A QUANTITATIVE CHARACTERISATION OF FUNCTIONS WITH LOW
AVILES GIGA ENERGY ON CONVEX DOMAINS

ANDREW LORENT

ABSTRACT. Given a connected Lipschitz domain Q we let A(Q) be the subset of functions in
W22 (Q) whose gradient (in the sense of trace) satisfies Vu(z) -1z = 1 where 1, is the inward
pointing unit normal to dQ at x. The functional I.(u) = %fﬂ e 1 ’1 - |Vu|2’2 +€ |V2u|2
minimised over A(Q2) serves as a model in connection with problems in liquid crystals and
thin film blisters, it is also the most natural higher order generalisation of the Modica Mortola
functional. In [Ja-Ot-Pe 02] Jabin, Otto, Perthame characterised a class of functions which
includes all limits of sequences u, € A () with I, (un) — 0 as e, — 0. A corollary to their
work is that if there exists such a sequence (un) for a bounded domain , then 2 must be
a ball and v := limp—oo un = dist(-,092). We prove a quantitative generalisation of this
corollary for the class of bounded convex sets.

There exists positive constant 1 such that if Q is a convex set of diameter 2 and u € A(Q)
with Ic(u) = 8 then |By(z)AQ| < ¢B71 for some z and

2
/ ’Vu(z) - EZT0 ) 4 <cBM.
Q

|z — |
A corollary of this result is that there exists positive constant v2 < 71 such that if Q

is convex with diameter 2 and C? boundary with curvature bounded by €~ 5, then for any
minimiser v of Ic over A(Q),

v = Cllwz.2(0) < el +inf[QAB1 (y)])7

where ((z) = dist(z, 0Q). Neither of the constants v; or v2 are optimal.

1. INTRODUCTION

We consider the following functional

1 -1 2|? 2,12
Ié(u)—§/e ’1—|Vu| ] +e|V2u (1)
Q

the study of which arises from a number of sources, one of the earliest and most important is the
article by Aviles, Giga [Av-Gi 87]. We will refer to the quantity I.(u) as the Aviles-Giga energy
of functional u. Functional I, is usually minimised over the space of functions u € W?22()
where Vu(z)-n, =1 in 9Q (in the sense of trace) where 7, is the inward pointing unit normal,
we will denote this space of functions by A(2).

Aviles, Giga raised the problem of the study of the limiting behavior of I, as ¢ — 0 in
connection with the theory of smectic liquid crystals [Av-Gi 87]. In [Gi-Or 97] Gioia, Ortiz
studied I. as a model for thin film blisters. Jin, Kohn [Ji-Ko 00] introduced the by now classic
method of estimating the energy by ‘divergence of vectorfields’. A related functional arising
from micromagnetics was studied by Riviere, Serfaty [Ri-Se 01], in this case the functional acts
on vector fields m (in two dimensions) satisfying |m| = 1 in © and the functional is given
by Mc(m) = € [, |[Vm|* + e Jr2 ’Vﬁldivﬁ@’Q where m is vectorfield m extended trivially by
0 outside 2. For the Aviles Giga functional we minimise over curl free vector fields and the
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functional forces the norm of the vector field to be 1 with weighting e ~! while constraining an
e multiple of the L? norm of the gradient, on the other hand the micromagnetics functional
is minimised over vectorfields whose norm is taken to be 1 from the outset and the functional
forces the vector field to be divergence free with weighting ¢~! ! while again constraining
an e multiple of the L? norm of the gradient. Functional M, is much more rigid and very
much stronger results are known for it than for I, see [Al-Ri-Se 02],[Ri-Se 01],[Am-Ki-Ri 02],
[Am-Le-Ri 03].

Roughly speaking, the conjecture is that as e — 0 the energy of minimisers of I, will converge
to a collection of curves on which the gradient of the minimisers make a jump of order o(1)
perpendicularly across the curve. This has already been proved for functional M, [Ri-Se 01].
A way to think about this is the following, given a connected Lipschitz domain € let w be the
distance from 0f2 and let v, be w convolved by a convolution kernel of diameter €, the regions
where |Vv,| 4 1 will be exactly the € neighborhoods of the curves on which Vw has a jump
discontinuity. If 2 is a ball Vw will have a discontinuity only at one point, in all other cases
there will be non trivial curves of singularities and for the specific function v, it is exactly in an
€ neighborhood of these curves that the energy will concentrate. The conjecture is that what
we can observe directly for v, will hold true for the minimisers of I,

The most natural way to study these questions is within the frame work of I' convergence.
One of the earliest successes of I' convergence was the characterisation of the I' limit of the

2
so called Modica Mortola functional A.(w) = [, € [Vw|? 4 1 ’1 - |w|2’ which is minimised

over scalar functions w satisfying an integral condition of the form fQ w = 0. It was shown
by Modica, Mortola [Mo-Mo 00] (confirming a conjecture of DeGiorgi) that the T' limit of A,
is a constant multiple of the H™~! measure of the jump set J, minimised over the space of
functions w € {v € BV :v € {1,—-1} a.e. and [v=0}. Given the elementary inequality

2 —1 22 2
eVl + et L= | = [Vul 1 - jwf| (2)

we have that for any sequence (wy,) of equibounded A, energy (for some subsequence €, — 0)
has a uniform L' control of Vw, and the measure we obtain as the limit of this L' sequence of
gradients will naturally be supported on the jump set of the limiting function. In some sense
the nature of the I" limit of A, could be anticipated from (2).

Functional I, is the most natural higher order generalisation of A., in the case of I, the
conjectured I' limit is surprising, this is part of the reason that functional I, has received so
much attention. The first works on identifying the T' limit are by Aviles, Giga [Av-Gi 87|
and Jin, Kohn [Ji-Ko 00], later these ideas were developed by Ambrosio, DeLellis, Mantegazza
[Am-De-Ma 99], roughly speaking the limiting function space is conjectured to have a structure
similar to the space of functions whose gradient is BV and the limiting energy is conjectured
to have the form [, [Vu™ — Vu~|*dH'. Much progress has been made on this conjecture,
particularly equi-coercivity of I, has been shown independently in [Am-De-Ma 99] and in the
work of Desimone, Kohn, Muller, Otto [De-Ko-Mu-Ot 00]. A proposed limiting function space
AG(Q) and limiting functional I as been suggested in [Am-De-Ma 99] and it was shown that all

limits of sequences of functions (u,) with sup,, I, (u,) < co are such that w, AN € AG(QY)
and liminfl. (Vu,) > I(u). The compactness proofs provided by [De-Ko-Mu-Ot 00] and
[Am-De-Ma 99] are different but share some common ideas. The proof by [De-Ko-Mu-Ot 00]
identifies the set of functions ®

/|V<I)(Vu)| < c/ |V2ul ’1 - |Vu|2’ for any C? function u, (3)

lthe term fR? |V’1divm|2 is the L? norm of the Hodge projection onto curl free vector fields
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influenced by ideas of Tartar and Murat on compensated compactness [Ta 79] [Mu 78] the
authors are able to prove that this set of @ is sufficiently rich so as to force Vu,, to converge
strongly. In [Av-Gi 87] the authors (building on work of Jin Kohn [Ji-Ko 00]) found two third
order polynomials 3; and ¥, such that

/|div2i(Vu)| < c/ ’V2u’ ’1 - |Vu|2’ for any C? function u, for i = 1, 2. (4)

Using some elementary and surprising identities satisfied by X1 (Vu), X2(Vu) a different ap-
proach to compactness was found. Rather naturally considering (4), the function space AG(?)
proposed by [Am-De-Ma 99] is given by the set of functions v for which div(3;(Vv)) forms a
Radon measure for i = 1,2 and the limiting energy functional I(v) is given by the total absolute
value of this measure on €.

Given vector field w let x (&, w) := llfe.y>0}, Jabin, Perthame [Ja-Pe 97] showed that gra-
dients of sequences of bounded Aviles-Giga energy (in fact their method extends to more
general functionals) are compact and the limit Vu satisfies a kinetic equation of the form
& - Vaux(§ R(Vu)) = m where m is a measure on ]Rg x IR? and R is the rotation given by
R(z,y) = (—y,x). By application of kinetic averaging lemmas [Di-Li-Me 91] this leads to some
regularity; Vu € W94 for all 0 < s < %, qg < % and using the kinetic equation a different
proof of compactness was found. The kinetic equation deduced by [Ja-Pe 97] was motivated by
the characterisation of the set of ® satisfying (3) given in [De-Ko-Mu-Ot 00], indeed defining
®(z) = |2|* € for z- e > 0 and 0 otherwise, in [De-Ko-Mu-Ot 00] it was shown that a sequence
®,, satisfying (2) could be found that approximates ® uniformly. Using the kinetic equation de-
duced in [Ja-Pe 97], Jabin, Otto, Perthame [Ja-Ot-Pe 02] were able to characterise zero energy
limits (and the domains that allow them) for I, in fact their result is stronger, they showed
that if a divergence free vector field m satisfies the kinetic equation £-Vyx(m,§) = 0, |m(z)| =1
a.e. in Q and m(z) - n; = 0 on I then either Q is a strip and m is a constant or Q = B, (z)

1
for some r > 0, € R? and m(z) = (é:;) . An analogous result for zero energy limits of

M, is stated in [Le-Ri 02] and is a consequence of the main theorem of [Am-Le-Ri 03].

As a corollary, given a sequence u, € A(Q) and €, — 0 such that I, (u,) — 0 as n — oo,
letting w be the limit of this sequence, the vector field R(Vu) satisfies the hypothesis stated
and hence we have a complete description of Vu.

The main theorem of this paper is a quantitative generalisation of the corollary to Jabin,
Otto, Perthame theorem over the class of bounded convex sets.

Theorem 1. Let € > 0 and Q be a convex domain with diameter 2. Let u € W22(Q) with
Vu(z)-n., =1 of 0 (in the sense of trace) where 1, is the inward pointing unit normal. There
exists positive constants C > 1 and v < 1 such that for some x € €1,

QABy ()] < € (Ie(u)”

and

2
z—x
dz <C (I (u))”.
/ — (1.()
Corollary 1. Let Q be a convexr set with diameter 2, C? boundary and curvature bounded
above by e~ 5. Let A(Q) := {ueW22(Q): Vu(z) -n, =1 for 2 € 00}. There ezists positive
constants C > 1 and A < 1 such that if u is a minimiser of I. over A(Y), then

Vu(z) —

A
= Clhwesy < ¢ (+ im0 B )] )

where ((z) = dist(z, 00).
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In Theorem 1 we take v = 5127! and in Corollary 1, A = 327871, Neither constant is
optimal.

1.1. Background. Given a sequence €, — 0 and u, € A(Q2) with limsup I, (u,) < 00, let u
be the limit of u,, the vector valued measure given by v, := (divZ;(Vu), divia(Vu)) (where
31, Yo are the third order polynomials that satisfy (4)) gives us the expression of the limiting

energy, i.e. I(u) = ||vy||(2). If we consider the 1-dimensional part of the measure
u BT’
I:.= {x : 1imsupM > 0}
r—0 r

it has been shown that I" is 1-rectifiable [De-Ot 03] (see also [De-Ot-We 03]) and an analogous
result has been shown for M, [Am-Ki-Ri 02]. It was also shown Vu has jump discontinuous
across the rectifiable set I' exactly as would be the case if Vu was BV and its jump set was given
by T'. However it is not known (even if u,, are the minimisers of I ) if measure ||v,|| is even
singular with respect to Lebesgue measure. Note that for the function M, the minimiser of the
limiting energy is known to be rectifiable [Am-Le-Ri 03], for a sequence with only equibounded
energy the measure is not known to be singular.

