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Abstract

Within the Landau—de Gennes theory, the order parameter describing a biaxial nematic liquid crystal
assigns a symmetric traceless 3 X 3 matrix Q with three distinct eigenvalues to every point of the region
Q occupied by the system. In the constrained case of matrices Q with constant eigenvalues, the order
parameter space is diffeomorphic to the eightfold quotient S* /H of the 3-sphere S3, where H is the
quaternion group, and a configuration of a biaxial nematic liquid crystal is described by a map from
Q to S®/H. We express the (simplest form of the) Landau-de Gennes elastic free-energy density as
a density defined on maps ¢ : Q — S®, whose functional dependence is restricted by the requirements
that (1) it is well defined on the class of configuration maps from Q to S*/H (residual symmetry) and
(2) it is independent of arbitrary superposed rigid rotations (frame indifference). As an application of
this representation, we then discuss some properties of the corresponding energy functional, including
coercivity, lower semicontinuity and strong density of smooth maps. Other invariance properties are also
considered. In the discussion, we take advantage of the identification of S* with the Lie group of unit
quaternions Sp(1) = SU(2) and of the relations between quaternions and rotations in R® and R*.

1 Introduction

A liquid crystal is a state of matter, called mesomorphic, intermediate between the crystal state and the liquid
state, in which the molecules retain preferential orientations relative to one another over large distances [9].
There are many different types of liquid crystals, the main classes being nematics, cholesterics and smectics.
In nematic liquid crystals the constituent rod-like molecules have a locally preferred direction.

According to the continuum description in the Landau-de Gennes theory [9, 24], the state of alignment
of a nematic liquid crystal which occupies a region 2 is characterized, at each point x of €2, by a symmetric
traceless 3 x 3 matrix Q(z), the so-called tensor order parameter. By definition, Q vanishes in the isotropic
phase and thus measures the extent to which the system is ordered in the region 2. In a general nematic
phase, the tensor order parameter Q has five degrees of freedom, two of them specify the degree of order,
while the remaining three are the angles needed to specify the principal directions. A nematic phase is said
biaxial when Q has three distinct eigenvalues, uniaxial when Q has two non-zero equal eigenvalues. While
the existence of uniaxial nematics has been known for more than a century, the experimental evidence of
biaxial nematic liquid crystals is only recent [20]. A general tensor order parameter Q can be written as

stl(n@m—%l) +52(m®m—%l), .5 €R, n,m e S?, (1.1)

where n, m are orthonormal eigenvectors of Q and S;,Ss are scalar order parameters given by S; =
A1 — A3 =2)\1 + Ao, So = Ao — A3 = A1 + 2)\y in terms of the eigenvalues A1, Ay, A3 of Q. (Observe that a
different numbering of the eigenvalues would lead to different S; and S5.) In the uniaxial case, Q takes the
form

1
Q:s<r®r—gl>, sER, res?, (1.2)

where s is the only scalar order parameter. A tensor order parameter Q can be visualized by a rectangular
box which is built from the eigensystem of the tensor. The eigenvalues, suitably augmented by /(2/3) tr(Q?)
to ensure positivity, can be used as the edge lengths of the box. For a uniaxial Q two edges have the same
length, while for a biaxial Q all three edges are of different lengths. The Landau-de Gennes free-energy
functional is a nonlinear integral functional of Q and its spatial derivatives. In general, it is required that
any energy density U = ¥(Q,VQ) satisfy the condition of frame indifference which amounts to

¥(Q,VQ) =¥ (MQM”",D*) VM = (M]) € SO(3), (1.3)



where D* denotes a third order tensor such that D;‘jk = MziMrjﬁMngmma and Qg = %Qlj denote the
first order partial derivatives of Q, compare e.g. [1].
A commonly used expression for the free energy of a biaxial nematic liquid crystal is [9, 24, 27]

FQ.Q) = /Q W(Q.VQ) + f5(Q)] de, (1.4)

where f5(Q) = fa(tr(Q?),tr(Q?)) is the bulk free-energy density (a function of the principal invariants of

