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Abstract It is known that the torsional rigidity for a punctured ball, with the puncture having the
shape of a ball, is minimum when the balls are concentric and the first eigenvalue for the Dirichlet
Laplacian for such domains is also a maximum in this case. These results have been obtained by
Ashbaugh and Chatelain (private communication), Harrell et. al. [12], Kesavan [13] and Ramm and
Shivakumar [18]. In this paper we extend these results to the case of p-Laplacian for 1 < p < e. For
proving these results, we follow the same line of ideas as in the aforementioned articles, namely,
study the sign of the shape derivative using the moving plane method and comparison principles. In
the process, we obtain some interesting new side results such as the Hadamard perturbation formula
for the torsional rigidity functional for the Dirichlet p-Laplacian, the existence and uniqueness result
for a nonlinear pde and some extensions of known comparison results for nonlinear pdes.
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1 Introduction

The p-Laplacian A,, is the non-linear operator defined as A, f = div(|Vf|P~2Vf). Let By be an open
ball in RV, Let By be another open ball whose closure is contained in By, and is free to move inside
Bj. Let Q = By \ By. We consider the following domain optimization problems:

i. Giveny € WO1 P (£2), the unique solution of the equation

—Apu=1 in£,
1.1
u=0 ondQ,
we are interested in minimizing the p-torsional rigidity
E(Q) ::/ \Vy|pdx:/ ydx (1.2)
Q Q
with respect to the position of the hole By.
ii. Given the eigenvalue problem
—Apu=2AulP?u inQ,
(1.3)
u=0 ondQR
whose principal eigenvalue is
IVollz,
M(Q) == inf D pewlr@) (1.4)
1917 @)

we are interested in maximizing A; () with respect to the position of By.

The following results were obtained, in the linear case, i.e., for p = 2, by Ashbaugh and Chatelain
(private communication), Harrell et. al. [12], Kesavan [13], Ramm and Shivakumar [18]: the tor-
sional rigidity is minimum if and only if By and B are concentric. Also, the first eigenvalue A; of
problem (1.4) attains its maximum if and only if the balls are concentric.

The analogues of these results for manifolds were obtained in Anisa and Aithal [2] in the setting
of space-forms (complete simply connected Riemannian manifolds of constant sectional curvature)
and in Anisa and Vemuri (On two functionals connected to the Laplacian in a class of doubly con-
nected domains in rank-one symmetric spaces of non-compact type, preprint) in the setting of rank-
one symmetric spaces of non-compact type. We extend these results, in a different direction, to the
non-linear setting. Our main results are Theorem 6.1 and Theorem 6.2.

The proofs in [13, 18] rely on shape differentiation [20], the moving plane method [4,11] and
various maximum principles. In the non-linear case, carrying out this program involves several tech-
nical difficulties. We develop the shape calculus for the torsional rigidity function for p-Laplacian. A
formula for the Hadamard perturbation of the first Dirichlet eigenvalue for the p-Laplacian is given.
This, however, is not new and may also be seen in the works of Garcia Melidn and Sabina de Lis
[10], Lamberti [14] and Ly [16]. For the Steklov eigenvalue this is done in Del Pezzo and Ferndndez
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Bonder [9]. Subsequently, we analyze the sign of the shape derivative. We do this by proving a suit-
able strong comparison result. In the case of the eigenvalue problem, before this, we also need to
prove a general weak comparison principle for the p-Laplacian with non-vanishing boundary condi-
tion (cf. Theorem 3.1). This result is new and can be of independent interest in itself. An existence
and uniqueness result for a nonlinear pde is required for applying this comparison principle and this
result is also proved (cf. Proposition 4.1).

The Section 2 establishes notations, contains some definitions and technical preliminaries. In
Section 3, we recall some existing weak and strong comparison principles for the p-Laplacian and
prove an extension of a weak comparison principle. In Section 4, we prove the existence and unique-
ness of non-negative solution for a nonlinear pde needed for an application of the comparison prin-
ciple. In Section 5, following [20] we obtain the Hadamard perturbation formula for the torsional
rigidity functional (1.2) and for the first eigenvalue of the Dirichlet p-Laplacian (1.4). Finally, in
Section 6 we prove the main results by analyzing the sign of the shape derivatives.

2 Prelminaries
In this section we introduce some definitions and recall some results which will be used later on.

SHAPE DERIVATIVE: Given a functional J which depends on the domain £ (usually, a smooth
open set in RV) and given, a variation of the domain Q by a fairly smooth perturbative vector field
V which has its support in a neighborhood of 9, the infinitesimal variation of J in the direction V
is defined as
J(L2:)—J(L
J(Q;V) =lim /(@)= J(Q)

t—0 t

2.1

where €, is the diffeomorphic image @; () of  under the smooth perturbation of identity &, (x) =
(I+1V)(x).

