A QUANTITATIVE ISOPERIMETRIC INEQUALITY ON THE SPHERE
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ABSTRACT. In this paper we prove a quantitative version of the isoperimetric inequality
on the sphere with a constant independent of the volume of the set E.

1. INTRODUCTION

Recent years have seen an increasing interest in quantitative isoperimetric inequalities
motivated by classical papers by Bernstein and Bonnesen [4, 6] and further developments
in [14, 18, 17]. In the Euclidean case the optimal result (see [16, 13, 8]) states that if E is
a set of finite measure in R™ then

(1.1) 3(E) > c(n)a(E)?
holds true. Here the Fraenkel asymmetry index is defined as
. |EAB]
a(F) := min ,
|B|

where the minimum is taken among all balls B C R™ with | B| = |E|, and the isoperimetric
gap is given by

P(B)
The stability estimate (1.1) has been generalized in several directions, for example to the
case of the Gaussian isoperimetric inequality [7], to the Almgren higher codimension
isoperimetric inequality [2, 5] and to several other isoperimetric problems [3, 1, 9]. In
the present paper we address the stability of the isoperimetric inequality on the sphere by
Schmidt [21] stating that if £ C S™ is a measurable set having the same measure as a
geodesic ball By C S™ for some radius ¢ € (0, ), then

P(E) > P(By),

with equality if and only if E is a geodesic ball. Here, P(E) stands for the perimeter of E,
thatis P(E) = H" }(9E) if E is smooth and n > 2 throughout the whole paper.

In view of the previously mentioned stability results the natural counterpart of (1.1)
would be the inequality

P(E) — P(By) 2
(1.2) —————— > c(n)a(E)",
where now the Fraenkel asymmetry index is defined by
EAB
(1.3) a(E) = minM.
|B19|

The minimum is taken over all geodesic balls By C S™ with |E| = |By|. Notice, that
we are denoting the H"-measure of a set E by |E|. When compared with (1.1) inequality
(1.2), even if it looks similar, has a completely different nature; in fact (1.1) is scaling
invariant (i.e. invariant under homotheties), while there is no scaling at all on S™. Indeed,
it would be quite easy to adapt one of the different arguments in the papers [16, 13, 8] in
order to prove (1.2) with a constant depending additionally on the volume of the set E, but
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blowing up as ¥ | 0. In fact, the difficult case is when the set £ has a small volume sparsely
distributed over the sphere. In this situation a localization argument aimed to reduce the
problem to the flat Euclidean estimate (1.1) cannot work.

To state our main result we introduce the oscillation index 3(F) of aset E C S™,

. 2
(1.4) BQ(E) = %prrgg”/ ‘VE(J?) — VBﬂ(m)(po)(.%')’ dH 1(91:)7
o oOF

where vg(x) is the outer unit normal to E at the point 2 € OF (contained in the tangent
plane to S™ at z, i.e. vp(z) -z = 0)and vp,, (p,)(2) is the outer unit normal to the
geodesic ball By, (p,) centered at p, whose boundary passes through x. Note, that the
Fraenkel asymmetry a(E) measures the L'-distance between the set £ and the optimal
geodesic ball of the same volume, while the oscillation index B(F) is a measure for the
distance between the distributional derivatives of xr and of x p,, where By is an optimal
geodesic ball in (1.4) of the same volume as F. Alternatively, the oscillation index can be
viewed as an excess functional between OF and 0By. The two indices are related by a
Poincaré-type inequality (cf. Lemma 2.7), stating that

(1.5) B*(E) > c(n)P(By)a?(E).
The main result of the present paper can now be formulated as follows:

Theorem 1.1. There exists a constant c(n) such that for any set E C S™ of finite perimeter
with volume |E| = |By| for some 9 € (0, ), the following inequality holds

(1.6) D(E) := P(E) - P(By) > c(n)B*(E).

We mention that (1.6) is the counterpart for the sphere of a similar inequality proved in
[15], where a suitable definition of oscillation index in the euclidean case was introduced
for the first time. Note that as in the euclidean case by combining (1.6) with (1.5) immedi-
ately yields the stability inequality (1.2). On the other hand it is clear that (1.6) is stronger
than (1.2), since by Lemma 2.7

P(E) - P(By) < B%(E).

As in [8, 15, 5] the starting point for the proof of Theorem 1.1 is a Fuglede-type stability
result aimed to establish (1.6) in the special case of sets £ C S™ whose boundary can
be written as a radial graph over the boundary of a ball By(p,) with the same volume.
To establish such a result one could follow in principle the strategy used in the Euclidean
case [14]. However, to deduce (1.6) for radial graphs with a constant not depending on
the volume needs much more care in the estimations (cf. proof of Theorem 3.1). The
main difficulty arises when passing from the special situation of radial graphs to arbitrary
sets. To deal with this issue we need to change significantly the strategies developed in
[8, 15, 5].

To explain where the major difficulties come from, we observe that the oscillation index
can be re-written (see (2.5)) in the form

2 L Po -1
EY=PE)—(n—-1 max/—d?—l"
BUE) =P(E) ~ (=) mas |~y
From this formula it is clear that the core of the proof is to provide estimates for the singular
integral

n—1

(1.7) / — P g
EA1— (CL"Po)2
and its maximum with respect to p,, independent of the volume of E. This requires new
technically involved ideas and strategies; cf. the proofs of the Continuity Lemma 2.6, the
Slicing Lemma 4.1 and Subsections 6.4 and 6.5 from the proof of the Main Theorem 1.1.
In fact, in the contradiction argument used to deduce (1.6) for general sets from the case
of a radial graph we need to show that all the constants are independent of the volume



of E. The arguments become particularly delicate when the volume of F is small. In
this case inequality (1.6) shows a completely different nature depending on the size of the
ratio 8%(E)/P(By). In fact, if |[F| — 0 and also 3°(E)/P(By) — 0, then E behaves
asymptotically like a flat set, i.e. a set in R and inequality (1.6) can be proven by reducing
to the euclidean case, rescaling and then arguing as when £ has large volume. However,
the most difficult situation to deal with is when |E| — 0 and 8%(E)/P(By) — 1, > 0.
This case has to be treated with ad hoc estimates for the singular integral (1.7).

2. PRELIMINARIES

2.1. Geodesic balls and spheres in S™. For a fixed point p, € S™ the geodesic distance
of a point z € S™ to p, is given by

distgn (2, p,) = arccos(x - p,).

Here x - p, denotes the usual Euclidean scalar product of the ambient space R"1. In
case that in the context the center p, is fixed we use the short hand notation ¥(z) =
distgn (z,p,). The open geodesic ball By, (p,) := {x € S™ : distgn(x,p,) < Yo} of
radius 9, € (0, ) centered at p,, can be parametrized by

By, (po) = {wsind + p,cosd: ¥ € [0,9,), |w| =1, w L p,}.

The boundary of the geodesic ball By, (p,), i.e. the geodesic sphere Sy (p,) = {z €
S™ : distgn (x, po) = ¥, } centered at p, with geodesic radius ¥, is then parametrized by

So, (Do) {wblnﬂ + po cos Yy, : |w\:1,wlpo}.

In case that the center p, is the north pole e, 1 we simply write By, := By, (en+1) and
Sy, = Sy, (ent1). The volume of geodesic balls and the area of geodesic spheres are
given by

o
H" (S, (Do) = nwysin® 19, and |By, (po)| = nwn/ sin" ! o do.
0
Here and in the following we denote by |E| the H"-measure of a subset E of R" . In the
sequel we shall need several times the following simple lemma.
Lemma 2.1. Forp, € S™ and 0 < 91 < 92 < T we have
nn (22)"7 (@ — 1) < \Bﬂz(po)\Bm(po)l < nwp ¥y~ (02 — 1)

and
H* (S0, (po) — H™ (S0, (o)) < n(n — 1wy ?(05 — 1)

Proof. The upper bound in the first inequality easily follows, since
V2

‘B’l92 (po) \ qul(po)| — nwn/ sin" ! o do < nwnﬁgil(ﬁg B 191).
91
Similarly, we get the lower bound
V2
B9, (Po) \ Bo, (po)| = ruwn / sin" ! o do
(014+92)/2

> o sin™ ! (R2)(9y — 0) > "gm ()" (2 — 1)

Finally, the second inequality is obtained as follows:

V2
H" (89, (po)) — H" 1 (Sy, (po)) = n(n — 1)wn/ sin" %o coso do
9

1

< n(n — Dw, 95 2(Pg — 91).
This finishes the proof of the lemma. (]
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By v, (p,) We denote the outer unit normal vector-field of By, (po) along its boundary
sphere Sy, (p,). Atapoint z € Sy_(p,) this vector-field is given by

_ (@ po)po. cosv, — posind, = (& po)2 = po .

R Y e PR OE T— (@)

For a fixed geodesic sphere Sy,_ (p,) the nearest point retraction onto Sy, (p,) is defined on
S™\ {po, —Po }- It can be computed explicitly by

TB,, (po)(T) = z— (2 Po)po. sin, + p, cosd, forx € S™\ {p,, —po}-

V1—(x-p,)?

Finally, for z € S™ and a fixed center p, € S™ we recall that ¥(z) = distgn(z,p,)
and therefore v, . (»,) (z) is the outer unit normal of the boundary of the geodesic ball

Bﬁ(w) (po) with z € Sﬁ(w) (po)'

2.2. Sets of finite perimeter on S™. Throughout the paper we shall freely use concepts
and results for sets of finite perimeter in the sphere whenever their adaptation from the
Euclidean setting to the sphere setting is straightforward and does not show any particular
difficulties. Our notation follows [22, §37]. We consider integer multiplicity rectifiable
(n — 1)-currents T € R,,—1 (R™ 1) with spt T' C S™ and such that

T = 9[E]

holds true, where E is an H"™-measurable subset of S™. For such currents 7" we have
that if ¢: R"™* > U — W C R"*! is a C? diffeomorphism such that (U N S™) =
W N (R™ x {0}) =: G, then (E NU) has locally finite perimeter in G. Moreover, any T'
as above satisfying My (T') = M(J[E] LU) < oo whenever U € R™*1, is automatically
an integer multiplicity rectifiable current with ©" (T, z,) = 1 for ur-a.e. x, € R"*1, Sets
E with the above property are termed sets of finite perimeter in S™. Here pup stands for
the total variation measure of J[F]. Other abbreviations which are used in the literature
are ||O[E]|| or ||0x&||. By the Riesz representation theorem we know that there exists a
|0x £ ||-measurable tangential vector-field v: S™ > x — v(z) € T,S™ with |v(z)] =1
for ||Ox | almost every z, such that

/ diveng dH" / g v]oxsl
E sn

holds true whenever g is a smooth tangential vector-field on S™. This allows us to define
for sets £ C S™ of finite perimeter the reduced boundary 0* F as the set of those points
z, € S™ for which the limit

@) =1 S5, oy V10X
VEplZy,) i =1lim —— 5 ——
o 010 [|0xE](By(z,))

exists and satisfies |vg(z,)| = 1 and vg(z,) € Ty, S™. The De Giorgi structure theorem
on the sphere then states that 9* E is countably (n—1)-rectifiable and that the total variation
measure ||Oxg|| is supported on 9*E, that is ||Oxg| = H" 'LO*E. Moreover, the
Gauss-Green theorem holds true in the following form:

/ g vgdH" 1
o*E

whenever g is a smooth tangential vector-field on S™ (cf. [22, p. 46 (7.6)]).

E



2.3. Isoperimetric inequalities on the sphere. The isoperimetric property of geodesic
balls goes back to Schmidt [21] and ensures that for any set £ C S™ of finite perimeter
with |E| = |By, | and 0 < 9, < 7 there holds

(22 P(By,) < P(E).

Equality occurs in (2.2) if and only if F is a geodesic ball with radius ¥J,. Moreover, for
any set E of finite perimeter with P(E) = P(By, ) for some 0 < 1, < 7 there holds
(23) |E| <|By,| or [S"\E|<|By,l|

Also in this case equality occurs if and only if E is a geodesic ball.
From (2.2) we can conclude two kinds of isoperimetric inequalities. The first one states
that for any set £ C S™ of finite perimeter with |E| < [By,| and 0 < 1, < 7 there holds

B n
)< Pl Py
P(By,)™ 1
We note that the mapping
B
(0,7) 29— ¢, (9) := |7Mn
P(Bg) n—1

is non-decreasing. For more details we refer to [11, 2.5]. The second isoperimetric in-
equality following from (2.2) is a linear one. This inequality states that for any set £ C S™
of finite perimeter with volume 0 < |E| < |By,| < |S™| there holds

|B790‘
P(By,)

(2.4) B < P(E).

We note that the function
| By
P(By)
is non-decreasing with Q,, () | 0 as ¢ | 0 and Q,, () 1 oo as ¢ 1 7. Finally, we state the
relative isoperimetric inequality on the sphere. The proof goes as in the Euclidean case.

(0,7) 39 = Qu(¥) :=

Lemma 2.2 (Relative isoperimetric inequality). There exists a constant ¢ = c(n) such that
forany p, € S™ and r € (0, 5] and any set G C S™ of finite perimeter there holds

min {|B,(po) NG, |By(po) \ G|} ™ < ¢P(G; By(po)).
Here, P(G; B (p,)) denotes the perimeter of G in B, (p,).

2.4. The oscillation index. In this section we define for a set £ C S™ of finite perimeter
with volume |E| € (0,|S™|) its L?-oscillation index of the unit outer normal relative to
a geodesic ball By, (p,) of the same volume, i.e. |E| = |By,(p,)|, by the following
construction. Since we can not compare the unit outer normal vg(x) of the set F in a
point z € 0* F/, which is contained in the tangent space 7,,5™, directly with the unit outer
normal v, (p,)(m(z)) of the geodesic ball of the same volume at the nearest point 7(z),
which is contained in T’ (,)S™, we need to use the parallel transport along geodesics in S™,
which are given by great circles. Let P, ,,: T,S™ — T,,S™ denote the parallel transport of
tangent vectors. Then P, ., vg(x) is tangent to S™ at 7(z). Since the parallel transport
is an isometry between the tangent spaces we have

| Pe () VE(Z) = VB, (p,) (T(2))| = [VE(@) = Pr(2)2VBy, (v,) (7(2))]
= |vp(z) - VBo(x)(;Do)(x)"

where we used the short-hand notation ¥(x) = arccos(z - p,) from Section 2.1. The
L2-oscillation index of E relative to By, (p,) is then defined by

IB(E;po) = I:; /{)*E ‘I/E(x) — VBo(m)(po)(m)’2 d'H"_l(x)
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Here 0* E denotes again the reduced boundary of E and v its outer unit normal. Taking
the infimum with respect to all geodesic balls By, (p, ) we finally define the L?-oscillation
index of E by

B(E) == min S(E;p,).

