(Q;Rd),/ﬂudxzﬁN(Q)(ﬂa—l—(1—0)b)},

where {W = 0} = {a,b}, and with corresponding family of singular perturbations
(see [10, 12, 13, 22, 25, 28, 29, 30, 32, 33])

/ (W () + £2[Vuf?) d,
Q

we attempt to resolve the lack of uniqueness by considering higher gradient penaliza-
tions. This is conform to the higher strain gradient theories in plasticity. To this end,
for any open set A C §2 we introduce the family

J.(u; A) = /A(W(Vu) + 2|V2u)) da.

The characterization of the I'(L!)— limit of these functionals, and, in particular, of the
asymptotic behavior of minimizers as ¢ — 07, is work under progress by Fonseca and
Tartar [21]. Here the main difficulties are, essentially, the need to use intrinsically
vectorial techniques, and the proof of the locality of the I'(L')— limit. The use of
vectorial techniques was successfully exploited in the variational study of the eikonal
equation, seen as a partial differential constraint on finite limiting energy fields when
in J. the density W is allowed to vanish on the sphere (see [5, 8, 9, 18, 26, 27, 24]).
In the attempts to ascertain locality, the problems encountered seem to stem from
the higher order derivative in the model. Precisely, if we knew that the subadditivity

property

I(LY) — lim J.(u;A) <T(L') — lim J.(w; B) +T(L') — lim J.(u; A\ C)

e—0t e—0t e—0t

holds whenever A, B,C' are open subsets of Q with C CC B CC A, then we would
be able to ensure that T'(L') — lim,_,o+ J-(u; ) is a measure, and so Radon-Nikodym
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Theorem and a blow-up argument around points on the laminate surfaces would easily
yield

D(LY) — lim Jo(u; Q) :=

e—0t

m Pero({Vu = A}) if Vu € BV(Q;{A, B}),
400 otherwise,

for an appropriate surface energy density m. This program may be carried out suc-
cessfully in the Cahn-Hilliard model where the penalization is of first-order. For this
reason, and motivated in part by the need to isolate the understanding of the role
played by higher order penalizations and the obstacles that they may introduce, we
take a step further in the simplification of the original model for J., and we consider
the family F. as defined above.

We note that higher order perturbations of nonconvex problems have been studied
recently within the framework of free discontinuity problems. In particular, elliptic
regularizations with second order terms were proposed for the approximation of free
discontinuity problems related to the Mumford-Shah model for image segmentation
in computer vision (see, e.g., [3, 4, 15, 14]).

The one-dimensional problem encapsules the main features of the model. Indeed
the relevant contributions of this paper may be found in the next section where,
using apriori bounds provided by Gagliardo and Nirenberg inequalities, we are able to
show that the limiting energy minimizers are two-phase fields with minimal interfacial
perimeter. Further, the resulting interfacial energy per unit area, m, may be computed
explicitly as the solution of an auxiliary minimization problem, corresponding to the
one-dimensional energetically efficient profiles which connect a at —oo to b at 4oc.
The extension of these results to the N-dimensional case follows a standard slicing
argument that enables us to reduce it to the one-dimensional setting.

2. The One-Dimensional Problem. Let W : R? — R be a continuous func-
tion satisfying the hypotheses:
(H1) W(u) = 0 if and only if u € {a, b};
(H2) there exist constants C > 0, R > max{|al, |b|}, such that if |[u| > R then
W(u) > Clu| —1/C.

Let I := (o, B) be a fixed open interval in R. Consider the family of functionals
indexed by the parameter ¢ > 0, and defined as

]—'E(u) = fI (@ + 53|u//|2> dt ifue W2’2(I; Rd),
o if we LYLRY) \ W22(IRY).

We seek to identify the limiting states corresponding to sequences of minimizers for
F-(+), and to this purpose we will use the notion of I'(L!)- convergence. We recall
some basic notions on I'(L')— convergence (for a detailed, comprehensive study we
refer the reader to [17]). Let  be an open, bounded subset of RY.

DEFINITION 2.1. Let F,, : L' (;RY) — [—00, +00] and u € L*(Q;R?). We define

I'(L') — liminf F, (u) := inf {liminf Fo(up) :up = u in LI(Q;Rd)} ,

n— oo

and

n— oo

I'(L') — limsup F,, (u) := inf {limsup Fo(ug) tup > u in LI(Q;Rd)} .
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IfT(LY) —liminf F,(u) = T'(LY) — limsup F,(u), then the common value is called the
[(LY)- limit of F,, at u, and is denoted by T'(L') — lim F, (u).

Moreover, given a family F. : L*(;R%) — [—o0,+00], € > 0, if u € L' (2;RY)
then we say that T'(L') — lim F.(u) = F(u) if F(u) = T(L') — lim F. (u) for every
sequence €, — 0T.