The shape derivative is a tool widely used in problems of optimization with respect to the domain
as it permits to understand the variations of shape functionals (cf. Simon [19], [20]).

We define : B(t) := (D®,)~", y(t) := |detD®;| and A(t) := y(t) B(t)B(t)* where B(t)* shall
denote the transpose of B(t). It will be convenient to denote y(¢), B(t), B(¢)* and A(z) respectively,
by ¥, B;, Bf and A,. We observe that

D, =1+tDV (DP)* =1+t (DV)* 2.2)
and so, By, B}, A;, ¥ and F; are analytic functions of ¢ near t = 0. We record that

Y (0) = divV 2.3)
(B7)'(0) = —(DV)". (2.4)

So, for small 7, we have

%~ 7(0)+1Y(0) = 1 +1divV (2.5)
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Also, for ¢ sufficiently small say |¢| < #y, there exists a constant C > 0 such that
|(DD)*E| < C|€| forall & e R, 2.6)
Consequently, by substituting Bfn for &, 1 arbitrary in R”, we have

|Bjn| > C'|n| foralln € R". (2.7)

PUCCI-SERRIN IDENTITY: We shall find it very useful to employ the extended version of the
Pucci-Serrin identity proved by Degiovanni et. al. [8] which gives the following identity for the
p-Laplacian. Assume that u € C'(Q) is a solution of the equation

(2.8)

u

v

[Vul?

p

Then, for all V € C'(Q) the following identity holds
-1
_ )/ dx—/ (DV)*Vu, |VulP~2Vu) dx+/ V.Vuf dx
p Q Q Q
2.9

The Pucci-Serrin identity may be obtained by using V - Vu as a test function in (2.8) and after several
integration by parts whenever u € C' () NC?(£). However, by standard regularity results for so-
lutions of the p-Laplacian equation, they are known to belong to only C'*(Q) (cf. Tolksdorff [22])
as the coefficients |Vu|P~2 degenerates near the critical points of «. This formula can be justified
by regularizing the coefficient first and then passing to the limit cf. [8] (see also Garcia-Melian and
Sabina de Lis [10] and the work of Del Pezzo and Fernandez Bonder [9] for such arguments).

p
V-ndS:/ divV
Q

A POSITIVE DEFINITE MATRIX: Define a strictly convex function I : RY — R by I'(x) = %. Let
A=DI".Then A = (A,A,,...,Ay) : RY — R" and is given by

A(x) = |x|P 2. (2.10)
Clearly, A € €=(R" \ {0}). The matrix <« := Ep (x) corresponds to the symmetric matrix
J i,j=1

|x[P~21d + (p — 2)|x|P~*x ®x, which is the Hessian of the convex function I". It can be seen that (p —
1)|x|?=2 and |x|P~? are eigenvalues of .7 with multiplicity one and (n — 1) respectively. Therefore,
for any £ € R”, we have

<&, & >>min{l,p—1}xP &% (2.11)
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3 Comparison Theorems for the p-Laplacian

Let Q C R" be a bounded domain with smooth boundary. Let 8 : 2 x R — R be continuous function

d
and u — B(x,u) is locally Lipschitz on R\ {0} uniformly for x € € and assume that a—ﬁ is of
u
constant sign for all (x,u) € Q x (R\ {0}). Let f,g € Wb (), f.¢ € W‘*%-f’(ag) with f > g
in Q (in the sense of distributions), f’ > g’ on dQ. Let u,v € W' () solve (in the weak sense)

—Apu=B(x,u)+ f(x), —Ayv=B(xv)+glx) inQ,

/ /

3.1
u=f, v=g on dQ. @1

Then one is interested in the following comparison results:

(WCP) Weak Comparison Principle: Is it true that uzv in Q7
(SCP) Strong Comparison Principle: If u,v € ¢! (2),uZv,u>vin Q, is it true that u > v in Q and

% (x0) < % (xo) for any xo € dQ7? Here, n is the unit outward normal to £ on dQ.

d
The Weak Comparison Principle (WCP) holds when a—ﬁ < 0 for which we refer to Tolksdorff [21].
u

d
The Weak Comparison Principle also holds when a—ﬁ > 0 under the following assumptions and for
u
Dirichlet boundary data:

(A-1) 3—5 >0V (x,u) € 2 x (R\{0}), B(x,0) >0Vxe Q.
(A-2) The problem
—Apu=Bxu)+f inQ,

u=0 on dQ.

(where f € L”(Q), f > 0in Q) admits a unique non-negative solution u € WO1 P(Q).
(A-3) f,g€L*(2),0<g<fonQand0=g = ' ondQ.

This result is proved in [6]. However, for our purposes the zero Dirichlet data assumption in
(A-2) and (A-3) is too restrictive. We show that this result also holds for inhomogeneous Dirichlet
boundary data, that is, by relaxing the condition (A-2) and (A-3) to (A-2’) and (A-3’) respectively:
(A-2’) The problem
—Apu=B(x,u)+f inQ,
u=f on dQ.
(where f € L*(Q), f > 0in Q and f' > 0 on d€Q) admits a unique non-negative solution u €
wir(Q).
(A-3") f,8eL”(2),0<g<fonQand0< g < f'ondQ.