To derive an alternative — and sometimes more useful — expression for the oscillation
index we firstly re-write the oscillation index as follows:

BEp) = [ 1 v5(a) vy o () 41 @)
o*E

=P(E) - /8 EuE(x) VB (po) (@) AH T ().
To proceed further, we recall that
I _ (.’IJ 'po)x — Do
Y(2) =g, (p,) (@) = NSk

Note that VBo(x)(po)(x) -x = 0. By the Gauss-Green theorem (2.1) for sets of finite
perimeter on submanifolds we obtain

/ uE.YdH”*:/ divgn Y dH".
o*E E

Next, we compute the tangential divergence divg»Y of the vector-field Y. We obtain
divgnY = Z”‘ -D.Y
i=1

N, [Eepdzt @epo)ns o (@ po) (7 po)
_Z{ e e

_ z”: { T po  (2po) (i po)?
SUWVI=( ) T-@ p)2
(-1 -p)
Inserting this above, we finally arrive at
B(B;po) = P(E) —v(E,p,),

where

Y(E;po) :

—(n— %P0  gm
= 1)/1;\/1—(93-190)2(1%'

Taking the minimum over all points p, € S™ we infer that

(2.5) B*(E) = P(E) —y(E),

where we have abbreviated

(2.6) v(E) := max v(E;p,).
POGS"

We note that in the case of a geodesic ball E = By, (p,) on the sphere we have

2.7 A/(Bq?(, (po)) = P(B19o (po))'

Definition 2.3. A set of finite perimeter £/ C S™ is centered at a point p, € S™ if

B*(E) = B*(E;po).



We note that in general the center of a set is not uniquely defined, since there may
be several of those points. In points p, where the set E' is centered, the function p,
~(E; p,) takes its maximum and hence v (F) = v(E;p,). We continue with two simple
auxiliary lemmas.

Lemma 24. If E C By, with 1, € (0, T] then every center p, of I is contained in Bay,.

Proof. Assumed that p, ¢ Bag,, then for all x € E we have distg(z,p,) >
distgn (2, e,41). Hence x - p, < - eptq and thus y(E;p,) < v(E;ent1), a contra-
diction to the maximality of the center. O

Lemma 2.5. For any set G C S™ of finite perimeter and any p, € S™ we have

I dH"™ () < ¢(n) |G|+
a 1= (zpo)?
Proof. We choose a radius ¢ such that |By(p,)| = |G| . Using the fact that |z -

Pol/v/1 — (z - p,)? becomes larger when x gets closer to either p, or —p, and recalling
(2.7) we find that

|x 'po| / ‘I 'po| 2
= dH™(z) < 2 ————2_dH" = 2. P(By(p,))
V1= (z-po) Bs(po) V1 — (2 po)? !

n—1 n

< c(n) |By(po)| ™ = c(n)|G]

—1
This proves the claimed estimate. (|

The next lemma shows that the centers depend continuously on the set under consider-
ation with respect to L'-convergence.

Lemma 2.6 (Continuity of centers with respect to the L'-topology ). For every e > 0
there exists 6(n,e) > 0 such that there holds: If G C S™ is a set of finite perimeter
satisfying |GABy, (po)| < 09y, with 9, € (0, 5], then distsn (ya,po) < €V, holds true
for any center yg of G.

Proof. We argue by contradiction assuming that there exist ¢ € (0, 1) and sets G}, C S™
of finite perimeter and radii V5, € (0, 5], k € N, such that

|GrABy, (po)|
7
where yy, is a center of G, for £ € N. Without loss of generality we can also assume that

U — Y, € [0, %] and yx — yo. Since y; is a center for G, by maximality of v(Gy; -)
we have that

(2.8) —0 ask — oo, and distgn (yx, po) > 2e¥y, forall k,

2.9) / TP o / T Yk g
Gy \/1—(35'1?0)2 Gy \/1_($'yk)2

We claim that

(2.10) lim 1

T Po T Po
I A
koo P [/Gk 1L —(7-po)? By, (po) V1 — (- po)?

By I, we denote the quantity in the limit in (2.10). Using Lemma 2.5 we get

d?-l”] =0.

< |1' 'pO‘
— ’19”_1 1 P
k  JGiABy, (po) — (2 po)

n—1 G AB o nT_l
< cfﬁ)l |GrABy, (po)| ™ = c(n) < k 2k (p )|) '
9y Uy

Together with the first convergence in (2.8) this proves the claim (2.10).

dH"
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Next we consider the right-hand side of (2.9). Similarly to (2.10) from above, we now
claim that

@.11) lim nl_l{ YUk ayn 7/ T
koo 0 Lo /1= (2 yk)? Boy(pe) V1= (7 - yk)?
To this aim we choose rotations T}, € SO(n) which take the great circle passing through
po and yy, into itself and such that Tyr = p,. Again, passing to a subsequence we may
assume that T, — T € SO(n). By a change of variable we rewrite the quantity in the
square brackets as

/ S cm"—/ N —
T(Gr) V1 — (T po)? Ti(Bo, (o)) V1 — (- Po)?

Arguing almost exactly as in the proof of (2.10) we obtain (2.11).
Thus, putting together (2.9), (2.10) and (2.11), we conclude that

lim Tlfl / TP gyn
k=00 03" By (po) V1 — (T po)?

2.12) < lim nl_l / T
koo 0 oy (o) V1= (@0 yk)?
holds true. In this step we possibly have to pass to a subsequence such that the limits on
both sides exist. We now distinguish between the cases ¥, > 0 and ¥, = 0.
The case ¥, > 0. In this case we get from (2.12) the inequality

/ SR dH”g/ SRS Y
By, (po) V1 — (T po)? By, (o) V1 — (T 9o)?

Applying the GauB3-Green theorem to both sides of the previous inequality we infer that

/ 1dH" ' < / VB, (po) (£) - VB (o) (&) AH" T (2).
9By, (po) 9By, (po)

But this inequality can only hold if y, = p,, which gives the desired contradiction.

The Case 9, = 0. To simplify the notation we assume without loss of generality that
Do = ent1 and set wy, := Ti(ent1). We write wg, = wy sin ¥y, + €,41 €08 g, for some
wy € S™ ! and some angle 95, > 0. From the second equation in (2.8) we conclude that
also distgn (wg, €n41) > 2e9%, hence

Y > 2et for all £ € N.

Then, by performing a rotation around the Re,,; axis, we may also assume that all the
wy, lie on the same great circle through the north pole e,, 1, which means that there exist a
unique w, € S™~! such that there holds:

dH"| =0.

Wg = Wo SIN Yk + €p41 COS Yy, for all £ € N.

Finally, observe that by a change of variable, we may rewrite

/ S —. / S
By (ens1) V1 — (z - yr) T(Byy (ent1)) 4 /1 — fo_H
:/ Ld?—[".
By (we) (/1 — a2

‘We now claim that

1 n n
(2.13) lim ——— U Intl  gyr _/ Mdﬂn} =0,
k—o0 ), Boy /1 —a2, By (wi) (/1 —a2 )

where we use the short hand notation By, instead of By, (e,+1). Together with (2.12) this
will give the final contradiction.




Note now that wy — e,4+1 as k — oo. In fact, if this were not true there would exist
Yo € (0, %) such that ¢y, > 1), for infinitely many k. But this is not possible because in
this case we would have

n P(B n
lim 71/ Tt = lim ( 19’“2 T = nw
k— o0 19 Bﬂk /1 _ x7)+1 k—o00 (’]’L — 1)’[9 n — 1

while, on the other hand, we would have also

| By, (w)]

1 n .
lim sup — / It gy < limsup — == cot (¢, — J) = 0,
k— o0 'lgk By, (wy) m k—o0 19]@

thus contradicting at once (2.12).

Since the function [0,1) > ¢ — t/+/1 — 2 is increasing, the worst case in which to
prove (2.13) is when the angle vy, is precisely equal to e¥y. Therefore, from now on we
assume that

WE, = W, sin(2e9,) + en41 cos(2edy;) for all k € N.

In order to prove (2.13), we first observe that

lim / Tntl /
on—1
k—o0 19” B’sk wk \/m k_ﬂ)o 19 191\ (wk) m

holds true and moreover, that a similar identity is valid for the first integral in (2.13). To
prove the equality above, it is enough to observe that since wy — e,11 as k — oo we have

n 1 V 1 n
0< 7_9” qn—1 / i L dH™ = / x7+1 dH" < Cﬁka
By, (wk)

/1— a2 ot By, (wy) VI + ZTnp1

for some positive constant c independent of k. In view of this observation, the claim (2.13)
reduces to

lim

1
R
k—o0 ¢) B, m By, (w) m

which in turn can be re-written in the form

1 1
lim —— [/ — dH"
k—o0 By, \Bo, (wi) /1 — xiﬂ
1
f/ dH”] > 0.
By, (we)\Bo, /1 — fo_l

Writing the generic point in S™ in the form & = wsind + e,,41 cos ¥ with w € S"~! and
¥ € [0,7], we observe that if z € By, (wy) \ By, then /1 —x2 | = sind > sindy.
Therefore, since | By, \ By, (wi)| = | By, (wk)

1 1
/ ——dH" — / —dH"
By \By, (wr) , /1 — w%_H By, (we)\Bo,, (/1 — x%_'_l

2/ (~1 - ) anr.
Bﬁk\ng(wk) Slnﬁ Slnﬁk

Thus our claim will be proved if we establish that there holds:

1 1 1
(2.14) Jlim —— / (55— =) an" >o.
—oo O By, \Bo, (ws) sind  sindg
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In order to prove (2.14) we set Sc = {w € S"7! : w-w, < —1 + ¢}. Next we show that
the following implication holds true:

215 we S, 9 e (Vp(1—¢),9,) = x=wsind+eyy1co8v € By, \ By, (wi)

In fact, since ¥ < ¥, we clearly have © € By,. To prove that © ¢ By, (wy,) we have to
show that z - wy < cosy. To this aim, observe that for k£ large enough we have

X W = W - W, sin¥sin(2edy) + cos ¥ cos(2e¥y;)
< (=1+¢)sin[g(1 — )] sin(2edy) + cos[Fx (1 — €)] cos(2e) < cos V.
Here, the last inequality follows by computing
1— — —
lim cos[I( . e)] cos(2519k). costp _ 2—be -1,
k—oo (1 —e)sin[Uy(1 — €)] sin(2ey,) 4(1 — g)?
since € € (0,1). Therefore, in order to prove (2.14) we are left with establishing that
n—1 Vi 1 1
lim 7-[7(56)/ (— ) sin" ! o do > 0.
'(9k(175)

k—oo 19’,;—1 sinc  sindy

An elementary calculation shows that the above limit is equal to H"~1(.S.) multiplied by
the quantity

Gl €D S E EY
2 )

n—1 n
provided ¢ is small enough. This concludes the proof of the lemma. (|

Lemma 2.7. There exists a constant ¢ = c¢(n) > 0 such that for any set E C S™ of finite
perimeter with |E| = |By, | for some 9, € (0, 5| there holds

B(E)* = D(E) + c(n)dy ™ a(E)?,
where D(E) is defined in (1.6) and a(E) in (1.3).

Proof. Let £ C S™ be a set of finite perimeter which is centered at p, € S™. Without loss
of generality we may assume that p, is the north pole e,,1. We use P(By,_) = v(By,) in
order to rewrite (2.5) in the form

(2.16) B(E)? = P(E) —~v(E) = D(E) +~v(By,) —v(E).

In the following we consider the difference v(By, ) —(E). By the definition of «y in (2.6)
and z - p, = T4 we find

1Bo) )= [ e e [ Dt gy
By, \E E\By,

V1= e Vi- Thia

By, \ E| = |E\ By, | =: a.
Next, we choose radii 0 < r < ¢, < R < mwsuch that |Bg \ By,| = a = | By, \ By|; this

means that we have
R a 9o
/ sin" lodo = — = / sin” ! o do.
9 NWny, r

o

Since |E| = | By, |, we have

Since x, 1 € [—1,1] decreases if the distance of = from e,, ;1 increases, we can use the
following argument to estimate the first integral of the right-hand side in the identity for
v(By,) —v(E) as follows: Since by the choice of r we have | By, \ By| = |By, \ E| and
moreover since the function (—1,1) 3 ¢ — t/+/1 — ¢2 is strictly increasing we conclude

By, \E By, \Br

VJ1—22 \J1—a2



A similar argument yields

/ (n — 1)l‘n+1 dH" < / (n — 1)$n+1 dH™.
BE\Bo, /1 —a2 4 Br\By, /1 —a2
We insert these inequalities in the above expression for (B, ) — v(FE) and arrive at

(n — 1)xn+1 dHn _ (n — 1)xn+1 dH’rL

V(B - y(B)z [ g [
By, \Br /1 —22_, Br\Bo, /1 —a2 |

Vo R
=n(n— 1w, [/ cososin" 2o do — / cososin" 2o da]
r 9

o

= nwy, [2 sin" ', — (sin” ! R + sin™ ! )]

‘We now define the function

9
F(9) := nwn/ sin" o do for 9 € (0,7).
Yo

Since ¥, = F~1(0), R = F~!(a) and r = F~!(—a) we can rewrite the last inequality in
the following form:

v¥(By,) —(E)
(2.17) > nw,, [2sin™ " (FH0) — (sin” N (F 7 (@) +sin”H(EF T (—a)))].

