
A QUANTITATIVE ISOPERIMETRIC INEQUALITY ON THE SPHERE
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ABSTRACT. In this paper we prove a quantitative version of the isoperimetric inequality
on the sphere with a constant independent of the volume of the set E.

1. INTRODUCTION

Recent years have seen an increasing interest in quantitative isoperimetric inequalities
motivated by classical papers by Bernstein and Bonnesen [4, 6] and further developments
in [14, 18, 17]. In the Euclidean case the optimal result (see [16, 13, 8]) states that if E is
a set of finite measure in Rn then

(1.1) δ(E) ≥ c(n)α(E)2

holds true. Here the Fraenkel asymmetry index is defined as

α(E) := min
|E∆B|
|B|

,

where the minimum is taken among all ballsB ⊂ Rn with |B| = |E|, and the isoperimetric
gap is given by

δ(E) :=
P (E)− P (B)

P (B)
.

The stability estimate (1.1) has been generalized in several directions, for example to the
case of the Gaussian isoperimetric inequality [7], to the Almgren higher codimension
isoperimetric inequality [2, 5] and to several other isoperimetric problems [3, 1, 9]. In
the present paper we address the stability of the isoperimetric inequality on the sphere by
Schmidt [21] stating that if E ⊂ Sn is a measurable set having the same measure as a
geodesic ball Bϑ ⊂ Sn for some radius ϑ ∈ (0, π), then

P(E) ≥ P(Bϑ),

with equality if and only if E is a geodesic ball. Here, P(E) stands for the perimeter of E,
that is P(E) = Hn−1(∂E) if E is smooth and n ≥ 2 throughout the whole paper.

In view of the previously mentioned stability results the natural counterpart of (1.1)
would be the inequality

(1.2)
P(E)−P(Bϑ)

P(Bϑ)
≥ c(n)α(E)2,

where now the Fraenkel asymmetry index is defined by

(1.3) α(E) := min
|E∆Bϑ|
|Bϑ|

.

The minimum is taken over all geodesic balls Bϑ ⊂ Sn with |E| = |Bϑ|. Notice, that
we are denoting the Hn-measure of a set E by |E|. When compared with (1.1) inequality
(1.2), even if it looks similar, has a completely different nature; in fact (1.1) is scaling
invariant (i.e. invariant under homotheties), while there is no scaling at all on Sn. Indeed,
it would be quite easy to adapt one of the different arguments in the papers [16, 13, 8] in
order to prove (1.2) with a constant depending additionally on the volume of the set E, but
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blowing up as ϑ ↓ 0. In fact, the difficult case is when the setE has a small volume sparsely
distributed over the sphere. In this situation a localization argument aimed to reduce the
problem to the flat Euclidean estimate (1.1) cannot work.

To state our main result we introduce the oscillation index β(E) of a set E ⊂ Sn,

(1.4) β2(E) := 1
2 min
po∈Sn

∫
∂E

∣∣νE(x)− νBϑ(x)(po)(x)
∣∣2 dHn−1(x) ,

where νE(x) is the outer unit normal to E at the point x ∈ ∂E (contained in the tangent
plane to Sn at x, i.e. νE(x) · x = 0) and νBϑ(x)(po)(x) is the outer unit normal to the
geodesic ball Bϑ(x)(po) centered at po whose boundary passes through x. Note, that the
Fraenkel asymmetry α(E) measures the L1-distance between the set E and the optimal
geodesic ball of the same volume, while the oscillation index β(E) is a measure for the
distance between the distributional derivatives of χE and of χBϑ , where Bϑ is an optimal
geodesic ball in (1.4) of the same volume as E. Alternatively, the oscillation index can be
viewed as an excess functional between ∂E and ∂Bϑ. The two indices are related by a
Poincaré-type inequality (cf. Lemma 2.7), stating that

(1.5) β2(E) ≥ c(n)P(Bϑ)α2(E).

The main result of the present paper can now be formulated as follows:

Theorem 1.1. There exists a constant c(n) such that for any setE ⊂ Sn of finite perimeter
with volume |E| = |Bϑ| for some ϑ ∈ (0, π), the following inequality holds

(1.6) D(E) := P(E)−P(Bϑ) ≥ c(n)β2(E).

We mention that (1.6) is the counterpart for the sphere of a similar inequality proved in
[15], where a suitable definition of oscillation index in the euclidean case was introduced
for the first time. Note that as in the euclidean case by combining (1.6) with (1.5) immedi-
ately yields the stability inequality (1.2). On the other hand it is clear that (1.6) is stronger
than (1.2), since by Lemma 2.7

P(E)−P(Bϑ) ≤ β2(E).

As in [8, 15, 5] the starting point for the proof of Theorem 1.1 is a Fuglede-type stability
result aimed to establish (1.6) in the special case of sets E ⊂ Sn whose boundary can
be written as a radial graph over the boundary of a ball Bϑ(po) with the same volume.
To establish such a result one could follow in principle the strategy used in the Euclidean
case [14]. However, to deduce (1.6) for radial graphs with a constant not depending on
the volume needs much more care in the estimations (cf. proof of Theorem 3.1). The
main difficulty arises when passing from the special situation of radial graphs to arbitrary
sets. To deal with this issue we need to change significantly the strategies developed in
[8, 15, 5].

To explain where the major difficulties come from, we observe that the oscillation index
can be re-written (see (2.5)) in the form

β2(E) = P(E)− (n− 1) max
po∈Sn

∫
E

x · po√
1− (x · po)2

dHn−1 .

From this formula it is clear that the core of the proof is to provide estimates for the singular
integral

(1.7)
∫
E

x · po√
1− (x · po)2

dHn−1

and its maximum with respect to po, independent of the volume of E. This requires new
technically involved ideas and strategies; cf. the proofs of the Continuity Lemma 2.6, the
Slicing Lemma 4.1 and Subsections 6.4 and 6.5 from the proof of the Main Theorem 1.1.
In fact, in the contradiction argument used to deduce (1.6) for general sets from the case
of a radial graph we need to show that all the constants are independent of the volume
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of E. The arguments become particularly delicate when the volume of E is small. In
this case inequality (1.6) shows a completely different nature depending on the size of the
ratio β2(E)/P(Bϑ). In fact, if |E| → 0 and also β2(E)/P(Bϑ) → 0, then E behaves
asymptotically like a flat set, i.e. a set in Rn and inequality (1.6) can be proven by reducing
to the euclidean case, rescaling and then arguing as when E has large volume. However,
the most difficult situation to deal with is when |E| → 0 and β2(E)/P(Bϑ) → ηo > 0.
This case has to be treated with ad hoc estimates for the singular integral (1.7).

2. PRELIMINARIES

2.1. Geodesic balls and spheres in Sn. For a fixed point po ∈ Sn the geodesic distance
of a point x ∈ Sn to po is given by

distSn(x, po) = arccos(x · po).
Here x · po denotes the usual Euclidean scalar product of the ambient space Rn+1. In
case that in the context the center po is fixed we use the short hand notation ϑ(x) ≡
distSn(x, po). The open geodesic ball Bϑo(po) := {x ∈ Sn : distSn(x, po) < ϑo} of
radius ϑo ∈ (0, π) centered at po can be parametrized by

Bϑo(po) ≡
{
ω sinϑ+ po cosϑ : ϑ ∈ [0, ϑo), |ω| = 1, ω ⊥ po

}
.

The boundary of the geodesic ball Bϑo(po), i.e. the geodesic sphere Sϑo(po) := {x ∈
Sn : distSn(x, po) = ϑo} centered at po with geodesic radius ϑo, is then parametrized by

Sϑo(po) ≡
{
ω sinϑo + po cosϑo : |ω| = 1, ω ⊥ po

}
.

In case that the center po is the north pole en+1 we simply write Bϑo := Bϑo(en+1) and
Sϑo := Sϑo(en+1). The volume of geodesic balls and the area of geodesic spheres are
given by

Hn−1(Sϑo(po)) = nωn sinn−1 ϑo and |Bϑo(po)| = nωn

∫ ϑo

0

sinn−1 σ dσ.

Here and in the following we denote by |E| theHn-measure of a subset E of Rn+1. In the
sequel we shall need several times the following simple lemma.

Lemma 2.1. For po ∈ Sn and 0 ≤ ϑ1 < ϑ2 ≤ π
2 we have

nωn
2

(
ϑ2

π

)n−1
(ϑ2 − ϑ1) ≤ |Bϑ2

(po) \Bϑ1
(po)| ≤ nωnϑn−1

2 (ϑ2 − ϑ1)

and
Hn−1(Sϑ2(po))−Hn−1(Sϑ1(po)) ≤ n(n− 1)ωnϑ

n−2
2 (ϑ2 − ϑ1)

Proof. The upper bound in the first inequality easily follows, since

|Bϑ2
(po) \Bϑ1

(po)| = nωn

∫ ϑ2

ϑ1

sinn−1 σ dσ ≤ nωnϑn−1
2 (ϑ2 − ϑ1).

Similarly, we get the lower bound

|Bϑ2(po) \Bϑ1(po)| ≥ nωn
∫ ϑ2

(ϑ1+ϑ2)/2

sinn−1 σ dσ

≥ nωn
2 sinn−1

(
ϑ2

2

)
(ϑ2 − ϑ1) ≥ nωn

2

(
ϑ2

π

)n−1
(ϑ2 − ϑ1).

Finally, the second inequality is obtained as follows:

Hn−1(Sϑ2(po))−Hn−1(Sϑ1(po)) = n(n− 1)ωn

∫ ϑ2

ϑ1

sinn−2 σ cosσ dσ

≤ n(n− 1)ωnϑ
n−2
2 (ϑ2 − ϑ1).

This finishes the proof of the lemma. �
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By νBϑo (po) we denote the outer unit normal vector-field ofBϑo(po) along its boundary
sphere Sϑo(po). At a point x ∈ Sϑo(po) this vector-field is given by

νBϑo (po)(x) =
x− (x · po)po√

1− (x · po)2
cosϑo − po sinϑo =

(x · po)x− po√
1− (x · po)2

.

For a fixed geodesic sphere Sϑo(po) the nearest point retraction onto Sϑo(po) is defined on
Sn \ {po,−po}. It can be computed explicitly by

πBϑo (po)(x) =
x− (x · po)po√

1− (x · po)2
sinϑo + po cosϑo for x ∈ Sn \ {po,−po}.

Finally, for x ∈ Sn and a fixed center po ∈ Sn we recall that ϑ(x) ≡ distSn(x, po)
and therefore νBϑ(x)(po)(x) is the outer unit normal of the boundary of the geodesic ball
Bϑ(x)(po) with x ∈ Sϑ(x)(po).

2.2. Sets of finite perimeter on Sn. Throughout the paper we shall freely use concepts
and results for sets of finite perimeter in the sphere whenever their adaptation from the
Euclidean setting to the sphere setting is straightforward and does not show any particular
difficulties. Our notation follows [22, §37]. We consider integer multiplicity rectifiable
(n− 1)-currents T ∈ Rn−1(Rn+1) with sptT ⊂ Sn and such that

T = ∂[[E]]

holds true, where E is an Hn-measurable subset of Sn. For such currents T we have
that if ψ : Rn+1 ⊃ U → W ⊂ Rn+1 is a C2 diffeomorphism such that ψ(U ∩ Sn) =
W ∩ (Rn ×{0}) =: G, then ψ(E ∩U) has locally finite perimeter in G. Moreover, any T
as above satisfying MU (T ) = M(∂[[E]]xU) <∞ whenever U b Rn+1, is automatically
an integer multiplicity rectifiable current with Θn(T, xo) = 1 for µT -a.e. xo ∈ Rn+1. Sets
E with the above property are termed sets of finite perimeter in Sn. Here µT stands for
the total variation measure of ∂[[E]]. Other abbreviations which are used in the literature
are ‖∂[[E]]‖ or ‖∂χE‖. By the Riesz representation theorem we know that there exists a
‖∂χE‖-measurable tangential vector-field ν : Sn 3 x 7→ ν(x) ∈ TxSn with |ν(x)| = 1
for ‖∂χE‖ almost every x, such that∫

E

divSng dHn =

∫
Sn
g · ν‖∂χE‖

holds true whenever g is a smooth tangential vector-field on Sn. This allows us to define
for sets E ⊂ Sn of finite perimeter the reduced boundary ∂∗E as the set of those points
xo ∈ Sn for which the limit

νE(xo) := lim
%↓0

∫
B%(xo)

νd‖∂χE‖
‖∂χE‖(B%(xo))

exists and satisfies |νE(xo)| = 1 and νE(xo) ∈ TxoSn. The De Giorgi structure theorem
on the sphere then states that ∂∗E is countably (n−1)-rectifiable and that the total variation
measure ‖∂χE‖ is supported on ∂∗E, that is ‖∂χE‖ = Hn−1x∂∗E. Moreover, the
Gauss-Green theorem holds true in the following form:

(2.1)
∫
E

divSng dHn =

∫
∂∗E

g · νEdHn−1

whenever g is a smooth tangential vector-field on Sn (cf. [22, p. 46 (7.6)]).
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2.3. Isoperimetric inequalities on the sphere. The isoperimetric property of geodesic
balls goes back to Schmidt [21] and ensures that for any set E ⊂ Sn of finite perimeter
with |E| = |Bϑo | and 0 < ϑo < π there holds

(2.2) P(Bϑo) ≤ P(E).

Equality occurs in (2.2) if and only if E is a geodesic ball with radius ϑo. Moreover, for
any set E of finite perimeter with P(E) = P(Bϑo) for some 0 < ϑo < π there holds

(2.3) |E| ≤ |Bϑo | or |Sn \ E| ≤ |Bϑo |.
Also in this case equality occurs if and only if E is a geodesic ball.

From (2.2) we can conclude two kinds of isoperimetric inequalities. The first one states
that for any set E ⊂ Sn of finite perimeter with |E| ≤ |Bϑo | and 0 < ϑo ≤ π

2 there holds

|E| ≤ |Bϑo |
P(Bϑo)

n
n−1

P(E)
n
n−1 .

We note that the mapping

(0, π) 3 ϑ 7→ cn(ϑ) :=
|Bϑ|

P(Bϑ)
n
n−1

is non-decreasing. For more details we refer to [11, 2.5]. The second isoperimetric in-
equality following from (2.2) is a linear one. This inequality states that for any set E ⊂ Sn
of finite perimeter with volume 0 < |E| ≤ |Bϑo | < |Sn| there holds

|E| ≤ |Bϑo |
P(Bϑo)

P(E).(2.4)

We note that the function

(0, π) 3 ϑ 7→ Qn(ϑ) :=
|Bϑ|

P(Bϑ)

is non-decreasing with Qn(ϑ) ↓ 0 as ϑ ↓ 0 and Qn(ϑ) ↑ ∞ as ϑ ↑ π. Finally, we state the
relative isoperimetric inequality on the sphere. The proof goes as in the Euclidean case.

Lemma 2.2 (Relative isoperimetric inequality). There exists a constant c = c(n) such that
for any po ∈ Sn and r ∈ (0, π2 ] and any set G ⊂ Sn of finite perimeter there holds

min
{
|Br(po) ∩G|, |Br(po) \G|

}n−1
n ≤ cP(G;Br(po)).

Here, P(G;Br(po)) denotes the perimeter of G in Br(po).

2.4. The oscillation index. In this section we define for a set E ⊂ Sn of finite perimeter
with volume |E| ∈ (0, |Sn|) its L2-oscillation index of the unit outer normal relative to
a geodesic ball Bϑo(po) of the same volume, i.e. |E| = |Bϑo(po)|, by the following
construction. Since we can not compare the unit outer normal νE(x) of the set E in a
point x ∈ ∂∗E, which is contained in the tangent space TxSn, directly with the unit outer
normal νBϑo (po)(π(x)) of the geodesic ball of the same volume at the nearest point π(x),
which is contained in Tπ(x)S

n, we need to use the parallel transport along geodesics in Sn,
which are given by great circles. Let Px,y : TxS

n → TyS
n denote the parallel transport of

tangent vectors. Then Px,π(x)νE(x) is tangent to Sn at π(x). Since the parallel transport
is an isometry between the tangent spaces we have

|Px,π(x)νE(x)− νBϑo (po)(π(x))| = |νE(x)− Pπ(x),xνBϑo (po)(π(x))|
= |νE(x)− νBϑ(x)(po)(x)|,

where we used the short-hand notation ϑ(x) = arccos(x · po) from Section 2.1. The
L2-oscillation index of E relative to Bϑo(po) is then defined by

β(E; po) :=

[
1
2

∫
∂∗E

∣∣νE(x)− νBϑ(x)(po)(x)
∣∣2 dHn−1(x)

] 1
2

.
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Here ∂∗E denotes again the reduced boundary of E and νE its outer unit normal. Taking
the infimum with respect to all geodesic balls Bϑo(po) we finally define the L2-oscillation
index of E by

β(E) := min
po∈Sn

β(E; po).

To derive an alternative – and sometimes more useful – expression for the oscillation
index we firstly re-write the oscillation index as follows:

β2(E; po) =

∫
∂∗E

1− νE(x) · νBϑ(x)(po)(x) dHn−1(x)

= P(E)−
∫
∂∗E

νE(x) · νBϑ(x)(po)(x) dHn−1(x).

To proceed further, we recall that

Y (x) := νBϑ(x)(po)(x) =
(x · po)x− po√

1− (x · po)2
.

Note that νBϑ(x)(po)(x) · x = 0. By the Gauss-Green theorem (2.1) for sets of finite
perimeter on submanifolds we obtain∫

∂∗E

νE · Y dHn−1 =

∫
E

divSnY dHn.