Q) and
Y(Q,VQ) = Lily + Loz + L3I3 + Laly (1.5)

is the elastic free-energy density. Here the L; are material constants and the elastic invariants I; are given
by
IL=Qi;Qikk, I2=Qik;Qijk, Is=QixQijr, I1=QuQijiQijk, (1.6)

where summation over repeated indices is assumed. The bulk energy fp(Q) is invariant under the SO(3)-
action by conjugation on the five-dimensional space of Q-tensors, so that the critical points of the bulk
energy form an orbit of solutions in the five-dimensional space of Q-tensors. In particular, the SO(3)-
orbit corresponding to the general case of a biaxial minimizer is a 3-manifold, while in the special case
corresponding to a uniaxial minimizer the orbit reduces to a 2-manifold (see Section 2). Clearly, a tensor
order parameter taking values in a group orbit has constant scalar order parameters. Actually, in many
applications, it suffices to work within the so-called constrained Landau-de Gennes theory in which the
tensor order parameter Q is assumed to have constant scalar order parameters S; and S, and hence
constant eigenvalues [3]. In the constrained theory, the bulk energy is constant and we only have to consider
the elastic free energy.

In the constrained uniaxial case, when the order parameter is constant, the more common and popular
director approach to continuum modeling can be used only on simply-connected domains (see [3] for the non
simply-connected case). In this theory, often referred to as the Oseen—Frank theory [26, 13|, a configuration
of a uniaxial liquid crystal is described mathematically as a unitary vector field r(z) in Q, referred to as
the director, which represents the direction of preferred molecular alignment. In the Oseen-Frank model,
the elastic energy associated to the configuration r is given by

E(r,Q) = /ﬂw(r,Vr) dz . (1.7)

The energy density w(r, Vr) was derived by Oseen [26] on the basis of a molecular theory, and by Frank
[13] as a consequence of Galilean invariance. This energy density satisfies the invariance properties

w(r, Vr) = w(—r, —Vr), 18
w(Hr, HVr H') = w(r, Vr), VHeO(3)), (1.8)
so that the functional (1.7) is well defined on vector fields in 2, regardless of the orientation. The first
equation in (1.8) accounts for the lack of polarity of nematics, while the second one expresses the frame
indifference of the energy density and the condition of material symmetry corresponding to the lack of
chirality of nematics. Requiring that the second line condition in (1.8) hold for the special orthogonal group
only is equivalent to the frame indifference condition (1.3) for constrained uniaxial Q-tensors (see Section 3).
The director approach to continuum modeling has been further developed by Ericksen and Leslie [11, 18]
in their hydrodynamic theory of nematic liquid crystals, which reduces to the Oseen—Frank theory in the
static case. In the more recent Ericksen theory [12], also a spatially varying orientational order is taken into
account, i.e., the state of the liquid crystal is described by a pair (s,r) € R x S?, depending on x € ).

However, although the director representation of uniaxial nematics is quite intuitive, it is not completely
appropriate from a physical point of view as it does not respect the inversion symmetry, in which r and —r
represent the same state. This means that the vector field r in the Oseen-Frank approach should actually
take values in the projective plane RP?, obtained by identification of antipodal points in S2. This problem
is overcome by the Q-tensor approach as the representation (1.2) is invariant under the transformation
r+— —r.

A variational theory that takes into account the lack of orientability of RP? is discussed by the first
author in [25]. In particular, for any Sobolev map u € W2(Q, RP?), where Q C R? is a simply-connected



domain, there exists, up to the action of an element of m;(RP?) = Z,, a unique map r € WH2(Q,S?) such
that u = ITor, where IT : S — RP? is the canonical projection map. This lifting property was obtained in
a more general setting and with different techniques by Bethuel and Chiron [5], who also showed that the
property is no longer true for the Sobolev classes WP when p < 2.

The lifting problem has been studied using the Q-tensor approach by Ball and Zarnescu in [3], where the
orientability problem has been discussed also in the non simply-connected case. They also prove that the
existence of a lifting of class W2 implies the existence of a lifting for the trace on the boundary of €, in
the corresponding fractional Sobolev space W22, As for non simply-connected two-dimensional domains,
they specialized to the subclass of (1.2) where r has the third component identically zero. Such subclass
of Q-tensors is identified with the real projective line RP'. In this framework, they showed examples in
which the minimum energy in the class of W2 maps Q(r) is strictly lower than the minimum energy in
the corresponding class W12(Q,S?).

