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ABSTRACT. The subject of this paper is the rigorous derivation of a quasistatic evolution
model for a linearly elastic - perfectly plastic thin plate. As the thickness of the plate tends
to zero, we prove via I'-convergence techniques that solutions to the three-dimensional
quasistatic evolution problem of Prandtl-Reuss elastoplasticity converge to a quasistatic
evolution of a suitable reduced model. In this limiting model the admissible displacements
are of Kirchhoff-Love type and the stretching and bending components of the stress
are coupled through a plastic flow rule. Some equivalent formulations of the limiting
problem in rate form are derived, together with some two-dimensional characterizations
for suitable choices of the data.

1. INTRODUCTION

The rigorous derivation of lower dimensional models for thin structures is a question
of great interest in mechanics and its applications. In the early 90’s a rigorous approach to
dimension reduction has emerged in the stationary framework and in the context of nonlinear
elasticity [3, 23]. This approach is based on I'-convergence and, starting from the seminal
paper [19], has led to establish a hierarchy of limit models for plates [19, 20], rods [31, 32,
34, 35], and shells [18, 24, 25]. More recently, the I'-convergence approach to dimension
reduction has gained attention also in the evolutionary framework: in nonlinear elasticity
[1, 2], crack propagation [7, 17], elastoplasticity with hardening [26, 27], and delamination
problems [30].

In this paper we focus on the rigorous justification of a quasistatic evolution model for a
thin plate in perfect plasticity. More precisely, we shall consider a three-dimensional plate of
small thickness, whose elastic behaviour is linear and isotropic and whose plastic response is
governed by the Prandtl-Reuss flow rule (without hardening), and derive via I'-convergence
techniques a reduced quasistatic evolution model, by sending the thickness parameter to
zero.

Let w be a domain in R? with a C? boundary and let ¢ > 0. For a plate of reference
configuration

Qo =wx(-5,%5)

the quasistatic evolution problem in perfect plasticity can be formulated as follows. Let
u®(t) denote the displacement field at time ¢ and let Fu®(t) denote the infinitesimal strain
tensor at ¢, that is, the symmetric part of Du®(t). Let 0°(¢) be the stress tensor at ¢ and let
€°(t) and p°(t) (a deviatoric symmetric matrix) be the elastic and plastic strain tensors at t.
Assume that the plate is subjected to a time-dependent boundary condition w®(t) prescribed
on a subset I'; := 74 x (=5, §) of the lateral boundary of ). and that for simplicity there
are no applied loads. The classical formulation of the quasistatic evolution problem on a
time interval [0, 7] consists in finding u®(t), e*(t), p°(t), and o°(t) such that the following
conditions are satisfied for every ¢ € [0, T:

(cfl) kinematic admissibility: Euf(t) = e (t) + p°(t) in Q. and u(t) = w(t) on I';
(cf2) constitutive law: o¢(t) = Ce®(t) in €2, where C is the elasticity tensor;
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(cf3) equilibrium: diveoe(t) = 0 in . and o°(t)vga, = 0 on 09, \ I'c, where vsq, is the
outer unit normal to 0€);

(cf4) stress constraint: 05,(t) € K, where 0%, is the deviatoric part of ¢ and K is a
given convex and compact subset of deviatoric 3x3 matrices, representing the set of
admissible stresses;

(cf5) flow rule: p(t) = 0 if 05,(t) € int K, while p®(¢) belongs to the normal cone to K at
o5 (t) if 05,(t) € OK.

Condition (cf5) can also be written in the equivalent form:

(cfb’) mazimum dissipation principle: H(p®(t)) = o5 (t) :p°(t), where H is the support
function of K, i.e., H(p) :=sup{o:p : o0 € K}.

The first existence result of a quasistatic evolution in perfect plasticity has been proved
in [36] by means of viscoplastic approximations. More recently, in [10] the problem has
been reformulated within the framework of the variational theory for rate-independent
processes, developed in [28]. The variational formulation reads as follows: to find a triple
(uf(t),e*(t),p?(t)) such that for every t € [0,T] we have

(qsl) global stability: (u(t), e (t), p° (t)) satisfies Eus(t) = e°(t)+p°(¢) in Qe, us(t) = w(t)
on I'., and minimizes

%/Q <Cf:fdx+/Q H(q—p°(t))dz

among all kinematically admissible triples (v, f, q);
(qs2) energy balance:

é/ﬂa Ces(t):e7(t) d:c+/0t /Q H(p(s)) duds
= é/gs Ce®(0):€7(0) d:r+/0t /Q Ces(s) : B (s) dads.

The existence of a quasistatic evolution according to the previous formulation and the extent
to which this is equivalent to the original formulation is the main focus of [10].

The main purpose of this paper is to characterize the limiting behaviour of a sequence of
solutions (u®(t),e*(t),p°(t)), as € — 0. We observe that the abstract theory of evolutionary
I-convergence for rate-independent systems developed in [29] cannot be directly applied
here. Indeed, it consists in studying separately the I'-limit of the stored-energy functionals
and that of the dissipation distances and in coupling them through the construction of a
joint recovery sequence. This technique has been applied, e.g., in [26, 27], where the presence
of hardening gives rise to a stored-energy functional that is coercive in the L? norm both
with respect to e and p. This approach is not suited to our case, since the elastic energy is
coercive only with respect to the elastic strain e, while the plastic strain p can be controlled
only through the dissipation. For this reason, to identify the correct limiting energy we first
study the I'-convergence of the total energy functional, given by the sum of the stored energy
with the dissipation distance. More precisely, we focus on the static case, that is, we consider
a boundary displacement w® independent of time, we introduce the functional

E(u,e,p) ::%/ (Ce:eda:—i—/ H(p) dx
Q. Q.

defined on the class A(Q., w®) of all triples (u, e, p) satisfying Eu = e+ p in Q. and u = w*®
on I';, and we study its limit, as € — 0, in the sense of I'-convergence.

As pointed out in [10], because of the linear growth of H, the functional & is not coercive
in any Sobolev norm. The natural setting for a weak formulation is the space BD(f.) of
functions with bounded deformation in €2, for the displacement u and the space M(2. U
re; M%XB) of M%XS—Valued bounded Borel measures on €. UT'. for the plastic strain p. This
is also natural from a mechanical point of view, because it is well known that in absence of
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hardening displacements may develop jump discontinuities along so-called slip surfaces, on
which plastic strain concentrates.
Since p € M(2. UT,; M‘SDX?’), the functional

/| HG)dr

has to be interpreted according to the theory of convex functions of measures, developed in

[21, 37] (see also Section 2), as
dp
H(——)d|p|,
/QEUFE (d|p\) |p|

where dp/d|p| is the Radon-Nicodym derivative of p with respect to its total variation |p|.
Moreover, the boundary condition is relaxed by requiring that

p = (w® —U)QVaQEHQ on I',, (1.1)

where ® denotes the symmetric tensor product. The mechanical interpretation of (1.1) is
that 4 may not attain the boundary condition: in this case a plastic slip is developed along
I'., whose amount is proportional to the difference between the prescribed boundary value
and the actual value.

The I-convergence of & (rescaled to the domain © := w x (—3, 1) independent of ¢) is
the subject of Section 5. For simplicity we assume that the prescribed boundary datum w®
is a displacement of Kirchhoff-Love type of Sobolev regularity (see (3.5) below).

Setting T'y 1= 4 X (—%, %), we show that the I'-limit of & is finite only on the class

Agr(w) of triples (u, e, p) such that u € BD(Q), e € L*(;M2)3), p € My(QUTg; M353),
and

Eu=e+p in p=(w—u)®vpogH? on Iy, (1.2)
€i3 = 0 in Q, Pi3z = 0 inQU Fd, ¢ = 1,2,3, (13)

where w is a suitable limit boundary datum and vygq is the outer unit normal to 9. Note
that, owing to (1.3), we can identify e with a function in L?(Q; MZ%?) and p with a measure

in M,(QUT4;M2%2). On this class the I'-limit is given by the functional

Sym

J(u,e,p) = %/Q(Cre:edx—i—Hr(p) (1.4)

where

)= [ (k) d (15)

and the tensor C,. and the function H,. are defined through pointwise minimization formulas
(see (3.11), (3.15), and (3.17)).

Conditions (1.2)—(1.3) imply that u is a Kirchhoff-Love displacement in BD(f), that is,
us belongs to the space BH(w) of functions with bounded Hessian in w and there exists
@ € BD(w) such that

u(z) = (1 (') — w301uz(2’), Uz(2') — x302us(a’), us(a’)) for ae. z = (2, x3) € .

Moreover,
(Bu)ap = (Bt)ap — x3055u3  for o, 5 =1,2.

We note that the averaged tangential displacement u may exhibit jump discontinuities, while,
because of the embedding of BH (w) into C'(w), the normal displacement ug is continuous,
but its gradient may have jump discontinuities. Moreover, the second equality in (1.2),
together with the second condition in (1.3), implies that ug satisfies the boundary condition
ug = wsg on 4. Since the dependence of u on x3 is affine, we can conclude that in the limit
model slip surfaces are vertical surfaces whose projection on w is the union of the jump set
of @ and the jump set of Vug.
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Conditions (1.2)—(1.3) do not imply, in general, that e and p are affine with respect to zs.
However, one can prove (Proposition 4.3) that e and p admit the following decomposition:

e=é+zzeter, p=pRL +pRasL —ey,
where €,é € L?(w;M2X2), e; € L2(Q;M2%2), and p,p € My(w U v4; M2X2). Moreover, the

sym sym sym
zero-th order moments € and p satisfy

Fi=é+pinw, p=(w-—1u)0vspH onrg,
while the first order moments é and p are such that
D%uz = —(é+p) inw, p=(Vuz— Vws)® vg,H" on 4,

where vy, is the outer unit normal to Jw. Since it may be energetically convenient to have
e # 0, we cannot in general express the limit functional J in terms of two-dimensional
quantities only. This is in contrast with the case of linearized elasticity [6, 8].

The main technical ingredient in the I'-convergence result is Theorem 4.7, which ensures
the density of smooth enough triples in the class Agr(w) and is the key argument in
the construction of a recovery sequence (Theorem 5.4). A first difficulty in the proof of
Theorem 4.7 is due to the fact that one has to preserve the Kirchhoff-Love structure. This
can be done by mollifying separately the Kirchhoff-Love components % and us of v and the
zeroth and first order moments of e and p. A more delicate issue comes from the fact that
the boundary conditions are imposed on a portion of the lateral boundary of 2 and not
on the whole dw x (—%, %) In particular, to have that mollifications satisfy the boundary
datum, we need first to approximate us in such a way that the equality us = w3 holds on
an open subset of Jw strictly containing -4. To do that we use in a crucial way that the
boundary of w is of class C2, as well as the additional assumption that the relative boundary
of 74 in Ow is made of two points. A similar approximation has to be applied to @ and to
the moments of e and p to guarantee the strict convergence of the full plastic strains in the
sense of measures, which is needed to ensure convergence of the energies.

A related dimension reduction problem for perfectly plastic plates in the stationary case
has been studied in [33]. In that paper the elastic strain e is assumed a priori to coincide
with tr Fu = divwu and the plastic strain with the deviatoric part of Fu. Moreover, the set
K is supposed to be symmetric with respect to the origin. This last assumption allows one,
via minimization arguments, to express the I'-limit in terms of the normal displacement
ug and the first order moments é and p, only, so that the limit model turns out to be two-
dimensional. Another crucial difference is that in [33] the boundary conditions are prescribed
on the whole lateral boundary of €. and, as explained above, this makes the approximation
arguments much easier.

In Section 6 we introduce time and study the convergence of quasistatic evolutions. We
prescribe on I'. a boundary datum w®(t) of Kirchhoff-Love type and we consider a sequence
of initial data (u, e, p§), that is compact in a suitable sense. In Theorem 6.4 we show that,
if for every ¢ > 0 the triple (u®(t),e®(t),p°(t)) is a quasistatic evolution in the sense of
(qs1)—(gs2) for the boundary datum w®(t) and the initial datum (u§,e§, p§), then, up to
a suitable scaling, (u(t),e®(t),p(t)) converges, as ¢ — 0, to a limit triple (u(t),e(t), p(t))
that satisfies:

(gsl), global stability: for every t € [0,T] (u(t),e(t),p(t)) € Axr(w(t)) and minimizes
L[ ool - p(0)

among all triples (v, f,q) in Axr(w(t));
(as2), energy balance: for every t € [0,T]

3 /Q Cre(t):e(t)dz + /0 tHr(p(s))ds= 3 /Q Cre(0):e(0) dx + /0 t /Q Cre(s): Bu(s) dads.
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We call a triple satisfying (gsl),—(qs2),. a reduced quasistatic evolution.

The proof of Theorem 6.4 mainly relies on the I'-convergence result of Section 5. Even if
the abstract theory of [29] cannot be directly applied, we follow the general scheme proposed
in that paper. In particular, the role of the so-called joint recovery sequence is played in our
case by the recovery sequence provided by Theorem 5.4.

In the last part of the paper we show some equivalent formulations in rate form for the
reduced quasistatic evolution problem (gsl),—(gs2),. In the smooth case, a formulation in
rate form of (gsl),—(gs2), reads as follows: to find u(t), e(t), p(t), and o(t) such that for
every t € [0,T] we have

(cfl), reduced kinematic admissibility: u(t) is a Kirchhoff-Love displacement, that is,
u(t,z) = (U (t,2") — x30rus(t, @), Ua(t, ') — x30aus(t, z’), us(t,z’))
for every x = (2/, 23) € Q, satisfying the boundary conditions
a(t,z) =w(t,z), us(t,z)=ws(t,x), Vus(t,z)=Vws(t,x) on g,
while e(t) and p(t) satisfy
e(t,x) = e(t, ) + x3é(t,2') + ey (t, ),
p(t,x) = p(t,a') + x3p(t, a’) —eL(t, x),
eis(t,r') = éi3(t,2') = (en)is(t,x) =0, i=1,2,3,
pis(t,a’) = pis(t,2’) =0, 1=1,2,3
for every x = (2, 23) € 2; moreover, the following additive decompositions hold:
Eu(t,z’) =e(t, ') + p(t, z'),
D2ug(t,2’) = —(e(t,2") + p(t,2))
for every 7’ € w;
(cf2), reduced constitutive law: the stress decomposes as
o(t,z) =a(t,2") + x36(t,2') + o) (t,x)
with
a(t,z') =Cre(t,2"), &(t,z")=Cré(t,2'), oL(t,x)=Crey(t, )
for every x = (2, z3) € §;
(cf3), reduced equilibrium: divy o (t,z') = 0 in w and divydivy6(t,2") = 0 in w, together
with corresponding Neumann boundary conditions on dw \ 74;

(cfd), reduced stress constraint: o(t,z) € K, for every x € 1, where K, := 0H,(0) is the
subdifferential of H, at 0;

reduced mazrimum dissipation principle:

(cf5),
/H d:v—/&(t,a:'):ﬁ(t,x’) dx’—&—%/&(t,x’):ﬁ(t,x’)dw’
—/O'J_(t,x):éj_(t7$)d$.
Q

In the conditions stated above w and w3 are the Kirchhoff-Love components of w, while
C, and H, are the tensor and the function introduced in (1.4)—(1.5). Owing to (cfl),, the

moments of e(t) and p(t) have been identified with functions taking values in the set MZ2<2.