It can be shown that F(u) = I'(L')- limit of F. at u if and only if
(i) for every sequences {u,} and {e,} such that u,, — u in L'(Q;R?) and &, — 07

F(u) <liminf F._(u,);
n—oo

(i) for every sequence {e,} converging to 0" there exists a sequence {u,} such that
Up — w in L' (Q;RY) and

F(u) = lim F. (uy,).
n—oo
In what follows C' denotes a generic positive constant which may vary from one
formula to the next, and from line to line. Also, LV stands for the Lebesgue measure
in RY, and B(z,d) is the ball centered at the point z and with radius 6 > 0.
Define

loc

A= {f e W2AR;RY) : f(t) =bif t > C, f(t) =aif t < —C, for some C > O}
and

m:= inf{/R(W(f) + 1P dt: f € A}. (2.1)

The main theorem of this section is
THEOREM 2.2. For every u € L'(I;RY)

D(LY) — lim F.(u) =

e—0+

m Per;({u =a}) ifue€ BV(I;{a,b}),
+00 otherwise.

Compactness for energy bounded sequences will rely heavily on the following
interpolation inequality due to Gagliardo [23] and Nirenberg [31].

PROPOSITION 2.3. Let Q be a bounded, open, Lipschitz subset of RN. If u €
LY (Q;RY) and V2u € L2(Q;RY) then u € W22(Q; RY) and

1/2 1/2
IVullars < € (Il 20Vl + ] ) (2:2)

where C' = C(, N, d).
In sequel we will also use the following interpolation inequality.
LEMMA 2.4. Let ¢ : (0,400) — R be a convex, nondecreasing function in RT, and

let J be R or a half-line. Then for every functionu € L (J;R?) withu” € L (J;R?)
we have

[o(5) ar <2 [1ou + ot prae. (2.3
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Proof. The case where ¢(t) = [t|P may be found in Adams [1] (Lemma 4.10).
First consider the real valued case where d = 1. Given u € W21(0, 1), fix 8 € (0,1/3)
and n € (2/3,1), and by virtue of the Mean Value Theorem, find £ € (0,1) such that

hence,

!/ < |u / " < / 1
|u'(z)] < = 77| |u"] dt < |9 |u’| dt

for all z € (0, 1), which, by the choice of § and 7, implies that
1
()] < 3Ju(8)] + 3Ju(y)| +/ |t for all z € (0,1).
0

Integrating in 6 and 7 and multiplying both sides by 9 we get

1/3 1 1
o (@)| 33/ |u|dt+3/ |u|dt+/ (| dt
0 2/3 0
1 1
§3/ \u|dt+/ | dt
0 0

for all € (0,1). Now, dividing both sides by 4, and using the convexity and mono-
tonicity properties of ¢, together with Jensen’s Inequality, we obtain

(882) (2 e 1)
w(/o |u|dt)+i<p</0 |u”|dt)

Awwm+ﬂwmﬁ

3
<=
4

3
<=
4

for all z € (0,1).

Finally, integrating in  we have

[ o () ar< 3 [otup +otnpan

Dividing J in disjoint intervals of length 1 and applying this argument to each one of
them we conclude that

[ (") de< 3 [ totub + otupiae.

N
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If u takes values in R%, d > 2, then

< qa 2 ) lethul) +o(|ug])] dt

W
<302 J el + ol
=1 [ttty +

which proves the lemma. O
In the sequel we will exploit the auxiliary functions G, H : R?¢ — R, which take
into account the energy stored on an interfacial layer:

1
G(w, z) := inf {/O (W(g) +1g"P)dt - g € C*([0,1;R?), g(0) = w, g(1) = b,

g'(0) =2 4'(1) = 0},

H(w, z) = inf { /Ol(W(h) + [R"?)dt - h e C([0,1];RY), h(0) = a, h(1) = w,

Testing G and H with third degree polynomials g and h, respectively, satisfying the
boundary conditions, it can be shown that

lim G(w,z)=0, lim H(w,z)=0. 2.4
(w,z)—(b,0) ( ) (w,z)—(a,0) ( ) ( )

LEMMA 2.5. The constant m is positive and
. 12 . 2,2 d . _ : —
m =i { [ QV(7) + 17V | € WERRRY, T f6) =0, i f(0) =af.

Proof. STEP 1. We start by proving that m > 0. Suppose that m = 0 and let
{fn} be a minimizing sequence of admissible functions in A. Let

S:{zGRd:|xa| ‘b2 }

By Sobolev Embedding Theorem each function f,, belongs to C''(R;R?), and since
fa(t) = b for t > M, and f,(t) = a if t < —M,, for a suitable M,, > 0, there must
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exists a point ¢, € R such that f,(¢,) € S. By performing a simple translation in
the variable, with no loss of generality we may assume that f,(0) € S. Asm =0, we
have that || /|| ;- — 0; moreover, by (H2), fixed a bounded interval J C R containing
the origin, {f,} is equibounded in L'(J;R%), and Proposition 2.3 implies that {f’}
is equibounded in L*/ 3(J;R9). Therefore, by Sobolev Embedding Theorem it follows
that {f,} is bounded in W22(J;R?), and we may extract a subsequence f,,|; of
restricted functions converging in W1 to an affine function f : J — R? such that
f(0) =:c € S. Setting f(t) := ¢+ tv for some v € R%, we have

m= lim | (W(fa)+ 1) dt
> lm | (W(fn) + o) dt
Wie v)d 0
Z/J (c+tv)dt>0,

because if [, W (c+ tv)dt = 0 then ¢+ tv should belong to {a, b} for all t € .J, and so
v =0 and ¢ € {a, b} which is not possible since ¢ € S. We arrived at a contradiction,
and thus m > 0.