The original motivation for Theorem 1 was to prove a version of it for = B;(0) without

boundary conditions, under the hypotheses fBl ’1 - |Vu|2’ ’VQu’ = 8, fBl ’1 —|Vul’| < €
and sup {|lu — A (B, (0)) : A is affine with [VA| =1} < 10007, the conclusion in this case

would be that there exists a smooth function ¥ with |Vi| = 1 everywhere such that ||Vu —
V1/)HL2(B L) S ¢ for some v > 0. This is a kind of quantitative version of the main
Y

proposition required to prove compactness in [Am-De-Ma 99], (see Proposition 4.6). The hope
is to use such a quantitative result to show ||v,|| is singular, or at least that Vu is continuous
at H! a.e. point outside I', we will address these issues in a forthcoming paper [Lo pr].

The many strong results about measure ||| (and the measure that gives the limiting func-
tional for the micromagnetics function) have been achieved by characterising various kinds of
blow up of the measure and understanding well the absolute (i.e. non quantitative) situation
in the limit [Am-Ki-Ri 02], [De-Ot 03], [De-Ot-We 03], [Ja-Ot-Pe 02], [Am-Le-Ri 03]. In some
sense there are only two possibilities, to take a limit and have an absolute situation and to
understand the measure from this, or to stop before the limit and have a non-absolute situation
and try and understand something about it with a quantitative theorem. Our primary moti-
vation in proving a quantitative version of Jabin-Otto-Perthame Theorem was so as to obtain
a result that could be used for the latter approach.

By Poincare’s inequality it is easy to see infy(q) Ie > ce and so Theorem 1 follows from the
following slightly more general result.

Theorem 2. Let Q be a convex body centered on 0 with diam(Q2) = 2. Let 8 > 0, suppose
u: W22(Q) — R is a function satisfying

/ ’1—|Vu|2“V2u’dz:6 (6)
Q
and )
[ fr=19ue] a < 52 (7)
Q

and in addition u satisfies Vu(z) -1, = 1 on 0 in the sense of trace where 1, is the inward
pointing unit normal to 0N) at z.
There ezists positive constant Cy > 0 such that |By (0) AQ| < C1 37

J

2

Vu(z) — | dz <37, (8)

2|
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2. SKETCH OF THE PROOF

2.1. Sketch of the proof of Theorem 1. While the proof for convex domains is slightly
involved, there are only a couple of ideas that are really central. We will sketch the proof
for the case 2 = By(0), ignoring (without comment) many technicalities in order to give an
impression of the basic skeleton.

The real engine of the proof is the characterisation in [De-Ko-Mu-Ot 00] of the set of ® such
that (3) is satisfied. As mentioned in the introduction, as consequence of the characterisation it
was shown there exists a sequence of ®,, satisfying (3) that converge uniformly to the function
®(z) = |z[°e for z- e > 0 and 0 otherwise. Following closely the proof of this it is possible to
extract the existence of functions ®y and Wy with ||[V®g|| < ¢85, |[Wy|| < 877, V| <
06*% such that the following two inequalities hold.

Let Ag(z) := 0 for z- 6 > 0 and 0 otherwise,

@ () = Ao ()] < B for 2 € Nys(S)\B, 1 (6) ()
and (letting R(z1, 22) = (22, —21))
div [ (R(Vw)) = ¥ (R(Vw)) (1 - |[R(Vw)[ )| < eg7}

1- |Vw|2’ |V2w| for any w € W>'.

(10)
Recall, for simplicity we have taken Q = B;(0), as Vu(z) = — on 0B, (0) then we can extend
u to a function @ : By;/19(0) — IR such that

2
/ |1 [vaP||va] < cﬁ,/ 1= vaf| < es®
Bi11/10(0) Bi11/10(0)

and
Vii(z) = —ﬁ for any z € By1/10(0). (11)

z

It is more convenient to work with vectorfields that are almost curl free instead of almost
divergence free. So notice that (9) can be rewritten as

R (®(2)) = R(Ag (2))] < f¥ for z € Nys(S)\B, 3 (6) (12)

and we have [, ’curl [R (®¢ (R (V@) — R (Vg (R (Vi) (1 - |va|2)} ’ < ¢/B. By the
quantitative Hodge decomposition type theorem from [Am-De-Ma 99] (Theorem 4.3) we can
find a scalar valued function wy such that

/B N Vg — (R (B4 (R (Vi) — R (g (VR (Vi) (1 - |va|2))’ <e/B.  (13)
11/10

The real power of (13) is that on the annulus A := By;1,19(0)\B1(0) we know that Vi(z) =
—15 and hence given inequality (12) (and the fact that |Va| = 1 on A) we have a that

Dy (R (Vu(z))) € Nﬁ (0) for any z € AN H (RH,0), see figure 1.

1

4
2

In much the same way in the ball B;(0), by inequalities (12), (13) and fBl(o) ’1 - |Vﬁ|2’ <

(% we have that there exists a large set G C By1(0) N H (0, Rf), with |B1(0)\G| < v/B such that
if z € G then Vwy(z) € Bﬁi (R6) or Vwy(z) € By1(0) depending on whether R(Vu(z)) -6 > 0
or R(Vu(z)) -0 <0.
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FIGURE 1

It is not hard to see we can find points a,b € Nﬁ§(<9> N 9B1(0)) with |a—b] ~ 2, 6 -

b—a_ > (), the angle between =% and 0 is at least 3% and H'([a,b]\G) < (7.

|b—al |b—al

Let gl =

{ze€G:Vu(z)- R (0) > 0} and G = G\G1. As can be scen from figure 1 we can connect a

to b with a path T" C A so

|we(b) —we(a)] = /ng(z)tdelz > ’R9~ (/ tde1z>’ — BT
r r
b —a 1
= |RO- 2= h—a| - cpt.
b — al
On the other hand
b— b—
lwe(b) —we(a)] = Vwe(z) Vwe(z)
(a,b] 1b— | (a,b]NG1 1b— |
b—a . L
< RO =L dH 2| + cpt
[a.b)NG: b — al
= RO - ﬁ’H ab]ﬂg1)+cﬂ4

and since ’RH . |g:—2|’ > (3% so putting (14) and (15) together

la—b| < H' ([a,b] N G1) + ng([a,b]mgl)Hﬁ%.

2|+ cpT

(15)
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So by arguing in the same way for lines parallel to [a,b] by Fubini’s theorem we can show
’H (GT“’ R (lgj—gl)) \g1’ < ¢B%. Thus all but % points z € By (0) N H(0, R(6)) are such that
Vu(z)- R71(0) > 0. As 6 is arbitrary we can rephrase this the following way. Given ¢ € S* for
all but 3% points z € By (0) N H(0, ¢) are such that Vu(z) - (—¢) > 0.
1
Now take ¢ = (cos§i> For all but 5§ points in H(0,e1) N H(0, =) N H(0, —e2) we have
sin 3716
that Vu(z)-(—e1) > 0 and Vu(z)-¢ > 0, it is not hard to show this implies [Vu(z) - e1| < ¢80
and since Vu(z) - e3 > 0 and |Vu(z)| ~ 1 we have Vu(z) € Bcﬁ% (e2) with an exceptional set
of measure less than ¢8%. So integrating a carefully chosen line inside H (0, ey) N H(0, —) N
H (0, —e3) and using the fact that v = 0 on 9By (0) we can show |u(0) — 1| < ¢[37s.
Now since |Vu| is mostly very close to 1 and we have zero boundary condition, so avoiding
technicalities assuming the coarea formula we have [, _q, flmeBl(o) ’|Vu(z)|2 —1|dHY2dHY <

cy/ B we have

/ / \Vu(z) — 0> dH' 26
0eSt JIR46NB1(0)
= / / |Vu(z2)|* — 2Vu(z) - 0 + |0]> dH  2d H'0
0eSt JIR4ONB1(0)
< B, (16)

This concludes the sketch of the proof of Theorem 1.

2.2. Sketch of the proof of Corollary 1. In order to deduce Corollary 1 we need to apply
Theorem 1 to the minimizer of I over A(2). We can only do this if the minimiser has small
energy (and from Theorem 1 we know it can only have small energy if Q is close to a ball). For
this reason it is necessary to construct a function in A(Q2) with this property. It turns out this
is a surprisingly delicate task, it is achieved in Section 4 of the paper.

The obvious way to attempt the construction is to make some adaption of the function ((z) =
dist(z, 09), this function clearly satisfies the correct boundary condition. The first problem is
that V¢ will have its gradient in BV and it is easy to construct examples of convex domains
that are close to balls for which the singular part of V( is widely spread over the domain.
So it is necessary to convolve (, however convolution will destroy the boundary condition.
To circumvent this obstacle, in a neighborhood of the boundary we convolve the ( with a
convolution kernel who support decreases in proportionally to the distance to the boundary.
We make the assumption that 99 is C? with curvature bounded above by ¢ 5 and this allows
us estimate the various error terms involved in differentiating a function the convolved with a
kernel of varying support.

3. PROOF OF THEOREM

Lemma 1. Let Q be a convex body centered on 0. Suppose u: W*(Q) — R satisfies (6) and
(7). For each 6 € S' define Ag : R* — S be defined by

o ifz-0>0,
Ae(z)—{o if20<0. (17)

Let R € SO(2) be the rotation defined by R(z1,22) = (22,—21) and let m = R(Vu), we will
show there exists a set T C S* with H'(S'\I') < ¢f% such that for any 0 € T we can find
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function wg : Q@ — IR with the property

i IVwe — R (Ag (m))| < 5. (18)

—1
Proof of Lemma 1. Let M = [ﬁTS] , we divide S into M disjoint connected subsets of length

%, denote them Ay, As, ... Ay;. We assume they have been ordered sequentially, i.e. A;NA;{; #
0 fori=1,2,...M—1. Let B = {ke (1,2,...M}: {33 eq: Tun eA_kH 25%}. Since
Card (B) % < || < 27 we have that Card (B) < 273~ %.

Let D = {ke€{2,3,.. M -1} :{k—1,k,k+1}NB #0}. A simple covering argument
shows that Card (D) < cﬁfé. Let T' = Uke{2,3,...M—1}\D Aj.. Note that for any § € I' we have

H“Q: o € Bt (”ng |

So pick 8 € T" without loss of generality we can assume 6 = e;. Let s : IR — IRy be a smooth
monotone function where s(z) = 0 if # < 0 and s(z) = z if z > 87 and |[V2s||z~ < 7% and

[V3s||L < B2, it is clear such a function exists.
Let ¢(2) = s(z - 1) = s(21). Define ® : R* — IR? by

o0 = ot (3) + (v (37)) ()

_ @ (2) 21+ 2301 (2)
z

B (<P( )22 — 222101 (2)> '

ver= ()= (500)

Recall m (z) :== R(Vu (z)) so m is divergence free. Note (using the fact 2 = 0 and ¢ 12 =0
and divm = 0 for the third inequality, and using divim = 0 for the last inequality)

ool

(19)

Define

div [® (m)]

ai (plm s e ()

= (palm)miy +p2(m)me1)my + p(m)mi1 + 2memsa1p,1(m)
+m3 (e 1 (m)mas + waa(m)ma) + (w1 (m)ma g + ¢ 2(m)ma 2 )me
+p(m)ma 2 — ((m1,2ma +mima2)e1(m)
+mima(@,11(m)my 2 + @ 12(m)ma2))

= mypi(m)mi +2mameo @ 1(m) + m§m1,1<p,11(m) + mamy 20,1(m)

—((m1,2ma + mima 2)p1(m) + mimamy 2¢.11(m))

= 2¢1(m)(mimi+ mama1) — @ 11(m)ma(mimy 2 + mams2). (21)
Note also that
9 2(mimy 1 +mamo
U(m) -V(1—|m|) = —¥(m)- (zgmlml o 4 Mama QD