Since sin” " o F~! is uniformly concave in the interval (—|By,|,|S™| — | By,
t,s € [—a, a] we have that

), for any

t
sin™ 1 (F71(t)) + sin" " (F~(s)) < 2sin" ! (F—l( ;S)) — c(n, 9ot — 52,
where
c(n,9,) = 2 inf (—sin"toF 1) (t) = n-1 inf .
T Y telal An2w? te[~a.a) sin" T oF1(t)

To conclude the desired estimate we need to control ¢(n, 9,) in terms of 9,. This can easily
be seen as follows: If T <4, < 7, we have c(n,9,) > ﬁ, while, if 0 < 9, < 7, we

have a < |By,| < F(29,), hence sin" ™ o F~1(¢) < sin" " (20,) for all t € [—a,a]. In
any case, we have established that there exists a constant x(n) such that

RN
C(n,'l?o) Z 19'(!)(L+)1

forall J, € (0, 5].

We use the preceding lower bound for the constant ¢ in the inequality expressing the uni-
form concavity of sin" ' oF~! witht = a and s = —a. The resulting inequality we
afterwards insert into (2.17). In this way we obtain

1(Bo) = 1(B) 2 S (20 = S (1B \BI+ [B\Ba,|)* = S |EAB, .

Inserting the preceding inequality in (2.16) we find

K(n)
yntt

B(E)? >D(E) + |EABy,|? > D(E) + c¢(n)9? ! o*(E).

In the last line we used the assumption that E is centered at e,,;; and the definition of the
Fraenkel asymmetry (note that | E| = | By, |). This proves the claim. O
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2.5. The barycenter. For a Cacciopoli set E C S™ we define the barycenter p, € S™ as
one of the minimizers of the mapping

S"op— / distZ, (z,p) dH" = / arccos®(x - p) dH™.
E E

We note that such minimizing p, € S™ always exists, and these minimizers are denoted
as barycenters of £Z. We note that there could be several barycenters. However, if E is
a ball centered at p,, then p, is the unique barycenter. Moreover, the integral above is
differentiable with respect to p. In a minimizing point p,, i.e. when p, is a barycenter, we
therefore can compute the tangential gradient with respect to p. This leads to the necessary

condition: ( )
arccos(z - p, n
/ [z — (@ - po)po] —— dH"(z) = 0.
E 1—(x-po)
In case a barycenter of £ is the north pole e,,; the preceding condition reads as
(l’l, e 7:17”,0)

/ arccos Tn41 A
E Vit

Before stating the relevant properties of the barycenter that we shall need in the sequel, we
state the following simple

dH"(xz) = 0.

Lemma 2.8. If £ C By, with 9, € (0, 5] then every barycenter p, of E is contained in
Bay

Proof. If p, & Bay, then for every x € E we would have that distg= (z, p,) > 9,, hence

"

/ dist%. (z, po) dH™ > 92| E|.
E
On the other hand, since E C By_, we have
/ dist2, (¢, ens1) AH" < 92|,
E
a contradiction to the minimality of p,. O

The next lemma deals with the continuity of the barycenter in a special situation that
will be useful in the proof of Theorem 1.1.

Lemma 2.9 (Continuity of barycenters). For every € > 0 there exists § > 0 such that
there holds: If G C S™ is a set of finite perimeter satisfying By, 1—s) C G C By, (14s),
for some ¥, € (0, ], then distsn (po, €ny1) < €0, for any barycenter p, of G.

Proof. As in the proof of Lemma 2.6 we argue by contradiction assuming that there exist
e € (0,1), finite perimeter sets G, C S™, radii ¥y € (0, 5] and 03, — 0, such that

(2.18) Bﬁk(lfék) C G C B@k(1+5k), and distgn (i, €nt1) > 2e0y, for all k,
where py is a barycenter for G. Passing to a subsequence we can assume without loss of

generality that ¥ — 9, € [0, 5] and px — p, as k — oo. Since py, is a barycenter for
G, by minimality we have that

1 1
2.19 — arccos?(x - dH" < —/ arccos?(x - dH".
(2.19) o /Gk rccos™ (- i) <5 recos® (- eny1)

k
We claim that

(2.20) lim ﬁ {/ arccos?(z - pi) dH" — / arccos?(z - pg) dH™| = 0.
k G

k—o0 By,

To prove the claim, we note that by Lemma 2.8, we have that p,, € Bsy, for k large.
Therefore, denoting by I the quantity in the above limit, we immediately get

1
[Ix] < W/ arccos?(z - pp) dH™ < 19%|GkABﬁk| < ¢(n)dk,
k GkAng k
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where we also used Lemma 2.1. For the last inequality we used (2.18);. This proves (2.20).
Exactly in the same way we obtain

1
lim —— {/ arccos> (- epy1)dH" — /
k—oo 92 |/, B

Joining the preceding identity with (2.20) and (2.19) we can conclude that

arccos?(z - epp1) d?—[”} =0.

g

k—o0

1 1
(221 lim —mp / arccos?(z-py) dH" < lim —— / arccos®(x-e,41) dH™.
19: By k— By
k k

Here, we possibly have to pass to a subsequence such that the limits on both sides exist.
Having arrived at this stage we distinguish as in the proof of Lemma 2.6 between the cases
¥, > 0and 9, = 0.

The case 1, > 0. In this case the limits in (2.21) can be easily computed and we obtain
the inequality

/ arccos?(x - po) dH™ < / arccos®(x - epq1) dH™.

By, By,

The preceding inequality can only hold if p, = e,,+1, and this gives the desired contradic-
tion since we must have dist(p,, €,+1) > 29, > 0.

The case ¥, = 0. We define wy := Tg(e,41). Here the rotations T, € SO(n)
are chosen to map the great circle passing through pj and e, 4 into itself and such that
Typr = en+1. Again, passing to a further subsequence we can assume that 7, — T €
SO(n). Next, we write wj, = wy, Sin ¥y, + e,,41 cos Yy, with some wy, € S™~! and some
angle v, > 0. Notice that from (2.18)5 we have that also dist(wy, €,41) > 2%, hence

Y > 2ev for all £ € N.

By performing a rotation around the Re,, 1 axis, we may also assume that there exists a
unique w, € S™~! such that

Wg = Wo SIN Yk + €541 COS Vg, for all £ € N.

Finally, by a change of variable, we can rewrite the integral appearing on the left-hand side
of (2.21) in the form

/ arccos?(z - py) dH" = / arccos®(z - ep 1) dH™.
B/ﬁk Bﬁk (wk)
To obtain the final contradiction we establish now that the following inequality
1
(222) lim ——s [/ arccos®(x-e,qq) dH" — arccos®(z-en41) dH" | <0
koo Py By, By, (wk)

holds true. Since the second integral increases when the distance of wy from e, in-
creases, the worst case in which we have to prove (2.22) is achieved when the angle vy, is
precisely equal to 2e1;. Therefore, from now on we assume that there holds:

Wk = W, Sin(2ey) + e,41 cos(2evy,) forall k € N.

Writing points in S™ in the form z = w sin ¥ +e,,41 cos ¥ withw € S™~!, we observe that
if z € By, (wy) \ By, then arccos(z - ep41) > U5 Therefore, since | By, \ By, (wi)| =
| By, (w) \ By, |, we immediately have that

/ arccos?(z - e, 1) dH™ — / arccos?(z - ep 1) dH"
By, \By, (wk) By, (wk)\ By,

< / (97 — 97) dH".
Bﬂk\Bﬂk(wk)
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Therefore, the claim (2.22) will be true if we show that

1
(2.23) lim —— / (92 —93)dH™ < 0
By, \By, (wk)

k—o0 192+2
holds true. To prove the preceding inequality we define as in the proof of Lemma 2.6
the set S. = {w € S ' : w-w, < —1+ ¢}. From (2.15) we recall that points x =
wsin¥+ep41 cost withw € S and ¥ € (V5 (1—¢), V) are contained in By, \ By, (wy).
Therefore, in order to prove (2.23) we are left with establishing that

n—1 Vi
lim Lff)/ (92 —93)sin" "9 dY <0
k—o00 19/{7 191‘,(176)

holds true. This is indead true, since a simple calculation shows that the above limit is
equal to

_ 1—(1—-¢)"™2 1-(1-¢) _

n—1 n—1 2 2

H"(Se) ) - - =H"1(S)[—e* +o(e?)] <0,
provided € is small enough. This finally concludes the proof of Lemma 2.9. ]

3. FUGLEDE’S RESULT FOR NEARLY SPHERICAL SETS ON S"

In this section we consider sets £ C S™ which are nearly spherical in the sense that
the boundary of E is a radial graph over Sy_. By this we mean that OF admits a global
Lipschitz parametrization X : R” > S"~! — OF of the form

X (w) = (w,0)sin[0y(1 4+ u(w))] + ent1 cos[Io(l +u(w))], we s" .

To have X € W?1*(S"~1 8") we must impose that the scalar-valued function
w: S"71 — [—=1,1] is of class W, We note that X (S"~!) = OF, which means
that

(3.1) OF = {X(w) :we S" '}

With respect to nearly spherical graphs on .S™ we have the following

Theorem 3.1 (Fuglede’s theorem on the sphere). There exist constants ¢c; > 0 and €, €
(0, %} only depending on n such that the following holds true: Suppose that E C S™ is a
nearly spherical set with barycenter at the northpole e, 1 satisfying the volume constraint

(3.2 |E| = By,

for some ¥, € (0, Z]. Furthermore, suppose that the function uw € W>°(S"~1) from the
global graph representation is Lipschitz continuous. If

(3.3) [l (sn-1) < €0,

then there holds

’H"il(aE) — H"il(Sﬁo)
H”_l(Sﬁo)

Proof. The proof is divided into several steps.

Step 1. A parametrization of the set /. We consider the parametrization X: 5n1 x
[0,9,] — S™ of the set E defined by

(3.4) > ey lull s

X(w,9) := (w,0)sin[d(1 + u(w))] + ens1 cos[P(1 + u(w))]

forw € S""Land ¥ € [0,4,). For simplicity we use the short hand notation s := sin[¢(1+
u)] and ¢ := cos[¥(1+u)] and compute the derivative D X (with respect to the orthonormal
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basis 71,...,7,—1 and e, 1 in the tangent space to T, ) [S"~! x R] and the associated

orthonormal basis (71,0), ..., (T,—1,0), (w,0), €,+1 in R™*1)
] 0 e 0 0
0 s e 0 0
DX=1 o .. s 0
cIVo,u  cIVou .. ¢V, _u c(l4u)
—sOVyu —sOVou ... —s¥V. _u —s(l+u)

The last two lines of the matrix are linearly dependent, so that we obtain for the n-Jacobian
of X that

[JX]2 = s2=De2(1 4 )2 + s2Dg2(1 4 )2 = 201 (1 4 )2,
and hence
35 JX = (1+u)sin" "M [9(1 +w)].

Step 2. Consequence of the volume constraint (3.2). Using the expression for the
n-Jacobian of X from (3.5), the volume constraint (3.2) can be rewritten in the form

0— /190 /S 1 (14 ) st 91+ )] — sin 1 9] aH" d.
In order to to der?ve an expansion of this integral in terms of © we define
F) := /19 sin" ! s ds for ¥ € [0, 29,].
Then, in terms of F' the volume (E)onstraint takes the following form:
0= /SH [F(0o(1+uw) — F(3,)] dH™
= /S 1 {F’(ﬁo) Dou+ LF"(9,) ﬁzuz} dH" ' + Ry

- / {190u sin” !, + 251020 sin" 2 9, cos 190} dH" ' + R
Sn—1

= Jpsin" 1, / [u+ 25 0o 9,02 | dH" ! 4 Run,
Sn—1

sin 9,

where the remainder R1; is given by
(n—1)93

Ri = s / u? {(n —2)sin" 3 (W, + T9,u) cos? (Vy 4+ T,u)
Sn—1

= sin” 1 (9, + Td,u)| dH !
5 (n—1)092 {(n —2)sin" "3 (Y, + TY,u)
sin” 39,
(n—1) sin 1 (9, + T9,u)

sin" %9,

on—1
=1, sin Jo

u —
gn—1 6 sin” 9,

] d;'_lnfl7
for some function 7 on S™ with values in (0, 1). Therefore, we end up with

—1 9,cos?
3.6 a1t = L= To Tl / 2dH" 1+ R
(36) /Snfl wdn 2 sind, Jgn-1 AR R,

where due to the smallness condition (3.3) the remainder satisfies

|R1] < c(n) eollull
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for some positive constant ¢(n) independent of ¢,,.

Step 3. Consequence of the barycenter constraint. From the barycenter condition,
i.e. the condition that the barycenter of E is the north pole e,_;, we conclude that for
¢ =1,...,n there holds:

Vo _
/ / I(1 +u) JX wdH" " dY = 0.
0 Sn—1
Using (3.5) for the n-Jacobian of X we obtain
Jo
(3.7) / / 91+ u)?sin™ HI(1 + u)] w; dH" 1 d = 0
0 Jsn-1
fori = 1,...,n. We introduce another auxiliary function by setting
9
F¥) := / ssin” ! sds for ¥ € [0, 29,].
0
Then, (3.7) can be rewritten as
(3.8) / [F(90(1 + ) — F(99)]w; dH™ = 0
Snfl

fori =1,...,n. Here, we also used the fact that fsn—l w; dH™ 1 = 0. On the other hand,
by Taylor expansion we have
92u?

F(94+9,u) — F(0,) = P2usin™ 19, +

[sin™ (Yo +700u)
+ (n = 1) (Yo+790u) sin > (F+70,u) cos(Yo+T00u)]

oon—1
=92sin" ', |u+ $u” o - (7:9_014—719011)
sin Yy
(n — Du0o(1 + 1u)  sin™ 2(9+70,u) cos(Io+10,u)
2sinv, sin" 29,

for some function 7 on S"~! with 7 € (0,1). Thus, inserting the right-hand side of the
preceding equality into (3.8) and recalling the smallness condition (3.3) we immediately
get a bound for the first order Fourier coefficients of u of the following form:

ww; dH" 1
Snfl

where c(n) is again independent on 1.

