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ABSTRACT. In the context of a variational model for the epitaxial growth of strained elastic
films, we study the effects of the presence of anisotropic surface energies in the determination of
equilibrium configurations. We show that the threshold effect that describes the stability of flat
morphologies in the isotropic case remains valid for weak anisotropies, but is no longer present
in the case of highly anisotropic surface energies, where we show that the flat configuration is
always a local minimizer of the total energy. Following the approach of [12], we obtain these
results by means of a minimality criterion based on the positivity of the second variation.
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1. INTRODUCTION

The mechanism of epitaxial growth of an elastic film on a relatively thick substrate, in presence
of a lattice mismatch at the interface between film and substrate, is understood to be governed by
the competition of two opposing forms of energy, the bulk elastic energy and the surface energy.
A proper variational formulation of the problem, which makes use of the tools of relaxation and
geometric measure theory, is proposed in [2] and in [10]: here the film is modeled as a linear elastic
solid grown on a flat substrate in a two-dimensional framework (corresponding to three-dimensional
configurations with planar symmetry); equilibrium configurations correspond to minimizers of the
total energy of the system, which is taken as the sum of the stored elastic energy and the energy
of the free surface of the film. Due to the presence of these two competing forms of energy, flat
morphologies become unstable after a critical value of the thickness of the film is reached: this
threshold effect, known as Asaro-Grinfeld-Tiller (AGT) instability, is discussed in [14], while in
[12] the authors determine analytically the critical threshold for the local minimality of the flat
configuration using a minimality criterion based on the positivity of the second variation of the
total energy. Concerning the regularity of local minimizers of the total energy, we refer to the
recent paper [7], where it is proved that the profile of a volume constrained local minimizer may
have at most a finite number of vertical cuts or cusp points, being of class C' away from these
singularities (see also [10], where the model is slightly different and a stronger notion of local
minimality is considered).

In this paper we investigate the role played by the presence of anisotropy in the surface energy
in determining the resulting equilibrium configurations: while in the analysis of [12] the surface
term in the total energy was assumed to be isotropic, here we consider the free surface energy of
the film to be of the form

/¢(V) dm, (1.1)
T

where I' is the free profile of the film, and 1 is a convex function of the normal v to the surface of

the film (see also [9], where a similar energy is considered in a slightly different context). The main

information about the anisotropy is carried by the Wulff shape associated with ¢ (see Section 2),

which is the set that minimizes (1.1) under a volume constraint. We consider first the case of

“weak” anisotropies, in which the surface density 1 satisfies a strong convexity condition (see

(2.3)) and the corresponding Wulff shape is a regular set. Then we pass to the crystalline case,
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in which we assume that the boundary of the Wulff shape contains a horizontal facet intersecting
the y-axis.

The main findings of our analysis are the following. In the case of regular anisotropies we
observe the same qualitative behavior as in the isotropic case studied in [12]. Precisely, we show
the existence of a volume threshold such that the flat configuration is a local minimizer for the
total energy if and only if the volume is below the critical value (such a threshold is analytically
determined). The situation is very different in presence of a crystalline anisotropy: in the main
result of the paper (Theorem 2.9) we show that the flat configuration is always a strong local
minimizer (see Definition 2.3) with respect to small L -perturbations of the free profile, no matter
how thick the film is. As in [12], these results are obtained by means of a sufficient condition for
local minimality, expressed in terms of a suitable notion of second variation of the total energy.

The paper is organized as follows. In Section 2 we fix the notations, we describe the variational
model and we state the main results. In Section 3 we compute the second variation of the total
energy, and we start paving the way to the proof of the local minimality criterion, which will be
completed in Section 4. Finally, Sections 5 and 6 are devoted to the proofs of the results concerning
the stability of the flat configuration in the regular case and in the crystalline case, respectively.

2. SETTING AND MAIN RESULTS

We start by describing the setting of the problem, as formulated in [2, 12].

The reference configuration of the film is modeled as the subgraph of a lower semicontinuous
function with finite pointwise total variation: given b > 0, we set

AP(0,b) :={g: R — [0,+00) : g is lower semicontinuous and b-periodic, Var(g; 0,b) < +oo},

where

k
Var(g;0,b) := sup{ZLq(xi) —g(xic1)]:0<zp<z1 <...<zK < bk € N} .

i=1
For an admissible profile g € AP(0,b), we introduce the sets

Qg :={(z,y) : 2 €(0,b),0<y < g(x)},

Py :={(z,y):2€[0,0), g~ (2) <y < g"(2)},

Yg = A{(z,y): 2 €0,0), g(x) < g (2), 9(z) <y < g ()},
which will be referred to as the reference configuration of the film, the free profile of the film, and
the set of vertical cuts, respectively (here g% (z) = g(z+) V g(x—) and ¢~ (z) = g(z+) A g(z—),
where g(z+) and g(z—) denote the right and the left limits of g at z, respectively, which exist
at every point). We consider also the b-periodic extension of the reference configuration:

OF ={(z,y):x €R,0<y < g(x)}

(the sets Ff, E# are defined similarly). If g is Lipschitz, we denote by v the exterior unit normal
vector to 0, on I'y, and by 7 = v+ the unit tangent vector to I', (obtained rotating v clockwise
by 7). Moreover, we denote by div, the tangential divergence on I'y, by 0, J, the tangential
and normal derivative, and by D., D, the tangential and normal gradient, respectively. Finally,
for a sufficiently regular g the curvature of I'y will be denoted by

1 !
H =divv = _(g) o on Iy,
1+(g')?

where 71 : R? — R is the orthogonal projection on the z-axis.
In order to introduce the space of admissible elastic variations, we define for a given g € AP(0,b)

LD#(QQ;RQ) ={ve Lfoc(Qf;RQ) cv(x,y) = v(z+b,y) for (z,y) € Q?,E(U)mg S LZ(Qg;MQXQ)},
where E(v) := $(Vv+ (Vv)?) denotes the symmetrized gradient of v. We assign at the interface

between the film and the substrate a boundary Dirichlet datum, which forces the film to be
strained, of the form wg(x,0) = (epx + g(x),0), where ¢y > 0 and ¢ : R — R is a b-periodic
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function of class C*° (the constant ey measures the lattice mismatch between film and substrate).
Finally, let us introduce the following spaces of admissible pairs film profile-deformation:
Y (ug;0,b) := {(g,v) : g € AP(0,b),v: QF — R? v —ug € LDx(Qy;R?)},
X (u0;0,0) :={(g,v) € Y(up;0,b) : v(x,0) = ug(z,0) for all x € R},
X1 (uo;0,b) :={(g,v) € X(up;0,b) : g is Lipschitz continuous}.
We consider the following notion of convergence in Y (up;0,b): we say that a sequence (hy,un)
tends to (h,u) in Y iff
e sup,, Var(h,;0,b) < +oo,
o dy (Ri\Q#ﬂ,Ri\Q#) — 0, where dy is the Hausdorff distance defined as'
dg(A,B) =inf{e > 0: A C N.(B) and B C N.(A)},
e u, — u weakly in Hl{)C(Q#;RQ)
(note that this implies also that h,, — h in L'(0,b): see [10, Lemma 2.5]). We have the following
compactness theorem (see [2], [10]):

Theorem 2.1. Assume that (hy,un) € X (ug;0,b) satisfy
sup{/ |E(un)|* dz 4 Var(h,;0,b) + th|} < 400.
th’

Then there exists (h,u) € X(ug;0,b) such that, up to subsequences, (hy,un)— (h,u) in Y.

