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Abstract

We consider a variational model which describes a complex system com-
posed, in its reference configuration, of a periodic distribution of ‘small’ in-
teracting particles immersed in a continuous medium. We describe its macro-
scopic limit via Gamma-convergence, highlighting different regimes. In par-
ticular, we show how the interplay between the particles and the continuum
leads, for a critical size of the particles, to a capacitary term. Eventually, we
discuss how the presence of a continuum affects the properties of the ground
states of the system of particles in terms of the validity or not of the so called
‘Cauchy-Born’ rule.

Keywords: Atomistic-to-continuum limit; Perforated domains; Complex flu-
ids; I'-convergence; Calculus of Variations.

1 Introduction

In this paper we study a variational model which describes a complex system com-
posed, in its reference configuration, of a periodic distribution of ‘small’ interacting
particles immersed in a continuous medium. The study of such systems has been
an issue of increasing interest in the last years and it has been mainly focused on
the analysis of complex fluids in the context of fluid mechanics. Such fluids can be
observed in nature, as for examples blood or honey, or can be of artificial origin,
such as magnetic fluids, colloidal suspensions, surfactant or polymer fluids, which
turn out to be very useful in various applications (see for example [17] and [18]).

The main feature of such models is that the particles interact between them-
selves and with the surrounding medium. The total energy of the system must
account for the deformation of the continuous medium and of the particles and for
the interactions between the particles, which in turn are due to forces of various
origin (such as Van-der-Waals forces, electrostatic potentials, etc.). We assume
that the deformation of the continuum is governed by a local energy of integral
type, as in the framework of continuum mechanics for hyper-elastic materials, and
that the energy of the system of particles accounts only for pairwise interactions.
For simplicity, we assume that the particles are ball shaped and are periodically



distributed in their reference configuration, more precisely their centers occupy
the nodes of a squared lattice eZ™, € > 0. Therefore, in mathematical terms, given
an open set {1 C R™ and u : 0 — R™, we consider energies of the form

P = /Qfg(m,Du)da:—&- S e, u(e)) — T(eD)

led,e4]CQ
= F(u) + F(u), (1.1)

where, for i € Z",

u(ei) :]é(emg)ﬁQ u(z) dx, (1.2)

B(ei, r.) being the ball centered in ei and radius r. < e. In the case n = m = 3,
we can picture € as the reference configuration of the complex system, where
Uiezn B(ei,re) N Q is the region occupied by the particles, and u : @ — R™ as
the displacement of the system (see Figure 1). The first term of the energy FS(u)
accounts for the deformations of the continuous media and of the particles, while
the second term F?(u) weighs the pairwise interactions through some suitable
potentials g.. Our modeling assumption is that the potential, accounting for the
interaction between the particles centered in €i, €5 in their reference configuration,
depends on the deformed configuration through the mean value of the displacement
u on Blei,r.) and B(ej,r.), respectively. Here the choice of the size r. of the
particles plays a fundamental role, as in the context of perforated domains, where
a suitable ‘critical size’ leads to the appearance of an additional potential in the
limiting problem as e goes to 0 (named ‘strange term’ in [13]).

B(ej,re)

o/. "
B(et,re) .

Figure 1: Reference configuration of the complex system. On the left a zoom on
two interacting particles.

In [6], for n = m = 3 the authors consider the small non-stationary motion
of a viscous incompressible fluid with a large number of small rigid interacting
particles with radii of order 3, which is the critical size in their context. They
formulate a stationary version of the problem and they reduce to a variational for-
mulation involving energies of the type (1.1), where f. and g. are quadratic forms



in the context of linearized elasticity. They show that the macroscopic homoge-
nized model is described by two order parameters related to the limiting velocity of
the fluid and of the system of particles, respectively. In the limiting energy the two
order parameters are linked by an additional potential, which is qualitatively of
the same type as that appearing in the homogenized perforated domain problem.
In the previous paper [5], the author deals with a similar problem when the radii
of the particles is much larger than 3, showing that in that case the complex fluid
behaves in the limit as a one-phase medium.

In this paper we are interested in the macroscopic behavior of the ground
states of complex systems governed by energies F. as in (1.1). To this end, we
study, through a I'-convergence procedure, the asymptotic behavior of F. ase — 0
for a general class of energy densities f. and interaction potentials g. and for every
choice of 7. < . Concerning the discrete term F, we highlight the dependence of
ge on discrete quotient and consider the e-periodic and bulk scaled case g (i, 7, () =
engi (i, ﬁ), with ¢%(-, z) h-periodic for some h € Z and for all ¢ € Z" and
z € R™. We, then, find more convenient to rewrite the energies in (1) as

= [ pnars Y ey (3, T TED)

EEL™ g[i,i+E£]CQ

Having in mind that in the physical models the continuous media and the particles
may be composed of two different homogeneous materials, we assume that f. is of
the form

UM if o € Q\ Ujezn B(ei, )
fe(x, M) = {fQ(M) otherwise, =~

with f1, f2: M™*" — [0, 400) Borel functions satisfying standard p-growth con-
ditions with p > 1 (see (3.4)). Concerning the discrete potentials, we assume that
g° : Z" x R™ — [0, +00), & € Z", satisfy suitable p-growth assumptions and decay
hypotheses as [£| tends to +oo (see (H2), (H3) in Section 2.1). Such conditions
have been introduced in [1] to obtain an integral representation result for the I'-
limit of a wide class of discrete energies. More precisely, in [1] it has been proved

that the functionals
PO (RCELETC Y
el¢]

£ezm i

defined on all discrete functions v : €Z™ N Q — R™, I'-converge to an integral
functional E finite on WP (Q; R™) and defined as

E(v):/ﬁghom(Dv) dz,

where gpom (M) is given by a suitable homogenization formula (see Theorem 2.1).



In this paper we perform an asymptotic analysis highlighting different phe-
nomena depending on p < n and p > n. For p < n we distinguish three different
cases according if r. is much smaller, much larger than or of the same order of a
critical size 7., which is the same appearing in the theory of perforated domains,
namely 7. = /" P for p < n and 7. = exp(—e /") for p = n. If r. < 7.
or 7. ~ T, in analogy with [6], we show that the limiting energy may be de-
scribed by two order parameters, representing in the physical case the limiting
displacements of the continuous media and of the system of particles. Indeed, to
any u € WHP(Q;R™) we associate the ‘discrete’ function v(u) : eZ" N Q — R™
defined as

v(u)(ei) = ulei), et € eZ™ NQ,

with @ given by (1.2). Hence, if we identify, as in [1], v(u) with its piece-wise con-
stant (or equivalently piece-wise affine) interpolation on the cell of the lattice eZ™,
then, thanks to the coercivity hypotheses, sequences (u., v(uc)) with equibounded
energy are compact in [LP(€;R™)]? (or weakly in [W1P(€;R™)]?)(see Theorem
3.1). As a consequence, we study the I'-convergence of F. with respect to strong
converging sequences (ug,v(ue)) in [LP(Q;R™)]? and we show that we have an
effective decoupling of continuous and discrete displacements in the limit. Indeed,
for 7. ~ 7., the T-limit F(u,v) is finite on [W1?(£;R™)]? and of the form

F(u,v) = A Qf" (Du) dsc—!—/ﬂ Jhom(Dv) dx—l—/g(p(u—v) dx (1.3)

(see Theorems 4.1 and 5.1). Here the first two terms are the I-limit of FZ(u)
and F9(v), respectively, while the third term accounts for the interplay between
the continuum and the system of particles. The energy density ¢ is defined by a
capacitary formula depending on f! and f? (see (4.3)). We remark that it is of the
same type as that obtained in the I'-convergence analysis of integral functionals
defined on periodically perforated domains (see [3] and [19] for p < n and p = n,
respectively). The difference is that, due to our modeling assumptions, the test
functions must satisfy a mean constraint weaker than the usual one. We consider
also the case in which the particles are subject only to rigid movements, that
corresponds to restrict the domain of F; to the set of functions u € WhHP(Q; R™)
which are constant on U;czn B(gi,7.) N Q. The T-limit is still of the form (1.3)
with ¢ replaced by a function @™ > ¢, which is defined by the same capacitary
formula obtained in [3] and [19] for p < n and p = n, respectively. In particular,
if f,(M) = fo(M) = [M]?, p < n, we get that ¢ (2) = Cy(By (0); B2, R (2) =
Cp(B1(0);R™)|2|P. Here C,(B1; R™) is the usual notion of p-capacity of the unitary
ball By with respect to R™, while C,(B1;R") is defined as

C,(By;R") = inf{/Rn |DC|P dx - ¢ € WHP(R™), ][

B1(0)

Cdmzl}.

and gives rise to a new notion of capacity. In fact, we show that C,(B1;R") <
Cp(B1;R™) (see Proposition 4.5) . Hence, in our model the limiting energy keeps
memory of the deformability of the particles.



The case r. < 7. looks less interesting, since the term accounting for the
interaction between the continuum and the system of particles disappears. Indeed
we show that the limiting energy is given by the functional (1.3) with ¢ = 0 (see
Theorems 4.11 and 5.4).

We easily derive from the previous results the I'-limit of F. when these ener-
gies are regarded as function only of the continuous displacement u or the discrete
displacement v(u) (see Theorems 7.1 and 7.3).

In the case 7. > 7., in analogy with [5], we show that the macroscopic energy
is described by one order parameter, that is the displacements of the continuum
and of the system of particles coincide in the limit. Despite the fact that the
interaction between u and v(u) is much stronger in this case, we show that we
may optimize the energies by independently optimizing the continuous and discrete
terms. Indeed we prove that the I'-limit of F. is given by

F(u) = /QQfl(Du) dx + /Qghom(Du) dz,

that is the sum of the I-limits of F° and F? (see Theorems 4.12 and 5.5).

All these results allow in particular to derive convergence results of minimum
problems with boundary conditions prescribed on the order parameters w, v(u) or
both (see Corollaries 6.2, 7.2 and 7.4).

The case p > n exhibits different phenomena. First of all, as in the case p < n
and r. > T, we show that there is not an effective decoupling of variables, that
is the displacements of the continuum and of the system of particles coincide in
the limit. We then provide an integral representation result for the I'-limit of F,
which turns out to be defined on W1P(€;R™) and of the form

/ fhom(Du) dl’7
Q

with from defined by a suitable homogenization formula (see Theorem 8.1). More-
over, conversely to the case p < n, we show that, under some additional assump-
tions that cover many meaningful cases, the I'-limit of F. does not depend on
the choice of the size r. < € of the particles and then we may assume r. = 0
(see Proposition 8.3). The question of such dependence on 7. in the general case
remains open.

So far, a natural question is whether the I'-limit can be obtained by inde-
pendently optimizing the continuous and discrete terms as in the case p < n and
Te 3> Te, that is from = Qf1 + ghom, or not. We answer this question negatively by
noting that in general from > Qf1 + ghom and providing in Section 8.1 some one
dimensional examples where the inequality is strict. Another important question
we address is how the presence of a continuum affects the properties of the ground
states of the system of particles in terms of the validity or not of the so called
‘Cauchy-Born’ rule (see Definition 8.6). We show that the continuum has a sort of
‘regularizing’ effect, in the sense that it may only increase the set of Cauchy-Born



states. Moreover, the same one dimensional examples mentioned above show that
such set may be strictly larger than the set of Cauchy-Born states when the in-
teractions of the particles are governed only by the discrete energy. Eventually we
show that, in the one dimensional case, this analysis can be extended to interac-
tions governed by Lennard-Jones type potentials, which do not satisfy the growth
hypotheses we have considered so far. Even in this case we show that the presence
of a continuum increases the set of Cauchy-Born states.

Finally we underline that our analysis could be extended in many directions:
first, having in mind variational model in fracture mechanics, one could investigate
the case in which the density energies f. and the interaction potentials g¢ satisfy
linear or sub-linear growth assumptions and hence allow the limiting displacements
to be discontinuous. Another interesting direction of investigation could be that of
regarding the continuum as the macroscopic approximation of a system of particles
interacting at another ‘atomic’ scale § much smaller than e. Hence, one could
replace the energies F¢ by discrete functionals weighing the interactions at scale
0 and study the asymptotic behavior of the energies as first 4 and then € tend to
0. It would be interesting to see if the introduction of the scale § gives rise in the
limit to some new scaling effects depending on the ratio between § and e.

2 Notation and preliminary results

We denote by {ej,es,...,e,} the standard basis in R™ and by | - | the usual
euclidean norm in R"™. Given z € R™ and r > 0, B,(z) will denote the open
ball with center z and radius r. If x = 0, we set B, := B,.(0). Moreover, we

set @ := (—r/2,7/2)". We denote by M™*™ the space of m x n matrices. For
x,y € R™, [z, y] denotes the segment between x and y. Given an open set 2 C R™,
we denote by O(Q2) the family of all open subsets of Q. If B C R™ is a Borel set,
we will denote by |B| its Lebesgue measure. We use standard notation for LP and
Sobolev spaces.