Step 4. The Jacobian of X. We compute the (n — 1)-Jacobian of X with respect
to an orthonormal basis 71, ..., 7,,_; in the tangent space to T,,S™ ! and the associated
orthonormal basis (71,0), ..., (7,_1,0), (w,0),e,11 in R*1. We note that the first n
vectors are pairwise orthonormal in R™ x {0} C R™*!. With the abbreviations s :=
sin[¥,(1 + u)] and ¢ := cos[?,(1 + u)], we then have

b

(3.9) <c(n)eollullrz Vi=1,...,n

s 0 o 0

0 s - 0

DX = 0 0 s
c9,Vru coVou ... ¢V, _,u
—s9Vryu —s,Vou ... —s9,V, . u

Since the last two lines of the matrix are linearly dependent, the 2 x 2 minors of the asso-
ciated matrix (c 9,V u,s9,V,u) are zero and therefore we get for the (n — 1)-Jacobian
of X that

[JX]2 _ S2(n71) + SQ(n72)52193|v7u|2 + 52(n72)c219§|v7_u‘2
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which is the same as

V3|V ul?
sin?[0,(1 +u)]
At this stage the smallness condition we need to have is that 9, (1+w) is uniformly bounded

below from 0. But this follows, since we impose a smallness condition (3.3) on u which
guarantees that ||u| L~ < 1. By Taylor’s formula we have

1 92|V rul? _1 1 V2|V ul?
N 2 sin

(3.10) JX :sinnl[ﬁ‘o(l—l—u)]\/l—i—

020 (1 + )] 2oy T

where
1 93V, ult 1 94|V ult
|R21|§§.4‘ | S*.JL |
sin®[,(1 + )] — 8sin*(¥,/2)
for some universal constant ¢ independent of ¥, and n. Here, we used the inequality
1/sin®[9,(1 + u)] < 1/sin?(9,/2) which again follows from (3.3) since |u| < 1/2 and
the fact that 0 < o, < 7. In the preceding expansion we replace in the second term of the

right-hand side sin®[9,(1 + u)] by sin® ¥,. The resulting error can be estimated by (3.3)
as follows:

1 1
sin?[9, (1 + u)]  sin? 4,

< ce2|V,ul?,

sin? 9, — sin?[9,(1 + u)]
sin? (1, /2) sin? 9,

1 Ya .,
<— || s 1
S Gnl(0,/2) /0 - sin [Wo(1 + Tu)] dr

1
< sin2‘z9(019|0u/|2) /0 | sin[, (1 + 7u)|| cos[d, (1 + Tu)| dr
cOo|ul ceo
- sin3(190/2) ~ sin?d,’
again with some absolute constant ¢ independent of ¥, and n. Inserting this above we
obtain the expansion

92 . 2 192 - 2
¢1+ AVu2 L 192V

<

sin?[0, (1 + u)] 2 sin®9,
with a remainder Rg5 for which the following bound holds true:
|Raa| < ce,|Vyul?.
Using this expansion in the formula for the Jacobian JX we end up with
V2|V ul?

(3.11) JX =sin" [0, (1 4 u)] [1 + ey

|

where the remainder satisfies
(3.12) |Ra| < c(n)eysin™ 1, |V, ul?,
for some positive constant ¢(n) not depending on 9,.

Step 5. Lower bound for the isoperimetric gap. Using the expansion (3.11) for the
(n — 1)-Jacobian of X we can control the isoperimetric gap of OF from below by

,Hn—l(aE) o Hn_1(5190> = / (JX —sin™ ! 190> dH" !
Sn—l

2 2
= / [sin”l[ﬁo(l + u)] {1 + W} —sin" ' 9, + Ry | dH™ 1,
Snfl

2sin? 9,
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where the remainder R fulfills the pointwise bound from (3.12). We use the abbreviations:
s, = sin,, ¢, = cosJ,. Using Taylor’s formula in order to expand the first factor of the
first summand we find that for a suitable 7 € (0, 1)

sin" [P, (1 +u)] =
=s; '+ (n— 1)Yous) e, + 272 02 [(n — 2)si 7% — (n— 1)si 1]
+ ozt P3u® cos(V, + T9,u)
[(n=2)(n = 3)sin" (I, + T9ou) — (n — 1)*sin > (J, + Tou)]
=sp '+ (n— 1)Yous) co + 25 9] [(n — 2) — (n— 1)s]
+ ozl P3u® cos(Vy + T,u) sin (0, + TY,u)
[(n=2)(n—3) = (n— 1)*sin® (I, + T9,u)]

—1)euc, — 1)92u?
:sgl[w(n S) uco | (n 25)2 o [(n—1)c2—1]
(n—1)93u?

o1 sin™ "4 (9, + T9,u) cos(Vy + TUu)
So

[(n=2)(n—3) — (n—1)*sin*(J, + Tﬁou)]]

(n—1duc, (n—1)9%u?
+ 2
So 2s2

)

= Sg_l |:1 + [(n — 1)C3 — 1] =+ R31

holds true, where the remainder can be bounded by
|[Ra1| < c(n) [ul® < c(n) eolul?,

for a suitable constant ¢(n) depending only on the dimension. Inserting the preceding
identity into the formula for the isoperimetric gap above yields

H"L(OE) — H"1(Sy,)

= 1sn3y2 U IVoul?dH™ ™+ (n—1)[(n—1)c; — 1] / u? dH" !
Snfl Sn—l

2(n — 1)s,¢,

+ / wdH" 1 + 33],
9, gn1

where now the remainder satisfies
|Rs| < c(n) eollullfy.2,

for a suitable constant ¢(n) independent of 9J,. At this point we use (3.6) for the integral
involving only u and end up with

H"H(OB) — H" (S,

(3.13) > c[/ |V ul? dH" ™! — (n — 1)/ w? dH" T — ceo|ulBe |
Sn—l Sn—l

for constants ¢ = &(9,) = 192sin" % ¥, and ¢ = ¢(n).
Step 6. Fourier expansion of u. By {Y,: j € N,, £ = 1,...,m;} we denote the

orthonormal basis of spherical harmonics in L?(S"~1), i.e. we have
—Agn-1Yj = jG+n— 2)le forje Noandl =1,...,my,

where m; denotes the dimension of the eigenspace associated to the eigenvalue j(j+n—2).
Note that m; = n and

n+j—1 n+j—3 )
- - > 2.
m; ( "1 ) ( "1 forj > 2



The orthonormality of Y} , means that there holds

n—1
/ . Y]hél }/}2752 dH 6]1,]2651,52
Sn—

for ji,j2 € No, £y =1,...,m;, and > = 1,...,m;,. We now consider the expansion of
u via the corresponding Fourier series

oo My

w=> > Ve

=0 ¢=1

where the Fourier coefficients a; ¢ € R of u are given by

— -1
aj = / 1 uYjedH" .
sn-

In terms of the Fourier coefficients the L?-norms of u and Vu can be expressed as follows

oo Mmy oo My
[ awr =S [P =30 (-2
sn—t j=0 r=1 s j=1¢=1

For convenience in notation we abbreviate

ZZ (j+n-2 +1]a]2v,€ for u € Ny

Jj=p =1
and note that 1(0) = |[jul|3}1.2. At this point we note that Y, = 1/k,, and Y; 4(z) =
Vnwe/ky for £ = 1,...,n, where k, = /nw,, so that the zero order coefficient
a, is given by a, = (1/ky) fsn—l wdH™ ! and the first order coefficients by a;, =
(Vn/kn) |, g1 UWy dH" ! for ¢ = 1,...,n. These integrals have been estimated be-
fore in Steps 2 and 3 and therefore the bounds can be rewritten in terms of the Fourier
coefficients. From (3.6) and (3.3) we infer the following estimate for a,:

(3.14) a2 < ceolullfe < e(n)e,1(0),
while from (3.9) and (3.3) we get the following bound for a; := (a1,1,...,a1,,):
(3.15) ja1]* = “(a1,)* < ceollullFs < c(n) e 1(0).

=1

We now rewrite the bound for the isoperimetric gap from (3.13) in terms of the Fourier-
coefficients. With (3.14) and (3.15) we obtain

H'HOE) = H" 1 (S,)

r oo My oo My
2D S EREE TR 9) SN0
-j=14=1 7=0¢=1
1A
>c 3 Z (j+n-—2 +1]a?7z—csol(0)}
j=24¢=1
I ®) —ceOI(O)}

r n

(1 —ce,)I(0) - Ja2— 2 ﬁd,
- /=1

where in the third last line we have used that j(j +n—2) — (n—1) > £[j(j +n—2)+1]
for 7 > 2. At this point we use again (3.14) and (3.15) to infer that

HHOE) — H" 1 (Sy,) = E(3 — ce,)I(0).

Il
X
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Here, we choose €, > 0 depending only on n but not on 9, small enough to have
H" N OFE) — H" 1 (Sy,) = 2e1(0) = 292sin™ 2 D, ||ulfpr.z.

Dividing the above inequality by the measure of Sy, we finally obtain the desired lower
bound for the renormalized isoperimetric gap

HLOB) — W (Sg,) 02

2 1 2

Ul > U 2.

HP=1(Sy,) = 8nwy, sin® v, lullwe 2 gz el -
But this proves the estimate (3.4) and finishes the proof of the Fuglede type inequality for
nearly spherical sets on the sphere S™. O

In the following we establish that for nearly spherical sets with small Lipschitz-norm of
the representing function v the || - ||y1,2-norm of u bounds the L?-asymmetry of OE. To
be more precise, we show that the following assertion holds true:

Lemma 3.2. Suppose that E C S™ is a nearly spherical set with volume |E| = |By,|, for
some 9, € (0, ). Furthermore, suppose that the representing function u € W (S"~1)
from the global graph representation is Lipschitz continuous with HU”Wl,oo( sn-1y < %
Then there exists a constant ¢ > 1 independent of ¥, and n such that

sin" 0o ||y[|2,10 < B(E, ent1)? < &sin™ 1, |[u] 2

Proof. As in the proofs before, we set s := sin[t),(1 + u(w))], ¢ := cos[P,(1 + u(w))]
and s, := sin,, ¢, := cos ¥,. The unit outer normal vector to OF in the point x = X (w)
is given by
(w,0)sc — (V,u(w),0)9, — ep418>

VET RNVl

On the other hand the unit outer normal vector to By,) with 2 = X (w) is

ve(z) =

VB (x) (J;) = (wa O)C — €n+18.

These expressions allow us to compute the square of the difference of both normals (recall
that v = X (w) for some w € S™71)

Hvg(e) —ve,, (75, (@) =1 - vp(2) - ve,, (t5,, ()

b V2 + 2V u(w)]?

= ! {
V1+92/82 |V ou(w)?

92/ ru(w)|? |

VIOV @) + 1| T+ 0252V u(w) P

VIF /N ul(@)P 1]

Since [|u|y1.00(gn-1) < 5 we have

s
Yo Yo 3 T
= 9, T
S sin sin 7 \/i

and therefore

9 2

L) = vp,, (5, (2)[* < S2 1V u(@) P < 5V ru(w) P

On the other hand, using 92 /s?|V  u(w)|?<17? < 2 and hence /1 + 92 /82 |V u(w)[? <
V3 < 2we get the following lower bound:
2

219 u(w)
6s2 ’

Vouw)? 2 222

s|vee) —ve,, (5, (@) >
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Integrating the first of the two preceding inequalities with respect to w over S™~ 1, recalling
the formula for the n-Jacobian of X from (3.10) and that ||V, u|| L~ < %, we obtain

B2 (Eiensr) = } / () — v, (np,, (@)| dH"
O*FE

< 5/ IVou(w)PTX dH™ ™ < csin 19, || Vul|3e,
Sn—l

for some constant ¢ independent of ¥, and n. A similar estimate from below also holds
true. Hence the lemma is proved. O

Combining Fuglede’s Theorem 3.1 and Lemma 3.2 (here we can take instead of e,
the minimum over all points p, € S™ and therefore we are able to replace 3° (E;ent1) by
,BQ(E)) we deduce the sharp quantitative isoperimetric inequality for nearly sperical sets
on the sphere.

Corollary 3.3. Under the assumptions of Theorem 3.1 there exists a constant co =
ca(n) > 0 such that the following inequality holds

(3.16) H"HOE) — H"1(Sy,) > caB(E)?.

4. REDUCTION TO SETS WITH SMALL SUPPORT

Our aim in this section is to prove Lemma 4.1 whose proof in our case is much more
delicate than the one in the Euclidean case, considered for instance in Lemma 5.1 in [16].

Lemma 4.1. There exist C = C(n) > 1 and a radius R = R(n) > 1 such that if E C 5™
is a set of finite perimeter with |E| = | By, | for some ¥, € (0,7) one can find another set
E' C E, with |E'| > | By, 5|, such that E" C Bry, (po) for some p, € S™ and satisfying

n—1

4.1) B*E)<B*E)+CD(E)+CW,D(E) and D(E')<CD(E).

We start with some definitions and a few technical lemmas, whose assertions will be
needed in the proof. First, we define for 9 € [0, ] the function

9
F¥) = nwn/ sin" o do.
0
Clearly, F'(¢) = |By| and F is a strictly increasing function from [0, 7] into [0, |S™|]. We
note that for 9 € [0, 7] and ¢ € [0, |S™|] there holds
4.2) F() + F(m —9) = |5, FY)+ FY(|S"| —t) =m.

Moreover, we have

. F) D i € B
(4.3) %ﬁ} gn = Wns 1%1 e

Next, we define the isoperimetric profile of the sphere by setting for all ¢ € [0, |S™(]
4.4) ©(t) := nw, sin" "L (F~1(t)).
The isoperimetric profile associates to every geodesic ball in S™ of measure ¢ its perimeter
©(t). We note that
n—1 1 n—1 : @(t) =
= —, t) = — s lmT:n(JJﬁL.
tan(F~1(t)) 7 (®) nw, sin" T F-1(t) o ¢
The last identity follows from (4.3)s. In particular, ¢ is a concave function, with a maxi-
mum at £|S™|. Finally, for any ¢ € (0, 2] we define

(4.6) Po(s) = @(s|Bsl) + ¢((1 = )| By|) — ¢(|By[) fors € [0,1].