To express conditions (cfl),—(cf5), in the non smooth case, we need in particular to give
a meaning to the scalar products in (cf5),, when the stress U(t) is a function in L?(Q; MZ252)
and the plastic strain p(t) is only a measure in M;(Q U T'q;M27?). To this purpose, we
introduce a suitable notion of duality between stresses and plastic strains in the footsteps of
[22] and [11]. The construction of this notion of duality and its main properties are detailed

in Subsection 7.1.
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We note that the stretching component &(¢) and the bending component 6(t) of o(t)
decouple only in the equilibrium condition (cf3),, while in the stress constraint (cf4), and
in the maximum dissipation principle (cf5), the whole stress o(t) is involved. Thus, as in
the static case, also in the evolutionary setting the limit problem has in general a genuinely
three-dimensional nature, unless specific data are prescribed. This last issue is discussed in
the last subsection of the paper: we exhibit two sets of data, for which the corresponding
reduced quasistatic evolutions can be characterized in terms of two-dimensional quantities.
In particular, in Proposition 7.17 we show that, if the set K is symmetric with respect to
the origin and the boundary datum and the initial data are properly chosen, our notion
of reduced quasistatic evolution reduces to the classical theory of perfectly plastic plates
studied in [9, 13, 14].

The paper is organised as follows: in Section 2 we recall some preliminary results. In
Section 3 we describe the formulation of the three-dimensional problem and of the limit
problem. In Section 4 we discuss the properties of Kirchhoff-Love admissible triples and
prove some approximation results. Section 5 is devoted to the I'-convergence result in the
stationary case, while Section 6 concerns the convergence of quasistatic evolutions. Finally,
in Section 7 we show some equivalent formulations of the reduced quasistatic evolution
problem and discuss some examples.

2. MATHEMATICAL PRELIMINARIES

In this section we recall some notions from measure theory that we will use throughout
the article.

Measures. Given a Borel set B C RY and a finite dimensional Hilbert space X, M;(B; X)
denotes the space of all bounded Borel measures on B with values in X, endowed with the
norm ||pl|ar, = |u|(B), where |u| € My(B;R) is the variation of the measure u. For every
€ My(B; X) we consider the Lebesgue decomposition p = p® + u®, where p® is absolutely
continuous with respect to the Lebesgue measure £V and p* is singular with respect to £V.
If u* = 0, we always identify p with its density with respect to £V, which is a function in
LY(B; X).

If the relative topology of B is locally compact, by Riesz representation Theorem the space
My (B; X) can be identified with the dual of Cy(B; X), which is the space of all continuous
functions ¢ : B — X such that the set {|p| > d} is compact for every ¢ > 0. The weak*
topology on My (B; X) is defined using this duality.

Convex functions of measures. For every u € My(B;X) let du/d|u| be the Radon-
Nicodym derivative of u with respect to its variation |u|. Let Hp : X — [0, +00) be a convex
and positively one-homogeneous function such that

rolé| < Ho(§) < Rpl¢| for every € € X,

where 19 and Ry are two constants, with 0 < ryp < Ry. According to the theory of con-
vex functions of measures, developed in [21], we introduce the nonnegative Radon measure
Hy(p) € Mp(B) defined by

Ho(u)(4) = [ HO(CZZ') dlul

for every Borel set A C B. We also consider the functional Hy : My(B; X) — [0,400)
defined by

Holw) = o) = [ Ho(55) di

for every p € Mp(B;X). One can prove that Ho(u) coincides with the measure studied in
[37, Chapter II, Section 4]. Hence,

Ho(p) = sup{/ w:dp 2 p € Cy(B; X), p(x) € Ko for every = € B}, (2.1)
B
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where Ky := 0H((0) is the subdifferential of Hy at 0. Moreover, Hy is lower semicontinuous
on My(B; X) with respect to weak™ convergence.

Functions with bounded deformation. Let U be an open set of RY. The space BD(U)
of functions with bounded deformation is the space of all functions u € L'(U;RY) whose
symmetric gradient Eu := sym Du (in the sense of distributions) belongs to M (U; M2 XN).
It is easy to see that BD(U) is a Banach space endowed with the norm

[l + (| Bl a, -

We say that a sequence (u*) converges to u weakly* in BD(U) if u* — u weakly in L' (U; RY)
and Euf — Bu weakly* in My (U; MY XN). Every bounded sequence in BD(U) has a weakly*
converging subsequence. If U is bounded and has a Lipschitz boundary, BD(U) can be
embedded into LY/ (N=1(U7; RY) and every function v € BD(U) has a trace, still denoted
by u, which belongs to L'(0U;RY). Moreover, if I' is a nonempty open subset of AU, there

exists a constant C' > 0, depending on U and I', such that
lullzr () < Cllullprry + CllEw] a, - (2:2)

(see [37, Chapter II, Proposition 2.4 and Remark 2.5]). For the general properties of the
space BD(U) we refer to [37].

Functions with bounded Hessian. The space BH(U) of functions with bounded Hessian
is the space of all functions u € W(U) whose Hessian D?u (in the sense of distributions)
belongs to M,(U; MNXN). Tt is easy to see that BH(U) is a Banach space endowed with
the norm
lull e + [IVull 2 + 1 Dl

If U has the cone property, then BH(U) coincides with the space of functions in L'(U)
whose Hessian belongs to M;,(U; MY N). If U is bounded and has a Lipschitz boundary,
BH(U) can be embedded into WHN/(N=1({7). If U is bounded and has a C? boundary,
then for every function u € BH(U) one can define the traces of u and of Vu, still denoted
by u and Vu; they satisfy u € WH1(9U), Vu € L'(OU;RY), and % = Vu -7 in L}(9U),
where 7 is any tangent vector to OU. If, in addition, N = 2, then BH (U) embeds into C(U),
which is the space of all continuous functions on U. For the general properties of the space
BH(U) we refer to [12].

3. SETTING OF THE PROBLEM

Throughout the paper w is a bounded and connected open set of R? with a C? boundary.
We suppose that the boundary dw is partitioned into two disjoint open subsets v4, v, and
their common boundary 9|s,ve = 9|gwyn (topological notions refer here to the relative
topology of dw). We assume that 4 # 0 and that 9|s,v¢ = {P1, P2}, where Py, P, are two
points in dw.

The reference configuration of the plate is given by the set

Qo =wx(-5,5),
where € > 0. We denote by I'. the Dirichlet part of the boundary, given by I'c := v4x (=5, §),

and by vpq, the outer unit normal to 0.

The elasticity tensor. Let C be the elasticity tensor, considered as a symmetric positive
definite linear operator C : M273 — M3X3 and let Q : M273 — [0, +00) be the quadratic

sym sym sym
form associated with C, given by

Q&) = %Cf:f for every £ € Miyxn‘i
It follows that there exist two constants r¢ and Rc, with 0 < r¢ < Rg, such that
relél? < Q(€) < Relél* for every ¢ € M2y (3.1)

sym:*

These inequalities imply
|C¢| < 2Rc|é]  for every € € M3X3 (3.2)

sym*
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3x3

sym With zero trace.

The dissipation potential. Let M3X3 be the space of all matrices in M
Let K be a closed convex set of M%X?’ such that there exist two constants rx and Ry, with
0 < rg < Rk, such that

{¢eMp®: ¢ <rx} C K C{€eMp®: [¢ < Rk}

The boundary of K is interpreted as the yield surface. The plastic dissipation potential is
given by the support function H : M?]DX?’ — [0,+00) of K, defined as

H(¢):=supo:¢&.
cEK

It follows that H is a convex and positively one-homogeneous function such that

ricl¢| < H(§) < Rl¢|  for every & € M. (3.3)
In particular, H satisfies the triangle inequality
H(E+C) < H(E)+H(C) for every &¢ € M3, (3.4)

Admissible triples and energy. On I'. we prescribe a boundary datum w® € W2(Q.; R?)
of the following form:

w(2) i= (01(2") — 201w (2'), wa(2') — Zdows(2'), Lws(2')) for ae. 2z = (2, 23) € e,
(3.5)
where W, € WH2(w), a = 1,2, and w3 € W22(w). The set of admissible displacements and
strains for the boundary datum w® is denoted by A()., w®) and is defined as the class of all
triples (v, f,q) € BD(Q:) x L*(Q; M23) x My (Q-; M%) satisfying
Fv=f+q in Q.
q= (v —v) ®vgo, H* on T,

where ® stands for the symmetrized tensor product and H? is the two-dimensional Hausdorff
measure. The function v represents the displacement of the plate, while f and g are called
the elastic and plastic strain, respectively

For every admissible triple (v, f,q) € A(2:,w®) we define the associated energy as

/ QUtends+ [ (G )dal (36)

The first term represents the elastic energy, while the second term accounts for plastic
dissipation.

3.1. The rescaled problem. As usual in dimension reduction problems, it is convenient
to perform a change of variable in such a way to rewrite the system on a fixed domain
independent of €. To this purpose, we set

Q:ZWX(f%,%), Fd *PYdX( 275) Fn ::an(*%a%)a

and we denote by vgq the outer unit normal to 9€2. We consider the change of variable
P : Q — . given by

e (z) := (2',ex3) for every x = (2/,23) € Q
and the linear operator A, : M3X3 — M2*3 given by

sym sym
& &2 s
AL =] &1 & %fz3 for every £ € Migﬁ-

1831 L& s
To any triple (v, f,q) € A(€,w®) we associate a triple (u, e, p) € BD(2) x L*(Q; M3x3) x
My(QUTg; M‘3X3) defined as follows:

sym

U = (0101#5,@201#576”301/)5)7 €= A;lfoz/)€7 pi= éAs_lz/Jf(Q>
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Here the measure 7 (q) € My(Q U Ty; M%XS) is the pull-back measure of ¢, satisfying

/ @ :d¥(q) = / pop tidg for every p € Co(QUT 4; ML),
QU4 Q.Ul'.

According to this change of variable we have
E(v, f,q) = Q(Ace) + eH(Acp),

where
dA.
Q(Ae) ::/QQ(AEe(x))dx, H(Aop) = /QUF H(d|A£|)d|A€p|.

We also introduce the scaled Dirichlet boundary datum w € W12(Q; R3), given by

w(z) = (w1 (2") — x301w3(2"), wa(2') — x300w3 ("), w3(z')) for a.e. z € Q.

From the definition of the class A(Q.,w®) it immediately follows that the scaled triple
(u, e, p) satisfies the equalities

Eu=e+p in (3.7)
p=(w—u)®vggH?* on [y, (3.8)
P11+ pa+ Epss =0 in QUL (3.9)

We are thus led to introduce the class A, (w) of all triples (u, e, p) € BD(Q) x L?(€; Mi;,;”;) X
My(QUTy; Mg’;ﬁ’l) satisfying (3.7)—(3.9), and to define the functional

Je(u, e, p) := Q(Ace) + H(Acp) (3.10)
for every (u,e,p) € A.(w). In the following we shall study the asymptotic behaviour of the
minimizers of 7. and of the quasistatic evolution associated with J., as € — 0.
3.2. The limit problem. In this subsection we introduce the limit functional, that de-
scribes the asymptotic behaviour of the rescaled energies 7., as ¢ — 0.
The reduced elasticity tensor. Let M : M2X2 — M?2X3 be the operator given by

sym sym
511 512 )\1(6)
Mé:= | €2 En  Ao(€)| forevery € € M2, (3.11)

A(€) A28 As(6)

where for every £ € M2)? the triple (A1(£), X2(€), As(€)) is the unique solution to the mini-
mum problem
ISTRERS RPN
min Q@ &2 &2 Ao
< Ao A2 A3
We observe that the triple (A1(€), A2(€), A3(§)) can be characterized as the unique solution
of the linear system

0 0 G
cMe: [0 0 G| =0 (3.12)
G G G

for every (1, (2, (3 € R. This implies that M is a linear map.
Let Q, : M2X2 — [0,+00) be the quadratic form given by

sym
Q- () := Q(ME) for every & € Mi;ﬁ (3.13)
By (3.1) it satisfies the estimates
relél? < Qu(€) < Rele? for every € € M2, (3.14)
We also consider the linear operator C, : Mi;,i — Mg’;n?; defined as
C,€:=CM¢E for every £ € Mfyxri (3.15)

By (3.12) we have
Cr&:¢=CME: ¢ =CME:MC” for every £ € M2 ¢ € M2X3, (3.16)

sym>
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where (" € M222 satisfies Cap = Cap for o, 3 =1,2. This implies that

sym
€1 &2 O
Qr(§) =3C&: &2 &2 O for every £ € Mf;,i
0 0 O
We introduce the functional Q, : L*(Q;M2x2) — [0, 400), defined as

Q) i= [ Quf)dz for every f € LHQMER).
Q
It describes the limiting elastic energy of a configuration of the plate whose elastic strain is
given by f.
The reduced dissipation potential. We define H, : M2X2 — [0, +00) as

sym
§11 &12 A1
H,.(§) := )\rriianH €12 2o A2 for every £ € M2 (3.17)
1A2e Ao A2 —(& +622)
It turns out that H, is convex, positively one-homogeneous, and satisfies
rclél < Hp(€) < V3Rkl€| for every € € MZ;2. (3.18)
For every p € My(QQUTq; M2x2) we define
dp
Mo (1) = / Hr<—>d . 3.19
= [ (gt (319)

It describes the limiting plastic dissipation rate of a plate configuration whose plastic strain
is given by u. The set K, := OH,.(0) C M2X2 represents the set of admissible stresses in the

sym
limit problem. In particular, one can prove that
&1 &2 O
EEK, & 12 &2 0 ] — %(trﬁ) I3x3 € K,
0o 0 0

3x3

where I35 is the identity matrix in Mg7-.

Kirchhoff-Love admissible triples and limit energy. We consider the set of Kirchhoff-
Love displacements, defined as

KL(Q) :={ue BD(Q): (Eu)iz=0 fori=1,23}. (3.20)
We note that v € KL(Q2) if and only if u3 € BH(w) and there exists 4 € BD(w) such that
Ug = Uy — £305u3, «a=1,2. (3.21)

In particular, if w € KL(Q), then (Fu)og = (EQ)ag —xgaiﬁu;; for a, 3 = 1, 2. If, in addition,
u € WHP(Q;R?), then & € WP (w;R?) and uz € WP (w). We call 4, u3 the Kirchhoff-Love
components of u.

For every w € WH2(Q; R3) N KL(2) we define the class Axr(w) of Kirchhoff-Love ad-
missible triples for the boundary datum w as the set of all triples (u,e,p) € KL(Q) X
L2(Q;M3X3) x My(QUT3; M2X3) satisfying

sym sym
Eu=ec¢+p inQ, p=(w—1u)®rpgoH? on Ty, (3.22)
eis=0 inQ, pz=0 inQUT, =123 (3.23)

Note that the space
{€eM2s?: &3 =0fori=1,2,3}

sym
is canonically isomorphic to Mﬁ;,i
Ak r(w) we will usually identify e with a function in L?(Q; M

Therefore, in the following, given a triple (u,e,p) €
2X2
sym

My(QUT4;M2X2). Note also that the class Axz(w) is always nonempty as it contains the

sym

triple (w, Fw, 0).

) and p with a measure in
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With the previous notation, we introduce the functional J : Agr(w) — [0, 4+00), defined
as
J(u,e,p) := Qr(e) + H(p) (3.24)
for every (u,e,p) € Axr(w). In Sections 5 and 6 we shall investigate the relation between
the functionals . and 7.

4. THE CLASS OF KIRCHHOFF-LOVE ADMISSIBLE TRIPLES

In this section we study the class of Kirchhoff-Love admissible triples, introduced in
(3.22)-(3.23).