2.1 Discrete energies

In this section we recall some I'-convergence results about the discrete-to-continuum
limits of discrete functionals. For the definition and the main properties of I'-
convergence we refer the reader to [7] and [14]. Given ¢ > 0 and A C R", we
identify the set of discrete functions v : eZ™ N A — R™ with the set of piecewise-
constant functions defined by

A (A) :={v:R" - R™, v constant on i+ [—¢/2,¢/2)", Vi€ Z"N 1A} (2.1)
5



Let © be a bounded open set of R™ with Lipschitz boundary and let E. : L ({; R™) —
[0, 4+00] be the family of functionals defined by

> e"gt(i, Diu(ei)) ifve A(Q)

Ec(v) = cezr i€RE() (2.2)
400 otherwise,
where
Dev(ei) = YEE ‘Z% vled), (2.3)
REQ) = {ieZ": [gi,e(i + &) CQ}, (2.4)

and there exist h € Z, p > 1, ¢ > 0 and a family of positive constants {C*}¢ such
that the functions g* : Z" x R™ — [0, +00), £ € Z", satisfy:

(H1) (periodicity) g%(-,2) is h-periodic for all ¢ € Z" and z € R™;
(H2) (coercivity) g (i,2) > c(|z|P — 1), V(i,2) € Z" x R™, k=1,...,n;
(H3) (growth) g%(i,2) < C¢(|2|P + 1) V(i,2) € Z" x R™, £ € Z", with

Z C¢ < +o0.

cezn

For A € O(f) we denote by E.(v, A) the ‘localized version’ of E.(v) defined
as in (2.2) replacing RE(Q) by R:(A). Eventually, given ¢ € Lip(R™; R™), we set

Aco(A) = {v € A(R™) : v(ei) = (ei) if (ci + [—e,e]") VA £ 0}, (2.5)

and, given M € M™*", we denote by A a(A) the set defined in (2.5) with
o(z) = Mz.
The following Theorem has been proved in [1].

Theorem 2.1 Let E. be defined by (2.2) and let g° satisfy (H1), (H2) and (H3).
Then (E.) I'-converges, with respect to the LP(Q;R™) topology, to the functional
E : LP(Q;R™) — [0, 40| defined by

E(w) = {/Qghom(DU) dr ifve WLP(Q;Rm)

400 otherwise,

where Grom : M™*™ — [0, +00) is given by the following formula

Jhom (M) = lim % inf{E1 (v, Qr) : v € A, m(Qr)} (2.6)

T—+o0



The formula defining g, in Theorem 2.1 can be simplified in some special case.
In particular in [11], dealing with the one dimensional case and with energies
accounting only for nearest and next-to-nearest neighbor interactions, it has been
proven what follows.

Theorem 2.2 (nearest neighbors) Let E. be defined by (2.2), withn = 1, g¢ =
0 if & # ex and g°* (i, z) =: g(z) satisfying g(z) > c(|z|P —1). Then the conclusions
of Theorem 2.1 hold with

Ghom (M) = g** (M),

where g** denotes the convexr envelope of g.

Theorem 2.3 (next-to-nearest neighbors) Let E. be defined by (2.2), with

n=1,¢"=0if&# e, e and g (i,2) = gi1(2), g°(i,2) = ga(2) satisfying
91(2) > ¢(|z|P = 1). Then the conclusions of Theorem 2.1 hold with

ghom(z) = g**(z)7

where
§(z) == g2(2) + %inf{gl(zl) + g1(22) : 21+ 22 = 22} (2.7)

Let us give also the definition of ‘Cauchy-Born’ states, which, loosely speaking,
are those deformations at macro level to which does not correspond any relaxation
at microscopic scale (see for example [16]).

Definition 2.4 (Cauchy-Born states) M € M™*" is said to be a Cauchy-
Born state of E. if

. 1
Ghom (M) = Tgrfoo ﬁEﬂMw Qr).

2.2 Technical lemma

In this section we recall a technical result proved by Ansini-Braides in [3] which
allows to modify sequences of functions near the balls Bf := B,_(ei), where i € Z"
and 0 < r. < €. Its proof is close in spirit to the method introduced by De Giorgi
to match boundary conditions for minimizing sequences.

Let €; be a sequence of positive numbers converging to 0, and let f; : R™ x
M™*" — [0, +00) be Borel functions satisfying the growth conditions uniformly
in j; i.e.,

cr(|M[P = 1) < fi(a, M) < co(|]M]” +1)
for every M € M™*" j € N and with ¢y, co strictly positive. Note that sometimes
we use the notation € = €; not to overburden notation.



Lemma 2.5 (Lemma 3.1 [3]) Let u; converge weakly to u in W?(Q;R™), and
let
Z; ={ieZ": dist (i, R"\ Q) > ¢;}. (2.8)

Let k € N be fized. Let p; be a sequence of positive numbers with p; < €;/2. For
all i € Z; there exists k; € {0,...,k — 1} such that, having set

¢l = {se: 2h < fo—ail <27y},

u; = |C’ij|71/ ‘wjdr  (the mean value of uj on C?), (2.9)
c?
and 3
pé. = Z2"“pj (the middle radius of C7), (2.10)

there exists a sequence (w;), with w; — u in WHP(Q;R™) such that

w; =u; on )\ U c! (2.11)
i€,
w;(x) = u; if |x —ei| = p; (2.12)

and

| [ Uit Dwy) = (o D] < e
Q

3 The model

In this section we introduce the class of energies we are going to consider in the
rest of the paper. In what follows 2 will denote a bounded open set of R with
Lipschitz boundary. Given € > 0, let

Q. =0Q \ L_J j§§a

SYAL

where Bf denotes the open ball of center ez and radius 0 < r. < €. Given u €
Whr(Q;R™), we set for i € Z" N 1Q

a(ei) :]{;?mg u(x) dx. (3.1)

We then consider the family of functionals F. : WhP(Q;R™) — [0, +00) defined
as

F(u) = /Qfg(x,Du)dx—&—Z S engb (i, (Daei)

§EL™ jeRE(Q)



= Ff(u) + F(u), (3.2)
where )
M) ifzeQ
M — f ( g
fe(@, M) {fz(M) otherwise,
and Diu and RS(QQ) are defined by (2.3) and (2.4), respectively. Moreover, we
assume that f1, f2: M™X" — [0, 4+00) satisfy

(3.3)

ci(|IMP —1) < fAM) < co(|M[P +1)  for every M € M™" h=1,2 (3.4)

for some positive constants ¢, ¢ and p > 1, and the functions ¢¢ : R™ — [0, +00),
& € Z™ satisfy the assumptions (H1), (H2) and (H3) introduced in Section 2.1.

We may consider also a variant of the energies F;, which allows only for ‘rigid’
displacements of the interacting particles. To this end, set

WE2(QR™) = {u e WP(QR™) : Du=0on BiNQ, i€Z"}
we define F* : WLP(Q;R™) — [0, +00] as

FR () {Fe(u) if u € WgZ(QR™) (3.5)
: +o0o  otherwise.

We may let the energy functionals of the system depend explicitly on the
displacement of the interacting particles occupying the region U; B N Q. To this
end, given u € WHP(Q; R™) we define v(u) € A.(Q2) as follows

v(w)(ei) = alei), ei € eZ™ N Q. (3.6)

Then, with a slight abuse of notation, we may extend F. : WLHP(Q; R™) — [0, +00)
to a functional F. : [LP(Q;R™)]? — [0, +00] as

Fo(u,0) = {Fa(u) ifue Wl’p(Q;]Rm) and v = v(u) (3.7)
400  otherwise.
Similarly, we extend F¥ to a functional F* : [LP(£;R™)]? — [0, +00] as
FR(u,v) = {Fs(u) ifue W}z’i(Q;Rm) and v = v(u) (3.8)
400 otherwise.

The family of functionals above enjoys the following compactness property
with respect to the strong topology in [LP(£2;R™)]2.

Theorem 3.1 (Compactness) Letu. € WHP(Q; R™) be such that sup, F.(u:) <
+o00 and let ¢, € WHL>(R";R™). Then

i) Ifu. = ¢ on 0N, there erists a subsequence (not relabeled) and v € WHP(; R™)
such that
U = U in LP(Q;R™).

10



i1) if v(ue) € Az (), there exists a subsequence (not relabeled) and v € WP (Q; R™)
such that
v(ug) = v in LP(Q;R™).

PROOF. The compactness of u. holds true, since, by the coercivity assumption (3.4)
and Poincaré inequality we get that || Ducl|1,, is equi-bounded. The compactness
of v(u.) can be proved as in [1] and follows from Frechét-Kolmogorov Theorem,
since there holds

1' - n.Rpm :0
‘hﬁglosgpllfhv(ua) v(ue)| Lo nmmy = 0,

where we have set
(thv)(z) =v(z +h), z,h € R"

(see the proof of Corollary 3.11 in [1]). O

In the following sections we will study the ['-limit of F, with respect to strong
converging sequences (u,v(uc)) in [LP(Q;R™)]?. In Sections 4 and 5 we will see
that for p < n and if the size r. of the particles is not greater than a suitable
critical value, we may have an effective decoupling of continuous and discrete
displacements in the limit. Such results may be employed to derive the I'-limit of
F. when we take into account only the strong convergence in LP(Q;R™) of the
continuous displacements u. or the discrete displacements v(u.) (see Section 7).

4 Growth conditions with 1 <p <n

In this section we state and prove the main results when the growth conditions
on f. and g¢¢ are satisfied with 1 < p < n. We distinguish three different cases:
critical, subcritical and, supercritical, depending on the size of the particles.

4.1 Critical case

In the critical case we highlight the effects of the interactions between the contin-
uum and the system of the particles through the appearance of an extra term in
the limit energy. The size of the particles, which produces such phenomena, turns
out to be of order £”/"~? (critical size).

Theorem 4.1 Let 1 < p < n. Let €; be a sequence of strictly positive numbers
converging to 0 and let F; defined by the formula (3.7), with €; in place of € and

Te; i= ay/n_p. Then, upon possibly extracting a subsequence, for all M € M"™*™
there exists the limit
np - __n
h(z, M) = lim av*pr(a;,a "“”M), (4.1)
j—+oo 7 J

11



where Qf denotes the quasiconvezification of f defined by

P _ [ fi(M) =z e B§(0)
f(x’M)_{fQ(M) v € Bi(0). (4.2)

Moreover, the value
w(z) = inf{/ h(z, D¢)dx : ¢ € WHP(R™; R™), ][ (= z} (4.3)
n Bl(O)

is well defined for all z € R™ and the sequence of functionals F; I'-converges, with
respect to the [LP(Q; R™)]2-topology, to the functional F : [LP(£2;R™)]? — [0, +00]
defined by

[ @+ [ gy da+ [ ot0—u)ds.

F(u,v) . if (u,v) € [WhHP(Q; R™))?

400 otherwise
(4.4)
where gnom 5 the homogenized integrand given by (2.6) with F{ in place of E;.

The proof of Theorem 4.1 will be done in Section 4.2.

Theorem 4.2 (Rigid particles) Under the same assumptions of Theorem 4.1,
the functionals FjR defined by the formula (3.8), with €; in place of € and r.; :=

ay/nfp, [-converge, with respect to the [LP(Q;R™)]?-topology, to the functional
FRLP(Q;R™))? — [0, 4+o0] defined by

Q

. /QQfl(Du)—i—/Qghom(Dv)dx—F/ @R(v—u)dx,
F¥(u,v) = if (u,v) € [WHP(Q;R™)]?

+00 otherwise

where
R (2) = mf{/ h(z,DC)dx - ¢ € WYP(R™R™), ¢ = 2 on 31(0)}. (4.5)

We omit the proof of Theorem 4.2 since it follows step by step the proof of Theorem
4.1 with natural changes due to the constraint on the domain of F*.

Corollary 4.3 If f1, f2 are positively homogeneous of degree p then the T-limits
in Theorems 4.1, 4.2 are independent of the subsequence and

o) =inf{ | Fo.DOt:c Wi @nRm), RE

12



OR(z) = inf{ fz,DC)dx : ¢ € WHP(R™,R™), ¢ =z on Bl(O)} . (4.6)
Rﬂ.
for all z € R™.
PRrOOF. It suffices to remark that in this case formula (4.1) gives h = Qf and that
we may replace Qf by f in (4.3) and (4.5). O

Remark 4.4 If f1(M) = f?(M) = |[M|? then
p(2) = Cp(Br(0);R")[2[",
P (2) = Cp(BL(0); R") |2,

where
C,(By;R") = inf{/ ID¢|Pdz: ¢ € WHP(R™), ¢ =1 on Bl(O)}
Rn
and

C,(By;R") = inf{/Rn |D¢IPda < ¢ € WIP(R™), ][

B1(0)

Cdle}.