Clearly, also the function 1)y is concave and ¥y (s) = ¥y (1 — s). In the next two technical
lemmas we collect some useful properties of 1.

“.5) ¢'(t)
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Lemma 4.2. There exist a constant c1(n) > 1 such that for all ¥ € (0, 5] there holds
L w
ci(n) — P(By)

Proof. To prove (4.7) we only need to show that the ratio has finite and strictly positive
limit at zero. To this aim, using (4.5)3, we immediately get

Uo(3) _ . 20(1Bo]) = ¢(IBs)

~—

4.7 < e1(n).

lim = lim
BB W T W8
i 2P 02D _or
10 ©(2t)

The next result gives a precise behavior of the function ¢y in the interval (0, 1).

Lemma 4.3. There exists a positive constant cz(n) such that for all 9 € (0, 5] holds

1
ds
4.8) By / —— < ca(n)v.
1Bl o Wo(s) ()
Proof. We are going to show that the quantity
By| ' d By| [* d
4.9) | By| s _ |By 5

O Jo we(s) 0 Jo w(sIBol) + (1 5)|Bgl) — ¢(|Bsl)

|By| dt
19/ t) + o(|By| — t) — ¢(|By])

2 /2 5ol dt
9o @(t) +¢(|By| — 1) — (| Bol)
is bounded for ¥ € (0, 5] by a constant depending only on the dimension n. To estimate
the last integral we start by observing that there exists a positive constant x(n) such that

(4.10) o(t) + o —t) —p(b) > /i(n)bnT_1 forb € [0,5]S™|] and t € [$b, 30].

To prove (4.10) we recall (4.5) which yields for ¢ € [1b, b] that ¢'(t) — ¢’ (b —t) > 050
that t — ¢(t) + (b — t) is non decreasing in this range of ¢, and therefore

p(t) + o0 —1) — o) _ w(3) +¢(F) — e(b)

b - b
Now, the estimate (4.10) follows from the fact that
b 3b
2) 4+ 200} b 1 n—l n—1
i PP 2P0 02 4 )7 1] >0

On the other hand we can show that
4.11) o(t) + b —1t) — p(b) > fy(n)t% forb € [0,1|S™|] and t € (0, 1b],
holds true with a suitable constant v(n) > 0. The estimate (4.11) will follow from

(4.12) O(t)— @' (b—t)> a5 forany t € (0, 0]
by integration. To prove (4.12) we use (4.5); to infer
o'(t) — ' (b—1t) 1 1
n—1 T tan(F1(t)) tan(F-1(b—t))

Mt
_ tan(F (b —t)) — tan(F~'(t))
~ tan(F-1(t)) tan(F - (b t))
tan ( (%b)) — tan(F~1(b/4))
tan(F~1(¢)) tan(F~1(d)) .
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In the last line we used the monotonicity of ¢ — tanoF !, Using (4.3)y for the term
appearing in the last line we deduce that

tan (F~1(22)) — tan(F~1(b/4)) _ (g)% B (l)% ~0

lim

b10 tan(F~1(b))

holds true. This allows us to conclude that for any b € [0,%[S"(] and t € (0, 18] there
holds

G-t ) ) _ Aln)
n—1 T tan(F-L(t) T OFTI(t) T o
for a suitable constant «y(n) > 0. This proves (4.12).

Now, the proof of (4.8) follows easily by combining (4.9) with the estimates (4.10) and
(4.11). In fact, we have

|Bﬁ|/1 s _2/i38 dt
O Jo vals) 9 Jo (t) + @(|Bo| —t) — »(|Bsl)
2|B19| dt
19/319 t) + @(|By| —t) — (| Byl)

< 2 /4319 dt N | By 1 < ex(n)
3 —1 n—1 Cc2(n),
T0Je R 2 sm)By

for a suitable constant co depending only on n. U

At this stage we have all prerequisites at hand to give the

Proof Lemma 4.1. We start with some simple observations. First, by taking the radius
R = R(n) sufficiently large, we may assume that 9, < 9(n) < 17, where 9(n) > Oisa
fixed angle, which we choose later in the course of the proof in a universal way depending
as indicated only on n. Moreover, we may also assume that

1
(4.13) D(E) < ——1y, (3
(&) cs(n) (2)
holds true for a suitable constant ¢3(n) > 2 to be chosen later. Indeed, if (4.13) does not
hold, we choose E’ = By, and obtain

B(E)* < 2P(E) = 2P(By,) + 2D(E) = 2D(E) (Péfg) T 1)

< 2D(FE) ( P(By,)
g, (3)
where c; is the constant appearing in Lemma 4.2.
We now fix a point p, € S™, for instance the north pole p, = e, 1, and define for all
9 € (0, ) the sets

+ 1) < 2D(E)(csc1 + 1),

Ey =ENBy, Ef:=E\E;.
For a.e. ¥ we have H"~1(0*E N Sy) = 0, hence
P(Ey) =P(E;By) +vp(¥),  P(ES)=P(E;S"\ By) +vp(9),

where v () := H""1(E N Sy) denotes the measure of the slice £ N Sy. Therefore, for
a.e. ¥ we have

(4.14) vp(¥) = §[P(Ey) + P(E)) —P(E)].
For 9 € (0, 7) we also define the function

i)

By, |

g(¥) =
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Since |E| = |By,| the function g is increasing with values in [0,1] and moreover
g (¥) = vg(9)/|By,| for a.e. 9. Using the isoperimetric inequality (2.2) and recalling
the definition of the isoperimetric function ¢ given in (4.4) we deduce that P(E;) >
o(|Ey ) = ¢(g(9)|By,|). Similarly, we also have P(E}) > o((1 — g(¥9))| By, |). There-
fore, from (4.14), recalling the definition of ¥, given in (4.6), we obtain for a.e. ¢
@15)  wp(() = 5[e(9()By,]) + (1 = g(9))|Bs,|) — ¢(|By,|) — D(E)]

= 3 [¥,(9(?)) — D(E)]

= 1%0,(9(9)) + 1[vs,(9(9)) — 2D(E)].
Since 1y, (0) = ¥y, (1) = 0 and vy, (3) > c3(n)D(E) > 2D(E) by (4.13) and the
choice of c¢3 > 2, we can find two angles ¥; < ¥ such that

Vo, (9(V1)) =2D(E), vy, (g9(V2)) = 2D(E);
g, (g(9)) > 2D(E) for all ¥ € (Y1, 92).

Therefore from (4.15) we get that

vg(9) > 19, (9(9)) fora.e. ¥ € (91,92),

(4.16)

which means that

/ ¥, (9(9))
g ('19) > W forae. ¥ € (191,'[92)

holds true. Therefore, by integrating the preceding inequality over the interval (¥1, ¥2) we
can conclude by an application of Lemma 4.3 that

) / 1
@i -4yl [ LS ar<appa) [ <temi,
0 7/)190(5)

o Yo, (9(9))

Here c3 is of course the constant provided by Lemma 4.3. At this stage we use the small-
ness condition on v, by choosing the angle ¥(n) such that 4co(n)J(n) < 7. Then, the
assumption 9, < ¥(n) implies that

Yy — V1 < 4dea(n)dy < 7,
holds true. Next, we use the concavity of 1, and the fact that ¢y_(0) = 0 = 1y_(1) to
conclude that ¢y, (s) > 2stbg, (%) for any s € (0, 1) and 1y, (s) > 2(1 — s)vy, () for
any s € (%, 1). In particular, from the first two identities in (4.16), we conclude that
D(E) D(E)
o, (3)’ o, (3)
Moreover, enlarging ¥, and reducing 5 if necessary a bit we may assume without loss of
generality that (4.17) and (4.18) still hold and that

(4.19) H*HO*ENSy,) =0=H""1O*EN Sy,).

(4.18) g(t) < g(v2) >1—

In view of the preceding inequality three cases are possible (recall that we have assumed
at the very beginning that 9, < 7):

(1) ¥ <Y, hence ¥ < Z;
(i) Y2 > m —9J,, hence 91 > 7; and finally
(iii) Y, < Y7 and ¥ < 7w — 9,

Accordingly to these cases, we define
E N By, if 91 < 9y,
E = E\ By, if 9y > — ¥,
(ENBy,) \ By, if 9, <t <2 <m—19,,



25

Thus, no matter which of the three possible definitions of E we choose, we conclude
taking also (4.13) into account that

~ 2D(FE)|B 2|B
Vo, (3) cz(n)

holds true. Therefore, in order to estimate D(E) we need to control the difference between

the perimeters of £ and . We argue according to the three cases from above. We start

with the case (i), i.e. 1 < 1J,. Then, since ¥ < 7, we have recalling (4.19) that

P(E) —P(E) = P(By,) — P(By, UE)
< P(By,) = P((By, UE) N {zn41 2 0}) <0,
where the last inequality follows from the isoperimetric inequality. Next, we consider the
case (ii), i.e. Y2 > m —1J,. Here, we know that J; > 7. By the definition of £ = E \ By,
we obtain by a similar reasoning as in case (i) that
P(E) ~ P(E) = P(By,) — P(By, \ E)
< P(By,) = P((By, \ E) N {zn1 <0}) <0,
where the last inequility again follows by the isoperimetric inequality. Finally, we consider

the case (iii), that is J, < ¢ < ¥ < m — ¥,. Here we distinguish between three cases:

Y2 < 5,91 > §and ¥y < § < 2. We shall discuss in detail only the latter case, the

other two cases are similar and in fact easier. In this last case we have, using (4.19), the
isoperimetric inequality, the concavity of ¢, (4.5); and the fact that ¢’ (| By, U E]) <0
P<E) - P(E) = [P(Blh) - P(Bﬂl \ E)] + [P<B192) - P(Bﬂz U Eﬂ

< [0(1Bor]) — o(1Bon \ ED] + [(1Bou]) — (1 By U E])

< (1Bor] — [Boy \ B¢/ (1B, \ E]) — (1Boy U E| — B, )¢ (|Bay U El)
_ (n—1) (n—1)

< (B[~ 12D <tan(F_l(|B«91 VED)  tan(F-1(|By, U E>>|>

_ ~ (n—1) (n—1)

= (1E1 = IED (tan(F1(|Bﬁ1 VED) " tan(F1(]S"] | By, U E|>>>’

where the last equality holds thanks to (4.2),. Using the fact that 97 > 9, and (4.20) we
infer that

~ 2
B \ Bl 2 |Boy| — [BAB| 2 B, (1= ) > 4B,
c3(n)
provided we have c3(n) > 4. Similarly, recalling that 9o < m — ¥, and (4.20) again, we
get

5" = | By, UE| 2 |S"| = |By,| - |EAE| > |By,| - |EAE| = §|By,|.

These bounds from below allow us to estimate the last two terms appearing in the last
line of the preceding estimate for the difference of the perimeters from above (note that
t + tanoF ! is increasing). Taking also into account the first inequality in (4.20) and
Lemma 4.2, we can conclude that
P(E) - P(B) < —_ UDEBo]
by, (3) tan(F (3] By, )

D(EP(B,,) _
SC(TL) 11)190(%) < 4( )D(E)a

for a suitable constant c4(n) depending only on n.

D(E)|By,|
Yo, (%) B, |7

c(n)



26 V. BOGELEIN, F. DUZAAR, AND N. FUSCO

Using the ereceding estimates for the cases (i)—(iii), the concavity of ¢, (4.20), (4.5)1,
the fact that |E| > 1|By,| (which is a consequence of (4.20) and the volume constraint
|E| = |By,|) and Lemma 4.2 we find that

4.21) D(E) = D(E) + [P(E) - P(B)] + [@(IED — o(1E])]
< (1+c)D(E) + (1B - |E)¢(|E
. o D(E)\Bm
< (1+c4)D(E) + c(n)m < c5(n)D(E),
¥, (3)

for a suitable constant c; depending only on n. Now, arguing as in the proof of (4.21), we
see that

(4.22) B(E)?

B(E)? + [P(E) — P(E)] + [v(E) — ~(B)]
< B(E)? +D(E) + [p(|E]) — ¢(IED] + [v(E) — ~(B)]
< B(E)? + ¢(n)D(E) + [v(E) — v(E)],

holds true, and finally it remains to estimate the difference v(E) — ~(E). For this we
denote by yz a center for E. Then, using Lemma 2.5, (4.20) and Lemma 4.2 we find

5 _ m=D@yp) pn_ [ 0D yp)
R Y e e AV e

71 . ~ ~ n—1

EAE \/1— (2 yp)?

2D(E)|Bo, |\ 7 _ =
gc<n>( o ) < e(n)(0.D(E)) 7.

Inserting the preceding inequality into (4.22) we obtain

dH"™

B(E) < B(E)? + c(n)D(E) + ¢(n)(9,D(E)) "+,
for a suitable constant c(n) depending only on n. From this last inequality, (4.17) and
(4.20) we conclude that the set E satisfies the desired estimate (4.1) and has a volume
which is bounded from below by |E| > (1 — 2/cs(n))| By, |. Moreover, in case (i) E is
contained in By, with ¥5 < (4cz(n) + 1)0, and in case (i) E is contained in S™ \ By,
with 9, > 7 — (4ca(n) + 1)0, so that we can take £’ = E. Finally, in case (iii) E is
contained in the slab {z : ¥; < distgn(z,€n41) < Y2} of width 99 — 91 < 4ca(n)d,.
At this stage we can repeat the above construction starting with E replaced by E and with
en+1 replaced now by p, = e,. In this way we obtain a new set E; which will satisfy
Ei| > (1 — 2/c3(n))?|By,| and that will be contained either in a ball of radius
smaller than (4ca(n) + 1), or in two orthogonal slabs of width smaller than 4cz(n)d,.
Iterating the argument n — 2 times more if necessary, we arrive to the final conclusion of
the Lemma. U

5. RELEVANT PERIMETER FUNCTIONALS ON THE SPHERE

In this section we study certain perimeter functionals on the sphere. These functionals
will allow us to derive the quantitative isoperimertic inequality. We start our considerations
with perturbed perimeter functionals, whose minimizers will be geodesic balls.
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5.1. Perturbed perimeter functionals. In this section we consider functionals of the type

)

A
Fo,(E) = P(E) + 5-||E| - By,

for sets £ C S™ of finite perimeter and for given A > 1 and 9, € (0, 5]. The following
Lemma shows that minimizers of the perturbed functionals Fy_ are geodesic balls with
radius 9, provided the constant A is chosen large enough. The precise statement is as
follows:

Lemma 5.1. There exists a constant A,(n) > 1 such that any minimizer of the functional
Fy, for some given 9, € (0, 3] is a geodesic ball By, (p,), provided A > A,(n).

