TRANSPORT PROBLEMS AND DISINTEGRATION MAPS
LUCA GRANIERI, FRANCESCO MADDALENA

ABSTRACT. By disintegration of transport plans it is introduced the notion of trans-
port class. This allows to consider the Monge problem as a particular case of the
Kantorovich transport problem, once a transport class is fixed. The transport prob-
lem constrained to a fixed transport class is equivalent to an abstract Monge problem
over a Wasserstein space of probability measures. Concerning solvability of this kind
of constrained problems, it turns out that in some sense the Monge problem corre-
sponds to a lucky case.
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Optimal transport problems, also known as Monge-Kantorovich problems, have been

very intensively studied in the last years giving rise to numerous and important ap-
plications to PDE, Shape Optimization and Calculus of Variations, so we witnessed
a spectacular development of the field. The interested reader may look at the mono-

graphs and lecture notes [3, 5, 11, 14, 19, 20, 21, 22| where the subject is fully devel-

oped.
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Let us briefly recall the formulations of the Monge-Kantorovich problems.

Let X,Y be two compact metric spaces and let ¢ : X x Y — R* be a Borel cost
function. The Monge problem is formulated as follows: given two probability measures
p € P(X), veP(Y) find a measurable map ¢ : X — Y such that txpu = v (# denotes
the push-forward of measures) and such that ¢ minimizes the total cost, i.e.

i { [ ctot(a)) i Jepu= v} 0.1

It may happens that the set of admissible maps is empty (e.g. pu = J, and v =
%(5y +0,)). Then the problem could be reformulated in its Kantorovich’s relaxation:
find v € P(X x Y) such that W;ﬁ’}/ = pu and 7@7 = v (! and 72 are the projections on
the factors of X x Y') and such that v minimizes the total cost, i.e.

min {/ c(w,y) dy(z,y) | mpy = p, Ty = I/} : (0.2)
v XxY

The admissible measures 7 for the Kantorovich problem are called transport plans. We
denote by II(u, ) the set of transport plans with marginals p and v. If ¢ is admissible
for the Monge problem then the measure associated in the usual way to the graph
of t,ie. v = (Ix x t)xp, is admissible for the Kantorovich problem. However the
class of admissible measures for the Kantorovich problem is never empty as it contains
1 ®v. Moreover, the Kantorovich problem is a linear one. Existence of minimizers for
the Monge problem is difficult and may fails, while for the Kantorovich problem the
semicontinuity of ¢ is enough to ensure existence of minimizers.

If X =Y, and ¢ = d is the distance function, for p > 1 the cost

)= (min {/XXX d(x,y) dy(z,y) = v € u, y)})l/p

defines a distance on P(M) called p-Wasserstein distance.

Let us recall that by Kantorovich duality (see [3, 14, 21, 22]) the 1-Wasserstein
distance between p and v, which we will simply denote by W, can be expressed as
follows

W) =swp{ [ edtn=) o etin(0)}, (03)

where Lip,(X) denotes the set of Lipschitz function having Lipschitz constant not
greater than one.

Description of the results. A relevant tool in mass transportation theory is con-
stituted by the Disintegration Theorem (Theorem 1.1) of measures which states that
every transport plan v € P(X xY') can be written as v = f(z)®u where f(z) € P(Y).
We shall call disintegration map every f: X — (P(Y), W) such that

f(x) @ p e Il(p,v).
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In this paper we relate the structure of the set of transport plans II(yu,r) with
the push-forward of disintegration maps. Indeed, given the measure v = f(z) ® pu,
obviously p is the first marginal of 7, while the second marginal depends on the
disintegration map f. An interesting feature of transport plans appears by looking to
the measure fyupu. Precisely, if n = g(z) ® p is another transport plan, it results (see
Lemma 1.5):

fan = gpp =y = w4,

Therefore, the second marginals can be fixed by looking to the push-forward of dis-
integration maps. In this way the set of transport plans II(u, ) can be structured
in transport classes (see Definition 1.7) by setting n € [y] < fup = ggu. Roughly
speaking (see Example 1.8), fixing a transport class leads to consider a constrained
transport problem with respect to splitting masses or traveling ones. Lemma 1.3 shows
that all transport plans induced by transport maps belong to the same transport class.
Moreover, by density of transport maps in II(u, v), it follows that (see Proposition 1.9)
such transport class characterizes the transport plans induced by transport maps.
Therefore, in this perspective the Monge problem can be seen as a constrained Kan-
torovich problem, namely

min{/Xc(x,t(x)) dp t#MZV}zmin{/XXyC(%y) dy : v € [5s®u]},

for a given transport map s. By density of transport maps, the Kantorovich transport
problem also corresponds to

min{/XXyC(x,y) dy VEH(M,V)}Zmin{/XXyC(%y) dy VEMW},

for a given transport map s.

Hence the Monge problem represents a particular case of a more rich structure of
problems, obtained by fixing a transport class in the Kantorovich formulation of trans-
port problems. In this context, considering transport problems in a fixed transport
class is quite natural. Since we are looking to the push-forward trough disintegration
maps, fixing a transport class results equivalent (see Section 2) to consider measures
A € P(P(Y)) satisfying the barycenter constraint

/ A dA(N) = .
PY)

The corresponding transport class is given by the transport plans f(z) ® u such that
fup = A. In this formulation we see that fixing a transport class is equivalent to
consider transport maps f sending p into A. So it is natural to consider the following
Monge-Kantorovich problem in the class A:

MEse) =t [ e drly=fon pn-af. 00

v
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The above transport problem leads to consider an abstract Monge problem between
the space X and P(Y). Let us consider the following transport cost

V(z,\) e X xP(Y) : é(z,\) = / c(x,y) dA.
Y
We set
M@ ) = int{ [ e f0) d | fan =2}, (0.5)
X
For every transport class A (see Proposition 2.2) we have
M@, pu, A) = MKx(c, pu,v).

