ENERGY ESTIMATES AND 1-D SYMMETRY FOR NONLINEAR
EQUATIONS INVOLVING THE HALF-LAPLACIAN

XAVIER CABRE AND ELEONORA CINTI

ABSTRACT. We establish sharp energy estimates for some solutions, such as global mini-
mizers, monotone solutions and saddle-shaped solutions, of the fractional nonlinear equa-
tion (—A)/?u = f(u) in R™. Our energy estimates hold for every nonlinearity f and are
sharp since they are optimal for one-dimensional solutions, that is, for solutions depending
only on one Euclidian variable.

As a consequence, in dimension n = 3, we deduce the one-dimensional symmetry of
every global minimizer and of every monotone solution. This result is the analog of a
conjecture of De Giorgi on one-dimensional symmetry for the classical equation —Au =
f(u) in R™.

1. INTRODUCTION AND RESULTS

In this paper we establish sharp energy estimates for some solutions of the fractional
nonlinear equation
(=A)Y2u = f(u) inR", (1.1)
where f : R — R is a C'8 function with 0 < 8 < 1. When f is a balanced bistable
nonlinearity, for instance when f(u) = u — u?®, we call equation of Allen-Cahn type
by the analogy with the corresponding equation involving the Laplacian instead of the
half-Laplacian,
—Au=u—u® inR™ (1.2)
In 1978 De Giorgi conjectured that the level sets of every bounded solution of
which is monotone in one direction, must be hyperplanes, at least if n < 8. That is, such
solutions depend only on one Euclidian variable. The conjecture has been proven to be
true in dimension n = 2 by Ghoussoub and Gui [I2] and in dimension n = 3 by Ambrosio
and the first author [2]. For 4 <n <8, if d,,u > 0, and assuming the additional condition
lim w(2',z,) =41 foralla’ € R"*

Ty —300

it has been established by Savin [I5]. Recently a counterexample to the conjecture for
n > 9 has been announced by del Pino, Kowalczyk and Wei [11].

In this paper (see Theorem below), we establish the one-dimensional symmetry of
bounded monotone solutions o in dimension n = 3, that is, the analog of the conjec-
ture of De Giorgi for the half-Laplacian in dimension 3. We recall that one-dimensional (or
1-D) symmetry for bounded stable solutions of in dimension n = 2 has been proven
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by the first author and Sola-Morales [6]. The same result in dimension n = 2 for the other
fractional powers of the Laplacian, i.e., for the equation

(—=A)u= f(u) inR?*® with0<s<1,

has been established by the first author and Sire [4, 5] and by Sire and Valdinoci [16].

A crucial ingredient in our proof of 1-D symmetry in R? is a sharp energy estimate for
global minimizers and for monotone solutions, that we state in Theorems|1.2{and [1.3|below.
It is interesting to note that our method to prove the energy estimate also applies to the
case of saddle-shaped solutions in R?™. These solutions are not global minimizers in general
(this is indeed the case in dimensions 2m < 6 by a result of the second author [10]), but
they are minimizers under perturbations vanishing on a suitable subset of R?*™. We treat
these solutions and their corresponding energy estimate at the end of this introduction.

To study the nonlocal problem (1.1)) we realize it as a local problem in R’}fl with a
nonlinear Neumann condition on R’ = R™. More precisely, if u = u(x) is a function
defined on R, we consider its harmonic extension v = v(z, A) in R = R" x (0, +00). It
is well known (see [6, 9]) that u is a solution of if and only if v satisfies

{AU =0 in RTFI,

1.3
—O\w = f(v) onR"=9R}. (1.3)

Problem (1.3 allows to introduce the notions of energy and global minimality for a
solution u of problem (1.1]). Consider the cylinder

Cr = Bp x (O, R) C R:L_—"_l,
where Bpg is the ball of radius R centered at 0 in R"”. We consider the energy functional
1
Ecp(v) = / ~| Vv’ dzd\ + G(v)dz, (1.4)
Cr 2 Br

whose Euler-Lagrange equation is problem ([1.3]). The potential G, defined up to an additive
constant, is given by

Gv) = / f(t)dt.

Using the energy functional , we introduce the notions of global minimizer and of
layer solution of . We call layer solutions of bounded solutions that are monotone
increasing, say from —1 to 1, in one of the z-variables. After rotation, we can suppose that
the direction of monotonicity is the x,-direction, as in point c) of the following definition.

Definition 1.1. a) We say that a bounded C*(R"™!) function v is a global minimizer of

(1.3)) if, for all R > 0,
Ecp(v) < Ecp(w)

for every C'(R’) function w such that v = w in R\ Ck.
b) We say that a bounded C! function u in R" is a global minimizer of (1.1)) if its
harmonic extension v is a global minimizer of (|1.3)).
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c) We say that a bounded function w is a layer solution of (1.1 if 0,,u > 0 in R™ and
lim w(a2,z,) =41 for every 2’ € R" 1. (1.5)

Tn—to0
Note that the functions w in point a) of Definition need to agree with the solution v
on the lateral boundary and on the top of the cylinder C'z, but not on its bottom. Since it
will be useful in the sequel, we denote the lateral and top parts of the boundary of Cr by

8+CR =0CgrN {)\ > 0}

In some references, global minimizers are called “local minimizers”, where local stands
for the fact that the energy is computed in bounded domains.

We recall that every layer solution is a global minimizer (see Theorem 1.4 in [6]).

Our main result is the following energy estimate for global minimizers of problem (|1.1)).
Given a bounded function u defined on R", set

¢, = min{G(s) : iﬂgfu < s <supu}. (1.6)
n Rn

Theorem 1.2. Let f be any CY* nonlinearity, with 3 € (0,1), and u € L>(R™) be a global
mainimazer of . Let v be the harmonic extension of u in ]RTFI.
Then, for all R > 2,

1

/ ~|VoPdwd\ + | {G(u) —c,}dr < CR" 'log R, (1.7)
Cr 2 Bgr

where ¢, is defined by and C' is a constant depending only on n, || f||c1 (finf usupu]), and

||u|| oo (). In particular, we have that

1
—|Vv|?dzd\ < CR" 'log R. (1.8)
cr 2

As a consequence, and also hold for layer solutions. We stress that this energy
estimate is sharp because it is optimal for 1-D solutions, in the sense that for some explicit
1-D solutions the energy is also bounded below by ¢R"~!log R, for some constant ¢ > 0,
when they are seen as solutions in R™ (see Remark [2.2] below and section 2.1 of [6]).

In dimensions n = 1 and n = 2 estimate was established by the first author and
Sola-Morales in [6].

In dimension n = 3, the energy estimate holds also for monotone solutions which
do not satisfy the limit assumption . These solutions are minimizers in some sense to
be explained later, but, in case that they exist, they are not known to be global minimizers
as defined before.

Theorem 1.3. Let n =3, f be any CY* nonlinearity with 3 € (0,1), and u be a bounded
solution of such that Oeu > 0 in R3 for some direction e € R3, |e| = 1. Let v be its

harmonic extension in Ri.
Then, for all R > 2,

1
/C §|VU|2dZL'd/\ + [ {G(u) —c,}dxr < CR*log R, (1.9)
R

Br
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where ¢, is defined by and C is a constant depending only on || f||c1 (i usupw)) and
||U||LOO(R3).

In dimension n = 3, Theorems|[I.2]and [I.3]lead to the 1-D symmetry of global minimizers
and of monotone solutions to problem (|1.1)).

Theorem 1.4. Let n = 3 and f be any CY? nonlinearity with 3 € (0,1). Let u be either
a bounded global minimizer of , or a bounded solution of monotone in some
direction e € R3, |e] = 1.

Then, u depends only on one variable, i.e., there exists a € R? and g : R — R, such that
u(x) = gla-x) for all v € R3. Equivalently, the level sets of u are planes.

To prove 1-D symmetry, we use a standard Liouville type argument which requires an
appropriate estimate for the kinetic energy. By a result of Moschini [I4] (see Proposition
in section 6 below), our energy estimate in R3,

/ |Vul*’dzd\ < CR*log R,
Cr

allows to use such Liouville type result and deduce 1-D symmetry in R? for global mini-
mizers and for solutions monotone in one direction.