We prove the following results along the same lines as in [6].
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Theorem 3.1 Let the assumptions (A-1) (A-2’) and (A-3’) hold then the WCP holds for bounded
solutions.

1
Proof. Let us denote LT () ={h € L*(Q)|h > 0in Q}. Given f € LT () and f’ € WP (0Q)
with f* > 0 on 0, define the nonlinear operator T » on L7 (L2) by letting Ty ;/(u) = v, where v is

the weak solution of
—Ayv=PB(x,u)+ in Q,
=B+ 1 .
v=1F on dQ

d
Since 8—13 >0 and u > 0, it follows that B (x,u) > B(x,0) > 0. So, the right hand side in (3.2) is
u

non-negative as also the boundary data. By appealing to the WCP proved by Tolksdorff [21] we
conclude that indeed Ty s (u) = v > 0 and Ty y» maps L7 (£2) into itself.
Claim. Let f1, fo,ur,uz € LT(Q).1f fi < fo, uy Swup and fi < f; then Ty g1 (ur) < T, g1 (u2)

0
Indeed, following the condition a—ﬁ > 0 we conclude that f{ 1= B(x,u;) + fi < B(x,u2) + fo = f5.
u

Letvy =Ty p (1) and v, = Tf27f£(u2). Then

—Apvl = fl*v —APVQ = fz* in .Q,
Vlifll, V2:f2/ ondQ.

So, again by the weak comparison result proved in [21] we obtain v < v, in Q. This proves the
claim.

Now, let u,v be bounded solutions of the non-linear pdes in (3.1). To begin with, Tﬁf/(u) =y and
T, ¢ (v) = v. Now, using the claim we obtain the inequalities,

0 < Ty p(0) < Ty p(u) = u, 0< T (0) < Tgp(v) =v
We can then show by an inductive application of the claim that following chains of inequalities hold

0< Ty pr(0) ST p(0) <o < T7(0) < -+ S =Ty pr(u) 3.3)
0< Ty (0) ST7p(0) < TP (0) < vve S v =Ty g (v) (3.4)

The pointwise limits u*(x) = lim {T" /(0)} (x) and v*(x) = lim {T” ,(O)} (x) exist and must
n—soo | S5 oo | 88
clearly satisfy Ty »(u*) = u* and T, o (v*) = v* respectively. So, by the uniqueness assumption in
(A-2"), it follows that u* = u and v* = v.
Again, by applying the claim above, for any n > 0, we obtain Tg’fg, (0)< T;’ y (0). Therefore, upon
taking the limit as n goes to infinity we obtain v < u. This proves the theorem. (|
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4 Existence and uniqueness for a nonlinear Dirichlet problem

Let A; be the first eigenvalue of the Dirichlet p-Laplacian as in (1.4) on a bounded domain Q. Let &
be an open proper subset of 2. We prove the existence and uniqueness result for a nonlinear partial
differential equation on & given Dirichlet data f > 0 on 9. This shall be needed for applying the
comparison principle of the previous section, later in Section 6.

1
Proposition 4.1 Given f' € W' »?(90) and f' > 0 on 00, the problem

—Apw =4 |wP2w  in 0,
4.1

w=f on d0.

admits a unique non-negative solution.

Proof.  Let us first prove that if a solution exists then it is non-negative. Let u be a solution of
the above problem. As u > 0 on d, we obtain that u~ € WO1 P (0). Therefore, taking u~ as a test
function, we have

/\VMV’*Z (VM,VLF}dx:M/ |u|P =2 uu™ dx.
JO o

From this we obtain

/|vu*|l’dx=xl/ | dx.
17 17

We cannot have u~ # 0, for otherwise, from the variational characterization of the first eigenvalue
we can conclude that 4, (&) < A; = 4,(2). However, this cannot happen, & being a proper open
subset of  we must have 4, (Q) < A;(0).

Existence. We denote by f’ again a W' (&) function whose trace on d & is f’. We can then obtain
a weak solution of (4.1) by minimizing the functional J(w) = [, |Vw|? dx—A,(R) [,; |w|P dx on the

affine space A := Wol’p(ﬁ’) + f’. Indeed, if w is a minimizer of J then we shall have

d
0=—

» J(w—H(p):/ |vw|P*2<vW,V<p>dx—11/ WP 2wedy Vo e 6L (0).  (4.2)
% o

t=0

which is just the weak formulation of (4.1). As A is a closed convex subset of the reflexive Banach
space W!P(0), for showing the existence of a minimizer of J on A, it is enough to prove that J is
coercive and weakly sequentially lower semi-continuous on A.