STEP 2. Next we prove that m = m, where

m:= inf{/(W(f) F 1Py dt : f € WEAR;RY), lim f(t) =b, lim f(t) = a}.
R t—+4o0 t——o0

(2.5)
It is clear that m > m.
Conversely, fix § > 0 and let f be a function admissible for m and such that

s> WD)+ 1)

We claim that we may find two sequences {z;} and {y;} converging to +oo and —oo,
respectively, such that

[f' @)l + |f (ya)l + [ f (zi) — bl + | f (i) —al = 0 (2.6)

as i — oo. Indeed, fix 7 < |b — a|/2 and consider a convex, nondecreasing function
¢ : R — [0,+00) such that p(t) < t? for every t € R, ¢(|y|) < W(y + b) for every
y € B(0,7) C R, and ¢(t) = 0 if and only if ¢ = 0. To prove the existence of ¢ it
suffices to set

@(t) :==sup{g : R — [0, +00) : g is convex, nondecreasing,
g(t) <t* forall t € R, g(ly|) < W(y +b) forall y € B(0,7)}
and use hypothesis (H1). Let R > 0 be such that |f(t) — b] < 7 whenever ¢ > R.

Applying Lemma 2.4 to the function f — b, and using the properties of the function
, we obtain

/m@ ('ﬂ) dt Si/+m[@(|f—b|)+g&(f”|)] dt

R R
+00 ) )
<2 [l X2,
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Thus ¢ (%) is integrable on [R,+0c0), and so there exists a sequence of points

T, — +00 such that lim, . ¢ (‘f,fl%')‘) = 0, and since ¢ is monotone nondecreasing

on [0,400), with ¢(t) = 0 if and only if ¢ = 0, we conclude that lim, . f'(z,) = 0.
Repeating this argument with the point a in place of b, we are now in a position to
assert the existence of two sequences satisfying (2.6).

Set

gi(t) :==g(t —x), hi(t) :=h(t —y; +1)

where g and h are admissible for G and H, respectively, and

/0 (W(g) + 19" 12) dt < G(f(a), £ (@) + 0,

/0 (W(h) + (W) dt < H(f(y2), [ (53)) + 6.

We define
b ift>x; +1,
9i(t) ift € [z, x; + 1],
Filt) = < f(t) if t € [y, wil,
hi(t) ift ey — 1Lyl
a ift <y; — 1.

Clearly ﬁ is admissible for m, and we have

ﬁ1+6Z/R(W(f)+|f"|2)dt2/ i(W(f)+|f”|2)dt
Yi
x;+1

- / W) + (771 dt - / (W(gs) + |9 %) dt
R

Zq

= [T v+ mP

>m — G(f(xi), f'(x:) = H(f (), f'(9:)) — 20.

The inequality m > m now follows by letting 6 — 07, 7 — oo, and using (2.4).

STEP 3. Finally, we prove that m is attained, or, equivalently, that m admits a
minimizer. Let {f,} be a minimizing sequence for m. Possibly passing to a subse-
quence, and making a translation change of variables, we may assume as before that
fn(0) € S, where S was defined in Step 1, and that the sequence of C! functions {f,,}
converges in VVI}JCOO to a C! function f : R — R%. If the function f is admissible, then
it realizes the infimum, since

[ovi+isryae< i [ +15
R R

where we have used Fatou’s Lemma and the lower semicontinuity of the L? norm of
the second derivative. In order to prove that f approaches a and b at infinity, set

L:={le R4 | [ is a limit point of f(t) when t — 400 b
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The integrability of W (f) and (H1) imply that a or b must belong to L. Suppose
that b € L, and that there is another limiting value [ € L. Note that, without loss of
generality, we may assume that [ # a, for if [ = a then, by the continuity of f, there
would exist a sequence y; — +o00 such that f(y;) € S; hence, for a subsequence (not
relabelled) f(y;) — I’ € S. Consider two monotone sequences of points {x;} and {z;}
such that z;41 —x; > 3, z; € [z + 1,241 — 1], f(x;) — b and f(z) — [, and for
0 < 6 < min{|l — al, |l — b} we introduce still another constant m defined as follows:

y
m:= inf{/ W(g)+|g"*)dt :y—a2>3,2€xz+1,y—1],
g€ W22((2,y);R?), |g() —1| < 6}

We claim that m = 0. Indeed, if m > 0 then there would exist ng such that, for
n > ng, | f(zn) — 1] <9, and it would follow that

Ti41

W) I

Tng

Jovawirya= [ o vita Y

i=ng’ %

z/wnO(W(f) I de+ S = e

- i=ng

On the other hand, we can show that the assertion m = 0 leads to a contradiction.
The reasoning is similar to the one used in Step 1 for the constant m. Let g, €
W22((2,, yn); R?) minimize m. Translating the intervals, without loss of generality
we can suppose that z, = 0, thus z, < —1 and y, > 1, and possibly passing to
a subsequence (not relabelled), we may assume that the functions g, converge in
Whee([-1,1];RY) to an affine function g(t) = d + tv. Therefore

Yn
m > lim (W (gn) + |gyI*) dt

n—oo .