Remark 1.5. As a consequence of Theorem [I.4] we obtain that for all R > 2,

/ G(v(x,0))der < CR™ ' if 1<n<3, (1.10)
Br

if v is a bounded global minimizer or a bounded monotone solution of . This was
proven in [6] for n = 1 and n = 2. For n = 3, follows from the n = 1 case after using
Theorems and [[.3] In dimension n > 4 we do not know if the potential energy can be
bounded by CR"™! (instead of CR" 'log R) as in (1.10)).

In our next paper, using similar techniques, we establish sharp energy estimates for the
other fractional powers of the Laplacian. More precisely, we prove that if v is a bounded
global minimizer of

(—A)Yu= f(u) inR", with0< s <1, (1.11)

then the following energy estimate holds:

1
Escp(u) KOR™ for0 < s < 3

1
Esop(u) <CR™! for 5 <s< 1.

Here the energy functional is defined using a local formulation in R’ of problem (1.11)),
found by Caffarelli and Silvestre in [9]. Tf 1/2 < s < 1 then & ¢, (u) < CR™ Y in this case
we can deduce 1-D symmetry for global minimizers and monotone solutions in dimension
n =3J.

Back to the case s = 1/2, we have two different proofs of the energy estimate C R"~! log R.
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The first one is very simple but applies only to Allen-Cahn type nonlinearities (such
as f(u) = u — u?) and to monotone solutions satisfying the limit assumption ((1.5)) or the
more general below. We present this very simple proof in section 2. It was found by
Ambrosio and the first author [2] to prove the optimal energy estimate for —Au = u — u?
in R™.

Our second proof applies in more general situations and will lead to Theorems and
[1.3] It is based on controlling the H'(2)-norm of a function by its fractional Sobolev norm
H'2(09) on the boundary.

Let us recall the definition of the H'/?(A) norm, where A is either a Lipschitz open set
of R, or A =00 and  is a Lipschitz open set of R*"1. It is given by

w(z) — )
ol = ol + [ [ P2 o o

In our proof we will have A = 9Cr C R"*!, the boundary of the cylinder Q = Cp.

In the proof of Theorem a crucial point will be the following well known result. If w
is a function in H'/2(99), where 2 is a bounded subset of R"*! with Lipschitz boundary,
then the harmonic extension w of w in {2 satisfies:

[ 193 < @l (1.12)

For the sake of completeness (and since the proof will be important in our next paper [3]),
we will recall a proof of this result in section 3 (see Proposition [3.1)).

To prove the sharp energy estimate for a global minimizer v in ]R’}FH, we will bound its
energy in the cylinder Cr = Bg x (0, R), using , by that of the harmonic extension
w in Ck of a well chosen function w defined on dCg. This function w must agree with v on
O1tCr (the lateral and top boundaries of Cg), while it will be identically 1 on the portion
Bpgr_1 x {0} of the bottom boundary. In this way, it will not pay potential energy in this
portion of the bottom boundary.

By (1.12), we will need to control |[w||g1/2pc,)- After rescaling dCg to 9C, we will
control the HY?-norm of w using the following key result. It gives a bound on the H/2-
norm of functions on A which satisfy a certain gradient pointwise bound related with the
distance to a Lipschitz subset I' of A. We will apply it in the sets

A:é?Cl and Fz@le{)\:O},

with a small parameter ¢ = 1/R. Other examples in which the following theorem applies
are, among many others, A = B; C R" the unit ball and T' = By N {z, = 0}, and also
A=B; CR"and I = 9B, for some r € (0, 1).

Theorem 1.6. Let A be either a bounded Lipschitz domain in R™ or A = 082, where ) is
a bounded open set of R™ with Lipschitz boundary. Let M C A be an open set (relative
to A) with Lipschitz boundary (relative to A) ' C A. Let € € (0,1/2).

Let w: A — R be a Lipschitz function such that, for almost every x € A,

lw(x)| < ¢ (1.13)
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and
|Dw(x)| < ¢o min {1 ;} (1.14)
- e’ dist(z,T) |’
where D are all tangential derivatives to A, dist(x,T") is the distance from the point x to
the set T (either in R™ or in R"™ ) and cq is a positive constant.

Then,

2 2 jw(z) —w(@) 2
= do.dos < c;C|logel, 1.15
w2y = llollZaa +/A / g ooz < Gl loge] (1.15)
where C'is a positive constant depending only on A and T'.

As we said, we will use this result with A = 0C} and I' = 0B, x {A = 0}. Thus, in this
case the constant C' in (1.15) only depends on the dimension n. The gradient estimate
(1.14])), after rescaling dCg to C; and taking e = 1/R, will follow from the bound

|[Vo(z,\)| < 1—1—% for all z € R" and A > 0, (1.16)

satisfied by every bounded solution v of (1.3). Here the constant C' depends only on
n, ||f|lc1, and ||U||LOO(R1+1). For A > 1, (1.16) follows immediately from the fact that v

is bounded and harmonic in By(z,A) C R} For A < 1, estimate for bounded
solutions of the nonlinear Neumann problem (1.3)) was proven in Lemma 2.3 of [0].

Our method to prove sharp energy estimates also applies to solutions which are minimiz-
ers under perturbations vanishing on a suitable subset of R", even if they are not in general
global minimizers as defined before. An important example of this are some saddle-shaped
solutions (or saddle solutions for short) of

(=A)2u = f(u) in R*™.

The existence and qualitative properties of these solutions have been studied by the second
author in [I0]. For equations of Allen-Cahn type involving the Laplacian, —Au = f(u),
saddle solutions have been studied in [7, [§].

Saddle solutions are even with respect to the coordinate axes and odd with respect to
the Simons cone, which is defined as follows. For n = 2m the Simons cone C is given by

C={zeR™:ai+. . . +a2 =21 +..+T5,}

We define two new variables

3:1/x%+...+$gn and t:\/xzn+1+"'+$%mv

for which the Simons cone becomes C = {s = t}.
The existence of saddle solutions of (1.1)) has been proven in [I0] under the following
hypotheses on f:

f is odd; (1.17)
G>0=G(£])inR, andG > 0in(—1,1); (1.18)
f' is decreasing in (0, 1). (1.19)
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Note that, if (1.17) and (1.18) hold, then f(0) = f(£1) = 0. Conversely, if f is odd in
R, positive with f’ decreasing in (0, 1) and negative in (1, 00) then f satisfies (L.17),
and . Hence, the nonlinearities f that we consider are of “balanced bistable type”,
while the potentials G are of “double well type”. Our three assumptions , ,
(1.19) are satisfied by the scalar Allen-Cahn type equation

(=)0 =u — P
In this case we have that G(u) = (1/4)(1 — u*)?. The three hypotheses also hold for the
equation (—A)Y2u = sin(7u), for which G(u) = (1/7)(1 + cos(mu)).

The following result states the existence of at least one saddle solution for which our
sharp energy estimate holds.

Theorem 1.7. Let f be a CYP function for some 0 < 8 < 1, satisfying (1.17), (1.18), and
(1.19). Then, there exists a saddle solution u of (—A)Y?u = f(u) in R*", i.e., a bounded

solution u such that

(a) u depends only on the variables s and t. We write u = u(s,t);
(b) u >0 fors>t;
(c) u(s,t) = —u(t,s).

Moreover, |u| <1 in R*™ and for every R > 2,

Ecp(v) < OR*™ 'logR,

where v is the harmonic extension of u in Rimﬂ and C' is a constant depending only on
m and Hchl([—Ll])'

Observe that the saddle solution of the theorem satisfies the same optimal energy es-
timate as global minimizers do, that is, CR" 'log R = CR?*" !log R, even that in low
dimensions it is known [10] that saddle solutions are not global minimizers. Indeed saddle
solutions are not stable in dimension 2 (by a result of the first author and Sola-Morales [6])
and in dimensions 4 and 6 (by a result of the second author [10]). As we will explain in the
last section, some saddle solutions are minimizers under perturbations vanishing on the
Simons cone, and this will be enough to prove that they satisfy the sharp energy estimate.