Proof. Let £ C S™ be a minimizer of the functional Fy_. Then by minimality, we have
P(E) < Fy,(E) <Fy,(By,) = P(By,).
By the isoperimetric property of geodesic balls from (2.3) we have that either |E| < |By, |
or |S™\ E| < |By,|. Suppose that |E| < |By,|. Then, there would exist ¥ < 9, such that
|E| = | By|. But this implies
A

P(E) + 19*(|Bl90| — [Byl) < P(By,).
Now, by the isoperimetric property of spheres (2.2) we know P(By) < P(E), so that

A

5 (1Bo,| —1By|) < P(By,) — P(By).

By Lemma 2.1 the last inequality implies

A 9 \n—1
(52)" o —0) < (- 10320, - 9).
20, \
This, however, is impossible as long as we choose A in dependence on n large enough, i.e.
(5.1 A>2(n—1)7" L

This proves, that |E| < | By, | cannot hold.
Let us similarly show that |S™ \ E| < | By, | cannot hold either. In fact in this case there
would exist ¥ < ¥, such that |S™ \ E| = | By|. This implies that

A
P(E) + 5= (18" = |Bs| = |By,|) < P(By,)

holds true. Now, by the isoperimetric inequality (2.2) we know that P(By) < P(S™\E) =
P(E), so that

A
5 (IS" = [By| = By, |) < P(By,) - P(By),

hence

A
170(|Bg| — |By| +|Bz| = |By,|) <P(By,) — P(By).

By Lemma 2.1 this inequality implies
A

2n9,

Since ¥, < § we know that m — 9, — ¥ > ¥, — ¥ and thus the above inequality cannot

hold if we choose A as in (5.1). This shows that either |E| = |By_| or |S™ \ E| = |By,]|.

But since P(F) < P(By,) by the isoperimetric inequality E must be a ball. Now, the
minimality of £ implies that F is a ball of radius 9J,. O

(1 — 9y — ) < (n— 1) 2(I, — ).
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5.2. The penalization procedure. In this section we deal with functionals of the type
(G) — €2,

where A > 1,4, € (0,5], C, € [0,1] and ¢ > 0. The advantage of these kind of func-
tionals steams from the fact that minimizers should have a volume close to the prescribed
volume |By,| and an L?-asymmetry close to . As a first step we prove the lower semi-
continuity of these penalized functionals. This can be achieved once the continuity of the
functional +y is established.

(5.2) F(G) :=P(G) + A]|G\ -

Lemma 5.2. Whenever Gy, G are measurable sets in S™ with Gy, — G in L*(S™) there
holds

lim 5(Gy) = ~v(G),
k—o0
i.e the functional ~ defined in (2.6) is continuous with respect to L' -convergence.

Proof. We consider a sequence G, C S™ with G, — G C S™ in L'(S™). Next, we
choose centers y;, of G, and y of G; this means that there hold v(Gj) = v(Gp; yx) and
v(G) = v(G;y). By the maximality of the center we have

Together with limy,_,o v(Gx,y) = (G, y), which is a consequence of the L' conver-
gence and the dominated convergence theorem, we infer the lower semi-continuity, i.e.

liminf v(Gk) > v(G).
k—o0

To prove the upper semi-continuity we apply Lemma 2.5 to infer that

(=1 yx) m (n—=1(z-yx) . n

+(Gr) < 7(C) + /G e /G U
(n—=1)z -yl yk\
GeAG /1 — (T yx)?

Since G — G in L*(S™) we conclude the upper semi-continuity, i.e.

lim sup(Gy) < (G).

k— o0

<~(G) + dH™ < 4(G) + c(n) |GLAG| "+

Together with the lower semi-continuity this establishes the continuity of - with respect to
L'-convergence. O

The preceding Lemma allows us to prove the lower semi-continuity of the penalized
functionals F.

Lemma 5.3. The functional F defined in (5.2) is lower semi-continuous with respect to
L'-convergence, i.e.
F(G) < likm inf F(Gy)
—00

whenever Gy, G are sets in S™ of finite perimeter with Gy, — G in L*(S™).

Proof. Let G, and G C S™ are finite perimeter sets as in the statement of the lemma.
Passing to a subsequence we may assume without loss of generality that

liminf F(Gy) = lim F(Gy).
k—o0 k— o0

Passing to another subsequence we may also assume that limg_,, P(Gy) = a. By the
lower semi-continuity of the perimeter with respect to L!-convergence we have o > P(G).
Using (2.5) and Lemma 5.2 we infer that there holds:

Jim, F(Gu) = fim [PUGU)+ 5116wl -

0 —el]
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A
= lim [P(Gr) + 5-[1Gx| = |Bo, || + Co[P(Gr) = ¥(Gr) — <]
hde el o

A
= a+ =[Gl = By, || + Coa = (G) <]

> F(G) + (1- C,)(a—P(Q)) = F(Q).

Here we used the assumption 0 < C, < 1 in the last step. This proves the desired lower
semi-continuity of the functionals F and concludes the proof. O

5.3. Quasi and almost minimizers of the perimeter. In this section we recall the notion
of (K,r,)-quasi-minimizers, as well as the one of (K, r,)-almost minimizers. Both of
them play a crucial role in our proof of the quantitative isoperimetric inequality. The first
one, i.e. the one of (K,r,)-quasi-minimizers, allows us to conclude by a metric space
version of a result going back to David & Semmes [10] (see [19, Theorem 5.2]) that min-
imizers GG and their complement are locally porous. The second notion, i.e. the one of
(K, r,)-almost minimality allows us to conclude that sequences of (K, r,)-almost mini-
mizers which converge in L! to a geodesic ball must be regular for large indices, more
precisely they become spherical graphs over the boundary of the limit geodesic sphere.
This reasoning goes back to [24] and uses the regularity theory for (K, r,)-almost mini-
mizers from [23]. We start with the following

Definition 5.4 (Quasi-minimizers of the perimeter). For a given radius r, > 0 and a given
constant K > 1 we say that a set G C S™ of finite perimeter is a perimeter (K, r,)-quasi-
minimizer if

P(G;B.(z)) < KP(D; B.(x))
whenever D C S™ is a finite perimeter set such that GAD & B,.(z) for some ball B,.(z)
with 0 < r < r,. Here, P(G; B;-(x)) denotes the perimeter of G in B, (z). O

Lemma 5.5. Suppose that G is a minimizer of the functional F defined in (5.2) for some
A>19,€(0,3], C, € (0, %] and € > 0. Then, there exists 1, = 17,(A) > 0 such that
G is a perimeter (K, r,9,)-quasi-minimizer with K = 3.

Proof. We consider D C S™ satisfying GAD € By, (x) for some ball B,y (z), with
r < 1. By the F-minimality of G’ we find that

A
(53) P(G) <P(D) + [|G] = [D|| + G| 8°(D) - B°(G)|
From Section 2.3 we recall the definition
|B7'19 |
n(rdy) i= ——2— < rid,,

jus

where the last inequality holds since 7 < 1 and ¥, < 3

inequality (2.4) we conclude that there holds:
1G] = [DI| < |GAD| < Qu(r9,) P(GAD) < 19, [P(G; Bry, () + P(D; Bry, (x))].

In order to estimate the last term on the right-hand side of (5.3) we first consider the case
B(G) < B(D). Denoting by y¢ a center of G we obtain (using the definition of the center)

18%(D) - B*(G)]
< B*(D;ye) - B°(G)
= / [1 — VD VBﬂ(w)(yG)] d" - / [1 — Vg VBﬁ(z)(yc)] dH"
oD e
< 2P(D; By, (z)).
On the other hand, if 3(G) > B(D) we use the same argument to conclude
|8%(D) — B%(G)| < 2P(G: By, (2))-

. From the linear isoperimetric
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Therefore, in any case we have that
|8%(D) — B*(G)] < 2[P(D; By, (v)) + P(G; Bry, ()]
holds true. Inserting the preceding inequalities into (5.3) and re-absorbing the terms with
P(G; By, (x)) appearing on the right-hand side into the left-hand side we arrive at
(1 - 20, — Ar) P(G; By, (z)) < (1 +2C, + Ar) P(D; By, (x))
Since C, < 5 we can choose 7, = min{1, ﬁ}, thus getting
P(G; By, (2)) < 3P(D; Bry, (2))
whenever D is a finite perimeter set such that GAD € By, (x) with 0 < r < r,. This
proves the assertion of the lemma. (]

1
8

The following result has been proved in [19, Theorem 5.2] in the context of metric
spaces. The Euclidean version is due to David and Semmes [10].

Theorem 5.6. Suppose that G C S™ is an area (K,r,)-quasi-minimizer. Then, up to
modifying G in a set of measure zero, the topological boundary of G coincides with the
reduced boundary, i.e. 0G = 0*G. Moreover G and S™ \ G are locally porous in the
sense that there exists a constant C > 1, depending only on K and n such that for every
x € 0G and 0 < r < r, there are points y, z € B,.(x) for which

B,cly) CG and Brjc(z) CS"\G
hold true.

As already mentioned at the beginning of this section we need a regularity result which
ensures that in the contradiction argument our sequence of minimizers to penalized func-
tionals are nearly spherical graphs. Such a result can be deduced once it is shown that the
minimizers are almost minimizing in a certain sense, which allows to apply the regularity
theory for almost minimizers. The precise notion which is suited for our purposes is the
following one:

Definition 5.7 (Almost perimeter minimizing sets). For a given radius r, > 0 and a con-
stant K > 0 we say that a finite perimeter set G C S™ is a (K, r,,)-almost minimizer of the
perimeter if

P(G) <P(D)+ K|GAD|
holds true whenever D C S™ is set of finite perimeter such that GAD € B,.(x) for some
geodesic ball B,.(z) with radius r € (0,r,]. O

The following Lemma ensures that minimizers of the penalized functionals F are
(K, r,)-minimizeres for suitable values of K and r,, provided the set G contains a ge-
odesic ball and is itself contained in larger geodesic ball. The precise statement is as
follows:

Lemma 5.8. Suppose that G minimizes the functional F defined in (5.2) where A > 1,
Yo € (0,5], Cp € (0,1) and € > 0. Then, there exist 5, = 65(n) > 0, 11 = r1(n) >0
and K = K (n, A, C,) such that the annulus assumption

(54) By,1-5,)(po) C G C By,145,)(Po)

implies that G is a (i,

r190)-almost minimizer of the perimeter.

Proof. Since p, is fixed, we write as usual By instead of By(p,). Let d, and r; > 0 be
arbitrary but fixed. We will choose §,, and r; in the course of the proof in dependence on
n in a universal way. We consider D C S™ satisfying GAD &€ By, (y) for some ball

Bry,(y) with 0 < r <7y If By, (y) C By,(1-5,) we have by (5.4) that
GAD & Brﬂu (y) C Bﬁo(l,go) C G.
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But GAD & G implies that P(G) < P(D). In the case B;.y,(y) N By 145,) = 0 we
have (GAD) N By, (14s,) = 0 and therefore also in this case P(G) < P(D) holds true.
Therefore, it remains to consider the case in which By, (y)N (By, (1+s,)\Bv,1-s,)) 7 0.
Due to the minimality of G and (2.5) we get

P(G) < P(D) + 3-|[G] - |DI| + C,|8(D) - B(G)

<P(D)+C[P(G) —P(D)| + %IGAD\ + Coly(G) —v(D)]-
Distinguishing between the cases P(G) < P(D) and P(D) < P(G) to re-absorb the term
containing P(G) from the right into the left hand side we infer that
(5.5) P(G) < P(D) + goia |GAD| + 1S |7(G) =~ (D).

Now, we observe that the annulus assumption (5.4) and Lemma 2.1 imply that if §, < 1
|GABy,| < |Byg,(116,) \ Bo,(1-5,)] < nwn[9o(1+ 6,)]" 129,08, < c(n)925,.
For the comparison set D we have
|DABy,| < [Brg,(y) U (GABy,)| < c(n)(r} +8,) 0.

Therefore, choosing d,, and r; in dependence on n sufficiently small, from Lemma 2.6, i.e.
the continuity of the center with respect to L!-topology, we deduce that

distsn (ya, po) < 39, and distgn (yp,po) < 0.

Moreover, since Brg, (y) N (By, (14s,) \ By, (1— 5 y) # 0 we obtain — after reducing the
values of 1 and ,, in such a way that 2r; + J, < 5 1f necessary — for any x € GAD that
there holds

distg (2, ya) > distgn (2, po) — distsn (ya, o) = Do(1-8,) = 2, — 50, > %
and
dists (2, yc) < distsn (z,po) + dists» (ya, Po) < Vo(1+0,) + 2rd, + 19, < 7 — Lo
But this implies that
| ya| = | cos (distsn (z,ye)) | < cos (%2)

holds true for those . Recalling the definition of ~ in (2.6) — in particular the fact that the
maximum is attained in the center of the set — and using the last inequality we find

— Dz -
’Y( .I yG d n __ (n )CL‘ sz
\/1—$ Yc)? pV1-(z ya)

=Dz -yo| ~dH" < < (n—1)cot (%) |GAD.

aap /1 — (z-yg)?

Similarly, we can show that |z - yp| < cos(%) for any z € GAD and therefore

aH"

(n—1)z-yp n (n—1)x-yp
p /1= (z-yp)? ¢ V1—=(z-yp)?

(n—1)|z - yo| dH™ < (nfl)cot( 2) |GAD].

cap \/1—(z-yp)?