In this paper we restrict ourselves to the constrained theory of biaxial nematic liquid crystals. Let
Q(A1, A2, A3) be the set of all Q-tensors of the form (1.1) such that S, Sp are constant, independent of
x € Q, ad assume that the three distinct eigenvalues Aj, A2, Az € (—%, %) (see [2] for a discussion on the
physical meaning of these constraints). Any element Q € Q(A1, A2, A3) can be written in the form

Q =GAGT forsome G € SO(3),

where A = diag(A1, A2, A3) is the diagonal matrix of the eigenvalues. Thus Q(A1, A2, A\3) coincides with
the orbit of A with respect to the SO(3)-action by conjugation on the five-dimensional space of Q-tensors.
We can then identify Q(A1, A2, A3) with the homogeneous space SO(3)/Dsz, where Dy is the abelian
four-element dihedral group. Using the 2:1 universal covering map ® : S* = Sp(1) — SO(3), the order
parameter space of constrained biaxial nematics is then diffeomorphic to the homogeneous manifold S3/H,
where H is the non-abelian eight-element quaternion group (see Section 2 for more details). In this model,
a configuration of a biaxial nematic liquid crystal is described by a map from Q to S*/H.

In the constrained theory of uniaxial nematics, it is known that the Landau—de Gennes elastic free-energy
density ¥(Q,VQ) as given in (1.5) reduces to the Oseen-Frank energy density w(r, Vr), i.e., it is possible
to choose the material constants L; in order that ¥(Q,VQ) = w(r, Vr) (see [3, 24] and also Section 4). In
analogy to the uniaxial case, one purpose of this article is to express the Landau—de Gennes elastic free-energy
density of biaxial nematics as a density on maps ¢ : 2 — S?, whose functional dependence is restricted by
requiring that it is well defined on the class of configuration maps into S®/H and is independent of arbitrary
superposed rigid rotations. In our discussion, we will take advantage of the identification of S? with the
Lie group of unit quaternions Sp(1) =2 SU(2) and of the relations between quaternions and rotations in R3
and R

In Section 3, for a generic energy density depending on a map (u,v) : Q@ — S* C R x R? and its first
order derivatives, we introduce an invariance condition and prove that it is indeed equivalent to the frame
indifference condition (1.3) for Q-tensors. We then introduce an additional symmetry condition for this
density which takes into account the residual symmetry (characterized by the group H ) of a constrained
biaxial state. In the uniaxial case, it clearly corresponds to the first equation in (1.8).

In Section 4, working in the constrained biaxial case, we consider the simplest form of the elastic free-
energy density,

L(Q,VQ) = Qij xQijx

which corresponds to the Dirichlet energy density 2s?|Vr|? in the uniaxial case (1.2). The situation consid-
ered here can be regarded as a limit case of the unconstrained Q-tensor theory, in the spirit of the analysis
in [22] (see also [3]), where the limit L — 0 for the the Landau—-de Gennes free-energy functional

L b
.F(Q, Q) = A |:2Qij,inj,k — gtf(QQ) — g tr(Q?’) + itr(Q2)2 dzr (19)

is considered and referred to as “the Oseen-Frank limit” (in the formula above, a, b, ¢ are temperature and
material dependent constants and L > 0 is the elastic constant). If instead of a bulk free-energy density



with only three terms one uses a bulk free-energy density truncated at the sixth order, e.g.,
A B C
fB(Q):= Bl tr(Q?) — £ tr(Q%) + T tr(Q?)?

/
+ 2 (Q)r(@) + ¢ (@) + (@)
where A, B,C, D, E and E’ are material bulk constants (see, for instance, [8, 9]), then the theory considered
here can be obtained as a limit theory for L — 0 (and appropriate boundary conditions) and can then be
regarded as a generalization to biaxial nematics of the limit theory in the sense of [22].

We express I3 in terms of maps (u,v) :  — S? namely, we explicitly compute f3 : S? xMyx3 — [0, +00]
so that

I3(Q7 vQ) = f3((u7 V)v V(u, V))7

provided that Q corresponds to (u,v), that is, Q = GAGT with G = ®((u,v)). (In principle, similar
calculations can be performed also for the elastic invariants I, I and Iy. In the final section, according to
[28], we write these invariants in terms of the varying orthonormal frame (n,m,#).)

In Section 5, we prove that the energy density model f5((u,v), V(u,v)) actually satisfies a general in-
variance property, that corresponds to the symmetry of the Dirichlet energy density 2s%|Vr|? in the uniaxial
case. Such an invariance property implies the above mentioned frame indifference and residual symmetry
conditions. Therefore, f3 may be interpreted as the elastic energy density model for the configuration maps
(u,v) : Q — S?/H of a constrained biaxial nematic liquid crystal.