Therefore, every existence result for the Monge problem M (¢, u, A) in the abstract
setting corresponds to an existence result for the Monge-Kantorovich problem in the
transport class A. Of course, minimizing in a transport class could be as difficult as
for the Monge problem since, of course, the transport classes are not in general closed.
However, by this reformulation it comes out that the Monge case is peculiar. More
precisely, since the Monge problem is a particular case of transportation in a transport
class, one may asks what happens for others transport classes. In other words, the
matter consists in establishing if the abstract Monge problem admits solutions. The
existence results for the Monge problem are usually stated in the following form: under
some assumption on the spaces, on the first marginal p and on the cost ¢(z,vy), for
every second marginal v the Monge problem admits solutions. For the abstract Monge
problem M (¢, i, A) this is not the case. For discrete measures A, see Section 4, for
the quadratic cost it results that M (¢, u, A) may not admit solutions. Therefore, in
the abstract setting, it could be also interesting to consider, under some assumption
on the spaces, on the first marginal y and on the cost ¢(z,y), the question for what
kind of second marginals the corresponding Monge problem admits solutions. From
this point of view, in some sense the Monge problem is a lucky case.

1. DISINTEGRATION MAPS AND TRANSPORT CLASSES

Let X, Y C RY be two compact sets and let M(Y) be the space of Radon measures
onY. Amap A: X — M(Y) is said to be Borel, or equivalently weakly*-measurable,
if for any open set B C Y the function x € X +— \,(B) is a real valued Borel map.
Equivalently, x +— A, is a Borel map if, for any Borel and bounded map ¢ : X XY — R,
it results that the map

r€X - / e, y)dA,
Y

is Borel.

Theorem 1.1 (Disintegration theorem). Let v € P(X x Y) be given and let w' :
X xY — X be the first projection map of X x Y, we set up = (7')yy. Then for
pu—a.e. x € X there erists v, € P(Y) such that
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(i) the map x — v, is Borel,

(i) Vo € CG(X x Y): [y vz y)dy = [ ([} e(z, y)dv.(y)) du(z).
Moreover the measures v, are uniquely determined up to a negligible set with respect
to p.

Let v € I(u,v), as usual we will write v = v, ® p, assuming that v, satisfy the
condition (i) and (ii) of Theorem 1.1. Obviously, the transport plan p® v corresponds
to the constant map x — v, = v. Let t : X — Y, be a transport map, observe that for
the transport plan vy := (I x t)xp, the Disintegration Theorem yields 74 = dyz) ® p.
Therefore, the disintegration procedure for a transport plan v = f(z) ® u produces a
map

f:X = (PY), W), st. x+— f(x) is Borel. (1.1)
We shall refer to such maps f as disintegration maps. For a transport map t the
corresponding disintegration map is given by = — ;). Of course, it is possible to
look at a disintegration map as a measurable map between X and (P(Y), W). Indeed,
we have the following result.

Lemma 1.2. A map f: X — (P(Y),W) is a disintegration map if and only if f is
measurable.

Proof. Let f X — (P(Y) W) be measurable and let A C Y be an open set. Observe
that f(x)(A) = [, xa(y)df(z). For a Ls.c. function ¢ over Y, define

I,: (P(Y), W) =R, I,(\):= /(Y) o(y)dA. (1.2)

Since W metrizes the weak™ topology of measures, we have that I, is a L.s.c. map.
For every x € X it results

/Y o(W)df (2) = L (f(2)).

If f is a measurable map, it follows that the map f(-)(A) : X — R is Borel as
composition of a l.s.c map and a measurable one. Hence f is a disintegration map.
Vice versa, observe that by the Ascoli-Arzeld Theorem the space Lip,(Y') is compact
with respect to the uniform convergence. Fixed a countable dense subset D C Lip,(Y),
by Kantorovich duality we have

W(v1,12) = sup / ud(vy — 1) = sup/ u d(vy — vs).
Y Y

u€Lip; (Y) ueD

Since x — f(z) is Borel, we have that, for every u € Lip,(Y), g : X — R defined by

gu(x) = [, u d(v — f(x)) is a Borel map . To check that f is a measurable map, it is
sufﬁ(:lent to observe that
f ﬂ gt (] —r,r]) = A

ueD
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Indeed, if x € A we get |g,(x)| < r, for every u € D. Hence, by definition of g,, it
follows that W (v, f(z)) < r and then f(z) € B(v,r). On the other hand, if f(x) €
B(v,r), i.e. W(v, f(z)) <r, by Kantorovich duality |g,(z)| := | [, u d(v — f(2))] <r
for every u € D. This implies x € A. O

Let X C RY, we recall that the barycenter of a measure u € P(X) is given by

ﬁ(u)z/xwdu'

Disintegration maps naturally produce measures of the form fup on the space
(P(Y),W). By the following lemma, we see that this point of view is equivalent
to fix the second marginal of transport plans induced by transport maps.