The paper is organized as follows:

e In section 2 we prove the energy estimate for layer solutions of Allen-Cahn type
equations, using a simple argument found by Ambrosio and the first author [2].

e In section 3 we give the proof of the extension theorem and of the key Theorem
1.6l

e In section 4 we prove energy estimate ([1.7)) for global minimizers and for every
nonlinearity f, that is, Theorem [1.2

e In section 5 we establish energy estimates for monotone solutions in R?, Theorem
Lol

e In section 6 we prove the 1-D symmetry result, that is, Theorem [I.4]

e In section 7 we prove the energy estimate for saddle solutions, Theorem [I.7]
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2. ENERGY ESTIMATE FOR MONOTONE SOLUTIONS OF ALLEN-CAHN TYPE EQUATIONS

In this section we consider potentials G which satisfy hypothesis (1.18)), that is, G >
0=G(£l)in Rand G > 01in (—1,1). In the sequel we consider the energy £¢, defined by

1
Ecp(v) :/ ~|Vv|* dzd\ + G(v)dz.
cr 2 Br

In general, it can be defined up to an additive constant ¢ in the potential G(v) — ¢, but in
this case, by the assumption (1.18)) on G, we take ¢ = 0.

Theorem 2.1. Let f be a CYP function, for some 0 < 3 < 1, satisfying (1.18)), where
G' = —f. Let u be a bounded solution of problem (1.1) in R™, with |u| <1 in R", and let
v be the harmonic extension of u in R, Assume that

Uz, >0 i R" (2.1)
and

lim u(z',z,) =1 forall ¥ € R (2.2)

Tp——+00

Then, for every R > 2,

1
/ §]Vv]2dmd)\ < &, (v) <CR"'logR,
Cr

for some constant C' depending only on n and || f||c1(=1.1))-

Remark 2.2. This energy estimate in dimension n = 1 has been proven by the first author
and Sola-Morales [6], using the gradient bound

c
< - -
Vo ) < T

(see estimate (1.14) of [6]). Indeed, we next see that ([2.3]) leads to

for all x € Rand A > 0, (2.3)

/ Vo2 dzd)\ < Clog R
Cr

and also
“+o0o
/ d/\/ dz|Vv|? < Clog R. (2.4)
0 Br

That is, for n = 1, the energy estimate holds not only in the cylinder Cr, but also in
the infinite cylinder Bg x (0, +00). Let us mention that for the explicit layer solutions in
section 2.1 of [6], the upper bound C(1+ |(z, \)|)~! for |[Vv] is also a lower bound for |Vv],
modulo a smaller multiplicative constant. As a consequence, the following computation
shows that the two previous upper bounds log R are also lower bounds for the Dirichlet
energy after multiplying log R by a smaller constant.
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Estimate . holds, indeed:

40 ) +o00 R 1
+oo 1
[ o
(14 2)? 1 4 ( )

1 A A=+o0
< C / [ arctan } dx
_R 1 _'_ X 1 + i )\:0

< C/RW L e <ClosR
e S S it

In higher dimensions, an analog of (2.3) is not available and therefore we need another
method to prove Theorem [2.1}]

IA

Proof of Theorem[2.1. We follow an argument found by Ambrosio and the first author [2]
to prove the energy estimate for layer solutions of the analog problem —Au = f(u) in R™.
It is based on sliding the function v, which is the harmonic extension of the solution u, in
the direction x,,.
Consider the function
vz, \) ==, x, + 1,0
defined for (z, \) = (2/,z,, A) € R" x [0, +00), where ¢ € R. For each ¢ we have

Avt =0 in R
ot — o) o B = SR (25)
-0\’ = f(v') onR™=0R}".
Moreover, as stated in ([1.16|), the following bounds hold:
C
<1 d |Vl < — 2.6
VST and VS 26)
Throughout the proof, C' will denote different positive constants depending only on n and
[Lf e -1,1)-
A simple compactness argument implies that
Jim {Jo" = 1] + |V} =0 (2.7)

uniformly in compact sets of ]RT“I. Indeed, arguing by contradiction, assume that there
exist R > 0, ¢ > 0, and a sequence t,, — oo such that

10" = 1|z (cr) + (VO™ [|Lo(cn) 2 € (2.8)
for every m, where Cr = Brx (0, R). Since v’ are all solutions of ((1.3)) in all the halfspace,
the regularity results in [6] give CIOC(R"H) estimates for v'™ uniform in m. Thus, there

exists a subsequence that converges in C2_(R"7™) to a bounded harmonic function v>°. By
hypothesis (2.2)), v>° =1 on am“, and thus by the maximum principle, v* = 1 in all of
R, This contradicts (2.8)), by C* convergence in compact sets of v’ towards v>® = 1.
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Denoting the derivative of v*(x, A) with respect to t by d,v*(z, \), we have
o' (z, \) = v, (2,2, +t,2) >0 forall x € R", X\ >0.

Note that v, > 0, since v,,, is the harmonic extension of the bounded function w,, > 0.
We consider the energy of v* in the cylinder Cr = By x (0, R),

Eor (v) = /C %\VUtIQda:dAJr G(v!)dz.

Br
Note that, by (2.7), we have
lim Ec,(v') = 0. (2.9)

t—-+o0

Next, we bound the derivative of Eq, (v') with respect to t. We use that v* is a solution
of problem ([1.3]), the bound (2.6) for |[vf| and |Vv!|, and the crucial fact that 90" > 0. Let
v denote the exterior normal to the lateral boundary 0Bpr x (0, R) of the cylinder Cr. We
have

R
K€, (V") = / d)\/ dx Vvt-V(atvt)+/ dz G'(v")o’
Br Br

ovt
= d\ o —81} +/ dr — vt
/ /83R o Brx{\=R} N !

Boax C
> —C’/ —/ do O — —/ dx ot
o 1+ A Jon, R JBaxpr=r)

Hence, for every T' > 0, we have

Ecnlv) = Ecn(v) = /Tdt O (v

R dA T
Ecp (v +C/ dt/ do Ot + g/ dt/ dx O’
8BR R 0 BRX{)\:R}
R T T
d\ C
= Eo. (v —|—C’/ —/ da/ dtavt—I——/ dx/ dt ot
on(v) o L+AJon, 0 ' R JBaxpr=r) 0 '

= &o (vﬁ#—C’/Rﬂ/ da(vT—vo)+g/ dx (v — %)
f o 1+ A Jon, R JBuxpp=n

Ecp(vT) + CR" tlog R+ CR™.
Letting T'— +o0 and using (2.9)), we obtain the desired estimate. U

IA

IA

3. H'/? ESTIMATE

In this section we recall some definitions and properties about the spaces H'/2 (R™) and
H'Y2(082), where 2 is a bounded subset of R"*! with Lipschitz boundary 99 (see [13]).
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H'Y2(R") is the space of functions u € LQ(R”) such that

|u(z z)?
———————dxdx < +00,

u(z) —w(@P - \*
||u||H1/2(R" = (|U||L2 Rn)"’/n /n ’:E_x|n+1 ———dxdx .

Let now €2 be a bounded subset of R"*! with Lipschitz boundary 92. To define H/2(9%2),
consider an atlas {(0;,¢;);j = 1,...,m} where {O;} is a family of open bounded sets
in R™™! such that {O; N 0Q;5 = 1,...,m} cover 9Q. The functions ¢, are Lipschitz
diffeomorphisms such that
;05 = Ui={(y,p) ER"™: y| <1, —1 < p <1},

01 0;NQ = U= {(y,p) ER™ :|y| <1, 0< p <1},
p; 0;NOY — {(y,n) € R™ 1 [yl < 1, u =0},
in O; N O; # () the compatibility conditions hold.

Let {a;} be a partition of unity on 9Q such that a; € C°(0;), Y 7%, a; = 1in O;NIN.