= 2¢p1(m)(mimy 1+ mama 1) —map 11(m)(mimy 2 + mamsz 2)

so by (21) we have
div [® (m)] = ¥(m) - V(1 — |m|?). (22)
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Let & := R (®) and ¥ := R (¥) note curl [ci)(m)] ) div [@(m)] = T(m) - V(1 — |m]?). So
curl [F(m)(1 = mf)] = di[@(m)] (1 = [mf’) = w(m) - V(1 = m]*)
= div][ (m)] (1 = [mf?) — curl [ci) (m)] . (23)

Thus
curl [fi)(m) +¥(m)(1 - |m|2)}

) div[w(m))(1 ~ [ml?)
= (‘Illyl(m)mlyl —|— ‘11172(m)m271 —|— ‘szl(m)mlyz —|— ‘szz(m)ng)(l — |m|2)
< €| V¥l [ = fml?| V] (24)

Hence as ||V\IJ||Lao(Q) S CHVB(/DHLm(Q) S C||V35||L°°(Q) S Cﬁi%

- T 2 (24) 2
[ feust [8m) + Etmya = )] | S ATy [ |1 pl?| 9
Q Q

(6)

< c\/B. (25)

Note that if z € N sz (S') N {z1 > 0}\B, 1 (e2) then (2) = 21, ¢.1(2) = 1 and so &(2) (29)
2 2

(Zl _522> on the other hand if z € N z(S")N{z1 < 0} \Bzgi (e2) then p(2) = p1(2) = 0 and

so ®(z2) = (8) Now if z € N 5(S") N {z > 0} \B, 1 (e2) we have

(@) + U1 1) - R(Au ()] < |8() ~ R4 ()| +eV/B _sup  [¥(2)
2EN (1)

22 + 22 1 1

) )
< B, (26)
And if we have z € N 5 (S*) N{z <0} \Bzgi (e2) arguing in the same way we can conclude
(@) + #()(1 ~ [2) ~ R (Ao, (2)] < 5. (27)

Let I1:={z € Q:|m(z)| € (1 —+/B,1++/B)} and let
. - Vu(z) (e

5._{ 69'|Vu(x)|€B2ﬁ§(2)}’ (28)

note from (19) we know |€] < 33%. From (26) and (27)

/ (®(m) — U(m)(1 — |m|*)) — R (Ae, (m))
m\&

Al

<cf (29)

on the other hand
[ (@) + B = mf?) - R (2, (m))
Q\II

< [ Lon((@(m) + ¥(m)(1 = [m[*)) = R (Ae,(m))) L2 ()
< H]IQ\HHL?(Q)(H(i)(m)HL?(Q) + ||‘i’(m)(1 - |m|2)||L2(Q) +c). (30)
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Note
[@(m)llL2) = lle(m)mi +mdp1(m)|La) + le(m)me — mamip1(m)| L2
< IVl 2@ < e+ el = [Vul* || 2@ < c (31)
Similarly
T(m)(1 - |m|*)|| 2 ( T 2>§( 1- 22>§
)@ = )y < ([ @) ([ o=l
< efTTR < B (32)
Thus applying (32), (31) to (30) and using the fact that (7) implies L? (Q\II) < ¢\/B gives
/ ((‘i’(m) —U(m)(1—|m[*)) - R (Ael(m))) <e/B. (33)
Q\II
Together with (29)
/ ((‘i’(m) —T(m)(1 — |m[*)) - R(Ael(m))) < cf7. (34)
Q\&

Now recall H\iJHLoo((l) < cf7, ’fi)(z) < c|z| and note by (19) (recall definition (28)) we have

€] < 385
/ (<<i><m>—if<m><1—|m|2>>—R<Ael<m>>)] < c5%5+|5|+] JRCBE
< cﬁ%+c|5|—|—/g|1—|Vu||
< opt. (35)

Putting inequality (35) together with (34) gives

L ((@0m) )1 = ) - R8s < 5.

Now using (25) and by applying Theorem 4.3 from ([Am-De-Ma 99]) there exists w., € W1 (Q)
such that

[ [, = @m) = m) 1 )| < e (36)
Q
thus putting this together with (34) and gives (18). O

Lemma 2. Let Q be a conver body centered on 0 and let u : W?2(Q2) — IR be a function
satisfying (6) and (7) and Vu(z) - n, = 1 is the sense of trace, where n, is the inward pointing
unit normal to 0 at z.

For any r > 0 define Q, := N,.(Q), we will show we can construct a function @ : W*1(Q,.) —
R satisfying

[ r=1vae|)vaf <, [ i-ivap| <o, (37)
Q. Q.

and

_ o Ju(z)+r forz€Q
i) = {r —d(2 Q) ifzeQ\Q (38)
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Proof of Lemma 2.
Step 1. We will show Vu(z) = n, for H! a.e. x € 9Q
Proof of Step 1. Recall Vu € WH(Q) and Vu is defined on 99 in the sense of trace, as the
trace operator is bounded we know [, [Vu|dH' < oo.
We define
f Q
v () = u(z) .or z € (39)
0 if z € Q,.\Q
By Theorem 3.8 [Am-Fu-Pa 00] Vv € BV () and hence by Theorem 3.76 [Am-Fu-Pa 00]
and Theorem 2, Section 5.3 [Ev-Ga 92] for H! a.e. x € 9Q the following limits exist

lim [Vu(z) — Vu(z)|dz=0 (40)
0Bt (wma)

and
lim |[Vu(z)|dz = 0. (41)
P=0) B ()

1
Let wh(z) = M, by (40) and (41) for any sequence p, — 0 we have w?"(z) L w, as

n — 0o where

: f H(0,n,
wy (2) = Vu(z)-z forze H(0,n,) (42)
0 for z € H(0, —ny)
however w, would not be curl free unless Vu(z) = My, for some A € IR. As we know

Vu(x) - n, = 1 this implies Vu(z) = 7, for H' a.e. x € 9Q. This completes the proof of
Step 1.

Step 2. For any z € Q. \Q, 4(z) = d(z,09,).

Proof of Step 2. Note that ||V p-<(o, o) < 1. Let 2 € 0, let ¢(x) be the metric
projection onto a convex set €2, i.e. the unique point for which |z — g(x)| = d(z, ). Since
x € 00 = (N, (Q)) = {z€Q°:d(z,Q) =1} so |[x—q(x)| > r, on the otherhand we also
know d(x,€) = r so there must exist y € 2 such that |z —y| < r + 0 for every § > 0, this
implies |z — ¢(x)| < 7+ § for every 6 > 0. Thus |z — ¢(z)| =r.

Since 4(z) = 0 and 4(g(x)) = r and as @ is 1-Lipschitz on ,\Q this implies @((1 — o)z +
aq(z)) = ar for any « € [0, 1].

Now let Q(z) := d(z,09,). For every z € 0Q,, Qq(z)) < |¢g(z) —z| = r. As 0, =
O(N-(£2)) so we know Q(g(x)) > r and thus have Q(¢q(z)) = r. We also know @ is 1-Lipschitz
and Q(z) = 0, thus in the same way as before Q((1 — a)z + ag(z)) = ar for any « € [0,1].
Therefor Q(z) = u(z) for any z € [z, ¢(z)], x € I8, and this completes the proof of Step 1.

Step 3. We will show that @ € W1(€,.) and that @ satisfies (37).
Proof of Step 3. First we claim that

/ |V?@|dz < ¢ and hence Vi € WH(€,\(). (43)
Q,\Q

Note 1|, \q is a 1-Lipschitz function with & = 0 on 99, and % = r on 9. So by the Co-area for-
mula we have fﬂr\ﬂ ’V2ﬂ’ dr = for fﬂ*l(h) ’V2ﬁ’ dH'dh. Recall Vi exists everywhere in Qr\ﬁ
and |V = 1 on Q,\Q and as @~ (h) is connected and the boundary of a smooth convex set and
for each z € @~1(h), Va(z) is normal to the tangent of @~1(h) at z, so Ja1m |V2a|dH* < ¢
for all h € [0, r] and hence (43) is shown.

Since 2 is an extension domain by Theorem 1, Section 4.4 [Ev-Ga 92] there exists a function
p: WH2(IR?) — R? such that p(z) = Va(z) on Q and Sptp is compact. Similary as Q,\ is
an extension domain there exists a function ¢ : W' (IR?) — IR? such that ¢(z) = Va(z) on
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Q,\Q and Sptq is compact. We define w : Q, — R? by w := pllg + qllg, \q, by Theorem 3.83
[Am-Fu-Pa 00] w € BV (Q, : IR?) and since p and q agree on dQ we have that Vw as a measure
is absolutely continuous with respect to Lebesgue measure (and hence w € W (Q, : R?)) and
Vw = Vplg + Vqlg \o. Now as w = Vi a.e. in Q, we have that Vu € wti(Q,).

Since V24 € L' we know

/ 1 vaP| vl dz = /’1—|Vﬁ|2“V2ﬂ]dz+/ |1 vaf||v2a] d
Q. Q Q,\Q

- / 1 vaP|[v2ala:
Q
< B
Similarly [, |1 = [Va|dz = [, |1 - V| dz < 6. O

Lemma 3. Let Q be a convexr body with diam(Q) = 2. Let u : W22(Q) — IR be a function
satisfying (6) and (7) and satisfying Vu(z) -1, = 1 on 0 in the sense of trace where n, is the
inward pointing unit normal to 0 at z.

Let T C S' be the set constructed in Lemma 1. Let U := Q110 be the convexr body and
a: W2HU) — IR be the function constructed in Lemma 2. Let Ry € {R™, R}.

For any 6 € T' N (=T") there exists unique points ag, by € OU with 1., = 0 and my, = —0 the
property that if we define gff“ ={zelU:Vi(z)- Ry'0 > 0} we have

b by —
’umH (%TH’RO (M)) \gl

1
< c¢f24, 44
T < cp (4

Proof of Lemma 3. Without loss of generality assume € is centered on 0, i.e. fQ z =0. Let
Y= RRalﬂ so note that ¢ = 6 or ¢ = —f depending on whether Ry = R or Rg = R~L.

Since OU is smooth and U is convex that exists a unique point a, € U with ,, = ¢ and a
unique point b, € 0U with n,, = —¢. Let 1 = R(V1), it is easy to see that

I, = {zeU\Q:m(z) ¢ >0} ={z€U\Q: Vu(z) - R ¢ >0} (45)

forms a connected set whose boundary is contained in OU and OS2 and in two lines parrallel to
©, see figure 2, also note the endpoints of 9U N H_g, are given by a, and b,.