Lemma 1.3. Let t,s : X — Y be two given Borel maps, u € P(X) and let f,g: X —
P(Y) defined by f(x) = 6iz), 9(x) = dg@). Then

byt = supt S fal = gup. (1.3)

Proof. Assume fuu = gup and for any ¢ € C( ) let us consider the function I,
defined in (1.2). Observe that [, € C((P(Y),W)). Hence we have

/P(Y) I,(N) d(fup) = /79(1/)[ d(gun) <:>/ /ij(g(x)) dy

¢§£(ﬂp@wwm)@nié(ﬂywwwuodw (1)

Ky@wwm:¢wmx(éw@dmw=wamx

Awm»w:éwmmw.

By the arbitrariness of ¢ we infer tupu = sypu.
Vice-versa, for every € C((P(Y),W)) let us consider the function ¢(y) = 1(d,).
Observe that ¢ € C(Y). If tpp = syuu we compute

/w (fan) = /w ) dy = /w% _
Awm»wzéwmmwzﬂwa%m

By the arbitrariness of ) we obtain fup = gup. 0

Since

bi (1.4) we get

Corollary 1.4. Lett,s : X — Y be two given Borel maps, u € P(X), let f,g: X —
P(Y) defined by f(x) = duz), 9(x) = 5y and let v = f(x) @ p, n = g(x) @ p. Then

TRy =Ty & fap = gup (1.5)



TRANSPORT AND DISINTEGRATIONS 7

Observe that the first part of the proof of the above Lemma works for general
transport plans v = f(z) ® u, n = g(x) ® p. Actually, by (1.4) we get the following

Lemma 1.5. Let p € P(X), f,g: X = PY), v = f(x) @ u, n = g(x) @ u be given.
Then the following implication holds true
fate = gup = why = 740, (1.6)

Therefore, also for transport plans, the second marginal can be fixed by fixing the
push-forward of disintegration maps.

Notice that in general the converse of (1.6) is not true as we show in the next
example.

Example 1.6. Let f : X — P(Y) defined by f(xz) = v and let v = f(x) ® u. Let
n = g(x) ® p where g(x) = 6y for a given transport map ¢t : X — Y with typu = v.
For every ¢ € C((P(Y), W)) we have

/ ¥ d(gym) /w&: ) di,

d(fgn) = (V).

while

PY)

For any ¢ € C(Y') let us consider (\) = UY o(y d)\} (A)|. We compute

/Xw(étm) duz/x dp = /Is@ )| dp = /\@ )| dv.

However, on the other hand 1(v) = | [, ¢(y) dv|.

oY) doya)

The above arguments allow to characterize transport plans through the push forward
of disintegration maps. We introduce the following notion of transport class.

Definition 1.7 (Transport classes). Let v, n € II(p, v) withy = f(x)@p, n = g(x)@u
be given. We shall say that v andn are equivalent (by disintegration), in symbols vy ~ n,
of fap = ggp.

For any given n € (u,v) with n = g(x) @ pu, we shall call transport class of n the
equivalence class of transport plans given by

ml={y=f(@)@pul| faer=gpn}. (1.7)

Notice that in the case of discrete first marginal y = ). ;d,,, for any disintegration
map it is easily seen that

fan = Z W0 f(z;)-

Therefore, transport classes are fixed by the range of f.
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Example 1.8. Let

w= %59“ + %5952 + %5@,3, V= ééyl + géw.
Toe T1 e
To e UL T @i e U1
T3 @il o U L3 @eeeerieiiiiell 0 o U2

F1GURE 1.1. Transport plans in the same class.

Consider the transport plan which uniquely splits the mass at x;. This transport
plan corresponds to the disintegration map

f(xl) = 3(a5y1 + b5y2)a f(xQ) = 5@’27 f(x3) = 5y27 a=b= % (18)

By changing the point at which the mass is splitted, the range of the corresponding
disintegration map does not change. For instance, for the second transport plan in
Figure 1.1 we get the following disintegration map

g(xl) = 5y27 g(x2> = 3(0’5?;1 + b(sy2>7 g(l'g) = 5@’27 a=b= 6

It follows fup = gxpt. Analogously, all the transport plans with only one splitted mass
belong to the same transport class.

On the other hand, by changing the number of splitted masses the corresponding
disintegration range is changing.

1 e
xTo .'*yl
L3 @ e g Yy

F1GURE 1.2. Two splitting masses.

Indeed, by looking at Figure 1.2, we may consider the disintegration map
h(xl) = 3(a/5y1 + b/5y2)7 h(l‘2) = 3(0/5?/1 + d/5y2)’ h(x?’) = 5y2’

a, = i / et l C, — 3 4 — é

30’ 30’ 30’ 30°

In such a case we have that fup # hgp. On the other hand, by keeping fixed the

number of splitted masses, the transport class may be changed by modifying the

amount of traveling masses. Consider for instance the disintegration

k(l‘l) - 3(a//6y1 + b//5y2)’ k(xQ) - 3(0”6?/1 + d//5y2)7 k(x?’) = 5y27
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" 1 /! 9 /! 4 1 6
“ T30 T30 T30 Y T30
We get hyp # kyp.
Therefore, to fix a transport class leads to consider a constrained transport problem,
with respect to splitting masses or traveling ones.

By Lemma 1.3 it follows that all transport plans induced by transport maps belong
to the same transport class. Since the transport maps are dense in II(u,r) we can
prove the following result.