1
> lim [ (Wi(gn) + |gl*)dt

n—oo [ 4

1
z/ W (d+ tv)dt >0,
—1

because if fil W (d+ tv) dt = 0 then d + tv should belong to {a, b} for all t € (—1,1),
i.e. v =0 and d € {a,b}. This is not possible since g,(0) — d, g,(0) € B(l,9), and
a,b ¢ B(l,5). We conclude that f(t) — b as t — +oo.

Similarly, if @ € L then f(¢) converges to a as t — —o0.

If the limits of f at +00 and —oo are, respectively, a and b, then f(—t) is still a
minimizer and it converges to b and a at, respectively, +oco and —oo.

It remains to exclude the possibility that the two limits coincide. Suppose that
lim; 400 f(t) = a. As in Step 2, by virtue of Lemma 2.4 we can find a sequence of
points x,, — 400 such that

[ (@)l + [ f(2n) —al =0

and, due to the convergence of f, to f in I/VJD’COO(R; R?), there exists a subsequence
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{fr,} such that fy, (2,) = a and f (x,) — 0. Hence, we have

+oo

/mwmnumﬁﬁ:/"mwuwuaﬁﬁ+/ (W (f) + 111
R

—o00 Ty

%) dt

E/WUWhJ+WH%ﬁ+ﬁ—HMA%%mMJL

— 00

and letting n — oo we deduce that

m Zlimsup/ W (fr,)+ |f]/c/n|2) dt +m

n—o0o — 00
> lim sup ’W(fkn)dtﬁ-ffl
n—o0o — oo
:/W(f)dt—&-ﬁl.
R

This would imply that f is constantly equal to a, but since f,,(0) € S for every n we
have also f(0) = lim,, 00 f(0) € S which is in contradiction with a ¢ S. The case
where lim;_, 1, f(t) = b is treated in an analogous way. O

Remark 2.6. A simple rescaling argument provides equi-partition of energy.
Precisely, if f realizes the minimum m then

/RW(f)dt:?,/RU”\th.

It suffices to use the fact that
[ovay+iatyas [ + 180
R R

for all A > 0, where fy(x) := f(A\x).
We now state and prove the compactness result for sequences with finite energy.
PROPOSITION 2.7. If u. € W22(I;R?) satisfy liminf._,o+ F.(u.) < 4oo then
there exists a subsequence {uc,} C {u.} and w € BV (I;{a,b}) such that u., — u in
LY(I;RY). Moreover,

liminf 7. (us) > m Per;({u = a}).

e—0*t

Proof. Suppose that liminf, g+ Fe(ue) =: K < 400. We claim that there exists
a function u € BV(I;{a,b}) such that, up to a subsequence, u. — u. Extract a
subsequence from the start (not relabelled) realizing lim inf, o+ F.(us). We have

Wus) =0 in LY, |[u|| < Ce™3/2
By (H2)

WﬂuSRﬁm+/

11 ~
< + W(u5)> dt < C,
{Juc|>R}

2 C
therefore, by the Gagliardo and Nirenberg inequality (2.2) we conclude that

| ars < Clluel 32 11557 + |luel 1) < Ce™3/ (2.7)
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Also
L({|uc| > R}) » 0ase — 07, (2.8)

Indeed, if 7 := inf{W (&) : |{| > R} then by (H1) we have 7 > 0, and so (2.8) follows
from the fact that

0= lim [ W(uc)dt> limsup/ W(u:)dt > 7 limsup £ ({|uc| > R}).
{lue|>R}

e=0% J1 e—0+ e—0+

Since {u.} is bounded in L!, we may extract a further subsequence (not relabelled)
generating a Young measure {t4}e7. In particular, if f : T x RY — [0,4+00) is a
Carathéodory function such that {f(-,u.(-))} is equi-integrable, then f(-,u.(-)) = f
in L' where (see [11, 34])

f@) 1=/Rf(t,y)d1/t(y), a.e.tel.

Setting f(y) := min{W (y), 1}, it follows that

0=hmlﬂ%ﬁﬁ=léf@mMM%

hence, since f(y) =0 if and only y € {a,b}, we have
vy = 0(t)0y=q + (1 — 6(¢))dy=p
for some 6 € L>°(I,[0,1]). We claim that
0€{0,1} a.e.in I, ie 6= xg for some measurable subset E C I. (2.9)
Suppose that the claim holds. Define
u(t) :=axg(t) + (1 — xe(t)).
Then u. — u strongly in L'. Indeed, let

R%‘ if [yl > R
y  iffyl <R

Note that v = @(u), and recall that W(y) > Cly| — 1/C if |y| > R, with R >
max{|al,|b|}. Then

/\ug—u|dt§/\<p(u8)—u\dt+2/ e dt
I I |lue|>R

2 2
< [lotw) —ulde+ & [ Wew)dt+ Z2' (el > RY)

Therefore, by (2.8) and (2.9) we conclude that
tim [ Jue—aldt = [ [ Jotw) ~ ult) ()i
e—0+ I I JR
— [ lota)—utlde+ [ o) - uto]as
E I\E
:/ |a—u(t)|dt—|—/ 1b— u(t)| dt = 0.
E I\E
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To prove (2.9), define

1
X:i=<qtel: ———— f(s)ds € (0,1) forall 6 >0, .
{ B0 Sy P €O }

We show that the cardinality of X (call it L) cannot exceed the integer part of K/m:;
hence 0 € {0,1} a. e. and u € BV (I;{a,b}) with m Per;({u = a}) = m L < K which
gives the result.