Note that, Cp(B1;R") < Cp(Bi;R™). In the next proposition we show that the
strict inequality holds true. Hence, in our model the limiting energy keeps memory
of the deformability of the particles.

Proposition 4.5 Let 1 < p <n. Then

C,(B1;R™) < C,(By; R™). (4.7)

PROOF. We can explicitly compute C,(B1;R"™) by proceeding similarly to the
computation of the classical capacity C,(B1;R™). Indeed, one easily get that

Cp(Bi;R") = RETmép(Bl;BR) < 400, (4.8)

where

C,(By; Br) = inf{/B \DCIP da < ¢ € WP (Bp) | ]{3 o Cdo = 1}. (4.9)

In order to compute 6P(Bl; Bg), by rotation invariance, one reduce to solve a
one-dimensional minimum problem subjected to a mean constraint that can be
solved by using a Lagrange multipliers method. Classical computations lead to

_ n— p—1 np — YTy O
C,(Bi;R") = 0, (p - 11))( )<1+(p—1)1/(p—1)(n—p) Eng _ 3 i;ip/p-ly ) )

Since

n —py\ -1
p— 1) ’
then, (4.7) holds true. O

Co(Bi(0)R") = o
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Remark 4.6 If p =2 and n > 3, then

— n 24n
CQ(Bl;R ) =

- Ca(B1;R™).

Moreover, the capacitary potential for Co(B1;R") is {(z) = v(|x|), where

4 —n? 2
T2 (P2 ro<p<t
()_ 4n 4
p)= n+2\ 1 P
1
o ) p>1,

while the capacitary potential for Cy(By;R"™) is ((z) = v(|z|), where

1 ifo<p<1
v(p) = _
= ifp>1
(see Figure 2).

2.0

1.5}

1.0

0.5

0 1 2 3 a 5

Figure 2: The capacitary potentials for Ca(By;R™) (in red) and Co(By;R") (in
blue).

4.2 Proof of Theorem 4.1

The main point in the proof of Theorem 4.1 is the computation of the energetic
contribution due to the interaction between the system of particles and the con-
tinuos media. We will show that it is described by a capacitary type term which
reminds that obtained in the theory of perforated domains (see for example [13],[3])
with the difference that our test functions should satisfy a mean constraint. Our
analysis relies on the argument introduced in [3] to study the asymptotic behavior
of integral functionals on perforated domains (see also [2]). Even if some steps
of the proof closely follows those in [3], we believe that referring to that paper
would require a huge effort of the reader to recover the whole proof, taking also

14



into account the Erratum [4]. For this reason, we prefer to provide a self-contained
and detailed proof. We start by some preliminary results contained in the next
proposition.

Proposition 4.7 Let ¢, ; be given by

() = inf{/ hj(e,D¢)dz : ¢ € Wy (B, (0);R™), ][ (dv =z},
B’YN]' (0) B1(0)
(4.10)
with Nj = ;""" and hy : R x M™" — [0, +:00) defined by
hj(z, M) := sﬁ@f(z,e:;ﬁM) .
Then
(i) there exists a constant ¢ > 0 (independent of j and 7v) such that
0 < r5(2) <e(v" +127) (4.11)

for every z € R™, j € N and v > 0;
(1) there exists a constant ¢ > 0 (independent of j and ~y) such that

|30’y,j(w)_§0'y,j(z)| < C|w_Z|(sjn(Pfl)/nfp_f_,yn(P*l)/P_;r_|Z|P71+|wlpfl> (412)

for every z,w € R™, j € N and v > 0;

(i11) up to subsequences, h; is pointwise converging. Moreover, for the same
subsequence (not relabeled), ¢, ; converges locally uniformly on R™, as j — +oo
and v — 0T, to the function ¢ : R™ — [0, +00) given by (4.3) and satisfying

0 <@(z) <cfzf”, lo(2) = p(w)| < clz —w|(|zP + wlP~h) - (4.13)
for every z,w € R™.
PRrROOF. (i) By growth conditions we have that

¢ri(2) < col Byn, (0)|g;mP/ P

+02inf{/ |DCIP de CEW&’p(BWNj(O);Rm), ][ Cdac:z}
By, (0) B1(0)

< o(4"+Cpl(Bri By, )21

By (4.8) we conclude the proof.
(ii) For every fixed n > 0, there exists (] € Wol’p(BA,Nj (0); R™) such that

][ (j dz =z and
B1(0)

/| DG < () (4.14)
TN 0
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Now we may reason as in Proposition 5.1 [2]. We want to modify C} in order to
get an admissible test function for ¢, ;(w). More precisely, we just have to modify
C;’ on a neighborhood of B; to change the mean value z into w on Bj. To this aim
we introduce a cut-off function 6 € C°(R™; [0, 1]) such that

1 ifx € By,

O(x) = { and |D| < ¢
0 ifzd B,

Hence, we define 5] as follows

G (@) = ¢ () + 0(z)(w — 2)

for every z € B, (0). Note that @ € Wy (Byn,(0);R™) and Ej(x) dr = w.
B

Since Qf (z,-) is quasiconvex and satisfies uniformly a growth condition of order
p, by definition h; the following inequality holds

by, A) — by, B)| < e(e"@™/mr 4 |Ap=1 4 |BP) A~ B (4.15)
By Holder inequality, we obtain that

Oy (W) =9y 5(2) =1

< [ D)~ by DG ds
B’YNj (0)
< of (e DG P+ DG P IDE - DGl ds
B’YNj (0)
< c/ (ej"@*l)/"*p + DG P + lw — z|p’1|D0|p’1) |DO| |w — z| dz:
B‘YNJ' (O)
< c(\w—z|p/ |DOIP dx + ;" P~ 1/M"Py — 2 | DO dx
Byn;(0) Byn,;(0)
+|w—z|/ |Dg]|p—1|D9|dx)
Bon, (0)
< c(\w—zvﬂ/ |D9|pdx+€j"(p_1)/"_p|w—z|/ D6| dz +
By, (0 B, (0)

= 211D8) o5, ) 106 [l o)) -
Since yN; > 2 (for fixed 7 and j large enough) and Supp(#) C B, we obtain that
Py, (W) = py,(2) =1

- ~1)/n— -1
< clw-— z|(|w — 2Pt 4 gD/ ||DC]7||’L7,,(BWJ_;RM)) :
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By the growth conditions on h;, (4.14) and (i)

o / DG} |Pdz < / (hj(, DCJ) + c16577/"7) da
By, (0) B, (0)

©q,5(2) +n+O0(")

<
< (2P +4") +n. (4.16)

Hence,
0,5 (W)=pr 3 (2) < c|w—2| (|Z\p_1+IwI”_l+5j"(”_1)/"_”+7"(’"1)/”+77(p‘1)/”) +n,

by the arbitrariness of 1 and symmetric argument we get the estimate in (ii).

(iii) By (4.15) and Ascoli-Arzela’s Theorem we have that, up to subsequences,
h; is pointwise converging. In the following Steps 1 and 2 we prove that, for the
same subsequence (not relabeled), ¢, ; pointwise converges to ¢ as j — +oo and
~v — 0F. Moreover, by (ii) and Ascoli-Arzela’s Theorem, we deduce the uniform
convergence of ¢ ; to ¢ on compact sets of R™. Finally, passing to the limit, as
Jj— +ooand v — 0T, in (4.11) and (4.12), we get that ¢ : R™ — [0, +00) satisfies
(4.13).

Step 1: pointwise convergence of ¢ ; (z). In this step we prove that for every
z € R™ we have

lim lim ¢, ;(z) =¥(z)

y—0t j—=+o0

where

W(z) = inf{ h(z, DC)da : ¢ € LP*(R™;R™), D¢ € LP(R™; M™*"), ]{3 N ¢= z} .

Rn

We first deal with the liminf inequality as j tends to +oo. For a fixed n > 0, let

G € Wg’p(BWNJ. (0); R™) with][ (j dz = z such that
B1(0)

/ hy(x, DC)) i < 9o 5(2) + 1.
B’YNj (0)

Reasoning as in (4.16) we get that

/ |D( [P dx < c
B’YNJ' (0)

uniformly in v > 0 and 5 € N. We may extend (;f to 0 on R™; hence,

(/Rn (¢ da:>1/p* < C(/Rn \Dgﬂpdz)l/”
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and the sequence (;7 converges, up to subsequences, weakly to ¢ in LP*(R™; R™).
In particular, C] — ¢ in WIP(A;R™) for every A bounded set of R™ with D¢ €
LP(R™; M™*™). Since h;(x,-) — h(z,-) pointwise , then

/ h(w, D) dx = T(LP) - Tim | hy(e, DC) da
A J—=too Ja

for every ¢ € WHP(A; R™) and for all A bounded open sets of R (see e.g. Propo-
sition 12.8 in [9]). Hence,

Jj—+oo Jj—+oo

/ h(z, D¢) dx
B4~ (0)

for every fixed N. Passing to the limit as N — 400 we get

Liminf/ hj(z, D(})dx > Liminf/ hj(z, D(}) dx
B’YN]' (O) B-yN (0)

v

Jj—+oo

lim inf/ hj(z, D(}) dx
B’YNj (0)

> inf{ h(z,D¢)dx : ¢ € LP*(R™;R™), D¢ € LP(R™; M™*™), ]{B ( )Cz Z}
1(0

Rn

which implies, by the arbitrariness of 7, the liminf inequality
liminf ¢, :(z) >
lim inf o, ;(2) 2 9(2),

for every v > 0.
We now prove the limsup inequality. For a fixed n > 0, let ( € LP*(R™;R™)
with D¢ € LP(R™; M™*™) and][ ¢ dr = z such that
B1(0)

/n h(z,D¢)dx < ¢(z)+n.

Let ¢; € C5°(Byn;(0)) such that ¢ = 1 on B,y,/2(0) and [D¢]| < (¢/yNj).

Then, defining (] = ¢]( we get that (] € W(}’p(BA,Nj (0); R™) and][ (jdr =z
B1(0)
Hence, (] is a test function for ¢, ;(2) and

Pq,(2) < / hj(x, DC}') dx
B’YNj (0)

/ hj(z, D(}) dx
B'yNj/z(O)

IN
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np

bea (5577 1B (0)\ By, 20)] + [ DG d)
ByN;\Byn, /2

< j/ hﬂx,D()dx—ké(v”—FJ/
Byn; /2(0)

DG]PICI + [ DCJP da)
BWNJ-\B'YN,-/?

By Hoélder inequality we have that

p/p*
/ DS PICIP di < c(/ )"
By \Byn; /2 Byn;\Byn; /2

moreover, since D¢ € LP(R™; M™*™) we may conclude that

Jim (/ D& PICP + [DCP dr) = 0.
B’YNj \BwNj/z

Jj—+o0

Passing to the limit as j tends to +o00 we get

Jj—+o0 j——+oo

limsup ¢ j(z) < lim sup/ hj(z,D¢)dx +O(RH").
Byn;/2(0)

By Fatou’s lemma we have that

limsup/ hj(xz,D¢)dx < limsup/ XBWN,/Q(O)hj(UC,DC) dz 4+ O(")
j=+o0 JB,n, /2(0) j—+oo JR2 J

= / h(z, D¢)dx + O(v™)

< Y(z)+n+00").

Gathering liminf and limsup inequality, by the arbitrariness of 7, we have that

lim lim ¢, ;(2) =¢(z).

v—0t j—>+oo

Step 2: p(z) is the pointwise limit. In this step we prove that the pointwise
limit ¢(2) of ¢ ;(2), computed in Step 1, coincides with ¢(z) given by the formula
(4.3).

The inequality 1(z) < ¢(z) is trivial. To prove the other inequality, we first
observe that by (3.4), (4.1) and (4.2) we have that ¢1|M|P < h(z, M) < co| M?;
hence, h(z,0) = 0. Moreover, we may repeat the proof of the limsup inequality
in Step 1 by replacing ¢, ;(2) with ¢, YN; with N > 2, and, ¢] with ¢n €
C3°(Bn(0)) such that ¢ =1 on By/2(0) and [D¢n| < (¢/N). Therefore,

o) = [ rwDxy= [ b DoxO)s
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< / h(z, DC)dz + o(1)
Bpy/2(0)

< h(z, D¢)dx 4 o(1)
R"

< P(z) +n+o(1).