If u is a function on 9Q decompose u = 3 7" | ua; and define the function

(uay) 0 ;! (y,0) = (uay)(¢; ' (y,0)), for every (y,0) € UN {u=0}.
Since a; has compact support in O;N0J€2, the function (uozj)ogoj_l(-, 0) has compact support

in UN{p = 0} and therefore we may consider ((uozj)gojl)(-, 0) to be defined in R™ extending
it by zero out of U N {p = 0}. Now we define

H'2(09) = {u : (uay) 0 97 (-,0) € HYA(RY), j = 1,....m}
equipped with the norm

equipped with the norm

2

(Z uas) 0 65" CO) By )

All these norms are independent of the choice of the system of local maps {O;, ¢;} and
of the partition of unity {a;}, and are all equivalent to

1
ue) @,
lullsony = (1l + [ [ B 00) "

We recall now the classical extension result that we will use in the proof of Theorem

Proposition 3.1. Let Q = R or Q be a bounded subset of R™* with Lipschitz boundary
082, and let w belong to HY/?(0Q). B
Then, there exists a Lipschitz extension w of w in € such that

/Q Va2 < Clwl e n. (3.1)
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where C' 1s a constant depending only on ).

For the sake of completeness (and since the proof will be important in our next paper [3])
we give the proof of this proposition.

Proof of Proposition[3.1. Case 1. @ = R"™. Let ¢ be a function belonging to H/?(R").
We prove that there exists a Lipschitz extension ¢ of ¢ in R such that

o2 C(z) = (@)

Let K(z) be a nonnegative C* function defined on R™ with compact support in B; and
such that [, K(z)dz = 1. Define K (z,\) on R}* by

K(z,)) = /\—an <§> :

Then, since
K(z,N)dz =1 for all A > 0, (3.3)
]Rn
we obtain, differentiating with respect to z; and A,

0, K(x,\)dz =0 and [ O\K(x,A\)dz =0 for all A > 0. (3.4)

R™ R™
In addition, for a constant C' depending only on n, we have

IVK(z,\)] < for all (z,\) € RT™.

)\n—f—l

This holds, since the support of K is contained in {|z| < A} and, in this set,

VLK (z,\)] < o and
n x 1 x\ T C
‘@K@A”—kymﬁ(G?—xﬁ“Tx)x5Sxmr
Now we define the extension gas
(N = | K(z—7,\(@)dz,
Rn

and we show that this function satisfies (3.2). Note also that, by (3.3)), for every A > 0

1CC Mlz2eny < ¢ L2@n)- (3.5)

To show ([3.2]), observe that, by (3.4)),
R7 R"

and thus _
. 1@ —C@)l 47
{|z—Z|<A}

)\n+1
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In the same way

<@ — <)l

)\nJrl

W@@ANSO/

{|lz—Z|<A}

Hence, by Cauchy-Schwarz,

W&%MFSO/

{|z—z|<\}

- “+o0o =) 2
/ IVC|2dad) < C/ d)\/ d:r;/ ﬂw
R+ 0 n {lz—Z|<A} A
- 2
C/ dm/ . @) né(ﬂf)!
n no s le-a) A

C() = <@,

Case 2. Consider now the general case of a function w belonging to H'/2(92), where
is a bounded subset of R"*! with Lipschitz boundary.

Using the partition of unity {«;} introduced in the beginning of this section, we write
w = Z;n:l wa;. Observe that, for every j =1,...,m,

2
[ [ )= L g iy b
o9 Joq

Z|n+1

(@) — @)

)\n+2

and then

IN

where all constants C' in the proof depend only on (2. Indeed,

[l |Z_Z,<§‘i?‘f><z>'2dazd@
:/{m/aQ (wa;)(2) — w(2)a;(Z) + w(z)oy(Z) — (way)(Z) do.do-

|Z _ z|n+1

|a;(2) — o (2)]*|w(2)]?
<2 do,dos .
/asz /asz |Z—Z|n+1 749 (3.7
Z) oy ()7
2 do,dos.
* /em/an |Z—Z|"+1 747

The integral in (3.7)) is bounded by C| |w||L2(aﬂ). Indeed, using that «; is Lipschitz, we get
that the integral in (3.7)) is controlled by

dO‘g
mmmwm/ cm/' 9% Ol o0,
0,009 0

noa |2 — 2!

where we have used spherical coordinates centered at z (after flattening the boundary) in
the last integral. From this, (3.6|) follows.
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We flatten the boundary J€2 using the local maps ¢, introduced in the beginning of this
section, and consider the functions

Gi(Y,0) == (way) (5 (y, 0)),

which are defined for (y,0) € UN{p = 0}. Now (;(-,0), extended by 0 outside of U N{u =

0}, is defined in all of R”, and we are in the situation of case 1. We make the extension ¢
of (; as in case 1, and we define

T=Y a;(Goy) in A=0n(]JO;,
j=1 i=1

an open set of 2 U 0 containing 02. Thus, w has compact support in A and, extending
it by 0, w is defined in all Q U 9€2.

Observe that, since ¢; is a bilipschitz map and a; € C°(0;) for every j = 1,...,m, we
have

Vil < ¢ {IVallG 0wl + lasl|(VE) 0 w1}
j=1
and thus

/ [Va|* < CZ {HCJH%Q(le(O,l)) +/ " |VCJ‘|2} :
Q =1 RY

By (3.5) and (3.2)) of case 1, we have for every j =1,...m

- G~ GO
Gl + / |v<J|2<c{|r<J||LQBl / / R
+

Finally, using that ¢; is a bilipschitz map for every j = 1,...,m, the definition of (;, and
B9, we get

// IC]Iy—‘|’"°“)’ vy

:// (way) (5" (y,0)) — (way)(; " (7, 0))|

Iy — |t

/ / U)O[J (U)Oé])<1 )|d dUz
0,09 J 0;n90 ’% %( )|t

(wa; — (wa;) ()|
< C/ / ) J do.doz < Cl|lwl||?,
0,009 J 0,009 |z — Z|"Jr1 H1/2(00)°

dydy
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Remark 3.2. Let w be the harmonic extension of w in 2. Since w is the extension with
minimal L?(Q)-norm of Vw, then we have that

/ Vadrd) < / V@ ded) < Ofw] 17200,
Q Q

We give now the proof of the crucial Theorem

Proof of Theorem[1.6. The proof consists of two steps.
Step 1. Suppose that

A=Q={zeR": |z;| < lforalli=1,..,n}
is a cube in R”, and that
F:{anO}le,

where z = (2/,z,) € R"! x R. We may assume ¢y = 1 by replacing w by w/cq.
hypothesis we have that |w| < 1in A and that

{|Dw($)| <1/e for a.e. z € Q1 with |z, | < ¢ (3.8)

|Dw(x)| < 1/|x,] for a.e. x € Q1 with |z,| > e.

We need to estimate the H'/?-norm of w in Q;, given by

() ()
Il = ety + [ [ P e

All constants C' in step 1 depend only on n and differ from line to line. In this step, we
take 0 < e < 1/2.

First observe that ||w[|7:,) < 2" Let 2 € Qf = {v € Q1 : v, > 0} and let R, be a
radius depending on the point x, defined by

sz{a o<z, <e¢

/2 fe<uz, <l

To bound ||w]|g1/2(g,), We consider the two cases T € Bg,(v) and T ¢ Bg,(z), as follows:

/ dx/ gz le@) —w@®
QT 1 |{L‘ - E|n+1
:/ d:v/ ap (@)~ w@F +/ da:/ ap!v@) ~ w@
ot JainBa, @ |z —z|**! of  JQi\Br, () |z — T+

= [1 —+ [2.

We use |w| < 1 to bound I, and the gradient estimate (3.8) for w to bound ;. In both
cases we use spherical coordinates, centered at x, calling r = |z — Z| the radial coordinate.
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L, < / dm/ +1— / dx/ dr—
Qt Ql\BRl(x e 5’3|” ot
2
C/ —dx =C (/ —dx, + / —da:n) < Cllogel.
+ R, 0o € e Tn

Next, we bound I;. We have

D
/ d:):/ M / d:c/ ax 2ew <xf)l)‘ ,
Q+ Q1NBpR, (z ‘.’L‘ - ’ZE‘ Q+ Q1NBR, () |£L’ - .CL"

where y(z,T) € Q1 N Bg,(x) is a point of the segment joining = and .