Now by Lemma 2, (37) function @ satisfies (6) and (7). Since either ¢ =6 € T or p = —6
and so 0 € —I', thus ¢ = —6 € T, thus we can apply Lemma 1, to /m and so there exists function
wy, : U — IR such that

/M [V, — R (A ()] < cB%. (46)

By the Co-area formula and Chebyshev’s inequality there exists a set H C [0,1/10] such that
H'([0,1/10]\H) < ¢327 where

/ Vw, — R (A, (m))|dH" < ¢372 for all r € H. (47)
w1 (1)

Pick so € [1/10 — cﬁﬁ, 1/10} N H. Define 7, := —|Z::Z:| and

— a,+b
W@:—Z/{QH( “02 @,RT@>. (48)

We claim that
oUNTIL, = dUNW, (49)
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FIGURE 2

Since the endpoints of oU NI, are the same as the endpoints of U N W, it is sufficient to
show H' (oU NI, N W,) > 0. Let

A—sup{)\>0: (%+ART@+<T@>>Q8L[7§®}

then let ¢, be the point given by (% + ARty + <T@>) N oU, since OU is smooth —n., =
R™'7,, so Vu(c,) = R7'7, and thus Vu(c,) - R7'¢ = R7'7, - R™'¢p > 0 since |¢ — 7,| <

v/2/10. As this inequality is strict, in a neighborhood of ¢, the same inequality will be satisfied.
Thus we have H' (90U NI, N W,) > 0 and so we have established (49).
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By the construction of I, and W, by (49) we have

1

H' (09, NT,AW,) < cf. (50)
There must exist ¥ € (0, 26ﬁ) such that defining @ := (C.OSU) e U)) we have

|Rp - Qr,| > B7. (51)

Let ¢, := @ + Czﬁﬁ R7,. From the construction it is clear that we can chose constant C,
large enough so that

a, + b,

Card (8950 nH ( 5 ,RT¢> n{¢, + <Q@,>}> =2

Now for every ¢ > 0 let o}, 07 be the points defined by {0}, 07 } = 9Qs,N{C, + tR7, + (Q7y)}
and 02 - > of - ©. By (50) we can assume constant Co was chosen large enough so that
of, 07 € II,. Let ¥, be the connected component of dQ,\ {07, 07} that lies inside IL,. Thus

[(we(07) —weler)) — (6] — o) - Rp| =

Vwy(2) - t,dH'z — / Ry -t,dH'z
P

P

/ (Vwy(2) — Ryp) - t.dH" 2
3¢

(47)

< cpm. (52)
Let
co= [ IV = RG], (53)
[of.07]
so by the fundamental theorem of Calculus ’(w@(gf) —wy(0})) — f[g% 2 B (A () - Qryp| < ey
Thus in combination with (52) we have
(o ) R [ RO Q| < oot et (54)
0t,0%

Given the definition of A, (see (17)) and of G/ (see the statement of Lemma 3) so
R(A,(m(x))) = Rp < m(z) - ¢ >0< Vu(z) - R o >0s Vu(z) - Ry'0>0e x e gho.
In exactly the same way A, (m(z)) =0 < = & Go°. Hence
[ Actmtenarts = oi* ([oh ] 061
[of,07]
which from (54)

’(9? —0;) Ry —Qry- RoH' ([Qi,gf] ﬂgff’)’ < e+ cfT

since (recall (51)) we chose Q so that |Ry - Q7,| > 21 and since ég:i%' = Q7 s0
t t

_a 1

108 = ot = 1 ([oh, 68 NG )| < B~ e, + .

To simplify notation let ¥ = H* (Pig(qr,)) (s N H(Cp, R(QT,))))

H' ([0}, 0] NG°) = |0} — 0| — B Fer — 8% for any ¢ € [0,0]. (55)
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So

QS() N o (Ctpa R(QT@)) N gé%f)

= [ e )
(0,9]

(55)

1 €L
= [ a5 e o
(0,9]

(53) 1
> Qs N H (G, R(QTp))| — e

e / Vw, — R (A, ()]

W,

(46)

> [Q N H (Goy R(QT,)| — cB7. (56)
Note [U\Qs,| < ¢B77 and by definition of W, (see (48)) [W,\H ((p, R(Q7,))] < ¢B77 this
gives ’W@\Gfﬂ’ < ¢B71. Now if Ry = R and so ¢ =0, it is imediate that 7, = be:zg| and so

be
(again recalling definition (48)) (44) follows. On the other hand if Ry = R~! then ¢ = —0 and
50 a, = by, by = ag, which implies 7, = — =20 s0 Rr, = R (—p=22; ) = R (o=t ) =

Ro (ﬁZ:ZZ') hence (again recalling definition (48)),(44) also follows in this case. O

Lemma 4. Let Q be a convex body centered on 0 with diam(Q) = 2. Let u : W22(Q) - R
be a function satisfying (6) and (7) and in addition u satisfies Vu(z) -n, = 1 on 0Q in the
sense of trace where n, is the inward pointing unit normal to 0 at z. Let a,b € Q be such
that diam (Q) = |a —b| and w = 2 we will show there exists constant C3 > 1 and ry €

2
(C;lﬁﬁ,@ﬂﬁ) such that
lu(x)] >1-— C3B75 for any x € 0By, (w) . (57)
Proof of Lemma 4. Let U be the convex set and @ be the function constructed in Lemma 2.
It is easy to se we can chose @,b € U such that ﬁ = ﬁ and | — l;’ = diam ().

Step 1. Let P : [0, H'(8U)) — OU be a ‘clockwise’ parameterisation of ¢ by arclength with
P(0) = @ Let oy = P(H*(OU)— =) and 05 = P(#75), see figure 3. The points o1, oy satisfy
the following properties, firstly

Mo, - €2 > 1 — ¢BTE fori=1,2. (58)
Secondly
o1 — 0| < 2675, (59)
Thirdly
1 1
o1 (—e1) > 6;)6 and 03 -e; > 6;)6- (60)

Proof of Step 1. Firstly note that for any « € 60U we can inscribe a ball B (z,) C U with
0B 1 (z2) NOU = {x} so the curvature of OU is bounded above by 10 which is equivalent to the

bound || P|| o (arsy < 10. Since P(a) = e, ]P(a) — P(B7%)| < 1087% and as 1, = R(P(87%))
this proves (58) for ¢ = 2. The proof for i = 1 follows the same way.

Inequality (59) follows instantly since o1 and o is connected by a path of length less than
275 . Now from (58) for any ¢ € [0, 4755 we have

el —P(t)’ - ’P(O)—P(t)’ g/ot B(s)| ds < 10875,
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55 -
Thus oa-e1 = (02— @) - €1 = fo 256 P(s)-e1ds > (1— 106ﬁ)6ﬁ. Arguing in exactly the same
way (—e1) - o1 > (1 — 108%8) 376 which establishes (60).

Step 2. We will show there exists positive constant C4 and z( € NC PE (|:EL, BD N U such
43756

that for some o € B, pe (e2) the following inequality holds
B 756

’X (xo,d)o,CAlﬁﬁ) \ {x D Vu (x) e < C45ﬁ}’ < Cyf7. (61)

Proof of Step 2. We know n; = —ez and 7; = ez. Let w; € 0U be the unique point for which
—Nw, = Ne, and let wy € OU be the unique point for which —n,, = 1,,, see figure 3.
Define

M= H (02+‘”2,R(‘”2_"2 )) NH (Ul+w1,Rl (L_Ul )) (62)
2 |(.U2—0'2| 2 |w1 —0’1|

I, := H ("2+“’2,Rl (L_UZ’ )) NH (‘”“"RR(‘”“” )) (63)
2 |(.¢J2 —0’2| 2 |w1 —0’1|

and let IT = IT; UTI, and let x¢ := II; N1I,, see figure 3.
First we will show (xg + IRez) C II however this inclusion is relatively easy to see because

firstly
R W1 — 01 w1 — 01 >5ﬁ
e - — | =e€1 -
2 |w1—01| ! |w1—01| - 4

thus (> C H (O, R( W11 )) And secondly as zg € OH (Ulgwl R ( wi—o1 ))

and

Jwi—o1] Jwi—o1]

12 cH (2o, R( ")) g (DE9 g (177
Zo ’ |w1—01| 2 ’ |w1—01|

In exactly the same way 152 C H (‘72;““2 ,R7L ( w292 )) Hence [32 C II;. Arguing in the

|w2—0o2]

same manner we have [, ¢2 C II; and thus we have established the claim.
Let v = [52 N dU, by construction we have that + lies in the component of OU between oy

and o2 and hence we know d (”y, l;f)) < cﬁﬁ and so it follows zg € Ncﬁ; ([EL, BD nu

256
Since 1z = —eq, N = ez and U is convex we know wy € H (0, —e1) and for the same reasons

w1 € H (0, e1) see figure 3. So (02 —ws)-€1 > 09 - €1 > cﬁﬁ and for exactly the same reason
(01 —w1)-(—e1) > o9-(—e1) > ¢fs. Thus as oy — w;| < 2diam (U) and |0y — ws| < 2diam ()

1 1
02 —W2 . 356 01 —W1 o — 356
we have e > cf75% and o (—e1) > ¢f75s. Hence

01 — w1 02 — w2 01 — w1 02 — W2
e . S e — . — . e
lor — wil log — wal o1 —wi] ) \Joz —wa|
+(01—w1 .62>(U2—w2 .€2>
lo1 — wil log — wo

< BT 41,

01 —Wi

In other words the angle between lor—or] and ;22=~2

loo—wo] 18 greater than C4 3756 for some positive

constant C4. Thus there exists g € B pre (e2) such that X (xo, o, C46ﬁ) C II. By Lemma

3 we know that
’Z/{QH (02 W2;R71 (4“)2 72 )) gR71
2 Nog

w2 — o2

< cpm
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FIGURE 3

and

< g,

o1+ w1 w1 — 01 R
o (5 n (222t

jw — o1
Thus (recalling the definition of IIy, (63))

’Hl NUNGE " NGE | < cpr.

Noq

In exactly the same way we have (recall (62))

’HQ mL{\gfo:l NGE | <cp.

e2

e1

17

(64)

(65)

Now for any = € gfi;l N gff;l we have Vu (z) - Rn,, > 0 and Vu (z)- R™'n,, > 0. Since from
(58) o, € XT (O,eg,cﬁﬁ) for i = 1,2 we know Rn,, € X+ (O,—el,cﬁﬁ) and R™1n,, €

Xt (0, ey, 5 , from this it is easy to see (assuming we chose C4 large enough)|Vu (z) - e1| <
y
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C4875. And in the same way for any x € gffll N gff; we also have |Vu (x) - e1]| < C1375%.
% (0, 90, €36 )\ [ [V (@) - 2] < Co37h }|
M AUGE NGl | +e

<y

—1
<c I NUNG NG

which establishes (61).

Step 3. There exists constant Cs such that for any w € IR? define

Vo = {3: €U :Vu(x) € Ng,)gzéa (w)}’

we will show there exists v1 € {ea, —ea} such that

’X (3:0, %cmﬁ) nNH (cwﬁvl, vl) NU\V_,, | < Csp?. (66)

Proof of Step 8. Let wy = I “* NOU. Note since U is convex 7, - e1 > 0. We claim

1
Mo €1 > 75- (67)
Suppose this were not the case, then ng, - €1 < 15. Since U is convex and diam(lf) < 2 we

know U C H (wo, ey) C H (—2€1, 1), ) which implies (b+ 2e;) - e, > 0 and thus

5'62\/% > ((54— 261) '62) (N - €2) > — ((54—261) '61) (Mg - €1) = — 2Ny - €1 > —é

however as ’EL - B’ = diam(U) = 22 &b — ) and 2L = ¢, this is a contradiction.

100 "2 G—

=

Let w1 € oU be the unique point for which 74,

= N, SiNCe Ny - (—e1) > 11—0 we must
1
have that @y € H(0,e1) NOU. Now let [ € ( L -0 ) N ST be such that

w1 —mo]
—b
i (o p 0 (20 )Y s la =t (68)
2 2
Chose S € {Rfl, R} so that S (@1:530 =, by Lemma 3 we have
’u NH (@ l) \G5_ | < e, (69)

From (7) and (61) we know

1 (w0, 0,487 )\ { = Vu() € Nigos ({ea, —ea})}| < 7.

pl"‘
—
\]
(an)
S—

(67)
Since 5o [S71ng, ce2| > 107lifz € gﬁwo N{x: Vu(zr) € Nigo-1 ({e2, —e2})} then Vu (x) €
Bigo-1 (vg) for some vg € {ez, —e2} and so using (69) and (70)

w1—|—w0

’um X (xo,wo,cmﬁ) nH ( .

)\ o Vula) € B (vo>}] <ot ()

Now for any w € H (0, vp) we have the elementary inequality |w — vg| < 4d(w, S*) + |w - e1], so
using (7), (61) and (71) we have

’u nx (xo,%,cmﬁ) nNH (@ z) \V, | < ep?r. (72)
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Recall wg = I, N9U and @, € H (0,e1) NOU, so | Z2=Z - e

[wwo—o1]

> % and thus |l - eo]| > 11—0 o)

1
there for by the fact that ¢ € chﬁ (e2) and that inequality (68) implies 0 € H (== 1)

there exists v1 € {ea, —e2} such that for some constant Cs5 we have

X (w0, 60,C487 ) 0 H (€575 0r,01) © H (@ Z> (73)
putting this together with (72) gives
61X (0,100,487 ) O H (CoBTun, 01) \Wiy| < 7.