By the arbitrariness of 7, passing to the limit as N — +o00, we get the inequality.
O

Remark 4.8 Proposition 4.7 still holds true with ¢, ; replaced by

go?ij(z) = inf{/B

and ¢*, defined in (4.6), in place of ¢.

hj(z, D) dx : ¢ € WP (Byw, (0);R™), ¢ =z on Bl} :
“/N]'(O)
(4.17)

Proposition 4.9 (Liminf inequality) We have

I'-liminf F} (u,v) 2/Qfl(Du)dx—l—/ghom(Dv)dx—i—/Lp(v—u)dx, (4.18)
Q Q

j—+o0 Q
for all (u,v) € [WHP(Q;R™))%.

PROOF. Let (uj, v(u;)) be a sequence strongly converging to (u,v) € [WP(Q;R™)]?
with v(u;) as in (3.6) (with u; in place of u). Since

lim inf £} (uj, v(u;)) 2 im inf F7 (u;) + lim inf £ (u)
we get (4.18) by proving separately the liminf inequality for F}(u;) and Fjd(uj),

respectively. By the Theorem 2.1 in [1] we have that

J—+o0

1_im+inf F]‘-i(uj) > /Qghom(Dv) dx .
It remains to prove the liminf inequality for the continuous part of the functional,
F¢, which is organized in 4 steps. In particular, to study the contributions of the
particles, Bf, we follow the approach in [3] (see also [4] and [2]).
Step 1: contribution of Du; “far” from the particles. Let
pi =g v <1/2,
and let F; = E]lm be given by

E; = U B, where B! = B, (¢i)
€L
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for all i € Z; (Z; given by (2.8) and p} by (2.10)). In this step we study the
contribution of the part of Du; outside the set E;. More precisely, we prove that
for any fixed k € N (as in Lemma 2.5) we have

Jj—+oo

1iminf/ fi(x, Duj)dx > / Qf'(Du)dx — . (4.19)
O\E; Q k
To this aim we observe that f;(z, Duj) = f!(Du;) for every x € Q\ E;. Let
i) = { W if 2 € B
/ w;(z) ifxeQ\E;,
with u% as in (2.9) and w; as in (2.11), (2.12). Reasoning as in [2] we may prove

that the modified sequence (w;) converges, up to subsequences, to u weakly in
WLP(Q;R™). In fact, since pj < pj < ¢€;/2 we have that

|w; —u|Pde = / |ui4—u|pda:+/ |w; — ul? dz
/Q ! Z BJ ! Q\E; !

€L
< Z / ‘ |u§—u\pda:—|—/ |lw; — ulP dz,
iez,7Ql Q

where Qf =¢ji+ (—¢;/2,¢;/2)". By Poincare inequality we have that
/Qj luj — uf|P do < cef /Qj |Du;|P dx . (4.20)
Therefore,

/|u~)j—u|pdx§06§/\Duj|pdx+/|uj—u\pdm+/|wj—u|pd:£.
Q Q Q Q

Since u; — u in WhP(€; R™), by Lemma 2.5, passing to the limit in the previous
inequality we get the weak convergence of w; to u in WP(Q;R™). So that

J J

limlinf/ fH(Duy) dz + ¢ > limlinf/ fH(Dw;) dz

O\E; k Q\E;

= lim‘inf/ fH(Dw;) dx > / QfY(Du)dzx.
j Q Q

Step 2: contribution on E;. We now turn to the estimate of the contribution on
E;. With fixed j € Nand i € Zj, let

() = s + <5/
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be defined on B, y:(0) where N! = (3/4)27%ig;7P/"=P and extended to u’ on
By, (0) \ B,y:(0) where N; =;~P/"~P_Note that
J

¢ —u} € WyP(Byn, (0);R™) and ][ (¢ —ul)de = (u;(i) — ul),
B1(0)
with @;(¢) as in (3.1). By a change of variables we obtain

‘ fj ((E, DU}J) dr = Ejn / Ejnp/n—pfj (E'L + Ejn/n—py, Ej_n/n_pDC) dy
BWN;} (O)

B’
i

where
Fe;""Pe), y e Bi(0)

s n/n— —n/nepey
Filei+e™/m Py, e PE) = {fl(a;"/"‘pf), y € By (0)\ Bi(0).

Therefore, by (4.2) and f(z,0) = 0 we have
/ fi(z, Dw;) dx
BJ
= €jn/ &P f(w, e, /" PDC) da
B’YNj (0)
> ¢;"inf / e/ f(z,e;, M TPDE) da ¢ — ul € WP (Byw, (0);R™),
B’YNj (0)
AR CHOREY
B1(0)
> erint{[ e rQ(e DG dn i € WY (B, (01 R™),
B’YNj (0)
Cdx = (u;(i) —u?)
]{Bmm ! ! }

= g™ (U;(i) —uf),

where ¢, ; is defined by (4.10).
To conclude the estimate of the contribution on F; we have to show that

lim liminf Z €55 (1 (i) — u;) = / o(v—u)dx. (4.22)
i€Z, Q

=0+ j—4o0

(4.21)

Step 3: proof of (4.22) . Here we prove that

lim limsup/ ‘ Z ©ry5 (T () — u?)xQ; —p(v— u)‘ dx =0,
9 ;

—0t 4
s Jj—+oo i€z,
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from which (4.22) easily follows. To this aim we use the pointwise convergence
of ¢, ;(z) to p(z) and the Lipschitz estimates stated in Proposition 4.7. More
precisely, by (4.11) and Lesbegue Theorem we have that

limsup/‘Zgaw () — uj )XQJ cp(v—u)‘d:z:

J=rtoo 1€Z;

< limsup/‘Zgow () — uj )XQJ —cp%j(v—u)’dx

J=rtoo 1€Z;

+limsup | |y (v—u) — v —u)|dz
Jj—+oo JQ

< —|—hmsup/‘z<p%] (1) — u )XQJ Pry,5 (v — )‘d :

j——+oo i€Z;

By (4.12) and (4.11) we have that

limsup/‘z Oy (5(7) — uf )XQJ ©y,i(v u)‘dm

J—+oo i€Z;

AN

B

wn

far]

o]
—
m
W™ =
5\\

S

2

I

o

(6) — uj) —%,j(v—U)‘derC/

(" fu = vff) do)
NUiez; Q)

IN

climsupZ/j(\ﬂj()—vlJrlu—u (175 () = u3lP~" + v — wlP~1) do + O(v) -

j—too i€
By Holder’s Inequality it remains to prove that

lim sup Z / (la;(3) — vl + Ju— u§-|p) dr=0.
Jotoo ez, /Qi

By assumption (uj,v(u;)) converges strongly in LP(Q;R™) to (u,v); hence, by
(4.20) we get the thesis.

Step 4: liminf inequality for FZ, . Gathering (4.19) and (4.22) we get

hmﬁan (uj) /Qf (Du) dx—|—/ pv—u)de.

Proposition 4.10 (Limsup inequality) We have

I-limsup F} (u,v) /Qf Du)dm+/gh0m(Dv)dx+/ o(v—u)dx,

j——+oo Q

for all (u,v) € [WHP(Q;R™)]2.
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PROOF. Let (u,v) € [WHP(Q; R™)]2. Since Q is a Lipschitz open set, there exists
an extension of u, still denoted by u, in W1P(R"; R™). Given an open set 2 such

that Q CC ?27 let u; be a sequence weakly converging to u in Wl’p(ﬁ; R™) such
that

Jj—+oo

lim /ﬁfl(Duj)dx:/éQfl(Du)dx.

We may also assume that |Du;[? is equi-integrable on Q (sce, e.g., [15], [9] Ap-
pendix C). Moreover, by Theorem 2.1, there exists a sequence v; € A, (€2) strongly
converging to v in LP(€; R™) such that

lim F;i(vj):/gghom(Dv) dx . (4.23)

j—+oo

By the equi-integrability of |Du;|P, Lemma 2.5 holds true with © replaced by Q
and

; ~ 2 4
ng{meﬂz gpj<|l'—€7;|<§pj}7

for every i € Z™ N éQ Therefore, there exists a sequence w; weakly converging to

win W2 (Q; R™) such that w; = ul on OB, (€i), W; = u; on Q\ U C7 and
iezZrntQ

limsup/N |fi(x, Dw;) — fj(x, Duj)|dx < O(y). (4.24)
J—+oo (9]

Moreover, the sequence |Dw;|P is also equi-integrable. Given i € Z;, with Zj as
n (2.8), by definition (4.10) we have that for a fixed 7 > 0 there exists (’ ; €

Wol’p(Bij (0); R™) such that][ ! jdx = (v;(i) — u}) and
0)

By
/ e e T TPDE ) da < oy (vs(0) — uh) 4.
B’YN]‘ (0)

Then, we may define

wj =l + (@ —ei)e; ™" Py on | By, (ei),
iEZ]'

and _
w; =w; on Q\ U B, (e1).

i€ezZrNQ
J

It remains to define w; on U;cznn1q\z, By, (€i). Given i € Z" N L\ Z;, by
€5 J = J
definition (4.17) we have that there exists () ; € Wol’p(BwNj (0); R™) such that
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(i s dx = (vj(i) — uf) on By and

/ e f (e T TPDE ) da < @ (0 (i) — ) .
B’YN]‘ (0)

Then we define
T on | By,(E).

i€ZMNEQ\Z;
J

wj = u; + &”((x —ei)e

We now show that Dwj; is uniformly bounded in LP(Q;R™). In fact,

/ |Dw;|P dz < / | Dy |P dr
. Q\Uigxnm%sz Bop; (e9)

+ DG (( —ei)e; /" PP da

i€z By, (e1)

" |D€7<(3€ - Ei)sgn/"’i’)‘p de .
Uieznmig\zj Bp], (e1)
<5

Reasoning as in (4.16) we have that

N\ _—n/n—p
|DCJ"Y(($ —¢ei)e; )|P dx

Uiez, Brj(ed
S [ gp
! ’LEZZJ B’YNJ' (0) ’

¢ Y efpaili(i) — uf) +0("), (4.25)
i€Z;

IN

and, similarly,

\ij((ﬂc - 52‘)5;"/”—1'”17 da
UiEZ"ﬁs—l_sz\zj By, (ed)

= €} Z /B

ieznnla\z, ” B, ©
J

c > el —u) +oe).
z‘eznmgjﬂ\zj

ID|P de
)

IN

The boundness of the right-hand side of (4.25) follows from (4.22). Arguing as in
the proof of (4.22) we can also show that

i Yo el —up) =0. (4.26)
ieans—lj_Q\Z_,»
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Therefore, we conclude that Dwj; is uniformly bounded in LP. We now prove that
wj converges to u strongly in LP(Q;R™). Indeed, let x; be defined as the char-
acteristic function of the complement of ;.. B, (¢i). We have that the weak*-
L°° limit of x; is a strictly positive constant K and hence the weak-L? limits of
w;x; and of W;x; are Kw and Ku, respectively. Since w;x; = w;x; we deduce
that w = u.

Note that, by construction, JLBfer wj(z)dr = v;(i) for any i € Z™ N %Q
Therefore, according to (3.1), (3.6) we get that v(w;) = v; and we conclude
that the sequence (wj,v(w;)) converges to (u,v) € [WHP(Q;R™)]? strongly in
[LP(Q; R™)]2.

We now study the asymptotic behavior of Fj(w;). We get

F]'?(wj) = /ij(m,ij)dx

/ 7 (Diby) da
N, o By (<9)

+ fi(z, Dw;) dz .
UieZn Bpj (Ei)ﬂﬂ

By (4.24) we have that

IN

lim sup/ fH(Dw;) dx lim sup /N fH(Duj) dz + O(v)
j—r4oo Q\Uiezn By, (si) j=too J

/éQfl(Du) dz + O(7). (4.27)

By construction we have that for i € Z;

/ fi(xz, Dw;)dx = / fi(z, DG ((z — si)sj_"/n_p)) dx
By, (ci) By, (<)

IN

&5 prj(vs(i) — uf) + 5",

- n 1
and, for i € Z ﬂg—jQ\Zj
/ fi(x, Dw;)dx < / filz, Df]((x - si)sj_"/n_p)) dx
By, (et)NQ2 By, (e7)
< g ol (0i(6) —uj) + e
By (4.22) and (4.26) we have that

limsup/ [i(z, Dw;)dx < / o(v —u)de +|Qn. (4.28)
j—+oo J(J Q

- By, (e1)NQ2
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Gathering (4.27), (4.28) together with (4.23) we get that

I-limsup Fj(u,v) < limsup F;(w;)

Jj—roo j—o0
/~f1(Duj)dx+/<p(v—u)dx+/ghom(Dv)d;v
Q Q Q
+[Q2n + O (7).

IN

By the arbitrariness of 7, letting v tend to zero and Q tend to Q we get the
conclusion. O

4.3 Subcritical an supercritical case

In this section we study the case where the size of the particles r. is smaller or
bigger than the critical size (but always very small compared to the lattice size
€). More precisely, we start by considering the subcritical cases; i.e., 7. < €™/"~P,
We show that there is no interaction between the deformation of the continuous
media and that of the system of particles, being the I'-limit of F. the sum of the
[-limits of F¢ and F2.