J is weakly sequentially lower semi-continuous on A: This is true since [, |Vw|Pdx is lower semi-
continuous for the weak topology on W!'”(&) and [, |w|Pdx is continuous for the weak topology
on W''P(&) due to the compact inclusion of W!'7(&) in LP(0).

Jis coerciveon A:  Letwy, := f+ @, € A be a sequence such that [|wy [y 1) —> w0 asn — oo, If
J» Iwn|P dx is a bounded sequence, then the coercivity is immediate.
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So, let us assume that [, |w,|? dx — o0 as n — oo. We may write w,, := f' + @, with @ € W, 7 ().
_ Jolwal? dx

o |9nlPdx
B, — 1 as n — eo. From the Poincaré inequality on &, we conclude that [, |V @,|? dx — oo as n — co.

_ Jo|VwalPdx

B f6’|v(Pn Pdx
A, — 1 as n — . Now,

) = ([ wopas-a@7 [ fosras)

_&1'11(‘2)) p
2A,,<1 a0 /ﬁ\vm dx 4.3)

where the last inequality has been obtained by applying Poincaré inequality in the domain &.
Since we have 0 < 4;(2) < A4,(0), since A, and B, converge to 1 as n — oo, it follows that
B, A1 (Q
Ay (1 _ B (@)
A, M (0)
civity of J.

Let B, : . It can be argued, using the triangle inequality, that [,; |@,|” dx — co and

Setting A,, : , we obtain using the triangle inequality, that [, |Vw,|?dx — e and

> is bounded below by a positive constant C > 0. Once again, we have the coer-

Uniqueness. Suppose u,v are two different solutions of (4.2) in A. Let wy := Vlogu and wy :=
Vlogv. As f(x) = |x|? is a strictly convex function we have

|W1|p > |W2|p+p|W2‘p72<W2,W2 —W1> “4.4)

and equality holds if and only if w; = w». If we prove that w; = w, then we are done because in that
case we will have 0 = Vlogu — Vlogv = Vlog (%). That is, log (*) = k for some constant k. As a
result we get u = e*v. Butasu=v = f' #0on d0 we get u = v in 0. Therefore, it suffices to prove
that

wil? = [wal” + p |wa|P =% (wa, wy —wi). (4.5)
The proof of (4.5) is the same as the proof of Lemma 3.1 in Lindqvist [15]. We include the proof here
for completeness. The function u solves (4.1). We use u — v u' =P as a test function in the equation
for u. Similarly, we use v — u” v! =P as a test function in (4.1) with v as a solution. Then we integrate
by parts and sum the two identities. This new identity can be reduced to

0= /ﬁW{\Wllp—|W2|”—P|W2|P_2<W2,W2—W1>}

+ v {|wa|? — |wy|P —p|w1\p72<w17w1 —wz>}} dx.

(4.6)

by using the following:
p p-1
V(u—vpulfp):{l—&—(p—l)(g) }Vu—p (E) Vv,
and,

V(v—ulv'"P) = {1 +(p—1) (%)p}vap (%)pil Vu.
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But by (4.4) the integrand in (4.6) is non-negative (being the sum of two non-negative terms) and
so, it follows from (4.6) that this integrand is equal to zero almost evrywhere in &. Therefore, each
of the terms in the integrand must be zero. This proves (4.5). (|

5 Shape derivatives of torsional rigidity and eigenvalue functionals

Let Q be a smooth domain in RY and let 2 be a domain such that , C 2, for t sufficiently small, for
the smooth perturbations @, associated to a smooth vector field V. Consider the Dirichlet boundary
value problem on £2; :

—Au=1 in &, }
(5.1)

u=0 on JdQ.

Lety, € €1*(£,) be the unique solution of problem (5.1). Throughout this section y = y(£2) denotes
the unique solution of (5.1) for # = 0. Denote (y; o P;) |q by ' (r € R). We also denote the torsional
rigidity E(£2;) by E(z).

Proposition 5.1 The shape derivative of the torsional rigidity functional E(€;) exists att = 0 and

z:OE(Qt) B /‘99

(Here, n denotes unit outward normal on 9£2.)

4
dt

P
% (V,n) dSs. (5.2)

Proof. Lety be the unique solution of (5.1) on Q corresponding to ¢t = 0.
STEP 1: We first show that y — y strongly in Wol’p (Q).