Next, we compute the tangential divergence divSnY of the vector-field Y . We obtain

divSnY =

n∑
i=1

τi ·DτiY

=

n∑
i=1

τi ·
[

(τi · po)x+ (x · po)τi√
1− (x · po)2

+
(
(x · po)x− po

) (x · po)(τi · po)√
1− (x · po)2

3

]

=

n∑
i=1

[
x · po√

1− (x · po)2
− (x · po)(τi · po)2√

1− (x · po)2
3

]
=

(n− 1)(x · po)√
1− (x · po)2

.

Inserting this above, we finally arrive at

β2(E; po) = P(E)− γ(E, po),

where

γ(E; po) := (n− 1)

∫
E

x · po√
1− (x · po)2

dHn.

Taking the minimum over all points po ∈ Sn we infer that

β2(E) = P(E)− γ(E),(2.5)

where we have abbreviated

γ(E) := max
po∈Sn

γ(E; po).(2.6)

We note that in the case of a geodesic ball E ≡ Bϑo(po) on the sphere we have

(2.7) γ(Bϑo(po)) = P(Bϑo(po)).

Definition 2.3. A set of finite perimeter E ⊂ Sn is centered at a point po ∈ Sn if

β2(E) = β2(E; po).
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We note that in general the center of a set is not uniquely defined, since there may
be several of those points. In points po where the set E is centered, the function po 7→
γ(E; po) takes its maximum and hence γ(E) = γ(E; po). We continue with two simple
auxiliary lemmas.

Lemma 2.4. If E ⊂ Bϑo with ϑo ∈ (0, π2 ] then every center po of E is contained in B2ϑo .

Proof. Assumed that po 6∈ B2ϑo , then for all x ∈ E we have distSn(x, po) >
distSn(x, en+1). Hence x · po < x · en+1 and thus γ(E; po) < γ(E; en+1), a contra-
diction to the maximality of the center. �

Lemma 2.5. For any set G ⊂ Sn of finite perimeter and any po ∈ Sn we have∫
G

|x · po|√
1− (x · po)2

dHn(x) ≤ c(n) |G|
n−1
n

Proof. We choose a radius ϑ such that |Bϑ(po)| = |G| . Using the fact that |x ·
po|/

√
1− (x · po)2 becomes larger when x gets closer to either po or −po and recalling

(2.7) we find that∫
G

|x · po|√
1− (x · po)2

dHn(x) ≤ 2

∫
Bϑ(po)

|x · po|√
1− (x · po)2

dHn = 2
n−1 P(Bϑ(po))

≤ c(n) |Bϑ(po)|
n−1
n = c(n) |G|

n−1
n .

This proves the claimed estimate. �

The next lemma shows that the centers depend continuously on the set under consider-
ation with respect to L1-convergence.

Lemma 2.6 (Continuity of centers with respect to the L1-topology ). For every ε > 0
there exists δ(n, ε) > 0 such that there holds: If G ⊂ Sn is a set of finite perimeter
satisfying |G∆Bϑo(po)| < δϑno , with ϑo ∈ (0, π2 ], then distSn(yG, po) < εϑo holds true
for any center yG of G.

Proof. We argue by contradiction assuming that there exist ε ∈ (0, 1) and sets Gk ⊂ Sn

of finite perimeter and radii ϑk ∈ (0, π2 ], k ∈ N, such that

(2.8)
|Gk∆Bϑk(po)|

ϑnk
→ 0 as k →∞, and distSn(yk, po) ≥ 2εϑk for all k,

where yk is a center of Gk for k ∈ N. Without loss of generality we can also assume that
ϑk → ϑo ∈ [0, π2 ] and yk → yo. Since yk is a center for Gk, by maximality of γ(Gk; ·)
we have that

(2.9)
∫
Gk

x · po√
1− (x · po)2

dHn ≤
∫
Gk

x · yk√
1− (x · yk)2

dHn.

We claim that

(2.10) lim
k→∞

1

ϑn−1
k

[∫
Gk

x · po√
1− (x · po)2

dHn −
∫
Bϑk (po)

x · po√
1− (x · po)2

dHn
]

= 0.

By Ik we denote the quantity in the limit in (2.10). Using Lemma 2.5 we get

|Ik| ≤
1

ϑn−1
k

∫
Gk∆Bϑk (po)

|x · po|√
1− (x · po)2

dHn

≤ c(n)

ϑn−1
k

|Gk∆Bϑk(po)|
n−1
n = c(n)

(
|Gk∆Bϑk(po)|

ϑnk

)n−1
n

.

Together with the first convergence in (2.8) this proves the claim (2.10).
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Next we consider the right-hand side of (2.9). Similarly to (2.10) from above, we now
claim that

(2.11) lim
k→∞

1

ϑn−1
k

[∫
Gk

x · yk√
1− (x · yk)2

dHn −
∫
Bϑk (po)

x · yk√
1− (x · yk)2

dHn
]

= 0.

To this aim we choose rotations Tk ∈ SO(n) which take the great circle passing through
po and yk into itself and such that Tkyk = po. Again, passing to a subsequence we may
assume that Tk → T ∈ SO(n). By a change of variable we rewrite the quantity in the
square brackets as∫

Tk(Gk)

x · po√
1− (x · po)2

dHn −
∫
Tk(Bϑk (po))

x · po√
1− (x · po)2

dHn.

Arguing almost exactly as in the proof of (2.10) we obtain (2.11).
Thus, putting together (2.9), (2.10) and (2.11), we conclude that

lim
k→∞

1

ϑn−1
k

∫
Bϑk (po)

x · po√
1− (x · po)2

dHn

≤ lim
k→∞

1

ϑn−1
k

∫
Bϑk (po)

x · yk√
1− (x · yk)2

dHn,(2.12)

holds true. In this step we possibly have to pass to a subsequence such that the limits on
both sides exist. We now distinguish between the cases ϑo > 0 and ϑo = 0.

The case ϑo > 0. In this case we get from (2.12) the inequality∫
Bϑo (po)

x · po√
1− (x · po)2

dHn ≤
∫
Bϑo (po)

x · yo√
1− (x · yo)2

dHn.

Applying the Gauß-Green theorem to both sides of the previous inequality we infer that∫
∂Bϑo (po)

1 dHn−1 ≤
∫
∂Bϑo (po)

νBϑo (po)(x) · νBϑ(x)(yo)(x) dHn−1(x).

But this inequality can only hold if yo = po, which gives the desired contradiction.
The Case ϑo = 0. To simplify the notation we assume without loss of generality that

po = en+1 and set wk := Tk(en+1). We write wk = ωk sinψk + en+1 cosψk, for some
ωk ∈ Sn−1 and some angle ψk > 0. From the second equation in (2.8) we conclude that
also distSn(wk, en+1) ≥ 2εϑk, hence

ψk ≥ 2εϑk for all k ∈ N.

Then, by performing a rotation around the Ren+1 axis, we may also assume that all the
wk lie on the same great circle through the north pole en+1, which means that there exist a
unique ωo ∈ Sn−1 such that there holds:

wk = ωo sinψk + en+1 cosψk for all k ∈ N.

Finally, observe that by a change of variable, we may rewrite∫
Bϑk (en+1)

x · yk√
1− (x · yk)2

dHn =

∫
Tk(Bϑk (en+1))

xn+1√
1− x2

n+1

dHn

=

∫
Bϑk (wk)

xn+1√
1− x2

n+1

dHn.

We now claim that

(2.13) lim
k→∞

1

ϑn−1
k

[∫
Bϑk

xn+1√
1− x2

n+1

dHn −
∫
Bϑk (wk)

xn+1√
1− x2

n+1

dHn
]
> 0,

where we use the short hand notation Bϑk instead of Bϑk(en+1). Together with (2.12) this
will give the final contradiction.



9

Note now that wk → en+1 as k → ∞. In fact, if this were not true there would exist
ψo ∈ (0, π2 ) such that ψk > ψo for infinitely many k. But this is not possible because in
this case we would have

lim
k→∞

1

ϑn−1
k

∫
Bϑk

xn+1√
1− x2

n+1

dHn = lim
k→∞

P(Bϑk)

(n− 1)ϑn−1
k

=
nωn
n− 1

while, on the other hand, we would have also

lim sup
k→∞

1

ϑn−1
k

∫
Bϑk (wk)

xn+1√
1− x2

n+1

dHn ≤ lim sup
k→∞

|Bϑk(wk)|
ϑn−1
k

cot(ψo − ϑk) = 0,

thus contradicting at once (2.12).
Since the function [0, 1) 3 t 7→ t/

√
1− t2 is increasing, the worst case in which to

prove (2.13) is when the angle ψk is precisely equal to εϑk. Therefore, from now on we
assume that

wk = ωo sin(2εϑk) + en+1 cos(2εϑk) for all k ∈ N.

In order to prove (2.13), we first observe that

lim
k→∞

1

ϑn−1
k

∫
Bϑk (wk)

xn+1√
1− x2

n+1

dHn = lim
k→∞

1

ϑn−1
k

∫
Bϑk (wk)

1√
1− x2

n+1

dHn

holds true and moreover, that a similar identity is valid for the first integral in (2.13). To
prove the equality above, it is enough to observe that since wk → en+1 as k →∞ we have

0 <
1

ϑn−1
k

∫
Bϑk (wk)

1− xn+1√
1− x2

n+1

dHn =
1

ϑn−1
k

∫
Bϑk (wk)

√
1− xn+1√
1 + xn+1

dHn ≤ c ϑk,

for some positive constant c independent of k. In view of this observation, the claim (2.13)
reduces to

lim
k→∞

1

ϑn−1
k

[∫
Bϑk

1√
1− x2

n+1

dHn −
∫
Bϑk (wk)

1√
1− x2

n+1

dHn
]
> 0,

which in turn can be re-written in the form

lim
k→∞

1

ϑn−1
k

[∫
Bϑk\Bϑk (wk)

1√
1− x2

n+1

dHn

−
∫
Bϑk (wk)\Bϑk

1√
1− x2

n+1

dHn
]
> 0.

Writing the generic point in Sn in the form x = ω sinϑ+ en+1 cosϑ with ω ∈ Sn−1 and

ϑ ∈ [0, π], we observe that if x ∈ Bϑk(wk) \ Bϑk then
√

1− x2
n+1 = sinϑ > sinϑk.

Therefore, since |Bϑk \Bϑk(wk)| = |Bϑk(wk) \Bϑk |, we immediately have that∫
Bϑk\Bϑk (wk)

1√
1− x2

n+1

dHn −
∫
Bϑk (wk)\Bϑk

1√
1− x2

n+1

dHn

≥
∫
Bϑk\Bϑk (wk)

( 1

sinϑ
− 1

sinϑk

)
dHn.

Thus our claim will be proved if we establish that there holds:

(2.14) lim
k→∞

1

ϑn−1
k

∫
Bϑk\Bϑk (wk)

( 1

sinϑ
− 1

sinϑk

)
dHn > 0.
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In order to prove (2.14) we set Sε = {ω ∈ Sn−1 : ω · ωo ≤ −1 + ε}. Next we show that
the following implication holds true:

(2.15) ω ∈ Sε, ϑ ∈ (ϑk(1−ε), ϑk) ⇒ x = ω sinϑ+en+1 cosϑ ∈ Bϑk \Bϑk(wk)

In fact, since ϑ < ϑk we clearly have x ∈ Bϑk . To prove that x 6∈ Bϑk(wk) we have to
show that x · wk ≤ cosϑk. To this aim, observe that for k large enough we have

x · wk = ω · ωo sinϑ sin(2εϑk) + cosϑ cos(2εϑk)

≤ (−1 + ε) sin[ϑk(1− ε)] sin(2εϑk) + cos[ϑk(1− ε)] cos(2εϑk) < cosϑk.

Here, the last inequality follows by computing

lim
k→∞

cos[ϑk(1− ε)] cos(2εϑk)− cosϑk
(1− ε) sin[ϑk(1− ε)] sin(2εϑk)

=
2− 5ε

4(1− ε)2
< 1,

since ε ∈ (0, 1). Therefore, in order to prove (2.14) we are left with establishing that

lim
k→∞

Hn−1(Sε)

ϑn−1
k

∫ ϑk

ϑk(1−ε)

( 1

sinσ
− 1

sinϑk

)
sinn−1 σ dσ > 0.

An elementary calculation shows that the above limit is equal to Hn−1(Sε) multiplied by
the quantity

1− (1− ε)n−1

n− 1
− 1− (1− ε)n

n
= 1

2ε
2 + o(ε2) > 0,

provided ε is small enough. This concludes the proof of the lemma. �

Lemma 2.7. There exists a constant c = c(n) > 0 such that for any set E ⊂ Sn of finite
perimeter with |E| = |Bϑo | for some ϑo ∈ (0, π2 ] there holds

β(E)2 ≥ D(E) + c(n)ϑn−1
o α(E)2,

where D(E) is defined in (1.6) and α(E) in (1.3).

Proof. Let E ⊂ Sn be a set of finite perimeter which is centered at po ∈ Sn. Without loss
of generality we may assume that po is the north pole en+1. We use P(Bϑo) = γ(Bϑo) in
order to rewrite (2.5) in the form

(2.16) β(E)2 = P(E)− γ(E) = D(E) + γ(Bϑo)− γ(E).

In the following we consider the difference γ(Bϑo)−γ(E). By the definition of γ in (2.6)
and x · po = xn+1 we find

γ(Bϑo)− γ(E) =

∫
Bϑo\E

(n− 1)xn+1√
1− x2

n+1

dHn −
∫
E\Bϑo

(n− 1)xn+1√
1− x2

n+1

dHn.

Since |E| = |Bϑo |, we have

|Bϑo \ E| = |E \Bϑo | =: a.

Next, we choose radii 0 ≤ r < ϑo < R ≤ π such that |BR \Bϑo | = a = |Bϑo \Br|; this
means that we have ∫ R

ϑo

sinn−1 σ dσ =
a

nωn
=

∫ ϑo

r

sinn−1 σ dσ.

Since xn+1 ∈ [−1, 1] decreases if the distance of x from en+1 increases, we can use the
following argument to estimate the first integral of the right-hand side in the identity for
γ(Bϑo)− γ(E) as follows: Since by the choice of r we have |Bϑ0

\Br| = |Bϑo \E| and
moreover since the function (−1, 1) 3 t 7→ t/

√
1− t2 is strictly increasing we conclude∫

Bϑo\E

(n− 1)xn+1√
1− x2

n+1

dHn ≥
∫
Bϑo\Br

(n− 1)xn+1√
1− x2

n+1

dHn.
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A similar argument yields∫
E\Bϑo

(n− 1)xn+1√
1− x2

n+1

dHn ≤
∫
BR\Bϑo

(n− 1)xn+1√
1− x2

n+1

dHn.

We insert these inequalities in the above expression for γ(Bϑo)− γ(E) and arrive at

γ(Bϑo)− γ(E) ≥
∫
Bϑo\Br

(n− 1)xn+1√
1− x2

n+1

dHn −
∫
BR\Bϑo

(n− 1)xn+1√
1− x2

n+1

dHn

= n(n− 1)ωn

[ ∫ ϑo

r

cosσ sinn−2 σ dσ −
∫ R

ϑo

cosσ sinn−2 σ dσ

]
= nωn

[
2 sinn−1 ϑo − (sinn−1R+ sinn−1 r)

]
.

We now define the function

F (ϑ) := nωn

∫ ϑ

ϑo

sinn−1 σ dσ for ϑ ∈ (0, π).

Since ϑo = F−1(0), R = F−1(a) and r = F−1(−a) we can rewrite the last inequality in
the following form:

γ(Bϑo)− γ(E)

≥ nωn
[
2 sinn−1(F−1(0))−

(
sinn−1(F−1(a)) + sinn−1(F−1(−a))

)]
.(2.17)

Since sinn−1 ◦F−1 is uniformly concave in the interval (−|Bϑo |, |Sn| − |Bϑo |), for any
t, s ∈ [−a, a] we have that

sinn−1(F−1(t)) + sinn−1(F−1(s)) ≤ 2 sinn−1
(
F−1

( t+ s

2

))
− c(n, ϑo)|t− s|2,

where

c(n, ϑo) = 1
4 inf
t∈[−a,a]

(− sinn−1 ◦F−1)′′(t) =
n− 1

4n2ω2
n

inf
t∈[−a,a]

1

sinn+1 ◦F−1(t)
.

To conclude the desired estimate we need to control c(n, ϑo) in terms of ϑo. This can easily
be seen as follows: If π4 ≤ ϑo ≤ π

2 , we have c(n, ϑo) ≥ n−1
4n2ω2

n
, while, if 0 < ϑo <

π
4 , we

have a ≤ |Bϑo | ≤ F (2ϑo), hence sinn+1 ◦F−1(t) ≤ sinn+1(2ϑo) for all t ∈ [−a, a]. In
any case, we have established that there exists a constant κ(n) such that

c(n, ϑo) ≥
κ(n)

ϑn+1
o

for all ϑo ∈ (0, π2 ].

We use the preceding lower bound for the constant c in the inequality expressing the uni-
form concavity of sinn−1 ◦F−1 with t = a and s = −a. The resulting inequality we
afterwards insert into (2.17). In this way we obtain

γ(Bϑo)− γ(E) ≥ c(n)

ϑn+1
o

(2a)2 =
c(n)

ϑn+1
o

(
|Bϑo\E|+ |E\Bϑo |

)2
=

c(n)

ϑn+1
o

|E∆Bϑo |2.