Let # € U\QN X (3:0,1/)0,C46ﬁ) N H(CsB870v1,v1) so as i(z) = d(z,dU) and since

Yo € BC o (e2) so Vi(x) € N

ok (—v1) thus we must have vg = —vy, this gives (66).

Step 4. We will show there exists a positive constant Cg such that
zg\BCGﬁﬁ () C X (0, vh0, C437) for all 2 € B1_(w0),0 € §' N B (o) (74)

Proof of Step 4. Without loss of generality we assume x¢ = 0, 19 = e2 and C5 = 1. To begin
with to take point z = 6ﬁel, we will show later the general case follows from this. See figure
4. p.
Let 6 = (sm 5L> and let y = 90X (0, ea, 6ﬁ) N1%. We will get an upper bound on |y|. Let
cos (3128
z =1y -ere1. We have two triangles to calculate with, triangle 77 with corners on 0, x, y which
is a subset of triangle T3 with corners on 0, z, y. Note that by applying the law of sins we have
ly| =" sin(%—!—ﬁﬁ) =z —y " sin(%—ﬁﬁ). Note that T5 = T>\T1 is also a right angle triangle
and since |z| = 3T + |z — z| we have |y| cos(% — =0 = BT + |y — x| cos(% — B=). Putting
1

256

this together with the previous equation we have |y| sin 8z = g12 + |y| <825 gin 3w which

cos 3128
1
gives |y| (sin B — Cosg 2% sin 6ﬁ> = @7, Now by taking the Taylor series approximating
cos 3128

sin and cos we have |y (6ﬁ +0 (6ﬁ)) = =, Thus |y| ~ 87 and thus the existence of

constant Cg such that (74) holds follows instantly for the case z = 3T e;.

In the general case where & # B e; define zg = (z + (6)) N (ey), since the angle between 6
and e; is with 375 of 7 it is easy to see o € B2Bﬁ (0) and of course 1Y NX(0,es, B =
12N0X(0, ez, 6ﬁ) so the argument for the special case x = BT e can be applied to show the
existence of constant Cg satisfying (74).

Step 5. We will establish (57).
Proof of Step 5. Let

hiz):=1 (75)

X ((20,160,C4 6758 ) NH (Co BB w101 ) UV -y
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1
1.1
X(O,e 2,[31/256) 1
e2
el
O gz /
. A
T1
1125 N, T3
| 1128
/B
0 X
11128
B

1

FIGURE 4

(66)
so we know [h < ¢ 37, So by the Fubini’s Theorem

/u/u (h(z)+6fl ’1 - |va(z)|2D 12 — o\ deda

< /M (h(z)+5*1 ]1_ |va(z)|2D (/|z—x|1d:c> dz

< C/M (h(z) +47! ]1 - |va(z)|2D dz

@
< cf.



A QUANTITATIVE CHARACTERISATION OF FUNCTIONS WITH LOW AVILES GIGA 21

Let
G:= {3: € B, (@) : /u (h(z) + 67! ’1 - |Vﬁ(z)|2D 2= Vdz < cﬁﬁ}

so we know (375 Bg (zo \G’ < ¢f71, thus ’B

128

ing 3 is small enough |G| > 2-!g3s1. By Step 4, (74) for any € B ﬁ( 0)’963;3@(‘/’0)“51

we have [7\B, s (%) C X (z0, o, C4B7).
NEPs
Since X (0, v, C46ﬁ) = X(0, =), Csf3 ﬁ) we can assume without loss generality that v -

v; > 0. Pick € G, by the Co-area formula we must be able to find 6; € B 2 (W) N St such
that

128

(zo \G’ < 72, since f707 < (351 assum-

/ h(z)+ B |1 = |Vi(z)|?|dH 2 < ¢ (77)
12t nu
Recall inequality (73), we will assume Cg is large enough so that

1“\B C H(C5875 vy, v1).

oo g7k ()
So let d, e be the endpoints of the segments 19 ﬂZ/{\BCGﬁﬁ (x) where we chose d € 0B s (z)
and e € OU, note [d, €] C X (zo, tho, C4B7%) N H(C58%5v1,v1). Now since ; € B s 1 (o) C
(v1) and for any z € [d, e] with h(z) = 0 by (75) we have z € V_,, and so Vi(z) €

—vy) then Va(z) - (—=61) > 1 — ¢85 . Thus by the fundamental theorem of Calculus

Bc4ﬁ2 56

BC5ﬁm (

la(d)—u(e)] = Vu(z)-01dHz

[dse]
> / Vi(z) - 61dH 2| — / \Va(z)| dH 2
o Aldse] [d,e]\V_u,
> (1-ep™) H (Vo N [d,e]) — H' ([d, ] \V-,)
—c/ 1 |va|2’ dH*
[d,e]
(7) N
> |d—e|(1—cpms). (78)
Since the curvature of OU is bounded above by 10 it is easy to see that
le — al < B, (79)
it is also easy to see [e,a] C U\ and 4 is 1-Lipschitz on U\ so
[ii(e) — @(@)| < ¢B7. (80)
Thus we have
|a(d)]| = |a(d) — a(a)|
(78),(79),(80) ) L
> — ]~ cp
> || — ¢f7 = 27 diam(U) — 7. (81)

Pick ro € [|d|,2]d|] such that faBm(O) ’1 - |Vﬁ(z)|2’ dH'z < ¢~ =5 3. Now fix y € 0By, (0),
let s = [d,e] N OBy, (0) and I'; denote a connected component of B, (0)\ {s,y}. So we know
frlu[d g 1Va(2)] dH'z < ¢cHY(I'; U [d, s]) < ¢B7% so we can apply the fundamental theorem of
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Calculus we have that |u(y) — u(d)| < ¢87% and since y is an arbitrary fixed point in 8By, (0),
using (81) this gives
inf {|i(2)| : 2 € OBy, (0)} > 2~ diam(U) — 7. (82)

By definition (see (39)) @(z) = u(z) + 107" for any z € dB,,(0). Since diam(U) = ¥ putting
this with (82) we have (57). O

Proof of Theorem 2. Let rg € (Cglﬂﬁ,@ﬂﬁ) be a number we obtain from Lemma 4
that satisfies (57). By Fubini’s Theorem we know [, [, ’1 —|Vu(2)| |z — y| " dzdy < C73?
for some constant C; > 0. Let

Go = {yeQ:/ﬂ’l—|Vu(z)|2’2|z—y|ldzﬁﬁ}. (83)

Note that |Q\Go| < C70.
Since 7o > C3 1370 we can pick z¢ € B 5(0) N Go C By, (0). So by the Co-area formula
there exists ¥ C St such that H(S*\W¥) < /3 and

/ ’1 - |Vu|2’ dH'> < /B for each 6 € . (84)
10
z0

For any 6 € S* define P(6) := 1%, N 0, we will show
|P(6) — zo| > 1 — 37 for any 6 € U. (85)

To see this we argue as follows, for each z € [z, P(0)] let 6, € S* be such that [Vu(z) — 6.| =
d(Vu(z),S). Note d(Vu(z),S*) < c||Vu(z)| — 1]

2 2
/ |Vu(z) —0.|dH'2z < c(/ ’|Vu|2_1’ dH1z>
[z0,P(0)] [z0,P(0)]

(84) 1
< cpz. (86)
So
[u(zo)l = [u(zo) —u(P(0))|
= / )-6dH" 2
I[) P(H)
(86) 1
< / 6, -0dH" 2 + cf2
[w0,P(0)]
< wo— P (O)] + B2 (87)
Let yg := [x0, P(6)] N 0By, (0). In exactly the same way we have
[u(yo) — u(ixo)| < B (88)
So
(88) L (57) N
[u(zo)| = |ulye)| — [u(ys) — ulzo)| = |u(ye)| —cB=F = 1 -z (89)

this together with (87) establishes (85).
Let N = [2*1 6*%], we can divide S! into N disjoint pieces of equal length, denote them

I, Iy, ... Ix. Formally; Up_, I, = S* and H'(I},) = 2% for each k = 1,2,...N. We can pick
O € I, N for each £k =1,2,...N.
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Let
h=min{|P(0x) —x0| : k€ {1,2,...N}}. (90)
We define II to be the convex hull of the points x¢ 4+ hb1, xg + hbs,...x9 + hfx. Now by the

construction of I1, for any y € 9II we can find k € {1,2,...N} such that |y — (zo + h8i)| < /B
and thus |y — z¢| > h — ¢y/ and so

By_op(@0) CIL (91)

Note that by using (85) we know h > 1 — ¢#=% and since |zo| < /B (recalling also that € is
convex and so IT C Q) there exists positive constant Cg such that

B, o e (0 C O (92)

We claim

QCB (93)

14+2C5 3756 (0)-
Suppose not, so there exists y € 9Q such that |y| > 1 + 2Csf 5. By inequality (92) we know
_IZ_I (1 —Cgﬁﬁ) C  and as by convexity of 2, [y, _IZ_I (1 — Cgﬂﬁ)] C  thus

vt ([y, | | (1—0852)6)]> :24—085?&6

which contradicts the fact diam(§2) = 2 hence (93) is established. Now |zq — P(0)| < |P(0)| +
(93)
lzo] < 1+ ¢f% so putting this together with (89) we have

Ju(wo) — w(P(0))] = [u(zo)| > |zo — P(6)] — 7. (94)
Thus
/ Vu(z) — 0> dH'z = / (|Vu(z)|2 —2Vu(z)- 0 + 1) dH'z
[zo,P(0)] [zo,P(0)]
(84) A
< 2(14¢B7) w0 — P(O)] — 2 [u(P(0)) — u(xo)]
oy
<  ¢f7% for any 0 € V. (95)
2
Now using the elementary fact that ’Vu(z) -] < ’|Vu(z)|2 — 1’ + 4 since z¢ € Gy
we have
/ / Vu(z O\ dH'2dH'9
0eSN\T J1g |Z — zo]
2
< 4H'(SN\ D) +/ / ]|vu(z)|2 - 1] dH'2dH'0
fest Ji19
(83)
D s/3 (96)
And thus
z—x | z—m |?
/ Vu(z) - —21| d < Vu( ) — Oz — 20| Hdz
Q |z — o |z — @0l
2
< / / ’w “20 | GH2dH'9
0est Ji1g, |Z — o

(96),(95)

< cﬁﬁ
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By Holder’s inequality this gives

(]

Now for any z € Q\Bﬁ 1 (0), since |zo| < c/B

256

=

Z — X

Vu(z)

]z — ]

2
) < ¢z, (97)

z z — I 2|z — xo| — (2 — o) | 2]

ERRERED |2 [z = @0l

2|z = @o| — |2[) + @0 2|

2] |2 — ol
< |z — @o| — |2] |0
|z — 20| |z — x|
< opi
So
2\ ¥ :
_ _ 97
/ 2 2= [T gy / 2 zmwo [T} D
allzl |z — o Q\Bﬁ |2 |z — 0]
3256

Putting this together with (97) we have (8). O

4. CONSTRUCTION OF UPPER BOUND FOR NEARLY CIRCULAR DOMAINS

In this section we will show that given a convex domain  with C? boundary with curvature
bounded above by €5 and that satisfies |B;(0)AQ| < 8 we will construct a function u with
I(u) <p 16, this is the contents of Proposition 1 below. The proof of Corollary 1 will follows
easily from this.