This can be obtained using the I'-convergence (cf. Attouch [3], Braides [5], Dal Maso [7]) of a
suitable family of functionals. Consider the following family of functionals defined over WO1 P(Q):

1 k
Fly)= [ 1B/ Ppde— [ v ds 53

Since By converges uniformly to / and y; converges uniformly to the constant 1, it is classical to show
the I'-convergence of the family of convex integral functionals F(z,-), as t — 0, to the following
functional

1
R I p _
F(y) -—F(O,y)—p/QIVyI dx /dex (5.4)

See Theorem 5.14 in Dal Maso [7] for instance. Furthermore, the family F(z,-) is equicoercive
following the inequalities (2.7) and (2.5). By standard results on I"-convergence (cf. Theorems 7.8
and 7.12 Dal Maso [7]), the minimizer of F(z,-) converges weakly in WO1 ?(Q) to the minimizer of
F(-) and the minima converge. Now, for each ¢ € R, y; satisfies the equation

/Q|vy,|f’*2<vy,,vl,/>dx=/!2 vdx  YweE(Q). (5.5)
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By the change of variable @, : Q — €, the equation (5.5) can be re-written as
/Q B (YY) P2 (A((VY'), V) dx= /Q ¥ dx Vo eET(Q). (5.6)

Therefore, y' satisfies :

—div (|B; (V)P %A, (Vy')) — =0 in Q, }

(5.7)
y=0 onodQ.

which is the Euler equation for the minimization of the convex functional F (¢,-) and therefore, y is
the minimizer of F(z,-). Whereas, y, being the solution of problem (5.1) for t = 0, is the minimizer
of F. So, by the I"-convergence result, we have the convergence of the minimum values

1 1
lim; < - 1) / B (Vy')|Pydx = ( — 1) / |Vy|Pdx. (5.8)
p Q p Q

and the weak convergence in WO1 P(Q),ast — 0 of y, toy. It remains to show the strong convergence.

Since B} and ¥, converge uniformly to / and 1 respectively, and y, remains bounded in WOl P (Q),
we can conclude from (5.8) that

lim, o / V[P dx = / V|7 dx. (5.9)
Q0 Q0

Therefore, since the L” norm is uniformly convex, we can conclude from the weak convergence of
Vy' to Vy in L”(Q) and the convergence of their norms (5.9) that the convergence of Vy' to Vy is
strong in LP (). By Poincaré inequality, as the L” norm of the gradients is an equivalent norm on

WO1 ?(Q), we obtain the desired conclusion.
STEP 2: We observe that the torsional rigidity E(¢) of the domain £ is given by

L[
b0 =L s { [ onav-t [ BTy = Lo s (Fre) 510
P= " pewyria) V0 ple P~ gewyri2)

and the supremum is attained at ¢ =y’ for y' =y, o ®(r) and y; is the solution of (5.1) on ;.
Indeed, the supremum in the above corresponds to the negative of the infimum in the following

. 1 *
inf {/ |Bf (V(p)|”y,dx—/ % dx}
pew;”(2) (P JQ e

—  inf {1/ |V<p|de—/ (pdx}
pew, P (@) LP /& fol

and this is attained by y, which is the solution of the Euler-Lagrange equation (5.1) on £2,. We can
calculate this value which turns out to be
-1 -1
F(t,y’)z—p— Vi dx:—p—E(t).
p Jo p
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This proves our affirmation.

E(t)—E(0
STEP 3: We now show that the shape derivative exists, that is the limit, lim,_m()f(), exists
and E(t)— E(0) OF
. t)— p
1 =— —(0 5.11
1my—0 : p—1 01 ( ,)’) ( )
We obtain from the variational characterization (5.10) of E(¢) that
E(1)—E(0) > —pf C(F(0.5) ~F(1.y)) - (5.12)
Thus, 5
—E(0 F(0,y)—F(t F
liminf O P FON-Fly) _ p 270,y). (5.13)
110 t p—110 t p—1 ot

Once again by applying the variational characterization of E(¢) we have
p
E(t) _E(O) < p— 1 (F(O7yl) _F(t7yt)) .

Therefore, by applying the integral form of the mean value theorem in the above in the first variable

E0)—E©0) _ _p FOY)-F())
t “p—1 t

1 t
p / 3F(St,y)ds
—1Jo s

In order to conclude the reverse inequality

E()~E(0) ___p OF

li —(0 5.14
imsup = - 57 () (5.14)
it is enough to show that
JdF JdF
lirtri(i)nfg(st,y’) = E(O,y) for every s € [0, 1]. (5.15)

By a straightforward computation it is seen that, for any y € WO1 ?(Q), we have

OF 2 (1
i R * p _
5B W) =5 (p /Q |BS (V)| % dx /Q W%dx)
= (/ LBy dx+/ WW\”‘2<(B§)’V1//,B§VW>dx—/ %wd)c).
Qp Io) Q

So, in particular, by taking ¥ =y’ we get

—(st,y") (/ —Y, |BL VY|P dx—l—/ [Vy! [P~ 2<(B*)Vy BLVy')dx — /}é,ydx).
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Due to the strong convergence of Vy' to Vy in LP(£2) and the analyticity of By, ¥ in s, it is now
straightforward to pass to the limit as # — 0 and we obtain easily, using (2.3) and (2.4), that

oF 1
liminf = (st,)") = (/ —divV |Vy|? dx+/ |Vy|p_2<—(DV)*Vy,Vy>dxf/ divVy dx>
tl0 ds Qp Q Q

JoF

for every s € [0, 1], proving the claim (5.15).
STEP 4: To obtain the expression for the shape derivative (5.2), it is enough to integrate by parts in
p—

JoF 1
the term — [, divV y dx which appears in the expression for e (0,y) = ———E’(0) and apply the
p

Pucci-Serrin identity (2.9). ]

We now recall the shape derivative for the eigenvalue functional. Consider the eigenvalue problem:

(5.16)

—Apu=2AulP?u  in Q,
u=20 on 0d£;.