Joining the last two inequalities we obtain
Y (G) = (D)] < (n—1)cot (%) [GAD].
We insert the preceding inequality into (5.5) and arrive at

P(G) < P(D) + = [3- + Co(n — 1) cot (%) ]|GAD].

¥(D) —+(@) < an"

<
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But, this proves that G is a (195, r119,)-almost minimizer of the perimeter with a constant
K = 5 [A 4+ 4Cy(n — 1)] and a radius r; = r(n) > 0. O

In the following we establish the prerequisites needed to prove the regularity result for
almost minimizers of the perimeter from Theorem 5.11. First, we state density estimates
for (K, r,)-almost minimizers of the perimeter. These estimates are similar to those ones
in [23] (see also of [20, Theorem 21.11]). For the metric version we refer to [19].

Lemma 5.9 (Density estimates). Let G C S™ be a (K, r,)-quasi-minimizer of the peri-
meter with parameters K,r, > 0. Then

1 _IGNB,po)l _ 1
E+0r = B - K+

and
P(G, Br(po>)
n—1
‘BT|T
whenever p, € 0G and 0 < r < min{r,, 7 }.

The proof of the following compactness result follows essentially the lines of the proof
of [22, Theorem 34.5]. For the Kuratowski convergence we refer to [5, Lemma 5.6].

Lemma 5.10. Let G, C S™ be a sequence of (K,r,)-almost minimizers with structural
parameters K,r, > 0 satisfying supcy P(Gy) < oo. If Gy converges in L*(S™) to
some set G C S", then G is a (K, r,)-almost minimizer of the perimeter. Moreover,
denoting by ng, and pc the perimeter measure on 0* Gy, and 0* G, respectively, we have
ltG, | = lug| in the sense of Radon measures and OG), converges to OG in the Kuratowski
sense as k — oo, i.e.

() if xy, € OGy, for any k € N, then any limit point x belongs to 0G.

(ii) for every x € OG there exists a sequence {xy } ren with x), € OGy, for any k € N

converging to x.

Next, we state a regularity result for almost minimizers of the perimeter. Since we
already have established the Kuratowski convergence in Lemma 5.10, we can transform to
a flat situation and then proceed as in [12] or [20, Chapter 3]. For the sake of brevity we
skip the details.

Theorem 5.11. Suppose that Gy, C S™ is a sequence of (K, r,)-almost minimizers of the
perimeter for some constant K > 0 and some radius r, > 0 satisfying

supP(Gj) < o0 and  Xa, = XB,, in L'(S™),
keN

where ¥, € (0, g] Then, there exists k, € N such that for any k > k, the set Gy, is a nearly

spherical set in the sense of definition (3.1) with a representing function uy, € C L3 (Sn—1h).
Furthermore, we have uy, — 0 in C1*(S™~1) for every o € (0, 3).

6. PROOF OF THEOREM 1.1

In this section we give the proof of Theorem 1.1. The proof is divided in quite a few
steps and at certain stages we have to distinguish several cases. We start with the obser-
vation that without loss of generality we may assume that F is centered at the north pole
ent1, ie. B(E) = B(E;enq1) and that |[E| = |By, | for some 9, € (0,%]. Indeed, if
¥ € (5, m) we apply (1.6) to S™ \ E instead of E to infer that

D(E) = P(E) — P(By,) = P(S"\ E) = P(By_,)
—D(S"\ E) > CB(S™ \ E)? = CB(E)
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6.1. Reduction to sets with small isoperimetric gap. First, we show that it is enough to
prove: There exists a constant x, > 0 such that whenever E C S satisfies |E| = | By, |,
B(E) = B(E;ent1) and D(E) < x,97 7L, then the quantitative isoperimetric inequality

(6.1) D(E) > C1B(E)*

holds true with a constant C; = C(n). Indeed, for a set E C S™ of finite perimeter with
|E| = |By,| and D(E) > x,97~! we have

B(E)? < 2P(E) = 2(D(E) + P(By,)) = 2(D(E) + nw, sin"~* 9,,)

>D(E) < 2(1 + >D(E)

nw,, sin” 'Y,
n—1
XoVo

Wy,

Xo

<21+

i.e. the quantitative isoperimetric inequality holds with C' = [2(1 + nwn, Xgl)} ~'. On the
other hand, if D(E) < 6,97 ~! the inequality would follow, if (6.1) would be established.

6.2. The contradiction assumption. We argue by contradiction, assuming that (6.1) fails
to hold. Then, there exists a sequence of sets of finite perimeter £, C S™ with volumes
|Ex| = | By, | satisfying

D(Ey) P(Ex) —P(By,)

(6.2) 192_1 = 192_1 —0 ask — oo,
and
(6.3) D(Ey) < C18%(Ey).

Moreover, we may also assume that ¥, — ¥, € [0, 5] and that B(Ey) = B(Ek;ent1)
for any k, which means that the sets E}, are centered at e, ;1. At this point we need to
distinguish three cases.

6.3. The case ¥, > 0. This case is divided into several steps, which will guide us also
in one of the more involved cases where 19, = 0. This case has to be divided into two
sub-cases whether or not the L2-oscillation index converges fast enough to 0.

6.3.1. Convergence to By,. From (6.2) we know that the sequence of perimeters P (E},) is
uniformly bounded and therefore by compactness we infer that up to a (not relabeled) sub-
sequence we have Ej, — E, in L'(S™). In particular we conclude that |E,| = |By,|. By
the optimal isoperimetric inequality from (2.2) we must have P(F.,) > P(By,). On the
other hand, by the lower semicontinuity of the perimeter with respect to L'-convergence
and by (6.2) we have

P(E,) < likmian(Ek) =P(By,).
—00

But this implies P(E,) = P(By,), i.e. in the isoperimetric inequality we have equality,
so that B, = By, (p,) for some p, € S™. However, since Ey, — By, (p,) in L(S™) and
that all the F; are centered at e,, 1, by Lemma 2.6 (i.e. the continuity of the centers with
respect to L'-convergence) we conclude that E, is also centered at the north pole €n+1s
i.e. Eoo = By,. Moreover, using Lemma 5.2, we have that v(E});) — ~(By, ). Therefore,
taking (6.2) into account we find that

e2 = ﬂQ(Ek) =P(Ex) —v(Ex) = P(By,) —v(By,) =0

in the limit & — oo.



34 V. BOGELEIN, F. DUZAAR, AND N. FUSCO

6.3.2. Penalization. Taking A > A,, where A, is as in Lemma 5.1, and C, € (0,1/8), we
define the penalized functionals

A
F,(G) :=P(G) + @“G' — By, || + Co|B*(G) — &7

)

By Lemma 5.3 we know that the functionals F'j, are lower semicontinuous with respect
to L'-convergence of sets in S™ and therefore for any & € N there exists a minimizer
Gj, C S™ of F,. By the minimality of G}, — note that 3(By,) = 0 — we have

P(Gy) < Fr(Gi) < Fi(By,) =P(By,) + C, &%,

so that also the sequence P (G},) is uniformly bounded; this implies that x ¢, is a uniformly
bounded sequence in BV (S™). Therefore we may extract a (not relabeled) subsequence
satisfying G, — G in L' for some G, C S™. Next, we define the functionals

A
Gi(GQ) :=P(G) + 79—||G| —|Byg,||  forkeN.
k

Having chosen A > A,, where A, is the constant from Lemma 5.1, we conclude that By,
is a minimizer of Gj. Hence, by the minimality of G, and the contradiction assumption
(6.3) we obtain

(6.4) G(Gr) + ColB*(Gr) — €] = Fi(Gy) < Fi(Ey) = P(Ey)
< P(By,) +Ciei = Gi(By,) + C1e2 < Gi(G) + Cy &3

But this implies |3%(G},) — €7| < O3 /C, and moreover 3(G},) — 0 as k — oo, since
er — 0. Further, distinguishing between the cases 3(Gy) > ¢j (in which the following
estimate trivially holds true) and e, > S5(Gy) (in which we use the preceding inequality)
we conclude that there holds

Co 2
G B°(Gr)

provided we impose that C; < C, holds. Moreover, by the lower semicontinuity of the
perimeter with respect to L!-convergence and the minimizing property of G}, we infer that

(6.5) er <

A
§ lim inf Fk(Gk) S lim inf Fk(Bgo) = P(Blgo) = GOO(BﬂG)
k—o0 k—o0

Since By, is a minimizer of G, we conclude that also G is a minimizer of G,. Hence,
Lemma 5.1 ensures that G is a geodesic ball By_(p,) for some p, € S™. Finally, we
rotate all the sets GG, in such a way that their barycenter is the north pole e,,41. Thus, we
conclude that G, converge to By, by a continuity argument similar to the one we used in
the case ¥, > 0 of the proof of Lemma 2.9.

6.3.3. Almost ball property of G. Denoting by §,(n) > 0 the constant from Lemma 5.8
we prove that for any ¢ € (0, d,) there exists k, = k,(d) € N such that the inclusion

(6.6) B19k(1_6) C G C B19k(1+6)

holds true for any k > k,. First, we apply Lemma 5.5 to conclude that there exists a radius
ro = To(A) > 0 such that Gy, is a (3, r,9x)-quasi minimizer of the perimeter for any
k € N. By Theorem 5.6 this implies that the topological boundary G}, coincides with
the reduced boundary 0*G, after modifying the set G on a set of measure 0; that is we
assume from now on that 0G, = 9*Gy,.

Now, we argue by contradiction. We assume that there exists 0 < § < min{d,, 7},
such that for infinitely many k£ € N we can find z;, € G}, with

T & By, (145) \ Bo,(1-s)-
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By Theorem 5.6 there exist y, zx € Bso, (z)) such that the inclusions Bss, (yr) C Gk
2 2C
and Bso,, (z1,) € S™ \ G, hold true. If z, € S™ \ quk(pr(;) we would have Bss,, (y) C
(e} 2C

S™\ sz and hence Bsv, (yx) C Gy \ By, . On the other hand, if z}, € By, (1—5) we have
2C
By, (z1;) C By, and hence Bsy, (z1) C By, \ Gi. Therefore we either have
2C 2C

(6.7) |G\ By, | > |B%(yk)| >0 or  |By, \ Gkl > |Bso, (2x)] >0

2C

for infinitely many & € N. But this contradicts the fact that |G, ABy, | — 0 and therefore
proves the claim.

6.3.4. Regularity. From (6.6) and Lemma 5.8 we infer that there exists 7, = r1(n) > 0
and K = K(n, A, C,) such that Gy, is a (K /9%, r19x)-almost minimizer of the perimeter
and thus also a (2K/49,,719,/2)-almost minimizer of the perimeter for k large. There-
fore, since Gy, is converging in L' to By, , we are allowed to apply Theorem 5.11 which
yields for k large enough that the set G, admits a spherical graph representation of class
C12(S™). This means that there exist functions v, € C12 (S™~1) such that

Gk, = {(w,0) sin[dy(1 + vy, (w))] + en1 cos[Uo(1 + vy (w))] 1w € S" '}
with [[vg |lyr1,00 (gn-1y — 0 as k — oo.

6.3.5. The final contradiction. Note that the previous representation shows that G is also
nearly spherical with respect to the ball By, , where |By, | = |G|. In fact, letting uy, =

Z—Z(l + vg) — 1 we have

Gy, = {(w, 0) sin[¥}, (1 + up(w))] + ent1 cos[U (1 + up(w))] : w € S,
and moreover uy — 0 in WH>(S"~1) as k — oo. Since Gy, — By, we easily see that
%: — 1. Therefore, by Lemma 2.1, we get that

A
P(Bs) — P(Byy)| < 1By, | - G4l| < Z1Bou] = Gl

n
> 79]@

provided that we take A > ¢(n). Using this inequality, (6.4) and (6.5) we get that
D(Gy) = [P(Gx) — P(By,)] + [P(By,) — P(By,)]
A
<P(Gk) + ﬁfk“BﬁJ — |Gi|| = P(Buy,)

C,C4

= —P(By,) <Cief < 22—
Gi(Gr) = P(By) < Crejp <

B*(Gr),

a contradiction to (3.16), provided we take C'; from the contradiction assumption so small
that C,C1 /(C, — C1) < c2(n) holds true. This finishes the proof in the case 9, > 0.

In the sequel we are going to assume that 1, = 0. We shall also assume, without loss
of generality that there exists a non relabeled subsequence such that

(6.8) lim ¥ "B%(Ex) =1, € [0, ]
k—o0

6.4. The case 9, = 0 and 1, = 0. Most parts of the proof follow the line of proof from
the case ¥, > 0 and in the following we only indicate the differences.
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6.4.1. Necessary changes with respect to the case 9, > 0. First, the conclusion from Sec-
tion 6.3.1, i.e. that e, = B(F%) — 0 as k — oo now trivially holds. With that at hand the
argument from Section 6.3.2 works as before. In particular equations (6.4) and (6.5) are
obtained exactly as in Section 6.3.2. Only the conclusion of this Section is now different.
We define ¥, such that |G| = |By, | and observe that

Uy,
(6.9 klgrolo a =1

holds true. In fact from (6.4) we get that

A
(6.10) P(Gy) — P(By,) + EHG;@\ — [By, || < Crei = C1B(Ey)>.
If ¥}, > ¥}, from the previous equation we get, since |G| = | By, |,
Ba| = 1Ba| _ C1B(EL?
Iy - oAt

holds, from which the claim (6.9) immediately follows. If instead 1% < 1) we estimate
the left hand side of (6.10) with the help of Lemma 2.1 taking into account that P(Gy) >
P(By; ) and obtain

S = )]0~ ) < CUB(E)

from which the claim (6.9) follows by choosing A > 27"~ !(n—1). Now, from Lemma 2.7
and (6.5), one gets for k large that

2 c(n) c(n) G &2 2¢(n)B(EBy)*
oG’ < GEnBGn < Gir (14 ) < =m0
provided C is chosen to be smaller than C,. Therefore, rotating G, if necessary, we can

assume that a(Gy) = |G ABy, |/| By, |; note that G, has the volume | By, |. Taking (6.9)
into account, we find that

nwn[

AB By AB,
(6.11) h M < c(n) hm a(Gr) + hm M
FE By | —|B
< ¢(n) lim ﬁ( k)+ lim M:Q,
k—o0 19 2 k~>oo 192

Having arrived at this stage we proceed as in Section 6.3.3 until formula (6.7), from which
the desired contradiction can be derived. In fact, if the first of the two inequalities holds
(the other case is similar), we get for all 0 < 6 < min{d,,r,} that

d"9E < e(n)C™| Gy \ By, |,

and therefore the contradiction follows with (6.11).