Theorem 4.11 (subcritical size) Let 1 < p < n and r. < €"/"P. Then
the functionals F. defined by the formula (3.7) T'-converge, with respect to the
[LP(Q;R™)]2-topology, to the functional F : [LP(Q;R™)]? — [0, 4+o00] defined by

Y Du —|—/ om(DV)dz, if (u,v) € [IWEP(Q; R™)]?
rtuny = d @O0 [ oD, if ) e Wr@RE
+00 otherwise
where gnom @ the homogenized integrand given by (2.6) with Fld in place of Fy.

Proor. The liminf inequality is straightforward. For the limsup inequality, let
(ue,v.) converging to (u,v) strongly in [LP(Q;R™)]? such that

hmﬁmg:/Qﬁwmm
Q

e—0

and
. d _
Eh_r)r%) Fi(v.) = /Qghom(Dv) dx .

Then, reasoning as in Proposition 4.10 with 7. in place of €®/"~? and by Propo-
sition 4.7 (i) we get that there exists a sequence w, converging to u strongly in
LP(Q; R™) such that

limsup Fr(w.) < /Qfl(Du)dx—i-/ghom(Dv)dx
Q Q

e—0
n—p
Te

3 (i) — ulP + e()

1€2,

~+c lim sup
e—0
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where Z. and ul are defined as in Lemma 2.5 with ¢ in place of £; and ¢(y) — 0
as v — 07, Since lim_,or? P /e" = 0 and

tim 3 <o) —ulp = [ ju— ol da,

i€Z.
letting first € and then ~ goes to zero, we get the limsup inequality. O

In the next theorem we consider the supercritical case; i.e., 7. > &"/"P.
We show that the I-limit of F. is still the sum of the T-limits of F° and F¢ but
in this case there is no decoupling of variables, that is, the dlsplacements of the
continuum and of the system of particles coincide in the limit.

Theorem 4.12 (supercritical size) Let 1 < p < n and r. > £"/""P. Then
the functionals F. defined by the formula (3.7) T'-converge, with respect to the
[LP(Q;R™)]2-topology, to the functional F : [LP(2;R™)]? — [0, 400] defined by

[ Ow+ [ gonDuds, ifu=ve W r @z
F(u,v) = Q Q
400 otherwise

where gnom 15 the homogenized integrand given by (2.6) with F{ in place of E;.

PROOF. Let u. be any sequence with bounded energy and such (ue,v(uc)) con-
verges to (u,v) strongly in [LP(€2;R™)]2. Reasoning as in the proof of Proposition
4.9 (see, e.g., (4.21)), by the growth conditions (3.4) we have that

r—Pp

= > e o(ue)(ei) — ullP < C.
1€,

Since, lim_,or? P /e™ = 400 and

e—0

lim £"|v-(ei) —ullP = / lu —v|P dx,
1€, Q

we get that u = v a.e. x € Q and the liminf inequality easily follows.

We now deal with the limsup inequality. By a density argument, we may
restrict ourself to prove the inequality for pieciewise affine functions on €. By a
‘localizing’ argument, we may further restrict to the case u(x) = Mx, M € M™*™,
By the formula (2.6) we have that for a fixed n > 0 there exists T € N and
¥ € Ay o(Qr) such that

1
ﬁFld(M : +¢7QT) S ghom(M) +77

We set ve(ei) = Mi+ew(i), where v is extended on Z™ by periodicity. Note that,
lime 0 F4(ve) < (ghom(M) + 1)|Q2]. Without loss of generality we may assume
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f! quasiconvex; hence, the equality lim. ,o F¢(u.) = / fH(Du) dz is trivially

Q
satisfied by u.(z) = Max. Therefore, reasoning as in Proposition 4.10 with r. in
place of €”/?~? and by Proposition 4.7 (i) we get that there exists a sequence w,
converging to Mx strongly in LP such that

limsup Fr(we) < [Q(f* (M) + ghom(M) +n)

e—0
ri—p .
+c limsup —= Z e ve () — uz|P + c()
e—0 gn
1€,

= |QI(f' (M) + ghom (M) + 1)
+c limsup(%)n g Z e"[Y(i) [P + c(v)

£—0 1€,

where ¢(y) — 0 as v — 0T Since r. < € and 1 is bounded we get the conclusion
letting v — 0T and by the arbitrariness of 7. O

5 p=n

In this section we analyze the case 1 < p = n, where, as well known in the theory
of perforated domains (see [13], [19]), scaling argument leads to a critical size with
exponential decay, namely r. = exp(—e~"/"~1). Moreover, in this critical regime
the energy concentrates on a scale larger than that of the perforations, giving rise
to a rescaled formula of capacitary type.

We state the analogue of Theorems 4.1, 4.11 and 4.12. The proofs are closely
related to the analysis of integral functionals on perforated domains performed in
[19] and rely on the same argument exploited in Section 4.2. For this reason, we
just highlight the main difference due to the different scaling of the energies and
we refer to the proofs of Section 4.2 when no significative changes are needed.

Theorem 5.1 (Critical size) Let 1 < p = n. Let (¢;) be a sequence of strictly

positive numbers converging to 0 and rc, = exp(—ajfn/nfl). For all j € N and
v >0 and z € R™ we set

0r.(2) = (1ogr;jl)"—1inf{/B (O)hj(x,DC)da:: ¢ € Wy (Byw, (0);R™),
YN

]él(o)g“dx:z} (5.1)

where

hj($7 M) = 7"?], Qf(x,'r;lM) ’ (52)
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with Qf denotes the quasiconvezification of f defined by

(PO e BYO)
f(””’M>‘{f2<M> r e Bi(0),

and Nj = €j/re,. Then, upon possibly extracting a subsequence, for all z € R™
there exists the limit
= i li i
p(2) = lim, lim oo
uniformly on the compact sets of R™.
Moreover, the functionals F;, defined by the formula (3.7) with ¢; in place
of &, T-converge, with respect to the [L™(£;R™)]2-topology, to the functional F :
[L™(Q;R™)]2 — [0, 4+00] defined by

/ Qf'(Du) + / Ghom (D) dx + / p(v—u)dx,
Q Q Q
F(u,v) = if (u,v) € [WH(Q;R™)]?

400 otherwise
(5.3)
where gnom s the homogenized integrand given by (2.6) with F{ in place of ;.

ProOOF. We may reasoning as in Section 4.2 with r., in place of 5?/n_p. Here we

just provide the scaling argument leading to the critical size 7, = exp(—E;"/ nil)

(see also [19]). Proceeding as in Step 2 Proposition 4.9, we get that the contribution
of the energy near one particle can be estimated from below by

I; .= inf{/ hj(x,D¢)dx : ¢ € Wol’p(Bij(O);Rm), ][ Cdx = z},
By, (0) B

1(0)
(which turn out to be the optimal bound) with h; defined by (5.2) and N; = ¢; /r,.
By the growth conditions we get that

e(Cu(Bis By )|l =7} ) < 1 < C(v"e) + Cul(Bus By, 217

where C,(By; Byn,) is defined by (4.9) with p = n and R = vN;. Applying
Proposition 5.3 below, we have that I; is of the same order of (log 'yNj)(_"‘H)
while the number of particles is of order 5]7”. Therefore, in order to get the total
energy near the particles finite and not vanishing, we have to choose r¢; such that

. _ VEj\(—n+1) _ 1 n/n—1 V&G \(=n+1) _
Jlim 7" (log TEJ_) =l [e; log(rgj )] =a,

for some constant a > 0 , that is

. n/n—1 VEivi 1 n/n—1
i (e g 2] = i

n/n—1

log(vej) —¢; log(re;)] = a.
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Choosing for simplicity a = 1, we get that r., = exp(—gjfn/nfl). O

Remark 5.2 (Rigid particles) By a similar argument it can be proved the ana-
logue of Theorem 4.2. More precisely, the I'-limit of the functionals FJR defined by
(3.8) with p = n and ¢, in place of ¢, is given by the functional defined as in (5.3),

by replacing in (5.1) the constraint][ (dx =z with ( = z on Bj.
B1(0)

Proposition 5.3 Let 1 < p=mn. Then

lim (log R)™"YC,(By;Bg) = lim (logR)" YC,(B1;Br) =0n_1. (5.4)

R—+o00 R—+00

PROOF. We can explicitly compute C,,(By; Br), by proceeding as in the proof of

Proposition 4.5 for the computation of the capacity C,(B1(0); Bg) with 1 < p < n.
In this case we get that

= log R)™ + ¢

log R)"'C,(B:1; B :n_(in

(Og ) ( 1 R) g 1(10gR+Cn)n

with ¢, = (n2/(n — 1) )Y =Y and 0,,_1 = |0B|n_1. We recall that
(log R)"YC,(B1; Br) = 01

Therefore, one easily get (5.4). O

Theorem 5.4 (Subcritical size) Let 1 < p =n and log(r=!) > e~/"~1. Then
the functionals F. defined by the formula (3.7) I'-converge, with respect to the
[L™(2;R™)]2-topology, to the functional F : [L™(;R™)]? — [0, +o0] defined by

Flu,v) = /QQf (Du) + /Qghom(Dv) dr, if (u,v) € [WH(Q;R™)]? (5.5)
+00

otherwise
where gnom 5 the homogenized integrand given by (2.6) with F{ in place of E;.

PrOOF. We may proceed as in the proof of Theorem 4.11, observing that, by the
growth conditions, for any sequence u. such that (ue,v(u:)) = (u,v) strongly in
[L™(£2;R™)]2, the contribution of F.(u.) ‘near’ the particles can be bounded from
below and above by

1 )
ey 2 € olue) (@) —uef?,
en(log(rz 1)1 ZZ: )
where Z. and u! are defined as in Lemma 2.5 with ¢ in place of ¢;. O
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Theorem 5.5 (Supercritical size) Let 1 < p = n and log(r;!) < e /"1,
Then the functionals F. defined by the formula (3.7) T'-converge, with respect to
the [L™(Q; R™)]?-topology, to the functional F : [L™(;R™)]? — [0, +o0] defined
by

/ QfY(Du) —|—/ Ghom (Du) dx, if u=1v e Wh*(Q;R™)
F(u,v) =4 Ja Q
+00 otherwise

where gnom 5 the homogenized integrand given by (2.6) with F{ in place of E;.

PROOF. Proceed as in the proof of Theorem 4.12. O

6 Convergence of minimum problems

In this section we study the convergence of minimum problems with boundary
data. To this end, we derive a I'-convergence result for functionals with Dirichlet
boundary conditions. We will focus only on the critical case, since the subcritical
and the supercritical cases can be treated similarly.

Let us fix . such that 0 < r. < r. << ¢ and define

0°Q:= 09\ | By (ci). (6.6)

iezn
Given ¢,9 € WH°(R™; R™) we define F2¥ : WLP(Q; R™) — [0, +o0] as

F.(u) ifu=¢ondQ,v=0v(u) €A ,(Q)
F (u,v) = (6.7)
+00 otherwise,

where F_ is given by (3.2) and we identify u with its trace on 02 .

Theorem 6.1 Let 1 < p < n. Let €; be a sequence of strictly positive numbers

converging to 0 such that Theorem 4.1 or Theorem 5.1 holds true. Moreover let
Ff’w defined by (6.7), with €; in place of ¢ and r., = Ey/nfp forp<n andr., =
exp(—e}n/nfl) for p = n. Then the functionals Ff’w I'-converge, with respect to
the [LP(Q; R™)]%-topology, to the functional F*¥ : WhP(Q; R™) — [0, +-o0] defined
by

PO (u,0) = { Flu,v) if (u— .0 =) € [Wo " (R™)]
’ 400 otherwise,

where F' is defined by (4.4) for p < n and by (5.8) for p = n.
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ProOOF. The proof follows those of Theorem 4.1 for p < n and Theorem 5.1 for
p = n, up to minor changes. For the I'-liminf inequality, we just note that if
u; — u, v(u;) — v strongly in LP(;R™) with u; = ¢ on 0%, v(uy;) € Ac; 4(Q)
and sup Fj(uj) < +oo, then we easily derive that u — ¢ € Wy*(R™) and
v —1p € WyP(R™) (see Theorem 3.10 in [1]). Moreover, given u,v such that
(u— ¢,v —1p) € [WyP(Q;R™)]?> we can easily modify the construction of the
optimal sequence wj, provided in the proof of Proposition 4.10, so that w; = ¢ on
0% Q) and v(w;) € A, () (see Theorem 3.10 in [1]). O

As a consequence of the previous theorem and Theorem 3.1, we derive the
following result about the convergence of minimum problems with boundary data.