Let (u,e,p) € Agr(w). By definition u is a Kirchhoff-Love displacement, hence us €
BH(w) and us, o = 1,2, is affine in the x3 variable (see (3.21)). In general, one cannot
conclude that e and p are affine in x3, too. However, some conditions on the structure of e
and p can be deduced. To this purpose, we introduce the following definitions.

Definition 4.1. Let f € L2(Q;M3%3). We denote by f,f € L2(w;M3X3) and by f, €

sym sym
L2(Q; M3x%) the following orthogonal components (in the sense of L?(€; M32X%)) of f:
_ 3 . 3
f@) = ) f(a' xs)ds,  f(a) = 12/ ) z3f (@', x3) das
-3 -3

for a.e. ' € w, and X

filz) = f(x) = fa') —a3f(2)
for a.e. z € Q. The component f is called the zero-th order moment of f, while f is called
the first order moment of f.

Definition 4.2. Let ¢ € M(QUTy; Mg;ﬁ’l) The zero-th order moment of ¢ is the measure
q € My(wU~g; M3%3) defined by

sym
/ p:dg = / p:dg
wUyq QU4

for every ¢ € Co(w U v4;M3%3) while the first order moment of q is the measure § €

sym

My(w U vyg; M2%3) defined by

sym

/ ap:d(j::lQ/ x3p:dq
wUvyq QU4

for every ¢ € Co(wUryq; M23). We also define g1 € My,(QUT 4; M23) as the measure given
by

gL =q—qeL — el
where the symbol ® denotes the usual product of measures.

With these definitions at hand one can easily prove the following characterization of the
class Agr(w).
Proposition 4.3. Let w € WH2(Q;R3) N KL(Q) and (u,e,p) € KL(Q) x L?(Q;M3X3) x

sym

My (QUDg; M2X3) with e;3 = 0 in Q and pis = 0 in QU fori=1,2,3. Let w € BD(w), u3 €
BH(w), and w € Wh2(w; R?), ws € W22%(w) be the Kirchhoff-Love components of u and w,
respectively. Finally, let e,é € L*(w;M2x3), e € L*(Q;M2X3), p,p € My(w U ya; M253),

and p; € My(QQUTy; Mg’;ﬁ) be the moments of e and p, according to Definitions 4.1 and 4.2.

Then (u,e,p) € Axr(w) if and only if the following three conditions are satisfied:
(i) Fu=é+pinw and p= (0 — i) ® vo, H' on va;
(i) D?uz = —(é+p) inw, uz = w3 on vq, and p = (Vuz — Vws) © va, H' on v4;
(iii) p;y = —ey in Q andp; =0 on Ty,
where we have identified €, é with functions in L*(w;M2x2) and p, p with measures in My(wU
W;Mg;%). Here vg,, denotes the outer unit normal to Ow and H* is the one-dimensional
Hausdorff measure.
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We now prove some approximation results for Kirchhoff-Love admissible triples. We first
need a technical lemma.

Lemma 4.4. Let p € My(w x (—%,1);M2%2) be such that

sym
p=aeL + st + oy,
where i, fi € My(@; M2)7) with |fil(0w) = |4|(0w) = 0 and p1 € L*(Q;MZ57). Let (ps) C

C°(R?) be a sequence of mollifiers with supp ps C Bs(0) for every § > 0. Then

1
2

i, [ ([ 103+ sl da) oy = (),

§—0+ -1
where we have set fiz, = [+ x3fi+ po (-, x3) € My(w;M2<2) for L1-a.e. z3 € (—1,1).

sym

Proof. We first observe that, from the assumption pu; € L?(Q;M2X2) it follows that

sym

/’La = laa + x?)/la + Hli,
p o= pteL'+ @l
Since x3 — [i* + 23/i° belongs to L((—4, 1); M,(w; M22)), by [5, Corollary 2.29] we have
s _s s gen.
W’ = |° +x3p®| @ LY
where g?éf " denotes the generalized product of measures (see, e.g., [5, Definition 2.27]). The
equalities above imply that

(@) / 10 (@) dz + [4°](9)

:/_5

[ sl daa

1
2
/ (@) + 23 (&) + oy ()] da'decs + / 5° + 230°|(w) dis
w

1
2

Nl

=

N

We now extend p,, to 0 outside @, so that the convolutions ps * pg, are well defined on
R2. By Fubini-Tonelli Theorem and the assumption |i|(0w) = |/1|(0w) = 0 we obtain

/lps*umldﬂf/ /‘/ ps(x" =) dpay (y')| da’
w w R2
< //R ps(’ = y') dlpa |(y') do’ < |pag| (W)

for £'-a.e. 23 € (—1,1). By integrating with respect to x5 we deduce

} :
[ ([ os sl aa’)dzs < [ ) des =)
2 w 2

On the other hand, we have that ps * fiz, — fz; weakly® in My(w;MZ52%) for L'-a.e.
11

T3 € (—§7 5). Hence, by lower semicontinuity

nea| ) < timaint [ s e |

for Ll-a.e. 23 € (—%, %) Integration with respect to 3 and Fatou’s Lemma yield the thesis.
|

The next lemma is an approximation result for Kirchhoff-Love admissible triples by means
of triples (u*,e* p*) € Agr(w) with ¥ smooth. The proof is based on an adaptation of
[12, Proposition 1.4].
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Lemma 4.5. Let w € WH2(Q;R3) N KL(Q) and let (u,e,p) € Axr(w). Then, there exists
a sequence of triples (u*, e* p*) € Axr(w) such that

uf € C® (R N WH(Q; R?)
and the following properties hold:

uf = u  weakly* in BD(), (4.1)
¥ — e strongly in L*(S; M2x3), (4.2)
p* —p  weakly* in My(QUTy; Mi’;;fl), (4.3)
1" 1z, — lIpllaz, (4.4)

as k — oo.

Proof. Step 1. We first show that any triple (u, e,p) € Axr(w) can be approximated in the
sense of (4.1)—(4.4) by a sequence of triples (u¥,e*, p*) € Agr(w) with uF € C®(Q;R?) N
BD(Q).
Let w € WH2(Q;R3) N KL(Q) and let (u,e,p) € Agp(w). By Proposition 4.3 the
Kirchhoff-Love components & € BD(w) and ug € BH (w) of u satisfy
Fi=¢é¢+pinw, p=(w—1u)®vg,H' on g,
D?*ug = —(é+p) inw, uz=wsonyy p=(Vuz—Vuws)® va,H' on g,

2X2

where €,¢é have been identified with functions in L?*(w;MZ2y?) and p,p with measures in

My(w U ~yg; M52 ). Moreover,
pL=-—e, inQ, p; =0only.
Fix k € N. Let r > 0 be such that the set
wo = {2’ €w: dist(z’,0w) >r "}
is not empty. We set
wj = {2’ €w: dist(z’,0w) > (j+7)7'} for every j €N,
Aj = wip \ Wi for j =2, Ay = ws.

Let {¢;} be a C* partition of unity for w subordinate to the covering {A,}, that is, ¢; €
C*(A;), 0 < p; <1 for every j € N, and

Zapj =1 inw. (4.5)
j=1

Let (ps) be a sequence of convolution kernels with ps € C5°(Bs(0)) for every § > 0. For
every j € N we choose ¢; such that

{2/ € w: dist(z’,supp ;) < d;} CC A;, (4.6)

1(pjus) * ps; — wjusllwre + [[(05a) * ps; — @yl < k71277, (4.7)

1(¢5€) * ps; — jellrz + [(0;€) * ps; — @séllr2 < k1277, (4.8)

[(us D?p;) * ps; — usD?*pjl 12 + [[(Vuz © Vi) * ps; — Vuz © Vi ll2 < k71277, (4.9)
[(@® V;)*ps, —u©® Vj|lp2 < k1277, (4.10)

Moreover, we extend the function ;e to 0 outside A;x(—1, 1) and consider the convolution

(pjer) * ps; () == /Rz ps; (2" =y )iy )er V), x3) dy’

defined for every z € . Since @;p = 0;p ® L1 + p;p @ 3L — pje ., by Lemma 4.4 we can
assume §; to be so small that

[(pjer) * ps; — ez < k71277, (4.11)

‘/Q\(sogﬁ) x ps, +x3(0jP) * ps, — (pjer) * ps, | dx — |@;p| (V)| < k1279, (4.12)
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Finally, we define

o0 o

—k . - k. k. =k k —

u = Z (()O]U) * p5j7 U3 L Z ((,OJU3) * ;06,-7 ua L Ua - I36au3 (O( - 17 2)7

=1 =1
ek =" 4wz 4 ek

where
eh = i [(pj8) * ps; + (WO V) * ps, ]
j=1
ér = i [(95€) * ps; — (usD?p)) * ps; — 2(Vuz © Vo) % ps, ], e = i(gojm) *Pojs
j=1 o
and
o= z_; [(03D) * ps, + w3(03P) * ps, — (pjer) * ps,]  in Q,
ZI_U —u) ® vogo'H? on I'g.

It is easy to see that ¥ € C°°(w;R?) N BD(w), uf € C*®°(w) N W2Y(w), hence u* €
C>(Q;R3) N BD(£). Moreover,

Eu* =é" 4+ pF and Db = —(eF +p") inQ (4.13)

for every k € N. Arguing as in [12, Proof of Proposition 1.4], one can also show that u§ = us,
Vuf = Vug, and @* = @ on Ow. By Proposition 4.3 this implies that (u*,e*, p*) € A (w).
By (4.5) and (4.7) we deduce that

uF — u  strongly in L(Q;R?), (4.14)
while by (4.8)—(4.11) we obtain (4.2). By (4.5) and (4.12) we have
1", = [P"1(2) + Ipl(Ta)

< Z/Q |(03D) * ps; + x3(0;D) * ps; — (pjen) * ps, | dz + |p|(Ta)
j=1

< Z loip| () + |p|(Ta) + % (4.15)
-2 / o3 &) dlpl(e) + pI(Ta) + 1 = Ilas, + 7. (4.16)

This implies that (p¥) is weakly* converging in My (Q U Iy; ngx,‘z) to some limit, that must

coincide with p owing to (4.2), (4.13), and (4.14). This proves (4.1) and (4.3). Since by lower
semicontinuity we have

Ipllaz, < lim inf [|p*||ag,,
k—oo

convergence (4.4) follows now from (4.16).

Step 2. To conclude the proof of the lemma we shall prove that any triple (u, e, p) € Ak (w)
with u € C°°(2;R3) N BD(Q) can be approximated in the sense of (4.1)—(4.4) by a sequence
of triples (u”, ¥, p*) € Ak (w) with uF € C°(Q; R3) N WHH(Q; R3).

Let (u,e,p) € Axr(w) with u € C°°(Q;R3) N BD(R). The Kirchhoff-Love components
of u satisfy & € C*°(w;R?) N BD(w) and u3z € C*(w) N W2 (w). By [37, Chapter I, Propo-
sition 1.3] and the regularity of dw we can construct a sequence (u*) C C*(w;R?) such
that

¥ 4 strongly in L' (w;R?) and Fa* — Ea strongly in L'(w; M2X%).  (4.17)

u sym
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This implies, in particular, that @* — @ strongly in L'(y4;R?). The sequence of triples
(uF, e, p*) defined by

ub = ak —230,us (@=1,2), ub:=us, €":=e,
and
ko Eu* —e —23D%uz in Q,
pe= {(w —uF) O vpoH?  on Ty,
satisfies all the required properties. O

Remark 4.6. We observe that by (4.14) and (4.17) and the continuous embedding of BD(w)
into L?(w;R?) the approximating sequence (u*,e*, p¥) in Lemma 4.5 satisfies also

@* — @ strongly in L?(w; R?). (4.18)

Moreover, the construction of (u*,e”, p¥) can be modified in such a way to satisfy also the
following convergence properties:

1B*| L1 — | Ballar, (4.19)
D260 — D% (4.20)
uf —ug  in @), (4.21)

as k — oo. Indeed, let us denote by p%, p® and p°, p° the absolutely continuous parts and the
singular parts of p and p, respectively. In Step 1 we can choose J; in such a way to satisfy
also the following estimates:

1(050%) * ps; — @bl + [1(050%) * ps; — @ip*lr < k71277 (4.22)
1(038°) * ps,ller = llsD°llan| + [(255°) * po I = oD% lag, | < k71279, (4.23)
1(pjus) * ps; — pjusllLe < k71277, (4.24)

where we used the continuous embedding of BH (w) into C(@). By (4.24) we immediately
deduce (4.21). By (4.22) we have that

Z((pjﬁa) x ps;, — p* strongly in L' (w Mi;ﬁ)
j=1
while by (4.23) we obtain that

oo

oo oo 1
DI RE N I / os ) + 3 = |P°) + 7.
j=1 j=1

These two facts, together with (4.2), yield
fim sup 1B@* 1 < e+ p"|lpr + |P°|(w) = | Ballar,

The opposite inequality follows from (4.1) by lower semicontinuity. A similar argument
applies to (4.20). Finally, it is easy to see that (4.19)—(4.21) are preserved by the construc-
tion of Step 2, since the approximation result for @ entails strong convergence of (E@") in
Ll (OJ M2 X2 )

sym

We now prove an approximation result for Kirchhoff-Love admissible triples in terms of
smooth triples. We denote by C°(w U %,Miéﬁ) the set of smooth maps whose support

is a compact subset of w U ~,. Morever, we introduce the set LZ_  (€;MZ2%%) of all p €
L2(Q;M2X2) satisfying the following two conditions:

sym
(i) agag,p € L*(;M2x2) for every i,j e NU{0}, o, =1,2;
(ii) there exists U CC w U, such that p =0 a.e. on (w\U) x (=3, 3).
Note that functions in LZ_ (€ Mi;n%) have a smooth dependence on the variable z': indeed,

if pe L2, (M2<2), then p(-,23) € C°(w U v,; M2)2) for ae. a3 € (-1,3).

sym sym
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Theorem 4.7. Let w € WH2(QR3)NKL(Q) and let (u,e,p) € Axr(w). Then, there exists
a sequence of triples

(u*, e, p*) € (WHA(QR?) x LA M0) x L2, (M) N Akp(w)

sym sym

such that
uf = u  weakly* in BD(S), (4.25)
e® — e strongly in L?(%; M3x3), (4.26)
p* —p  weakly* in My(QUTy; M‘;yﬁi), (4.27)
1552 — Ipllas. (4.28)

as k — oo.

Proof. Up to translating u by w, it is enough to prove the theorem for w = 0. Moreover, by
Lemma 4.5 and by the metrizability of the weak* topology on bounded subsets of M;(Q U
Lg; M2x3) we can reduce to the case where u € WH!'(€;R?) N KL(Q) and there exists

q € L*(Q;M3X3) such that

sym

p=q inQ, p=-udvsgaH> only. (4.29)

2X2

som) and a measure in M;(Q U

As usual, we identify e and p with a function in L?(£;M
Lg; MZ2%?%), respectively, and we perform the decomposition of Proposition 4.3. Since u €
WHL(Q;R3), we have that & € Wl (w;R?) and uz € W21 (w), while by (4.29) there exist g,
G € L*(w;M2%2) such that

sym

p=q inw, p=-u0Grvg,H on~q, (4.30)
and
p=q¢ inw, p=VuzOup,H' on g (4.31)
Note also that ug = 0 on vy.
The proof is subdivided into two steps.