The corresponding elastic energy functional

&@wmmaémmwwﬂwwMMx

is well defined, e.g., on Sobolev maps (u,v) : @ — S3/H, where € is a bounded domain of R3, i.e., a
bounded connected open subset. Now, by ordering the eigenvalues as A\; < Ay < A3, with the notation from
(1.1) we clearly have S; < Sz < 0. Moreover, following [22] (see also Remark 2.6), we deduce that either

S S
?1§52<0 or SQ§71<O

Using this and the invariance property, we are then able to prove that the energy density f3 satisfies the
following coercivity property:

fa((u,v), V(u,v)) > 852|V(u,v)|?, where S #0.

As a consequence, it is readily seen that the class of measurable and a.e. weakly differentiable functions from
Q to S*/H with finite F3-energy agrees with the Sobolev class W12(Q,S?/H).

Now, since the second homotopy group m2(S®/H) = 0, as a consequence of the strong density result of
Bethuel [4], it turns out that if the domain © C R? is bounded and simply connected, then for each Sobolev
map w € Wh2(Q,S3/H) there exists a sequence of smooth maps {wy} C C*(Q,S?/H) such that wy — w
strongly in W12 and Fz(wy) — F3(w). Moreover, we have that the functional Fs is sequentially lower
semicontinuous with respect to the weak W12-topology in the class W12(,S3/H). This yields that no gap
phenomenon occurs in the relaxation process, see Section 5. The proof uses the lifting result of Bethuel—-
Chiron [5, Theorem 1] asserting that if the domain € is bounded and simply connected, then for any
exponent p > 2 and every Sobolev map w € WP(£,S3/H), there exists a Sobolev map w € W1P(Q,S?)
such that ITow = w, unique up to the action of an element of 71 (S®/H) = H, where IT: S* — S*/H is the
canonical projection. Note that S®/H can be endowed with a unique Riemannian structure so that II is a
Riemannian covering map and that m1(S3/H) = H naturally acts by isometries on S3.

We conclude with some comments on the question of defects in our framework. It is well-known that
in the Oseen-Frank theory, based on the classical Sobolev approach, when minimizing the energy among
maps satisfying a zero degree boundary condition, only point defects with total degree equal to zero can
be explained. Using the more geometric approach based on Cartesian currents [14, 15], see also [25], point
defects connected by lines of concentration can be described. Within the Ginzburg-Landau theory, Chiron
[7] was able to describe line defects (disclinations) in the uniaxial case. See also [16, 17, 19] for discussions



on the configuration of liquid crystals and on the static and dynamic theories of defects. In the constrained
biaxial case, our coercivity property and the triviality of the second homotopy group of S?/H suggest that
the line singularities of biaxial nematics [23] cannot be described by means of Cartesian currents.

Acknowledgements. The authors wish to thank the referee for the many useful remarks and comments.

2 Preliminaries and notation: Q-tensors and order parameter
spaces

To fix notation, we start by recalling some known facts about quaternions which will be used in our discussion,
see [10]. Let H be the real non-commutative algebra of quaternions, with the standard basis {1,i,], k}.
Multiplication is determined by the rules

=P =k>=ik=—-1
which imply jk = —kj =i, ki = —ik = j, ij = —ji = k. The typical quaternion is
q=qo+qi+qj+ak q,q,92,9 €R

The real part of ¢ is gy and the pure quaternion part is q1i + g2j + gsk. The conjugate of g is given by
d = qo — q11 — g2j — gsk and the norm |g| is defined by

g =qd=qq=q5 +ai + & +d5.

1

The multiplicative inverse of any non-zero quaternion is ¢! = q/|q|?. As a vector space, H is identified with

R* via the usual isomorphism,
q=qo+ qui + q2j + gsk — (g0, 91,42, 93)"
which in turn induces an isomorphism between the subspace of pure quaternions and R3. In view of this
isomorphism, when convenient, the elements 1, i, j, k of H will be identified with the elements of the canonical
basis eg, €1, e, e3 of R*, respectively. We will also make use of the decomposition H = R ®R? = span{1} &
span{i, j, k} into the real and imaginary parts, and write ¢ = (qo,q), where q := (¢1, g2, g3)-
There is a diffeomorphism between the unit 3-sphere S? ¢ R* and the group of unit quaternions,

Sp(1) ={q e H| |g| = 1}.