The first eigenvalue A; (¢) := A;(€2;) is simple and is characterized as the minimum of the problem

”V(P”Zp(gt)

M () :=inf
() { 19120,

Qe Wol’p(.Q,)} . (5.17)

We fix yi; := y1(£2;) to be a corresponding eigenfunction which is positive (using the Krein-Rutman
theorem) and normalize it to satisfy

/Q 1P dx=1. (5.18)

For r = 0, we denote the corresponding eigenvalue and eigenfunction by A; and y; respectively.

Proposition 5.2 The map t — A (t) is differentiable at 0 and

14
Al (V,n) dS (5.19)

MO =~(p-1 [ |5

Proof. As we have mentioned before, this result has been shown previously by de Lis and Garcia-
Melian [10] and by Lamberti [14] (also see Ly [16]). This can also be proved along the same lines
as in Proposition 5.1. O
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6 Main Results

Let O < rog < r1, By be the ball B(0,71) and let By be any open ball of radius ry such that By C Bj.
Consider the family .# = {B | \FO} of domains in RY. We study the extrema of the functionals
E(£) and A, () over .#, associated to the problems (1.1), (1.3) respectively.

We state our main results :

Put Qy = B(0, r1) \ B(0,rp).
Theorem 6.1 The minimum value of the torsional rigidity functional E(Q) on & is attained only
when Q = €, i.e., when the balls are concentric.

Theorem 6.2 The first Dirichlet eigenvalue Ai(Q) is maximum on F only when Q = €y, i.e., when
the balls are concentric.

Before proceeding to the proof we make the following observation and reduction. The functionals
to be optimized are invariant under the isometries of RV. Therefore, it is enough to study these
optimization problems for the class of domains Q(s) := By \ B(sey,rp), 0 < s < r; — ro where ¢;
is the unit vector in the direction of the first coordinate axis. In order to study the optimality of
the domain Q(s) in the class .# we need to study perturbations of the domain which correspond
to translations of the inner ball along the direction of the first coordinate axis. For this purpose we
consider a smooth vector field V(x) = p(x)e; V x € By where p : RN — [0,1] is a smooth function
with compact support in By such that p = 1 on a neighborhood of B(sej,rp). Let {®, },cr be the
one-parameter family of diffeomorphisms of B; associated with V. We see that, for ¢ sufficiently
close to 0, &, (2 (s))) = Q(s+1). So, if we define j, j; : (ro— 7,71 —ro) — R as follows:

J(s) =E(Q(s)) and ji(s) = A1(2(s))

we see that the minimization of E in the class .# corresponds to studying the minimum of j on the
interval (ro — r1,r; — ro) and that the problem of maximization of A; in the class % corresponds to
studying the maximum of j; on the interval (ro — ry,r; — rp). Also, the shape derivative of E and A,
at Q(s) for the vector field V are the ordinary derivatives at s of j and j; respectively. We have seen
in Proposition 5.1 and 5.2 that these shape derivatives exist and so the derivative of both j and j;
exist. The optimization problems can be studied by analyzing the sign of the derivatives of j and j.

First, we note that both j and j; are even functions and since they are differentiable, we have
J(0)=0= j;(0).

We shall adopt the following notations. Given s in (0,r; — rg) we simply denote Q(s) as 2 and
B(sey,rp) as By and n shall denote the unit outward normal to Q2 on dQ. Let H denote the hyperplane
H:= {x= (x1,x2,...,xy) € RV |x; = s}. Let ryy be reflection function about H. We define & to be
the subdomain & := {x € Q|x; > s} in Q. Then we see that the reflection of & about H, namely
0’ = ry(0) is contained in By, whereas By is symmetric with respect to H. Thus ¢’ C Q. Forx € 0,
let x’ denote the reflection of x about H, namely, the point ry (x). With these notations, if y be the

solution of the equation (1.1) in £ then, from the expression of the shape derivative (5.2) for E we
obtain that
Y] ay P
J(s) :/ ny(x) dS 6.1)
anBO

on

(x)
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since V is zero on dB) and since, for all x € dBy, < V,n > (x) = pe; - n(x) = nj(x), the first compo-
nent of the normal vector. Similarly, if y; be the solution of (1.3) in £ then, from the expression of
the shape derivative of Ay, viz. (5.19), we obtain that

ho=—p-nf

Proof of Theorem 6.1 Let y be the solution of the boundary value problem (1.1) in . We recall
that y € '1%(Q) by regularity results in Tolksdorff [22], and by the strong maximum principle (cf.
Theorem 5, Vazquez [23]) we have y > 0 in 2. We now consider the subdomain & and let us define
Fon & by §(x) := y(x') the value of y at the reflection x’ of x about H. Let us note that % (x)= % (x)