Step 1. We claim that we can always reduce to the case where there exists an open set
J C Ow such that v4 is compactly contained in J and us = 0 on .J (topological notions refer
here to the relative topology of dw).

To prove the claim, it is enough to show that the triple (u,e,p) can be approximated
in the sense of (4.25)-(4.28) by a sequence of triples (u’,e®,p?) in Az (w) satisfying the
following property: for every § > 0 there exists an open set J° C dw such that -4 is compactly
contained in J° and ug = 0 on J°.

We recall that by assumption 0|g,va = {P1, P2}. For @ = 1,2 let U, be an open neigh-
bourhood of P, such that, up to a C? change of coordinates, Ow N U, is the graph of a C?
map and w N U, is the related subgraph. We also require Uy N Uy = (). The approximating
sequence will be constructed by modifying w only in the sets U; and Us. More precisely,
using the C? regularity, we shall straighten the boundary of w in U; and Us, and shift the
function u along the tangential direction in such a way to have the boundary condition
satisfied on a set larger than 4.

We first consider the set U;. By our choice of the covering there exist a map ¢ € C?(Uy; R?)
and a rectangle Ry := (—a,a) x (—b,b) such that ¢(U;) = Ry, ¢~ € C?(Ry;U;), and

o(U1 Now) ={(s5,0): s € (—a,a)}, ¢(UNw):={(s,t) € Ry : t <0}
We can also assume that
o(U1 Nya) ={(5,0) : s€(0,a)}.

Let ¢ € C(Uy) be a cut-off function with ¢1 = 1 on a neighbourhood of P; and let
V1 be an open set in R? such that suppy; C Vi3 cC Uj. For § small enough we define
V0 p(Vy) — Ry as

Yo (s,t) = (54 6,t)
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and ¢5 Vi — Uy as
¢’ = ¢ ohsog.
It is easy to see that for § small enough
#Vinw) cUinw, ¢(Vi\w)cUi\o,
and
¢5(V1 n 8w) c U Now.
Moreover, setting K7 := supp 1, we have that

I6° —idllc2(rer) = 0, (¢°) ™ —idllc2(x,) — O, (4.32)
as  — 0.
We consider the functions @% := ¢y (@ o ¢?) and uy’ := ¢y (us o ¢°), which are well
defined on V; Nw and are extended to zero on w \ Vi. By construction a%! € Wh!(w;R?),
4,1 2,1
ug” € W% (w), and

ud' =0 on J, (4.33)
where J%! 1= (U; Ny4) U (¢°) =1 (U1 N v4). Moreover, by (4.32) we obtain
>t — o1 strongly in Wi (w;R?), (4.34)
udt — prug  strongly in W2 (w). (4.35)
Straightforward computations yield the equalities
Ew®! = (u0¢”)® Vi +¢isym((Duo¢’)D¢’), (4.36)
D' = (uz0¢’) D01 +2Ve1 © (D¢°)T (Vus 0 ¢°))
+@1 Y (Oaus o ¢°) D¢, + ¢1(Dg’)" (D*uz 0 ¢°)De®.  (4.37)
a=1,2
It is therefore natural to introduce the functions &', é%! € L?(w; Mﬁyxﬁl) defined as
el = (Go (;56) O Ve + 1 sym((é o ¢5)D¢5),
e = —(uz0¢®)D%p1 —2Vp1 @ ((D¢°)T (Vug 0 ¢7))
—¢1 Y (Bauz 0 ¢°)D*¢ + o1 (Dg’)" (€ 0 ¢°) D’
a=1,2
and the functions >, ¢! € L'(w; M2x2), defined as
7' = pisym((qo¢°)D¢’) + prsym([(Da — Ba) o ¢°] D),
Pl = 01D T (Go ) D
By (4.36) and (4.37) there holds
Bt ="' + ' inw, D2ug’1 = —(é5 ey 1) in w. (4.38)

By (4.32) we deduce the following convergence properties:

el - OV, + e strongly in L% (w; Miyx,i) (4.39)
e — —uzD%p1 — 2V O Vuz + p1é  strongly in L?(w; ngxn%)v (4.40)
7' — 1§ strongly in L'(w; M25%), (4.41)
>t — ¢1G strongly in L*(w; M?;ﬁb) (4.42)

An analogous construction in the set Us provides us with two triples
(ﬁ§2 50,2 q52) c Wl 1(1,«) RQ) x LQ(w M2><2) x Ll(w M2><2)

sym sym
(uh?,672,0%) € W (w) x L*(w; MZ2) x L' (w; MZ2),

such that
Ei?? =2 +3? inw, Dng’2 = —(é5’2 + d6’2) in w, (4.43)
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and the following convergence properties hold:

FTRICINN ot strongly in Wt (w; R?), (4.44)
uy® — paus  strongly in W (w), (4.45)
e"? — 4 ® Vg + g€ strongly in L (w; M2)2), (4.46)
e%2 — —u3D%*py — 2V iy O Vug + p9é  strongly in L% (w; Mf;ﬁl) (4.47)
7> — o strongly in L'(w; M2, (4.48)
G>? — oG strongly in L'(w; ngxn%) (4.49)

where o € C2°(Uq) is a cut-off function with ¢ = 1 on a neighbourhood of P,. Moreover,
the following boundary condition is satisfied:

ug’g =0 on J%?, (4.50)

where J%2 is an open subset of dw strictly containing Us N ~4.
To complete the construction of the approximating sequence we set

@b =q— (o1 + p2)u + a4+ ﬂ‘s’Q, ug = uz — (1 + p2)us + ug’l + ug’Q,

and
ud =, — 230,uy (o =1,2).
Since u’ satisfies (3.21), it is immediate to see that u® € WH1(Q; R?) N K L(£2); moreover,
by (4.33) and (4.50) we have
ug =0 on.J°,
where J? := J%' U J%2 U+, is an open subset of dw and satisfies 74 CC J°. By (4.34),
(4.35), (4.44), and (4.45) we also have

u® — u  strongly in WH(Q;R?). (4.51)
By the continuity of the trace operator the previous convergence entails
u’ — u  strongly in L*(99; R?). (4.52)
Finally, we introduce the functions ¢’ € L*(Q;M2x2) and ¢° € L*(Q;M22), defined as
e = e—(p1+2)(E+ x38) + 1 4 238 + 852 4 1362
2
Z U ® Vg — r3usD*0q — 223V, © Vus),
¢ = q- (<p1 +02) (@ + w3d) + 3+ w3d™ + 777 + 23077
and the measure p° € M,(QUT3;M2%2), defined as
P’ =¢" inQ, p°:=—-uOvgoH?® onTy.
Clearly, (u?,e’,p%) € Ak (w). Moreover, by (4.39)(4.42) and (4.46)—(4.49) we obtain
e® — e strongly in L2(€; M2x2), (4.53)
¢® — q strongly in L*(€; Migjﬂ%) (4.54)

From (4.52) and (4.54) it follows immediately that
p° —p weakly* in My(QUT 4; M2X2)

sym
and
P12, = [1Pll as, -

Step 2. By Step 1 we can assume that there exists an open set J C Ow such that g4 is
compactly contained in J and uz =0 on J.

Let us consider a finite covering {Q;}i=1,...m of Ow made of open squares centered at
points on dw, with a face orthogonal to some vector n; € S! and such that, for every



A QUASISTATIC EVOLUTION MODEL FOR PERFECTLY PLASTIC PLATES 19

i=1,...,m, the set Q; Nw is a C? subgraph in the direction n;. We also require that for
some mg € {1,...,m}
mo

vecc | JQinowcc s
i=1
and
dist(Q;,v4) >0 for everyi=mo+1,...,m.
Let Qo be an open set compactly contained in w such that the family of open sets {Q; }i=o,....m
is a finite covering of @. We consider a subordinate partition of unity {y;}i=o,... m, with
0<¢;i <1, €CX(Q;) foreveryi=1,...,m,and >\ j¢; =1 on w.
Denoting by  the set

.....

Q:=oulJ(Qix(-33),
=1

we extend the triple (u,e,p) to Q by setting
w:=0 inQ\Q, e:=0 nQ\Q, p:=

The extended maps satisfy
ue BD(Q)NKL(Q), eec L2(Q;M3X3), pe My(Q;M3%3)

sym
and
Fu=e+p in Q.

Note, in particular, that since us = 0 and vgq = (¥ow,0) on QN 0Q, we have that piz =0

in Q for i = 1,2,3. Thus, we can as usual identify e with a function in L2(Q; ngx,fl) and p
with a measure in M;(€; MZx2).
For every i = 1,...,mg we introduce the outward translations
k(@) =12 +agn; for 2’ € R?
while for ¢ = mg + 1, ..., m we consider the inward translations
k(@) =2 —agn; for 2’ € R?
where (ay,) is a sequence converging to 07, as k — co. We define
m
at = Z(%ﬂ) O Tik + Poll, (4.55)
i=1
m m
ed = Z(%‘é) o Tik + Qo€ + Z(thi ®u)o T+ Vo O, (4.56)
i=1 i=1
m
ptoi= D (o) + eop, (4.57)
i=1

where Tl#k(gaiﬁ) denotes the pull-back measure of @;p. Note that (u”,e*, p¥) is well de-

fined in an open neighbourhood wy of w, that is, u* € BD(wy), e € L*(wg;MZ2)2),
o e Mb(wk;szxn%), and

Eu* =" +5° inw.
Moreover, by construction there exists an open set U, C R? such that v CC Uy and uv* = 0,
e? =0, and p* = 0 in Uj. Finally, we can choose a;, — 0 in such a way that

Tfk(%?)(aw NQ;)=0 fori=mo+1,...,m,

so that
|5°|(0w) =0 for every k. (4.58)
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Let now (ps) C C°(IR?) be a sequence of convolution kernels. For § < aj, we consider the
functions

u? = aF s ps, @0 = wps, PR i= Mk ps.
Clearly, we have @*° € C°°(w;R?) and &*°, p*° € O (w; ngxyi) and

Eut? =e"° + 8% in w.
Moreover, for § small enough there holds

@ =0 onvg and &8 pE0 € OF(w U yn; M2X2). (4.59)

sym

We apply a similar construction to the normal component of u and to the first moments
of e and p. We first introduce

m

uy = Z(%uz’)) O Tik T PoU3,
i=1

ék = Z((pzé) O Tik + (poé — QZ(VQDZ © V’u:;) OTik — 2Vg00 © VU3
=1 =1

- Z(DQ%W) o Tix — D*pous,
=1

A Z 77 (@iD) + @0p,

and we then define for § < a;,

k,§ k kS . sk sk, . Ak
Uz’ = Ug * ps, €77 =€ kps, PUI=DPoxpPs.

As before, we can modify the choice of ap — 0 in such a way that
|ﬁk|(8w) =0. (4.60)
Moreover, for § small enough we have that uf® € C=(@), é"%,pk9 € C®(w U Yn; M252),

and ulg"s =0 on vq4, Vu§’6 = 0 on 4. Finally, there holds

D21L§"s = —(ék’5 —|—;[7k’5) in w.
Analogously, we define
m
k.6
ef = Z(%‘ei) o Tk + Poel, e = el % ps,
i=1

where, with an abuse of notation, the composition (p;ey) o 7;  stands for the function

(pier) oTik(z) = 0i(tik(2’)) en (Tin(2'), 23) for ae. x € Q,

and the convolution is intended with respect to the variable 2’ € R2. It is immediate to see
that e’i’é € L2, (5 M2x2). We now set

sym
ub® = k0 — 230, uk’5 (a=1,2),
ekd = ghod +$56 +e’16,
[ N 115.

By construction we have

(™, €0, p*0) e (WH2(QR?) x L2, (4 M252) x L2, (5 MZ52)) N Agp(w).

sym sym

It is convenient to introduce also the measure p* € My, (Q U [y; MZx?%), defined as

pPi=pF oL +pF @as Lt — b
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Lemma 4.4, together with equalities (4.58) and (4.60), guarantees that we can choose 6 = dj
small enough, so that

lahoe —a¥|e < k7N flus = ufllwee <k
_ _ _ ~ ~ _ O _
Hek*‘g’C fek||L2 < k7L, ||6k’5k —ekHLz < k7 ||elj_’ ko e]j_||Lz(Q) < k7
2% || 11 gy — [PFI()] < k1 (4.61)

From the convergence properties above we deduce (4.26) and that
uk® — u  strongly in L?(Q;R?).

To conclude the proof of the theorem it is enough to show that

1
15 | 1) < llpllag, + Z (4.62)
for every k € N. By (4.61) we have
1
Hpk’&kHLl(Q) < Ip*|(Q) + % (4.63)
On the other hand, since p has been extended to zero on the set U™ (Q; \ @) x (=3, 1),
while for ¢ = mg 4+ 1,...,m the map 7, ;, is an inward translations, we have

m 1
2

P < Tl @+ [ il + oaeid + pies (o) @) dos
i=1Y7"2

moord
<l @) + 3 [ oozt e ()] (@ U ) des
i=17"3
m m
= lenl@uT) =Y [ ol = ol
i=0 i=0 /Ul
This, together with (4.63), completes the proof of (4.62) and of the theorem. O

Remark 4.8. Arguing as in Remark 4.6, one can modify the construction of the sequence
(u®, e*, p¥) in Theorem 4.7 in such a way that the convergence properties (4.18)(4.21) are
also satisfied. In particular, (4.21) is preserved, since the approximation argument for ug
involves only local translations and convolutions.

Remark 4.9. We point out that the approximation result provided by Lemma 4.5 is crucial
in Step 1 of the proof of Theorem 4.7. Indeed, it is not in general true that, if v € BD(w)
and ¥ : U — w is a smooth bijection with smooth inverse, the composition v o ¥ belongs
to BD(U). Lemma 4.5 allows us to assume # € W1 (w;R?) and this regularity guarantees
that @o ¢? € WH(V1;R?), hence, in particular, @o ¢° € BD(V}).

5. I'-CONVERGENCE OF THE STATIC FUNCTIONALS

In this section we study the asymptotic behaviour of minimizers of the rescaled energies
J-, as € — 0, and we show that it can be characterized in terms of the functional 7. More
precisely, we have the following theorem.

Theorem 5.1. Let J. and J be the functionals defined in (3.10) and (3.24). Let w €
Wh2(Q;R3) N KL(Q) and for every ¢ > 0 let (ue,e.,p:) € A.(w) be a minimizer of J-.
Then there exist a subsequence (not relabelled) and a triple (u,e,p) € Axr(w) such that

u® —u weakly* in BD(Q), (5.1)
e — e strongly in L*(Q; M3, (5.2)
Ace® — Me  strongly in L*(Q; M3, (5.3)
p* —p weakly* in My(QQUTy; Mf;ﬂi), (5.4)
H(Aep®) — Hyi(p), (5.5)
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where M is the tensor introduced in (3.11). Moreover, (u,e,p) is a minimizer of J and
;i_r)%js(usae&ps) = j(uaeap)' (56)
Remark 5.2. The existence of a minimizer of J. is guaranteed by [10, Theorem 3.3].

The proof of Theorem 5.1 is in the spirit of I'-convergence. We first prove a compactness
result and a liminf inequality for sequences of triples with equibounded energies.