Now, reads |Dw(y)| < min{l/e,1/|y,|} for a.e. y € Q1. We use the bound
|Dw(y)| < 1/ when 0 < x,, < e. For e < x,, < 1, since y(x,7) € Bg,(z) = B;,/2(x), we
have y,(z,T) > x, — R, = x,/2, and thus |Dw(y(z,7))| < 1/yn(z,T) < 2/x,. Thus, using
spherical coordinates centered at x,

Tn/2
L, < /d:vn/ dr—+C’/ dmn/ dr—

< C+C’/ $—d93n§0|10g5|.

We have

Finally, for x € Q7 = {x € @1 : x, < 0} we proceed in the same way, and thus we
conclude the proof of step 1.

Step 2. Suppose now the general situation of the theorem: A C R" is a bounded Lipschitz
domain, or A = 99, where € is an open bounded subset of R**! with Lipschitz boundary.
Recall that I' C A is the boundary (relative to A) of a Lipschitz open (relative to A) subset
M of A. From now on, we denote by B,(p) the ball in R™ or in R"*! indifferently, since
we are considering together the cases A C R" and A = 99 with Q C R, We define a
finite open covering of A in the following way.

First, for every p € I', we choose a radius r, for which there exists a bilipschitz
diffeomorphism ¢, : B, (p) N A — @, where ), is the unit cube of R", such that
@(B,(p) NI) = {z € Q1 : 2, = 0}.

Let T be the closure of I' in R” or R®*'. Only in the case A C R", it may happen that
I' ¢ T. In such case, for p € T'\ T, there exists a radius rp and a bilipschitz diffeomorphism
©p: By, (p) = (=3,1) x (—=1,1)" ! such that ¢,(p) = (—1,0,...,0), p,(B,,(p) NA) = Q1 =
(=L, )" and ¢,(B,,(p) NT') = QN {z, = 0}. Thus, these last two properties hold for
p €T\ T, as for the points p € I treated before.

Since T is compact, we can cover it by a finite number m of open balls B, 12(pi),

¢ = 1,...,m, with half the radius r,,. We set AS}Q = Brpi/g(pi) NA and AS) = B,,, (pi) NA.
Observe that the number m of balls and the Lipschitz constant of ¢, depend only on A
and I', as all constants from now on.
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Next, consider the compact set K := A\ ", AT .o~ For every ¢ € K, take a radius 0 <
sq < (2/3)dist(q,I') for which there exists a bilipschitz diffeomorphism ¢, : B;, N A — Q.
This is possible both if ¢ € A or if ¢ € 0A. Cover K by [ balls Bsqj/Q(qj), j=1,..,1, with

center ¢; € K and half of the radius s,;. Set AS = = B, /2(q;)NA and Ag) 1= B, (¢;)NA.
Thus, {Ar /o> S)/Q} is a finite open covering of A. Set ¢y := min, ;j{r;/2,s;/2,1/2}. If =

and Z are two points belonging to A such that |z — Z| < &g, then there exists a set A&}), or
Ag), such that both z and Z belong to A,(j), or to Ag). Hence we have

m l
{(2,Z) e Ax A:|z—Z| <g} C <U AW x Aﬁ?) U <U AP x Agj>> (3.9)

i=1 j=1
. Observe that

3 :
dist(y,I') > dist(¢;, ') — |y — q;| > 554 ~ S = %] > ¢gq for every y € Ag). (3.10)

qj

Let L > 1 be a bound for the Lipschitz norm of all the functions ¢,,, ..., ¢p,., 90;11, e ga;?i.
Now, let w as in the statement of the theorem. Let us first treat the case 0 < e < 1/(2L).

Since
—w(z)]? 4
/daz/ daz|w<z) _wizl)| < ncfl|A|2 Cel,
A {ZEA:|z—7|>e0} |z —z|"

we only need to bound the double integral in {z € A} x {Z € A: |z —Z| < e&o}. By (3.9),

it suffices to bound the integrals in each AT(«ZI,) X AS) and in each Ag) X Asf )
Thus, for every ¢, consider

[ ] O,
— Z|n+1 FUTE
AD J 4 |z —Z|"

Recall that, by construction, there exists a bilipschitz map ¢,, : Aq(nz — ()1 such that

w,,(I'N AS)) = {x € Q1 : z,, = 0}. Thus, flattening the set A using ©p;, We are in the
situation of step 1. More precisely, since (,, is bilipschitz, we have that

w(z) —w(z)? Iwz @P,
/A(U/A(U ‘Z_Z’nﬂ do,dos < C !x—:v!"“ dzdz,

where we have set w; = w o ‘pz;- :

Given € Q1, let y = ¢, ' (x) € A,(%D. Recalling the definition of the Lipschitz constant
L above, we have |z,| < Ldist(y,T") and hence

Dui(a)| < LIDu(y >|<Lcomm{1 ﬁ}

1 L 1 1
< Lcgmin = L%comin{ —, — &
|xn| el |z,
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Thus we can apply the result proved in Step 1, with e replaced by €L (note that we have
el < 1/2, as in Step 1, to the function w;/[(1 + L?)cg]. We obtain the desired bound
Cc3llog(eL)] < Cc|logel.

Finally, we consider the double integral in Ag) X Ag), for any j € {1,...,1}. Recall that
there exists a bilipschitz diffeomorphism g, : Ag) — Q1. Thus

w(z) — v [ [ i
<
/A<2 /A<2) |z—z|“+1 do.doz < C o, ]a:—x|"+1 do,doz,

where now v; := wogoq1 By (3.10) and (1.14)), |Dw(y)| < co/eo a-e. 1nA ,and |[Dv;j| < C
a.e. in (1. From this, the last double integral is bounded by

dz v
C/ dx/—fg(?/ d:c/ dr < C.
1 1’$_x|n—1 1 0

This conclude the proof in case ¢ < 1/(2L).

Finally, given € € (0,1/2) with ¢ > 1/(2L), since holds with such ¢, it also holds
with € replaced by 1/(2L). By the previous proof with € taken to be 1/(2L), the energy is
bounded by C|log(1/(2L))| < C < C|loge| since € < 1/2. O

4. ENERGY ESTIMATE FOR GLOBAL MINIMIZERS

In this section we give the proof of Theorem [I.2] It is based on a comparison argument.
The proof can be resumed in 3 steps. Let v be a global minimizer of (1.3]).

i) Construct a comparison function w, harmonic in Cg, which takes the same values
as v on 0TCr = OCr N {A > 0} and thus, by minimality of v,

80}2(”) < gCR (@)
ii) Use estimate ((1.12)):

[ 19 < ClimlBy sy
Cr

iii) Establish, using Theorem [1.6] the key estimate
@[30,y < CR"'log R.

Proof of Theorem[1.9. Let v be a bounded global minimizer of ([1.3)). Let u be its trace on
OR"T. Recall the definition (1.6]) of the constant ¢,. Let s € [infu,supu] be such that
G(s) = cy.

Through the proof, C' denotes positive constants depending only on n, || f|c1 (jinf u,sup )
and ||u||peomny. As explained in ([1.16]), v satisfies the following bounds:

C
| <C and |Vou(z,\)| < T for every x € R", A >0. (4.1)

We estimate the energy ¢, (v) of v using a comparison argument. We define a function
w = w(z,\) on Cg in the following way. First we define w(z,0) on the base of the
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cylinder to be equal to a smooth function g(x) which is identically equal to s in Br_; and
g(x) = v(z,0) for || = R. The function g is defined as follows:

g=snr+ (1 —ngr)v, (4.2)
where ng is a smooth function depending only on r = |z| such that n = 1 in Bg_; and
7 = 0 outside Bg. Thus, g satisfies

g € [infu,supu] and |Vg| <C in Bpg. (4.3)

Then we define w(x, \) as the unique solution of the Dirichlet problem
Aw =0 in CR
w(z,0) = g(x) on Bg x {\ =0} (4.4)
w(z,A) =v(z,A) ondCrN{\>0}.