We are now ready to introduce the functional on X, which is the sum of the bulk elastic energy
and of the energy of the free surface of the film. In our investigation, anisotropy is incorporated
only in the surface term and neglected in the volume energy. This reflects the observation that
surface anisotropy is more considerable than anisotropy in the elastic field. Hence we consider an

elastic energy density of the form W (u) := $CE(u) : E(u), where

2p 4+ A)&1n1 + Aoz 2p&12 2x2
C¢ = ( for £ € MZX2 .
: ( 2u&12 (21 + A)&a2 + A& ¢ € Maym
Here p and A denote the Lamé coefficients, which are assumed to satisfy the ellipticity conditions
w>0, A+ p >0 (note that W(u) > min{u, A + u}|E(u)|?* and thus W is coercive).

We add to the elastic energy an anisotropic surface term: we consider a convex and positively
homogeneous function of degree one 1 : R? — [0, +00) satisfying the following condition:

m|z| < (z) < M|z| for every z € R?, (2.1)

for some positive constants m and M.
Finally, we introduce the functional

F(hyu)= | W(u)dz+ | (v)dH? for (h,u) € X (uo;0,b).
Qh l—‘h

The functional F , originally defined only for Lipschitz admissible profiles, can be extended to the

whole space X (ug;0,b), by relaxation: we set for (h,u) € X (uo;0,b)

F(hu) = inf{liminf F(hn,tn) ¢ (huyun) € X1(u0;0,b),

n— oo

1,

= 1], (hn,un) = (h,u) in y},
The following theorem provides an explicit representation of the relaxed functional.

Theorem 2.2. Let 0 =(1,0) + ¢ (—1,0). The following representation formula for F holds:

F(h,u) = i W (u) dz + ; Y(vp) dH + o HEH(Zn) (2.2)

Here N:(C) denotes the e-neighborhood of a set C, and R% = {(=z,y) : £y > 0}.
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where vy, is the generalized outer normal to Q# UR? at the points of its reduced boundary (which
coincides, in the strip [0,b) x R, with T, up to an H' -negligible set).

The proof can be obtained arguing as in [10, Theorem 2.8] and [2, Lemma 2.1], using Reshet-
nyak’s lower semicontinuity and continuity theorems (see [1, Theorem 2.38 and Theorem 2.39]) to
treat the presence of anisotropy in the surface term (we refer also to the recent works [3, 6] for
related relaxation results in higher dimension).

We now define the notions of local minimizer, critical pair and flat configuration.

Definition 2.3. We say that (h,u) € X (ug;0,b) is a b-periodic local minimizer for the functional
F' if there exists § > 0 such that

F(h,u) < F(g,v)
for all (g,v) € X(uo;0,b) with |Qg] = |Q4| and ||g — hljx < J; if the inequality is strict when
g # h, we say that (h,u) is an isolated b-periodic local minimizer.

We will first study the situation in which the anisotropy is regular. Precisely, we make the
following additional assumptions on the anisotropy :
(R1) % is of class C® away from the origin;
(R2) the following strong convexity condition holds: for every v € St
V2(v)[w, w] > co |w*>  for all w L v, (2.3)

for some constant ¢y > 0.
The results of Sections 3, 4 and 5 are obtained under these hypotheses. We note for later use that
by homogeneity
V2 (v)[v] = 0 for every v € R*\ {0}. (2.4)

Definition 2.4. We say that an element (h,u) € X (ug;0,b) with h € C*(R) is a critical pair for
the functional F' if u minimizes the elastic energy in j, that is, u satisfies the equation

A CE(u): E(w)dz=0 for every w € A(Qp,), (2.5)
h
where
A(Qy) := {w € LDx(Qp; R?) : w(-,0) = 0},

and the following transmission condition holds:

W (u) + HY = const on 'y N{y > 0}. (2.6)
Here HY is the anisotropic mean curvature of T';,, defined as

HY = div(Vy o v) = div, (Ve o v)

(the second equality follows from Dv[v] =0).

Remark 2.5. The definition of critical pair is motivated by the Euler-Lagrange equation satisfied
by a sufficiently regular (local) minimizer of F' (see the formula for the first variation of F' deduced
in Step 1 of the proof of Theorem 3.1). Assuming more regularity in the anisotropy, we can apply
standard results to deduce further regularity of a critical pair. In particular, if h > 0 and I'y, is of
class C1 for all o € (0,1/2), then equation (2.5) (which is a linear elliptic system satisfying the
Legendre-Hadamard condition) implies that u € C1*(Q,) for all a € (0,1/2) (see [12, Proposition
8.9]). Moreover, if both ¢ and ug are of class C° (analytic, respectively), and equation (2.6)
holds in the distributional sense, then (h,u) is of class C*° (analytic, respectively) by the results
contained in [15, Subsection 4.2]. Observe that condition (2.3) is exactly the assumption needed
in the regularity result of [15].

Remark 2.6. We will make repeated use of the following explicit formula for the anisotropic
mean curvature:

HY(z,h(z)) = ((—h'(z),1)) . (2.7)
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Indeed, from condition (2.4) it follows that V2¢(—h/,1)[(—h’,1)] = 0, which in turn implies
O2,0(—h',1) = 82,9 (—h', 1)1/ ; hence
HY =div,(Vypov) =0.(Viporv) -7
h//

- _m [8?11/;(_]1’7 1)+ h/afzw(_h/, 1)| om

= f(h” 02, (— 1, 1)) o,
which is (2.7).

Definition 2.7. The flat configuration corresponding to a given volume d > 0 and a boundary
Dirichlet datum ug(z,0) = (eoz,0), e > 0, is the pair (¢, v,,) with

—A
= e — . 2.
Ve (.%‘,y) €o (37, 2,U, A y) ( 8)

Notice that the flat configuration is a critical pair for F'.

In Sections 3 and 4 we will prove a local minimality criterion for the functional F' expressed in
terms of the positivity of its second variation. The result will be established by implementing, in
our anisotropic framework, the general strategy described in [12] to deal with the isotropic case.
From this we will be able to deduce, in Section 5, a stability property for the flat configuration,
showing that the qualitative results obtained in [12] hold also in the case of regular anisotropies:
in particular we have a volume threshold of minimality, which can be determined analitically in
terms of the Grinfeld function K , defined for y > 0 by

1 y + (3 —4v,) sinhy cosh y
K(y) := max —J(ny), J(y) := (2 2p) I
R 4(1 = )2 + 92 + (3 — 4p) sinh? y

where v, = 2(/\7% (the function K is strictly increasing and continuous, K(y) < Cy for some
positive constant C, and lim,_, . K(y) = 1: see [12, Corollary 5.3]). Precisely, we show:

Theorem 2.8. For any b > 0 and ey > 0, let d(b,eg) € (0,+00] be defined as d(b,ep) = +oo if
0 < b < T (2p+N) 8121’1’(0»1)
=73

P ES V. and as the solution to

o (2nd(be0)\ _ T 2ut N OBw(0.1) 1
( b >4 Gulp+r) b

otherwise. Then the flat configuration (%,er) s an isolated b-periodic local minimizer for F if
0 <d<d(beg), in the sense of Definition 2.35.

The threshold d(b,eg) is critical: indeed, for d > d(b,eq) there exists a sequence (gn,vn) €
X (u0;0,b) such that |Qq, | =d, ||gn — $lleo < L and F(gn,vn) < F(%,ve,).

We are now ready to state the main contribution of this note. As announced in the introduction,
we will show that if we consider a less regular anisotropic surface density, whose Wulff shape has a
flat facet parallel to the x-axis, we have a different qualitative behavior concerning the stability of
the flat configuration. We recall (see [8], [11], [16]) that the Wulff shape associated to a function
¥ S — (0,+00) is the convex set

Wy ={2€R?:z-v < ¢(v) for every v € S'}, (2.9)
which coincides with the unique minimizer (up to translations) of the “anisotropic isoperimetric
problem”

min{ Y(vg)dH' : E C R? has finite perimeter, |E| = Ww|} .
o°E

Viceversa, every compact convex set K containing a neighborhood of the origin is the Wulff set
associated with the convex function
Yr(v) =sup{z-v:z€ K}. (2.10)

Let us consider an anisotropy . : R? — [0, +00) satisfying the following assumptions:
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(C1) 4. is a positively 1-homogeneous and convex function;

(C2) the associated Wulff shape Wy, contains a neighborhood of the origin;

(C3) the boundary of W, contains a horizontal facet, precisely, a segment of the form L =
{Jz| < a1,y = as} for some positive reals ay, as.