Proposition 1. Let Q be a convex body with C? boundary and with curvature bounded above
by €5 and |QAB(0)] < 8. Let € € (0, 8%], there exists a function C™ function & : Q — R
which satisfies Vu(z)-n, = 1 (wheren, is the inward pointing unit normal to OQ at z) and for
which

—1 22 212 3
¢ ’1—|V§| ’ +e|V2[ dz < cp®. (98)
Q

4.1. Proof of Proposition 1. We begin with a preliminary lemma
Lemma 5. Let ¢ : Ry — IRy be a continuous function. Let p denote the standard convolution

kernel, i.e. [ p=1 and Sptp C B3 (0) and define pp(z) := h=2p(h=12).
Suppose f:IR™ — R be an affine function withn =V f, let g(x) = f * pg(a)(x) then

g(z) = f(x) for allz € R". (99)
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Proof. So

o(x) / F(& — 5)(0()2p((x) M)y
- / (@) + 1 (2 — ) (0()) 2p(6(x) M)y
= f@)+ / 0 (@ — 1) (6(2))"2p(dx) y)dy

f(@) + / i / R R CORD Tt

- / / ~A6(@))2p((a) " 2)dH"2zd
[—é(2),0] J (z-n+X)n+nt

+/ 0.6(x) /<x DA —A((@) " p(¢(x) ™ 2)dH " 2dA (100)

Since for any A € [0, ¢(x)] we have
/ N6(@) 2plo(e) 2yt = [ M) 2p(@(e) ) 2)dH" 22
(zn=XN)n+n (zn+X)n+n+
thus the last two term of (100) cancel and so g(z) = f(z). This completes the proof of the
lemma. O
Lemma 6. Suppose Q is a conver and |QAB;| = 3. Let ag = 02N 1§ we have
llag] — 1| < ev/B and so I C N, 5(99). (101)

In addition for any 6 for which a unique normal exist at ag, then

10y — 0] < 3% (102)
Proof of Lemma.

Step 1. We will show By (0) C €.
Proof of Step 1. Suppose not, so we can pick z € QN B% (0). Let 7, be an inward pointing

unit normal to 9Q at , by convexity of Q we have Q C H(z,n,) and so B1(0)NH (z, —n,)NQ = 0
which implies | By (0)\Q| > [B1(0) N H(x, —1,)| > § which contradicts that [QAB;| < 3.

Step 2. ag € By, /5(0).

Proof of Step 2. Suppose not. Since § is convex we have conv ({ag} U By (0)) C Q and

’conv ({ag} U B%(O)) \Bl(O)’ > 8,

thus we have |\ B1(0)| > ¢ which contradicts the fact that |QAB;(0)] = §.

Step 3. We will show ag € B;_,,/5(0).

Proof of Step 3. Note |B1(0)\H (ag, nq4,)| > ¢ and Q C H(ap, n4,) so |B1(0)\Q| > ¢f which
gives a contradiction.

Proof of Lemma completed. Suppose (102) is false, since |ag — 6] < v/ we have

|B1 (O)\H(QHa 77a9)| > C\/B-
as before this implies | B1(0)\Q| > ¢/ which is a contradiction. O

Lemma 7. Let Q be conver and define u(x) := d(z,00) for any z € Q then function u is
concave
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Proof of Lemma. Let a,b € €. Since Q is convex conv (By(q)(a) U Byw) (b)) C Q. Now
suppose there exists A € (0,1) such that
u(Aa+ (1 —A)b) < Au(a) + (1 — Nu(b)
then as this implies By(xa+(1-x)p) (Aa + (1 —A)b) C int (conv (Bu(a)(a) U Bu(b)(b))) we must
be able to find 2 € 9Q with 2 € 99 N conv (By(a)(a) U By (b)) which is a contradiction. O

Lemma 8. Let e > 0, suppose (2 is a convex body with C? boundary and with curvature bounded
above by e~ 5. We will construct a function ¥ : Q\(1—3/€)Q2 — IR with the following properties

2|? u
/ ’1—|WJ| ’ < ce, (103)
Q\(1-3ve)Q

/ IV2y|* < cety, (104)
Q\(1-3ve)Q
0(2) = [paye 1] (2) for any = € (1 - VORI~ 3,/2)0 (105)
and
Vi(z) =n, for each z € OS. (106)

Proof. Let w: Ry — IRy be a smooth monotonic function with the following properties

w(z)—{z for z € [0, /e)

107
2\/e for z > 3\/e (107)

and sup | < e 2.

Let u(z) = d(z,0). For any z € Q\Q(;_3 /) define ¢(z) = w(u(z)). Let p be the standard
convolution kernel, i.e. as defined in Lemma 5. We will convolve the function u with convolu-
tion kernel pg(y(2) := p (@) / (¢(x))*. Since the convulsion kernel varies with z, when we

differentiate u * pg (), the derivative will involve a term with the derivative of py (). For this
reason we need to calculate various partial derivatives of pg(s).

For each x € Q\Q(;_3. ) let by € 0 be defined by |z — b, | = u(z). We define ¢, = é:gZ',
let R = (1) _01 and define w, = Rg,.

Note ¢, = m,, the inward pointing unit normal to 02 at b,. Note also that for all small
enough h, by = byyhe, s0 u(z + hey) = h +u(x). Thus

¢(x + hex) — ¢(x)

¢7§z ('r) = %Lné h
(@) +h) — w(u()
h—0 h

Note also that since |Vu(z)| =1 and u ¢, (z) = limp—g w =1so

u(x + hwy) — u(x)

U, () = ]1113%) h =0.
Thus
¢, () = w(u(z))u,,, (x) = 0. (108)
So
0 0 z 9
g roo@) = 5 (o505 ) @)
. Z s ¢, () _ Z ¢, ()
- (¢ 0) Fewy (as(x)) (6(2))° (109)
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and

% (Po(a) (2)) = 0. (110)
Define
0o = [ e =gz = [ua=2)p (555 ) (0@
Now

vl = [uate=2n (55 ) @) 2

—|—/u(x —2)d,, (p (bfx)) (¢ @))2) dz
[ o= 2)osin (21

- [ue=a (% (i) =G v (5) Gas) 0

(109)

In the same way it is easy to see ¢, (z) = 0 and so
Y w, () = 0. (112)
We also know that u ¢ ¢ (x) =0 so
Vs (2)
2 2kQ ¢ o (z
= [ w2 (2 -+ (5) <f £x>(>4) 2 (5%) fbé)))?’) 4=
2 (2))? 2

Note i
) <¢,<I<x>>_—3<¢,<x<x>>2 RNC)
Sz 3 4 3
(¢ (x)) (¢ (x)) (¢ (x))
and
? s () _ _4((255: (‘T))2 D cnsn (r)
O ((aﬁ(x) ) STy (6@) (19)
So

b = [ u@_z)((vzp( 2Ll e

Step 1. For any x € Q\(1 — 34/€)Q2 we have
sup {|Vu(2) — | : 2 € Bay) (@) NQ} < ceiéu(x). (115)
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Proof of Step 1. Since 0f) has curvature less than e~ for any xp, xg € 082, [3:1, T + e%nml N
[3:2, T9 + e%nmz = 0. So for any x1, z2 € Buy(q) () NOL, [Nz, — Ny | < e*%Hl(BM(I)(x) NoN).
Note as QN By (z)(2) is convex and QN Buy(z)(2) C O(QN Bay(a)(x)) so H (92N Byy () (x)) <
cu(z). Hence |1y, — na,| < ce Fu(z) < ce0 so it is clear that

Bay@)(z)NQ C U [z, z+ 6%774 . (116)
2€0QNB 4y (2 ()

For any z € Byy(y)(7) N Q we have Vu(z) = % = 1np, where b, is such that |z —b,| =
d (z,09). So for any 21, 22 € Bay(a)(xz) NQ by (116) we have that b.,,b., € 92N Byy(z)(z), so
[Vu(z1) — Vu(z2)| = ’an -, | < ce*%u(x).

z2

Step 2. For any x € Q\(1 — 34/€)Q2 we have

3

I96(@)] 1] < e, (117)
And
Tim V() = - (118)
Proof of Step 2. From (111) we have
o) - 1
B
<| st == 00 (55 ) 2a:
c
= () s ) o

Now from (115), for any z € Sptpg () we have that Vu(z —2) = u o, (r —2)¢ +u e, (T —2)w,
now since Sptpg() C BF(I)(O) C Buy(2)(0) so for any z € Sptpy(,) by (115) from Step 1 we have
[Vu(x — z) — 65| < ce 5u(z) and thus

lue (x—2) — 1| < ce S u(z) (120)
so (noting u(z) < ecg(x) for any x € Q\(1 — 31/¢€)Q)
B< cu(x)efé < C¢($)67%. (121)

Also defining w = fB¢( ) Vu

(115) .

|lw— | = < ce 5P (x). (122)

]{3 (Vu(z) —¢p) dz

o(x)

So by Poincare inequality there exists affine function [, with Vi, = w

(115)

£ m@-u@dEo@] Va-old < e bee?  02)
By () B (a)

Now from (122), again for the appropriate choice of affine function I, with Vi., = ¢, we

have
(122) 1
f e, <z>—lw<z>|dzsc¢<x>f w—cldz £ ceb(g(x))?
Bz (@)

By (a)
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with (123) gives

][ e, () — u(z)|dz < ce $ (6 (2))". (124)
By(a) ()

Let g be defined by g(z) = I, * pp()(x), note by Lemma 5 we have Vg(z) = ¢, for any z € R?
and hence g (z) =1 and as

wt) = [o(555) o 2a:
- [t 0 (Ve (5) =00 420 (55 )
o) ()

Thus
-/ ﬁfb @ (Vo (505) =00 420 (555 ) ) e azs)
So
s R () i)
< o) /B e, (2) — u(2)] d=
(124) 1 o
s ) (126)

Since z € Q\(1 — 31/€)Q we know ¢(x) < c¢y/e applying (126) and (121) to (119) gives
e, () — 1] < ce ¢ (x) < ce™. (127)
As 1, (z) = 0, so |V(x) —ns| < cet and (117) follows easily. Also for (127) we know
|Vip(z) — 1| < ce 5u(z) and (118) follows. This completes the proof of Step 2.

Step 3. For any x € Q\(1 — 3,/6)Q2 we have |V2(z)| < e,
Proof Step 3. From Step 2 (124) we know the existence of an affine function I, with Vic, = ¢,
. 3

with JCB¢(I)(x) lu—l,|dz < cetog(x).