Theorem 5.3. Let w € WH2(Q;R3) N KL(Q) and let (uc,ec,p.) € A-(w) be such that
Te(ue,ec,p:) < C for every e >0, (5.7)
where C'is a constant independent of €. Then, there exist ¢ € L*(Q;M3X3) and p € M,(Q2U

sym
Fd;M‘fDXS) such that, up to subsequences,

Ace. — € weakly in LQ(Q;Mfz;ﬁ), (5.8)
Acpe — P weakly™ in My(Q U Tgq; ML), (5.9)

Moreover, there exists (u,e,p) € Axr(w), with eag = €ap and pag = Pag for o, = 1,2,
such that, up to subsequences,

ue = u  weakly®™ in BD(Q), (5.10)
ec — e weakly in L*(Q;M2)3), (5.11)
pe = p weakly* in My(QUTg; M:Z;,‘z), (5.12)
and
J (u,e,p) < liminf T (ue, ez, pe)- (5.13)
Proof. By the energy estimate (5.7) and by (3.1) we deduce the bounds
lleellrz < |Acee|lrz < C  for every e. (5.14)
Hence, there exist é,e € L*(Q;M2x3) such that (5.8) and (5.11) hold up to subsequences,

with eqs = €qg for o, 3 = 1,2 and e;3 = 0 for i = 1,2, 3. By the lower semicontinuity of Q
with respect to weak convergence in L?(€; M223) and by the definition (3.13) of Q,. we also

deduce o
Q.(e) < 9(e) < lirerLigf Q(Acee). (5.15)
By (5.7) and (3.3) we obtain analogously
1Pellng, < [[Aepellar, < C. (5.16)
Therefore, there exist p € My(QUT 4; M5®) and p € My(QUT; M%) such that (5.9) and

(5.12) hold up to subsequences, with po,g = Pas for a, 5 = 1,2 and p;3 = 0 for i = 1,2, 3.
By the lower semicontinuity of H with respect to weak™ convergence in M;(2 U T'y; M%XS)
and by the definition (3.17) of H,, we have

M, (p) < () < liminf H(A.p.). (5.17)

which, together with (5.15), gives (5.13).
Since (ue, €c,p:) € A:(w), for every & there holds

Eu. =e.+p. inQ, (5.18)

and
pe = (w—u.) ®vpogH?  on Iy (5.19)
By (5.14), (5.16), and (5.18), the sequence (Eu,) is bounded in M (Q; M2x%). By (5.16) and

(5.19), the traces of (u.) are uniformly bounded in L!(T'y; R?). Hence, by (2.2) the sequence
(ue) is bounded in BD(€Q) and (5.10) holds up to subsequences. Moreover, it is immediate
to see that Eu = e+ p in Q, hence u € KL(Q).

To conclude the proof, it remains to check that p = (w — u) ® vpoH? on I'y. To this
purpose we argue as in [10, Lemma 2.1]. Since v4 is an open subset of dw, there exists an
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open set A C R? such that 74 = AN dw. We set U := (wU A) x (—3, 1) and we extend the
triples (ue, €., p:) to the set U in the following way:

ue in £, f e. in €, pe 1n QUTy,
Ve 1= e = e 1=
w i U\Q, Ew nmU\Q, T )0 otherwise.
The symmetric part of the gradient of v. satisfies
Eu, in €,
Ev. = ¢ (w —u:) ®@vgaH? on [y,
Ew in U\ Q.

Therefore, by (5.10), up to subsequences, ve — v weakly* in BD(U), where

. Eu in Q,
u in Q, 5
i and Ev =1 (w—u)®rggH? on [y, (5.20)
w inU\Q, ) _
Ew in U\ Q.

Analogously, up to subsequences, f. — f weakly in L?(U; MZ’;”?;) and, since the restrictions

to QU Ty of functions in Co(U; M2x3) belong to Co(2 UTq; M2x3), there holds g. — ¢
weakly* in My, (U; M3X3), where

sym

e n Q, P in QU Fd7
fi= ) and ¢ := .
Fw inU\Q, 0 otherwise.

Since Fv. = f. 4+ g. in U for every ¢, we deduce that Ev = f + g in U. The thesis follows
now from (5.20). O

In the next theorem we show that the lower bound established in Theorem 5.3 is optimal
by exhibiting a recovery sequence.

Theorem 5.4. Let w € WH2(Q;R3)NKL(Q) and let (u,e,p) € Ak (w). Then, there exists
a sequence of triples (ue,ec,pe) € Ac(w) such that

u® —u  weakly* in BD(Q), (5.21)
e® — e strongly in LQ(Q;MEZH?;), (5.22)
p* —p weakly* in My(QU Fd§M§;§l), (5.23)
Acef — Me strongly in LQ(Q;MEJ,?L), (5.24)
H(Aep®) — Hi(p), (5.25)
and
iii% T (u®,e%,p%) = T (u,e,p). (5.26)

Proof. Assume first that (u, e, p) € (Wh2(;R3)x L2 (4 M2x3)x L2 (Q;M23))NAk L (w).

sym

In particular, p = 0 on I'y and u = w H?-a.e. on [y. Let ¢1, ¢o, b3 € L*(Q) be such that

el ez P1

Me = €12 en ¢
o1 P2 @3
Since p € L*(Q; M23), by the measurable selection lemma (see, e.g., [15]) and by (3.3) and
(3.18) there exist 11, 72,73 € L?(Q2) such that
P11 P12 m
Hy(p) =H| P12 p2 72 : (5.27)

m o m2 —(p11 + p22)
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We argue as in [26, Proposition 4.1] and we approximate the maps ¢; and 7); by means of
elliptic regularizations. For every ¢ we define ¢5 € VVO1 ’Q(Q), 1 =1,2,3, as the solution of the
elliptic boundary value problem

—eAGE 65 = ¢ i,
95 =0 on 01,

and 75, € Wol’Q(Q)7 a = 1,2, as the solution of

—eAnS, + 15, =1, inQ,
n;, =0 on 0§

The standard theory of elliptic equations gives

¢S — ¢ strongly in L?(9), (5.28)
ne, — 1o strongly in L?(Q), (5.29)
as € — 0, and
IVoille < Ce™2, | Vngllze < O3 (5.30)
We also introduce the function f€ € L?(w; M2x3), defined componentwise as

aa(a) = 25/0 | (0003 (2',8) + Oatig (¢, 8)) ds (e =1,2),  f5(a') =0,

Fiola) == [ (0ui(a',) + (' 5) + Dud (' 5) + Dur(e', ) d,
0

52

23(1’/) = 5/0 ' (aa¢§(x/, S) - aapll(x/, 8) - aap22($/> S)) ds (a = la 2)

for a.e. 2’ € w.
We are now in a position to define the recovery sequence. Let

x3
S, = Ug 25/ (5, (2 s) + 05 (2, s))ds (a=1,2),
0
T3
W= w65~ pulels) — paalel, ) ds
0
and
0 0 o5 0 0 eni
e:=e+| 0 0 &9 | + 15, p i=p+| O 0 ens
edf g €295 eny eny —e*(pu1 + pa2)
Since u = w on Tq, p € LZ, (;M3x3), and ¢5, 75, € Wy2(€2), we have that u. = w on

T'y. Tt is also easy to check that (u.,e.,p.) € A-(w). From (5.28) and (5.29) it follows that
u® — u strongly in L?(Q;R3). By (5.28) and (5.30) we deduce (5.22) and (5.24), while by
(5.29) we obtain

p° — p strongly in L?(€; Mfyxsl),
hence (5.23) and (5.21) follow. Finally, by (5.27) we have (5.25), which, together with (5.24),
implies the convergence of the energies.

Let now (u, e,p) € Axr(w). By Theorem 4.7 there exists a sequence of triples (u*, ¥, p*)
in (Wh2(Q;R?) x L2(Q;M23) x L2 (Q;M2x3)) N Ak r(w) converging to (u,e,p) in the
sense of (4.25)—(4.28). These convergence properties, together with the linearity of the map
M and Reshetnyak continuity Theorem (see, e.g., [5, Theorem 2.39]), imply

Me* — Me strongly in L2(Q; Mg;ﬁ;),
M, (p") = He(p).
In particular, by the dominated convergence theorem we also have
klirrgo Tk, ek pF) = T (u,e,p).

k
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For every k € N we can apply the previous argument to construct a recovery sequence for
(uF,eF p*). A diagonal argument and the metrizability of the weak* topology on bounded
subsets of Mj(Q2UTg; M2x3) allow us to conclude. O

We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1. Since (w, Fw,0) € A.(w) for every € > 0, by minimality we have
that

T-(uf, e, p%) < J-(w, Bw,0) < Re||Ew||3,
where the last inequality follows from the definition (3.10) of J., the inequality (3.1), and
the fact that w € KL(2). By Theorem 5.3 we deduce that there exists (u,e,p) € Axr(w)
such that, up to subsequences,
u® — u weakly* in BD(Q),
ef — e weakly in L2(Q;M3X3),

sym
p® —p weakly® in M,(QUTy; Miyﬁfl),
and
J(u,e,p) < lim i(r)lf Je(uf, €%, p%). (5.31)
E—

Let now (v, f,q) € Agr(w). By Theorem 5.4 there exists a sequence of triples (v¢, f¢,¢°) €
A (w) such that

T(v,f,0) = lim (0%, f%,°) = limsup J. (uF, ¢, p°), (5.32)

e—0

where the last inequality follows from the minimality of (ue, e, p.). Combining (5.32) with
(5.31), we deduce that (u,e,p) is a minimizer of J and by choosing (v, f,q) = (u,e,p) in
(5.32) we obtain (5.6).

It remains to prove (5.2), (5.3), and (5.5). By the lower semicontinuity of Q and H with

respect to weak convergence in L*(Q; M2x3) and weak* convergence in M;(Q U T g; M2x?),

respectively, and by the definition of Q,. and H, we have
Q.(e) < liIEILi(I)lf Q(Ac€), H.(p) < liIEILiglfH(Aaps). (5.33)
Combining (5.6) and (5.33) yields
lim Q(Ace®) = Qr(e),  lim H(Ap®) = Ho(p),
so that (5.5) is proved. On the other hand, we remark that by (3.16)

O(Acef —Me) = Q(A.ef) + Or(e) — / CMe: Acef dx
Q

= Q(A.ef)+ 9,(e) — / CMe:e® dx (5.34)
Q
Therefore, passing to the limit in (5.34) and applying again (3.16), we obtain
lir% Q(Ace® —Me) =0,
E—

so that (5.3) follows now from (3.1). Finally, convergence (5.2) is an immediate consequence
of (5.3). O

6. CONVERGENCE OF QUASISTATIC EVOLUTIONS

In this section we focus on the quasistatic evolution problems associated with the func-
tionals J. and J. For every t € [0, T] we prescribe a boundary datum w(t) € W12(Q; R3) N
KL(Q) and we assume the map ¢ — w(t) to be absolutely continuous from [0,7] into
Wh2(Q;R3).
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Let s1,82 € [0,T], s1 < s9. For every function ¢ — p(t) of bounded variation from [0, T
into My(Q U Ty M3?), we define the dissipation of t — u(t) in [s1, s2] as

n
D(u; 51, 52) := sup { > H(ult;) — pltj-1)) s s1=to <ty <+ <ty =53, nE N}-
j=1
Analogously, for every function ¢ — p(t) of bounded variation from [0,7] into M,(Q U
[g; M2%2) we define the reduced dissipation of t — u(t) in [s1, so] as

sym
n
D, (y; 51, 82) == sup { > He(ulty) = p(tj-1)) s s1=to <ty <+ <ty =53, nE N}
j=1
for every s1,s2 € [0,7], s1 < so.

Definition 6.1. Let ¢ > 0. An e-quasistatic evolution for the boundary datum w(t) is a
function t — (u®(t), e (t),p*(t)) from [0, T] into BD(€) x L*(;M2x3) x My(QUT 4; M%)
that satisfies the following conditions:
(gsl) for every ¢ € [0,T] we have (u®(t),e®(t),p°(t)) € A:(w(t)) and
Q(A-€*(1)) < QA-F) + H(Aeq — Aep® (1) (6.1)
for every (v, f,q) € A (w(t));

(gs2) the function ¢ — p°(t) from [0, T] into M, (QUT ¢; M2<3) has bounded variation and
for every ¢ € [0, T

O(Ac*(t)) + D(Ap™:0,1) = O(A.e*(0)) + /O /Q CA.e*(s): Bu(s)duds.  (6.2)

Definition 6.2. A reduced quasistatic evolution for the boundary datum w(t) is a function
t— (u(t), e(t),p(t)) from [0,T] into BD() x L*(Q; M3x3 ) x My(QUTq; M3x%) that satisfies
the following conditions:
(gsl), for every t € [0,T] we have (u(t),e(t),p(t)) € Axr(w(t)) and
)

(
Qr(e(t)) < Qr(f) +Hr(g — p(t)) (6.3)
)

for every (’U, f7 q) € AKL( (t )
(gs2), the function t — p(t) from [0, 7] into My(Q2UT4;M3X3) has bounded variation and

for every ¢ € [0, T o
9,(e(t)) + Dr(p; 0,t) = 9r(e(0)) —|—/0 / Cre(s): Ew(s) dxzds. (6.4)

Remark 6.3. Since the functions ¢ — p®(t) and ¢ — p(t) from [0, T] into My(QUT 4; M%)
have bounded variation, they are bounded and the set of their discontinuity points (in the
strong topology) is at most countable. By [10, Theorem 3.8] and by Lemma 6.9 below the
same properties hold for the functions ¢ +— e (¢) and t — e(t) from [0, 7] into L?(Q; Mi;n%)
and for the functions ¢ — u®(t) and ¢t — wu(t) from [0,7] into BD(Q). Therefore, t — e°(t)
and ¢ — e(t) belong to L>([0,T]; L*(Q; M33)), while ¢ — u(t) and t — u(t) belong to

L>°([0,T]; BD(R)). As t — Euw(t) belongs to L'([0,T]; L*(Q; M2x?)), the integrals on the
right-hand side of (6.2) and (6.4) are well defined.

We are now in a position to state the main result of the article.

Theorem 6.4. Let t — w(t) be absolutely continuous from [0,T] into WH2(Q; R3)NK L(R).
Assume there exists a sequence of triples (uf, ef, pg) € A(w(0)) such that

Q(Aceq) < Q(Acf) + H(Aeq — Acpp) (6.5)
for every (v, f,q) € A-(w(0)) and every e > 0, and
Ace§ — &g strongly in L (S MZ’;@) (6.6)

[AepGlln, < C (6.7)
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for some ég € LQ(Q,Mf;Ti) and some constant C' > 0 independent of €. For every € > 0 let
t— (u(t),e5(t),p(t)) be an e-quasistatic evolution for the boundary datum w(t) such that
ut(0) = uf, e£(0) = €f, and p*(0) = p§. Then, there exists a reduced quasistatic evolution
t— (u(t),e(t),p(t)) for the boundary datum w(t) such that, up to subsequences,

ut(t) = u(t) weakly* in BD(Q), (6.8)
e“(t) — e(t) strongly in L (% Mfyxyi), (6.9)
Ace*(t) — Me(t)  strongly in L* (M35, (6.10)
p°(t) — p(t) weakly* in My(QUTy; Mg’;i) (6.11)

for every t € [0,T], where M is the tensor introduced in (3.11). Moreover, the functions t —
u(t), t — e(t), andt — p(t) are absolutely continuous from [0, T] into BD(2), L*(€; M2x3),
and My(QU T g; M3X3) | respectively.

sym

Remark 6.5. From [10, Theorem 4.5] it follows that for every triple (u§, €5, pg) € A (w(0))
satisfying (6.5) there exists an e-quasistatic evolution ¢ +— (u®(t),e°(t),p°(t)) such that
ut(0) = uf, e(0) = €, and p°(0) = p§. Moreover, by [10, Theorem 5.2] the functions
t — ut(t), t — e°(t), and ¢t — p°(t) are absolutely continuous from [0,7] into BD(Q),
L2(Q;M3X3) and M, (U Tyg; M223), respectively, and for a.e. t € [0, 7] we have

sym sym
[Aces (D)2 < Cil|Ew(t)]] L2, (6.12)
A" Dlar, < Col|[Bi(t)]| 22, (6.13)

where C7 and C3 are positive constants depending on Ry, rc, Re, Sup;eqo, 7y [|A<e®(¢)]| L2, and
supe(o, 7] [[Aep®(t) | a1, We note that these results are proven in [10] under the assumption of
a reference configuration of class C?, but, as observed in [16], Lipschitz regularity is enough
in the absence of external loads.