Setting o. = 1.(1,0) + ¢.(—1,0), we consider the associated functional defined on X (ug;0,b) as

F.(hyou)= [ W) dz+ [ e(vn)dH' + oo H (Zh).
Qh, I—‘h
The main result of the paper, which is proved in Section 6, is concerned with the stability of the
flat configuration and shows that the presence of an horizontal facet in the Wulff shape eliminates
the AGT instability. Precisely, we have:

Theorem 2.9. Given any b >0, d >0, ey > 0, the flat configuration (%,er) corresponding to
the volume d and the boundary Dirichlet datum ug(z,0) = (egx,0) is an isolated b-periodic local
minimizer for F., in the sense of Definition 2.3.

3. SECOND VARIATION AND W2 LOCAL MINIMALITY

In this section, following [12], we introduce a suitable notion of second variation of the func-
tional F' along volume preserving deformations, in terms of which we will be able to state a local
minimality criterion.

Let us assume that the anisotropy ¢ satisfies conditions (R1) and (R2) of Section 2. Fix
(h,u) € X(up;0,b) with h € C*(R), h > 0, and such that the displacement « minimizes the
elastic energy in . Given ¢ : R — R of class C*°, b-periodic and such that féj o(x)dz =0,
define h; := h+t¢ for t € R and let uy, be the elastic equilibrium in €, . We define the second
variation of F at (h,u) along the direction ¢ to be the value of

d2

22 L (hey uny )] Je=o-
In the following theorem we compute explicitly the second variation defined as above. Denote
by v the outer unit normal vector to €, on I'y,, and by H;p = div (V4 o 1) the anisotropic
curvature of T'y, . For any one-parameter family of functions (g;); we denote by g:(x) the partial
derivative with respect to ¢ of the map (¢,2) — ¢:(z) (omitting the subscript when ¢ =0).

Theorem 3.1. Let (h,u), ¢, and (he,un,) be as above, and let ¢ be defined as ¢ := \/%o .

Then the function u belongs to A(Qy) and satisfies the equation

CE(u): E(w)dz = div, (¢ CE(u)) - wdH* for all w € A(Qp). (3.1)
Qh I‘h,
Moreover, the second variation of F at (h,u) along the direction ¢ is given by

d2
L P un)lemo = — [ CE(@) : (i) d= + / (V20 0 1)[Drp, D] dH!
dt Qn Ty

+/F (0,[W (w)] — HHY) ¢? d”Hl—/P (W (u) + H?) 0, ((h o m1) *) dH . (3.2)

Proof. The computation is carried out in [12, Theorem 3.2] in the case of an isotropic surface en-
ergy. The equation solved by 4 is deduced exactly in the same way, and also the same computation
for the elastic energy yields

d? {
— W (up, )dz}
dt? Qn, ¢

+ g O, [W (u)] ¢* dH' — g W (u) 8, ((h om)@?) dH .

—— | CE():E(a)dz (3.3)
t=0 Qp

We are only left with the computation of the first and second derivatives of the surface energy.
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Step 1. We compute the first variation of the surface term. Using the positive 1-homogeneity of
1, we have

d

d (b
dt Th, Yl dH = %/0 Y(=hi(x),1) dx

b
- / (=) (), 1)¢/(z) do
/ o(2) HY (2, hy(2)) de,

where the last equality follows by integration by parts and by (2.7). We remark that the first
variation of the complete functional F' is

aF he, un, ) / o(x) | W (un,) th)“(w,ht(w))d‘r'

Step 2. Before starting the computation of the second variation, we deduce some useful identities
that will be used in the following. Observe first that, thanks to the fact that Dv[v] = 0, we have

Dv=D,v=Hr®T on I'p. (3.4)
Moreover, for the same reason we have also D (Vi ov) [v] = 0; differentiating we get
0y, (D (Vypov))=—-D(Vyov)Dv,
thus
O, HY = 9, [div(Vy o v)] = 9, [trace (D (V) o )]
= trace [0, (D (Vi o v))] = —trace [D (Vi) ov) Dy
=-HHY,

where the last equality follows using (3.4).
Differentiating with respect to t the identity

(@)
V1 (hi(2))?

and evaluating the result at ¢ =0, we get

Vt(x7y —|—t¢)($)) = for (m,y) € Fha

/
+ (pom)Oov = — (l—i-qzh’) 771) T on I'y,.
Now from this equality and from (3.4) we obtain

/

v=—((¢pom)Hr + om | 7=-D,p. (3.5)
)

_¢
1+ ()2

As a consequence of (2.4) we have (V21 o v)[v,7] = 0, and differentiating this identity in the
direction v we get

0, (V2 ov)P]) = =(V2 o), d,v] =0
(recall that d,v =0). Hence

. o P
H“ﬁ:aHtﬂt:O a[iv(v¢oyt]|t o = div (V2 o v) [0
:diVT(VZQZJOV 1/) (v2¢oy 1/])

= div, (V2 ov)[P]) = —div, (V> ov)[Dr¢]),

where in the last equality we used (3.5).
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Step 3. We finally pass to the second variation. Differentiating the formula for the first variation
of the surface term with respect to ¢ and evaluating at ¢t = 0 we get

< { [ v )| =3l " () Y (o () ta]

t=0 t=0

b b
- / () H¥ (, () da + / 6(x) VH (2, h(x)) - (0, d(x)) dr
=1 + I5.

Changing variables in I; and using the equality HY = —div, ((V2¢ o V)[DTQD]) on I';, we
obtain

I = —/ pdiv, (V2 ov)[Dry]) dH' = / (V2 o v)[Drip, Dy dH?, (3.6)
Ty Tn

where the last equality follows by integration by parts, using the periodicity of .
For the second integral, we can decompose VHY = (9, HY)v+ (0, H¥), so that after a change
of variables

IQ = / (&,Hd’)gf d%l +/ (37Hw)(h’071'1)902 dHl
Fh, Fh,

=— | HHYQ*dH'— [ HY0,((h om)y?)dH, (3.7)
IS IS
where we used the identity 0, HY = —HHY satisfied on I';, and we integrated by parts in the last
integral (using again the periodicity of the functions involved).

Collecting (3.3), (3.6) and (3.7), the formula in the statement follows. O
Let us introduce the following subspace of H!(T):
Iy (T0) = { € (D) 5 9(0.0(0) = (b b)), [ ar! =0}
h

(note that the function ¢ defined in the statement of Theorem 3.1 belongs to this space). Having
the formula for the second variation in hand, and observing that the last integral in (3.2) vanishes
if (h,u) is a critical pair thanks to (2.6) and to the periodicity of the functions involved, we can
define the quadratic form 9*F(h,u) : I}#(Fh) — R associated with the second variation at a
critical pair (h,u) as

PPl = | (CE(%):E(%)dz—l—/F (V24 0 )[Drip, Drig] dH!

+ / (0,[W (w)] — HHY) ¢* dH'
Tn
for ¢ € ﬁ#(Fh), where v, is the unique solution in A(£2;) to

CE(v,) : E(w)dz = / div, (¢ CE(u)) - wdH' for every w € A(Qp,). (3.8)
Qp Ty

It is easily seen that the positive semi-definiteness of the quadratic form 9%F(h,u) is a necessary
condition for local minimality (see [12, Corollary 3.4]). On the other hand, we have the following

minimality criterion (see [12, Theorem 4.6]).