Since v is a global minimizer of £, and @W = v on ICx N {A > 0}, then
1
/ ~|VolPded\ + | {G(u) — c,}dz
Ccr 2 Br

< / %vaﬁde (G@(,0)) — e}
Cr

Br
We prove next that
1
/ §|V@|2d1’d}\ + {G(w(z,0)) — ¢, }dx < CR" 'log R.
CR BR

Observe that the potential energy is bounded by C'R"~!. Indeed, by definition w(z, 0) =
s in Bgr_1, and hence

(G@(x,0)) — cu}de = / (Glg(x)) — cu}da

Br\BRr-1

< O|Bg \ Br_1| < CR™ .
Thus, we only need to bound the Dirichlet energy. First of all, rescaling, we set

wy(z,\) = wW(Rx, R\),

Br

for (x,\) € C1 = By x (0,1). Set
e=1/R.

/ va:cml/ Vs [2.
CR Cl

/ |Vw;|? < Clog R = C|loge. (4.5)
C

Observe that

Thus, we need to prove that
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Since w; is harmonic in C, Proposition [3.1] gives that

- va1’2d$d)\ S CleHHl/2(acl).
1

To control ||wi|g1/29¢,), We apply Theorem to wif,,, in A = 9C;, taking I' =
8B1 X {)\ = 0}

Since |wy| < C, we only need to check in 9C;. In the bottom boundary, B; x {0},
this is simple. Indeed w; = s in Bj_., and thus we need only to control |Vw;(z,0)| =
e HVyg(Rz)| < Ce™ for |z| > 1—¢, by (4.2). Here dist(z,0B;) < ¢, and thus holds
here.

Next, to verify (1.14]) in 9C; N {\ > 0} we use that w = v here and that we know
C
Vo(z, \)| < T for every (z,\) € Chg,

as stated in ([1.16)). Thus, the tangential derivatives of w; in dC; N {\ > 0} satisfy

|Vwy (z, \) on ¢ <C’min{1 1}.

| S - = N

1+RA e+ A e A
Since dist((z, A), I') > A on 9C1 N {A > 0}, wy,,, satisfies the hypotheses of Theorem [1.6
We conclude that (4.5) holds. O

5. ENERGY ESTIMATE FOR MONOTONE SOLUTIONS IN R?

The following lemma will play a key role in this section to establish the energy estimate
for monotone solutions in dimension n = 3.

Lemma 5.1. Let f be a CY° function, for some 0 < 3 < 1, and u a bounded solution of
equation in R3, such that u,, > 0. Let v be the harmonic extension of u in ]Ri. Set
(1,9, A) == mlimoov(x,)\) and T(x1, 9, \) := xgliquooU(x’)\)'

Then, v and v are solutions of m Ri, and each of them is either constant or it
depends only on A and one Euclidian variable in the (x1,x2)-plane. As a consequence, each
u=uv(-0) and w="1(-,0) is either constant or 1-D.

Moreover, set m = infu < m = supu and M = infu < M = supu. Then, G >
G(m) = G(m) in (m,m), G'(m) = G'(m) = 0 and G > G(M) = G(M) in (M,M),
G'(M) =G'(M) = 0.

Proof. The function v(2’, \) = lim,, 4o v(2', 23, ) is the harmonic extension of w. The
key point of the proof is to verify that v is a stable solution of problem in R} and
then apply Theorem 1.5 of [6] on 1-D symmetry in R3 .

The fact that v is a solution of problem in R? is easily verified viewing 7 as a
function of 4 variables, limit as t — +o0o of the solutions v'(2/, 3, \) = v(2/, 23 +t, \). By
standard elliptic theory, v* — ¥ uniformly in the C? sense on compact sets of @.
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Now we prove that T(z’, A) is a stable solution of problem (1.3)) in R?. By Lemma 4.1 of
[6], the stability of T is equivalent to the existence of a function ¢ > 0 in R3 which satisfies

{Agpz() in R?

o (5.1)
—22 = f'(D)p on OR3.

To check the existence of ¢ > 0 satisfying (5.1)), we use that v,, > 0in @ and that satisfies
the problem

Av,, =0 in R}
_a;§3 = f'(v)vy, onJRY.
This gives that v is stable in R?, i.e.
/ |V dzdA —/ f(v)€%dx >0, for every € € CX(RL). (5.2)
RY R3
Next, we claim that
/ \Vn|2dz'd\ — | f'(@)nda’ >0, for every n € C2(R3). (5.3)
R3. R2

To show this, we take p > 0 and ¢, € C*°(R) with 0 < ¢, <1, 0< ¢/ <2, ¢, =01in
(—00,0) U (20 +2, +o0), and 1, = 1 (p-+ 1,2+ 1), and we apply (53) with £(r, \) =
n(z', A\),(x). We obtain after dividing the expression by a, = [ 42, that

1\2
/ dz'd\ |Vn(z', N)|* + / dz'd\ n* (2, \) / das (W) (2s)
R3 R3

(6]
¥ T R p
/R

Passing to the limit as p — 400, and using f € C! and that v(z',z3,\) — v(z/,\) as
x3 — 400 uniformly in compact sets of R4, , we obtain .

Since T(2/, ) is a stable solution of problem (1.3 in R3, by Theorem 1.5 (point b) in
[6] we deduce that T is constant or T depends only on A and one Euclidian variable in the

a'-plane. Now note that the function 2(v — M)/(M — M) — 1 is a layer solution for a
new nonlinearity. Using Theorem 1.2 a) of [6], which characterizes the nonlinearities f for
which there exists a layer solutions for problem in dimension n = 1, and restating
the conclusion for 7, we get G'(M) =G' (M) =0and G > G(M) = G(M) in (M, M).

In the same way, we prove that the conclusion holds for v and that G'(m) = G'(m) =0
and G > G(m) = G(m) in (m,m).

2

da'd\ 772($/,)\)/dx3 f’(v(a:’,xg,O))% >0
R

3
3 P

Remark 5.2. We claim that in the case of Allen-Cahn type equations, we could prove the
energy estimate for monotone solutions in dimension n = 3 using the same argument
as in the proof of Theorem 2.1} The only difficulty is that in this section we do not assume
limg, .40 v = 1, and then we do not know if limy .. Ecp, (v7) = 0 (see in the proof of
Theorem [2.1)). Using Lemma 5.1} we have that @(z1, z2) = limg,, oo u(21, 22, 73) is either
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a constant or it depends only on one variable. Then, applying Theorem 1.6 of [6], which
gives the energy bounds for 1-D solutions, we deduce that limz_. .o Ec,(v?) < CRlog R,
and this is enough to carry out the proof of Theorem in the present setting.

Before giving the proof of Theorem [I.3] we need the following proposition. It is the
analog of Theorem 4.4 of [I] and asserts that the monotonicity of a solution implies its
minimality among a suitable family of functions.

Proposition 5.3. Let f be any CYP nonlinearity, with 3 € (0,1). Let u be a bounded
solution of in R™ such that u,, >0, and let v be its harmonic extension in R’
Then,

/E\Vv(x,)\)|2dwd)\ + / G(v(z,0))dx
CR2 BR

< / %wa(x,A)dedH/ G(w(z,0))dz,
Cr

Br

for every w € CYHR™™) such that w = v on 9*Cr = OCrN{\ > 0} and v < w < T in
Cgr, where v and v are defined by

v’ \) = lim o2, 2., \) and v(2',\) ;= lim o(2, 2., \).

Ty ——00 Tp—+00

Proof. This property of minimality of monotone solutions among functions w such that
v < w < v follows from the following two results:

i) Uniqueness of solution to the problem

Aw =0 in Cg,

w =0 on 0TCr = 0CR x {\ > 0}, (5.4)
—0hw = f(w) on d°Cr = Br x {\ =0}, '
v<w<v in Cp.