Indeed, suppose that there were [ distinct points of I in X, s1 < s9 < ... < ;.
Let 0g := min{|s; — s;41] : i =1,...,1—1}. Choose d; < §p/2 such that for all § < dy,
and all 7 € {1,... 1},

/ 0(s)ds > 0, / (1 —46(s))ds > 0.
B(Si,(s) B(Si,(s)

Fix 0 < n < [b—al/2, let ¢, be a cut-off function with support on B(a,n), ¢y(a) =1,
1y is a cut-off function with support on B(0,7), ¥,(0) = 1, and ~,, is a cut-off function
with support on B(b,n), v,(b) = 1. By (2.7) v, (eu.) converges strongly to 1,(0) in
LY, ¢n(ue) converges in L weak-* to 0, (a) + (1 — 0)p,(b), and we have

lim wn(w'@)son(ua)dt = / Yn(0)[0(t)pn(a) + (1 = 0(t))py(b)]dt

€207 JB(s;,61) B(si,01)

= / 6(t)dt >0,
B(si,01)

and, similarly,

Jim (e (1) dt = / (1= 6(t))dt > 0.
e—0t B(si,01) B(si,61)

Thus, for each ¢ € {1,...,l} and each ¢ > 0, we may find x:l,x;l € B(s;,01) such
that

ug(x::i) € B(b,n),u:(x_;) € B(a,n), |5u’8(x:l)\ <, leul(z_ ;) < n. (2.10)

Jr —

xTr_ . — €T .
”) , hei(t) :==hey (t - =4 1) ,
£ ’ £

where the functions g, and E:l are admissible for G(ua(z:i),su’s(x:i)) and for

Define

ge,i(t) = fi-:l (t -

H(ue(z_,), euc(w_;)), respectively, with

1
/0 (W(Ge) + 195" P) dt < Glus(eF,), eul (a7,)) + e,
and

1 —_ —!
/0 (W(hen) + lhes [2) dt < Hue(a2,), eul (a2,)) + <.
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Construct the functions

Ge,i(t) ift € Em5+1}

Ve,i(t) == < ue(et) ifte |—==,

- .
heat) ifte I_lw}

N
a if 1< e 1

Then v, ; are admissible for m, and since the intervals [x_,,z,] are disjoint we have

e,17 e,
K > liminf )+ &3|u|?
> limin E / ( (ue) + &7 |ul]

m+@

5%

= liminf i dt
S [ v b

o

> ml—hmsupz (wzq),eul(zy)) + Glue(al,), euz(al;))]-

e—0t ;5

Letting 7 — 0%, we conclude that K > ml, where we have used (2.4) and (2.10).
The result now follows from the arbitrariness of I < L and the fact that m > 0 (see
Lemma 2.5). O

As an immediate consequence of the previous result we have,

COROLLARY 2.8. Ifu € LY(I;R?) and T'(L') —liminf._,o+ F-(u) < +oo then the
function u belongs to BV (I;{a,b}) and

(L) — liminf F.(u) > m Per;({u = a}).

e—0+

Now we turn our attention to the I'(L') — limsup,_,+ F-.
PROPOSITION 2.9. If u € BV(I;{a,b}) then

(L) — limsup F.(u) < m Per;({u = a}).

e—0t

Proof. Suppose that S( ) = {s1,...,8} C I = (a,) is the jump set of the
function u, with a < s1 < --- < s < 8. Set 6y := min{s;y1 —s; : j =0,...,1}, with

so = a and s;41 := B3, and let I; := [%, H%} fori=1,...1. Fix § € (0, o)

and let f € A be an admissible function for m, with f € Wf)f(]R RY), f(t) = b if
t>M, f(t) =aift < —M,

(2.11)
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Consider a sequence &, — 07, and choose n sufficiently large so that % > M.
Define

Fze) fee | s andif [ul(s;) = b - a,
Un(t) = f(fgfﬂ ﬂte[ﬁ%;ﬁ,ﬂ%;ﬂ}amhfhK&):aA—@
u(t) otherwise

where [u](s;) = u(s;) — u(s;_1) for i = 1,...,l. We note that u,, € W22(I;R%).
Indeed, if [u](s;) = b — a then u (%) =a,u (%) = b, and since

Si—1 — 0 Si4+1 — o
_— < -——<-M, — s — > M,
Qen 2ep, Qen 2en

we have that

Si—1—8;\ _ Si41 = Si\ _ p Sk =i\ _
f( 2, )-a, f( 2, ) b, f( 2, ) 0-

A similar argument applies to the case where [u](s;) = a — b.
Since u, — u in L'(I;R%) we conclude that

l
T W(un) 31112
i 7o) = Jin 32 [ (R ) a

i=1"71
3i451+5i
T en 1101712
- lm. S [T ) P d
i=1,...,0, [u](s;)=b—a 2en
5H2»1+Si
LD S AR C TR
i=1,...,1, [u](s;)=a—b 2en
- > [ovum P

Lol [ul(si)=b—a

S / D+ 17 ()P di

1.0 [u](si)=a—b

=l/R(W(f)+ 1)t
<ml+4
=m Per;({u=a}) + 0,

where we have used (H1) and (2.11). It suffices to let § — 0*. O
Remark 2.10. The arguments used in the proof of Theorem 2.2 may be easily
adapted to generalize the model above to the case where