Corollary 6.2 Under the hypotheses of Theorem 6.1 we get that
lim inf{Fj(u), u—¢ on 09Q, v(u) € Ac; ()}
Jj—+oo
=min{F(u,v) : (u—¢,v—1p) € [WyP(LR™)]*}.
Moreover, if (u;,v(uj)) is a converging sequence such that

lim Fj(u;) = jETminf{Fj(u)’ u—¢ on 9 v(u) € A, 4 ()},

Jj—+oo

then its limit is a minimizer for min{F(u,v) : (u — ¢,v — ) € [Wy P(Q;R™)]2}.

7 Coupled case

In this section we derive, making use of the results proved in Sections 4 and 5,
the I'-limit of F. in the coupled case, that is, when the energies are regarded as
function only of the continuous displacement u or the discrete displacement v(w).
These results will allow in particular to derive convergence results of minimum
problems when boundary conditions are prescribed on the order parameters wu,
v(u) or both.

7.1 Limit of the continuous displacement

Theorem 7.1 Let 1 < p <n. The following I'-convergence results hold.

(i) (critical size) Let €; be a sequence of strictly positive numbers converging
to 0 such that Theorem 4.1 or Theorem 5.1 holds true. Moreover let F; be
defined by (3.2), with €; in place of € and r., = 5?/"_’) forp<mn andre, =

exp(—s;n/nfl) for p =n. Then the functionals F; I'-converge, with respect

to the LP(S;R™)-topology, to the functional F : WHP(Q;R™) — [0, +00)
defined by
F(u) = min{F(u,v) : ve WHP(Q;R™)}, (7.8)

where F is defined by (4.4) for p < n and by (5.8) for p = n.
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(ii) (subcritical size) Let ro < €"/"7P for p < n and log(r=') > e~ "/~ for
p = n. Then the functionals F., defined by (3.2), T'-converge, with respect
to the LP(£;R™)-topology, to the functional F : WLHP(Q;R™) — [0, +00)
defined as in (7.8) with F given by (4.29) for p <n and by (5.5) for p =n.

PROOF.

Proof of (i). Let us prove first the I-liminf inequality. Let u; — w strongly in
LP(Q; R™) be such that sup; Fj(u;) < 400 and let v; := v(u;) be defined by (3.6)
and identified with their affine interpolations on compact sets of Q). By the equi-
boundedness of Fi(u;) we deduce (see [1]) that, for any fixed open set @ with
Lipschitz boundary and compactly contained in €2, we have

| Dvj|| L (@rmmy < C.

Moreover, the argument used in the proof of Proposition 4.9 (see e.g. (4.21) in
Step 2) together with the growth conditions show that

/Q/ o, —w,|? < C. (7.9)

Hence, v; is bounded in WhP(€;R™) and then, up to extracting a subsequence
(not relabeled), we get that v; — v in LP(Y;R™) for some v € WHP(QV;R™).
Thus, by using Theorem 4.1 for p < n or Theorem 5.1 for p = n, with Q' in place
of 2, we get

liminf Fj(u;) > F(u,v,Q') > F(u,Q),

Jj—+oo
where F(u,v,Q) and F(u,) are the ‘localized’ version of the functionals defined
in (4.4) and (7.8), respectively, obtaining by replacing © with €’. The conclusion
follows noting that

sup{F(u, Q) : Q' cC Q} = F(u).

The I-lim sup inequality is straightforward. Indeed, given u € W1P(Q; R™),
let 7 € WHP(Q; R™) be such that F(u,v) = F(u). Then, by Theorem 4.1 for p < n
or Theorem 5.1 for p = n, there exist u; € W'P(Q; R™) such that (uj,v(u;)) —
(u,) in [LP(Q;R™)]? and lim; F(u;) = F(u,v) = F(u). Hence the inequality is
proved.
Proof of (ii). The only difference with respect to the case (i) is in the proof of I'-
lim inf inequality, since (7.9) could not be satisfied in the subcritical case. In fact,
we have shown that in the computation of the I-limit of F; the term accounting for
the interaction between the continuous and the discrete part disappears (see (4.29)
and (5.5)). We can argue as follows: given u. — u strongly in LP(Q2; R™) and such
that sup, F.(u.) < +00, set we := v, fj%, ve dz. By Poincare’ inequality we have
that w. is bounded in WP(£'; R™), thus, up to passing to a subsequence (not
relabeled), we get that w. — w strongly in LP(Q'; R™) for some w € WP (Q/; R™).
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Since Fé(u., Q) = F(w.,Q'), by using separately the I'-convergence result for F
and F?, we have

lim inf F.(u.) > liminf FC(u., Q') + lim inf F4(w., Q) > F(u,w, Q).
e—0 e—0 e—0

Hence we may conclude by proceeding as above. O

As a consequence of the previous theorem and Theorem 3.1, by reasoning as
in Section 6, we may derive the following result about the convergence of minimum
problems with boundary data.

Corollary 7.2 Let ¢ € W1°(Q;R™). Then, under the hypotheses of Theorem
7.1 we get that

lim inf{F;(u), u=¢ on 87Q} = min{F(u) : u—¢ec W, (QR™)}.

Jj—+oo
Moreover, if u; is a converging sequence such that

lim Fj(u;) = jETwinf{Fj(u), u=¢ on 0},

Jj—+oo

then its limit is a minimizer for min{F(u) : u— ¢ € WgP(Q; R™)}.

7.2 Limit of the discrete displacement

We may regard the family of energy functionals as functions only of the discrete
displacement v(u). To this end, since we are interested in minimum problems
involving the energies F., given v € A (Q2) we defined the energy of v by minimizing
F.(u) among all u € WHP(Q;R™) such that v = v(u). We set

R inf{F.(u): uwe€ W (QR™), v=v(u)} ifve A(Q)
F.(v) = (7.10)
400 otherwise,
where F; is defined by (3.2). The following theorem holds.
Theorem 7.3 Let 1 < p <n. The following I'-convergence results hold.

(1) (critical size) Let €; be a sequence of strictly positive numbers converging
to 0 such that Theorem 4.1 or Theorem 5.1 holds true. Moreover, let F; be
defined by (7.10), with ¢; in place of € and ., = 6?/"717 for p < n and
Te, = exp(fej_”/n_l) for p = n. Then the functionals ﬁj I'-converge, with
respect to the LP(2; R™)- strong topology, to the functional . LP(Q;R™) —
[0,4+00) defined by

R min{F(u,v) : uwe WP(Q;R™)} if v e WHP(Q;R™)
Plv) = (7.11)
400 otherwise,

where F is defined by (4.4) for p < n and by (5.8) for p = n.
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(ii) (subcritical size) Let ro < €"/"7P for p < n and log(r=') > e~ "/~ for
p = n. Then the functionals ﬁg, defined by (7.10), I'-converge, with respect to
the LP(Q; R™)-topology, to the functional F : LP(Q;R™) — [0, +00) defined
as in (7.11) with F given by (4.29) for p <n and by (5.5) for p=n.

Proor. We argue as in the proof of Theorem 7.1 by reversing the role of u; and
Vj. O

As a consequence of the previous theorem and Theorem 3.1, by reasoning as
in Section 6, we may derive the following result about the convergence of minimum
problems with boundary data.

Corollary 7.4 Let v € WH°(Q;R™). Then, under the hypotheses of Theorem
7.8 we get that
lim inf{Fj(u) : u€ WP (QR™),v(u) € A, »(Q)} = min{F(v) : v— € Wy (Q;R™)}.

Jj—+oo
Moreover, if u; is a sequence such that v(u;) converges and

lim Fj(u;) = jEI—iI-loc inf{Fj(u) : ue€ W"P(QR™),v(u) € A., 4(Q)},

Jj—+oo

then the limit of v(u;) is a minimizer for min{F(v) : v—1 e WlP(Q;R™)}.

8 p>n

In this section we study the I'-convergence of the family of functionals F. and
FR defined by (3.2) and (3.5), respectively, with p > n. In this case there is no
decoupling of variables. Indeed, let u. be a sequence with bounded energy. Then,
by Sobolev immersion and the growth conditions, we easily get

e = v(ue)lloo < Ce' ™7 [|Duc|t < Ce'™% — 0

Hence, we will perform the I'-convergence analysis with respect to the LP(£2; R™)-
strong topology and the I'-limits will depend only on the variable u, which is the
limit displacement both of the continuous and of the discrete part of the system.

For any A € O(Q) we denote by F.(u,A) the ‘localized’ version of Fg(u)
obtained by replacing 2 with A in (3.2).

In the next theorem we state the integral representation result for the I'-
limits of the functionals F. and F*. We omit the proof, since it relies on the same
‘localization’ argument exploited in Theorem 2.1 and in the theory of homogeniza-
tion for integral functionals with densities periodic in the spatial variable. Loosely
speaking, it consists in proving that, for any u € W1P(Q;R™), I-lim. .o F:(u, -)
is the restriction to O(Q2) of a Radon measure and that I'-lim._,o F.(-,-) satisfies
all the hypotheses of the integral representation result for functionals defined on
pair function-sets stated in [12].
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Theorem 8.1 Let p > n. Then, the functionals F;, defined by (3.2), I'-converge,
with respect to the LP(Q; R™)-strong topology, to the functional F : WLP(Q; R™) —
[0,4+00) defined by

F(u) = A fhom (Du) dx (8.1)

where for every from : M™*™ — [0, 4+00) is a quasiconvex function defined by

1 o
from(M) = lim —nt{ | fr(z, Du)dz + F{(u,Qr) uwe W(QriR™),
T—~+oco Tn Qr

u(x) = Mx on 8%(QT)} ,(8.2)

where fr(-,-) == fr(z,), with f1(-,-) defined by (5.5), and A7 (Qr) is defined by
(6.6) with % and Q7 in place of € and S, respectively.

An analogous result holds for the T-limit of the functionals FX, defined by
(3.5), where in this case the density from is obtained by replacing WP (Qr; R™)
with W;z”p% (Q;R™) in (8.2).

As in Section 7.2, also in this case we may regard the family of energies as
functions only of the discrete displacement v(u), by considering the functionals F.
defined in (7.10). By the way, since there is no decoupling of variables, it is easy to
show that 1:"\E share the same I'-limit of F; given by (8.1), as stated in the following
theorem.

Theorem 8.2 Let p > n and F- be defined by (7.10). Then, the functionals E
T-converge, with respect to the LP(§); R™)-strong topology , to the functional F :
LP(Q;R™) — [0, 400) defined by

Jo from(Du) dz if u e Wir(Q;R™)

400 otherwise,
where, for every M € M™*™ from(M) is defined by (8.2).

The question we address now is whether the I-limits of F. and F* depend on
the size r. of the particles or not. In the next proposition we show that there is no
such dependence under some additional assumptions that cover many meaningful
cases.

Proposition 8.3 Let p > n, 0 < r. < € and let F. and FX be given by (3.2)
and (3.5), respectively. Moreover assume that one of the following hypotheses is
satisfied

(i) (regularity of the discrete potentials) there exists L > 0 such that for any
1E€EL", 21,20 ER™ and & € Z7

19°(4, 21) = g° (i, z2)| < LIEI(|21 [P~ + |27~ 1) |21 — 22; (8.3)
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(ii) (scalar case) m = 1;
(iii) (isotropic case) f*(M) = fY(|M|), with f* non decreasing;

(iv) (one dimensional case) n = 1.

Then
I-lim F. = I'-lim F° = T-lim F®
e—0 e—0 e—0
where
FO(u) = / FiDuydz+ > > gt (i, Du(i)). (8.4)
@ EEL™ i RE(QY)
Proor.

First of all, note that without loss of generality we may assume that f!
is quasiconvex (since the I'-limits are the same if we replace the approximating
functionals by their lower semicontinuous envelopes). We prove the thesis only for
the I-limit of F?, since all the other cases can be treated by the same argument.
Since F® > F°, we need only to prove that for all u € WP(Q; R™)

I-lim FR(u) < T-lim F2(u). (8.5)

e—0 e—0

For any open set A C R™ let us denote by FY(u, A) the functional defined as in
(8.4) with A in place of © and set

FO(u, A) :=T-lim F°(u, A).
e—0

Let, moreover, DD Q and, given u € WLP(Q;R™), let @ € Wl’p(Q;Rm) be an
extension of u on 2. By Theorem 8.1, one easily shows that

FOu,Q) = F%(@,Q) = Qliggg FO(a,Q).