Theorem 3.2. Let the anisotropy v satisfy (R1) and (R2), and let (h,u) € X(up;0,b), with
h e C®(R), h >0, be a critical pair for F such that
O?F(h,u)[p] > 0 for every ¢ € fNI%&(Fh)\{O} (3.9)

Then there exists 6 > 0 such that for any (g,v) € X(uo;0,b), with ||g — hllw2eop < 0,
Q| = || and g # h we have
F(h,u) < F(g,v)

(we say that the critical pair (h,u) is an isolated W?°°-local minimizer for F ).
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We remark that, if ¢ is of class C°°, the regularity assumption on h is not restrictive (see
Remark 2.5).

The strategy developed in [12] to prove the theorem (which, in turn, borrows some ideas from
[4]) can be repeated here with some changes. We only recall what are the main steps, suggesting
the modifications that are necessary to adapt the proof to our setting.

First of all, one can show that the positiveness condition (3.9) can be equivalently formulated
in terms of the first eigenvalue of a suitable compact linear operator defined on f{@(rh) This is

done by introducing the bilinear form on ﬁ#(Fh)

(¢, 0)~ ;:/F (0,W(u)] — HH?) 0 dH" +/F (V24 o v)[Drop, D,6] dH! (3.10)

h

which, if positive definite, defines an equivalent norm || - ||~ on ﬁ# (T',) (this can be shown using
condition (2.3) and following the lines of the proof of [4, Proposition 4.2]). Then, one has the
following equivalent formulation of condition (3.9) (see [12, Proposition 3.6]):

Proposition 3.3. Condition (3.9) is satisfied if and only if the bilinear form (-, )~ is positive
definite and the compact monotone self-adjoint operator T : H# (Th) — H%(Fh) , defined by duality
as

(Tp,0)~ := ; CE(v,) : E(vg)dz = ; CE(vg) : E(v,)dz

for every ¢,0 € ﬁ%(lﬂh), satisfies A1 := max{(Ty,¢)~ : |l¢]l~ =1} < 1.

The proof of this proposition relies, essentially, on the following representation formula of
0?F(h,u) in terms of T:

OF (h,u)[@] = (¢, )~ — (TP, )~ (3.11)

Moreover, using (3.11) it is easily seen that condition (3.9) implies the existence of a constant
C > 0 such that

PF(h,uw)lel > Cllelnr,) for all ¢ € ﬁ#(Fh) (3.12)

Having this equivalent formulation in hand, the proof of Theorem 3.2 is obtained arguing sim-

ilarly to [12, Proposition 4.5], with some natural modifications. Notice that the elliptic estimates
provided by the technical lemmas [12, Lemma 4.1, Lemma 4.4] are valid also in our setting, be-
cause they are concerned only with the volume term which we left unchanged. The main steps in
the proof are the following.
Step 1. For g in a C?-neighborhood of h, let v, be the elastic equilibrium in €2, and consider a
diffeomorphism @, : Q5 — Q, of class C? such that ®,—Id is b-periodic in z, ®,4(z,0) = (z,0),
®4(z,y) = (z,y+gn(x)—h(z)) in aneighborhood of I'y,, and || @y —1d|| o2 (g, r2) < 2l9—hllc2(j0,8)) -
The same elliptic estimates proved in [12, Lemma 4.1] yield the following convergence (compare
with [12, (4.21)]):

100, (W (vg)] 0 @gJ1®g = Dy, [W ()] — 0 as [lg = hllczop) = 0, (3.13)

_1

H,%(Ty)
where J;®, denotes the 1-dimensional Jacobian of ®, on I'j,.
Step 2. Let us introduce, for g in a C?-neighborhood of h, a scalar product (-,-)~ 4 on ﬁ#(rg)
defined as in (3.10) with h replaced by g. We claim that the positivity condition (3.9) guarantees
that it is possible to control the H'-norm on I', in terms of the norm associated with (-,-)~ g,
uniformly with respect to g in a C%-neighborhood of h:

ez, < ClielZ,  for every ¢ € Hy(Ty)

(here and in the following steps C' denotes a generic positive constant, independent of ¢ in a
C?-neighborhood of h, which may change from line to line). In fact, given ¢ € H#(Fg), set



10 M. BONACINI
$ = (p o ®y)J1®y; then ¢ € HY(T)) and
Il e, = / (I 0 @yl + (s, 0) 0 By ) J1 @, !
h

< (1+34,) /F (8 + (0, 9)%) dH!

< (1+4) Cllgl2,
where in the last inequality we used (3.11) and (3.12) to deduce that
IglIZ = 0°F (h, w)[2] = Cll@llin r,)»
and d, is a constant depending only on [|g — hl|c2([0,p)), tending to 0 as ||g — hl|c2(jo,5)) — 0.
Now, setting ap := 9, [W(u)] — HHY, a4 := 8,,[W(vy)] — HHY (we denote by HY the
anisotropic mean curvature of g), we obtain from Step 1 that

[(ag o @g)J1®y — an(J1®y) —0 as [|g — hllc2(f0,6)) = 0.

2
-4 )

Hence

E= / (an @ + (V2 0 v4) Dy, &, D, &) dH!

g/F (agoq>g)(¢oq>g)2jlq>gd%1+/r (V24 0 v9)[Dr, @, Dr, ol dH' + 6,1 0ll3r,)
h g

+ [[(ag o @g)J1®4 — ah(J1<I>g)2||H7%(Fh)||(go °© (I)g)ané(ph)

< I + dullelrsce,) + OO0+ 8,) (g 0 )18, — an(1i8) -y o oo,
where, as before, d, tends to 0 as ||g — h||c2 — 0, and in the last inequality we used the estimate

(@ o ‘I’g)zl\H%(Fh) < Cll(w o @) ?llarray < Cliw 0 @)l (r,) < CAL+g)llelinr,):

Combining the previous estimates the claim follows.

Step 8. The previous step allows us to introduce a compact linear operator T, also on H# (Ty),
as we did for T on ﬁ#(rh); denoting by A 4 its first eigenvalue, one can prove, arguing exactly
as in Step 3 of the proof of [12, Proposition 4.5], that

limsup A4 <A <1,
lg—hllc2—0

where the last inequality follows by Proposition 3.3.
Step 4. We claim that the following estimate holds for g close to h in C?:

F(hyu) + Cllggltnr,) < Flg,vg),

where ¢g4 1= \/% o . In order to prove this estimate, we define h; := h+t(g — h) and wu; as

the corresponding elastic equilibrium, and setting f(t) := F(hs,ut), we can show that a careful
estimate of the second variation combined with the previous steps yields

() > € = M)l r,) (3.14)

for g sufficiently close to h in C?. From this the claim will follow immediately, since (using
f/(0) = 0, being (h,u) a critical pair)

Fihv) = £0) = £0) = [ 0= 07" Ot < Flavg) = S5 gy,

In order to prove (3.14), we have by Theorem 3.1

F'() = =(Th, gt 0gt) e + 99,12 1, —/ (W(ue) + HY)on,, (W om)ey,) dH' (3.15)

th
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where we set g, 1= om and sz denotes the anisotropic mean curvature of I'y, . Using

g—h
V/1+(hy)?
Step 2, Step 3 and the fact that

1
5”@9”%{1(1“9) < ||Sﬁg,t||§11(rht) < 2||<Pg||%11(rg)a
we deduce that

~(Thnipg,ts Pg.t)mihe + 109120, = (1= Xun)llgellZ ,
1- C(1-X) C(1-X1)
>0 A oy lineny = T el (310
if [|g — hllc2(jo,p)) is sufficiently small. Moreover, since (h,u) is a critical pair, there exists a
constant A such that W(u) + H¥ = A on T, and it can be also shown that

sup ||W(u) + HY — Allz~r,,) =0 asg—hin Cc2. (3.17)
te(0,1]

2
~he 2

A
gt gt

We then have
- / (W () + HY )0, (1 0 70) 02, ) A

hy

—— [ W)+ HE = Mo, (o m)ed,) k!
r

ht

v

—CI[W (ue) + H = Moo ) l0g.tl 7 e,
—2C|W (ur) + HZ” - A||Loe(rht)||%0gH%11(rg)- (3.18)

Hence (3.14) follows combining (3.15), (3.16) and (3.18), taking into account (3.17).
Step 5. Finally, using the estimate proved in Step 4, one obtains the W2 -local minimality by
an approximation argument, as in [12, Theorem 4.6].

v

4. IMPROVEMENT OF THE LOCAL MINIMALITY RESULT

The improvement of the minimality Theorem 3.2 requires a careful review of the arguments
developed in [12, Section 6], that lead to the following result.