Inserting the preceding inequality in (2.16) we find

β(E)2 ≥ D(E) +
κ(n)

ϑn+1
o

|E∆Bϑo |2 ≥ D(E) + c(n)ϑn−1
o α2(E).

In the last line we used the assumption that E is centered at en+1 and the definition of the
Fraenkel asymmetry (note that |E| = |Bϑo |). This proves the claim. �
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2.5. The barycenter. For a Cacciopoli set E ⊂ Sn we define the barycenter po ∈ Sn as
one of the minimizers of the mapping

Sn 3 p 7→
∫
E

dist2
Sn(x, p) dHn ≡

∫
E

arccos2(x · p) dHn.

We note that such minimizing po ∈ Sn always exists, and these minimizers are denoted
as barycenters of E. We note that there could be several barycenters. However, if E is
a ball centered at po, then po is the unique barycenter. Moreover, the integral above is
differentiable with respect to p. In a minimizing point po, i.e. when po is a barycenter, we
therefore can compute the tangential gradient with respect to p. This leads to the necessary
condition: ∫

E

[
x− (x · po)po

] arccos(x · po)√
1− (x · po)2

dHn(x) = 0.

In case a barycenter of E is the north pole en+1 the preceding condition reads as∫
E

arccosxn+1
(x1, . . . , xn, 0)√
x2

1 + · · ·+ x2
n

dHn(x) = 0.

Before stating the relevant properties of the barycenter that we shall need in the sequel, we
state the following simple

Lemma 2.8. If E ⊂ Bϑo with ϑo ∈ (0, π2 ] then every barycenter po of E is contained in
B2ϑo .

Proof. If po 6∈ B2ϑo then for every x ∈ E we would have that distSn(x, po) ≥ ϑo, hence∫
E

dist2
Sn(x, po) dHn ≥ ϑ2

o|E|.

On the other hand, since E ⊂ Bϑo , we have∫
E

dist2
Sn(x, en+1) dHn < ϑ2

o|E|,

a contradiction to the minimality of po. �

The next lemma deals with the continuity of the barycenter in a special situation that
will be useful in the proof of Theorem 1.1.

Lemma 2.9 (Continuity of barycenters). For every ε > 0 there exists δ > 0 such that
there holds: If G ⊂ Sn is a set of finite perimeter satisfying Bϑo(1−δ) ⊂ G ⊂ Bϑo(1+δ),
for some ϑo ∈ (0, π2 ], then distSn(po, en+1) ≤ εϑo for any barycenter po of G.

Proof. As in the proof of Lemma 2.6 we argue by contradiction assuming that there exist
ε ∈ (0, 1), finite perimeter sets Gk ⊂ Sn, radii ϑk ∈ (0, π2 ] and δk → 0, such that

(2.18) Bϑk(1−δk) ⊂ Gk ⊂ Bϑk(1+δk), and distSn(pk, en+1) ≥ 2εϑk for all k,

where pk is a barycenter for Gk. Passing to a subsequence we can assume without loss of
generality that ϑk → ϑo ∈ [0, π2 ] and pk → po as k → ∞. Since pk is a barycenter for
Gk, by minimality we have that

(2.19)
1

ϑn+2
k

∫
Gk

arccos2(x · pk) dHn ≤ 1

ϑn+2
k

∫
Gk

arccos2(x · en+1) dHn.

We claim that

(2.20) lim
k→∞

1

ϑn+2
k

[∫
Gk

arccos2(x · pk) dHn −
∫
Bϑk

arccos2(x · pk) dHn
]

= 0.

To prove the claim, we note that by Lemma 2.8, we have that pk ∈ B3ϑk for k large.
Therefore, denoting by Ik the quantity in the above limit, we immediately get

|Ik| ≤
1

ϑn+2
k

∫
Gk∆Bϑk

arccos2(x · pk) dHn ≤ c

ϑnk
|Gk∆Bϑk | ≤ c(n)δk,
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where we also used Lemma 2.1. For the last inequality we used (2.18)1. This proves (2.20).
Exactly in the same way we obtain

lim
k→∞

1

ϑn+2
k

[∫
Gk

arccos2(x · en+1) dHn −
∫
Bϑk

arccos2(x · en+1) dHn
]

= 0.

Joining the preceding identity with (2.20) and (2.19) we can conclude that

(2.21) lim
k→∞

1

ϑn+2
k

∫
Bϑk

arccos2(x·pk) dHn ≤ lim
k→∞

1

ϑn+2
k

∫
Bϑk

arccos2(x·en+1) dHn.

Here, we possibly have to pass to a subsequence such that the limits on both sides exist.
Having arrived at this stage we distinguish as in the proof of Lemma 2.6 between the cases
ϑo > 0 and ϑo = 0.

The caseϑo > 0. In this case the limits in (2.21) can be easily computed and we obtain
the inequality ∫

Bϑo

arccos2(x · po) dHn ≤
∫
Bϑo

arccos2(x · en+1) dHn.

The preceding inequality can only hold if po = en+1, and this gives the desired contradic-
tion since we must have dist(po, en+1) ≥ 2εϑo > 0.

The case ϑo = 0. We define wk := Tk(en+1). Here the rotations Tk ∈ SO(n)
are chosen to map the great circle passing through pk and en+1 into itself and such that
Tkpk = en+1. Again, passing to a further subsequence we can assume that Tk → T ∈
SO(n). Next, we write wk = ωk sinψk + en+1 cosψk with some ωk ∈ Sn−1 and some
angle ψk > 0. Notice that from (2.18)2 we have that also dist(wk, en+1) ≥ 2εϑk, hence

ψk ≥ 2εϑk for all k ∈ N.

By performing a rotation around the Ren+1 axis, we may also assume that there exists a
unique ωo ∈ Sn−1 such that

wk = ωo sinψk + en+1 cosψk for all k ∈ N.

Finally, by a change of variable, we can rewrite the integral appearing on the left-hand side
of (2.21) in the form∫

Bϑk

arccos2(x · pk) dHn =

∫
Bϑk (wk)

arccos2(x · en+1) dHn.

To obtain the final contradiction we establish now that the following inequality

(2.22) lim
k→∞

1

ϑn+2
k

[∫
Bϑk

arccos2(x·en+1) dHn−
∫
Bϑk (wk)

arccos2(x·en+1) dHn
]
< 0

holds true. Since the second integral increases when the distance of wk from en+1 in-
creases, the worst case in which we have to prove (2.22) is achieved when the angle ψk is
precisely equal to 2εϑk. Therefore, from now on we assume that there holds:

wk = ωo sin(2εϑk) + en+1 cos(2εϑk) for all k ∈ N.

Writing points in Sn in the form x = ω sinϑ+en+1 cosϑ with ω ∈ Sn−1, we observe that
if x ∈ Bϑk(wk) \ Bϑk then arccos(x · en+1) > ϑk. Therefore, since |Bϑk \ Bϑk(wk)| =
|Bϑk(wk) \Bϑk |, we immediately have that∫

Bϑk\Bϑk (wk)

arccos2(x · en+1) dHn −
∫
Bϑk (wk)\Bϑk

arccos2(x · en+1) dHn

≤
∫
Bϑk\Bϑk (wk)

(
ϑ2 − ϑ2

k

)
dHn.
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Therefore, the claim (2.22) will be true if we show that

(2.23) lim
k→∞

1

ϑn+2
k

∫
Bϑk\Bϑk (wk)

(ϑ2 − ϑ2
k) dHn < 0

holds true. To prove the preceding inequality we define as in the proof of Lemma 2.6
the set Sε = {ω ∈ Sn−1 : ω · ωo ≤ −1 + ε}. From (2.15) we recall that points x =
ω sinϑ+en+1 cosϑwith ω ∈ Sε and ϑ ∈ (ϑk(1−ε), ϑk) are contained inBϑk \Bϑk(wk).
Therefore, in order to prove (2.23) we are left with establishing that

lim
k→∞

Hn−1(Sε)

ϑn+2
k

∫ ϑk

ϑk(1−ε)
(ϑ2 − ϑ2

k) sinn−1 ϑ dϑ < 0

holds true. This is indead true, since a simple calculation shows that the above limit is
equal to

Hn−1(Sε)

[
1− (1− ε)n+2

n+ 2
− 1− (1− ε)n

n

]
= Hn−1(Sε)

[
− ε2 + o(ε2)

]
< 0,

provided ε is small enough. This finally concludes the proof of Lemma 2.9. �

3. FUGLEDE’S RESULT FOR NEARLY SPHERICAL SETS ON Sn

In this section we consider sets E ⊆ Sn which are nearly spherical in the sense that
the boundary of E is a radial graph over Sϑo . By this we mean that ∂E admits a global
Lipschitz parametrization X : Rn ⊃ Sn−1 → ∂E of the form

X(ω) = (ω, 0) sin[ϑo(1 + u(ω))] + en+1 cos[ϑo(1 + u(ω))], ω ∈ Sn−1.

To have X ∈ W 1,∞(Sn−1, Sn) we must impose that the scalar-valued function
u : Sn−1 → [−1, 1] is of class W 1,∞. We note that X(Sn−1) = ∂E, which means
that

(3.1) ∂E = {X(ω) : ω ∈ Sn−1}.

With respect to nearly spherical graphs on Sn we have the following

Theorem 3.1 (Fuglede’s theorem on the sphere). There exist constants c1 > 0 and εo ∈
(0, 1

2 ] only depending on n such that the following holds true: Suppose that E ⊆ Sn is a
nearly spherical set with barycenter at the northpole en+1 satisfying the volume constraint

|E| = |Bϑo |,(3.2)

for some ϑo ∈ (0, π2 ]. Furthermore, suppose that the function u ∈ W 1,∞(Sn−1) from the
global graph representation is Lipschitz continuous. If

(3.3) ‖u‖W 1,∞(Sn−1) ≤ εo,

then there holds

Hn−1(∂E)−Hn−1(Sϑo)

Hn−1(Sϑo)
≥ c1 ‖u‖2W 1,2 .(3.4)

Proof. The proof is divided into several steps.
Step 1. A parametrization of the set E. We consider the parametrization X̃ : Sn−1 ×

[0, ϑo]→ Sn of the set E defined by

X̃(ω, ϑ) := (ω, 0) sin[ϑ(1 + u(ω))] + en+1 cos[ϑ(1 + u(ω))]

for ω ∈ Sn−1 and ϑ ∈ [0, ϑo]. For simplicity we use the short hand notation s := sin[ϑ(1+

u)] and c := cos[ϑ(1+u)] and compute the derivativeDX̃ (with respect to the orthonormal
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basis τ1, . . . , τn−1 and en+1 in the tangent space to T(ω,ϑ)[S
n−1 × R] and the associated

orthonormal basis (τ1, 0), . . . , (τn−1, 0), (ω, 0), en+1 in Rn+1)

DX̃ =



s 0 . . . 0 0
0 s . . . 0 0
...

...
. . .

...
...

0 0 . . . s 0

cϑ∇τ1u cϑ∇τ2u . . . cϑ∇τn−1u c(1 + u)

−sϑ∇τ1u −sϑ∇τ2u . . . −sϑ∇τn−1
u −s(1 + u)


.

The last two lines of the matrix are linearly dependent, so that we obtain for the n-Jacobian
of X̃ that

[JX̃]2 = s2(n−1)c2(1 + u)2 + s2(n−1)s2(1 + u)2 = s2(n−1)(1 + u)2,

and hence

(3.5) JX̃ = (1 + u) sinn−1[ϑ(1 + u)].

Step 2. Consequence of the volume constraint (3.2). Using the expression for the
n-Jacobian of X̃ from (3.5), the volume constraint (3.2) can be rewritten in the form

0 =

∫ ϑo

0

∫
Sn−1

[
(1 + u) sinn−1[ϑ(1 + u)]− sinn−1 ϑ

]
dHn−1 dϑ.

In order to to derive an expansion of this integral in terms of u we define

F (ϑ) :=

∫ ϑ

0

sinn−1 s ds for ϑ ∈ [0, 2ϑo].

Then, in terms of F the volume constraint takes the following form:

0 =

∫
Sn−1

[
F
(
ϑo(1 + u)

)
− F (ϑo)

]
dHn−1

=

∫
Sn−1

[
F ′(ϑo)ϑou+ 1

2F
′′(ϑo)ϑ

2
ou

2

]
dHn−1 +R11

=

∫
Sn−1

[
ϑou sinn−1 ϑo + n−1

2 ϑ2
ou

2 sinn−2 ϑo cosϑo

]
dHn−1 +R11

= ϑo sinn−1 ϑo

∫
Sn−1

[
u+ n−1

2
cosϑo
sinϑo

ϑou
2
]
dHn−1 +R11,

where the remainder R11 is given by

R11 =
(n− 1)ϑ3

o

6

∫
Sn−1

u3
[
(n− 2) sinn−3(ϑo + τϑou) cos2(ϑo + τϑou)

− sinn−1(ϑo + τϑou)
]
dHn−1

= ϑo sinn−1 ϑo

∫
Sn−1

u3 (n− 1)ϑ2
o

6 sin2 ϑo

[
(n− 2) sinn−3(ϑo + τϑou)

sinn−3 ϑo

− (n− 1) sinn−1(ϑo + τϑou)

sinn−3 ϑo

]
dHn−1,

for some function τ on Sn with values in (0, 1). Therefore, we end up with∫
Sn−1

u dHn−1 = −n− 1

2

ϑo cosϑo
sinϑo

∫
Sn−1

u2 dHn−1 +R1,(3.6)

where due to the smallness condition (3.3) the remainder satisfies

|R1| ≤ c(n) εo‖u‖2L2
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for some positive constant c(n) independent of ϑo.
Step 3. Consequence of the barycenter constraint. From the barycenter condition,

i.e. the condition that the barycenter of E is the north pole en+1, we conclude that for
i = 1, . . . , n there holds:∫ ϑo

0

∫
Sn−1

ϑ(1 + u) JX̃ ωi dHn−1 dϑ = 0.

Using (3.5) for the n-Jacobian of X̃ we obtain∫ ϑo

0

∫
Sn−1

ϑ(1 + u)2 sinn−1[ϑ(1 + u)]ωi dHn−1 dϑ = 0(3.7)

for i = 1, . . . , n. We introduce another auxiliary function by setting

F (ϑ) :=

∫ ϑ

0

s sinn−1 s ds for ϑ ∈ [0, 2ϑo].

Then, (3.7) can be rewritten as∫
Sn−1

[
F (ϑo(1 + u)− F (ϑo)

]
ωi dHn−1 = 0(3.8)

for i = 1, . . . , n. Here, we also used the fact that
∫
Sn−1 ωi dHn−1 = 0. On the other hand,

by Taylor expansion we have

F (ϑo+ϑou)− F (ϑo) = ϑ2
ou sinn−1 ϑo +

ϑ2
ou

2

2

[
sinn−1(ϑo+τϑou)

+ (n− 1)(ϑo+τϑou) sinn−2(ϑo+τϑou) cos(ϑo+τϑou)
]

= ϑ2
o sinn−1 ϑo

[
u+ 1

2u
2 sinn−1(ϑo+τϑou)

sinn−1 ϑo

+
(n− 1)u2ϑo(1 + τu)

2 sinϑo
· sinn−2(ϑo+τϑou) cos(ϑo+τϑou)

sinn−2 ϑo

]
,

for some function τ on Sn−1 with τ ∈ (0, 1). Thus, inserting the right-hand side of the
preceding equality into (3.8) and recalling the smallness condition (3.3) we immediately
get a bound for the first order Fourier coefficients of u of the following form:∣∣∣∣ ∫

Sn−1

uωi dHn−1

∣∣∣∣ ≤ c(n) εo‖u‖L2 ∀ i = 1, . . . , n(3.9)

where c(n) is again independent on ϑo.
Step 4. The Jacobian of X . We compute the (n − 1)-Jacobian of X with respect

to an orthonormal basis τ1, . . . , τn−1 in the tangent space to TωSn−1 and the associated
orthonormal basis (τ1, 0), . . . , (τn−1, 0), (ω, 0), en+1 in Rn+1. We note that the first n
vectors are pairwise orthonormal in Rn × {0} ⊂ Rn+1. With the abbreviations s :=
sin[ϑo(1 + u)] and c := cos[ϑo(1 + u)], we then have

DX =



s 0 . . . 0
0 s . . . 0
...

...
. . .

...
0 0 . . . s

cϑo∇τ1u cϑo∇τ2u . . . cϑo∇τn−1u

−sϑo∇τ1u −sϑo∇τ2u . . . −sϑo∇τn−1
u


.