Proposition 1.9. Let s : X — Y, be a transport map, i.e. such that sup = v, with p
non-atomic, and let 1 = (I X 8)upt = 0yq) @ . If v € [n] then there exists a transport
map t : X — Y such that v = oy, @ p, i.e. the transport plan vy is induced by a
transport map t. In particular, if v = f(x) ® u, it results t(x) = B(f(z)) p-a.e..

Proof. By applying [3, Theorem 9.3], see also [11], and the same argument employed
in the proof of ([3, Theorem 2.1]), we find a sequence of Borel maps ¢, : X — Y such
that

v= llm Otn(@) @ p, (tn)up =v VneN

and therefore 0;,;) ® 1 € [ ], Vn € N. Consider ¢(y) = |y|>. By the push-forward
constraint we get

J 1P du= [ ot du= [ pto) dv= [ o < o

Let us consider ¢ € C((P(Y),W)) defined by #(d,) = |y|*>. In fact, setting
A C P(Y) the set of Dirac deltas, the function 1 is Lipschitz, with respect to the
Wasserstein distance, over A. Hence it suffices to consider any Lipschitz extension of
¥ on the whole P( ) For every n € N, since (d¢,)xp = (ds)xp we have

/It )Pdp = /w%(x) dp = /@/) s@) dp = /| *dp. (1.9)

Therefore, by passing to a subsequence, we may suppose that ¢,, is weakly convergent
and let ¢ be the weak limit of ¢,,.

Let v = f(x)®u. By definition of weak convergence, by approximation with continuous
functions, for any g € L?(X, RY) we get

/X<g,t>du= lim [ (g,tn)dp = lim X(/y<g’y>d5tn(z>(y>) dji =

n—-+o00 X n—-+00

/X (/Y<g,y> df(:c)> duz/x<g,/yy df(x)>dﬂz/)(<g,g(f(x))>du

Therefore ¢, — B(f(z)). On the other hand, since v € [n], i.e. fuu = (0, )xp, and by
(1.9) we have
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J G @nPd = [ 150.0)Pdn = / s m [ i

Then, it follows that ¢, strongly converges to [(f , hence by [3, Lemma 9.1] we
deduce that v = 0y ® p with t(z) = B(f(2)). O

Of course, the above arguments hold true as well by considering LP(X, u) with p > 1.
This corresponds to consider the transport cost d”(x,y).
Proposition 1.9 allows to reformulate the Monge transport problem as follows:

min{/xc(x,t(x)) dy t#u:y} :min{/Xxyc(:c,y) dy : 7€ [5S®M]}, (1.10)

for a given transport map s.
By density of transport maps, the Kantorovich transport problem can be seen as

. , —W
mm{/ c(z,y)) dy = v € H(/W)} = mln{/ c(z,y) dy = v €6 ® p } :
XxXY XxY
(1.11)
for a given transport map t.
Therefore, the Monge problem corresponds to minimize the functional | oy (@, y) dy
in a fixed transport class of II(u, ), while the Kantorovich one corresponds to minimize

the same functional on the whole I1(u, v).

2. MONGE-KANTOROVICH PROBLEMS ON TRANSPORT CLASSES

In the previous section we have seen that the Monge problem could be seen as a
particular case of minimization on a transport class. Since the transport classes are
determined through the push-forward of disintegration maps, they can be assigned by
probability measures A over (P(Y), W).

Actually, consider f @ p € II(u,v) and A = fuu. Since (m)y(f @ pu) = v, for every
¢ € C(Y) we have

[otwrar=[ ([ e a@)au= [ 100 = [ L) a0 =
:/P(Y) (/ch(y) d)\) dA.

Therefore, in order to define a transport class, the measure A has to satisfy the con-

straint
/ AdA =v. (2.1)
P(Y)

Hence, every probability measure A over (P(Y'), W) satisfying (2.1) defines a transport
class 1] = {f & i : fypi = A,

For instance, the transport class [ ® v] corresponds to the measure A = ¢,. While
for a transport map ¢, the transport class [ ® p] corresponds to A = [ x 06,00y A1t
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On the other hand, the transport class in (1.8) corresponds to the discrete measure
A= %55“ + %55y2. In this perspective, transport plans in the transport class A can be
seen as transport maps between p and A. It is then natural to consider the Monge-
Kantorovich problem in the class A defined as follows

MK(c, p,v) := inf {/X YC(x,y) dy |y =f®p, fen= A} (2.2)

v

By Proposition 1.9, the Monge problem corresponds to the transport class A =
fX 56t($)du'

Remark 2.1. Observe that for a discrete transport class A = ) . ;d,,, the Monge-
Kantorovich problem in the class A yields the optimal allocation problem consisting in
the determination of a Borel subdivision {U;} of X minimizing

5 ([ o)

under the constraint ) . o;A\; = v. For existence results in this framework see Section
4.

The notion of transport class leads naturally to consider an abstract Monge problem
between the space X and P(Y'). Consider the following transport cost

V(z,\) e X xP(Y) : é(z,\) = /Yc(:p,y)d)\. (2.3)

We have the following

Proposition 2.2. For every transport class A C II(u, v) we have
M, pu, A) = MKx(c,pu,v).

Proof. 1t suffices to observe that for any disintegration map f : X — P(Y') such that
fup = A, it results

[ tweawyan= [ ([ o) an= [ cwp aron.