Let g(x) := l¢, * pg(x) () so by Lemma 5 we know g ., () = 0. By following through the
same calculation that gave (114) we have

2
cos) Gute)
(¢ (x))
)

- /l%(x‘z)<(v2”(¢fx>>’
+<_0§$<§;>(?+ T (égx()x))“)) (55)

( ‘T) 2¢<:<:
+< 6(@)’ )p(¢> >> (128)

A\/
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So applying this to (114)

1V 6ac. (T

(@)]
< [le=a-tua=21|(vo (55 ) 292) 7@?(;?;;22

_¢7§z§z (‘T) 4((255: (33))4 2((255: (‘T))2 z .
+< G@) 0@ (6 )V” 5)

@) (G 3)>”(¢<Zx>>

i (2 — 2) — I (= — 2)|
<e / 0z (19%lloe + [V lloo + 19llsc)
By (0) )

8]

dz

)
+ (6((255: (‘T))2 20 ¢ocu g

6(@)
<ec u(z) =l (2 z)) tdz
< /BM@)' (2) — 1o, (2)] (6 ()
(124)
< ceT5. (129)

Proof of Lemma completed. From Step 2, (117), for any z € Q\(1 — 3/€)Q2 we have

Ve(z)]” -1
/ﬂ\(lwé)

In the same way from Step 3, for any = € Q\(1 — 31/€)Q2 we have

/ ’V21/)’2 < ceTo O
Q\(1-3+%)

Lemma 9. Let 8 > 0, suppose ) is a convex set with |QAB1(0)] < 8. Let u(z) = d(z,00Q).
For any x € Q\Bﬁ§ (0) for which the approximate derivative Vu exists

2 6
< ceT0 SO

2
IVip|* — 1’ dz < ce™.

Vu(z) — é—|’ < cfTs. (130)
Proof. For any x € Q\Bﬁ% (0) let b, € 9Q be such that |b, — x| = u(z). Recall Az =

o0 N lO‘T‘ , we begin by showing

by — i’ < BT (131)
|z
Using (101) from Lemma 6
|x_bm|g]x_% <1- |z + /5. (132)
Hence
2 2 2 (132) 2
|z —be|? = |z|° — 22 by + |be)® < 1—2|z|+|2]> + /B (133)
Therefor
(133)
—2z-b, < 1-2z|4+e/B— b
(101)
< =2)z|+ /B
Thus 2|z| < 2z - by + ¢/B. Since |z| > 3% we have
1§|$—|~bm—|—cﬁ§1+cﬁg. (134)
X X
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Hence
2
(134),(101)
by — | =[P +1-22 b, < Bt
|z ||
which gives
x 3
by | < BT, (135)
|z
(102)
Let 6, = IgZI so using Lemma 6 ’nbx — ﬁ—:ll = ’771191 — 996’ < (7 and by (101) this easily
implies
b, — ba| < B (136)
Now since Vu(x) = é:ZI' =1, and so
(135),(136) |
’Vu(a:)—£’§|nbz—bm|+ bgc—i (316
|z |z

thus we have established (130). O

Lemma 10. Let Q be a convex set and |QQAB;| < 3. Define u(x) = d (x,082), note that since
u is convex Vu is BV. Let V(Vu, -) denotes the total total variation of the measure Vu. Firstly
we have

V(Vu, D\B, 1 (0) <c. (137)

Secondly for any € € (0, %], for any = € Q\Bm% (0) we have

V(Vu, B(z)) < cBT6e. (138)
Proof. Step 1. Let 7 € (0,€) be some small number. For any x € Q\Ny(09Q) =: Q.. Let
wr(x) = ux pr(z) and v7 = ;zg:l.
For any ¢ € (47,supg v")
/ ) ] 1(2) + 05 4(2)|dH 2 < ¢ (139)
wr (1)
Proof of Step 1. We define the ‘angle’ function by
cos™! (Ig;_ll) for o > 0
A(z) = (140)
2m —cos™ ! (& for zo < 0

[]
Note that A is smooth expect at the half line {(z1,x2) : 22 = 0,21 > 1}. For € {0, we have
v (z)]> = 1, so
T 2 T T T T
(™ (2)7) = vf (2)v] 1 () + vz (2)v3,, () = 0 (141)
and
92(J7 (2)I) = o] (@)v] o(x) + v (2)v o(x) = 0. (142)
Since w is the 1-Lipschitz, |w; — ul|p=(q,) < 7 and so for any ¢ > 47, w;'(t) C Q. and
hence v7 is well defined along this level set. We also know that for any = € w;!(t) the tangent

to curve w;1(t) is given by (;1;2(533;))
1

Now there exists a point 2o € w;!(#) such that A (:}22(533:(;)) =0. Let ®' : [0, HY(w;(t))) —
140

w;(t) denote that parameterisation of I'y by arc-length with ®f(0) = ¢, so ®*(s)

Il
/_l\
4

o4
P

—
e
—~ =
o~
~—
NN

~—
\_/
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Define O : [0, H'(w;'(t))) — R by ©,(s) = A(®'(s)). Now pick s € [0, H'(w;(t))), suppose
o] (®'(s)) > 0, then

O,(s) = cos !

o (@4s) = /1- (0] (@(5)))?

= /1= (cos (cos— (= (@t()))))?
= sin (cos™" (=03 (D'(s)))) - (145)

Thus from (144)
O4(s) = (v (®'(s)) + v34 (®'(s))) for any s € [0, H (w'(t))] with v] (®/(s)) > 0. (146)
Suppose we have s € [0, H'(w;*(t))] with o] (®!(s)) < 0, then in the same way as (145) we
have
o] (@4(s)) = —\/1 — (cos (cos=! (v (D(s)))))* = —sin (cos™" (=0 (@(s))))- (147)
And since v] (®*(s)) < 0, by definition of A (see (140)) arguing as in (144) we have

0] (#'(5) e
sin (cos—! (—v3 (®t(s)))) (v] 1 (9'(s)) + v5 4 (2'(s)))

(147) vl 1 (¥(s)) + v, (®(s)) for s € [0, H (w; (1)) with o (®'(s)) < 0.

Thus we have

Ou(s) =

O4(s) = v, (91()) + 032 (91(s) for s € [0, H (w7 (1) (148)
Now since 1 is concave, w, is concave and so the set w_1([t,00)) is a convex set, hence
o] 1 (®'(s)) + 035 (D'(s)) = O4(s) >0 for any s € [0, H (w; (1)) . (149)
Hence L
[ @+ s dmt = | T s < c
Step 2. Let = € (1;; Ei;)d define i
ti=inf{s e R:w;'(s) N Be(z) # 0} and ty =sup {s € R:w;'(s)NBe(z) #0}. (150)
For any ¢ € (t1,12)
sup {O¢(s1) — O4(s2) : B*(s1), D' (s2) € Be(x)} < ¢fT.

=l
ﬁl‘”’

(151)



A QUANTITATIVE CHARACTERISATION OF FUNCTIONS WITH LOW AVILES GIGA 33

Proof of Step 2. Let s1,s2 € [O,Hl(wT (t))) such that ®'(s;), ®'(s2) € Be(z), since @' is
(

parameterisation of I'; by arclength ®(s) is the unit tangent to w=!(t) at ®'(s). Thus

Vuw, ( t(sl))
i (Wwf (@ (s:)]

1
However by Lemma 9 (and using the fact that |®!(s1)| > ﬁTS and |®f(sq)] > E= for the last
inequality)

) — &t(s;) fori=1,2.

|Vw, (®(s1)) — Vu, (®(s2))] = ’/ (Vu (9" (s1) — 2) — Vu (D (s2) — 2)) pr(2)dz

(120) / Bl(sy) — 2 Bl(sy) — 2
¢ _

- B.0) | 1@ (s1) — 2| [®F(s2) — 2]

B /BT(O)

P(s1) D*(s2)
< cph. (152)

pr(2)dz + BT

A

pr(2)dz + BT

[@4(s1) — 2] [@(s2) — 2]

Again from Lemma 9 for any z € Q\Bm% (0)

’qu-(x) - |z—| = ’/ (Vu(x —z)— |$—|> pr(2)dz
Vu(z Tz - (2)| dz Tz < - (2)dz
< [|(vee-a-g=5) s+ =5 - oo
(1%0) ¢ sup (x—2)|z|— |z — 2]z Lept
2B, (0) |z — 2] ||
< o (153)
As a consequence we know
IVw-(2)] - 1] < 87, (154)
S0
e 08| T, (@(s1)) t
Yy (94(s2)) t N
| (Sactaragy) R (Vo ()| +es
(154) 3
< Bt (155)
Thus
. y (155) 4
104(s1) — O4(s2)| = ’A (fbt(sl)) | (cp (52))] < Bt (156)

and so (151) is established.

Proof of Lemma completed. For any t € (t1,t2). Let s{ = inf{s: ®'(s) € Be(z)}, s} =
sup {s : ®'(s) € Be(x)}. So [s}, s5] = {s: ®!(s) € Bc(x)}. Now

[ @)+ ofu@oas [ busas
[s’i,sg] [s s
(156) 3

< ¢f16. (157)

o
»
b+
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)
[V

(157) 5
S C|t1 —t2|6E

Now recall from (153) we know |Vw,(z)| > 1—¢f716 for any z € B.(z), so recalling the definition
(150) of Step 2 we must have |t; — t2] < ce. Putting these things together we have

/B( )’011( z) + v 1 ( )’dzgceﬂls_ﬁ. (158)

Since v3 ; = v] 5 we have

viq V3 [vr) (141),142) (0 v, Vi [— (141),(142) —0
(05,1 V39 vy o 0 and V31 V3o UI (11+1’22) o] )

T —
Letting || - || denote the operator norm of a matrix, since (Zi UUQ> € O(2) thus
2 1

T T T T T T
(Ul,l U2,1> _ (Ul,l U2,1> (Ul —U2>
T T - T T T
Va1 V22 Va1 Va2 Vg

(0 (%1"‘“22“2)”
0 (v +viz)vf

-
¢ ’01,1 + U2,2’

IN

As the operator norm and Euclidean norm are equivalent |Dv™| < ¢ ’011 +v3 9 ’ Hence from
(158)

/ |Dv7| < cfBise. (159)
Be(z)

(139)
Additionally for any ¢ € (47, supg v™), we have fw—l(t) |DvT|dH'2 < c. Note that Q4, C
w1([r,00)) by using the Co-area formula

supq v’
/ |Dv™ | |[VwT| < / / |DvT | dH " zds < c.
Qur T wr l(s)

(130)
As |Vw'(x)] = ’pr —2)fdz| > 1 for any x C Q4T\Bﬁ%(0). Thus
/ |Dv| < ¢ (160)
QA\B 1 (0)
2378

1
Let 7,, = 27 "¢. By definition of w,, we know Vw;, L Vu and so

/ 11— Ve, :/ V] — |V, |
Be(z) Be(z)

< / [Vu —Vuw, | —0asn— oo.
Be ()
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So we have

0™ =Vl pip @y < V0™ Vg, = Vs, | 118, 2)) + [ Vwr, = V|| 2By, o)

— 0 as n — oo.
Also as by (159) v™ is bounded in BV, by Proposition 3.13 we have that

g BY(B2@) o

Hence by Remark 3.5 [Am-Fu-Pa 00] total variation is lower semicontinuous with respect to

weak convergence we have V(Vu, Bac(z)) < ¢fT6¢e. By arguing in exactly the same way we sce
(160) implies V(Q\Bmé (0)) <ec. O

Lemma 11. Let 2 be a convex domain and |[QAB1(0)] < 8. Let u(x) = d(z,9Q) and for
e € (0, B%] define uc := u * pac. For any a for which a € Q\Bw% (0) we have

||Vue(z)| — 1] < cmin {;W(vu, Buc(a)), 5%} for any x € Bac(a). (161)

Proof. Firstly recall that since u is concave and hence Vu is BV, so by Poincare’s inequality

1
2

/ Vu—w|®dz| < eV (Vu, Bye(a)) . (162)
B4é (a)
Using Holder’s inequality we get another form of Poincare’s inequality

/ |Vu —w| < cf|Vu —w| p2(B,. (a))€ < c€V (Vu, Byc(a)) . (163)

B4é (a)
Now by the Co-area formula we can find h € (3¢, 4¢) such that
/ |[Vu — w|dz < ¢V (Vu, Bye(a)) .
8Bn(a)

So there exists affine function [,, with VI, with VI, = w such that
lt = Lull 2= 98a (@) < €V (Vi Bic(a)) (164)

Now

/ Vu - wdz = / /L Vu - wdH'zds.
Bu(a) s€P, 1 (Bn(a)) J1I*TNB(a)

For each s € P, . (B (a)) let z,, ws be the endpoints of 1I*T N By, (a) with (z, — w) - w > 0, so

" Vu-wdH' = |w| [ V- 2 dH
1By, (a) 1By, (a) |w]

= Jwl(u(zs) = w(ws)).