Since the last two lines of the matrix are linearly dependent, the 2× 2 minors of the asso-
ciated matrix (cϑo∇τu, sϑo∇τu) are zero and therefore we get for the (n− 1)-Jacobian
of X that

[JX]2 = s2(n−1) + s2(n−2)s2ϑ2
o|∇τu|2 + s2(n−2)c2ϑ2

o|∇τu|2
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= s2(n−1) + s2(n−2)ϑ2
o|∇τu|2

which is the same as

JX = sinn−1[ϑo(1 + u)]

√
1 +

ϑ2
o|∇τu|2

sin2[ϑo(1 + u)]
.(3.10)

At this stage the smallness condition we need to have is that ϑo(1+u) is uniformly bounded
below from 0. But this follows, since we impose a smallness condition (3.3) on u which
guarantees that ‖u‖L∞ ≤ 1

2 . By Taylor’s formula we have√
1 +

ϑ2
o|∇τu|2

sin2[ϑo(1 + u)]
= 1 +

1

2

ϑ2
o|∇τu|2

sin2[ϑo(1 + u)]
+R21,

where

|R21| ≤
1

8

ϑ4
o|∇τu|4

sin4[ϑo(1 + u)]
≤ 1

8

ϑ4
o|∇τu|4

sin4(ϑo/2)
≤ c ε2

o|∇τu|2,

for some universal constant c independent of ϑo and n. Here, we used the inequality
1/ sin2[ϑo(1 + u)] ≤ 1/ sin2(ϑo/2) which again follows from (3.3) since |u| ≤ 1/2 and
the fact that 0 < ϑo ≤ π

2 . In the preceding expansion we replace in the second term of the
right-hand side sin2[ϑo(1 + u)] by sin2 ϑo. The resulting error can be estimated by (3.3)
as follows:∣∣∣∣ 1

sin2[ϑo(1 + u)]
− 1

sin2 ϑo

∣∣∣∣ ≤ ∣∣∣∣ sin2 ϑo − sin2[ϑo(1 + u)]

sin2(ϑo/2) sin2 ϑo

∣∣∣∣
≤ 1

sin4(ϑo/2)

∣∣∣∣ ∫ 1

0

d

dτ
sin2[ϑo(1 + τu)] dτ

∣∣∣∣
≤ 2ϑo|u|

sin4(ϑo/2)

∫ 1

0

| sin[ϑo(1 + τu)|| cos[ϑo(1 + τu)| dτ

≤ cϑo|u|
sin3(ϑo/2)

≤ c εo

sin2 ϑo
,

again with some absolute constant c independent of ϑo and n. Inserting this above we
obtain the expansion√

1 +
ϑ2
o|∇τu|2

sin2[ϑo(1 + u)]
= 1 +

1

2

ϑ2
o|∇τu|2

sin2 ϑo
+R22,

with a remainder R22 for which the following bound holds true:

|R22| ≤ c εo|∇τu|2.
Using this expansion in the formula for the Jacobian JX we end up with

JX = sinn−1[ϑo(1 + u)]

[
1 +

ϑ2
o|∇τu|2

2 sin2 ϑo

]
+R2,(3.11)

where the remainder satisfies

|R2| ≤ c(n)εo sinn−1 ϑo |∇τu|2,(3.12)

for some positive constant c(n) not depending on ϑo.
Step 5. Lower bound for the isoperimetric gap. Using the expansion (3.11) for the

(n− 1)-Jacobian of X we can control the isoperimetric gap of ∂E from below by

Hn−1(∂E)−Hn−1(Sϑo) =

∫
Sn−1

(
JX − sinn−1 ϑo

)
dHn−1

=

∫
Sn−1

[
sinn−1[ϑo(1 + u)]

[
1 +

ϑ2
o|∇τu|2

2 sin2 ϑo

]
− sinn−1 ϑo +R2

]
dHn−1,
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where the remainderR2 fulfills the pointwise bound from (3.12). We use the abbreviations:
so = sinϑo, co = cosϑo. Using Taylor’s formula in order to expand the first factor of the
first summand we find that for a suitable τ ∈ (0, 1)

sinn−1[ϑo(1 + u)] =

= sn−1
o + (n− 1)ϑou s

n−2
o co + n−1

2 ϑ2
ou

2
[
(n− 2)sn−3

o − (n− 1)sn−1
o

]
+ n−1

6 ϑ3
ou

3 cos(ϑo + τϑou)

·
[
(n− 2)(n− 3) sinn−4(ϑo + τϑou)− (n− 1)2 sinn−2(ϑo + τϑou)

]
= sn−1

o + (n− 1)ϑou s
n−2
o co + n−1

2 ϑ2
ou

2sn−3
o

[
(n− 2)− (n− 1)s2

o

]
+ n−1

6 ϑ3
ou

3 cos(ϑo + τϑou) sinn−4(ϑo + τϑou)

·
[
(n− 2)(n− 3)− (n− 1)2 sin2(ϑo + τϑou)

]
= sn−1

o

[
1 +

(n− 1)ϑou co
so

+
(n− 1)ϑ2

ou
2

2s2
o

[
(n− 1)c2

o − 1
]

+
(n− 1)ϑ3

ou
3

6sn−1
o

sinn−4(ϑo + τϑou) cos(ϑo + τϑou)

·
[
(n− 2)(n− 3)− (n− 1)2 sin2(ϑo + τϑou)

]]
= sn−1

o

[
1 +

(n− 1)ϑou co
so

+
(n− 1)ϑ2

ou
2

2s2
o

[
(n− 1)c2

o − 1
]

+R31

]
,

holds true, where the remainder can be bounded by

|R31| ≤ c(n) |u|3 ≤ c(n) εo|u|2,

for a suitable constant c(n) depending only on the dimension. Inserting the preceding
identity into the formula for the isoperimetric gap above yields

Hn−1(∂E)−Hn−1(Sϑo)

= 1
2s
n−3
o ϑ2

o

[ ∫
Sn−1

|∇τu|2 dHn−1 + (n− 1)
[
(n− 1)c2

o − 1
] ∫

Sn−1

u2 dHn−1

+
2(n− 1)soco

ϑo

∫
Sn−1

u dHn−1 +R3

]
,

where now the remainder satisfies

|R3| ≤ c(n) εo‖u‖2W 1,2 ,

for a suitable constant c(n) independent of ϑo. At this point we use (3.6) for the integral
involving only u and end up with

Hn−1(∂E)−Hn−1(Sϑo)

≥ c̃
[ ∫

Sn−1

|∇τu|2 dHn−1 − (n− 1)

∫
Sn−1

u2 dHn−1 − c εo‖u‖2W 1,2

]
,(3.13)

for constants c̃ = c̃(ϑo) = 1
2ϑ

2
o sinn−3 ϑo and c = c(n).

Step 6. Fourier expansion of u. By {Yj,` : j ∈ No, ` = 1, . . . ,mj} we denote the
orthonormal basis of spherical harmonics in L2(Sn−1), i.e. we have

−∆Sn−1Yj,` = j(j + n− 2)Yj,` for j ∈ No and ` = 1, . . . ,mj ,

wheremj denotes the dimension of the eigenspace associated to the eigenvalue j(j+n−2).
Note that m1 = n and

mj :=

(
n+ j − 1

n− 1

)
−
(
n+ j − 3

n− 1

)
for j ≥ 2.
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The orthonormality of Yj,` means that there holds∫
Sn−1

Yj1,`1Yj2,`2 dHn−1 = δj1,j2δ`1,`2

for j1, j2 ∈ No, `1 = 1, . . . ,mj1 and `2 = 1, . . . ,mj2 . We now consider the expansion of
u via the corresponding Fourier series

u =

∞∑
j=0

mj∑
`=1

aj,`Yj,`,

where the Fourier coefficients aj,` ∈ R of u are given by

aj,` :=

∫
Sn−1

uYj,` dHn−1.

In terms of the Fourier coefficients the L2-norms of u and∇u can be expressed as follows∫
Sn−1

u2 dHn−1 =

∞∑
j=0

mj∑
`=1

a2
j,`,

∫
Sn−1

|∇u|2 dHn−1 =

∞∑
j=1

mj∑
`=1

j(j + n− 2)a2
j,`.

For convenience in notation we abbreviate

I(µ) :=

∞∑
j=µ

mj∑
`=1

[
j(j + n− 2) + 1

]
a2
j,` for µ ∈ N0

and note that I(0) = ‖u‖2W 1,2 . At this point we note that Yo ≡ 1/κn and Y1,`(x) =√
nω`/κn for ` = 1, . . . , n, where κn =

√
nωn, so that the zero order coefficient

ao is given by ao = (1/κn)
∫
Sn−1 u dHn−1 and the first order coefficients by a1,` =

(
√
n/κn)

∫
Sn−1 uω` dHn−1 for ` = 1, . . . , n. These integrals have been estimated be-

fore in Steps 2 and 3 and therefore the bounds can be rewritten in terms of the Fourier
coefficients. From (3.6) and (3.3) we infer the following estimate for ao:

a2
o ≤ c εo‖u‖2L2 ≤ c(n) εoI(0),(3.14)

while from (3.9) and (3.3) we get the following bound for a1 := (a1,1, . . . , a1,n):

|a1|2 =

n∑
`=1

(a1,`)
2 ≤ c εo‖u‖2L2 ≤ c(n) εoI(0).(3.15)

We now rewrite the bound for the isoperimetric gap from (3.13) in terms of the Fourier-
coefficients. With (3.14) and (3.15) we obtain

Hn−1(∂E)−Hn−1(Sϑo)

≥ c̃
[ ∞∑
j=1

mj∑
`=1

j(j + n− 2)a2
j,` − (n− 1)

∞∑
j=0

mj∑
`=1

a2
j,` − c εoI(0)

]

≥ c̃
[

1

2

∞∑
j=2

mj∑
`=1

[
j(j + n− 2) + 1

]
a2
j,` − c εoI(0)

]
= c̃
[

1
2I(2)− c εoI(0)

]
= c̃

[(
1
2 − c εo

)
I(0)− 1

2a
2
o − n

2

n∑
`=1

a2
1,`

]
,

where in the third last line we have used that j(j+n− 2)− (n− 1) ≥ 1
2 [j(j+n− 2) + 1]

for j ≥ 2. At this point we use again (3.14) and (3.15) to infer that

Hn−1(∂E)−Hn−1(Sϑo) ≥ c̃
(

1
2 − c εo

)
I(0).
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Here, we choose εo > 0 depending only on n but not on ϑo small enough to have

Hn−1(∂E)−Hn−1(Sϑo) ≥ 1
4 c̃ I(0) = 1

8ϑ
2
o sinn−3 ϑo‖u‖2W 1,2 .

Dividing the above inequality by the measure of Sϑo we finally obtain the desired lower
bound for the renormalized isoperimetric gap

Hn−1(∂E)−Hn−1(Sϑo)

Hn−1(Sϑo)
≥ ϑ2

o

8nωn sin2 ϑo
‖u‖2W 1,2 ≥ 1

8nωn
‖u‖2W 1,2 .

But this proves the estimate (3.4) and finishes the proof of the Fuglede type inequality for
nearly spherical sets on the sphere Sn. �

In the following we establish that for nearly spherical sets with small Lipschitz-norm of
the representing function u the ‖ · ‖W 1,2 -norm of u bounds the L2-asymmetry of ∂E. To
be more precise, we show that the following assertion holds true:

Lemma 3.2. Suppose that E ⊆ Sn is a nearly spherical set with volume |E| = |Bϑo |, for
some ϑo ∈ (0, π2 ]. Furthermore, suppose that the representing function u ∈W 1,∞(Sn−1)

from the global graph representation is Lipschitz continuous with ‖u‖W 1,∞(Sn−1) ≤ 1
2 .

Then there exists a constant c̃ > 1 independent of ϑo and n such that
sinn−1 ϑo

c̃ ‖u‖2W 1,2 ≤ β(E, en+1)2 ≤ c̃ sinn−1 ϑo ‖u‖2W 1,2 .

Proof. As in the proofs before, we set s := sin[ϑo(1 + u(ω))], c := cos[ϑo(1 + u(ω))]
and so := sinϑo, co := cosϑo. The unit outer normal vector to ∂E in the point x = X(ω)
is given by

νE(x) =
(ω, 0)sc− (∇τu(ω), 0)ϑo − en+1s

2√
s2 + ϑ2

o|∇τu(ω)|2
.

On the other hand the unit outer normal vector to Bϑ(x) with x = X(ω) is

νBϑ(x)(x) = (ω, 0)c− en+1s.

These expressions allow us to compute the square of the difference of both normals (recall
that x = X(ω) for some ω ∈ Sn−1)

1
2

∣∣νE(x)− νBϑo (πBϑo (x))
∣∣2 = 1− νE(x) · νBϑo (πBϑo (x))

= 1− s√
s2 + ϑ2

o|∇τu(ω)|2

=
1√

1 + ϑ2
o/s

2|∇τu(ω)|2
[√

1 + ϑ2
o/s

2|∇τu(ω)|2 − 1
]

=
ϑ2
o/s

2|∇τu(ω)|2[√
1 + ϑ2

o/s
2|∇τu(ω)|2 + 1

]√
1 + ϑ2

o/s
2|∇τu(ω)|2

.

Since ‖u‖W 1,∞(Sn−1) ≤ 1
2 we have

ϑo
s
≤ ϑo

sin ϑo
2

≤
π
2

sin π
4

=
π√
2
≤
√

5

and therefore

1
2

∣∣νE(x)− νBϑo (πBϑo (x))
∣∣2 ≤ ϑ2

o

s2
|∇τu(ω)|2 ≤ 5|∇τu(ω)|2.

On the other hand, using ϑ2
o/s

2|∇τu(ω)|2≤ 1
8π

2 ≤ 2 and hence
√

1 + ϑ2
o/s

2|∇τu(ω)|2 ≤√
3 ≤ 2 we get the following lower bound:

1
2

∣∣νE(x)− νBϑo (πBϑo (x))
∣∣2 ≥ ϑ2

o

6s2
|∇τu(ω)|2 ≥ 2|∇τu(ω)|2

27
.
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Integrating the first of the two preceding inequalities with respect to ω over Sn−1, recalling
the formula for the n-Jacobian of X from (3.10) and that ‖∇τu‖L∞ ≤ 1

2 , we obtain

β2(E; en+1) = 1
2

∫
∂∗E

∣∣νE(x)− νBϑo (πBϑo (x))
∣∣2 dHn−1

≤ 5

∫
Sn−1

|∇τu(ω)|2JX dHn−1 ≤ c sinn−1 ϑo ‖∇τu‖2L2 ,

for some constant c independent of ϑo and n. A similar estimate from below also holds
true. Hence the lemma is proved. �

Combining Fuglede’s Theorem 3.1 and Lemma 3.2 (here we can take instead of en+1

the minimum over all points po ∈ Sn and therefore we are able to replace β2(E; en+1) by
β2(E)) we deduce the sharp quantitative isoperimetric inequality for nearly sperical sets
on the sphere.

Corollary 3.3. Under the assumptions of Theorem 3.1 there exists a constant c2 =
c2(n) > 0 such that the following inequality holds

(3.16) Hn−1(∂E)−Hn−1(Sϑo) ≥ c2β(E)2.

4. REDUCTION TO SETS WITH SMALL SUPPORT

Our aim in this section is to prove Lemma 4.1 whose proof in our case is much more
delicate than the one in the Euclidean case, considered for instance in Lemma 5.1 in [16].

Lemma 4.1. There exist C̃ = C̃(n) > 1 and a radius R = R(n) > 1 such that if E ⊂ Sn
is a set of finite perimeter with |E| = |Bϑo | for some ϑo ∈ (0, π) one can find another set
E′ ⊂ E, with |E′| ≥ |Bϑo/2|, such that E′ ⊂ BRϑo(po) for some po ∈ Sn and satisfying

(4.1) β2(E) ≤ β2(E′) + C̃D(E) + C̃ (ϑoD(E))
n−1
n and D(E′) ≤ C̃D(E).

We start with some definitions and a few technical lemmas, whose assertions will be
needed in the proof. First, we define for ϑ ∈ [0, π] the function

F (ϑ) := nωn

∫ ϑ

0

sinn−1 σ dσ .

Clearly, F (ϑ) = |Bϑ| and F is a strictly increasing function from [0, π] into [0, |Sn|]. We
note that for ϑ ∈ [0, π] and t ∈ [0, |Sn|] there holds

(4.2) F (ϑ) + F (π − ϑ) = |Sn|, F−1(t) + F−1(|Sn| − t) = π.

Moreover, we have

(4.3) lim
ϑ↓0

F (ϑ)

ϑn
= ωn, lim

t↓0

F−1(t)

t
1
n

= ω
− 1
n

n .

Next, we define the isoperimetric profile of the sphere by setting for all t ∈ [0, |Sn|]
(4.4) ϕ(t) := nωn sinn−1(F−1(t)) .

The isoperimetric profile associates to every geodesic ball in Sn of measure t its perimeter
ϕ(t). We note that

(4.5) ϕ′(t) =
n− 1

tan(F−1(t))
, ϕ′′(t) = − n− 1

nωn sinn+1(F−1(t))
, lim

t↓0

ϕ(t)

t
n−1
n

= nω
1
n
n .

The last identity follows from (4.3)2. In particular, ϕ is a concave function, with a maxi-
mum at 1

2 |S
n|. Finally, for any ϑ ∈ (0, π2 ] we define

(4.6) ψϑ(s) = ϕ(s|Bϑ|) + ϕ((1− s)|Bϑ|)− ϕ(|Bϑ|) for s ∈ [0, 1].

Clearly, also the function ψϑ is concave and ψϑ(s) = ψϑ(1− s). In the next two technical
lemmas we collect some useful properties of ψϑ.
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Lemma 4.2. There exist a constant c1(n) > 1 such that for all ϑ ∈ (0, π2 ] there holds

(4.7)
1

c1(n)
≤
ψϑ
(

1
2

)
P(Bϑ)

≤ c1(n).

Proof. To prove (4.7) we only need to show that the ratio has finite and strictly positive
limit at zero. To this aim, using (4.5)3, we immediately get

lim
ϑ↓0

ψϑ
(

1
2

)
P(Bϑ)

= lim
ϑ↓0

2ϕ( 1
2 |Bϑ|)− ϕ(|Bϑ|)
ϕ(|Bϑ|)

= lim
t↓0

2ϕ(t)− ϕ(2t)

ϕ(2t)
= 2

1
n − 1 .

�

The next result gives a precise behavior of the function ψϑ in the interval (0, 1).

Lemma 4.3. There exists a positive constant c2(n) such that for all ϑ ∈ (0, π2 ] holds

(4.8) |Bϑ|
∫ 1

0

ds

ψϑ(s)
< c2(n)ϑ.