Let ¢ be a unit quaternion and consider the R-linear transformation Cy : H — H, defined by Cy(w) = qwg, for
all w € H. The map C, is an isometry, that is, |C,(w)| = |w|, and preserves the decomposition H = R & R?
of w into its real and imaginary parts. It can then be interpreted as a rotation of R3.

Let M(q) be the 4 x 4 matrix that represents the linear transformation C, : H — H with respect to
the standard basis {1,1,], k}. Since |Cy(w)| = |w]|, for all w € H, M(¢g) must be an orthogonal matrix, i.e.,
M(q) € O(4). The continuity of the determinant and the connectedness of S* imply that the determinant of
M (q) is positive, so that M(q) € SO(4). The first column of M (q) is the vector representing the quaternion
qlg = q7 = 1, that is, eg. The fact that M(q) belongs to SO(4) now forces M(q) to be of the form

M(q) = ((1) <1>(()q)) : (2.1)

where ®(q) is an element of the special orthogonal group SO(3). The map
®:§°=9p(1) » SOB3), g+ ¥(q)

is a homomorphism of groups which is surjective and has kernel {£1} (see [10] for more details). In particular,
two matrices ®(p) and ®(q) represent the same rotation if and only if p = +¢q. The rotation matrix
corresponding to the unit quaternion ¢ = qg + g1i + g2 + g3k is given explicitly by

@+aG—(B+a3) 20 — qg3) 2(q193 + q0g2)
®(q) =Gl(g,a) = | 2(qe+awws) @G+a6-(@G+da3) 2@ —oa) |- (2.2)
2(q193 — 9092) 2(g293 + qoq1) @+ a3 — (G + @)



Since every unit quaternion g is of the form ¢ = cos(0/2) 4 sin(f/2)u, for a real number § and a pure unit
quaternion u = uqi+ usj + usk, the matrix ®(gq) € SO(3) represents a rotation through an angle 6 with axis
along u,

u3(1 — cos ) + cos b ugug(l — cosf) —ussin® uquz(l — cosf) + ug sin b
D(q) = | uruz(l — cosb) + uzsiné u3(1 — cos ) + cosd usuz(l — cos @) — uq sinf
uug(l — cosd) —ugsin®  usuz(l — cosf) + uq sin 6 u3(1 — cos®) + cosd

For future reference, we write the orthogonality conditions of G = G(qo,q),
GIg =1, GGT =1, (2.3)

expressing, respectively, the orthonormality and the completeness of the column vectors of G. We also
record that

1 0 0 ~1.0 0 -1 0 0
D+ =1, d(+)=(0 -1 0|, dE)=[0 1 0], ®Fk=[0 -1 0. (24
0 0 -1 0 0 -1 0 0 1

Remark 2.1 For any quaternion ¢ = qo+iq1 +jg2+kgs, let L(q) and R(gq) denote the matrix representations
of the real linear maps on H defined by w — qw and w — w7, relative to the standard basis {1,i,j,k}. Tt
follows that

qgo —q1 —Qq2 —g3 qo q1 q2 q3
q1 qo —qs3 q2 —aq1 qo —qs3 q2
L(g) = , R(q) = . 2.5
(q) q2 g3 q0 —q1 (q) —q2 g3 q0 —q1 ( )
g3 —42 q1 q0 —q3 —42 1 q0

(From the definition, one sees that L(pq) = L(p)L(q), R(pq) = R(p)R(q) and that the matrices L(p) and
R(g) commute. It also follows that L(g) = L(q)” and R(q) = R(q)T. So, if |¢| =1, L(q) and R(q) must
be orthogonal matrices. One can verify by direct computation that these matrices have determinant one,
i.e., belong to SO(4). Moreover, in this case we have that L(q)R(q) = M(q), where

1 0 0 0
M(q) = 0 @ +¢ — (a3 +a3) 2(q192 — q093) 2(q193 + q0g2)
0 2(q192 + qoq3) @ +a— (@G +a3) 2(q293 — qoq1)
0 2(q193 — qoq2) 2(q2q3 + qoq1) @ +a3— (6 +a3)

This means that for every (qo,q) € S*, the matrix in (2.2) can be written in the form

4
QCH Z q07 1,+1R((q0’q)>?+1 V’LM] = 17233'

In general, the 2:1 group homomorphism ® : Sp(1) — SO(3) is given, for every ¢ € Sp(1), by
4
Z O R(@)%, Vi =1,2,3. (2.6)

CONSTRAINED THEORY OF NEMATIC LIQUID CRYSTALS. In the sequel, we shall think of vectors in
R? as column vectors. If n,m € R?, the tensor product n@m is the matrix nm”, so that (n®m)’ = n;m;,
if n = (ny,n,n3)7, m = (m;, my, m3)” . We shall also denote by n-m and n x m the scalar and vector
products, respectively.