P

Al (x)| ni(x)dS (6.2)

on

and n; (x') = —n; (x) for all x € dBy. Now, we may rewrite the expression (6.1) as follows:
dy, . |P dy P
i’ = - dS+ = } ! dS
75 /xeaBoﬂaﬁ{ on () mx) Yeapynae’ | on (] g m)
dy, |7 |d¥ p}
= =x)| —|==@ ny(x) dS. 6.3
xeaBomaﬁ{ 311( ) (911( ) () ©3)

We shall show that j'(s) >0V s € [0,r;] —ro) and is zero only if s = 0. We have already observed
that j/(0) = 0 by symmetry considerations. It is clear that n; (x) <0V x € d0 NdByNH®. So when
s # 0, we shall prove that j’(s) > 0 by showing that

9y dy

%(x) < %(x) <0 Vx€dOnNdByNHC. (6.4)

We shall prove inequality (6.4) in a few steps.

Q < 0on dBy.
on

We begin by noticing that at every point xo on dBy, the interior sphere property holds, that is, there
exists an open ball B = Bg(zo) C Q such that dBN dBy = {xp} and the unit outward normal n
to Q and to B coincide at xg. For K > 0 and a > 0 we define a function b: B — R as b(x) =
K (e’“'x’z()‘z — e’“Rz). We have b > 0 in Bg(zp) \Bg (z0), b(x0) = 0, in fact, b = 0 on dB and that

db
a—(xo) < 0. Moreover, it can be shown that
n

STEP 1: First we prove that

—Apb(x) = —2Ke 0l Vb2 (202 |x — 20> — N ).
We may therefore, choose o large enough (independent of K) so that

—A,b < 0in Bg(zo) \Bg (z0)- (6.5)

We know that y satisfies (1.1). Since y is bounded below by a positive constant on 8B§ (z0), we may

choose K small enough so that » <y on dB 8 (z0). Thus we have

b<yond (BR(ZO) \ By (zo)> | —Apb <0 and — A,y > 0in Br(xo)\ Bz (). (6.6)
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Then by the WCP of Tolksdorff [21] we have b <y in Bg(zo) \B§ (z0)- This, along with b(xp) =0 =

b db d
y(xo)(; implies that E(xo) > a—z(xo). Since %(x()) < 0 we get a—i(xo) < 0. We have thus proved
2Y <0onaBynIONHE.
on

STEP 2: Now we prove the first inequality in (6.4).
On 0O, the function y satisfies

that

-Apy=1 in0,
y=0 ondd&NaBy,
y=y" ondO0ONH,
y=0 ond0NdJBy;

while y satisfies

—A =1 ing,
$=0 onddNaBy,
§=y* ondO0NH,
$#>0 ond0lNdJBy;

where y* denote the common value of y and y on H. Therefore, we have

—A,y=—-A,y in0,
y>y onddl.

So, by the WCP of Tolksdorff [21] we get, § > y in &. Since, = 0 =y on dBy N d & we conclude

that
%(x) < %(x) forallx € dByNIC. 6.7)

By the result of Step 1 and (6.7), we can obtain a neighborhood .4 of dByNd& and positive
numbers 1, & small enough so that

[tVH(x) + (1 —1)Vy(x)| > n, t5(x) + (1 —1)y(x) < g Vt € [0,1], Yx € N (6.8)

Let w:=3J—y, then w > 0 on d& with w=0on d&N(HUJIBy) and w > 0 on d0 NIB;. Let
A:RY — RN be the map as defined in (2.10). Then, we have

div(A(Vy) —A(Vy)) =A,5—A,y=0in 4.

By Mean Value Theorem we get,

N
i_ziaaxi</01(VA1-)(IV)7+(1—t)Vy)dt,Vw>:0,
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Let a;;(x) = ggg< $(x) + (1 —£)Vy(x)) dt. Then, w satisfies

Z o <augw) =0 inJ,

b=l (6.9)
w>0 inA,

w=0 ond. A NJBy.