Proof. We are going to show that the quantity

|Bϑ|
ϑ

∫ 1

0

ds

ψϑ(s)
=
|Bϑ|
ϑ

∫ 1

0

ds

ϕ(s|Bϑ|) + ϕ((1− s)|Bϑ|)− ϕ(|Bϑ|)
(4.9)

=
1

ϑ

∫ |Bϑ|
0

dt

ϕ(t) + ϕ(|Bϑ| − t)− ϕ(|Bϑ|)

=
2

ϑ

∫ 1
2 |Bϑ|

0

dt

ϕ(t) + ϕ(|Bϑ| − t)− ϕ(|Bϑ|)
is bounded for ϑ ∈ (0, π2 ] by a constant depending only on the dimension n. To estimate
the last integral we start by observing that there exists a positive constant κ(n) such that

(4.10) ϕ(t) + ϕ(b− t)− ϕ(b) ≥ κ(n)b
n−1
n for b ∈ [0, 1

2 |S
n|] and t ∈ [ 1

4b,
1
2b].

To prove (4.10) we recall (4.5) which yields for t ∈ [ 1
4b,

1
2b] that ϕ′(t)− ϕ′(b− t) ≥ 0 so

that t 7→ ϕ(t) + ϕ(b− t) is non decreasing in this range of t, and therefore

ϕ(t) + ϕ(b− t)− ϕ(b)

b
n−1
n

≥
ϕ
(
b
4

)
+ ϕ

(
3b
4

)
− ϕ(b)

b
n−1
n

.

Now, the estimate (4.10) follows from the fact that

lim
b↓0

ϕ
(
b
4

)
+ ϕ

(
3b
4

)
− ϕ(b)

b
n−1
n

= nω
1
n
n

[(
1
4

)n−1
n +

(
3
4

)n−1
n − 1

]
> 0.

On the other hand we can show that

(4.11) ϕ(t) + ϕ(b− t)− ϕ(b) ≥ γ(n)t
n−1
n for b ∈ [0, 1

2 |S
n|] and t ∈ (0, 1

4b],

holds true with a suitable constant γ(n) > 0. The estimate (4.11) will follow from

(4.12) ϕ′(t)− ϕ′(b− t) ≥ (n−1)
n γ t−

1
n for any t ∈ (0, 1

4b]

by integration. To prove (4.12) we use (4.5)1 to infer
ϕ′(t)− ϕ′(b− t)

n− 1
=

1

tan(F−1(t))
− 1

tan(F−1(b− t))

=
tan(F−1(b− t))− tan(F−1(t))

tan(F−1(t)) tan(F−1(b− t))

≥
tan

(
F−1

(
3b
4

))
− tan(F−1(b/4))

tan(F−1(t)) tan(F−1(b))
.
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In the last line we used the monotonicity of t 7→ tan ◦F−1. Using (4.3)2 for the term
appearing in the last line we deduce that

lim
b↓0

tan
(
F−1

(
3b
4

))
− tan(F−1(b/4))

tan(F−1(b))
=
(

3
4

) 1
n −

(
1
4

) 1
n > 0

holds true. This allows us to conclude that for any b ∈ [0, 1
2 |S

n|] and t ∈ (0, 1
4b] there

holds
ϕ′(t)− ϕ′(b− t)

n− 1
≥ c(n)

tan(F−1(t))
≥ c(n)

F−1(t)
≥ γ(n)

nt
1
n

,

for a suitable constant γ(n) > 0. This proves (4.12).
Now, the proof of (4.8) follows easily by combining (4.9) with the estimates (4.10) and

(4.11). In fact, we have

|Bϑ|
ϑ

∫ 1

0

ds

ψϑ(s)
=

2

ϑ

∫ 1
4 |Bϑ|

0

dt

ϕ(t) + ϕ(|Bϑ| − t)− ϕ(|Bϑ|)

+
2

ϑ

∫ 1
2 |Bϑ|

1
4 |Bϑ|

dt

ϕ(t) + ϕ(|Bϑ| − t)− ϕ(|Bϑ|)

≤ 2

ϑ

∫ 1
4 |Bϑ|

0

dt

γ(n)t
n−1
n

+
|Bϑ|
2ϑ

1

κ(n)|Bϑ|
n−1
n

< c2(n),

for a suitable constant c2 depending only on n. �

At this stage we have all prerequisites at hand to give the

Proof Lemma 4.1. We start with some simple observations. First, by taking the radius
R = R(n) sufficiently large, we may assume that ϑo ≤ ϑ(n) < 1

4π, where ϑ(n) > 0 is a
fixed angle, which we choose later in the course of the proof in a universal way depending
as indicated only on n. Moreover, we may also assume that

(4.13) D(E) ≤ 1

c3(n)
ψϑo

(
1
2

)
holds true for a suitable constant c3(n) > 2 to be chosen later. Indeed, if (4.13) does not
hold, we choose E′ = Bϑo and obtain

β(E)2 ≤ 2P(E) = 2P(Bϑo) + 2D(E) = 2D(E)

(
P(Bϑo)

D(E)
+ 1

)
≤ 2D(E)

(
c3

P(Bϑo)

ψϑo
(

1
2

) + 1

)
≤ 2D(E)(c3c1 + 1),

where c1 is the constant appearing in Lemma 4.2.
We now fix a point po ∈ Sn, for instance the north pole po = en+1, and define for all

ϑ ∈ (0, π) the sets
E−ϑ := E ∩Bϑ, E+

ϑ := E \ E−ϑ .
For a.e. ϑ we haveHn−1(∂∗E ∩ Sϑ) = 0, hence

P(E−ϑ ) = P(E;Bϑ) + vE(ϑ), P(E+
ϑ ) = P(E;Sn \Bϑ) + vE(ϑ),

where vE(ϑ) := Hn−1(E ∩ Sϑ) denotes the measure of the slice E ∩ Sϑ. Therefore, for
a.e. ϑ we have

(4.14) vE(ϑ) = 1
2

[
P(E−ϑ ) + P(E+

ϑ )−P(E)
]
.

For ϑ ∈ (0, π) we also define the function

g(ϑ) :=
|E−ϑ |
|Bϑo |

.
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Since |E| = |Bϑo | the function g is increasing with values in [0, 1] and moreover
g′(ϑ) = vE(ϑ)/|Bϑo | for a.e. ϑ. Using the isoperimetric inequality (2.2) and recalling
the definition of the isoperimetric function ϕ given in (4.4) we deduce that P(E−ϑ ) ≥
ϕ(|E−ϑ |) = ϕ(g(ϑ)|Bϑo |). Similarly, we also have P(E+

ϑ ) ≥ ϕ((1− g(ϑ))|Bϑo |). There-
fore, from (4.14), recalling the definition of ψϑo given in (4.6), we obtain for a.e. ϑ

vE(ϑ) ≥ 1
2

[
ϕ(g(ϑ)|Bϑo |) + ϕ((1− g(ϑ))|Bϑo |)− ϕ(|Bϑo |)−D(E)

]
(4.15)

= 1
2

[
ψϑo(g(ϑ))−D(E)

]
= 1

4ψϑo(g(ϑ)) + 1
4

[
ψϑo(g(ϑ))− 2D(E)

]
.

Since ψϑo(0) = ψϑo(1) = 0 and ψϑo
(

1
2

)
≥ c3(n)D(E) > 2D(E) by (4.13) and the

choice of c3 > 2, we can find two angles ϑ1 < ϑ2 such that

(4.16)

{
ψϑo(g(ϑ1)) = 2D(E), ψϑo(g(ϑ2)) = 2D(E);

ψϑo(g(ϑ)) ≥ 2D(E) for all ϑ ∈ (ϑ1, ϑ2).

Therefore from (4.15) we get that

vE(ϑ) ≥ 1
4ψϑo(g(ϑ)) for a.e. ϑ ∈ (ϑ1, ϑ2),

which means that

g′(ϑ) ≥ ψϑo(g(ϑ))

4|Bϑo |
for a.e. ϑ ∈ (ϑ1, ϑ2)

holds true. Therefore, by integrating the preceding inequality over the interval (ϑ1, ϑ2) we
can conclude by an application of Lemma 4.3 that

(4.17) ϑ2 − ϑ1 ≤ 4|Bϑo |
∫ ϑ2

ϑ1

g′(ϑ)

ψϑo(g(ϑ))
dϑ ≤ 4|Bϑo |

∫ 1

0

ds

ψϑo(s)
< 4c2(n)ϑo.

Here c2 is of course the constant provided by Lemma 4.3. At this stage we use the small-
ness condition on ϑo by choosing the angle ϑ(n) such that 4c2(n)ϑ(n) ≤ π

4 . Then, the
assumption ϑo ≤ ϑ(n) implies that

ϑ2 − ϑ1 ≤ 4c2(n)ϑo ≤ π
4 ,

holds true. Next, we use the concavity of ψϑo and the fact that ψϑo(0) = 0 = ψϑo(1) to
conclude that ψϑo(s) > 2sψϑo(

1
2 ) for any s ∈ (0, 1

2 ) and ψϑo(s) > 2(1 − s)ψϑo( 1
2 ) for

any s ∈ ( 1
2 , 1). In particular, from the first two identities in (4.16), we conclude that

(4.18) g(ϑ1) <
D(E)

ψϑo
(

1
2

) , g(ϑ2) > 1− D(E)

ψϑo
(

1
2

) .
Moreover, enlarging ϑ1 and reducing ϑ2 if necessary a bit we may assume without loss of
generality that (4.17) and (4.18) still hold and that

(4.19) Hn−1(∂∗E ∩ Sϑ1
) = 0 = Hn−1(∂∗E ∩ Sϑ2

).

In view of the preceding inequality three cases are possible (recall that we have assumed
at the very beginning that ϑo < π

4 ):
(i) ϑ1 ≤ ϑo, hence ϑ2 <

π
2 ;

(ii) ϑ2 ≥ π − ϑo, hence ϑ1 >
π
2 ; and finally

(iii) ϑo < ϑ1 and ϑ2 < π − ϑo.
Accordingly to these cases, we define

Ẽ =


E ∩Bϑ2

if ϑ1 < ϑo,

E \Bϑ1
if ϑ2 ≥ π − ϑo,

(E ∩Bϑ2
) \Bϑ1

if ϑo < ϑ1 < ϑ2 < π − ϑo,
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Thus, no matter which of the three possible definitions of Ẽ we choose, we conclude
taking also (4.13) into account that

(4.20) |E| − |Ẽ| ≤ 2D(E)|Bϑo |
ψϑo

(
1
2

) ≤ 2|Bϑo |
c3(n)

holds true. Therefore, in order to estimate D(E) we need to control the difference between
the perimeters of E and Ẽ. We argue according to the three cases from above. We start
with the case (i), i.e. ϑ1 < ϑo. Then, since ϑ2 <

π
2 , we have recalling (4.19) that

P(Ẽ)−P(E) = P(Bϑ2
)−P(Bϑ2

∪ E)

≤ P(Bϑ2
)−P((Bϑ2

∪ E) ∩ {xn+1 ≥ 0}) ≤ 0,

where the last inequality follows from the isoperimetric inequality. Next, we consider the
case (ii), i.e. ϑ2 ≥ π−ϑo. Here, we know that ϑ1 >

π
2 . By the definition of Ẽ = E \Bϑ1

we obtain by a similar reasoning as in case (i) that

P(Ẽ)−P(E) = P(Bϑ1
)−P(Bϑ1

\ E)

≤ P(Bϑ1)−P((Bϑ1 \ E) ∩ {xn+1 ≤ 0}) ≤ 0,

where the last inequility again follows by the isoperimetric inequality. Finally, we consider
the case (iii), that is ϑo < ϑ1 < ϑ2 < π − ϑo. Here we distinguish between three cases:
ϑ2 ≤ π

2 , ϑ1 ≥ π
2 and ϑ1 <

π
2 < ϑ2. We shall discuss in detail only the latter case, the

other two cases are similar and in fact easier. In this last case we have, using (4.19), the
isoperimetric inequality, the concavity of ϕ, (4.5)1 and the fact that ϕ′(|Bϑ2 ∪ E|) ≤ 0

P(Ẽ)−P(E) =
[
P(Bϑ1

)−P(Bϑ1
\ E)

]
+
[
P(Bϑ2

)−P(Bϑ2
∪ E)

]
≤
[
ϕ(|Bϑ1

|)− ϕ(|Bϑ1
\ E|)

]
+
[
ϕ(|Bϑ2

|)− ϕ(|Bϑ2
∪ E|)

]
≤ (|Bϑ1

| − |Bϑ1
\ E|)ϕ′(|Bϑ1

\ E|)− (|Bϑ2
∪ E| − |Bϑ2

|)ϕ′(|Bϑ2
∪ E|)

≤ (|E| − |Ẽ|)
(

(n− 1)

tan(F−1(|Bϑ1 \ E|))
− (n− 1)

tan(F−1(|Bϑ2 ∪ E))|

)
= (|E| − |Ẽ|)

(
(n− 1)

tan(F−1(|Bϑ1
\ E|))

+
(n− 1)

tan(F−1(|Sn| − |Bϑ2
∪ E|))

)
,

where the last equality holds thanks to (4.2)2. Using the fact that ϑ1 > ϑo and (4.20) we
infer that

|Bϑ1
\ E| ≥ |Bϑ1

| − |E∆Ẽ| ≥ |Bϑo |
(

1− 2

c3(n)

)
≥ 1

2 |Bϑo |,

provided we have c3(n) ≥ 4. Similarly, recalling that ϑ2 < π − ϑo and (4.20) again, we
get

|Sn| − |Bϑ2
∪ E| ≥ |Sn| − |Bϑ2

| − |E∆Ẽ| ≥ |Bϑo | − |E∆Ẽ| ≥ 1
2 |Bϑo |.

These bounds from below allow us to estimate the last two terms appearing in the last
line of the preceding estimate for the difference of the perimeters from above (note that
t 7→ tan ◦F−1 is increasing). Taking also into account the first inequality in (4.20) and
Lemma 4.2, we can conclude that

P(Ẽ)−P(E) ≤ 4(n− 1)D(E)|Bϑo |
ψϑo

(
1
2

)
tan(F−1( 1

2 |Bϑo |))
≤ c(n)

D(E)|Bϑo |
ψϑo

(
1
2

)
|Bϑo |

1
n

≤ c(n)
D(E)P(Bϑo)

ψϑo
(

1
2

) ≤ c4(n)D(E),

for a suitable constant c4(n) depending only on n.
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Using the preceding estimates for the cases (i)–(iii), the concavity of ϕ, (4.20), (4.5)1,
the fact that |Ẽ| ≥ 1

2 |Bϑo | (which is a consequence of (4.20) and the volume constraint
|E| = |Bϑo |) and Lemma 4.2 we find that

D(Ẽ) = D(E) +
[
P(Ẽ)−P(E)

]
+
[
ϕ(|E|)− ϕ(|Ẽ|)

]
(4.21)

≤ (1 + c4)D(E) +
(
|E| − |Ẽ|

)
ϕ′(|Ẽ|)

≤ (1 + c4)D(E) + c(n)
D(E)|Bϑo |
ψϑo

(
1
2

)
|Ẽ| 1n

≤ (1 + c4)D(E) + c(n)
D(E)P(Bϑo)

ψϑo
(

1
2

) ≤ c5(n)D(E),

for a suitable constant c5 depending only on n. Now, arguing as in the proof of (4.21), we
see that

β(E)2 = β(Ẽ)2 +
[
P(E)−P(Ẽ)

]
+
[
γ(Ẽ)− γ(E)

]
(4.22)

≤ β(Ẽ)2 + D(E) +
[
ϕ(|E|)− ϕ(|Ẽ|)

]
+
[
γ(Ẽ)− γ(E)

]
≤ β(Ẽ)2 + c(n)D(E) +

[
γ(Ẽ)− γ(E)

]
,

holds true, and finally it remains to estimate the difference γ(Ẽ) − γ(E). For this we
denote by yẼ a center for Ẽ. Then, using Lemma 2.5, (4.20) and Lemma 4.2 we find

γ(Ẽ)− γ(E) ≤
∫
Ẽ

(n− 1)(x · yẼ)√
1− (x · yẼ)2

dHn −
∫
E

(n− 1)(x · yẼ)√
1− (x · yẼ)2

dHn

≤
∫
E∆Ẽ

(n− 1)|x · yẼ |√
1− (x · yẼ)2

dHn ≤ c(n)|E∆Ẽ|
n−1
n

≤ c(n)

(
2D(E)|Bϑo |
ψϑo

(
1
2

) )n−1
n

≤ c(n)
(
ϑoD(E)

)n−1
n .