Observe that by the above proof it follows that f is a solution of M (¢, u, A) if and
only if f ® p is a solution of MKy (c, u,v). Therefore, every existence result for the
Monge problem M (¢, u, A) in the abstract setting corresponds to an existence result
for the Monge-Kantorovich problem in the transport class A. The abstract setting has
the advantage of considering a nice cost, since it is linear with respect to the second
variable. Of course the disadvantage is the passage from the space X x Y C RN x R¥
to the space X x P(Y'). Observe that by [19, Theorem 2.4] the transport classes are
always non-empty provided p is non-atomic.

O
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Proposition 2.3. c is continuous, l.s.c., Caratheodory, normal iff ¢ is.

Where we say that a measurable map c(z,y) is Caratheodory (resp. normal) if
c(z,-) is continuous (resp. ls.c.).

Lemma 2.4. Let ¢: X x Y — [0, 4+00] be a Borel cost function satisfying

|C([L‘17y) - C(an y)| < O[({L'l - x2)7 (24)
for a given map o : X — R continuous at x = 0 and such that a(0) = 0. We have the
following

(1) If c(z,-) is continuous then ¢ (and hence ¢) is continuous.
(2) If e(x,-) is l.s.c. then ¢ (and hence ¢) is l.s.c.

Proof. Let ¢(z,-) be continuous. If (z,,y,) — (x,y) on X XY we compute

‘C({L’,y) o C(xna yn)| < |C(l‘, y) T C(l‘, yn)‘ + ‘C(xayn> T C(xnayn” <
|C(:L‘,y) - C(xvyn)| + Oz(ZL‘ - xn) — 0,
as n — +oo. If ¢(z,-) is L.s.c. considering

C(xTH yn) = C(xna yn) - C(l‘, yn> + C(l‘, yn)a
by (2.4), passing to the liminf we obtain
liminf (T, Yn) = liminf c(x,yn) > c(x,y).
O

In general, for the existence of optimal transport plans in the Kantorovich problem
at least the lower semicontinuity property of the cost function is usually required.
Actually, some regularity of the cost function is needed to obtain a useful duality
theory or to ensure that the infimum of the Kantorovich problem is equal to the
infimum of the Monge problem (see for instance [3, 19]). However, it is not hard to
verify that the Kantorovich problem admits solutions under more weak requirements
on the cost function (see for instance [7]).

For reader’s convenience here we provide some details based on disintegration maps.
Let 7, = f, ® p be a minimizing sequence for the Monge-Kantorovich problem (0.2).
Passing to a subsequence we may suppose that m, = f® p =7 € II(u,v). Now, for
any y(z) € C(X), p(y) € C(Y), we get

XXYQ/J(x)SO(y) dm = /Xw(x) (/Y @(y)df(x)) dj —
i [ 00 ([ o) an=tim [ v .

n—-+00 n—-+o00 XxY

(2.5)

By density of continuous functions, the above limit holds for ¢ € L'(X, ) as well.
Therefore, if the cost function has the form c(z,y) = a(z)b(y), with a € L',b € C,
then by (2.5) it follows that 7 is an optimal transport plan. Arguing component-wise,
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the same reasonings apply to linear costs c¢(z,y) = (a(z),y). For a Caratheodory cost
function c¢(zx,y), i.e. a Borel map such that ¢(z,-) is continuous, observe that the
disintegration maps f, : X — P(Y) C M(Y,R) belongs to L>(X, M(Y,R)), which
is the dual of L'(X,C(Y)). Therefore, by passing to a subsequence we may suppose
that f, = f, i.e.

Jlim_ (/wxydfn ) /(/wxydf >d,u vy € LY(X,C(Y)).

The above continuity property shows that @ = f ® u is an optimal transport plan,
provided that [, sup,, c(,y) dp < +oo.

If ¢(x,y) is a normal cost, i.e. a Borel measurable map such that ¢(z, ) is lower semi-
continuous, then it can be reduced to a Caratheodory cost by standard approximation
procedures. For instance (see [10]), we may write

c(x,y) = 51}1Lp an(z)bp(y), bn € C(Y).

Hence, the cost ¢; = sup,;<; a;b; is Caratheodory and ¢; / c. Since

/ Cj(xv y)dﬂ-n S / C(ZL', y)dﬂ-na
XxXY XxY

passing to the limit we obtain

/ ¢j(z,y)dr < lim 1nf/ c(x,y)dmy,.
XxY oo Jxxy

Passing to the limit with respect to j we get that 7 is optimal. By representation
of weakly* l.s.c. functionals (see [4]), the same reasonings apply to normal cost on
X x P(Y). For a related result see also [13].

In the following we compare the Kantorovich problem (0.2) with the abstract version
formulated using the transport classes.

Lemma 2.5. For every transport class A C I(u,v) it results
MK (c,u,v) < MK(¢,pu, N).
Proof. Let 7 = N(z) @ u € (u, A). We compute

/Xxp(y) cam / (/ o) (/ (x,y)dA) dN(x)) dy =
( c(x,y)df( )> :/Xxyc(x,y) d(f @ ),

where f(x fP(Y A dN (z). It remains to check that (m)4(f ® u) = v. By (2.1), for
every ¢ € C( ) we have

(2.6)
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/X (/Y @(y)df(x)) dp = /X (/P(Y) (/Y go(y)dA) d/\/(x)> dp = /XXP(Y) L(\) di =
:/P(Y) I,(\) dA:/P(Y) (/Y o(y) d)\) dA:/ng(y) .

Observe that the above definition of f(z) = B(N(z)) can be seen as a generalized
barycenter map. Indeed, we have the following

Lemma 2.6. The generalized barycenter map 3 : P(P(Y)) — P(Y) defined by

BN) = /P A

15 1-Lipschitz with respect to the Wasserstein distance.