Thus putting this together with (164) we have

(Vu-w — |w|?)dH"z| < ¢V (Vu, Bac(a)) for each s € P, (Bp(a)). (165)

11T By (a)

So integrating in s gives us

/ Vu-w— |w|®dz| < ceV (Vu, By(a)). (166)
Bh(a)
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Hence
/ Vuf - jwPde| < / Vul? = 2Vu - w + [w]? de
Bh(a) Bh(a)
+/ 2V - w — 2 |w|? dx
Bh(a)
(166),(162) )
< ¢ (V (Vu, Bye(a)))” 4 c€V (Vu, Byc(a))
Thus

=1

w|? - 1] dz

]Z;h(a)
< ce 2 /
Bh(a)

(1;7) . ((V(Vu, ?45(60))2 +e*1V(VU, B4E(a))>

w|? - |Vu|2’ d:c)

So there exists a vector v € S such that

|’LU _ ’U| <ec ((V (VU, ?45(CL))>2 + 671V(V’UJ, B4E(CL))>

Thus from (163)

Bi(a)))’
][ |[Vu —v|de < c(v Ve, 24 (@))) +ce 'V (Vu, Byc(a)) .
B4é (a) €
Hence for any w € B.(a), using Lemma 10 for the last inequality
[Vue(w) —v| = ’/ (Vu(z) = v) pe(w — z)dz
< e ? / (Vu(z) —v) ple H(z —w))dz
<

0672/ [Vu(z) —v|dz
Bzé (w)

(1%8) LV (Vu, Bu(a)))’

5 +ce 'V (Vu, Bye(a))

€
(138) :
< cmin{gt, WV (Vu, Bila) |

This completes the proof of Lemma 11. O

(167)

(168)

Lemma 12. Let Q be a conver domain and |QAB1(0)| < 3. Let u(x) = d(z,00Q) and define

Ue := u * pae. Define A := 945\355% (0), we will show that for any € € (0, 3%]

—1 22 2 2 3
1= IVuP| e[ V2u < ea .
A

(169)

Proof of Lemma. By the 5r Covering Theorem ([Ma 95], Theorem 2.1) them we can find
a finite collection of balls J := {B%_e (z;):i=1,2,.. .m} that are piecewise disjoint and A C

U;il Bae(x;).
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Note that for any ¢ = 1,2,...n since they are pairwise disjoint there are at most C}
balls from J inside Bse(x;). Thus || Y7 Ip,, (a and this obviously implies

132320 LBy (o
Now given a € A if © € Ba.(a), let w = JCB (z) Vu

|Vuc(z)] = ’/Vu(z) Vpe(r — 2)dz

< ce 3 / (Vu — U})dZ
Be(z)
(163)
<« 2V(Vu, Bula)). (170)
So
V2’UJE dx < / uE 2 dx
A ’ ’ Z Bze(ml) ’
< CZ 2||V uEHL“’(Bze(mi))
i=1
(170) m
< ce? (Z e (V(Vu, B4e($i)))2>
i=1
(138) m
< 0616 € Z V(Vu, B4E({E1‘))
1=1
i -1
< BFEV (Vu,\B, 4 (0)
s
< ce 616. (171)
Now

2
/’1—|Vu5|2’ dz < CZ/ |1—|Vu5||2dz
A

Bac(x
(161)
< Z ce B 11 = | Vel || o (Bac o))
1=1
(161) ™ :
< Y eeBAV(Vu, Bae(x:))
1=1
< ceBFV(Vu, O\B, )
(137) 3
< P (172)

Putting (172) together with (171) establishes (169). O

Lemma 13. Let n(x) = re7s € > 0 and define ne(z) == [n(2)pe(x — z)dz. So

2
/ ’1 - |V775|2’ dz < clog(e 1)e? (173)
B1(0)\B2c(0)
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and

/ ’V2n5’2 dz < clog(e ™). (174)
B1(0)\B2c(0)

Proof. Note for © ¢ Bs(0), z € B¢(x)

2| || |2] ||
Zla| —wlz]|  |zlz| x|z
|2] || |2] ||
. (175)
|| — €
So for & & Bs.(0)
X X z
ide) -5 = |fote-a (G- ) e
’ || lz| 2]
(175) ce
. 1
S Tl 1o

Now for any a & Bsc(0), since [ 157 @ Vpe(z — z)dz = 0
V) = ] [z 0 pte - i

_ ’/ (vné(z) - é) © Ve — 2)dz

(175),(176)
< /Vpé(x —z)dz

+]/(|§_|_ﬁ)®vpé<x_z>dz

(177)

ce
|z — €

c

|z — €

1 2
1
/ ’V2775(33)’2d:c = C// (—) dH*zdr
B1(0)\ B2 (0) 2¢ JOB,(0) |z| — €
1
1

c/—dr
e T

< clog(e™)

Hence

IN

which establish (174). O

Lemma 14. Let Q be a conver domain and |QAB1(0)] < 5.
Let u(z) = d(x,09Q) and n(z) =1 — B3 + |z|. Define T := {z : u(z) = n(x)}, we will show
T is the boundary of a conver set with HY(T') < ¢332,

[CN 5 (0B, 4(0) (178)

and for any € € (0, 3%]
[Noe ()] < cee. (179)
Proof of Lemma.
Step 1. We will show II := {z € Q : n(x) < u(z)} is convex.

Proof of Step 1. Take a,b € II and pick A € [0,1]. Since u is concave u(Aa + (1 — A)b) >
Au(a) + (1 — Mu(db) and since 5 is convex n(Aa + (1 — A)b) < Mn(a) + (1 — A\)n(b). Hence as
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a,b € II, u(Aa + (1 — A\)b) > n(Aa + (1 — A)b). Thus [a,b] C II and thus the set II is convex.

Step 2. We will establish (178).
Proof of Step 2. Let x € I" and let b, € 02 be such that |z — b,| = u(x). So

1— 3% + |z = |by — 2. (180)
And thus 1 — 332 4 |z| > |b,| — ||, so using (101)
22| > [be| — 1+ 3 > B3 — \/B. (181)
Also from (180) we have
s (101)
2 = by — 2] = (1= p%) < B3 + /5. (182)
Now using Lemma 9, since Vu(x) = ﬁ SO
T ba < by — ba T — by T
[ el - bz — [ fbal| ||z —baf 2]
(182),(130) s
< cf3 (183)
so
b x b z ° 3
- = . =212 - | <@, (184)
’ [b2] | [bz| 2]
(130)
Again by Lemma 9 we have ’Vu(a:) — | = ﬁ — 1| < ¢P16 and thus
4
235.3_5% (li) _6%+1_b_m.£+2$.£’+0613_6
|| [bz| || ||

: ba :
= 1-pF la] - (5 ) |+ BT
[ba] @]

by :
(150) |be — | + ( 3:) . i’ + cBTs
|0z ||
< |bm—x|+(bm—x)~ﬁ’+cﬁf_ﬁ
X

(130)
<

0613_6

hence ’2 |z| — 332 | < ¢B76 for any x € ', so (178) is established.

Since (178) implies the diameter of II is bounded by ¢332 and since II is a convex set it
follows immediately that H(IT) < ¢332,
We claim

H' (1§ N N, (011)) < ce for all § € S*. (185)
Define [[z]] := inf {)\ 1T € )\ﬁ} Note that II is not centrally symmetric and thus does not

form a norm, however for any a, belf (for some 6 € S') we have [[a + b]] < [[a]] + [[b]]
Now for any z ¢ (1+ 5 32€)IL, y € (1 — -3 ¢)Il with 2,y € If we have [[a] > 1+ 3¢,
Myll <1-p- ¢ and so Mz —yll = [T«]] = [Ty]] > 26~ 3¢ and this implies NC Y 5 (09)) C

(1+ B2 e\(1 — 8- e)IL Let a,b e 1§ N (1+ [ 52e)I\(1 - f32e)Il, with b- 0 a0
(1+47%e) > [la]l = 6] = Tb—a]] > (1 — B~ 3%e) — [[b—a]]
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which gives
b—a|=1[b-0—a-0|<2[b-0—a-0|[0] =2[[b—al] <25 *e.
Hence

H (zg N Ncﬁ,%é(aﬁ)) < H (zg N1+ 8 Fe)ll\(1 - 5*%6)11) <cfFe

and as 51§ NN ﬁ,%é(aﬁ) =18 N N, (OI1) this implies (185).

Let A:TR? — S' be defined by A(zx) = rz7> note that for some positive constant Cz > 1
7zt < |DA(x)] < Crla|™ forallz #0 (186)

so by the Co-area formula

/|DA(Z)|]1N€(3H)(z)dz < / /]INE(GH)(x)dHldeW
oest Jig

(185)
< CE.

However from (186) and the fact that by (181) we know B, 0) C II we know

2 (
1332
inf {|DA(z)| : z € N(8II)} > ¢~ %

so (179) follows. O.

4.2. Proof of Proposition 1. Let u(z) = d(z,09), let w : R4 — IR4 be the smooth mono-

tonic function from the proof of Lemma 8, so w satisfies (107) and sup || < ¢ 2 as in Lemma
8 for z € Q\Q(;_3 ¢ define ¢(z) = w(u(z)). Let

w(z) := min {u(x), 1— 3% + |3:|} . (187)
and define
@) = [ wla = Doy ()= (188)

Let IT = {3: cu(z) > 1— 39 + |3:|}, and define Ag = Q4 \Nc(II), note that &(x) = u(x) for
any z € Ao.
Recall the function ¢ defined in Lemma 8, note that £(z) = 1 (z) for any = € Q\(1 — 3/€)Q

thus
2
/ 6*1’1—|V§|2’ + €| VZ¢|
Q\(1-3e)Q

2
Since 1 = ue in Ag (169) we have [, €' ’1 - |V§|2’ +e ’V2§’2 < ¢ and so putting this
two inequalities together we have

2
/ ! ’1 - |V§|2’ +e |V < epts (189)
Q\N. (1)

103),(104
g ( )S( )26%

Now as for any z € II\N,(811), w(z) = 1 — 332 4 |z| and so uc(z) = n () + (1 — 332 ) where
n(x) = |z| and 5. = n* p.. So VE&(z) = Vn(z) and V2£(z) = V2. (x) thus applying Lemma

13 we have
o (173),(174)

2
/ el ’1 - |V§|2’ +e| v TS celog(eh). (190)
I\ N, (911)

Since w is Lipschitz, so ¢ is Lipschitz and we have

212 3
/ 6*1’1—|V§| ’ < . (191)
N.(811)
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/Vw(z) Vp (‘75;2) dz

And note for any = € Q.

[V2%(z)| = ¢7?

so using the fact € is Lipschitz

/ e|vi|* < et |N.(om)
N, (01I)
< ofE. (192)
Putting these inequalities together we have
—1 2 2 2012 3
¢ ’1—|V§| ’ +e|v2® < epP. (193)
N, (01I)

Now inequalities (189), (190) and (193) give us that £ satisfies (98). And since &(z) = t(x) on
O\ (1 — 3y/€)Q from (106) satisfies V&(z) -, = 1 for any = € Q. This completes the proof of
Proposition 1. O

4.3. Proof Corollary 1. Let a = inf, |QA B, (y)|, without loss of generality assume [QAB; (0)| =
. Let 8= a + ¢, note that for e < 8% and |QAB;(0)] < 6.

Since £ € A() from (98) we have that inf,ca o) Le(u) < ¢B76. Let v € A(R) be the minimiser
of I, and let B =7 %, since v satisfies

2 2 -1 2|2 2 12 3
/’1—|vv| “v v]dzg/e ’1—|vv| ’ +e|v20[* < cpth
Q Q
and as ¢ € (0, 3%)
2|2 5
/’1—|V’U| ’ dz < cf76.
Q

So defining 3 = 372, we have that (6), (7) are satisfied and hence

2
/ Vou(z) — 2| dz <cB 255 < 0616139.
Q ||
Applying Lemma 9 we have
/ Vo — V(| < cBTom. (194)
Q\B 1(0)
B8
Now
/ Vv —V(|dz < / \Vol? + |V¢| + 1dz
B 1(0) B 1 (0)
B8 B8
1
2 2
< (B @] 11 = 190 o) T +¢|B,3 0)
< ot

together with (194) this gives ||v — (|lw2.2(q) < f7m < cle+a)mm. O
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