Remark 6.6. The set of admissibile initial data for Theorem 6.4 is nonempty. Indeed, for
every € > 0 let (u§,ef,p§) € A-(w(0)) be a minimizer of the functional J. on A.(w(0)),
that is,

Q(Acep) + H(App) < Q(A:f) + H(Aq)
for every (v, f,q) € A-(w(0)). Since by (3.4)

H(AEQ) S H(Aeq - Aspg) + H(Aepg)7

we deduce that (uf, ef, pf) satisfies (6.5) for every € > 0. Moreover, by Theorem 5.1 we infer
the existence of a triple (uo,eo,po) € Axr(w(0)) such that (6.6) is satisfied with éy = Meg
and

lim H(A.p5) = He(po).
This last convergence implies (6.7) by (3.3).

Remark 6.7. Theorem 6.4 ensures, in particular, the existence of an absolutely continu-
ous reduced quasistatic evolution for every initial datum (ug,eg,po) € Ak (w(0)) that is
approximable in the sense of (6.8)—(6.11) by a sequence of triples (u§,e§,p§) € Ac(w(0))
satisfying (6.5). Note that, again by Theorem 6.4 and by (qsl), at time ¢ = 0, every such
datum satisfies

QT(BO) < QT(f) + Hr(q _pO) (6'14)

for every (v, f,q) € Axr(w(0)).

We mention here that the existence of a reduced quasistatic evolution can be actually
proved for every initial datum (uo,eo,po) € Agr(w(0)) satisfying (6.14) by applying the
abstract method for rate-independent processes developed in [28], namely by discretizing
time and by solving suitable incremental minimum problems. Moreover, arguing as in [10,
Theorem 5.2], one can show that every reduced quasistatic evolution is absolutely continuous
from [0, 7] into BD(Q) x L2(;M2323) x My(QU Tg; M223).

sym sym
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To prove Theorem 6.4 we need two technical lemmas concerning some consequences of
the minimality condition (gsl),.

Lemma 6.8. Let w € WH2(Q;R3) N KL(Q). A triple (u,e,p) € Agr(w) is a solution of
the minimum problem

min { Q,(f) + H.(¢—p) : (v,f,q) € Axr(w)} (6.15)
if and only if
—H.(q) < /Q(Cre:fdx (6.16)

for every (v, f,q) € Axr(0).

Proof. Let (u,e,p) € Axr(w) be a solution to (6.15) and let (v, f,q) € Ak (0). For every
n € R the triple (v + nv,e + nf, p + nq) belongs to Ak (w), hence

Q.(e) < Qr(e+nf) + Hr(ng).

Using the positive homogeneity of H,., we obtain
0< in/ Cre: fda +n*Q.(f) +nH.(£q),
Q
for every n > 0. Dividing by n and sending 7 to 0 yield (6.16).
The converse implication is true by convexity. O

Lemma 6.9. Let wy,wy € WH2(Q;R3NKL(Q) and for o = 1,2 let (uq, €as Do) € A (We)
be a solution of the minimum problem

min {Q,(f) + Hr(q —pa) : (v, f,q) € Axr(wa)} (6.17)

Then there exists a positive constant C, depending only on Ry, rc, Re, Q, and Ty, such
that

ez — e1llrz < Cbha, (6.18)
| Eur — Eugl|a, < Cbia, (6.19)
[ur — uallpr < C(bh + [|wr — wal|L2), (6.20)

where 012 is given by

1
012 := [[pr — p2llag, + P2 — p2l13y, + | Ewr — Ewsl| .

Proof. Since (us —uy — we + wi, e — €1 — Bwy + Ewy,pa — p1) € Ak r(0), we can choose
v=1us —u3 —ws +wy, f=ey—e; — FEws+ Ewy, and ¢ = ps — py in (6.16); thus, by the
minimality of (ua,€q,Pa), Wwith @ = 1,2, and Lemma 6.8 we have

—Hr(p2 —p1) < / Crep:(e2 —e1 — Ews + Ewy) du,
Q

—Hr(p1 —p2) < /Q(C,«eg :(e1 — e — Bwy + Fws) du.
Adding term by term, changing sign, and applying (3.18) yield
/Q(Cr(eg —e1):(eg—ey)dx < /QCT(eQ —e1): (Fwg — Bwy)dx + 2\/§RKHp2 —p1llag,-
By (3.14) we deduce

rcllea — 1|72 < Rellea — en 2| Bwa — Ewi|| 2 + 2V3Rkl|p2 — p1lm,,
which implies (6.18) by the Cauchy inequality. Since Fu; = e; + p; in , Holder inequality
gives
|Bus — Bu[|ag, < £3(0)?le2 — ex]l2 + Ip2 — pillway.»
so that (6.19) follows from (6.18). Finally, since ps — p1 = (wa — w1 — ug + u1) ® vapqH? on
'y, we have

lug — uillrryy < llwe —wi|lrryy + P2 — Pl < Cllwe —wi|lwrz + |lp2 — p1lla,
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where we used the continuity of the trace operator from W12(Q;R3) into L'(9Q;R3). In-
equality (6.20) now follows from (2.2) and (6.19). O

We are now in a position to prove Theorem 6.4.

Proof of Theorem 6.4. The proof is subdivided into four steps.
Step 1. Compactness estimates. Let us prove that there exists a constant C', depending only
on the data, such that

sup, [Ace(t)]|L2 < C, sup [[Acp®(t)lln, < C (6.21)
telo,T t€[0,T7]

for every . As t — w(t) is absolutely continuous with values in W12(Q;R3), the function
t — ||Ew(t)]|2 is integrable on [0,77]. This fact, together with (3.1), (3.2), and (6.2), implies
that

T
rellAcef (D)]Z> < RellAee®(0)]|7> + 2Re A [Aces(t )||L2/ [Ew(s)l[L2ds  (6.22)
telo, 0

for every t € [0,T]. The former inequality in (6.21) follows now from (6.6) and Cauchy
inequality. As for the latter, by (6.2), (6.22), and (6.6) we deduce that

D(Ap%;0,T) < C.
By definition of D and (3.3) we infer that
i [[Aep®(t) — Acpfllng, < H(Aep®(t) — Aep®(0)) < D(Aep;0,t) < C

for every ¢ € [0,T], which implies the second inequality in (6.21) by (6.7).
Combining (6.12), (6.13), and (6.21), we obtain
to

c |Eir(s)| L2 ds

t1

t2
[Aep®(t1) — Aep™(t2)l[ag, < C/ [ Ew(s)| 22 ds

t1

[Aces(t1) = Ace®(ta) ] 2

IN

for every 0 < t; <ty < T, where C is a constant depending only on the data. Therefore, by
Ascoli-Arzela Theorem there exist two subsequences, still denoted A.e® and A.p®, and two
absolutely continuous functions é : [0, 7] — L?(Q;M2x3) and p : [0, T] — My(QUTy; M%)
such that

Aces(t) — é(t) weakly in L(Q;M2x3), (6.23)
Acp®(t) — p(t)  weakly* in M;(Q U T g; M) (6.24)

for every t € [0, T].
Let e : [0,T] — L?(Q;M223) be defined as

sym

eap(t) = €ap(t) (a,8=1,2) and e;(t)=0 (i=1,2,3)
for every ¢t € [0,T] and let p : [0,T] — My(QUT4; M3X3) be defined as

sym
Pap(t) = Pap(t) (a,f=1,2) and pis(t) =0 (i=1,2,3) (6.25)
for every ¢t € [0,T]. Then t — e(t) is absolutely continuous from [0,T] into L?(€2;M2?),

t — p(t) is absolutely continuous from [0, T into M(QUIg; M2x3), and by (6.23) and (6.24)
we have

es(t) = e(t) weakly in L?(€;M2x3), (6.26)
pe(t) = p(t)  weakly* in My(QUT g M2x3) (6.27)
for every ¢t € [0,T]. Using (2.2) and the fact that (u®(t),e®(¢),p%(t)) € A (w(t)) for every

€ > 0, it is easy to see that there exists an absolutely continuous function  : [0, 7] — BD()
such that
u®(t) = u(t) weakly* in BD(Q)
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for every t € [0,T]. Moreover, arguing as in the proof of Theorem 5.3, one can show that
(u(t), e(t), p(t)) € Axr(w(t)).

Step 2. Reduced stability. We now show that the triple (u(t), e(t), p(t)) is a solution to the
minimum problem

min {Q,(f) + Hr(q —p(t)) : (v, f,q) € Axr(w(t))} (6.28)

for every ¢ € [0, T].
Let us fix t € [0,7]. By Lemma 6.8 it is enough to prove condition (6.16). Let (v, f,q) €
Ak (0). By Theorem 5.4 there exists a sequence of triples (v, f€,¢%) € A.(0) such that

A.f¢ — Mf strongly in L?(Q;M3X3) (6.29)

sym
and

H(Aeq") — Hr(q). (6.30)
By [10, Theorem 3.6] the minimality condition (6.1) is equivalent to

~H(AqG) < /QCAEeE(t);AEfdx (6.31)
for every (9, f,§) € A.(0). Therefore, we have that

H(Aa) < [ ChO:hf da
for every € > 0; hence, combining (6.23), (6.29), and (6.30), we obtain

“Ho(g) < /Q Cé(t) : Mf da.

Since Ce(t) : Mlf = CMe(t):Mf = C,e(t): f a.e. in Q by (3.16), the inequality above reduces
to (6.16).
Step 3. Identification of the limiting scaled elastic strain. We shall prove that the function
é(t) in (6.23) satisfies
é(t) = Me(t) (6.32)

for every ¢ € [0, T].

For every ¢ € WH2(2;R3) with 1) = 0 on I'y we can consider the triples (£, =FE1,0) as
test functions in (6.31). This leads to the condition

/ CAces(t): AcErpda = 0 (6.33)
Q

for every ¥ € WH2(Q; R3) with ¢ = 0 on I'y and for every e.

Let now U C w, (a,b) C (=1, 3), and \; € R, i = 1,2,3. Let us denote the characteristic
functions of the sets U and (a,b) by xu and x(q,p), respectively. Finally, let (¢¥) C C}(w) and
(&%) c C*([—3, 3]) be such that ¢¥ — \;xy strongly in L*(w), i = 1,2,3, and (£¥)" — x(a)

223
strongly in L‘*(f%7 %) For every ¢ and k € N we consider the function
(2 ()
R (@) = | 2068 (a3) 5 (2")
2" (w3) 5 (2')

for every x € . Since ¥=F € WH2(Q;R3) and % = 0 on I'y, by (6.33) we have
/ CA_ef(t): A EYF dr =0
Q

for every e. Passing to the limit with respect to € — 0 and then to k — oo, we deduce

0 0 X

/ Cet): [ 0 0 X | dz=0.
U x (a,b) M A Ag
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Since U and (a,b) are arbitrary, we conclude that for every \; € R.

0 0 X\
(Cé(t): 0 0 )\2 :0,
DYEED YRR W

a.e. in . This implies (6.32) by (3.12).

Step 4. Reduced energy balance. By (6.2) and lower semicontinuity we have

Q. (e(t)) + D(p;0,t) < lin}){Q(AgeE(O)) —|—/Ot/Q(CAEeE(3):Ew(s) dxds}

E—

¢
= 9,(ep) —|—/ / Cre(s): Bw(s)dxds,
0o Jo
where the last equality follows from (6.6), (6.21), (6.23), (6.32), and the dominated conver-
gence theorem. Since by (6.25) and the definition of H, there holds
D,(p;0,t) < D(p; 0, t) (6.34)

for every t € [0,T], we conclude that

9, (e(t)) + Dr(p;0,t) < Or(e) —l—/o /Q(Cre(s) 1 E(s) dzds. (6.35)

As it is standard in the variational theory for rate-independent processes, the converse
energy inequality follows from the minimality condition (gsl),. We omit the proof as it
follows closely those of [10, Theorem 4.7] and of [28, Theorem 4.4].

Combining (qs2), (qs2),, and the fact that the right-hand side of (qs2) converges to the
right-hand side of (gs2),, we deduce that

Q(Acef (1)) + D(Acp™;0,t) — Qr(e(t)) + Dy (p3 0, 1) (6.36)
for every t € [0,T]. On the other hand, by lower semicontinuity of Q, and of D, we have
Q,(e(t)) < lim i(I)lf Q(Aef()) (6.37)
and
D, (p;0,t) < lim i(I)lfD(AEpE; 0,t) (6.38)
E—>

for every ¢ € [0,T]. From (6.36)—(6.38) it follows that
lim (A1) = Q, (e(1)) = Q(M(1)

for every ¢t € [0,T]. This, together with (6.23) and (6.32), implies strong convergence of
the scaled strains A.e.(t), and consequently of the strains e.(t), for every ¢t € [0,T]. This
concludes the proof of the theorem. O

7. CHARACTERIZATION OF REDUCED QUASISTATIC EVOLUTIONS

In the following we shall consider the space IIr,(€2) of admissible plastic strains, defined
as the class of all p € M,(QUTg; M2%?2) for which there exist u € BD(Q2), e € L*(Q; M2x2),

and w € WH2(Q; R3) N KL(Q) such that (u, e, p) € Axr(w).
We shall also use the set

¥(Q) :={o € L®(Q;M2%2) : divyo € L*(w;R?), divydive s € My(w)},

sym

where 7,6 € L™ (w; Mi;ﬁl) are the zero-th and first order moments of o, defined according
to Definition 4.1. In the first subsection we shall introduce a duality pairing between stresses
o € () and plastic strains p € IIp,(£2). In the second subsection we shall use this duality
pairing to deduce a weak formulation of the classical flow rule for a reduced quasistatic evo-
lution. In the last subsection we discuss some examples, where reduced quasistatic evolutions
can be characterized in terms of two-dimensional quantities.
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7.1. Stress-strain duality. We first introduce a notion of duality for the zero-th order
moments of the stress and the plastic strain. We essentially follow the theory developed in
[22] and [10, Subsection 2.3].