Inserting the preceding inequality into (4.22) we obtain

β(E)2 ≤ β(Ẽ)2 + c(n)D(E) + c(n)(ϑoD(E))
n−1
n ,

for a suitable constant c(n) depending only on n. From this last inequality, (4.17) and
(4.20) we conclude that the set Ẽ satisfies the desired estimate (4.1) and has a volume
which is bounded from below by |Ẽ| ≥ (1 − 2/c3(n))|Bϑo |. Moreover, in case (i) Ẽ is
contained in Bϑ2

with ϑ2 ≤ (4c2(n) + 1)ϑo and in case (ii) Ẽ is contained in Sn \ Bϑ1

with ϑ1 ≥ π − (4c2(n) + 1)ϑo so that we can take E′ = Ẽ. Finally, in case (iii) Ẽ is
contained in the slab {x : ϑ1 ≤ distSn(x, en+1) ≤ ϑ2} of width ϑ2 − ϑ1 ≤ 4c2(n)ϑo.
At this stage we can repeat the above construction starting with E replaced by Ẽ and with
en+1 replaced now by po = en. In this way we obtain a new set Ẽ1 which will satisfy
(4.1), |Ẽ1| ≥ (1 − 2/c3(n))2|Bϑo | and that will be contained either in a ball of radius
smaller than (4c2(n) + 1)ϑo, or in two orthogonal slabs of width smaller than 4c2(n)ϑo.
Iterating the argument n − 2 times more if necessary, we arrive to the final conclusion of
the Lemma. �

5. RELEVANT PERIMETER FUNCTIONALS ON THE SPHERE

In this section we study certain perimeter functionals on the sphere. These functionals
will allow us to derive the quantitative isoperimertic inequality. We start our considerations
with perturbed perimeter functionals, whose minimizers will be geodesic balls.
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5.1. Perturbed perimeter functionals. In this section we consider functionals of the type

Fϑo(E) := P(E) +
Λ

ϑo

∣∣|E| − |Bϑo |∣∣,
for sets E ⊂ Sn of finite perimeter and for given Λ ≥ 1 and ϑo ∈ (0, π2 ]. The following
Lemma shows that minimizers of the perturbed functionals Fϑo are geodesic balls with
radius ϑo provided the constant Λ is chosen large enough. The precise statement is as
follows:

Lemma 5.1. There exists a constant Λo(n) ≥ 1 such that any minimizer of the functional
Fϑo for some given ϑo ∈ (0, π2 ] is a geodesic ball Bϑo(po), provided Λ ≥ Λo(n).

Proof. Let E ⊂ Sn be a minimizer of the functional Fϑo . Then by minimality, we have

P(E) ≤ Fϑo(E) ≤ Fϑo(Bϑo) = P(Bϑo).

By the isoperimetric property of geodesic balls from (2.3) we have that either |E| ≤ |Bϑo |
or |Sn \E| ≤ |Bϑo |. Suppose that |E| < |Bϑo |. Then, there would exist ϑ < ϑo such that
|E| = |Bϑ|. But this implies

P(E) +
Λ

ϑo

(
|Bϑo | − |Bϑ|

)
≤ P(Bϑo).

Now, by the isoperimetric property of spheres (2.2) we know P(Bϑ) ≤ P(E), so that

Λ

ϑo

(
|Bϑo | − |Bϑ|

)
≤ P(Bϑo)−P(Bϑ).

By Lemma 2.1 the last inequality implies

Λ

2ϑo

(ϑo
π

)n−1

(ϑo − ϑ) ≤ (n− 1)ϑn−2
o (ϑo − ϑ).

This, however, is impossible as long as we choose Λ in dependence on n large enough, i.e.

(5.1) Λ > 2(n− 1)πn−1.

This proves, that |E| < |Bϑo | cannot hold.
Let us similarly show that |Sn \E| < |Bϑo | cannot hold either. In fact in this case there

would exist ϑ < ϑo such that |Sn \ E| = |Bϑ|. This implies that

P(E) +
Λ

ϑo

(
|Sn| − |Bϑ| − |Bϑo |

)
≤ P(Bϑo)

holds true. Now, by the isoperimetric inequality (2.2) we know that P(Bϑ) ≤ P(Sn\E) =
P(E), so that

Λ

ϑo

(
|Sn| − |Bϑ| − |Bϑo |

)
≤ P(Bϑo)−P(Bϑ),

hence
Λ

ϑo

(
|Bπ

2
| − |Bϑ|+ |Bπ

2
| − |Bϑo |

)
≤ P(Bϑo)−P(Bϑ).

By Lemma 2.1 this inequality implies

Λ

2nϑo
(π − ϑo − ϑ) ≤ (n− 1)ϑn−2

o (ϑo − ϑ).

Since ϑo ≤ π
2 we know that π − ϑo − ϑ ≥ ϑo − ϑ and thus the above inequality cannot

hold if we choose Λ as in (5.1). This shows that either |E| = |Bϑo | or |Sn \ E| = |Bϑo |.
But since P(E) ≤ P(Bϑo) by the isoperimetric inequality E must be a ball. Now, the
minimality of E implies that E is a ball of radius ϑo. �
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5.2. The penalization procedure. In this section we deal with functionals of the type

(5.2) F(G) := P(G) +
Λ

ϑo

∣∣|G| − |Bϑo |∣∣+ Co|β2(G)− ε2|,

where Λ ≥ 1, ϑo ∈ (0, π2 ], Co ∈ [0, 1] and ε ≥ 0. The advantage of these kind of func-
tionals steams from the fact that minimizers should have a volume close to the prescribed
volume |Bϑo | and an L2-asymmetry close to ε. As a first step we prove the lower semi-
continuity of these penalized functionals. This can be achieved once the continuity of the
functional γ is established.

Lemma 5.2. Whenever Gk, G are measurable sets in Sn with Gk → G in L1(Sn) there
holds

lim
k→∞

γ(Gk) = γ(G),

i.e the functional γ defined in (2.6) is continuous with respect to L1-convergence.

Proof. We consider a sequence Gk ⊂ Sn with Gk → G ⊂ Sn in L1(Sn). Next, we
choose centers yk of Gk and y of G; this means that there hold γ(Gk) = γ(Gk; yk) and
γ(G) = γ(G; y). By the maximality of the center we have

γ(Gk, y) ≤ γ(Gk, yk) = γ(Gk).

Together with limk→∞ γ(Gk, y) = γ(G, y), which is a consequence of the L1 conver-
gence and the dominated convergence theorem, we infer the lower semi-continuity, i.e.

lim inf
k→∞

γ(Gk) ≥ γ(G).

To prove the upper semi-continuity we apply Lemma 2.5 to infer that

γ(Gk) ≤ γ(G) +

∫
Gk\G

(n− 1)(x · yk)√
1− (x · yk)2

dHn −
∫
G\Gk

(n− 1)(x · yk)√
1−(x · yk)2

dHn

≤ γ(G) +

∫
Gk∆G

(n− 1)|x · yk|√
1− (x · yk)2

dHn ≤ γ(G) + c(n) |Gk∆G|
n−1
n .

Since Gk → G in L1(Sn) we conclude the upper semi-continuity, i.e.

lim sup
k→∞

γ(Gk) ≤ γ(G).

Together with the lower semi-continuity this establishes the continuity of γ with respect to
L1-convergence. �

The preceding Lemma allows us to prove the lower semi-continuity of the penalized
functionals F.

Lemma 5.3. The functional F defined in (5.2) is lower semi-continuous with respect to
L1-convergence, i.e.

F(G) ≤ lim inf
k→∞

F(Gk)

whenever Gk, G are sets in Sn of finite perimeter with Gk → G in L1(Sn).

Proof. Let Gk and G ⊂ Sn are finite perimeter sets as in the statement of the lemma.
Passing to a subsequence we may assume without loss of generality that

lim inf
k→∞

F(Gk) = lim
k→∞

F(Gk).

Passing to another subsequence we may also assume that limk→∞P(Gk) = α. By the
lower semi-continuity of the perimeter with respect toL1-convergence we have α ≥ P(G).
Using (2.5) and Lemma 5.2 we infer that there holds:

lim
k→∞

F(Gk) = lim
k→∞

[
P(Gk) +

Λ

ϑo

∣∣|Gk| − |Bϑo |∣∣+ Co
∣∣β2(Gk)− ε

∣∣]
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= lim
k→∞

[
P(Gk) +

Λ

ϑo

∣∣|Gk| − |Bϑo |∣∣+ Co
∣∣P(Gk)− γ(Gk)− ε

∣∣]
= α+

Λ

ϑo

∣∣|G| − |Bϑo |∣∣+ Co
∣∣α− γ(G)− ε

∣∣]
≥ F(G) + (1− Co)(α−P(G)) ≥ F(G).

Here we used the assumption 0 ≤ Co ≤ 1 in the last step. This proves the desired lower
semi-continuity of the functionals F and concludes the proof. �

5.3. Quasi and almost minimizers of the perimeter. In this section we recall the notion
of (K, ro)-quasi-minimizers, as well as the one of (K, ro)-almost minimizers. Both of
them play a crucial role in our proof of the quantitative isoperimetric inequality. The first
one, i.e. the one of (K, ro)-quasi-minimizers, allows us to conclude by a metric space
version of a result going back to David & Semmes [10] (see [19, Theorem 5.2]) that min-
imizers G and their complement are locally porous. The second notion, i.e. the one of
(K, ro)-almost minimality allows us to conclude that sequences of (K, ro)-almost mini-
mizers which converge in L1 to a geodesic ball must be regular for large indices, more
precisely they become spherical graphs over the boundary of the limit geodesic sphere.
This reasoning goes back to [24] and uses the regularity theory for (K, ro)-almost mini-
mizers from [23]. We start with the following

Definition 5.4 (Quasi-minimizers of the perimeter). For a given radius ro > 0 and a given
constant K ≥ 1 we say that a set G ⊂ Sn of finite perimeter is a perimeter (K, ro)-quasi-
minimizer if

P(G;Br(x)) ≤ K P(D;Br(x))

whenever D ⊂ Sn is a finite perimeter set such that G∆D b Br(x) for some ball Br(x)
with 0 < r ≤ ro. Here, P(G;Br(x)) denotes the perimeter of G in Br(x). 2

Lemma 5.5. Suppose that G is a minimizer of the functional F defined in (5.2) for some
Λ ≥ 1, ϑo ∈ (0, π2 ], Co ∈ (0, 1

8 ] and ε ≥ 0. Then, there exists ro = ro(Λ) > 0 such that
G is a perimeter (K, roϑo)-quasi-minimizer with K = 3.

Proof. We consider D ⊂ Sn satisfying G∆D b Brϑo(x) for some ball Brϑo(x), with
r ≤ 1. By the F-minimality of G we find that

P(G) ≤ P(D) +
Λ

ϑo

∣∣|G| − |D|∣∣+ Co
∣∣β2(D)− β2(G)

∣∣(5.3)

From Section 2.3 we recall the definition

Qn(rϑo) :=
|Brϑo |

P(Brϑo)
≤ rϑo,

where the last inequality holds since r ≤ 1 and ϑo ≤ π
2 . From the linear isoperimetric

inequality (2.4) we conclude that there holds:∣∣|G| − |D|∣∣ ≤ |G∆D| ≤ Qn(rϑo)P(G∆D) ≤ rϑo
[
P(G;Brϑo(x)) + P(D;Brϑo(x))

]
.

In order to estimate the last term on the right-hand side of (5.3) we first consider the case
β(G) ≤ β(D). Denoting by yG a center ofG we obtain (using the definition of the center)∣∣β2(D)− β2(G)

∣∣
≤ β2(D; yG)− β2(G)

=

∫
∂∗D

[
1− νD · νBϑ(x)(yG)

]
dHn−1 −

∫
∂∗G

[
1− νG · νBϑ(x)(yG)

]
dHn−1

≤ 2P (D;Brϑo(x)).

On the other hand, if β(G) > β(D) we use the same argument to conclude∣∣β2(D)− β2(G)
∣∣ ≤ 2P(G;Brϑo(x)).
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Therefore, in any case we have that∣∣β2(D)− β2(G)
∣∣ ≤ 2

[
P(D;Brϑo(x)) + P(G;Brϑo(x))

]
holds true. Inserting the preceding inequalities into (5.3) and re-absorbing the terms with
P(G;Brϑo(x)) appearing on the right-hand side into the left-hand side we arrive at(

1− 2Co − Λr
)
P(G;Brϑo(x)) ≤

(
1 + 2Co + Λr

)
P(D;Brϑo(x))

Since Co ≤ 1
8 we can choose ro = min{1, 1

4Λ}, thus getting

P(G;Brϑo(x)) ≤ 3P(D;Brϑo(x))

whenever D is a finite perimeter set such that G∆D b Brϑo(x) with 0 < r ≤ ro. This
proves the assertion of the lemma. �

The following result has been proved in [19, Theorem 5.2] in the context of metric
spaces. The Euclidean version is due to David and Semmes [10].

Theorem 5.6. Suppose that G ⊂ Sn is an area (K, ro)-quasi-minimizer. Then, up to
modifying G in a set of measure zero, the topological boundary of G coincides with the
reduced boundary, i.e. ∂G = ∂∗G. Moreover G and Sn \ G are locally porous in the
sense that there exists a constant C > 1, depending only on K and n such that for every
x ∈ ∂G and 0 < r < ro there are points y, z ∈ Br(x) for which

Br/C(y) ⊂ G and Br/C(z) ⊂ Sn \G
hold true.

As already mentioned at the beginning of this section we need a regularity result which
ensures that in the contradiction argument our sequence of minimizers to penalized func-
tionals are nearly spherical graphs. Such a result can be deduced once it is shown that the
minimizers are almost minimizing in a certain sense, which allows to apply the regularity
theory for almost minimizers. The precise notion which is suited for our purposes is the
following one:

Definition 5.7 (Almost perimeter minimizing sets). For a given radius ro > 0 and a con-
stant K > 0 we say that a finite perimeter set G ⊂ Sn is a (K, ro)-almost minimizer of the
perimeter if

P(G) ≤ P(D) +K|G∆D|
holds true whenever D ⊂ Sn is set of finite perimeter such that G∆D b Br(x) for some
geodesic ball Br(x) with radius r ∈ (0, ro]. 2

The following Lemma ensures that minimizers of the penalized functionals F are
(K, ro)-minimizeres for suitable values of K and ro, provided the set G contains a ge-
odesic ball and is itself contained in larger geodesic ball. The precise statement is as
follows:

Lemma 5.8. Suppose that G minimizes the functional F defined in (5.2) where Λ ≥ 1,
ϑo ∈ (0, π2 ], Co ∈ (0, 1) and ε > 0. Then, there exist δo = δo(n) > 0, r1 = r1(n) > 0
and K = K(n,Λ, Co) such that the annulus assumption

(5.4) Bϑo(1−δo)(po) ⊂ G ⊂ Bϑo(1+δo)(po)

implies that G is a ( Kϑo , r1ϑ0)-almost minimizer of the perimeter.

Proof. Since po is fixed, we write as usual Bϑ instead of Bϑ(po). Let δo and r1 > 0 be
arbitrary but fixed. We will choose δo and r1 in the course of the proof in dependence on
n in a universal way. We consider D ⊂ Sn satisfying G∆D b Brϑo(y) for some ball
Brϑo(y) with 0 < r ≤ r1. If Brϑo(y) ⊂ Bϑo(1−δo) we have by (5.4) that

G∆D b Brϑo(y) ⊂ Bϑo(1−δo) ⊂ G.
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But G∆D b G implies that P(G) ≤ P(D). In the case Brϑo(y) ∩ Bϑo(1+δo) = ∅ we
have (G∆D) ∩ Bϑo(1+δo) = ∅ and therefore also in this case P(G) ≤ P(D) holds true.
Therefore, it remains to consider the case in whichBrϑo(y)∩ (Bϑo(1+δo)\Bϑo(1−δo)) 6= ∅.
Due to the minimality of G and (2.5) we get

P(G) ≤ P(D) +
Λ

ϑo

∣∣|G| − |D|∣∣+ Co
∣∣β2(D)− β2(G)

∣∣
≤ P(D) + Co|P(G)−P(D)|+ Λ

ϑo
|G∆D|+ Co|γ(G)− γ(D)|.

Distinguishing between the cases P(G) ≤ P(D) and P(D) < P(G) to re-absorb the term
containing P(G) from the right into the left hand side we infer that

P(G) ≤ P(D) + Λ
ϑo(1−Co) |G∆D|+ Co

1−Co |γ(G)− γ(D)|.(5.5)

Now, we observe that the annulus assumption (5.4) and Lemma 2.1 imply that if δo < 1

|G∆Bϑo | ≤ |Bϑo(1+δo) \Bϑo(1−δo)| ≤ nωn[ϑo(1 + δo)]
n−12ϑoδo ≤ c(n)ϑno δo.

For the comparison set D we have

|D∆Bϑo | ≤ |Brϑo(y) ∪ (G∆Bϑo)| ≤ c(n)
(
rn1 + δo

)
ϑno .

Therefore, choosing δo and r1 in dependence on n sufficiently small, from Lemma 2.6, i.e.
the continuity of the center with respect to L1-topology, we deduce that

distSn(yG, po) ≤ 1
4ϑo and distSn(yD, po) ≤ 1

4ϑo.

Moreover, since Brϑo(y) ∩ (Bϑo(1+δo) \ Bϑo(1−δo)) 6= ∅ we obtain – after reducing the
values of r1 and δo in such a way that 2r1 + δo <

1
2 if necessary – for any x ∈ G∆D that

there holds

distSn(x, yG) ≥ distSn(x, po)− distSn(yG, po) ≥ ϑo(1−δo)− 2rϑo − 1
4ϑo ≥

ϑo
4

and

distSn(x, yG) ≤ distSn(x, po) + distSn(yG, po) ≤ ϑo(1+δo) + 2rϑo + 1
4ϑo ≤ π −

ϑo
4 .

But this implies that

|x · yG| =
∣∣ cos

(
distSn(x, yG)

)∣∣ ≤ cos
(
ϑo
4

)
holds true for those x. Recalling the definition of γ in (2.6) – in particular the fact that the
maximum is attained in the center of the set – and using the last inequality we find

γ(G)− γ(D) ≤
∫
G

(n− 1)x · yG√
1− (x · yG)2

dHn −
∫
D

(n− 1)x · yG√
1− (x · yG)2

dHn

≤
∫
G∆D

(n− 1)|x · yG|√
1− (x · yG)2

dHn ≤ (n− 1) cot
(
ϑo
4

)
|G∆D|.