Proof. First observe that if ¢ € Lip,(Y’) then I, € Lip,(P(Y)). Fixed ¢ € Lip,(Y)

we get
[ o dtp) - s = [ . ( [ dA) AN, — M) =

_ / L) AN — No) < WG, AG).
PY)

O

Taking the supremum with respect to ¢ € Lip,(Y) it results
W (B(N), B(N2)) < W (N1, N2).
O

Observe that a probability measure A on P(Y') defines a transport class iff its
generalized barycenter is equal to v.

Lemma 2.7. If ¢ is normal then there exists a transport class A C (u,v) such that
MK (c,pu,v) = MK(¢,u, N).

Proof. Let m, = f, ® p € I(pu,v) be a minimizing sequence for MK (c, u,v). Set
A, = (fn)xp. By passing to a subsequence we have that A,, = A with respect to the
weak convergence of measures. Observe that

/ (/ @ d)\) dA = / I,(\)dA = lim I,(X) dA, = lim I(fn(x)) dp
Py \Jy PY) X

n—-4o0o P(Y) n—-4o0o

= lim ; (/Y w(y)dfn(l")) dp = /Yso dv.
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Therefore, A defines a transport class. Consider the transport plans 7, = (I X f,,) x4 €
II(p, Ay,). Passing to a subsequence we may also suppose that weakly 7, — 7 €
II(u, A). Since ¢ is normal we get

MK(&,/L,A)S/ ~al7~r§limi1r1f/ ¢ dm, =
XxP(Y)

XxP(Y) n—+00

n—-+o00 n—-+00

= lim inf/ é(z, fu(x))dp = lim inf/ (/ c(x,y)dfn(x)) du = MK (c, p,v).
X x \Jy
The result follows by Lemma 2.5. OJ

By the above analysis the Kantorovich problem over X x P(Y) is essentially equiva-
lent to the usual Kantorovich’s one. Indeed, if ¢ is normal (for instance if the cost ¢ sat-
isfies the conditions of Lemma 2.4) by Lemma 2.7 we have M K (¢, u,v) = MK (¢, p, A)
for a transport class A. If # = M (x) ® p is a transport plan for MK (¢, u, A), for such
transport class A, setting f(z) = fp(y) A dN(x), by (2.6) it follows that f(x) ® p is

an optimal plan for M K (c, i, v). For a related relaxation procedure see [12].

3. EXISTENCE AND UNIQUENESS FOR THE MONGE PROBLEM

In the previous section we have seen that the Monge-Kantorovich problem is es-
sentially equivalent to the transport problem on transport classes. Of course, the
Monge problem reveals hard to handle. For linear cost ¢(z,y) = (z,y), which is equiv-
alent to the quadratic cost c(z,y) = |z — y|* because of the expansion |z — y|? =
|z|% + |y|* — 2(x,y), it is relatively easy to find existence and uniqueness of optimal
transport maps. We expect some advantage by considering the special form of the cost
¢ for the Monge problem on a transport class. In order to handle with the abstract
Monge problem, we review here some usual tools for solving the Monge problem. The
available approaches to existence and uniqueness rely more or less on two basic facts.
The first one is based on the notion of c-cyclical monotonicity. A set S C X x Y
is said c-cyclical monotone if for any finite set of pairs (z1,41),. .., (2, yx) and any
permutation o the following inequality holds true

k

k
Z C($i7 yz) < Z C(:Ei7 ya(z))
=1

i=1
A fundamental fact in mass transportation is that the support of every optimal trans-

port plan is a c-cyclical monotone set and every c-cyclical monotone set is contained
in the c-superdifferential 0“9 (or contact set) of a c-concave function 1, where

Ov={yeY : (@) —v() < c(z,y) — c(z,y) Vo' € X}. (3.1)
A function % is said to be c-concave if there exist A x B C Y x R such that

—  inf t.
() (y7t§gAch(x,y)+
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For details we refer the reader for instance to [19, 22]. The c-transform of 1) is defined
by ¥¢(y) = infex{c(z,y) — ¥(x)}. Tt can be shown that y € 0 < (x) + Y(y) =
c(x,y). If one is able to show that for p a.e. x € X the c-superdifferential is single
valued, then every transport plan is supported on the graph of a transport map (see
[3, 19, 22]). Namely, there exists a unique solution of the Monge problem. The same
reasonings apply as well directly to the abstract problem M (¢, u, A). In other words,
if the é-superdifferentials is single-valued, then the Monge problem M (¢, u, A) admits
a unique solution. In this framework the two Monge problems are essentially related.
Indeed, suppose that the ¢-superdifferentials contain just one Dirac delta and let ¢ be
a c-concave function. We set

A={5,:y€c A} x BCP(Y)xR

and ¥(z) = inf ) heixp(z,A) + . It follows that ¥ is -concave and ¥ (x) = ¥ ().
Recalling that ¢(z,d,) = c(z,y), the following implications hold true

y € 0Y(x) & ¢(a') — () < ez’ y) —clz,y) &

(') —db(x) < &', 8,) — é(x,8,) & 6, € P(x).
Therefore 0°Y(z) = {y}. )
Vice-versa, suppose that c-superdifferentials are single valued and let ¢ be a ¢-

concave function. Consider the c-transform (¢)¢(y) = inf,{c(z,y) — ¥ (z)}.
We have