Finally, as in Section 6.3.4 an application of Lemma 5.8 implies that there exist
r1 = ri(n) > 0and K = K(n, A, C,) such that the sets G}, are (K /9, r10)-almost
minimizers of the perimeter.

6.4.2. The final conclusion in the case ¥, = 0 and n, = 0. Instead of the sets G, we
consider the sets Gk obtained by projecting G, onto the plane {z,,11 = 0}. By Br " we
denote the ball in R™ of radius 7 with center at the origin. From what we proved in Section
6.3.3 we know that for all 0 < § < min{d,,r,} the following inclusion

B™ cG,cB™

sin(9(1-9)) 51n(19k(1+5))’

holds true, provided k is sufficiently large. Using these inclusions, the almost minimal-
ity property of Gy, the area formula for rectifiable sets and the transformation formula
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for measurable sets it is immediate to check that for k large enough the sets ék are
(2K /Yy, r19%/2)-almost minimizers of the functional

1— (2 vg)?
1—lz?

dH" L.

Here we used the facts that the sets G % are localized in balls By, (145) with ), — 0 and that
the parametrization z — z++/1 — |z|%e,,+1 of the sphere is a bi-Lipschitz parametrization
with bi-Lipschitz constant converging to 1 on the balls Bs(m)( 9x(146,))" Thus, for k > 1,

the rescaled sets Hj, = G, /Uy are (2K, 11 /2)-almost minimizers of the functionals

- 19%(2 . VH)2

—d nfl'
-z 7

Moreover the sets Hj, are converging in Haudorff distance to the unit ball B;n). By ap-
plying the analogous of Theorem 5.11 to the above functionals (with estimates uniform
in k, since the integrands are approachmg 1 in C? on K x S™~! for any compact set
K c R™), we then conclude that the sets Hj, converge in C'™ to the unit ball B(n) for any
0 < a < 1/2. In particular, there exist functions wy, converging to zero in C' L a(gn=t),
such that B
OHy = {w(l + wi(w)) : we S" 1},
and hence
Gy = {9pw(l +wp(w)): we S

arcsin[9y (14w )] —Yk
v

. , also the functions @y, converge to 0 in C1®(S"~1)

Setting now wy, =
and we have

Gy, = {(w,0) sin[dy, (1 + @i (w))] + ent1 cos[Ix (1l + Wi (w))] : w € S"il}.

Moreover, since By, (1-5,) C Gr C By, (1+s,) for some d; | 0, we may apply
Lemma 2.9, thus getting that if p; is a barycenter of G, then ﬁ,;ldist(pk, ént1) — 0.
Therefore, after rotating the sets G, so that they all have barycenter at e, 11, we may
assume that

Gy, = {(w,0) sin[Ux (1 + v (w))] + €nt1 cos[Vi (1 + v (w))] : w € S,

for a new sequence of functions vy, still converging to zero on C1*(S™~1). Finally, setting
uy, = %(1 +vg) — 1 — 0, we see that OG, can be written in the form
k

Gy, = {(w,0) sin[U} (1 + up(w))] + ent1 cos[P (1 4+ ug(w))] : w € S*7 1.

Having arrived at this stage the contradiction can be obtained exactly as in Section 6.3.5.

6.5. The case ¥, = 0 and 1, > 0. In this case the proof differs completely from those
ones of the two previous cases.

6.5.1. Localization. Without loss of generality we may assume that
(6.12) E C BRoﬁk (pk) for all k,

for some point p;, € S™, where R, = 2R and R is the radius provided by Lemma 4.1. In
fact, if (6.12) does not hold we apply Lemma 4.1 and find a sequence of sets £} C Ej, of
measure | | = |By, | with 0}, € [0)/2,J;]. Moreover, the new sets [, are contained in
a ball of radius Rv. Then, we have

Ej, C Bry, (p) C Br,oy (pr) ~ forall k.
Moreover, the estimate (4.1); from Lemma 4.1 ensures for k£ > 1 that

B(Ey)? < B(E,)* + CD(Ey) + C(9,D(Ey)) =
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n—1
=D(E) 0! o, A(DE)\ T 0! 2
6.13)  =B(E)*+C Ey)*+C : Ep)%
n—1
Recalling (6.2) and the fact that the ratio % converges to 1/n, < oo (recall the defi-

nition (6.8)) we can re-absorb the second and the third term of the right-hand side on the
left-hand side and obtain for k& > 1 that

B(Ex)* < 2B(E})”.
In turn we now apply (4.1), from Lemma 4.1, (6.3) and the last inequality to obtain
(6.14) D(Ej}) < CD(Ey) < CC18(Ey)* < 2CC1B(E})?,
where C is the constant provided by Lemma 4.1. Moreover, combining the first line in
(6.13) with (6.2), we get
(6.15) liminf 9, "B(EL)* > n,.
k—o0

In conclusion, up to writing E}, in place of Ej, and 9}, in place of 1}, we may assume that
our sets E satisfy the conditions (6.12), (6.14) and (6.15).

6.5.2. The strategy of the proof. Since the sets Ej, are contained in By, (px), we may
conclude by Lemma 2.4 that all its centers are contained in Bag, v, (pr). Therefore, by
rotating the centers py to e,1, we may assume without loss of generality that £}, has a
center at e,,+1 and that Ey, C Bspg_ 9, (€nt1)-

Next, by Ek we denote the projection of Ej; on the plane {x,,+; = 0}. In the following
we shall denote by P(FE) the standard euclidean perimeter, by D(E) = P(E) — P(B,(,")),
where |B£")| = | E|, the usual isoperimetric gap, and by G(FE) the oscillation index in the
euclidean case (see [15]). We recall that

B(E)* = P(E) — max " (E;w),

where )
(B w) = / L
B |z —wl
In [15] it is proved that for any set E C R"™ of finite measure and of finite perimeter the
sharp quantitative isoperimetric inequality
(6.16) Co(n)B*(E) < D(E),
holds true with some positive constant C,(n) < 1.

Let us now denote by 7, the radius of a ball Bﬁ:) C R™ such that |E},| = |B£Z) |. Then,
we have

D(E}) = P(Ey) — P(By,)
= D(Ey) + P(ER) — P(B) + nion (™ = sin™ 03
> Cu(Ee)? + [P(Ey) — P(Ei)] + nuwn (1~ — sin™9,),

where C, is the constant appearing in (6.16). Now, by z; we denote a point in R™ having
the property that

(6.17) B(E)? = P(Eg) — 7™ (Eg; zp).

Then, from the second last inequality and the fact that E;, has a center at the north pole
en+1, we conclude that

(6.18) D(E) > CoB(By)* + (1~ Co)[P(Ex) — P(B)] + niwn (" — sin" 1))

+(n—1)(}0[ T Cntl d%"—/ dz}.

B, V1= (T ent1)? B 12 — 2l
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= C,B(Ey)? + Ij + 11, + 111y,
with the obvious labeling of the terms I, I, and III;. We claim that
(6.19) I >0, lim ¢, "I =0,  liminfd, "II; > 0.
k—o0 k—o0
Once the claim will be established the proof can be easily completed observing that (6.18),
(6.17) and (6.15) imply for k large the lower bound
D(Ey) > CoB(Ey)* + I + 1L, > 1C,B(Ex)? + 1Conoty ™! + 11, + 111,
> LCB(E) + 03 (§Como + 0" + 017" ) > LCoB(E)*.
But this contradicts (6.14) provided we choose C; < C,/(4C) and finishes the proof in
this case.

6.5.3. Estimate of I, and IIj.. The estimate (6.19); follows by an application of the area
formula. In fact, we have

P(E,) — P(E -Eve) s
1_00* (k)i (k)/zS*Ek|: 1—|Z|2 :| z 2 U.

To estimate II;, we use in turn the definition of r;, and the fact that £, C Bsg_ g, , which

implies Ei C Bég 9, - This leads us to

/1 2 1— 2
wpTp = |Ek| / |Z| N 7|Z‘ dz
By, E

V1I-]z? Izl2 B 11z
> (1-9R29}) / ———— = (1 - 9R20})|Ex|.
Ey, 1- |Z|2

Therefore we can conclude that
(1 - 9Rg19i)|Ek| S wnrﬁ = |Ek| S ‘Ek|,

so that
'19k '(9k
n(l— 9R319%) / sin" todo <rp < n/ sin" ! o do.
0 0
In particular, since ¥y, — 0, we conclude that
r
lim — =1,
k— o0 19k
which easily implies that
sin" "t — 7t
lim | Kk [ _,
k—o0 191@

proving the second inequality in (6.19).

6.5.4. Estimate of III};. In this final step we denote by c a generic constant that may change
from line to line depending only on R, and n, but not on k. First, by rotating the sets EJ,
around the origin we may assume that there exists w, € S™~! such that

2k = Wo SIn Py,

for a suitable angle ¢, > 0. Since Ep C B3R o, and z € B3R 9, We get also that
0 < ¢ < 6R,Vk. We now define

Yk = (Wo, 0) sin ¢k + ep41 COS Y.
Let ¢ € (0, 1) fixed to be chosen later in the proof. By @6 (w,) we denote the cone
{z € Ry, o wo > 1-— e} and by Q¢(w,) its complement. Similarly, writing points
x € S™ in the form = = (w,,0) sin @, + e,41 cos p, we define Q. (w,) := {x € S :
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Wy w, > 1—e}. By Q¢(w,) we denote its complement in S™. These sets can be considered
as cones in the sphere. Recalling that E, is centered at e,,+; we find that

1 : d
(6.20) LI T Y 2y / 2

> d —_—
Co(n_l) Er \/ 1—($'yk)2 Es, |Z—Z’f‘
_ / - Yk dH / dz
E10Qe(wo) V1 — (T yk)? BrnGe(wo) 12 — 2l

dz

+ / T g / ~
EnQi(w,) V1 — (T y)? Brn@e(w,) 12 — 2k

= 1 + Ml 5.

Now, since z;, € Bégﬁk’ Yr € Bor, v, and Ej, C ngﬁk and z -y > O for any = € E},
we have

(6.21) 1 > —/ L

| BGY . (20)n@e(wo) 12— 2k
To estimate this integral, we denote by 7, the orthogonal projection of R" onto the hy-
perplane in R™ passing through the origin and orthogonal to w,. For r > 0 we set
Cr = {z € R" : |m,(2)| < r}. Then, C, is the cylinder whose axis of symmetry is
given by w,R and whose cross section is an (n — 1)-dimensional disk of radius r. Note
that if z € Bé}?gm (z£) N QVE (wy), then

[mo(2)[* = 27 = (wo - 2)* < |2]* — (1 = €)?|2]* < 2e2|* < 13°Rvge.

This however implies that Bégoﬂk (z1) N Qe(wo) C Ci3R, 9,z Since zi lies in the
symmetry axis of the cylinders C,. by construction we have C, — 2z, = C,. so that (6.21)
can be estimated from below in the form

dz
622) My > — / =
B((;);)Df)k(zk)mcl.%Roﬁk\/E |Z - Zk'
- g [ du
= = k .
Bé’;)ookmclmoﬁkﬁ |2| B{Y NCisr, vz lw|

Now, we turn our attention to the term IIlj, o for which we have

1 d
(623) Iy, > [ / . — /~ ~ -
EnQe(wo) V1 — (- yk) BunQe(wo) |2 — 2kl/1 = |2

Sy — 1
+ / T Yk : dH"
EnQi(wo) V1 — (k)
(6.24) = Il 3 + 1, 4,
with the obvious meaning for IIIj, 4 and Il 3. We first treat the term III,, 4. Recalling the

inclusion Ej, C Bsp_yp, and the fact that ¢, < 6R,V), we estimate for k large enough the
term III;, 4 as follows:

| sin @, sin @y | + | cos @, cos or, — 1|

(6.25) T, 4| < / '
FEp 1- (IZ’ : yk)z
d n
< cR29? L < cR293~y(Ey; yr)

< cR293P(E) = cR292 [D(Ey) + P(By,)] < cR20;.

In the last inequality we used (6.2); moreover in the second last line we used the fact that
~v < P which is a consequence of the very definition of «, cf. (2.5). At this stage it
remains to estimate the term III;, 3. In the sequel we use the following short hand notation:

S =siny,, Sy =sSin Yy, € = COSY,;, Ck = COSPL, O = Wy * Wp.
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Using the area formula and noting that Q¢(w,) = {0 < 1 — ¢} in our short hand notion
we find that

1 1
I 3 = / { — dH"
Bunfo<i-e} L\/1—(0ssg +cci)?  \/s2 +s7 — 20ss;,
Then, using the elementary inequality
1 1 |b—al
Va Vbl T bal
we obtain, after some calculations,
M s > _/ |s?s%(1 4 0%) + 2ossy,(cc, — 1) dH"
Ennf{o<i—c} \/1 — (ossg + cci)?(s? +s? — 20ssy)
_1/ |s?s%(1 + 0?) + 20ssy(cc, — 1)
" € JBinfo<i—e} /1 — (ossy, + ccy)2(s? +57)
1 1+0%)+2 -1
jssi(1 4 0%) + 20(cer — 1) ..

- _i Ern{o<l—e} \/1 — (OSSk + CC;C)2
o R / 1 > _cRIZP(Ey) _cRﬁﬁZ“.

- € B, /1 —(x-yg)? - € - €

Joining this last inequality with the estimates (6.20) — (6.25) we see that also the third

inequality in (6.19) holds true by letting first & — oo and then € — 0%. This finishes the
proof in the case ¥, = 0 and 1, > 0. m]
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