Jo (FE 4 VR ) dr i w e WRH(O;RY),

+00 if u e LY(Q;RY) \ W2P(Q; RY)
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for 1 < p < 400, with

(LY — lim F.(u) =

e—0t

m Per;({u =a}) if ue BV(I;{a,b}),
400 otherwise,

and now
m:= 1nf{/(W(f) +|f'P)dt: f € A}.
R

As it is usual, the scaling 2?~! in F. is the natural one obtained by testing the
finiteness of energy with admissible fields v which are a and b in most of the domain,
except on a transition layer of width . Note that here Proposition 2.3 still applies
provided (2.2) is modified to read

1/2 1/2
IVul e < € (lull 221920l + . )

with 2/¢ =1+ 1/p.
Naturally, the next step is to try to understand higher than two perturbations,
i.e., how to treat

€

) fQ (M 4 52k*1|vku|2) dr ifue Wk’Z(Q;Rd)a
Fe(u) =
oo if w e L RY) \ Wh2(Q;RY)

where k € N. Although the methods involved may stay close the the ones introduced
in this paper, this generalization does not seem to follow as immediately as the one
above : last, but not least, the corresponding G and H will now require matching of
all derivatives up to order (k — 1), and a new version of Lemma 2.4 will be in order.
This analysis will be carried on in a forthcoming paper.

3. The N-Dimensional Case. Let € be an open, bounded, Lipschitz domain
in RY, and consider the functionals

fQ (L/E(u) + 53\V2u|2) dx ifue W2’2(Q;Rd)

loc

+00 if w e LY(Q;RY) \ W22(Q;RY)
for € > 0, where W satisfies hypotheses (H1) and (H2). We recall that the constant
m was defined in (2.1).

We start by proving L' compactness for energy bounded sequences.

PROPOSITION 3.1. If u. € W22(Q;R?) satisfy liminf,_,o+ Fo(u:) < +oo then
there exists a subsequence {u., } C {u.} and u € BV (Q;{a,b}) such that u., — u in
LY (S RY).

The proof of this result uses the L'-slicing compactness criterion introduced by
Alberti, Bouchitté and Seppecher in [2], Theorem 6.6 (see Proposition 3.2 below).
Here two sequences {u.} and {v.} are said to be d-close if ||uc — ve|| < §, 6 > 0.
When (2 is a rectangle of the form I x J, with I, J open intervals, we write x € () as
x = (y,z) with y € I, z € J. For every function u defined on Q and every y € I we
denote by u¥ the function on J defined by u¥(z) := u(y, z), and for every z € J we
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set u*(y) := u(y, z) for y € I. The functions v¥ and u* are called one-dimensional
slices of w.

PROPOSITION 3.2. Assume that the sequence {u.} is equi-integrable, and suppose
that for every 6 > 0 there exist sequences {ve} and {w:} 0-close to {uc}, and such
that, {v?} is precompact in L*(J;R%) for a. e. y € I, and {w?} is precompact in
LY(I;RY) for a. e. z € J. Then {u.} is precompact in L*(£;RY).

Remark 3.3. We note that the original statement of Theorem 6.6 in [2] assumes
that {u.} is bounded in L>°. However, it is easy to verify that the main tool involved
is the use of Fréchet-Kolmogorov Theorem for pre-compactness in L', which clearly
holds as well when {u.} is equi-integrable.

Proof of Proposition 3.1. For simplicity we suppose N = 2; the higher dimensional
case is treated in an analogous way.

Assume first that € is a rectangle of the form I x J, with I, J open intervals.

We denote by F2(u, A) the one-dimensional functional

Ja (Wéu) + e3lu”|2) dt if ue W22(4;RY),

Fl(u, A) :=
~+o0 if ue L1(A;RY)\ W22(A4;RY),

for every open interval A and every u € L'(A;R?%). We recall that if u € W22(Q; R?)
then w¥ € W22(J;R?) for a. e. y € I and v* € W22(I;R?) for a. e. z € J, and

0%y Puy 0%u dPu?

2@ _dzZ( e x) = dyQ(y) fora.e. z€Q

2

(see [19], Section 4.9.2). Since |V?u|? > max{’gi’;

the following slicing inequalities :

2 . . .
sl ayz }, we immediately obtain

]—'g(u)Z/I]-'gl(uy,J)dy, fg(u)z/]fg(uZ,I)dz. (3.1)

Now consider a family of functions {u.} such that F.(u.) < C < +o00. Since
Jo W(ue) de < Ce, we have that W(u.) — 0 in L', and so equi-integrability of {u.}
follows from (H2). Therefore, fix § > 0 and let 6’ € (0,9) be such that

£2(S) < 8)] — Sup/(|u5(x)\ b)) dz < 5.
e>0.J8

For € > 0 we define v, : Q — R? by

(2) = {ug(z) = ucly) () < O/F,

b otherwise.