Theorem 4.1. Let the anisotropy b satisfy (R1) and (R2) and let (h,u) € X(uo;0,b), with
h e C>®(R), h >0, be a critical pair for F such that condition (3.9) is satisfied. Then (h,u) is
an isolated b-periodic local minimizer for F, in the sense of Definition 2.3.

As in [12], the proof is achieved by considering a sequence of penalized minimum problems: let
(gn,vn) be a solution to

min{F(k,w) + A[[%] = 1] £ (k,w) € X(ug;0,b), k> h— %} .

Assuming by contradiction that we can find a sequence of pairs (G, 7,) € X(ug;0,b) such that
19,1 = %], F(gn,0n) < F(h,u) and ||gn — k|| < L, we then have, since (gn, ;) is an admissible
competitor for the penalized problem,

F(gn,vn) < F(gn,vn) +A||an| - |Qh|| < F(Gn, 0n) < F(h,u).

The conclusion will follow by showing, via regularity estimates, that the functions g¢,, are converg-
ing to h in W2 a contradiction with the W?2> -local minimality of (h,u) given by Theorem 3.2.

We start to carry out the previous strategy with an approximation lemma which can be easily
deduced from the second part of the proof of [2, Lemma 2.1] by means of Reshetnyak’s Continuity
Theorem.

Lemma 4.2. Given any h € AP(0,b) with h = h™, there exists a sequence of b-periodic and
Lipschitz functions h, T h pointwise such that

lim Y(vp, ) dH = | (vy) dH .

n—+oo Tn, T'n
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Another preliminary result that we will need in the following is an easy consequence of condition
(2.3).
Lemma 4.3. For any £ € R we have
Co
H(E,1) > ———,
hole D)2

where ¢y is the constant appearing in (2.3).

Proof. We split the vector (1,0) into its components parallel and orthogonal to the direction
(& 1):
- _ ¢ 3 1 _ & ¢ )
(1,0)= Vite? (\/1+£2’ \/1+§2> * (1 ez 1 )

From this decomposition, using (2.4), we get

Oh (€, 1) = V(£ 1)[(1,0), (1,0)]
- (gt 7w [0~ e —rde) (1~ o -rde)

> __co (17 £ ¢ )’2:760,
T Ve e 1+ (1+¢2)2

which is the inequality in the statement. O

[N

Remark 4.4. Using the previous lemma and formula (2.7), a straightforward computation shows
that the anisotropic mean curvature of a circumference of radius p is bounded from below by the
constant %0.

We now prove an “anisotropic version” of [12, Lemma 6.5].

Lemma 4.5. Let h € C°(R) be a b-periodic function, and let Ao = |HY| poo(r,), where HY
denotes the anisotropic mean curvature of I'y,. Then for any admissible profile k € AP(0,b)

b
1 . 1
P(vg) dH +A0/O Ik h|dx2/rh1/)(uh) dH*.

Tk

Proof. If k is Lipschitz, then using the 1-homogeneity and convexity of ¢ we get

b
vt it = [ i) ' = [ (1)~ o(n 0] do
b

b
2/0 (h —k)51¢(_h,1)dm:/0 |k — h|sign(k — h) HY (x, h(z)) dx

b
z—AO/ |k — h|da,
0

where we integrated by parts using the periodicity of h, k and formula (2.7). If £k € AP(0,b)
and X, = O, then the conclusion follows by approximation using Lemma 4.2. Finally, if X #
@, one can simply replace k& with k£~ (for which ¥;- = @ and I'y- = I'y), and apply again
Lemma 4.2. O

One essential point in the regularization procedure which leads to the W?2> convergence is
that the solutions to the penalized problems that we will consider satisfy an inner ball condition
(see also [5]):

Lemma 4.6 (Uniform inner ball condition). Let h € AP(0,b) N C*(R), A > 0, d > 0; let
(9,v) € X(up;0,b) be a solution to

min{F(k:,w) + A[Q%] = d] : (k,w) € X(up;0,b), k > h} .

Then there exists po = po(A, k) such that for every p < po and for every z € T'yUX, there exists
a ball By(z0) C Q¥ UR? such that 0B, (z) N (Iy UX,) = {z}.
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Proof. As in [12, Lemma 6.7], the proof is based on a suitable isoperimetric inequality which in
our anisotropic framework reads as follows (see [12, Lemma 6.6)):

let k € AP(0,b), B,(z0) C Qk# UR?, and let z1 = (x1,y1), 22 = (w2,92) be
points in 0B,(zp) N (Fk# U Ek#) (with x1 < x2). Let S = (x1,22) X R, let v be
the shortest arc on 0B,(z9) connecting z1 and zo (if z1 and zo are antipodal,

the arc which stays above), let ~' be the arc on Fk# U Ek# connecting z, and za,
and let D be the region enclosed by vU~'. Then

[ o) +0(-1.0) (ko) — )
00, 0)(kr2) —32) = [ v ! 2 2D, (4.1)

where ¢y is the constant appearing in (2.3).

Let us prove (4.1). Assume first that k is Lipschitz in [z1,z2]: let h be the function in (z1,z2)
whose graph coincides with 7, then arguing as in the proof of Lemma 4.5 we obtain (observe that
k(x1) = h(x1), k(z2) = h(za), and k > h)

Jrng e = [ vt = [ Tuk0) oot ) s
> /wz (W = k) orp(=h',1) de = /w2(k ) (317/1(*]1/’ 1))/d:£

Co *2
— k—h)dx,
p X1 ( )

v

which is (4.1) (in the last inequality we used Remark 4.4). For a general k, we can proceed by
approximation using the following property: given g : [z1,23] — R lower semicontinuous with
finite total variation, there exists a sequence of Lipschitz functions ¢, : [x1,22] — R such that
gn(w1) = g(21), gn(a2) = g(22), gn — g in L'((x1,22)), and

/F N (v, ) dH" — W(vg) dH' +1(=1,0)(g(z1+) — g(z1)) + ¥(1,0) (g(z2—) — g(w2)).

ryns

This can be obtained from [12, Lemma 6.2] using Reshetnyak’s Continuity Theorem. Thus (4.1)
follows.

Now the proof of the lemma can be obtained arguing exactly as in [12, Lemma 6.7], taking
po < min{co/A,1/[|h""||sc}. In particular, one can use (4.1) to show that, if B, (z) C Q¥ UR? ,
then 0B, (z) N (FZf U Zjé) is empty or consists of a single point. Then, the conclusion follows by
showing that

U{Bpo(z) : Byy(2) C O UR%} — Qf UR?

as in [5, Lemma 2] or [10, Proposition 3.3, Step 2]. O

The following proposition contains the main regularization result which allows us to get W2>-
convergence of the sequence of penalized minima.