0, € IP(x) & P(a') — ¥(x) < c(@',y) — c(z.y) & clz,y) — (z) < c2',y) — P ()
& clz.y) — (@) = (0)(y) & y € I¥(x) C Ou(x)

for a c-concave function u (see for instance [19, Remark 3.12, Theorem 3.10]). It follows
that z/NJC(y) contains just one delta. Of course this singleton condition of superdiffer-
entials can be achieved under additional requirements on the cost function. For a
differentiable cost a general condition relies in the so called twist (or Spence-Mirrlees
in economic settings) condition, i.e.

x +— c(z,y1) — c(z,y2) has no critical point V y; # v (3.2)

(see [11, 15, 8]). For a generalization of such condition, in the case of suitable ge-
ometries see [2]. In the case X =Y = M with M a Riemannian manifold and for a
Lagrangian cost it is enough for the cost ¢ to satisfy the Mather’s shortening principle
and the connectedness of the c-superdifferential, as it is shown in [22, Chapter 9.
Observe that in this case the connectedness is a key property. This property is easily
satisfied if ¢(z, -) is linear as happens just for the cost ¢(z,y) = (z,y). However, general
forms of the cost ¢ which guarantee the connectedness of the c-superdifferential are
not known. In this perspective, the consideration of the linear cost ¢ could be useful.
Observe that for a cost ¢ linear with respect to the second variable, the twist condition
is not in general satisfied. Consider for instance c(z,y) = (a(z),y) for possibly not
invertible Jacobian matrix Va(z).
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3.1. Monge-Mather’s shortening principle. By considering the cost ¢, it may
happen that the c¢-superdifferential contains many points, which actually are proba-
bility measures of P(Y'), although the c-superdifferential is a singleton. However, we
have the advantage that the ¢-superdifferential are convex sets. Consider X =Y = M
and a cost ¢ satisfying a shortening principle. We briefly sketch the reasonings of [22,
Chapter 9]. Suppose that the following conditions are satisfied

(1) There exists D C M with u(D) = 0 such that D intersects every nontrivial
continuous curve over M.

(2) The cost ¢ satisfies a shortening principle.

(3) The superdifferential 0°¢ is connected.

By assumption (2) it is possible to define a function F : y*¥(3) — z with y € 9°0(z)
having as domain the mid point of geodesics over M. Indeed, by definition of c-
superdifferential we get

U(z1) = ¥(z) < clr,y) —c(z,y) ¥(@) —v(21) < c(z,y1) — c(z1,41)
for every y € 0°U(x),y1 € 0°Y(x1). It follows

C(xlayl) - C(xayl) < C(x17y> - C(xay) = C(xlayl) + C(xay) < C(xlay) + C(xay1>‘

Hence, the shortening principle implies that

d(z,21) < Kd (”y“’y (%) e (%)) | (3.3)

By the inequality (3.3) it follows that F' is well defined and moreover it results a
Lipschitz, actually also an Holder condition works as well, map. By condition (1) and
(3) it is possible to show that the set of points on which 0% is not single valued is of
null measure. Indeed, let y;, yo € 9°¢(x). By condition (3) consider a continuous curve
p¢ lying in 0% (x) connecting y;, yo. Therefore it is defined the non-trivial continuous
curve m; = v"*(1). Hence, x = F(my). By point (1) it follows that z € F(D)
which is a null measure set. Since c(z,y) = é(z,d,), we would like to prove that the
c-superdifferential are a.e. single valued. The analogue condition for ¢ superdifferential
is

c(z1, M) + é(x, A) < S, A) + S, Ar).
By definition, the above inequality leads to
MK (¢,0p, M) + MK (c,0,,\) < MK(c,0.,,\) + MK (c, 6z, A\1).

A shortening principle should allow to estimate the distance d(z,x;) by the distance
between mid points of geodesics in M or in P(M). The main problem is to find a null
set D, due to the fact that we are now dealing with the space M x P(M).
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3.2. Twist condition. Assume the cost function c satisfies the twist condition (3.2).
Under differentiability requirement, for instance on an open and bounded set 2 C R,
with a uniform Lipschitz condition

ez, y) —c(a’ y)| < Ko —2'|, Vyey, (3.4)

this means that the map y — V.c(z,y) is injective. It turns out that c-concave
functions v are Lipschitz on €. Indeed, it suffices to compute

U(x2) = inf{c(2e,y) +1, (y, 1) € Ax B} =

= inf{c(za,y) — c(z1,y) + c(z1,y) +¢,(y,1) € A x B} < Klzy — 2| + ¢ (1)
Moreover, if ¢ is differentiable at x € ), for every y € 0°¢¥(x), we have

U@+ 1)~ (@) _ cla +tv.9) — cla.y)
t - t

Passing to the limit as t — 07 we get
(Vi) = Vye(z,y),v) <0.

By the arbitrariness of v it follows Vi (z) = V,c(x,y) (see also [8]). Therefore,
if p is absolutely continuous with respect to the Lebesgue measure, then the twist
condition implies that the superdifferential 0°)(z) is a singleton for p-a.e. = € €.
The same reasoning applies as well directly for the cost ¢é. Indeed, since V,é(x,\) =
[y Vac(x,y) d)\ we have that é-superdifferentials contains at most one delta iff the cost
c satisfies the twist condition.
In the sequel we sketch a related approach to show existence and uniqueness for the
Monge problem.
Assume that c¢(z,y) is a Caratheodory function, hence by Lemma 2.4 ¢ is continuous.
Approximate the target measure v by a finite convex combination of Dirac deltas, say
by v, € P(Y). Consider the problem MK (c, u,v,). The optimal transport plans of
this approximation problem are of course extremal points of II(u, v,). It can be shown
that these extremal points, which are supported on the graph of a c-concave function
Yy, are of the form (Id x t)4p (see section 4), i.e. the Monge problem M(c, i, v,,)
admits a unique solution.