For every o € £(Q) we can define the trace [ovs,] € L% (0w;R?) of its zero-th order
moment & through the formula

/8 [Gvo.] - o dH? ::/divwﬁ-godx’—I—/&:E(pdx’ (7.1)

for every ¢ € W1 (w;R?). This is well defined since W1 (w; R?) is embedded into L?(w; R?).
Let o € () and & € BD(w). We define the distribution [5: F{] on w by

([6:EE,p) := 7/ pdivya-Eda’ — / 7:(Vo®&)da' (7.2)

for every ¢ € C2°(w). From [22, Theorem 3.2] it follows that [7: E¢] is a bounded measure
on w, whose variation satisfies

|[6: EE]| < |5l |EE| in w. (7.3)

We can now define a duality between the zero-th order moments of elements in (1)

and Ir,(Q). Given o € %(Q2) and p € Ir,(Q), we fix (u,e,w) € BD(Q) x L*(Q;M2X2) x

sym
(WH2(Q;R*) N KL(Q?)) such that (u,e,p) € Axr(w). Let @ € BD(w), ug € BH(w) and
w € W2 (w;R?), w3 € W22(w) be the Kirchhoff-Love components of v and w, respectively.
We then define the measure [7:p] € Mp(w U~y4) by setting

5.5 e [7:Eu)—a5:€ in w,
o7 {[ayaw]-(w—u)Hl on i,

so that
/ pdlo:p] = / pdlg: Eu] — / oo edr’ —|—/ [Gvaw] - o(w — ) dH* (7.4)
wUyq w w Yd
for every ¢ € C(w).

Remark 7.1. Arguing as in [10], one can prove that the definition of [ : p] is independent
of the choice of the triple (u, e, w). Moreover, if ¢ € C*(w; M2X2), then

sym

/ wd[ﬁtﬁ]=/ @o :dp
wUyd wUvyd

for every ¢ € C*(w). One can prove by approximation that the same equality is true for
every ¢ € C(w; M2y2) and ¢ € C().

The following integration by parts formula can be proved.
Proposition 7.2. Let 0 € 3(Q), w € WH2(w;R3) N KL(Q), and (u,e,p) € Agp(w). Let
also i € BD(w) and w € WH2(w;R?) be the tangential Kirchhoff-Love components of u
and w. Then

/wwd@d[t_fiﬁ]Jr/wap&:(éEw)dx/Jr/(—;;(v(p@(ﬂw))dx/

= —/ divy o - p(u — w) dz’ +/ [Gva.] - p(u —w)dH'  (7.5)
w TYn
for every p € C(w).
Proof. The result is a corollary of [10, Proposition 2.2]. O

We now introduce a notion of duality for the first order moments of the stress and of the
plastic strain. We follow the lines of [11, Subsection 3.2] and [13, Subsection 2.3].



A QUASISTATIC EVOLUTION MODEL FOR PERFECTLY PLASTIC PLATES 33

We start with a proposition concerning the traces of the first order moment of a stress in
(). To this purpose we introduce the space

S(w) = {9 € L®(w;M2)2) : divydivyd € My(w)},

sym

endowed with the norm ||J||pe + ||divy/divyrd|[ar,. We also denote by Ty, : W (w) —
Wh(dw) the trace operator on W21 (w). We recall that Ty, (W21 (w)) # Wh1(dw), see [12,
Théoreme 2].

Proposition 7.3. There ezists a surjective continuous linear operator

L: Dw) — (Tho(W2H(w))) x L=®(0w)
9 = (bo(0),b1(0))

such that for every ¥ € 3(w) and v € W' (w) there holds
/ ¥:D*vda’ — / v d(divydivy ) = )+ / by (V dH*, (7.6)
w ow 8’/(90-1

where (-,-) denotes the duality pairing between (Tp,(W*(w)))" and Tp,(W?1(w)). More-
over, if ¥ € C%(w;M2%2), then

sym
. 0
bo (19) = divy - vao, + (ﬁl/aw . Taw), (7.7)
aTaw
b1 (9) = Ivou - Vou, (7.8)
where Ty, is the tangent vector to Ow.
Proof. See [11, Théoreme 2.3]. O

Remark 7.4. The second integral on the left-handside of (7.6) is well defined because of
the embedding of W2!(w) into C'(w) (see [4, Theorem 4.12]).

Let 0 € %(Q) and v € BH(w). We define the distribution [6: D*v] on w by

([6: D*v], ) :z/apvd(divw/divxz&)—Q/6:(V<p®Vv)dx’—/v&:V2npdx’

w w

for every ¢ € C°(w). From [13, Proposition 2.1] it follows that [6: D?v] is a bounded
measure on w, whose variation satisfies

[&:D2UH < |6llp=|D?*| in w.

We can now define a duality between the first order moments of elements in ¥(Q2) and
I, (). Given o € %(Q) and p € Ir,(Q), we fix (u,e,w) € BD(Q) x L*(;M2<2) x

(Wh2(Q; R3) N KL(2)) such that (u,e,p) € Agr(w). We then define the measure [6:p] €
Mp(w U ~yg) by setting

—[6:D%u3] —6:¢é in w,
0:p|l = _
[ p] bl(é') 8(u3 U)g) Hl on va,
6’/80.)

so that

/ pdlo:p) :_/@d[&:DQUS]—/QD&:édx'—i—/ (pbl(&)MdHl
e v w Yd ay@w

for every ¢ € C(w).

Remark 7.5. The definition of [ : p] does not depend on the choice of the triple (u, e, w).
Moreover, if ¢ € C?(w;M2X2) and p € I, (), then

sym
/ @d[&:]ﬁ]:/ o6 dp (7.9)
wUvy4 wUyq
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for every ¢ € C?(w). This follows from the equality

L O0(us —w .

/ wbl(a)% dH' = / 06 (V(uz —ws3) © va,,) dH?,
Yd Vow Yd

which, in turn, is a consequence of (7.8). By an approximation argument one can show that

(7.9) holds true for every & € C(w; M2x?2) and ¢ € C(w).

As a corollary of [13, Proposition 2.1], we have the following integration by parts formula.

Proposition 7.6. Let 0 € (Q), w € WH2(w; R®*) N KL(Q), and (u,e,p) € Axr(w). Then

/ @d[&:ﬁ}+/<p&:(é+D2w3)dI'
wUvyq

— 2/ 6: (Vo ® V(ug —ws))da' — /(Ug —w3)6: Vi da'

(p(uz — ws3))

d 1
ayaw nt

(7.10)

_ - / (s — ws) d(divy divy &) + (bo(6), o(us — ws)) — [ b (6)

Tn

for every ¢ € C*(w), where (-,-) denotes the duality pairing between (To,(W?1(w)))" and
To, (W21 (w)).

Remark 7.7. The duality product (bo(5), p(us —ws)) in (7.10) is well defined, since one
can show that Ty, (BH (w)) = Th, (W (w)) (see, e.g., [12, Section 2]).

We are now in a position to introduce a duality pairing between %(£2) and IIr, (). For
every o € X(2) and p € I, () we define the measure [0 :p] € Mp(QUTy) as

[o:p]:=[0:p]@L + 5[6:p)®L — 01 el (7.11)
By Remarks 7.1 and 7.5 we have that
/ god[a:p]:/goc_f:dﬁJr%/go&:dﬁf/goaL:ede (7.12)
QUT g w w Q

for every o € () with 7,6 € C(w;M2)?) and every ¢ € C(w). In particular, this implies
that

/ pd[o:p] :/QOO'Z dp (7.13)
QU Q
for every o € X(Q) N C(;M272) and every ¢ € C(w).

sym
Following [10], for every o € ¥(Q) and p € Iy, () we consider the duality pairings
(@,p) =lo:pl(wUnra),  (6,p) = [0:pl(wUna),
and

(01) == o:pIQUTS) = (0.5) + s (0.5) — [ oviesdo (7.14)
Q
We shall now discuss the connection between the duality (7.14) and the functional H.,

introduced in (3.19). To this purpose, we consider the convex set

K, :={oc e M?*?: 0:¢&£ < H.(€) for every £ € M2X?

sym symJ»
which coincides with the subdifferential of H,. at the origin. We also set

Ko () :={o € L®(M2%2) : o(2) € K, for ae. x € Q}.

sym

By (2.1) we have that for every p € M,(QUT 4;M2%2)

sym
HT(M):sup{/Q . Tidp TECO(QUFd;MiT%)ﬂICT(Q)}.
Ul'y

A variant of this equality can be proved using the duality defined in (7.14).
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Proposition 7.8. Let p € Iy, (). Then the following equalities hold:

He(p) = sup{{o,p): o € X(Q)NL ()} (7.15)
= sup{(o,p): 0 €O(Q)}, (7.16)

where O(Q) is the set of all 0 € X(Q) NK,.(Q) such that [Gvs,] =0 on vn, b1(6) =0 on vy,
and (bo(5),v) = 0 for every v € W1 (w) with v =0 on 4.

Proof. Let usset I'g :=T, U (w X { + %}) By [37, Chapter II, Section 4] and (7.13) we have
that

He(p) = Sup{/Q . o:dp : o€ C™(R? M?;,i)ﬂlC( ), suppo OFO:Q}
Ul'g

< sup{{o,p): 0 €0O(Q)}
< sup{(o,p): o € Z(Q)NL.(Q)}. (7.17)

To prove the converse inequality, let w € W12(Q;R3) N KL(Q), u € KL(Q), and e €
L?(Q;M2X2) be such that (u,e,p) € Agr(w). By Theorem 4.7 and Reshetnyak continuity

sym

Theorem (see, e.g., [5, Theorem 2.39]) we can construct a sequence of triples (u¥,e* p*) €
(W2 R3) x L2(M25%) x L, (4 M25%)) N Agcr(w) such that
u = u  weakly* in BD(Q), (7.18)
ek — e strongly in L3(Q; M25%), (7.19)
He (") — Ho(p). (7.20)
By Remark 4.8 we can also assume that
u® — @ strongly in L?(w;R?), ||Ea*|1 — ||Eal s, (7.21)
ub — w3 in C(@), ||D*uf||rr — || D%usl|a,- (7.22)
Let now o € KC,.(2) N X(2). It is clear that
/ o:pPdr < H,(pb). (7.23)
Q
We now claim that
/ o:pfdr — (o,p). (7.24)
Q

If the claim is proved, then passing to the limit in (7.23) and using (7.20) yield
(o,p) < Hr(p),

which, together with (7.17), implies the thesis.
We now prove (7.24). Since ¥ € Wh2(w;R?) and Eu* = é* 4 p* in w, the following
equalities hold:

/5:pkdx’:—/5:(@’“—Ew)dx’+/5:(Eﬂ’“—Ew)dx’
:—/5:(ék—Ew)dx’—/divm/5 (a* — o) da’ +/ Vg - (" — w) dH*,

where we have used (7.1) and the fact that @* = w on 74. From (7.21) it follows that @* — @
strongly in L'(0w;R?) (see, e.g., [37, Chapter II, Theorem 3.1]). By (7.19) and (7.21) we
can therefore pass to the limit in the identity above and by (7.5) we deduce that

/6:]3k dx’ — (7, 7). (7.25)



36 E. DAVOLI AND M.G. MORA

Similarly, since u§ € W22(w) and D?uf = —(é* + p*) in w, we have
/ Giptde’ = —/ 6 (e* + D*ws) da’ — / 6 (D*uf — D*ws) da’
w w w
- — / 6:(e* + D?ws3) dax’ — / (uf — ws3) d(divy div, &)
w w
+ (bo(6), ub — w3) — 3 bl(ma(“g;”?’) dH,

where we have used (7.6) and the fact that Vu% = Vws on 4. By (7.22) and [11, Theorem
3.4] we can pass to the limit in the boundary terms. Therefore, by (7.19), (7.22), and (7.10),
we conclude that

/ o:pFda’ — (6,p). (7.26)

Claim (7.24) follows now by combining the identity

/a:pkdm:/6:pkdx’+%/6:ﬁkdm’—/JJ_:e’j_dx
Q w w Q

with (7.14) and the convergence properties (7.19), (7.25), and (7.26). O

We are now in a position to show a further equivalent characterization of the minimality
condition (gsl),.

Proposition 7.9. Let o € L2(2;M2%2). The following conditions are equivalent:

sym

(a) —H,(q) < / o fdx for every (v, f,q) € Axr(0),
Q
(b) o € ©(Q), divprd =0 in w, and divydivy 6 =0 in w.

Proof. Assume (a). Let B C Q be a Borel set and let xp denote its characteristic function.
Let £ € M22 and let f := xp&. Since (0,—f, f) € Ax(0), by (a) we obtain

o(x):£ < H.(§) forae z€B.

Since B is arbitrary, we deduce that o € K,.(Q).
We observe that (v, £Ev,0) € Ak (0) for every v € WH2(Q;R?) N K L(Q) such that
v =0 on I'y. Hence, by (a) we have that

c:Evdr =0 (7.27)
Q
for every v € W12(;R3) N KL() with v = 0 on T'y. Let now o € W12(w; R?) with v = 0
on 7g. Choosing v, = 7, for & = 1,2 and v3 = 0, we deduce by (7.27) that
/ g:Evdx’ =0 (7.28)

for every v € WH%(w;R?) with ¥ = 0 on 74. Since this is true, in particular, for v €
C2°(w; R?), we conclude that div,/d = 0 in w. Moreover, by (7.1), (7.28), and the subsequent
Lemma 7.10, we obtain that [Gvg,] = 0 on 7y.

Let us now consider the function

_ /!
v(z) = ( w3 Vs (@ >> for a.e. x € Q,

vz(z')

where v3 € W22 (w) is such that v3 = 0 and Vg = 0 on v,4. Equation (7.27) yields

/ 6:D%*v3dx’ =0 (7.29)
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for every v3 € W22(w) with v3 = 0 and Vs = 0 on 4. Since (7.29) is satisfied, in particular,
for every vs € C2°(w), we deduce that div,/div, 6 = 0 in w. Moreover, by (7.6), (7.29), and
Lemma 7.10, we obtain that

—(bo(6),vs) + / bi(6)

n

81)3
81/80.)

dH' =0

for every vz € W2(w) such that v3 = 0 and Vuz = 0 on 4. By [12, Théoréme 1] the trace
operator from W21!(w) into Ty, (W21 (w)) x L!(dw) that associates to u the traces of u and
of aigu on dw is surjective. We deduce that b1(5) = 0 on ~,, and (bo(6),vs) = 0 for every
v3 € W2 (w) with v3 = 0 on 74, hence o € O(£2). This concludes the proof of (b).

Assume now (b). Choosing ¢ =1 in (7.5) and (7.10) yields

i =~ o, @a=-[sifa
for every (v, f,q) € Ak (0). Therefore, by (7.14)

(U,q)z—/ﬂa:fda:.

Condition (a) follows now from Proposition 7.8. O

We conclude this subsection with an approximation lemma, that was needed in the proof
of Proposition 7.9.

Lemma 7.10. (i) Let v € W (w; R?) with © = 0 on v4. Then there exists a sequence (v¢) C
Wh2(w;R?) such that v° = 0 on 4 for every ¢ > 0 and v¢ — v strongly in W (w; R?).
(ii) Let v € W2l (w) with v = 0 and Vv = 0 on 4. Then there exists a sequence (v¢) C
W22(w) such that v° =0 and Vv =0 on v4, and v — v strongly in W (w).

Proof. We only sketch the proof of (i). Statement (ii) can be proved by similar arguments.

Arguing as in Step 1 of the proof of Theorem 4.7, we can reduce, without loss of generality,
to the case where there exists an open set J C dw such that 4 is compactly contained in
J and v =0 on J. As in Step 2 of the proof of Theorem 4.7 we consider the open covering
{Qi}i=0,...,m of W, a subordinate partition of unity {¢; }i=o,....m, and the outward and inward
translations 7; . with a. = . We set

mo
wi=wU UQi
i=1

and we extend ¥ to @ by setting ¥ = 0 outside @, so that v € W11 (©; R?). We define
m
¢ = (Z(@Z’f)) oTik + g00’17> * P5(e)s
i=1
where p;(c) is a mollifier and d(¢) < ¢ is chosen small enough in such a way that ¥° = 0 on
~a- It is now easy to check that the sequence (0°) has all the required properties. O

7.2. Equivalent formulations in rate form. From here to the end of the section we will
assume t — w(t) to be absolutely continuous from [0,7] into W2(; R3) N KL(Q). This
implies that the maps t — w(t) and t — ws(t) are absolutely continuous from [0, 7] into
Wh2(w; R?) and W22 (w), respectively.