Proposition 4.7. Let (h,u) € X(up;0,b), h > 0, be a critical pair for F. Let A > Ay :=
|HY| o1, where HY is the anisotropic mean curvature of T',. Let (gn,vn) € X (uo;0,b) be a
solution to the penalization problem

min{F(g,v) + A||Qq] = |%]| : (9,v) € X (u0;0,b), g > h — an} (4.2)
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where (ap), s a sequence of positive numbers converging to zero. Assume also that g, — h in
LY(0,b), Vv, = Vu in L2 _(Qn;R? x R?),

loc
- 1_ 1 - 1 _
Jim_ / )= [ p i H(,) =0 (4.3)
and ngl}rloo o W (vy,) dz = o, W (u). (4.4)

Then g, € W2°°(0,b) for n large enough, and g, — h in W2>°(0,b).

Proof. We review the proof of [12, Theorem 6.9], underlining the main changes needed to treat
the present situation.

Step 1. We show that supyg ;) [gn—h| — 0 as n — +o0o. We may assume that I'g, U X, converge
in the Hausdorff metric (up to subsequences) to some compact connected set K containing T'j,.
We claim that H!(K\T},) = 0. In fact, the approximate normal vector vy is defined at H!-a.e.
point of K, coinciding with v, on Ty, and applying [13, Theorem 3.1] we get

P(vp) dH! g/ V(v )dH' < liminf/ V(vg,) dH' + MHY(S,,) = [ ¥(vp)dH',
Th K n—+oo Jp Ty
from which the claim immediately follows. Now, since K is the Hausdorff limit of graphs, for every
x € [0,b) the section K N({z}xR) is connected; hence H'(K\I';,) = 0 implies that K = T'j,. The
uniform convergence of g, to h follows using this equality, the definition of Hausdorff convergence
and the continuity of h.
Step 2. We have g, € C°([0,b]) and X, .= O for n large enough, where

ngc = {(m,gn(x)) HEARS [O’b) ’ gn(x) =9n (:L'), (gn):,_(x) = _(gn)/_ (:L') = +OO}

is the set of cusps. The argument relies only on the inner ball condition, proved above (Lemma 4.6),
and can be obtained repeating word for word the second step in the proof of [12, Theorem 6.9].
Step 3. We claim that g, € C([0,b]) for n large enough. In fact, using again the inner
ball condition we first obtain that g, is Lipschitz and admits left and right derivatives at every
point, which are left and right continuous respectively: this is proved in [5, Lemma 3] (notice
that the second situation described in the quoted result can be excluded thanks to the fact that
X, UX, =0, as proved in the previous step).

From this we can also obtain the following decay estimate for v, : for all zy € I'y, there exists
¢n > 0, aradius 7, > 0 and an exponent «,, € (1/2,1) such that

/ |an|2 dz < cpror (4.5)
BT(ZU)OQSML

for all » < r, (see [10, Theorem 3.12]).

Finally, the argument which leads to the C' regularity of g, goes as follows. It consists in
showing that the left and right tangent lines at any point z; coincide, comparing the energy
of (gn,v,) with the energy of a suitable competitor obtained by replacing the graph of g, in
a neighborhood of zg with an affine function. Assume by contradiction that the left and right
tangent lines at a point zg = (2o, gn(20)) € I'y, are distinct, and form an angle 6 € (0, 7). Extend
v, out of £y to a function ©,, which still satisfies the estimate

/ |V |* dz < ¢, 2. (4.6)
BT(ZU)

For r < ry, consider the points z,. = (2., gn(z}.)), 2/ = (z),gn(2))) on I'y, N IB,(2) such
that the arcs ~,, 7/ on I'y, connecting z,. to zp, and z to zo respectively, are contained in
Iy, N B.(z0). Let s be the affine function whose graph connects z,. and z/’, denote by v,, .
and v/ the upper-pointing normals to the segments [z]., 2], [z], z0] and [2), zp] respectively and

define
_ | gn(=) if x €10,0)\ (], 2)),
gn(x) = { max{s(z),h(z) —a,} ifx e (), z)).



THE CASE OF ANISOTROPIC SURFACE ENERGIES 15

Then (g, Uy) is an admissible competitor in problem (4.2), and by the minimality of (g,,v,) we
get

0> F(gn,vn) + Al|Q, | = Q0] = F(gn, ) — A[|Qz,] = ||

n |

> [ vt~ | wlp, ) A = [ W(E) e A0y, A0
v Fgn N((a,27)) XR) By (20)
> 2! — 20l ) + I 2l wlvt) — |2 = 1 0(00)

— / (V(=h'(z),1) — (=5, 1)) dz — e — Amr? (4.7)
(x! 2 )N{h>s+an}

where we used (4.6) and the inequality
[ ol it = 1a5 = 2ol o))+ |2 20l 00,
RIASH

which can be deduced arguing as in the proof of Lemma 4.5.

Now, observe that |z — zo|v). +|z) — 20|v) = |z — 2]!|vy; therefore, applying [9, Proposition 8.1]
(notice that the assumption (2.3) guarantees that the sublevel set {¢) < 1} is strictly convex) we
get

|21 = 20l () + |27 = 20l Y (1)) — |27 = 2| Y (wr) Z rw(l = v - 1),

where w : [0,2] = [0,400) is a modulus of continuity. From (4.7) we deduce
rw(l—v, - v) < / (W(=h'(z),1) — (=5, 1)) da + cjr**n
(zf @ )N{h>s+an}

and, in turn,
w(l = vy - 1!) < 2Lip(Y) 08¢(ay arny B + 2@t

- vy — 0, which is a
contradiction since v/, - v/ — cos@ < 1. This completes the proof of the C! regularity of g, .
Step 4. We have g,, — h in C'([0,b]). The purely geometric argument that leads to this claim
relies only on the inner ball condition, and is contained in the fourth step of the proof of [12,
Theorem 6.9].

Step 5. We now prove that for all a € (0,1/2), g, — h in C([0,b]), v, € C1¥(Qy,) for n
large enough, and sup,, H”n”Clﬂ(ﬁgn) < +o0.

and since «, > % and A’ is continuous, letting » — 0 we obtain w(l — v/

The first claim follows by a comparison argument. Fix any point zg = (xo,gn(z0)) € Ty, ,
r > 0, denote by ~, the open arc contained in I'y, of endpoints zo and (xo + 7, gn(zo + 1)), and
define g,, as

N | gn(=) if x €[0,0)\ (zo,z0 + 1),
gnl) = { max{s(x), h(z) —a,} ifx € (zg,z0+71),

where s is the affine function whose graph connects zg and (zg+7, g (2o +7)).
the energies of g, and g, (as we did in Step 3), one can see that inequality (6.8
in our case

Then, comparing
) in [12] becomes

xo+T xo+T
/ P(—gl, 1) dr — / Y(—s',1)do < r?. (4.8)

0 Zo

Now, observe that for every a,b there exists a point £ in the interval [a A b,a V b] such that
1
w(b7 1) - ’L/)(aa 1) = 81’(/)(017 1) (b - a) + 5 8121¢<§7 1) (b - G,)2
co(b— a)?
> 01(a,1) (b—a) + 21+ 252

co(b—a)?

> op(a, 1) (b—a)+ 2(1 + max{aZ, b2})3/2




16 M. BONACINI

(in the first inequality we used Lemma 4.3). Applying (4.9) with a = f% f;OOJrT ! dr and b =
—g,, (), integrating in (xg,zo + r) and using (4.8), we get

o 1 xTo+T 1 xo+T 2
2(1+ MZ)3/2 ?/ (g;(“’) N ?/ 9n ds) da
o x

0

1 zo+r 1 To+r ) 9 1
<2 [ wegde -t [ w(=s Dz <
xr r X

r 0 0

From this inequality, arguing as in Step 5 of the proof of [12, Theorem 6.9], it follows that the
sequence (gn)n is equibounded in €17~z ([0,8]) for all o € (1/2,1), thus proving the first claim.
The other claims are obtained using standard elliptic estimates (see [12, Proposition 8.9]).
Step 6. The conclusion (g, — h in W%°°(0,b)) follows using the Euler-Lagrange equation (2.6)
satisfied by a critical pair.