Hence, in order to prove (8.5), it is sufficient to prove that for any Q' D> Q and
every u. — @ strongly in LP(€'; R™) such that sup, FP(u., ') < +oo there exists
a sequence v, converging to u strongly in LP(€2;R"™) such that

FR(v.) < F2(us, ) + o(1). (8.6)

Let u. be as above. Note that, by the coercivity assumption (3.4), we have in
particular that sup, || Duc||re(o/;rm) < +00. By Lemma 2.5, up to adding a small
error, we may assume that u.(z) = ul on 8B, (¢i), for any i € Z" N 10, with
re K pL < pe K €.

We define v, in two different ways, according if assumption (i) or one of the
assumptions (ii)-(iv) is satisfied.
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In the case (i), we define v, as follows

us(z) otherwise.

/Q f-(, Du.) < /Q F(Duz) + o(1),

thus, in order to prove (8.6), we have just to show that
(FE) (v) < (FF)(ue) +o(1).

Note that, by Sobolev immersion, we get that for any ¢ € Z™ N éQ

ve () == {ué if © € B (i), ieZ"m%Q

We easily get that

1
i — ue(ed)| < cpl P </ |Du51’dx> . (8.7)
Qi
By the coercivity assumption (H2), we have
S S e sc
k=14cRZ* (Q)
Hence, by (8.3) and (8.7), given Q CC Q" CC ', we infer

zn: Z "D ulP < CLZ Z (Zg)p_"(/ilDu€|pdx

k=14e Rk (Q) k=14c Rk (Q)

+ /Q:+ |Du5|pdx>+z Y eMDu(E)P < C

k=1;eRZk (V)
By Lemma 3.6 in [1], we get that
sup Z e"|DEu|P < Z Z e"|Dékul|P < C
P iere() k=Lic RS ()

and, analogously,

3

sup Z | DEu(ei)|P < Z e"| D¢k u(ed)|P < C.
S8 e RE @) k=1ieRZ*(Q)

By the growth assumption (H3), we then have that for any § > 0 there exist Rs

such that _
Z Z "¢ (i, DSul) < 6.
§ELZ™:||>Rs je RE(Q)
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Hence, by (8.3) and (8.7)we get

(FF) (ve) = (FFR)!(ue) < > €"(9°(i Diul) — ¢° (i, DEu(ei)))

EEZ™:|€|<Rs e RE(Q)
1—n .
+OSCL Tl T YT YD (DS + | Due) )
EELZ:[E|<Rs e RE(Q)

((/Lmuepdx)i (] Du.rdz)*)+6

SCL(%)“% > g(( X epsip+ puer)
£E€Z™:|E|<Rs i€ERE(Q)
(%

1
|\ Du|? do +/ | Du|? dm) ) o< CLM(;(%)
i€RE()

1
P

_n
P

+9,
Qt

where Mj is a positive constant depending on §. Letting first £ and then ¢ go to
0, we get the conclusion.

Let, now, one of the assumptions (ii)-(iv) be satisfied. In this case, since we
do not assume any regularity on the discrete potentials, in order to construct v,
we modify u. without changing its discrete energy. So, let v, be defined as follows

uc(ei) ifze B, ieZ"NiQ
ve(x) == wi(z) ifxeS, iezZ"n Q

€
ue(z) otherwise,

where we have set

Sl= B, (ei) \ B;,

and w! minimizes
M= min{ fH(Dw) : w = u.(gi) on OB, w = u’ on OB, ({—:z)} (8.8)
Se

We easily get that (FR)%(u.) = (F®)%(v.). Moreover, since v. = u. on '\
Ui B, (1), we have

FER(vg) < FO(u.) + Z < g fH(Dv.)dx — . fl(DuE)dx> +o(1).

Thus, in order to get the conclusion, it suffices to show that

lim 5upz ( fH(Dv.) dx —

We will provide a different proof of (8.9), according if (ii), (iii) or (iv) is satisfied.

fH(Due) dm) <0. (8.9)

St
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Step 1: the scalar case m = 1. Note that, by Sobolev immersion, we get

1
sup |ue(z) — uc(ei)| < criig (/ |Dug|p> =7 (8.10)
Qi

z€Bf

Set, moreover, _ _
zg = |ug — ue(gd)]. (8.11)
In order to prove (8.9), fixed k € N, we provide a different estimate for
Jg: f1(Dv:) according if 2L < kZ. or not. Let then i € Z" N 1) such that 2 < kz.
and define wl: St — R as

|x — ei| —re

e (x) = ue (i) + (ul — ue(ei)) —
pe —Te

Note that @! is an admissible function for the minimum problem defining M} in
(8.8) and

D (z) = ul —uc(ei) x —ei

pi—r. le—e

Hence, by the p-growth assumption on f! and by (8.10) and (8.11), we get

)

IA

i
kz?
i

,08—7‘5

‘ fH(Dv.) dx

€

(S +/ |Dwt|P de < C|SE| (1 +
st

IN

Pt —rel?

. p—n .
0(@9”+MT6@93/|D%W¢0,
QL

and, summing up on all i such that 2! < kz%, we obtain

> | /S fH(Dv.)dz < C ((p;)n + kP (:)p_n> = o(1). (8.12)

P i< LTl
i 21 <kz}

Let now i € Z™ N 1Q such that 22 > k2. and let @} : S{ — R the admissible
function for M! defined by

WE = ¢L(ue), (8.13)
where ¢! : R — R is given by
ue (i) _ if |2 — uc(ed)| < 2L
i 2 . Z TR ; i
oi(z) = " _622 (z — uc(ei)) <1 - |Z—ui(€z)|) +uc(er) 7L <|z—u(ei)| < 2l
z if |2 — uc ()| > 2L
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Note that

4 0, if|z—u.(ei)| <2
Dee(z) = _
1, if |z — uc(ed)| > 22,

and for every z such that z! < |z — u(ei)| < 22

De(2) = =

In particular || D¢t||s < C and

=i

11— Dgi(z)| = ——=

i _
Ze Ze

for z € R such that 7! < |2 — u.(ei)| < L. Hence, setting
Sli={z eS8l 7 < | u(r) — uc(ei)| <2},
we have

 |Du. — D@lPdz = | |I— D¢L(u.)[P|Ducl? dx
8i S:

—i P
( ,ZEZ.) / |Du,|[Pdx
zt —Zg i

1

We are now in a position to provide an upper estimate for [, gi f Y(Dv,) dx
which, together with (8.12), will allow to prove (8.9). We easily get that

YU Dv.)dz < Cp + fl(Dus)dx+/ (f1(Dwl)dx — f*(Du.)) dx.
St

si 3
(8.15)

i
€

Set
Ser= |J &

T
i 2l >kZz}

and let wf : Sc,x — R be defined as
Flo) =di(z), xeSL

Hence, from inequality (8.15) and summing up on all 4 such that 2! > kzi,
we obtain
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i z’>kz izt >k:z

+ /S (f1(Dwk)dz — f1(Du.)) dz + 0(1)(8.16)
e,k
Now we prove that
| (1 Dub) = 11 (Du) de < 0G) o)
e,k
To this end, by the quasiconvexity of fi; and by Holder inequality, we have

/ £ (Dus) — fH(Dwh)| de
Se,k

IN

c/ (1+ |Du.P~" + |[DwkP~Y)| Du. — Dwt| da
e,k

1

p—1 p—1

D
C / |Du. — Dw® P da
Se.k
X |S’E,k|pTT1 + / |Duc|P dx + / |Dwk|P dx
SEYk; Sa,k

Hence, taking into account that Dw® = D¢l (u.)Du. on S?, for every i such that
zL > kz., and that |Ducl|, and || D¢l || are equibounded, we get

/ |fY(Du) — fH{(Dwk)|de < C (/ |Du. — Dwk P dac)
Sa,k Se,k

and, by (8.14), we may deduce that

IN

3 =

1
/ 71 (Du2) — £ (Dwk) da < 02— (8.17)
Ss,k -
Eventually, (8.9) follows from (8.12), (8.16), (8.17) and the arbitrariness of
ke N.

Step 2: the isotropic case f*(M) = f1(|M|), with f' non decreasing. In this
case we will show that we may reduce to the scalar case, by using the isotropy and
monotonicity of f. Let @, be defined by

. _ Jal(z) ifxe By(ei)NQ
e () = {us(x) if 2 € Q\ U;B,: (i),
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where 42 minimizes
M := min {/ FH(|Dwl) : w(ei) = u-(ei), w=u’ on 8Bp2(6i)} (8.18)
B%’é (E’L)
Note that . still converge to u strongly in LP(2; R™) and
Hence we easily deduced that (8.9) is implied by
limsup ) / fH(Dv,) dz —/ fY(Di.)dx | <O0. (8.19)
e—0 ; B,i (¢i) B, (¢i)

Note now that a minimizer of the minimum problem (8.18) is given by

ul — ue(ei) .
——— =+ u.(ei),
|ut — uc(ed)| ()

Vi (x)

where 1! is a suitable scalar function . Indeed, by isotropy, we easily get
M! = min / fH|Dw)) + w(ei) =0, w=ul — u.(ci) on OB, (&)
B, (<i) :
= min {/ fH(|Dwl]) : w(ei) =0, w = |ul — u.(ci)|e; on 8Bpé(5i)} .
Bpé (EZ)

Then, using the monotonicity of f!, we infer that ME’ is also equal to the following
scalar minimum problem

Aﬂ=mm{é(jfﬂDM%d@@z&w=hé—%@ﬂOnm%@ﬁ}

In order to prove (8.19), we may now proceed as in Step 1, with the only significant
change consisting in replacing u. by % in (8.13).

Step 3: the one dimensional case n = 1. Let i € ZN1Q and let w’ : ST —» R
the admissible function for M¢ defined by

@;LE = Ue(&i%

where 515 : S — R is given by

Pi(z) = 2 (x — &i) (1— e .>+€i~

T [ —eil
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Note that

— Pe
Do.(x) = ——
5( ) pé —Te
and in particular
—i r
|1 - D¢5($)| = pé —67“5.
Hence we have
/s‘ |Du, — Dw! [Pdz = /S |I — D&, (ue)|P|Duc | dz

Te b
, |Duc|Pdzx.
3
Pe — Te St

By using the same argument leading to (8.17), we get that

T'e

P —Te

S [ 1£Dus) = Dt e < 0 v (3.20)

Therefore, since we have
Z/.(fl(pva) — (D)) dz < Cp" + Z/, (f{(Dwi) dz — f1(Du.)) de,

we easily derive (8.9) from (8.20). O

As a consequence of Theorem 8.1 and Proposition 8.3, we easily derive the
following result.

Corollary 8.4 Let p > n and let one of the assumptions (i)-(iv) of Proposition
8.3 be satisfied. Then, the results of Theorem 8.1 holds with fiom given by
1
From(M) = lim —— inf{ FH(Du) dz+F%(u, Q1) , u—Mz € W&”’(QT;IR{’”)}.
T—+oco Tn Qr
(8.21)

Arguing as in Section 6, we may derive a result about the convergence of
minimum problems with boundary data, that we state for simplicity only in the
case one of the assumptions (i)-(iv) of Proposition 8.3 is satisfied. Since there is no
decoupling of variables, it is equivalent to prescribe boundary data on u or v(u).
Hence we get the following result.

Corollary 8.5 Let ¢ € WH°(R™;R™). Under the hypotheses of Corollary 8.4 we
get that

1in(1) inf{F.(u), u—¢ € Wy P(Q;R™)} = liH(l) inf{F.(u), v(u) € A ()}
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=min{F(u): u—¢€ W(}xp(Q;R7n)}7

where F is defined by (8.1), with from given by (8.21). Moreover, if (us) is a
converging sequence such that

lim F.(u.) = liminf{F.(u), u— pcWyP (4 R™)}

e—0 e—0
121(1) inf{F,(u),v(u) € Ae (1)},

then its limit is a minimizer for min{F(u) : u— ¢ € Wy P(Q; R™)}.

Remark 8.6 (Cauchy-Born states) Let fjon, be defined by (8.21) and let gnom
the limit energy density of the discrete energies Fi¢, given by (2.6) with F in place
of Ey. If we assume f! quasiconvex ( which is not a restriction since we obtain the
same I'-limit if in (8.4) we replace f! by Qf!), then we note that:

(1) thm(M) > fl(M) +gho7n(M) for all M € men;

(2) if ghom (M) = lim T—F1 (Mx,Qr), then the equality holds true in (1) and

T—>oc

fhom(M) - Th—r>noo ﬁFl(anQT)

Hence the set of Cauchy-Born states of FZ is contained in the set of Cauchy-
Born states of F. (or equivalently ﬁg), according to Definition 8.6. In the next
section we consider some one-dimensional examples to show that in (1) the in-
equality can be strict and the set of Cauchy-Born states of F. can be strictly
larger than that of F.