We first prove some preliminary results. An easy adaptation of [10, Lemma 5.5] provides
us with the following lemma.

Lemma 7.11. Let t — (u(t),e(t),p(t)) be an absolutely continuous function from [0,T)
into BD(Q) x L?(Q; M2%) x My(QQUDq; M252) with (u(t), e(t),p(t)) € Axr(w(t)) for every

t €[0,T). Then (u(t),é(t),p(t)) € Axr(w(t)) for a.e. t € [0,T].

For absolutely continuous triples the energy balance can be equivalently written as a
balance of powers, as shown in the next proposition.
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Proposition 7.12. Lett — (u(t),e(t), p(t)) be an absolutely continuous function from [0, T)
into BD () x L*(Q; M22) x My(QUTg; M222) and let o(t) := Cye(t). Then, the following
conditions are equivalent:

(a) for everyt e [0,T]

Q. (e(t)) + D, (p; 0, ) = // 5) dads;

(b) for a.e. t €[0,T]

/Qa(t):é(t)dx—&—Hr(p(t)):/Qa(t):Eu')(t)dx.

Proof. Since t — p(t) is absolutely continuous, by [10, Theorem 7.1] we have

D, (p; 0,t) = /Ot H.(p(s)) ds

The equivalence of (a) and (b) follows now by differentiation of (a) and integration of (b). O

We are finally in a position to state the main result of this section.

Theorem 7.13. Lett — (u(t),e(t),p(t)) be a function from [0, T)] into BD(2) x L*(£; M22)

sym

X My(QUT ¢; M2x2) and let o(t) := Cpe(t). Then the following conditions are equivalent:
(a) t— (u(t),e(t),p(t)) is a reduced quasistatic evolution for the boundary datum w(t);
(b) t— (u(t),e(t),p(t)) is absolutely continuous and
(bl) for every t € [0,T] we have (u(t),e(t),p(t)) € Arr(w(t)), o(t) € O(),
divy:&(t) = 0 in w, and divydivy6(t) =0 in w,
(b2) for a.e. t € [0,T] there holds
He(9(t)) = {o(8), B(t)) = (5(t), 5(1)) + 15(5(2), p(1)) — /Qtu(t) reu(b);
(c) t— (u(t),e(t),p(t)) is absolutely continuous and
(cl) for every t € [0,T] we have (u(t),e(t),p(t)) € Axr(w(t)), o(t) € O(Q),

divy & (t) = 0 in w, and divydive6(t) =0 in w,
(c2) for a.e. t € [0, T] and for every T € ©(Q) there holds

{o(t) = 7.5(t)) = 0;

(d) t+— (u(t),e(t)) is absolutely continuous and
(d1) for everyt € [0,T) we have o(t) € O(Q), div,y5(t) = 0 inw, and div, div, 6 (t) =
0w,
(d2) for a.e. t € [0,T) and for every 7 € O(Q) there holds

/Q(chr(t)):é(t) dz+/wdivm,f.a(t) da' + & / 3 (t) d(divys div,:7)

> / (7 — 3)vaw] - @(t) dH + & (bo(7 — 6 (1)), - %/ by (7 — 6 (t)) 20t gt
Yd v

81/6
d

(d3) for every t € [0,T), p(t) = Eu(t) —e(t) on Q and p(t) = (w(t) — u(t)) © vaoH>
on Ty.

Remark 7.14. The duality products (o(t),p(t)) and (o(t) — 7, p(t)) in conditions (b) and
(c) are well defined since p(t) € IIr, () by Lemma 7.11.

Remark 7.15. Condition (d2) is a variational inequality for the stress variable, that can be
viewed as the analogue of the formulation considered in [36] in the case of three-dimensional
perfect plasticity.



A QUASISTATIC EVOLUTION MODEL FOR PERFECTLY PLASTIC PLATES 39

Proof of Theorem 7.13. We first show that (a) is equivalent to (b). By Remark 6.7 every
reduced quasistatic evolution is absolutely continuous, while Proposition 7.9 and Lemma 6.8
yield the equivalence of (gs1), and (bl). Hence, by Proposition 7.12 it is enough to show that
for every absolutely continuous function satisfying either (b1) or (gsl),, (b2) is equivalent
to the following condition: for a.e. t € [0, 7]

/ o(t):é(t)de +H, (p(t)) = / o(t): Bw(t) dx.
Q Q

This follows from Propositions 7.2 and 7.6, once we note that (4(t), é(t),p(t)) € Axr(w(t))
by Lemma 7.11.

To show that (b) and (c) are equivalent, it is enough to prove that, if (b1) holds, then
(b2) is equivalent to (c2). Indeed, condition (c2) is equivalent to

(a(t),p(t)) > sup (1,p(t)).
TEO(N)

On the other hand, by (b1l) there holds
(o(t),p(t)) < sup (7,p(t))-
TEO(N)

By Proposition 7.8 we deduce the thesis.

To conclude the proof of the theorem, we show that (c) is equivalent to (d). We first remark
that if ¢t — (u(t),e(t)) is absolutely continuous and (d3) holds, then t +— p(t) is absolutely
continuous and (u(t),e(t),p(t)) € Axr(w(t)) for every ¢ € [0,T]. Hence, it remains only to
prove that, if (c1) holds, then (c2) is equivalent to (d2). By Propositions 7.2 and 7.6 there
holds

(o(t) — 7. p(8)) = / (r — o(t)) < (é(t) — Buv(t)) de

Q
+ / divy 7 - (i — o) da’ + L / (s — i) d(dlivyrdivye7),
therefore (c2) is equivalent to ’ ’
| (= a®)s(ett) = Bae) da
+ / divy 7 (it — ) da’ + & / (it3 — 1) d(diverdive 7) > 0 (7.30)

w

for a.e. t € [0,T] and every 7 € O(2). By (cl), (7.1), and (7.6) we deduce that

/(7" —&(t)): Ba(t) do’ :/ (7 — 6(t))vow] - (t) dH! — / divy 7 - (t) da,

w

= —(bo(# — (1)), ws(8) +/ by (7 — &(t))ag;z(j) ' + / i d(div divy, 7).

Therefore, (7.30) is in turn equivalent to (d2) and the proof of the theorem is complete. [

7.3. Two-dimensional characterizations. In this subsection we show that, under some
additional hypotheses on the boundary datum and the initial data, a reduced quasistatic
evolution can be written in terms of two-dimensional quantities only. The first proposition
concerns a quasistatic evolution (u(t), e(t), p(t)) with “in-plane” boundary datum and initial
data. In this case, the triple given by the tangential component of u(t) and the zero-th order
moments of e(t) and p(t) is a two-dimensional quasistatic evolution in w in the sense of [10].
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It is convenient to introduce the following notation: for every w € W?(w; R?) we denote
by A, (w) the class of all triples (v, f,q) in BD(w) x L?(w; M222) x My (wU~q; M2X2) such

sym sym

that Ev = f +¢in w and ¢ = (0 — v) ® vp,H' on 74. Moreover, we introduce the space
S(w) = {0 € L®(w; M2?) : divyyo € L*(w; M2 2)}

sym sym
and the set
Ki(w) == {o € L®(w;M2)2) : o(z') € K, for ae. 2’ € w}.
Proposition 7.16. Let t — w(t) be absolutely continuous from [0,T] into W12 (w;R?) and
let

- !/
w(t,z) = <w(t(,);v )> for every t € [0,T) and a.e. x € ).

Let (ﬂo, éo,ﬁo) S /TKL(u’)(O)) and let
uo(x) := (ﬂogx )) . eo(x):=ep(z) forae x€Q, po:i=py® L

Finally, let t — (u(t),e(t),p(t)) be a reduced quasistatic evolution for the boundary value
w(t) such that u(0) = ug, e(0) = eq, and p(0) = po, and let o(t) := C,e(t). Then the map
t— (a(t),e(t),p(t)) satisfies the following conditions:

(i) t— (u(t),e(t), p(t)) is absolutely continuous from [0,T] into BD(w)x L?(w; M2x2) x
My(w U~g; M252) and 4(0) = g, €(0) = €o, and p(0) = po;

(ii) for every t ESTST] we have (u(t),e(t),p(t)) € Arxr(w(t)), o(t) € E(w) N Ky (w),
divyya(t) = 0 in w, and [Gva,] =0 on Yy;
(iii) for a.e. t €[0,T] there holds

M (p(t) = (a(t), p(1))- (7.31)
Moreover, 6(t) = o1 (t) =0 for every t € [0,T).

Proof. Condition (i) follows from Remark 6.7. By condition (bl) of Theorem 7.13 and the
convexity of K, we deduce condition (ii).
By property (b2) of Theorem 7.13 and Proposition 7.8 we have

M) = (@50) + F(0.50) — [ aue):ente)ds
< M) + (00 B0) - / oL (t)ieL(t) da
_ _1 / £ do — /Q oL (D)L () da, (7.32)

where the last equality follows from (7.10) with ¢ = 1 and from the fact that o(t) € ©(Q),
divyrdivy6(t) = 0 in w, and ws(t) = 0 for every ¢ € [0,T]. On the other hand, we have

He(B(t)) = He(p* (1)) + Hr(p° (1)) (7.33)

By Fubini Theorem and Jensen inequality we deduce

He(p(1))

/ H,(p"(t) + z3p” (t) — e, (t)) da'dxs
—3 JwUya

/wuw Hr([é(ba(t) + 25p%(t) — éJ_(t>)dJ?3)dx'

H,(p"(t))dz" = H(p" (1)) (7.34)

wUvq

Nl

v

for a.e. t € [0,T]. Setting

A1) = [p° ()] + [0°(1)]
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for a.e. t € [0, T], we have that the measure °(t) + 23p(t) on w U~ is absolutely continuous

with respect to A(t) for every z3 € (—1,1), so that we can write

s dp°(t) dp* (t)
() = (d)\(t) TN )2

Therefore, by Fubini Theorem and Jensen inequality we obtain

wiro) = [ f B (B0 o B g

gen.

® LN

; 0
2 /w . H( /_ (Cg((tt)) +z3 Cff;((f)))d:cg) d\(t)
- [ () e =) (7.35)

for a.e. t € [0,T]. Combining (7.32)—(7.35), we deduce that

: (%Qr(é(t)) + Qr<el_(t))) = —ﬁ/w&(t):é(t) dr — / a1 (t):é1(t)dz > 0.

- i

In particular, this implies that
22 (6(t) + Qrler (1) < 52-(6(0) + Qr(e1(0)) =0,

hence é(t) = 0 and e (t) = 0 for every t € [0,T]. This, together with (7.32)—(7.35), yields
(7.31). O

In this last proposition we consider a quasistatic evolution (u(t),e(t),p(t)) with “out-of-
plane” boundary datum and initial data and we prove that the triple given by the normal
component of u(t) and the first order moment of e(t) and p(¢) is a two-dimensional quasistatic
evolution in w in the sense of [13, Definition 4.1]. To this purpose, for every w3 € W22(w)
we define the class Ay (ws) as the set of all triples (v, f,q) € BH(w) x L2 (w; M22) X
My (w; M2<2) such that D*v = —(f +¢) in w, v = w3 on g4, and ¢ = (Vv — Vws) © v, H'
on vy.

Proposition 7.17. Assume the function H to be homogeneous of degree one, i.e.,

H\) = |\ H(E) for every N€R, € € M3X3 (7.36)

sym*
Let t — w3(t) be absolutely continuous from [0,T] into W22(w) and let

_ !/
w(t, z) = ( xfuzgf3x(f3x )> for every t € [0,T] and a.e. x € Q.

Let (vo, é0,p0) € Axr(w3(0)) and let

vo(x)
Finally, let t — (u(t),e(t),p(t)) be a reduced quasistatic evolution for the boundary value
w(t) such that u(0) = ug, e(0) = eg, and p(0) = po, and let o(t) := C,e(t). Then the map
t — (ug(t), é(t),p(t)) satisfies the following conditions:

(i) t = (us(t),e(t), p(t)) is absolutely continuous from [0,T] into BH (w) x L?(w; MZ2x2)
X Mp(w U vd;Migjﬂ%) and u3(0) = vg, é(0) = &g, and p(0) = po;

(ii) for every t € [0,T] we have (us(t),é(t), p(t)) € Axr(ws(t)), 6(t) € S(w) N K, (w),
divyydivy 6(t) = 0 in w, b1(6(t)) = 0 on vy, and (bo(6(t)),v) = 0 for every v €
W2L(w) with v =0 on v4;

(iii) for a.e. t € [0,T] there holds

He(D(1)) = (6(2), D(1)). (7.37)
Moreover, 5(t) = o1 (t) =0 for every t € [0,T].

_ !
ug(x) = ( w5 Vo (& )> . eo(x) :=x3éo(a))  for ae. x €Q, po:=x3pg @ L.
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Proof. We first remark that (7.36) implies that the same property is fullfilled by H,.. This
latter condition is in turn equivalent to saying that the set K, is symmetric with respect to
the origin.

Condition (i) follows from Remark 6.7. By property (b1l) of Theorem 7.13 we have that
o(t) € K.(Q) for every t € [0,T]. Since K, is convex and symmetric with respect with the
origin, this implies that 6(t) € K, (w) for every ¢ € [0,T]. All the other conditions in (ii)
follow from Theorem 7.13.

By property (b2) of Theorem 7.13 and Proposition 7.8 we have

He(p(1) = <6(t)vﬁ(t)>+%@'(t)aﬁ(t»_/UL(t)téL(t)dx

Q

< LHG) + (60, 5(E) - / oL (1)L (1) do

G
Q
- J/ dz«—t/‘aL(U:él(t)dm, (7.38)
w Q
where the last equality follows from (7.5) with ¢ = 1 and from the fact that o(t) € ©(Q),

divyya(t) = 0 in w, and w(t) = 0 for every ¢ € [0,T]. On the other hand, by (7.36), Fubini
Theorem, and Jensen inequality we deduce

He(p(1))

v

/l/U || H (5% (1) 4 x3p®(t) — € () da'dzs

/wwd HT(/é z3(p" (1) + 23p™ (1) — ¢L(1)) dx3> dx’

1
2

= LH.(5(1)) (7.39)
for a.e. t € [0,T]. Setting

v

A(t) = [D° ()] + [0° (1)]

for a.e. t € [0,7] and applying again (7.36), Fubini Theorem, and Jensen inequality, we

obtain
/ I/M 'IS'H’"(ZT(%) Jrzg(ilﬁ;((tt)))d)‘(t)dx?)

EdR A
/wU'm HT(/2 x3( dA(t) + 3 aX(t) ) dx3> dA(t)
5 H (P (1) (7.40)
for a.e. t € [0,7]. Combining (7.38)—(7.40), we deduce that

2 (Que(0) + Qules() = - [ ottty o [ ou(tzesrar 20
In particular, this implies that

Qr(e(t)) + QreL(t)) < Qr(e(0)) + Qr(e1(0)) = O,

hence &(t) = 0 and e (t) = 0 for every ¢ € [0,7]. This, together with (7.38)—(7.40), yields
(7.37). O

He(p°(1))

A%

Y
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