In the Landau—de Gennes approach to nematic liquid crystals [9, 24], the order parameter describing the
orientational properties of molecules is a function that assigns to every point of the region Q C R? occupied
by the liquid crystal a traceless real symmetric 3 x 3-matrix Q, the so-called Q-tensor order parameter. A
nematic liquid crystal is said to be in the (1) isotropic phase if Q has three equal eigenvalues, i.e. Q =0, (2)
uniazial phase if Q has two equal non-zero eigenvalues, (3) biazial phase if Q has three distinct eigenvalues.
By the spectral theorem, a generic biaxial Q can be written in the form [22, 24]

stl(n®n—%l)+52(m®m—%1), (2.7)



where S7,.S5 are scalar order parameters and n, m, and n X m are orthonormal eigenvectors of Q corre-
sponding to the eigenvalues

25185, N 25, -5 ) _ St 5
- 3 ) 2 — 3 ) 3 = 3 .
(We henceforth assume the ordering A1 < Ay < A3.) Equivalently, if A = diag(\1, A2, A3) denotes the

traceless diagonal matrix of the eigenvalues, the representation (2.7) of the symmetric matrix Q amounts
to

A (2.8)

Q = GAGT, (2.9)

for some rotation matrix G € SO(3). In the isotropic phase, clearly S; = Sy = 0. In the uniaxial phase,
either S1 =0, 52 #0,0or S; #0, So =0, or S; =53, so that Q takes the form

Q:s(r®r—%1), (2.10)

where s is a scalar order parameter and r € S?. When S; = S5, the uniaxial representation for Q is readily
obtained from the completeness property of the eigenvectors, i.e.

nen+mem+£LRL=1I, £:=nxme§?. (2.11)

Remark 2.2 The eigenvalues of physical Q-tensors are bounded by the inequalities f% <A<

1=1,2,3 (see e.g. [2] for a thorough discussion on the physical constraints of the eigenvalues).
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In the constrained Landau-de Gennes theory [3, 22, 23], the scalar order parameters S; and Sy are
required to be constant, so that the structure of the liquid crystal at each point = €  only depends on the
value of the orthonormal vectors n, m at z. In particular, the eigenvalues in (2.8) are constant. In the
constrained uniaxial case, according to (2.10), any tensor order parameter Q has two degrees of freedom
given by r € S%. Actually, if r is replaced by —r in (2.10), Q remains the same, and can then be identified
with the pair {r,—r}, r € S?, which in turn determines a point in the projective plane RP? (see Remark 2.5
below). In the constrained biaxial case, Q has instead three degrees of freedom, given, e.g., by the three
Euler angles corresponding to the orthonormal frame n,m,£. In the following, we discuss the constrained
biaxial case in more detail.

Definition 2.3 Let Sy denote the vector space of traceless symmetric 3 X 3 matrices over R. For fixed
distinct constants A1, Aa, A3 € (—%,%), ordered by A1 < Ay < A3, let A = diag(A, A2, A3). The space
Q(A1, A2, A3) of all elements of Sy of the form (2.7) so that (2.8) holds is known as the order parameter
space of the system.

By (2.9), we have
O(A1,x2,X3) ={Q€e S| Q= GAGT for some G € 50(3)}.
If one considers the left action of SO(3) on Sy given by
G+Q:=GQGT, GeS03), Qed, (2.12)

then it is clear that Q(A1, A2, Ag) is just the orbit of the matrix A = diag(A1, A2, A3) with respect to this
action. Since the eigenvalues are distinct, the subgroup of SO(3) which fixes A

SO3)a :={G € SO3)|GxA=A},
that is the isotropy subgroup of A, is readily seen to be the abelian four-element group
D, = {diag(1,1,1), diag(—1, —1,1), diag(—1,1, —1), diag(1,—1,—1)}.