We claim that v¥ = u¥ for all y € I except at most on a set Z. C I of measure smaller
than ¢§’. Indeed, by (3.1) we have

C > sup/]-'1 (u?,J)dy, (3.2)
e>0

and so

2. < {F 2, J) > 0/8') < /fl Wl J)dy <,
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and we have

fuc=vely < [ fuelw)=blde < [ (uela)| + B do <5
X xJ

€ €

for every e > 0, since £2(Z. x J) < §'|.J|. Hence the sequence {v.} is -close to {u.}.
Moreover, for every y € I there holds FX(vY,J) < C/§’, where we have used the fact
that that F1(b,J) = 0, and so Proposition 2.7 yields L'(J;R?) precompactness of
{v¥}. Similarly, we way can construct a sequence {w,} d-close to {u.} so that {w?}
is precompact in L'(I;R?) for every z € J, and it suffices to now use Proposition 3.2
to conclude that the sequence {u.} is pre-compact in L'(Q;R9).

The case where § is a general open subset of RY is obtained by decomposing
into a countable union of closed rectangles with disjoint interiors.

The fact that the limit function u belongs to BV (£2; {a, b}) is showed in the proof
of Proposition 3.5. O

THEOREM 3.4. If u € L'(Q;R?) then

(LY — lim F.(u) =

e—=0t

m Perq({u = a}) ifu € BV(Q;{a,b}),
+00 otherwise.

We divide the proof of this theorem into two propositions concerning, respectively,
the I'(L') —lim inf and the I'(L') —lim sup. Although nowadays these arguments may
be considered to be quite standard, and we refer the reader to [7, 16], and to [4] for
the treatment of second derivatives in the study of the T'(L!) — lim sup, we included
here the proofs of Proposition 3.5 and Proposition 3.6 for completeness and for the
convenience of the reader.

PROPOSITION 3.5. Let u € L'(;R?Y). If T(L') — liminf,_ o+ Fo(u) < 400 then
u belongs to BV (Q; {a,b}) and

I(L') — liminf F.(u) > m Perq({u = a}).

e—0t

Proof. Suppose that &, — 07, u,, — u in L*(Q;R?) and F., (u,) converges to
I'(LY) —liminf,_,o+ F.(u) < 4+oo. Fixing an unit vector v € S¥~1 possibly passing
to a subsequence (not relabelled), we may assume that w, Ly,nQ — U|L, ,ne in
LY(Ly,,,H') for almost every line L, , parallel to v, where L, , := {y + sv : s € R},
y € RY. By Proposition 2.8, and setting

ul’(t) :== un(y +tv) for HNLq. e.y € yl,
we have

[ Du"|(Ly,, N ) Wp”) | 5

o d2uyv
< liminf —ncte n
b — al N0 JL,.nQ En

dt?

2
) “

Thus, by Fatou’s Lemma and the slicing properties of BV functions (see [19], Sec-
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tion 5.10.2),
|Du|(€2)
b — al

m Perg({u =a})=m

m v _
yev

g/ liminf/

{yevt} n—00 L,.NnQ

< liminf/ /
n—o0 {yEVJ‘} Ly

N
W (un _
<(“) +52|V2un|2> dtdHN !
N0
= lim inf (VV(U") + EiVQ’LLle) dx
Q

En
n— oo n

2,,Y,V
d“u¥

dt?

(W(szzu) 4 &3

n
En

2
) dt dHN !

=T(LY) —liminf F.(u). O
e—0t

PROPOSITION 3.6. For every function u € BV (;{a,b}) we have
F(Ll) —_ limsup]:g(u) S m PerQ({u = a}).

e—0t
Proof. Let uw € BV (Q;{a,b}), with u = axg + b(1 — xg), and where FE is a set of
finite perimeter, i.e. Perq(E) = |Dxg|(Q?) < 400. Since E can be approximated by
a sequence of smooth sets F; = Ei N such that Ei is a smooth bounded set in RY,
xe; — X in LY(Q) and |Dxg,|() — |Dxg|(Q) (see Lemma 4.3 in [6]), in order to
study the I'(L') — lim sup it suffices to consider a function u :  — R such that

a ifx e F,
u(z) = :
b ifxeQ\E,

where E = ENQ and E is a compact subset of RY with a C2 boundary. We claim
that

['(L') — limsup F.(u) < m Perq({u = a}).

e—0t

Since M := OE is a C? manifold in R, there exists 6y > 0 such that for all
0 < &g the points in the tubular neighborhood Uy of the manifold M admit a unique
smooth projection onto M, where Us := {z € RV : dist(x, M) < §}.

Let €, — 0%, and consider a sequence of functions v,, € W2’2(R; R?) such that

loc
a ift < ——1,
U”(t):{ booift > f
- E'n,,

and

lim [ (W(vn)+ /)?)dt =m.

n—oo R

We define the sequence of functions u,, : @ — R

vy (22 ifzeU,NQ,

un(x) =< a ifx e E\U,,
b itreQ\ (EUU,),
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where i a : RY — R is the signed distance function from the boundary of E, negative
inside F, and U, := U, s, We have

w
limsup ¢, (un) = limsup/ (g(un) + siv2un|2> dz
Q

n—roo n— oo n

n—o0 ETL

1 ~ ~ 2
= lim sup{ W (v (dus () /n)) dr + / ef‘l'vZVdM x Vdyr/e2 + v, H/e,| dx },
Uy

where H is the Hessian matrix of dy;. Change variables via the diffeomorphism z :=
F(y,t), where ' : M x (=60/2,00/2) — Us,/2, F(y,t) := y + tv(y), with v(y) the
normal vector to M at y pointing outside E. We indicate by J(y,t) the Jacobian of
this transformation. Then

n t n
lim sup F,, (un,) < lim mf{/ / < (vn(t/en))
n— 00 n—oo VEn En

+egm(w (F(y t))f) J(y, t) dt dHN "L (y)

e f [ B e s

+2/ / Ve YA t/En)Hv (t/en) |‘Vd y,t))‘IH(F(y,t))IJ(yJ)dthN‘l(y)},

3
which reduces to

lim sup Fe, (un,

n—o0

)
" 2
gnmgp{ /| / ( = t/s"))+v”(i/e")|>J<y,t>dthN1<y>

+A/ / el (t/en) > dt dHN ()