By the uniform Lipschitz condition (3.4) it follows that the sequence of c-concave
functions 1), is equi-Lipschitz. Indeed, fixed x, 2" € Q, for y,, € 0.4, () we have

Un(@’) = Un(z) < (2, yn) = c(z, yn) < Kz — 7]
while for y!, € 0.1, (2") we have
Un(x) = Un(2) < clz,y,) — c(2,y,) < Ko — 2],
By the Ascoli-Arzeld Theorem we may suppose that 1, — %, uniformly on compact

subsets. Observe that ¢ is c-concave as well. Indeed, recall that a map 1 is c-concave
iff 1 = ¥, where

»(x) = inf{e(x) < f(z) : f c-concave}.
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Fixed € > 0, we find a large integer n such that |¢,(x) — ¥(x)| < e. Since 1), is
c-concave we get

() <4 n(r) = P*(2) < Yu(r) + e < P(2) + 26

By the arbitrariness of € we obtain ¥ < 1.
Let y, = t,(x) € 0.,(x). By passing to a subsequence we may suppose that
Yn — Y. Since

Un(2') = (7)) < c(a's yn) — ez, yn) < Ko — 2],

passing to the limit as n — +o00 we get

(') —¥(z) < c2’,y) — c(z,y).
Therefore y € 0.4 (x). Since the c-superdifferential is a singleton, the whole sequence
Y, converges to y. We set t(z) = y. As limit of measurable maps, ¢ is measurable as
well. Moreover, it results

[ sttenau= i [ staeran= i [ sy, = [ s

n—-4o0o n—-+o0o

Hence tgpu = v. Since the graph (z,¢(z)) is supported on 0.4 (x) it follows, see [19,
Th. 3.22], that t is an optimal transport map. For a related approximation procedure
of the Kantorovich problem see [13].

Hence, under the twist condition for the cost ¢, we would have existence and uniqueness
of optimal transport plans in every fixed transport class. Therefore, an interesting
question is that of finding condition on the cost ¢ ensuring the twist condition for ¢.

4. EXISTENCE IN DISCRETE TRANSPORT CLASSES

To treat discrete measures we sketch existence for the Monge problem in this setting.
For an extensive discussion of this case we refer to [1, 9, 18].

Let v =), a;0,, be a discrete probability measure over a metric space Y. Let v be
an optimal transport plan between p and v. Denote by I' = supp(vy). By optimality,
we have that I' is a c-cyclically monotone set of X x Y. Define A4;; = {z € X
(z, i), (z,y;) € I'}. Let z,2" € A; ;. By c-cyclically monotonicity we get

C(l’, yl) + C(xlv yj) S C(l’, y]) + C(xlv yz) S C(l’, yl) + C(xlv yj)
Therefore, we obtain
C(l‘, yz) - C(.I', ?J]) = C(xla yl) - C(xla y]) = )\i,j-
Under the assumption of p c-continuous, i.e.
p{z e X ¢ clz,yi) —cl@,y;) = Aig}) =0,
for every v;,y; € Y, \i; € R, we have that (A, ;) = 0. Therefore, since the set of

splitting masses is given by A = J, ; Aij, if puis c-continuous then 1(A) = 0. Hence,
the transport plan 7 is induced by a transport map.
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4.1. Existence in some transport classes. Let A be an atomic transport class.
Optimal transport plan for MK (¢, i, A) are of the form ) . ;05 ® p (see [12, 13]).
For every index it results f;(z) € %) (x). By linearity of ¢ it follows f(z) = > a;fi €
(). Therefore, the transport map f(z) is optimal for M (¢, u, (f)xp).

4.2. Non-existence in some transport classes. Consider a discrete transport class
given by A = ). a;0),. Consider the cost c(x,y) = (x,y). For i, j observe that

oo ) = e ) = (o, [y dO =),

Therefore, M (¢, i1, A) admits solution iff 5(\;) # B(A;). Analogously, for cost a(z)b(y),
if p({x € X : a(z) =k}) =0 for every k € R, it turns out that M (¢, u, A) admits
solution iff [, b(y)d(A; — A;) # 0 for every i, j.

In this section we have seen that the usual approaches to solve the Monge problem
give rise to some difficulties in the setting of the transport problem in a transport
class. In some sense, these methods are specific for the transport class corresponding
to transport maps. The question to establish existence in different transport classes
remains open. We have shown that also for the case of a discrete transport class the
answer could be negative. Therefore, from this point of view, the Monge problem
corresponds to a lucky case for the fixed transport class. This feature of transport
classes also naturally leads to the following question. The existence results for the
Monge problem are usually stated in the following form: under some assumption on
the spaces, on the first marginal ;1 and on the cost ¢(x,y), for every second marginal
v the Monge problem admits solutions. Having in mind the abstract Monge problem
M(¢, i, A), it could be also interesting to consider, under some assumption on the
spaces, on the first marginal ;1 and on the cost ¢(x,y), the question for what kind of
second marginals the corresponding Monge problem admits solutions.
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