Thus, the solution must be w = v. This is the analog of Lemma 3.1 of [6], and
below we comment on its proof.
ii) Existence of an absolute minimizer for ¢, in the set

Cy={wec H(Cr) : w=vond"Cg, v <w < vin Cg}.

This is the analog of Lemma 2.10 of [].

The statement of the proposition follows from the fact that by i) and ii), the monotone
solution v, by uniqueness, must agree with the absolute minimizer in Ck.

To prove points i) and ii), we proceed exactly as in [0], with the difference that here
we do not assume lim, .1, v = 1. We have only to substitute —1 and +1 by v and
U, respectively, in the proofs of Lemma 3.1 and Lemma 2.10 in [6]. For this, it is impor-
tant that v and v are, respectively, a strict subsolution and a strict supersolution of the
Dirichlet—Neumann mixed problem . We make a short comment about these proofs.
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The proof of uniqueness is based, as in Lemma 3.1 of [6], on sliding the function v(z, \)
in the direction z,,. We set

V' (21, ., 20, N) = (21, ..., 2, + 1, ) for every (z,)\) € Chk.

Since v* — T as t — +oo uniformly in Cr and v < w < T, then w < vt in Cp, for t large
enough. We want to prove that w < v* in C for every t > 0. Suppose that s > 0 is the
infimum of those ¢t > 0 such that w < v* in C'z. Then by applying the maximum principle
and Hopf’s lemma we get a contradiction, since one would have w < v* in Cp and w = v*
at some point in C'r \ 9+ Cp.

To prove the existence of an absolute minimizer for £¢,, in the convex set C,,, we proceed
exactly as in the proof of Lemma 2.10 of [6], substituting —1 and +1 by the subsolutions
and supersolution v and v, respectively. [l

We give now the proof of the energy estimate in dimension 3 for monotone solutions
without the limit assumptions.

Proof of Theorem[1.3. We follow the proof of Theorem 5.2 of [I]. We need to prove that
the comparison function w, used in the proof of Theorem [1.2] satisfies v < w < v. Then
we can apply Proposition to make the comparison argument with the function w (as
for global minimizers). We recall that @ is the solution of problem ({4.4]),

Aw =0 in CR
w(zx,0) = g(z) on Br x {\ =0} (5.5)
w(z, ) =v(z,A) ondCrN{A >0},

where g = snr + (1 — ng)v. Thus, if we prove that supv < s < inf7, then v < g <o
and hence v and v are respectively, subsolution and supersolutions of . It follows that
v <w < v, as desired.

To show that supv < s < 1nfv let m = infu = infu and M = supu = supu, where
u and u are defined in Lemma Set m = supu and M = inf u, obviously m and M
belong to [m, M]. By Lemma , w and u are either constant or monotone 1-D solutions;
moreover,

G > G(m)=G(m) in (m,m) (5.6)
in case m < m (i.e. u not constant), and
G > G(M)=G(M) in (M, M) (5.7)

in case M < M (i.e. u not constant).
In all four possible cases (that is, each u and @ is constant or one-dimensional), we deduce

from 1) and 1D that m < M and that there exists s € [m, M] such that G(s) = ¢,
(recall that ¢, is the infimum of G in the range of u). We conclude that

supu =supv < m < s <M <infv = infu.

Hence, we can apply Proposition to make comparison argument with the function w
and obtain the desired energy estimate. O
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6. 1-D SYMMETRY IN R3

In this section we present the Liouville result due to Moschini [14] that we will use in
the proof of 1-D symmetry in dimension n = 3. Set

+oo 1
F={F:Rt - R" F is nondecreasing and / =400 .
s TE(r)

Note that F includes the function F(r) = logr.
Proposition 6.1 ([I4]). Let ¢ € LE(RTY) be a positive function. Suppose that o €

loc

HL (RYHY) satisfies
—odiv(¢®’Vo) <0 in R} (6.1)
—00\o <0 on ORH! '
in the weak sense. Let the following condition hold:
1
lim su —/ o)*dx < oo 6.2
for some F € F.
Then, o is constant.
In particular, this statement holds with F(R) = log R.
Remark 6.2. In [14], the author proves the previous result under the assumption
+o0o
> S N (6.3)
L [(2i+1)
7=0

on F'. This is equivalent to f;OO(TF(r))*ldr = +o00. Indeed, since the function j — F(2/11)
is nondecreasing, we have that

S | o s 1 dr X1

> < w3 <

= F(27+1) o F(25tY)  log2 Jg rF(r) o F(27+1)
Thus, (6.1) holds if and only if F' € F.

Proof of Proposition [6.1. We present the proof following that of Theorem 5.1 of [14], here
in Cg instead of Bg. Set 07Cg := 0Cr N {\ > 0}. Since o satisfies (6.1]), we have

div(ocp?Vo) > ¢?*|Vol|?. (6.4)

On the other hand

/ agp2a—ads < (/ <p2W0\2ds) 2 (/ (c,pa)zds) 2 : (6.5)
d+Cr v 9*+Cr dtCr

where v denotes the outer normal vector on 9TCr. Now, set, as in [14],

D(R):/c ©*|Vo|dx.
R
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Integrating (6.4]) over C, using that —cd,0 < 0 on the bottom boundary 0°Cr = dCr N
{A =0}, and using (6.5)), we get

b < ' ( | mR(soa)?dsf , (6.6)

which is the analog of (5.5) in [I4] on 1 Cp instead of dBg.
Assume that o is not constant. Then, there exists Ry > 0 such that D(R) > 0 for
every R > Ry. Integrating and using Schwarz inequality, we get that, for every

o >1T1 > Ro,
1 . _1
= (ry — 7"1)2 (/ dR/ ds (gpa)z)
1 0t+Cr
1

(rs— 1) ( /C ) dx)

<[ an (/c * (“”‘”2)_1 < B0~ Do (67)

Next, choose 79 = 27+, and r = 2/r,, for some r, > Ry, for every j =0, ..., N — 1. Using

(6.2)), (6.7) and summing over j, we find that

N-1

1 1
D(r.) 20 ;0 F(2itir,)’ (6.8)

If jo is such that r, < 270, then, by hypothesis on F, F(2/1r,) < F(2/T0+t1) Thus, by
(6.3]), the sum in diverges as N — oo and hence D(r,) = 0 for every r, > Ry, which
is a contradiction. O

We can give now the proof of the 1-D symmetry result.

Proof of Theorem[1.4. Without loss of generality we can suppose e = (0,0,1). We follow
the proof of Lemma 4.2 in [6].

First of all observe that both global minimizers and monotone solutions are stable. Then,
in both cases, by Lemma 4.1 in [6], there exists a function ¢ € CL_(R%) N C%(R%) such

loc
that ¢ > 0 in R% and

Ap =0 in R}
~%2 = f'(v) on JR!.

Note that, if u is a monotone solution in the direction x3, then we can choose ¢ = v,,,
where v is the harmonic extension of u in the half space. For ¢ = 1, 2, 3 fixed, consider the

function
Uy,

.
We prove that o; is constant in Ri, using the Liouville result of Proposition and our

energy estimate.
Since

g; =

QDQVO-Z' - SOV/U-Tz - vzngo,
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we have that
div(¢°Vo;) =0 in RY.

Moreover, the normal derivative —9y0; is zero on 9R%. Indeed,

060 = PUAG, — Vg ox =0
since both v,, and ¢ satisfy the same boundary condition

_a)\vazi - f’(v>v$i - 07 —3,\g0 - f/(’U)gO = 0.

Now, using our energy estimates ([1.7)) or (1.9)), we have for n = 3,

/ (po)? < / |Vu|> < CR*log R, for every R > 2.
CR CR

Thus, using Proposition [6.1], we deduce that o; is constant for every i = 1,2,3, i.e.,
Uy, = ¢;p  for some constant ¢;, with i =1,2, 3.