By (2.11), [a;j(x )]fv .y > min{l,p — 1}]0 [tV (x) + (1 —£)Vy(x))|P~2dt and so, by (6.8) we con-

clude that [a;;(x )]N ., is a uniformly positive definite matrix when x € .#". Therefore, by the maxi-
mum principle for unlformly elliptic operators (cf. Theorem 5, Ch. 2, Protter and Weinberger [17]),
since w is a non-constant function, it follows that the minimum of w will be attained on d.4 . Since
infy 4w = 0 it follows that w > 0 in .#". Further, by the same argument as in the Hopf’s Lemma for

dw
uniformly elliptic operators (cf. Theorem 7, Ch. 2, Protter and Weinberger [17]) we have <0

on
on d_4# NdBy. That is, V x € d0' N dBy we have the following:
ay dy

O

Proof of Theorem 6.2 Recall from Section 5 that y; is the principal eigenfunction of (1.3) (that
is, the unique solution of (1.3) for A = A, (£2)) characterized by y; > 0in  and [,y dx=1. We
now consider the subdomain & and let us define §; on & by 7 (x) := y1(x’) the value of y; at the
reflection x’ of x about H. Let us note that ay L(x) = %(x’ ) and ny(x') = —n;(x) for all x € dBy.
Now, we may rewrite the expression (6.2) as follows:

. i, |° I }
/ — —(p—1 ds — —1 ! " dS
J1(s) (p—1) xeagomaﬁ{ o (x)| mi(x) (p—1) veonanacr | on ) p m(x)

_ AN A TN

=—(p-1) anBomM{ ﬁ(x) - E(X) } ni(x) dS. (6.10)

We shall show that j|(s) <0V s € [0,r] —rg) and is zero only if s = 0. We have already observed
that j; (0) = 0 by symmetry considerations. It is clear that n; (x) <0V x € d&'NJdByNH*. So when
s # 0, we shall prove that jj (s) < 0 by showing that

95 Iy
ErArr
We shall prove inequality (6.11) in a few steps.

0
STEP 1: First we prove that % < 0 on dBy.

(x) <0 VxedO@naByNHE. (6.11)

n
As in the proof of Theorem 6.1 we begin by noticing that at every point xo on dBy, the interior sphere
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property holds, that is, there exists an open ball B = Bg(zp) C £ such that JBNdBy = {xp} and the
unit outward normal » to 2 and to B coincide at xo. We recall that y; satisfies (1.3) and y; > 0 in
. We construct an auxiliary function b, as in the proof of Theorem 6.1, with ¢ sufficiently large

so that —A,b < 0 on Bg(zo) \B§ (z0) and K small so that b < y; in d (BR(ZO) \B§ (ZO)), to obtain

d
b <y in Bg(z0) \B§ (z0) and consequently to obtain 1 “0on dBy.

STEP 2: Now we prove the first inequality in (6.11).
On 0O, the function y; satisfies

—1 .
_Apy1 ley[; mn ﬁ,

y1=0 0118@0830,
yi =y} ondONH,
y1=0 on 00 NJIBy;

whereas | satisfies
7Ap)71 = )Ll )711771 in ﬁ,

§1=0 on d0'NJIBy,
1=y ond0NH,
y1 >0 on dONJIBy;

where y] denotes the common value of y; and §; on H. Therefore, we have

7AI,)71 = l] )71177] in ﬁ,
J12n ondo.

Therefore, by the WCP (cf. Theorem 3.1 proved in Section 3) for % >0 we get, ) > y; in 0.
Since, 1 =0 = y; on dByN d & we conclude that

a3y d
%(x) < %(x) forall x € 9ByN IO . (6.12)
By the result of Step 1 and (6.12), we can obtain a neighborhood 4" of dByNd& and positive
numbers 1, & small enough so that

[tV (x) + (1 =)Vy (x)| > 1, t51(x) + (1 =)y (x) < g YVt €[0,1], Vx €N

Let w:=J; —y;, then w >0 on d0 withw=0o0n d&N(HUJIBy) and w > 0 on d&NIB;. We
have
—div(A(V51) —A(Vy1)) = —ApF1 +Apy1 = i (yNIf_l —ylf_l) >0in.1,

where the map A is as defined in (2.10). By Mean Value Theorem we get,

N
_i_zia&xi</01(VA1')(IV)71+(1—t)Vy1)d;’vw> >0.
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Let a;;(x) = fy 2% 1V, (x) + (1 —1)Vyi (x)) dr, then w satisfies
; J

N9 ow .
7 (6.13)
w in A,
w on d.4¥ NdBy.
As in the proof of Proposition 6.1, we observe that the matrix [a;; (x)]fv j=1 is a uniformly positive

definite matrix when x € .4". Then by the maximum principle for uniformly elliptic operators (cf.
Theorem 5, Ch. 2, Protter and Weinberger [17]), since w is a non-constant function, it follows that
the minimum of w will be attained on d.#". Since inf; , w = 0 it follows that w > 0 in .4#". Further,
by the same argument as in the Hopf’s Lemma for uniformly elliptic operators (cf. Theorem 7, Ch.

d
2, Protter and Weinberger [17]), we have a—: < 0ond A NJBy. Thatis, Vx € d0 NIBy we have
the following:
AR Iy
—_— —(x) <O.
5, M <5, @)

]
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