8.1 Omne-dimensional examples

In this section we frame our analysis in the one dimensional setting. We have al-
ready shown in Proposition 8.3 that in this case we may restrict to the study of the
functionals defined by (8.4), corresponding to r. = 0. Without loss of generality,
we may assume 2 = [0,1], ¢; = %, j € N, and p > 1. Hence, the functionals in

(8.4), defined on W1?((0,1); R™), can be written as follows
Fi(u) = / L () da + Z

25 (1R (5 )

= Ff(u)+ Fi(u) (8.22)

Jj J—k

with g = gF* satisfying hypotheses (H1), (H2), and (H3) introduced in Section
2.1. Moreover, let F; : L?((0,1);R™) — [0,4o00] be the functionals defined by
(7.10) with F} in place of F.
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It is easy to show, by Jensen inequality, that ﬁj equals to

LS () o)) vy
B = { 2250 PG () FredOn gy
+00 otherwise

with
a=0""+a (8.24)
and g = gi for k > 1. R
We have already showed in Theorems 8.1 and 8.2 that F; and F; share the
same ['-limit. Hence, by applying Theorem 2.1 to the functionals 13]' we immedi-
ately get the following result.

Proposition 8.7 The functionals F; and F\j defined by (8.22) and (8.23), re-
spectively, T'-converge, with respect to the LP((0,1);R™)-strong topology, to the
functional F : LP((0,1); R™) — [0, +o0] defined by

1
/ Jhom (U//) dx Zf u e W17p<(0’ 1)7 R’m)
0

F(u) = (8.25)

400 otherwise,
where grom 18 defined by (2.6) with Fy in place of B.

Remark 8.8 (Cauchy-Born states: n = 1) As a consequence of Proposition
8.7 and Theorem 2.2, if Fjd in (8.22) accounts only for nearest neighbor inter-
actions, that is g = 0 if k& > 1, then the limit energy density gnom in (8.25)
reduces to

Ghom(2) = ((F1)™* + 91)™(2):

Therefore, in this case the Cauchy-Born states for Fj (or ﬁj) are all z € R™ such
that §1(z) = (g1)**(2), where g, is defined by (8.24), while the Cauchy-Born states
for Fjd are all z € R™ such that ¢1(z) = g7*(2).

Note, moreover, that {z € R™ : ¢g1(2) = gi*(2)} C {z € R™ : §1(2) =
(g1)**(2)} and it is not difficult to provide examples where the inclusion is strict.
Take f1(z) = 22, g1(2) = (|z|—1)? and m = 1. Easy computations show that in this
case {z € R:g1(2) = g7 (2)} = R\ (=1,1), while {z e R: §1(2) = (§1)**(2)} =
R\ (—1/2,1/2) (see Figure 3). The same example shows that in formula (1) of
Remark 8.6 the inequality can be strict. Notice, however, that the lack of validity
of the Cauchy-Born rule corresponds in this case to a convexification process that
takes place at a mesoscale greater than ¢, that is there is no relaxation at ‘atomic
scale’. Indeed one can obtained the same I'-limit by first computing the point-wise
limit of F}, that is assuming the Cauchy-Born rule, and then relaxing the limit
functional.
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?igtll)rle 3): (a) g1(2) = (I2| = 1)% (b) g1(2) +2% () (91+7°)** (in red) and gi*(2) + 2>

The phenomenon is instead more significant if F’ ]‘-i accounts also for next-to-
nearest neighbor interactions, since the inf-convolution process defined by (2.7)
corresponds to an oscillation at ‘atomic scale’ (if the minimizers z; and z5 do not
coincide with z). In this case in (8.22) g = 0 if k > 2, and, by Theorems 8.7 and
2.3, the limit energy density gnom in (8.25) reduces to

ghom(z) = h**(z)v

where
h(z) :=g2(2) + %inf{gl (z1) + q1(22) © 21 + 22 = 2z}, (8.26)

Hence, the Cauchy-Born states for Fjd (resp. Fj) are all z € R"™ such that g(z) =
% (2) = g2(2) + g1(2) (vesp. h(z) = h**(z) = g2(2) + G1(2)), that is in (2.7)
(resp. (8.26)) z1 = 22 = z. Note that this last condition is in particular satisfied
if g1(2) = g7*(2) (vesp. G1(2) = (§1)**(2)). So, taking, as before, f1(z) = 2? and
g1(2) = (|z| — 1)?, we get that to each z € (=1,1) \ (=1/2,1/2) corresponds a
relaxation at ‘atomic scale’ for F jd but not for F}, highlighting the ‘regularizing
effect’ of adding a continuous term to the discrete energy.

8.1.1 Lennard-Jones type potentials

The results of the previous section can be extended also to interactions governed
by Lennard-Jones type potentials, which do not satisfy growth hypotheses of the
type (H2) and (H3), under Dirichlet boundary conditions. We will focus on energies
accounting for nearest and next-to-nearest neighbor interactions and on the scalar
case m = 1. We start by recalling some I'-convergence results about this type of
discrete energies.

Let H; : L'(0,1) — [0, +00] be a sequence of functional energies accounting
only for nearest and next-to-nearest neighbor interactions defined by

-1 (it i =2 (2 i
i 4 225 O =)+ 252 (30 —G))
1quA 1 (0,1)
+00 otherwise.
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Here J; : R — (—o00,400], k = 1, 2, are Borel functions bounded from below and
satisfying the following assumption: there exists a convex function ¢ : R — [0, +o0]

such that
lim ¥(2) = 400, lim ¥(2) =0
zZ——00 |z‘ z—+o0 ‘Z|
and there exist two constants ¢y, co such that
a(W(z)—1) < Jp(z) <cotv(z) VzeR, k=1,2. (8.28)

This hypothesis is designed to cover the case of Lennard-Jones potentials, where
Ji(z) = J(2), J2(z) = J(2z) with

+00 if2<0
J(Z)—{kllz_kg if 2> 0, (8.29)

for some ki, ko > 0. Note that this kind of potentials allows the deformation to
be discontinuous in the limit, hence the limiting energy is finite on BV functions,
but the growth assumption from below forces the singular part of the derivative
to be positive.

Given | € R, we also define H! : L'(0,1) — [0, 400] as follows

o = {240 11020 w00 n

In the following theorem we recall the analogue of Theorem 2.2 for this type
of discrete energies, under Dirichlet boundary conditions (see Theorem 3.2 in [10]
for more general interaction potentials) and the result of Theorem 4.2 in [8].

Theorem 8.9 (a) (nearest neighbors) Let J; : R — (—o00,+o0], be a Borel
function bounded below satisfying (8.28) and Jo = 0. Then the I'-limit of the
sequence of functionals H]l-, defined by 8.30, with respect to the L}, .-topology is
given by

Hl(u) = { Jo Ji*(')dz if ue BVY0,1), Dyu>0
+00 otherwise.

where we have set
BVY0,1) := {u € BV(0,1): u(0+) =0, u(l-) =1}

and Dsu denotes the singular part of the measure Du with respect to the Lebesgue
measure.

(b) (next-to-nearest neighbors) Let J, : R — (—o0,+o0], k = 1,2, be
Borel functions bounded below satisfying (8.28). Then the T'-limit of the sequence
of functionals H;, defined by 8.80, with respect to the L} -topology is given by

loc

LHu) = { Jo Jg*@)dz if u€ BVY(0,1), Deu>0
400 otherwise,

49



where
1
Jo(z) = JQ(Z) + 5 inf{Jl(zl) + Jl(ZQ) 121+ 20 = 22}

Let us consider now functionals as in (8.22) with F of the type (8.27), that
is

L 280 (G itk i
Fj(u) = /Of (u (m))da:—i—;;EJk (i(u( 7 )—u(j)))
Ff(u) + Fi(u) (8.31)

with J, : R — (—00, +00] satisfying (8.28). It is easy to show that even in this
case there is no decoupling of variables and that the functionals F}; share the same
I-limit of the functionals ﬁj 1 LP((0,1); R™) — [0, +o00] defined by (7.10) with F;
as in (8.31) in place of F.. Moreover, as in the previous case, one can easily show,
by applying Jensen inequality, that f/—*‘\j equals to

2y i it i .
B ZZij<k(v( , )v(,))) oA 01

k=11i=0 J J

400 otherwise
with R
Ji= (" + 4 (8.33)
and Jo = Jo. Therefore ﬁj satisfies the assumptions of Theorem 2.3 or, if Jo =0,

Theorem 2.2 (see Theorem ).
Given [ € N, let us consider also the functionals Fjl : WHP(0,1) — [0, +00],

F\Jl : LP(0,1) — [0, +o00] defined by

A= {50 S 630

Pl — 4 Fi(w) if u(0) =0, u(l) =1
FJ( ) {+oo otherwise. (8:35)

Hence we derive the following result.

Proposition 8.10 (i) Let Jy satisfy (8.28) and Jo = 0. Then the functionals
Fjl and ﬁ]l defined by (8.34) and (8.585), respectively, T'-converge, with respect
to the LP((0,1); R™) strong topology, to the functional F : LP((0,1); R™) —
[0, +o0] defined by

F(’U,) _ /0 (Jl)**(u/) dx qu c Wl,p((o, 1),Rm)

400 otherwise,

where Jy is defined by (8.33).
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(i) Let Jy, Jo satisfy (8.28). Then the functionals F]l and 13]1 defined by (8.34)
and (8.35), respectively, T'-converge, with respect to the LP((0,1); R™) strong
topology, to the functional F : LP((0,1); R™) — [0, +00] defined by

400 otherwise,

where
1 - -
Jo(z) := Ja(2) + 3 inf{Jy(21) + Ji(22) : 21 + 20 = 22}.

Remark 8.11 (Cauchy-Born states: L-J potentials) As shown in Proposi-
tion 8.10, in the case of a system of particles whose interactions are governed
by Lennard-Jones type potentials the presence of a continuous media deformed
according to potentials satisfying superlinear growth assumptions forbids the limi-
ting deformation to be discontinuous (the material ‘does note break’). But, beside
this fact, we want to highlight that even in this case the continuos media has the
regularizing effect of increasing the set of Cauchy-Born states. Let, for example,
J1 = J be defined by (8.29), Jo = 0 and f1(z) = cz? for some constant ¢ > 0. It
k1

is easy to see that, while J;(z) = J{*(#) if and only if z < (%)é, we may choose

¢ > 0 large enough so that J;(z) is convex for all z € R.

The last example we want to consider is the reverse case when the density
f!, governing the deformation of the continuous media, is of Lennard-Jones type
and the potentials accounting for the interactions of the particles satisfy super-
linear growth assumptions. We show how this last assumption suffices to prevent
discontinuities of the limiting deformation, although the energy density f' allows
it.

Let, then, G; : W1P(0,1) — [0, 4+00] be defined as follows

/01 J(u (z)) dz + Z %gk (‘; (u(l—;k) —u(é)))

J

Gj(u)

—k
k=1 i=0
= G5(u)+ G(u) (8.36)

where J : R — (—o0, +00] is defined by (8.29) and g, = g1, k = 1,2, satisfy
hypotheses (H2) and (H3). Although J does not satisfy (3.4), we still may deduce
that there is no decoupling of variables. Indeed, let u; € W?(0,1) be such that
sup; Gj(u;) < +oo and set v; = v(u;), according to (3.6). Observe that if v; — v
in L?(0,1), then also v;(- + %) — v in LP(0,1). Hence, since by the definition of
J, u; must be increasing, we get that v; < u; < v;(- + jl) and so also u; — v in
Lr(0,1).

o1



Therefore the functionals G; share the same I'-limit of the functionals éj :
LP((0,1);R™) — [0,400] defined by (7.10) with G; as in (8.31) in place of Fi.
Moreover, as before, we get that G; equals to

208l itk i
&) = ggfﬂjgk(kQ“ P -)) treaon o
+00 otherwise

with
g1 = (J)** + 01 (838)

and gy = gx for k > 1. Thus, we infer that the analogue of Proposition 8.10 holds
true for the family of functionals G; and G, as stated in the following proposition.

Proposition 8.12 (i) Let g1 satisfy (H2), (H3) and let go = 0. Then the func-
tionals G; and @j defined by (8.36) and (8.37), respectively, T'-converge,
with respect to the LP((0,1); R™) strong topology, to the functional G :
L?((0,1); R™) — [0, 400] defined by

1
[@yayas iguewreom)
G(u) =< Jo
+o00 otherwise,

where gy is defined by (8.38).

(i1) Let g1, g2 satisfy (H2), (H3). Then the functionals G; and @j defined by
(8.36) and (8.37), respectively, T'-converge, with respect to the LP((0,1); R™)
strong topology, to the functional G : LP((0,1); R™) — [0, +00] defined by

1
A(%fﬂwwm if u€ WHP((0,1);R™)

G(u) =
+o0 otherwise,
where
. 1. .. ~
Jo(2) :=g2(2) + 3 inf{g1(z1) + g1(22) : 21 + 22 = 2z}.
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