Similarly, we can show that |x · yD| ≤ cos(ϑo4 ) for any x ∈ G∆D and therefore

γ(D)− γ(G) ≤
∫
D

(n− 1)x · yD√
1− (x · yD)2

dHn −
∫
G

(n− 1)x · yD√
1− (x · yD)2

dHn

≤
∫
G∆D

(n− 1)|x · yD|√
1− (x · yD)2

dHn ≤ (n− 1) cot
(
ϑo
4

)
|G∆D|.

Joining the last two inequalities we obtain

|γ(G)− γ(D)| ≤ (n− 1) cot
(
ϑo
4

)
|G∆D|.

We insert the preceding inequality into (5.5) and arrive at

P(G) ≤ P(D) + 1
1−Co

[
Λ
ϑo

+ Co(n− 1) cot
(
ϑo
4

)]
|G∆D|.
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But, this proves that G is a ( Kϑo , r1ϑo)-almost minimizer of the perimeter with a constant
K = 1

1−Co

[
Λ + 4Co(n− 1)

]
and a radius r1 = r1(n) > 0. �

In the following we establish the prerequisites needed to prove the regularity result for
almost minimizers of the perimeter from Theorem 5.11. First, we state density estimates
for (K, ro)-almost minimizers of the perimeter. These estimates are similar to those ones
in [23] (see also of [20, Theorem 21.11]). For the metric version we refer to [19].

Lemma 5.9 (Density estimates). Let G ⊂ Sn be a (K, ro)-quasi-minimizer of the peri-
meter with parameters K, ro > 0. Then

1

(K + 1)n
≤ |G ∩Br(po)|

|Br|
≤ 1− 1

(K + 1)n

and
P(G;Br(po))

|Br|
n−1
n

≥ c(n,K)

whenever po ∈ ∂G and 0 < r < min{ro, π2 }.

The proof of the following compactness result follows essentially the lines of the proof
of [22, Theorem 34.5]. For the Kuratowski convergence we refer to [5, Lemma 5.6].

Lemma 5.10. Let Gk ⊂ Sn be a sequence of (K, ro)-almost minimizers with structural
parameters K, ro > 0 satisfying supk∈N P(Gk) < ∞. If Gk converges in L1(Sn) to
some set G ⊂ Sn, then G is a (K, ro)-almost minimizer of the perimeter. Moreover,
denoting by µGk and µG the perimeter measure on ∂∗Gk and ∂∗G, respectively, we have
|µGk | → |µG| in the sense of Radon measures and ∂Gk converges to ∂G in the Kuratowski
sense as k →∞, i.e.

(i) if xk ∈ ∂Gk for any k ∈ N, then any limit point x belongs to ∂G.
(ii) for every x ∈ ∂G there exists a sequence {xk}k∈N with xk ∈ ∂Gk for any k ∈ N

converging to x.

Next, we state a regularity result for almost minimizers of the perimeter. Since we
already have established the Kuratowski convergence in Lemma 5.10, we can transform to
a flat situation and then proceed as in [12] or [20, Chapter 3]. For the sake of brevity we
skip the details.

Theorem 5.11. Suppose that Gk ⊂ Sn is a sequence of (K, ro)-almost minimizers of the
perimeter for some constant K > 0 and some radius ro > 0 satisfying

sup
k∈N

P(Gk) <∞ and χGk → χBϑo in L1(Sn),

where ϑo ∈ (0, π2 ]. Then, there exists ko ∈ N such that for any k ≥ ko the setGk is a nearly
spherical set in the sense of definition (3.1) with a representing function uk ∈ C1, 12 (Sn−1).
Furthermore, we have uk → 0 in C1,α(Sn−1) for every α ∈ (0, 1

2 ).

6. PROOF OF THEOREM 1.1

In this section we give the proof of Theorem 1.1. The proof is divided in quite a few
steps and at certain stages we have to distinguish several cases. We start with the obser-
vation that without loss of generality we may assume that E is centered at the north pole
en+1, i.e. β(E) = β(E; en+1) and that |E| = |Bϑo | for some ϑo ∈ (0, π2 ]. Indeed, if
ϑo ∈ (π2 , π) we apply (1.6) to Sn \ E instead of E to infer that

D(E) = P(E)−P(Bϑo) = P(Sn \ E)−P(Bπ−ϑo)

= D(Sn \ E) ≥ Cβ(Sn \ E)2 = Cβ(E)2.
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6.1. Reduction to sets with small isoperimetric gap. First, we show that it is enough to
prove: There exists a constant χo > 0 such that whenever E ⊂ Sn satisfies |E| = |Bϑo |,
β(E) = β(E; en+1) and D(E) ≤ χoϑn−1

o , then the quantitative isoperimetric inequality

(6.1) D(E) ≥ C1β(E)2

holds true with a constant C1 = C1(n). Indeed, for a set E ⊂ Sn of finite perimeter with
|E| = |Bϑo | and D(E) > χoϑ

n−1
o we have

β(E)2 ≤ 2P(E) = 2
(
D(E) + P(Bϑo)

)
= 2
(
D(E) + nωn sinn−1 ϑo

)
≤ 2

(
1 +

nωn sinn−1 ϑo

χoϑ
n−1
o

)
D(E) ≤ 2

(
1 +

nωn
χo

)
D(E)

i.e. the quantitative isoperimetric inequality holds with C =
[
2(1 + nωnχ

−1
o )
]−1

. On the
other hand, if D(E) ≤ δoϑn−1

o the inequality would follow, if (6.1) would be established.

6.2. The contradiction assumption. We argue by contradiction, assuming that (6.1) fails
to hold. Then, there exists a sequence of sets of finite perimeter Ek ⊂ Sn with volumes
|Ek| = |Bϑk | satisfying

(6.2)
D(Ek)

ϑn−1
k

=
P(Ek)−P(Bϑk)

ϑn−1
k

→ 0 as k →∞,

and

(6.3) D(Ek) < C1β
2(Ek).

Moreover, we may also assume that ϑk → ϑo ∈ [0, π2 ] and that β(Ek) = β(Ek; en+1)
for any k, which means that the sets Ek are centered at en+1. At this point we need to
distinguish three cases.

6.3. The case ϑo > 0. This case is divided into several steps, which will guide us also
in one of the more involved cases where ϑo = 0. This case has to be divided into two
sub-cases whether or not the L2-oscillation index converges fast enough to 0.

6.3.1. Convergence toBϑo . From (6.2) we know that the sequence of perimeters P(Ek) is
uniformly bounded and therefore by compactness we infer that up to a (not relabeled) sub-
sequence we haveEk → E∞ in L1(Sn). In particular we conclude that |E∞| = |Bϑo |. By
the optimal isoperimetric inequality from (2.2) we must have P(E∞) ≥ P(Bϑo). On the
other hand, by the lower semicontinuity of the perimeter with respect to L1-convergence
and by (6.2) we have

P(E∞) ≤ lim inf
k→∞

P(Ek) = P(Bϑo).

But this implies P(E∞) = P(Bϑo), i.e. in the isoperimetric inequality we have equality,
so that E∞ = Bϑo(po) for some po ∈ Sn. However, since Ek → Bϑo(po) in L1(Sn) and
that all the Ek are centered at en+1, by Lemma 2.6 (i.e. the continuity of the centers with
respect to L1-convergence) we conclude that E∞ is also centered at the north pole en+1,
i.e. E∞ = Bϑo . Moreover, using Lemma 5.2, we have that γ(Ek)→ γ(Bϑo). Therefore,
taking (6.2) into account we find that

ε2
k := β2(Ek) = P(Ek)− γ(Ek)→ P(Bϑo)− γ(Bϑo) = 0

in the limit k →∞.
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6.3.2. Penalization. Taking Λ ≥ Λo, where Λo is as in Lemma 5.1, and Co ∈ (0, 1/8), we
define the penalized functionals

Fk(G) := P(G) +
Λ

ϑk

∣∣|G| − |Bϑk |∣∣+ Co
∣∣β2(G)− ε2

k

∣∣,
By Lemma 5.3 we know that the functionals Fk are lower semicontinuous with respect
to L1-convergence of sets in Sn and therefore for any k ∈ N there exists a minimizer
Gk ⊂ Sn of Fk. By the minimality of Gk – note that β(Bϑo) = 0 – we have

P(Gk) ≤ Fk(Gk) ≤ Fk(Bϑk) = P(Bϑk) + Co ε
2
k,

so that also the sequence P(Gk) is uniformly bounded; this implies that χGk is a uniformly
bounded sequence in BV (Sn). Therefore we may extract a (not relabeled) subsequence
satisfying Gk → G∞ in L1 for some G∞ ⊂ Sn. Next, we define the functionals

Gk(G) := P(G) +
Λ

ϑk

∣∣|G| − |Bϑk |∣∣ for k ∈ N.

Having chosen Λ ≥ Λo, where Λo is the constant from Lemma 5.1, we conclude that Bϑk
is a minimizer of Gk. Hence, by the minimality of Gk and the contradiction assumption
(6.3) we obtain

Gk(Gk) + Co|β2(Gk)− ε2
k| = Fk(Gk) ≤ Fk(Ek) = P(Ek)(6.4)

< P(Bϑk) + C1 ε
2
k = Gk(Bϑk) + C1 ε

2
k ≤ Gk(Gk) + C1 ε

2
k.

But this implies |β2(Gk) − ε2
k| ≤ C1ε

2
k/Co and moreover β(Gk) → 0 as k → ∞, since

εk → 0. Further, distinguishing between the cases β(Gk) ≥ εk (in which the following
estimate trivially holds true) and εk ≥ β(Gk) (in which we use the preceding inequality)
we conclude that there holds

(6.5) ε2
k ≤

Co
Co − C1

β2(Gk)

provided we impose that C1 < Co holds. Moreover, by the lower semicontinuity of the
perimeter with respect to L1-convergence and the minimizing property of Gk we infer that

G∞(G∞) := P(G∞) +
Λ

ϑo

∣∣|G∞| − |Bϑo |∣∣
≤ lim inf

k→∞
Fk(Gk) ≤ lim inf

k→∞
Fk(Bϑo) = P(Bϑo) = G∞(Bϑo).

SinceBϑo is a minimizer of G∞, we conclude that alsoG∞ is a minimizer of G∞. Hence,
Lemma 5.1 ensures that G∞ is a geodesic ball Bϑo(po) for some po ∈ Sn. Finally, we
rotate all the sets Gk in such a way that their barycenter is the north pole en+1. Thus, we
conclude that Gk converge to Bϑo , by a continuity argument similar to the one we used in
the case ϑo > 0 of the proof of Lemma 2.9.

6.3.3. Almost ball property of Gk. Denoting by δo(n) > 0 the constant from Lemma 5.8
we prove that for any δ ∈ (0, δo) there exists ko = ko(δ) ∈ N such that the inclusion

(6.6) Bϑk(1−δ) ⊂ Gk ⊂ Bϑk(1+δ)

holds true for any k ≥ ko. First, we apply Lemma 5.5 to conclude that there exists a radius
ro = ro(Λ) > 0 such that Gk is a (3, roϑk)-quasi minimizer of the perimeter for any
k ∈ N. By Theorem 5.6 this implies that the topological boundary ∂Gk coincides with
the reduced boundary ∂∗Gk after modifying the set Gk on a set of measure 0; that is we
assume from now on that ∂Gk = ∂∗Gk.

Now, we argue by contradiction. We assume that there exists 0 < δ < min{δo, ro},
such that for infinitely many k ∈ N we can find xk ∈ ∂Gk with

xk 6∈ Bϑk(1+δ) \Bϑk(1−δ).
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By Theorem 5.6 there exist yk, zk ∈ B δϑk
2

(xk) such that the inclusions B δϑk
2C

(yk) ⊂ Gk

and B δϑk
2C

(zk) ⊂ Sn \ Gk hold true. If xk ∈ Sn \ Bϑk(1+δ) we would have B δϑk
2C

(yk) ⊂
Sn \Bϑk and hence B δϑk

2C

(yk) ⊂ Gk \Bϑk . On the other hand, if xk ∈ Bϑk(1−δ) we have
B δϑk

2C

(zk) ⊂ Bϑk and hence B δϑk
2C

(zk) ⊂ Bϑk \Gk. Therefore we either have

(6.7) |Gk \Bϑk | ≥ |B δϑk
2C

(yk)| > 0 or |Bϑk \Gk| ≥ |B δϑk
2C

(zk)| > 0

for infinitely many k ∈ N. But this contradicts the fact that |Gk∆Bϑk | → 0 and therefore
proves the claim.

6.3.4. Regularity. From (6.6) and Lemma 5.8 we infer that there exists r1 = r1(n) > 0
and K = K(n,Λ, Co) such that Gk is a (K/ϑk, r1ϑk)-almost minimizer of the perimeter
and thus also a (2K/ϑo, r1ϑo/2)-almost minimizer of the perimeter for k large. There-
fore, since Gk is converging in L1 to Bϑo , we are allowed to apply Theorem 5.11 which
yields for k large enough that the set Gk admits a spherical graph representation of class
C1, 12 (Sn). This means that there exist functions vk ∈ C1, 12 (Sn−1) such that

∂Gk =
{

(ω, 0) sin[ϑo(1 + vk(ω))] + en+1 cos[ϑo(1 + vk(ω))] : ω ∈ Sn−1
}
.

with ‖vk‖W 1,∞(Sn−1) → 0 as k →∞.

6.3.5. The final contradiction. Note that the previous representation shows that Gk is also
nearly spherical with respect to the ball Bϑ′k , where |Bϑ′k | = |Gk|. In fact, letting uk =
ϑo
ϑ′k

(1 + vk)− 1 we have

∂Gk =
{

(ω, 0) sin[ϑ′k(1 + uk(ω))] + en+1 cos[ϑ′k(1 + uk(ω))] : ω ∈ Sn−1
}
,

and moreover uk → 0 in W 1,∞(Sn−1) as k → ∞. Since Gk → Bϑo we easily see that
ϑ′k
ϑk
→ 1. Therefore, by Lemma 2.1, we get that

∣∣P(Bϑk)−P(Bϑ′k)
∣∣ ≤ c(n)

ϑk

∣∣|Bϑk | − |Gk|∣∣ ≤ Λ

ϑk

∣∣|Bϑk | − |Gk|∣∣,
provided that we take Λ ≥ c(n). Using this inequality, (6.4) and (6.5) we get that

D(Gk) =
[
P(Gk)−P(Bϑk)

]
+
[
P(Bϑk)−P(Bϑ′k)

]
≤ P(Gk) +

Λ

ϑk

∣∣|Bϑk | − |Gk|∣∣−P(Bϑk)

= Gk(Gk)−P(Bϑk) ≤ C1ε
2
k ≤

CoC1

Co − C1
β2(Gk),

a contradiction to (3.16), provided we take C1 from the contradiction assumption so small
that CoC1/(Co − C1) < c2(n) holds true. This finishes the proof in the case ϑo > 0.

In the sequel we are going to assume that ϑo = 0. We shall also assume, without loss
of generality that there exists a non relabeled subsequence such that

(6.8) lim
k→∞

ϑ1−n
k β2(Ek) = ηo ∈ [0,∞]

6.4. The case ϑo = 0 and ηo = 0. Most parts of the proof follow the line of proof from
the case ϑo > 0 and in the following we only indicate the differences.
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6.4.1. Necessary changes with respect to the case ϑo > 0. First, the conclusion from Sec-
tion 6.3.1, i.e. that εk = β(Ek)→ 0 as k →∞ now trivially holds. With that at hand the
argument from Section 6.3.2 works as before. In particular equations (6.4) and (6.5) are
obtained exactly as in Section 6.3.2. Only the conclusion of this Section is now different.
We define ϑ′k such that |Gk| = |Bϑ′k | and observe that

(6.9) lim
k→∞

ϑ′k
ϑk

= 1

holds true. In fact from (6.4) we get that

(6.10) P(Gk)−P(Bϑk) +
Λ

ϑk

∣∣|Gk| − |Bϑk |∣∣ ≤ C1ε
2
k = C1β(Ek)2.

If ϑ′k > ϑk from the previous equation we get, since |Gk| = |Bϑ′k |, that

|Bϑ′k | − |Bϑk |
ϑnk

≤ C1β(Ek)2

Λϑn−1
k

,

holds, from which the claim (6.9) immediately follows. If instead ϑ′k < ϑk we estimate
the left hand side of (6.10) with the help of Lemma 2.1 taking into account that P(Gk) ≥
P(Bϑ′k) and obtain

nωn

[ Λ

2πn−1
− (n− 1)

]
ϑn−2
k (ϑk − ϑ′k) ≤ C1β(Ek)2,

from which the claim (6.9) follows by choosing Λ > 2πn−1(n−1). Now, from Lemma 2.7
and (6.5), one gets for k large that

α(Gk)2 ≤ c(n)

ϑn−1
k

β(Gk)2 ≤ c(n)

ϑn−1
k

(
1 +

C1

Co

)
ε2
k ≤

2c(n)β(Ek)2

ϑn−1
k

,

provided C1 is chosen to be smaller than Co. Therefore, rotating Gk if necessary, we can
assume that α(Gk) = |Gk∆Bϑ′k |/|Bϑ′k |; note that Gk has the volume |Bϑ′k |. Taking (6.9)
into account, we find that

lim
k→∞

|Gk∆Bϑk |
ϑnk

≤ c(n) lim
k→∞

α(Gk) + lim
k→∞

|Bϑ′k∆Bϑk |
ϑnk

(6.11)

≤ c(n) lim
k→∞

β(Ek)

ϑ
n−1
2

k

+ lim
k→∞

∣∣|Bϑ′k | − |Bϑk |∣∣
ϑnk

= 0.