In fact, setting K,, = {z € [0,8] : gn(x) = h(z) — a,,} and assuming without loss of generality
that A, = (0,b) \ K,, is not empty, it is easily seen that ¢/, (x) = h'(z) for every = € K,,, while
for z € A,, the following Euler-Lagrange equations are satisfied by g, and h respectively:

(019(—gp,(2),1))" = =W (v0) (2, gn (%)) + An,
(O19(=1(2),1))" = =W (u)(@, h(z)) + A,

for some Lagrange multipliers A,, A (the first equation follows by the minimality of (g, v,),
the second one by the fact that (h,u) is a critical pair: see (2.6)). Observe that, thanks to the
results contained in [1, Section 7.7], g/, is a Lipschitz function for all n. Now using the fact that
the anisotropic mean curvature is expressed as a derivative (see (2.7)), we first deduce from the
previous equations that, splitting A,, into the union of its connected components (& n, Bin),

ﬂzn

)\|A|—/ W (vp)(x, gn(z dx—Z/ (O1Y(—g, (), ))/dac

Xi,n

- Z(am—gﬂ(ﬁi,n» 1) = (g5 (@), 1))
= 3 (Ot (i) 1) = 10— (i), 1)

:/ (Or9p(—H' (), 1)) dar = A|Ay| */ W (u)(z, h(z)) da,
Ay Ay
which, in turn, gives

. A / (@, gn(2)) = W(u)(z, h(x))} da.

From assumption (4.4) and Step 5 one can deduce that W (v,,) (-, gn(-)) = W(u)(+, h(+)) uniformly
n [0,b], hence we conclude that A, — A. Now the Euler-Lagrange equations, the convergence
An, — A and the uniform convergence of W(v,)(+, gn(-)) to W(u)(-, h(-)) imply

(O1(—g, (), 1))/ — (10(—1 (2), 1))/ uniformly in [0, b].

Finally, from this we deduce that g/ — h” in L°°(0,b), since
T (G A
" ©0) 51211P( gn7 ) afﬁﬂ(‘”vl)

(using the fact that the denominators are uniformly bounded away from 0 by Lemma 4.3). This
concludes the proof of the proposition. O

—0
L°°(0,b)

Proof of Theorem 4.1. By contradiction, let (§n,?n) € X(uo;0,b), with |Qg.| = |Q4], be such
that 0 < [|gn — hllr=(0p) < = and

n

F(gn, 0n) < F(h,u). (4.10)
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Fix A > max{Ag, Wy}, where Ag is defined in Proposition 4.7 and

1[0 -
Wo = 5/0 W (Uo(z,y)) dx, Uo(z,y) = uo(x,0) + eo (0’ 20+ A y)

(notice that Wy is finite since ug is Lipschitz), and let (g,,v,) be a solution to the minimum
problem

. 1
mln{F(g,v) +A[[Q] = (2] : (9,0) € X (uo;0,b), g > h — ﬁ}; (4.11)

then

F(gnavn) S F(gn?vn) +A||an

We claim that (gn,v,) — (h,u) in Y, up to subsequences. In fact, by (4.12) we have a uniform
bound

— Q|| € F(Gn, ) < F(h,u). (4.12)

/ |E(un)[2 dz + Var(gn; 0,b) + |9, < C
Q

gn
(the bound on the variation of g, follows using condition (2.1), which gives a uniform bound on
H'(Ty,)), so that by Theorem 2.1 we have (gy,vn) X (k,v) € X(up;0,b) up to subsequences.
Taken any (g,w) € X(up;0,b) with g > h (it is an admissible competitor for all the penalized
problems) we have, by the l.s.c. of F' with respect to the convergence in Y and the minimality of
(gnsvn),

P (e 0)+ A[9%] = 90| < lim inf (F(g, 0n) + A]19,] = [901]) < F(g,w0)+AlI2] —|]] . (413)

From the previous inequality with (g, w) = (h,v) we get, since k > h,

b
w(z/k)d”H,1+A/ |k —h| < Y(vp) dHE,
0

Tk T

from which it follows k = h by Lemma 4.5 (using A > Ap), and in turn v = . Thus the claim is
proved.

Moreover, using again (4.13) with (g, w) = (h, u), combined with the Ls.c. of the volume energy
and of the map g — qu Y(v,) dH' with respect to the convergence in Y (the second one follows
from Reshetnyak’s Lower Semicontinuity Theorem), we deduce that conditions (4.3) and (4.4)
hold. By Proposition 4.7 we can conclude that g, — h in W2>(0,5).

We now deal with the volume constraint. Suppose first by contradiction that |, | < |Q4]. In
this case, consider the competitor (g, ), where g, = g, + (|| — |Qg,.|)/b and

B | Uolz,y) if 0 <y < (1] —[€,1)/b,
Un(z,y) = oy ($7y . IQhI—bIan\) +eo (07 —A(Lf(?;;:rl/\f;gn\)) if y > (|| — |Qg” )/b,

for (z,y) € Qg,: then
F(Gn, ) + Al[Qg, | = Q]| =F (g, va) = A|Qg, | = 1Qn]]= (120] = |92, [) (Wo — A) <0

(since A > Wy), which contradicts the minimality of (gy,vn).
Thus, |y, | > || for every n. We define g, := gn — (|Qg,,| — [Q])/b, so that

19,1 = 1Q%4], §n — gin W>>®(0,b), and F(§n,vs) < F(h,u).

From the isolated W2 -minimality of (h,u) (given by Theorem 3.2) we get (gn,v,) = (h,u)
for n large. By (4.12) this implies that F(gn,vn) = F(Gn,n) = F(h,u) for n large, thus the
pair (gn,Up) is a solution to the minimum problem (4.11). Hence, the previous compactness
argument applied now to the sequence (§,,7,) instead of (gn,v,) leads to §, — h in W2,
which contradicts (4.10) since (h,u) is an isolated W2 -local minimizer. t
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5. STABILITY OF THE FLAT CONFIGURATION

Now we come to the study of the stability of the flat configuration (%, Ve, ). We start by noticing
that we can consider without loss of generality variations in the subspace

Hg (ags) := {ip € Hy(Las) : 9(0,d/b) = (b, d/b) = 0},
(see [12, Remark 4.8]); in turn, this space can be identified with
b
0.0 = {0 e 10.0): 60 =) =0, [ o =0},

Observe moreover that the quadratic form associated with the second variation of the functional
F at the flat configuration is given by

b
PF ()l = [ CE(,): E(v)ds + 940 0.) [ ¢ (@) ds
(0,6)x(0,¢) 0
for all o € HL(0,b), where vy € A(Qqyp) is the solution to
b
/ CE(v,) : E(w)dz = 7'/ ' (z) wy(x,d/b)dz  for every w = (w1, w2) € A(Qayp)
(0,6)x(0,¢) 0

with 7= ZW(Q’:L%);\)%. Observe that, by Lemma 4.3, the coefficient 9?,1(0,1) is strictly positive.