+B / / T (t/en)] |v;<t/en>|dthN1<y>}
M

=: limsup{ﬁn)(u) + I () + IS (u)} ,

n—oo

where we took into account the facts that the gradient of the distance is always equal
to one, and that the Jacobian J and the Hessian H of the distance are uniformly
bounded. We have

1 / / ( (v t/en>>+|v:;<t/en>|2> Ty 8) dedHN-1(y)

En
1/\/5
-/ () + W) Ty s2,) ds i 1)
1/@

<< swp Iyt )// () + o)) dsdi™ (),
YEM, te(—/En:\/En)
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and passing to the limit in n as n — oo, we get

lim sup I{")g sup J(y,t) | mHN (M)
n—00 yeEM,te(—\/En,\/En)

= sup J(y,t) | mPerq({u = a}).
yeEM, te(—/En,\/En)

If we show that the other two integrals IS (u) and IS™ (u) go to zero as n — oo, then
we obtain that

(L) — lim sup F. (u)< lim sup sup J(y,t) | mPerq({u =a})
yeM, te VEn)

e—07t n—o00 (7 /En s

= m Perqg({u = a}),

where we used the fact that {e,} is an arbitrary sequence converging to zero, and
that since M is compact, J(y,t) goes uniformly to one as ¢ — 0.
Finally,

VEn 9
B+ 15720 [ (calunt/en) P+ 100 e/ 104 0/20)])
e

=0 [ (SO + ealelio) ens)) ds
< C (20415 + enllorll 1041,
< C (2]vpll3 +en 1042 (3.3)
where we changed variables, used Holder inequality and the fact that
ol < [ V(o) + i) dt = m

Set wy, (t) := vy, (t/ey,) . Then

1
1
limsup/ (€W(wn) +€§l|wg|2) dt

n— oo -1 n

— 1 Ven i 31,72
= lim sup W (wy,) + €5 w2 ) dt

n—o0 7\/5 n
= lim [ (W(v,) + |v!?)dt,
n—oo R

and so by Proposition 2.7 and (2.7)

l[wp, || Lars(—1,1) < Ce, /4,

where the constant C' is independent of n. Also, Holder inequality yields
||7~UZ\|L4/3(71,1)= ||wZHL4/3(7\/Z,\/§)
< Cllwnll2 (-1 &/

< Cer3/?el/s,
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Therefore, by Sobolev Embedding Theorem
Jwy||22(=1,1) < Cllwy, [[wras—1,1) < Cle®* + 6,32 el/0),

and in view of (3.3), we conclude that

NG
/ o2 di= &3 / ol |2
R VEn
< O (V14 20y

<C )+,

and it suffices to let n — oco. O

4. Final Remarks. As in the singular perturbation model for phase transitions
(see [25]), the interfacial energy appears due to the need to go across an energy barrier
in order to remain on the zero set of W. Indeed, if the zero set of W is a smooth,
connected set, then the T'(L!)— limit may simply reduce to zero. As an example,
consider the case where {W = 0} = S?~1. Then

(LY — lim F.(u) =

e—0t

0 if u e L1(Q;S971),
+00 otherwise.

To prove this assertion, fix u € L'(€2;S?!) and let {u,} be a sequence of smooth
functions with compact support, converging to u in L'(Q;S¢~!). The existence of such
approximating sequence can be obtained as follows: there exists a point y € S¥~! such
that u~!(y) has zero Lebesgue measure, so we may assume with no loss of generality
that u does not take such value y. The manifold S?~! \ {y} is diffeomorphic to the
open unit ball B of R4~! via some smooth map ®; hence it is sufficient to approximate
the function ®(u) in L!(Q; B) with a sequence of smooth functions {v, } with compact
support and then to consider the sequence u,, := ®~1(v,,).

If now we choose a positive sequence €, — 07 such that

for every n € N,

S|

/ e31V2u,|? dr <
Q

we get

e—0t n—00 n n—oo M

1
I(LY) — lim F.(u) < liminf/ (W(“”> +s;°;v2un|2> dr < lim = =0
Q

and this proves the claim.
Finally, we remark that if we could prove that for energy bounded sequences {u.},

with
sup/ (W +€3|V2u5|2> dr < +o0,
e>0.JQ €

it follows that

sup/ e|Vul* dz < 400,
e>0JQ
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then most proofs would be greatly simplified, and, in particular, the compactness in
L' (see Propositions 2.7, 3.1) would follow immediately from the compactness for the
singular perturbations model studied in [10, 12, 13, 22, 25, 28, 29, 32, 33].
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