Having arrived at this stage we proceed as in Section 6.3.3 until formula (6.7), from which
the desired contradiction can be derived. In fact, if the first of the two inequalities holds
(the other case is similar), we get for all 0 < δ < min{δo, ro} that

δnϑnk ≤ c(n)Cn|Gk \Bϑk |,

and therefore the contradiction follows with (6.11).
Finally, as in Section 6.3.4 an application of Lemma 5.8 implies that there exist

r1 = r1(n) > 0 and K = K(n,Λ, Co) such that the sets Gk are (K/ϑk, r1ϑk)-almost
minimizers of the perimeter.

6.4.2. The final conclusion in the case ϑo = 0 and ηo = 0. Instead of the sets Gk we
consider the sets G̃k obtained by projecting Gk onto the plane {xn+1 = 0}. By B(n)

r we
denote the ball in Rn of radius r with center at the origin. From what we proved in Section
6.3.3 we know that for all 0 < δ < min{δo, ro} the following inclusion

B
(n)
sin(ϑk(1−δ)) ⊂ G̃k ⊂ B

(n)
sin(ϑk(1+δ)),

holds true, provided k is sufficiently large. Using these inclusions, the almost minimal-
ity property of Gk, the area formula for rectifiable sets and the transformation formula
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for measurable sets it is immediate to check that for k large enough the sets G̃k are
(2K/ϑk, r1ϑk/2)-almost minimizers of the functional

G 7→
∫
∂∗G

√
1− (z · νG)2

1− |z|2
dHn−1 .

Here we used the facts that the setsGk are localized in ballsBϑk(1+δ) with ϑk → 0 and that
the parametrization z 7→ z+

√
1− |z|2en+1 of the sphere is a bi-Lipschitz parametrization

with bi-Lipschitz constant converging to 1 on the balls B(n)
sin(ϑk(1+δo)). Thus, for k � 1,

the rescaled sets H̃k = G̃k/ϑk are (2K, r1/2)-almost minimizers of the functionals

H 7→
∫
∂∗H

√
1− ϑ2

k(z · νH)2

1− ϑ2
k|z|2

dHn−1.

Moreover the sets H̃k are converging in Haudorff distance to the unit ball B(n)
1 . By ap-

plying the analogous of Theorem 5.11 to the above functionals (with estimates uniform
in k, since the integrands are approaching 1 in C2 on K × Sn−1 for any compact set
K ⊂ Rn), we then conclude that the sets H̃k converge in C1,α to the unit ball B(n)

1 for any
0 < α < 1/2. In particular, there exist functions wk converging to zero in C1,α(Sn−1),
such that

∂H̃k =
{
ω(1 + wk(ω)) : ω ∈ Sn−1

}
,

and hence
∂G̃k =

{
ϑkω(1 + wk(ω)) : ω ∈ Sn−1

}
.

Setting now w̃k = arcsin[ϑk(1+wk)]−ϑk
ϑk

, also the functions w̃k converge to 0 in C1,α(Sn−1)
and we have

∂Gk =
{

(ω, 0) sin[ϑk(1 + w̃k(ω))] + en+1 cos[ϑk(1 + w̃k(ω))] : ω ∈ Sn−1
}
.

Moreover, since Bϑk(1−δk) ⊂ Gk ⊂ Bϑk(1+δk) for some δk ↓ 0, we may apply
Lemma 2.9, thus getting that if pk is a barycenter of Gk, then ϑ−1

k dist(pk, en+1) → 0.
Therefore, after rotating the sets Gk so that they all have barycenter at en+1, we may
assume that

∂Gk =
{

(ω, 0) sin[ϑk(1 + vk(ω))] + en+1 cos[ϑk(1 + vk(ω))] : ω ∈ Sn−1
}
,

for a new sequence of functions vk still converging to zero on C1,α(Sn−1). Finally, setting
uk = ϑk

ϑ′k
(1 + vk)− 1→ 0, we see that ∂Gk can be written in the form

∂Gk =
{

(ω, 0) sin[ϑ′k(1 + uk(ω))] + en+1 cos[ϑ′k(1 + uk(ω))] : ω ∈ Sn−1
}
.

Having arrived at this stage the contradiction can be obtained exactly as in Section 6.3.5.

6.5. The case ϑo = 0 and ηo > 0. In this case the proof differs completely from those
ones of the two previous cases.

6.5.1. Localization. Without loss of generality we may assume that

(6.12) Ek ⊂ BRoϑk(pk) for all k,

for some point pk ∈ Sn, where Ro = 2R and R is the radius provided by Lemma 4.1. In
fact, if (6.12) does not hold we apply Lemma 4.1 and find a sequence of sets E′k ⊂ Ek of
measure |E′k| = |Bϑ′k | with ϑ′k ∈ [ϑk/2, ϑk]. Moreover, the new sets E′k are contained in
a ball of radius Rϑk. Then, we have

E′k ⊂ BRϑk(pk) ⊂ BRoϑ′k(pk) for all k.

Moreover, the estimate (4.1)1 from Lemma 4.1 ensures for k � 1 that

β(Ek)2 ≤ β(E′k)2 + C̃D(Ek) + C̃(ϑkD(Ek))
n−1
n
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= β(E′k)2 + C̃
D(Ek)

ϑn−1
k

ϑn−1
k

β(Ek)2
β(Ek)2 + C̃

(
D(Ek)

ϑn−1
k

)n−1
n ϑn−1

k

β(Ek)2
β(Ek)2.(6.13)

Recalling (6.2) and the fact that the ratio ϑn−1
k

β(Ek)2 converges to 1/ηo < ∞ (recall the defi-
nition (6.8)) we can re-absorb the second and the third term of the right-hand side on the
left-hand side and obtain for k � 1 that

β(Ek)2 ≤ 2β(E′k)2.

In turn we now apply (4.1)2 from Lemma 4.1, (6.3) and the last inequality to obtain

(6.14) D(E′k) ≤ C̃D(Ek) ≤ C̃C1β(Ek)2 ≤ 2C̃C1β(E′k)2,

where C̃ is the constant provided by Lemma 4.1. Moreover, combining the first line in
(6.13) with (6.2), we get

(6.15) lim inf
k→∞

ϑ1−n
k β(E′k)2 ≥ ηo .

In conclusion, up to writing Ek in place of E′k and ϑk in place of ϑ′k, we may assume that
our sets Ek satisfy the conditions (6.12), (6.14) and (6.15).

6.5.2. The strategy of the proof. Since the sets Ek are contained in BRoϑk(pk), we may
conclude by Lemma 2.4 that all its centers are contained in B2Roϑk(pk). Therefore, by
rotating the centers pk to en+1, we may assume without loss of generality that Ek has a
center at en+1 and that Ek ⊂ B3Roϑk(en+1).

Next, by Ẽk we denote the projection of Ek on the plane {xn+1 = 0}. In the following
we shall denote by P (E) the standard euclidean perimeter, by D(E) = P (E)−P (B

(n)
r ),

where |B(n)
r | = |E|, the usual isoperimetric gap, and by β(E) the oscillation index in the

euclidean case (see [15]). We recall that

β(E)2 = P (E)− max
w∈Rn

γ(n)(E;w),

where

γ(n)(E;w) =

∫
E

n− 1

|z − w|
dz .

In [15] it is proved that for any set E ⊂ Rn of finite measure and of finite perimeter the
sharp quantitative isoperimetric inequality

(6.16) Co(n)β2(E) ≤ D(E),

holds true with some positive constant Co(n) < 1.
Let us now denote by rk the radius of a ball B(n)

rk ⊂ Rn such that |Ẽk| = |B(n)
rk |. Then,

we have

D(Ek) = P(Ek)−P(Bϑk)

= D(Ẽk) + P(Ek)− P (Ẽk) + nωn(rn−1
k − sinn−1 ϑk)

≥ Coβ(Ẽk)2 + [P(Ek)− P (Ẽk)] + nωn(rn−1
k − sinn−1 ϑk),

where Co is the constant appearing in (6.16). Now, by zk we denote a point in Rn having
the property that

(6.17) β(Ẽk)2 = P (Ẽk)− γ(n)(Ẽk; zk).

Then, from the second last inequality and the fact that Ek has a center at the north pole
en+1, we conclude that

D(Ek) ≥ Coβ(Ek)2 + (1− Co)[P(Ek)− P (Ẽk)] + nωn(rn−1
k − sinn−1 ϑk)(6.18)

+ (n− 1)Co

[∫
Ek

x · en+1√
1− (x · en+1)2

dHn −
∫
Ẽk

dz

|z − zk|

]
.
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= Coβ(Ek)2 + Ik + IIk + IIIk,

with the obvious labeling of the terms Ik, IIk and IIIk. We claim that

(6.19) Ik ≥ 0, lim
k→∞

ϑ1−n
k IIk = 0, lim inf

k→∞
ϑ1−n
k IIIk ≥ 0 .

Once the claim will be established the proof can be easily completed observing that (6.18),
(6.17) and (6.15) imply for k large the lower bound

D(Ek) ≥ Coβ(Ek)2 + IIk + IIIk ≥ 1
2Coβ(Ek)2 + 1

4Coηoϑ
n−1
k + IIk + IIIk

≥ 1
2Coβ(Ek)2 + ϑn−1

k

(
1
4Coηo + ϑ1−n

k IIk + ϑ1−n
k IIIk

)
≥ 1

2Coβ(Ek)2.

But this contradicts (6.14) provided we choose C1 < Co/(4C̃) and finishes the proof in
this case.

6.5.3. Estimate of Ik and IIk. The estimate (6.19)1 follows by an application of the area
formula. In fact, we have

Ik
1− Co

= P(Ek)− P (Ẽk) =

∫
∂∗Ẽk

[√
1− (z · νẼk)2

1− |z|2
− 1

]
dz ≥ 0.

To estimate IIk we use in turn the definition of rk and the fact that Ek ⊂ B3Roϑk , which
implies Ẽk ⊂ B(n)

3Roϑk
. This leads us to

ωnr
n
k = |Ẽk| =

∫
Ẽk

√
1− |z|2√
1− |z|2

dz ≥
∫
Ẽk

1− |z|2√
1− |z|2

dz

≥
(
1− 9R2

oϑ
2
k

) ∫
Ẽk

dz√
1− |z|2

=
(
1− 9R2

oϑ
2
k

)
|Ek|.

Therefore we can conclude that(
1− 9R2

oϑ
2
k

)
|Ek| ≤ ωnrnk = |Ẽk| ≤ |Ek|,

so that

n
(
1− 9R2

oϑ
2
k

) ∫ ϑk

0

sinn−1 σ dσ ≤ rnk ≤ n
∫ ϑk

0

sinn−1 σ dσ.

In particular, since ϑk → 0, we conclude that

lim
k→∞

rk
ϑk

= 1,

which easily implies that

lim
k→∞

| sinn−1 ϑk − rn−1
k |

ϑn−1
k

= 0,

proving the second inequality in (6.19).

6.5.4. Estimate of IIIk. In this final step we denote by c a generic constant that may change
from line to line depending only on Ro and n, but not on k. First, by rotating the sets Ẽk
around the origin we may assume that there exists ωo ∈ Sn−1 such that

zk = ωo sinϕk,

for a suitable angle ϕk ≥ 0. Since Ẽk ⊂ B
(n)
3R0ϑk

and zk ∈ B
(n)
3R0ϑk

we get also that
0 ≤ ϕk ≤ 6Roϑk. We now define

yk = (ωo, 0) sinϕk + en+1 cosϕk.

Let ε ∈ (0, 1) fixed to be chosen later in the proof. By Q̃ε(ωo) we denote the cone
{z ∈ Rn6=0 : z

|z| · ωo > 1 − ε} and by Q̃cε(ωo) its complement. Similarly, writing points
x ∈ Sn in the form x = (ωx, 0) sinϕx + en+1 cosϕx we define Qε(ωo) := {x ∈ Sn :
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ωx ·ωo > 1−ε}. ByQcε(ωo) we denote its complement in Sn. These sets can be considered
as cones in the sphere. Recalling that Ek is centered at en+1 we find that

IIIk
Co(n− 1)

≥
∫
Ek

x · yk√
1− (x · yk)2

dHn −
∫
Ẽk

dz

|z − zk|
(6.20)

=

∫
Ek∩Qε(ωo)

x · yk√
1− (x · yk)2

dHn −
∫
Ẽk∩Q̃ε(ωo)

dz

|z − zk|

+

∫
Ek∩Qcε(ωo)

x · yk√
1− (x · yk)2

dHn −
∫
Ẽk∩Q̃cε(ωo)

dz

|z − zk|
= IIIk,1 + IIIk,2.

Now, since zk ∈ B(n)
3Roϑk

, yk ∈ B6Roϑk and Ẽk ⊂ B(n)
3Roϑk

and x · yk ≥ 0 for any x ∈ Ek
we have

IIIk,1 ≥ −
∫
B

(n)
6Roϑk

(zk)∩Q̃ε(ωo)

dz

|z − zk|
.(6.21)

To estimate this integral, we denote by πo the orthogonal projection of Rn onto the hy-
perplane in Rn passing through the origin and orthogonal to ωo. For r > 0 we set
Cr := {z ∈ Rn : |πo(z)| ≤ r}. Then, Cr is the cylinder whose axis of symmetry is
given by ωoR and whose cross section is an (n − 1)-dimensional disk of radius r. Note
that if z ∈ B(n)

6Roϑk
(zk) ∩ Q̃ε(ωo), then

|πo(z)|2 = |z|2 − (ωo · z)2 ≤ |z|2 − (1− ε)2|z|2 ≤ 2ε|z|2 ≤ 132R2
oϑ

2
kε.

This however implies that B(n)
6Roϑk

(zk) ∩ Q̃ε(ωo) ⊂ C13Roϑk
√
ε. Since zk lies in the

symmetry axis of the cylinders Cr by construction we have Cr − zk = Cr so that (6.21)
can be estimated from below in the form

IIIk,1 ≥ −
∫
B

(n)
6Roϑk

(zk)∩C13Roϑk
√
ε

dz

|z − zk|
(6.22)

= −
∫
B

(n)
6Roϑk

∩C13Roϑk
√
ε

dz

|z|
= −ϑn−1

k

∫
B

(n)
6Ro
∩C13Ro

√
ε

dw

|w|
.

Now, we turn our attention to the term IIIk,2 for which we have

IIIk,2 ≥
[ ∫

Ek∩Qcε(ωo)

1√
1− (x · yk)2

dHn −
∫
Ẽk∩Q̃cε(ωo)

dz

|z − zk|
√

1− |z|2

]
(6.23)

+

∫
Ek∩Qcε(ωo)

x · yk − 1√
1− (x · yk)2

dHn

= IIIk,3 + IIIk,4,(6.24)

with the obvious meaning for IIIk,4 and IIIk,3. We first treat the term IIIk,4. Recalling the
inclusion Ek ⊂ B3Roϑk and the fact that ϕk ≤ 6Roϑk, we estimate for k large enough the
term IIIk,4 as follows:

|IIIk,4| ≤
∫
Ek

| sinϕx sinϕk|+ | cosϕx cosϕk − 1|√
1− (x · yk)2

dHn(6.25)

≤ cR2
oϑ

2
k

∫
Ek

dHn√
1− (x · yk)2

≤ cR2
oϑ

2
kγ(Ek; yk)

≤ cR2
oϑ

2
kP(Ek) = cR2

oϑ
2
k

[
D(Ek) + P(Bϑk)

]
≤ cR2

oϑ
n+1
k .

In the last inequality we used (6.2); moreover in the second last line we used the fact that
γ ≤ P which is a consequence of the very definition of γ, cf. (2.5). At this stage it
remains to estimate the term IIIk,3. In the sequel we use the following short hand notation:

s = sinϕx, sk = sinϕk, c = cosϕx, ck = cosϕk, o = ωx · ω0.
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Using the area formula and noting that Qcε(ωo) = {o < 1 − ε} in our short hand notion
we find that

IIIk,3 =

∫
Ek∩{o<1−ε}

[
1√

1−(ossk + cck)2
− 1√

s2 + s2
k − 2ossk

]
dHn

Then, using the elementary inequality∣∣∣∣ 1√
a
− 1√

b

∣∣∣∣ ≤ |b− a|b
√
a
,

we obtain, after some calculations,

IIIk,3 ≥ −
∫
Ek∩{o<1−ε}

|s2s2
k(1 + o2) + 2ossk(cck − 1)|√

1− (ossk + cck)2(s2 + s2
k − 2ossk)

dHn

≥ −1

ε

∫
Ek∩{o<1−ε}

|s2s2
k(1 + o2) + 2ossk(cck − 1)|√
1− (ossk + cck)2(s2 + s2

k)
dHn

≥ − 1

2ε

∫
Ek∩{o<1−ε}

|ssk(1 + o2) + 2o(cck − 1)|√
1− (ossk + cck)2

dHn

≥ −cR
2
oϑ

2
k

ε

∫
Ek

1√
1− (x · yk)2

dHn ≥ −cR
2
oϑ

2
kP(Ek)

ε
≥ −

cR2
oϑ
n+1
k

ε
.

Joining this last inequality with the estimates (6.20) – (6.25) we see that also the third
inequality in (6.19) holds true by letting first k → ∞ and then ε → 0+. This finishes the
proof in the case ϑo = 0 and ηo > 0. 2
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