Proof of Theorem 2.8. Arguing as in the proof of [12, Theorem 5.1], we get an explicit expression
of the second variation in terms of the Fourier coefficients of ¢, namely

72(1 — v,)bJ (2mnd /b?
(/b el = Y wupon |0f0(0.1) - T=IIEA]
neL TH
where the ,,’s are the Fourier coefficients of ¢ in (0,b). Now by definition of K
72(1 — vp)bJ (2mnd/b?) 5 27d 7 (2p+ A% 4(0,1) 1
> 1 K(Z=)=>=L i
o =B 2 o) o= i () 2 § R GTAERE S
which implies by (5.1)
~ 2md 7 (20 + XN)034(0,1) 1
F(d/b, ve Hg(0,b K= )<~ e
0 ( / 7’U0)[SD]>0 V(,OE 0(07 ) — b2 < 4 6(2)M(M+/\) bv
2md 7 (20 + N)034(0,1) 1 ) ~
K(b2> > Zali+ N 7 = O“F(d/b,ve,)[¢] <0 for some ¢ € Hy(0,b) .
Then the conclusion follows by Theorem 4.1. (]

Remark 5.1. It can be interesting to study what can be said, in this anisotropic contest, about
the issue of the global minimality of the flat configuration, that is, whether (%, Ve,) Minimizes F
among all b-periodic competitors satisfying the same volume constraint. One can check that the
corresponding result proved in the first part of [12, Theorem 2.11] can be extended to anisotropic
functionals (under the assumptions (R1)-(R2) on %), with no particular changes in the proof:
precisely, we have that for every b > 0 and eg > 0 there exists dgion (b, €0) € (0, d(b, eg)] such that
the flat configuration (%, Ue,) 1s a b-periodic global minimizer if and only if d < dgion (b, €9), and
it is the unique global minimizer if d < dgiop -

6. THE CRYSTALLINE CASE

This section is devoted to the proof of the main result of the paper, Theorem 2.9, which deals
with the stability of the flat configuration in the crystalline case. Let 1. be a crystalline anisotropy
satisfying conditions (C1)-(C3) of Section 2. The strategy will be the following. First of all, we
show that we do not lose in generality if we prove the theorem for crystalline anisotropies of a
particular form (namely, whose Wulff shape is a rectangle with sides parallel to the coordinate
axes). Then, we conclude using an approximation argument combined with the results obtained
in the previous sections for the regular case.
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a2

-a2

F1GURE 1. The Wulff shape corresponding to the anisotropy . is an approxima-
tion from the interior of the symmetric rectangle Ry = {|z| < by, |y| < az}. To
construct the Wulff shape associated with a function v, consider at every point
Y(v)v, v € S, of the polar plot of ¢ (the bold curve in the figure), the line
orthogonal to the radius vector and passing through that point: the Wulff shape
is the intersection of all the halfplanes containing the origin and whose boundary
is one of these lines (see (2.9)).

Proof of Theorem 2.9. We divide the proof into three steps.

Step 1. From the assumptions on ). it follows that we can find 0 < b; < aq, bs > 0 such that
the rectangle R = {(z,y) : |z| < b1, —b2 <y < as} is contained in the Wulff shape Wy, . Denote
by g the function whose Wulff shape is R, given by

Yr(vi,1v9) = bi|v1| + azlva]  ifva >0,
B bilva] + balra|  if e <0,

(see equation (2.10)), and by Fr the functional corresponding to this anisotropic surface density.
Note that, since R C Wy, , by (2.10) it follows immediately that ¥z < 1.; moreover

QZ}R(Ov 1) = a2 = wc(ov 1) (61)

(concerning the second equality see, for instance, [8, Proposition 3.5 (iv)]).

Step 2. We introduce a family of “approximating” functionals, defined as follows. We consider,
for € > 0, the family of anisotropic surface densities 1. (x,y) = b1\/e2y? + 2 + (az — b1€)|y|, and
the associated functionals

F.(h,u) = W (u)dz + e (vp) dH' + 201 HY(Z) .
Qh, 1_‘h,
The functions 1. converge monotonically as € — 07 to ¥ in R x [0, 400): indeed, it is sufficient
to observe that for (z,y) € R x [0, +00)

Ve(z,y) = bive?y? + 2% + (az — bie)y
a7 bafal + axy = (o) (62
= azy 12| + a2y = YRr(Z,Y) . :
biv/e2y? + 22 + biey

From a geometrical point of view, this means that the Wulff shapes associated with the functions
1. are converging monotonically from the interior to the corresponding one associated with ¥ g

in the upper half-plane (see Figure 1).
Consider now the functionals F. corresponding to the regular surface densities . (z,y) =
b1v/€2y? + x2; the functions 1. satisfy all the assumptions considered in the regular case: in
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particular, condition (2.3) follows after some computations from the formula

bl
2 2
—_— (’U} + e w ) —
1 2 2 2 ’
U% —+ 5211% (% + 52’[}2

(v1wy + e2vaw3)?

V21/3€(v)[w, w] =

where v = (v1,v2) and w = (wy,wz). The general analysis developed in the first part of the
paper applies to the functional 135: in particular, since 8%1@@5(0, 1) = b?l, from Theorem 2.8 it
follows that, given any b > 0 and ey > 0, there exists g = €¢(b,ep) > 0 such that if 0 < e < ¢q
the flat configuration (%,veo) is an isolated L°°-local minimizer for ﬁs for every volume d > 0.

The same is true also for F., since the energies F. and ﬁe differ only by a constant value:
F. = F. + (ay — bie)b.
Step 3. Given b > 0, d > 0, ¢y > 0, let €9 = eg(b,eg9) be as above, and let § > 0 be such
that the flat configuration minimizes the energy F;, among all competitors satisfying the volume
constraint whose L distance from the flat configuration is less than 4.

Then, for all (g,v) € X(uo;0,b) such that |Q,] = d and 0 < [|g — ¢|| < § we have, using
condition (6.1),

Fo($,ve,) = i W (ve,) dz + b1pe(0,1) = i W (ve,) dz + bepr(0,1)
d/b d/b

- FR(%J’UGO) - FEO (%7”60) < FEo(gﬂv) S FR(g7/U) S FC(QVU)

where the first inequality follows from the local minimality of the flat configuration for F;,, the
second one is a straight consequence of (6.2) and the last one follows using ¥ < t.. From the
previous chain of inequalities the conclusion follows. O

Remark 6.1. Concerning the global minimality of the flat configuration in the crystalline case,
an argument similar to the one used in the previous proof combined with the result stated in
Remark 5.1 shows that, for every b > 0 and eg > 0, the flat configuration (%,veo) is a global
minimizer if the volume d is sufficiently small.

Remark 6.2. A natural question arising from the previous analysis is whether in the crystalline
case the flat configuration is always a global minimizer. This is in fact not true, at least if the
interval of periodicity is sufficiently large. Indeed, we first recall that in [12, Proposition 2.12]
was proved that, for b sufficiently large, the threshold of global minimality is strictly smaller
than the threshold of local minimality. The same comparison argument used to prove that result
shows that, if g is an anisotropy whose associated Wulff shape is a rectangle (as in Step 1 of
the proof of Theorem 2.9), then for every s > 0 there exists b > 0 such that one can construct
a b-periodic competitor (g,v) whose energy is strictly below the energy of the flat configuration
(8,ve,): indeed, it is sufficient to observe that the surface energy corresponding to ¥g coincides,
up to constant factors, with the isotropic surface energy when evaluated on the flat configuration
and on the competitor constructed in the proof of [12, Proposition 2.12]. Finally, the same is
true for a general anisotropy . satisfying assumptions (C1)—(C3): in fact, one can always find a
rectangle R containing the associated Wulff shape whose upper side contains the horizontal facet,
in such a way that

’l/)R(Oa 1) = ’(/}C(Oa 1)) wc S ’(/}Ra
hence F¢(g,v) < Fr(g,v) < FR(S,ve,) = Fe(s,Ve,)-

Acknowledgments. I am very grateful to Massimiliano Morini for proposing the subject of this
work and for multiple helpful discussions.
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