We conclude the proof observing that if ¢; = ¢; = ¢3 = 0 then v is constant. Otherwise
we have
CiV; — CjUy; = 0 for every i # j,
and we deduce that v depends only on A and on the variable parallel to the vector (c1, ¢a, ¢3).
Thus, u(z) = v(x,0) is 1-D. O
7. ENERGY ESTIMATE FOR SADDLE-SHAPED SOLUTIONS

In this section we prove that the energy estimate (|1.7]) holds also for some saddle solutions
(which are known [10] not to be global minimizers in dimensions 2m < 6) of the problem

(=A)2u = f(u) in R*™.
Here, we suppose that f is balanced and bistable, that is f satisfies hypotheses (|1.17]),
[L13), and (L.19).

We recall that saddle solutions are even with respect to the coordinate axes and odd
with respect to the Simons cone, which is defined as follows:

C={zeR:ai+. .+l =a2  +.+a5,}

s=1/xi+---+22 and t:\/x%+1+---+x§m,

then the Simons cone becomes C = {s = t}. We say that a solution u of problem (1.1 is
a saddle solution if it satisfies the following properties:

If we set

a) u depends only on the variables s and ¢. We write u = u(s, t);
b) u > 0 for s > t;
c) u(s,t) = —ul(t,s).

In [10], the second author proves the existence of a saddle solution u = u(z) to problem
, by proving the existence of a solution v = v(x, \) to problem ([1.3]) with the following
properties:

a) v depends only on the variables s, t and X\. We write v = v(s, ¢, A);
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b) v > 0 for s > t;
c) v(s,t,A) = —v(t, s, \).
The proof of the existence of such function v is simple and it uses a non-sharp energy

estimate. Next, we sketch the proof.
We use the following notations:

O :={zxeR* s>t} CR™,

O = {(z,)) e R .y € O} C R¥"FL,
Note that
00 =C.
Let Bg be the open ball in R*™ centered at the origin and of radius R. We will consider
the open bounded sets

Or:=0ONBr={s>t|z]* =+t < R*} C R*",

Op = O x (0,R), and Opp:=Og x (0,L).
Note that
O0r = (CN Br)U (0BrNO).
Moreover we define the set
H(Ogpp) ={ve H(Opr):v=0 on 0*Ogpyp, v=1v(s,t,\) a.e.}.

Proof of Theorem[1.7]. The proof of existence of the saddle solution v in Rimﬂ can be
resumed in three steps.
Step a). For every R > 0, L > 0 consider the minimizer vg  of the energy functional

1
o0, = [ 31V + [ G)
OR,L OR

among all functions belonging to the space f[&(@R, ). The existence of such minimizer,
that may be taken to satisfy |vg 1| < 1 by hypothesis (1.18]), follows by lower semicontinuity
of the energy functional. The minimizer vg 1, is a solution of the equation (|1.3]) written in

the (s,t, \) variables and we can assume that vg > 0 in Op .

Step b). Extend vg 1, to Br x (0, L) by odd reflection with respect to C x (0, L), that is,
vpL(s,t,\) = —vrL(t,s,\). Then, vg is a solution in Bg x (0, L).

Step c). Define v as the limit of the sequence vy as R — +oo, taking L = RY — 400
with 1/2 <~ < 1. With the aid of a non-sharp energy estimate, verify that v # 0 and, as
a consequence, that v is a saddle solution. This step could also be carried out using the
sharp energy estimate that we prove next.

Here, it is important to observe that the solution v constructed in this way is not a
global minimizer in Ri’"“ (indeed it is not stable in dimensions 2m = 4,6 by a result of

[10]), but it is a minimizer in O, or in other words, it is a minimizer under perturbations
vanishing on the Simons cone. Next, we use this fact to prove the energy estimate 553 (v) <
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CR*" !log R in the set 63 = Og x (0, R), using a comparison argument as for global
minimizers. _
As before, we want to construct a comparison function w in O which agrees with v on

9+ Op and such that

&5, (1) = ﬁ %|V@|2+ G(w) < CR*™ log R. (7.1)

Or Or

We define the function @ = w(x, \) = W(s, t, A) in O in the following way.

First we define w(x,0) on the base Og of Og to be equal to a smooth function g(x)
which is identically equal to 1in Or_;N{(s—t)/v/2 > 1} and g(x) = v(x,0) on IOg. The
function ¢ is defined as follows:

s—1

g = nrmin {1, W} + (1 = nr)v, (7.2)

where ng is a smooth function depending only on r = |z| such that ng = 1 in Or_; and
nr = 0 outside Og. Then we define w(x, ) as the unique solution of the Dirichlet problem

AW =0 in Og
w(z,0) = g(z) on Of x {A=0} (7.3)
w(x, ) =v(z,\) ondOrN{A> 0}.

Since v is a global minimizer of €5 and W = v on 00 N {A > 0}, then

/~%|VU|2dxd/\—|—/ G(u)dz

OR OR

S/ l|VE|2(1ZMZ/\+/ G(w(z,0))dz.
5R2 OR

We establish now the bound (7.1)) for the energy €5 (W) of w.
Observe that the potential energy of w is bounded by CR*™~!, indeed

s—1
G(w(z,0))de < C|Op 1N ———
| e oy wan{
R-1
< C/ {(t +V2)™ —t™} ™t + CR*™ ! < CR™ 1,
0

+ C|Ogr \ Ogr_1|

Next, we bound the Dirichlet energy of w. First of all, as in the proof of the energy
estimate for global minimizers, we rescale and set

wy(z,\) = W(Rx, RX) for every (z,\) € O.

Thus, the Dirichlet energy of w in 6R, satisfies

1 1
/ —|Vm|2=OR2m—1/ — |V °.
O 2 5, 2
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Setting ¢ = 1/R, we need to prove that

1
/6 §|Vw1|2 < C|logel. (7.4)

Set s = |(z1, ..., zm)| and t = [(X11, ..., Tam)|, for every x = (21, ..., T2,,) € O1. We observe
that

1
/ ~|Vw, [*dzd)\ =
&, 2
1
= C/ d)\/ {(83101)2 + (8tw1)2 + (8Aw1)2} Smiltmildsdt
0 {s2+12<1,s>t>0}

1
<c / i\ / [(@w1)” + (Bun)? + (ywr)*} dsdt.
0 {s2+12<1,s>t>0}

We can see the last integral as an integral in the set
{(s,t, ) ER* 1 * +#* < 1,5 >t>0,0< A< 1} CR3.

We consider now wy the even reflection of w; with respect to {t = 0}. We set

S =21
t= ‘Zg‘,
and we define ws(z, A) = ws(z1, 29, A) := wi(s,t, A) in the Lipschitz set

Q={(21,20,A) 1 2] + 25 < 1,21 > |2],0 < A < 1} C R3.
We have that

1
/ d)\/ {(83101)2 + (atwl)Z —+ (8,\w1)2} dsdt
{s2+t2<1,5>t>0}

0
1
g/ d)\/ |Vws|?dzdzs.
0 {22+22<1,21>|22|}

2

Next we apply Proposition [3.1] and Theorem [I.6] to the function wy in Q. Observe that
) is Lipschitz as a subset of R3, but it is not Lipschitz at the origin if seen as a subset of
R2™*+L Since w, is harmonic in 2, Proposition gives that

/Q VslPdzidzad) < Cffws] By sy
To bound the quantity ||ws||g1/290), we apply Theorem [1.6| with A = 9 and

I' = ({Z%-FZ% < ]_,Zl = |22|} X {AZO})U ({Z%—f—Zg:l,Zl > |ZQ|} X {/\:0})

Since |wy| < 1, we need only to check (1.14) in 092. By the definition of ws, we have that
wy(z,0) = 1 if dist(z,I') < ¢ and

(Vwsy (21, 22,0)| = |[Vwy(s,t,0)| = e HVg(Rz,0)] < Ce™! = Cmin{e™!, (dist(z, )1},
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Moreover, as in the proof of Theore to verify (1.14) in 9Q N {\ > 0} we use that
(1.16))

w = v here and the gradient bound for v. Thus,
CR C 11
A < = <Cmin{ -, ~¢.
|Vws (21, 29, )’_1+R)\ S mm{g,)\}
Hence, w, satisfies the hypotheses of Theorem and we conclude that (7.4]) holds. [
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