(This is the dihedral group Dy which consists of the identity and 180°-rotations about three mutually
perpendicular axes.) Now, from the theory of homogeneous spaces [6, 29], we know that the coset space
SO(3)/S0(3)a = SO(3)/ D2 can be given a structure of differentiable manifold, so that the bijective map

SO(3)/SO(3)a — Q(A\1, M2, A3), [G]=GSO(3)a — GxA =GAGT



provides Q(A1, A2, A\3) with a differentiable structure with this map becoming a diffeomorphism. The coset
space SO(3)/Dy is an eightfold quotient of the 3-sphere. In fact, according to (2.4), the preimage of Dy in S3
under the 2:1 group homomorphism @ : §3 2 Sp(1) — SO(3) coincides with the non-abelian eight-element
quaternion group H := {%1, +i, 4j, £k}. The parameter space Q(A1, A2, A3) is thus diffeomorphic to the
coset space S®/H,

S*/H = Sp(1)/H = {pH | p € Sp(1)}.

Remark 2.4 Note that S?/H can be endowed with a unique Riemannian structure so that the canonical
projection IT : S* — S3/H is a Riemannian covering map. Moreover, since S? is simply connected, II is
the universal covering map and 1 (S3/H) = H acts isometrically on S? (see for instance [30]).

According to formula (2.9), to any unit quaternion (u,v) € S? there corresponds a tensor order parameter

Q(u,v),

Q(u,v) = G(u, v)AG (u,v)7, (2.13)
where G = G(u,Vv) is given by (2.2). Using (2.3) and (2.8), we can write Q(u,v) as in (2.7), where
U2 + U% — ('U% + 1)3) 2(1)11)2 — ’U/Ug)
n(u,v) = G1(u,v) = 2(v1v2 + uws) , m(u,v) = Ga(u,v) :i= | u? +v3 — (v} + v3) (2.14)
2(vivg — uvsy) 2(vous + uwy)

and £ = n x m agrees with the third column Gs(u,v) of the matrix in (2.2). Notice that if G = GB,
where B = ®(q) for some g € H = {£1, +i, £j, £k}, then

GAGT = GAGT .

In fact, since B = ®(q) € SO(3)a, we have BABT = A, and hence GAG? = GBAB”G” = GAG”.
This implies that if p = (u,v) € S?, using quaternion product, one has

Q(p) =Qpg) VYge™H.

Moreover, if (n,m, £), where £ = n x m, is the oriented frame corresponding to +p as in (2.14), the oriented
frames corresponding to p-¢ are (n,—m, —£), (—n,m, —¥£), and (—n,—m, £), if ¢ =1i,j, and k, respectively.

In conclusion, to each Q € Q(\1, A2, A\3) there corresponds a set of eight elements (u,v) € S?, a right
coset of H in S3 = Sp(1).

Remark 2.5 With reference to the left action of SO(3) on Q(A1, A2, A3) given by (2.12), if two of the
eigenvalues A1, A2, A3 are equal, it easily seen that the isotropy subgroup of A, SO(3)a, is isomorphic to
the orthogonal group O(2). (More precisely, SO(3)a is the group D of rotations about the molecular axis
and 180°-rotations about axes perpendicular to the molecular axis.) Thus Q(\1, A2, A3) is diffeomorphic to
the coset space SO(3)/O(2), which is just a coset space description of real projective plane RP?, the order
parameter space in the constrained uniaxial case.

Remark 2.6 From (2.8) and the specific ordering A\; < Ay < A3 of the eigenvalues, in the representation
(2.7), it follows that S; < Sy < 0. Moreover, according to the analysis in the proof of Proposition 1 in [22],
one can conclude indeed that either

%§52<0 or SQ§%<O (215)

In fact, using the notation from [22], condition A; < A2 < A yields that Ry and R; are the only admissible
regions. This will be used in the proof of Proposition 5.3 below.
3 Frame-indifference

In the framework of the Q-tensor theory, two observers see the same free-energy density ¢ (Q,VQ). This
amounts to the requirement that

P(Q,VQ) = p(MQMT,D*) VM € SO(3), (3.1)



*

where D7, = MfMglMZ’lem,p7 compare e.g. [1]. Here and in the sequel, the symbol “” denotes the
partial derivative in the kth canonical direction w.r.t. x € , so that e.g.
3]

Qijr = Tkuz‘j-

Remark 3.1 Note that the elastic free-energy densities I, I, I3, Iy as given in (1.6) satisfy the condition
(3.1) for the full orthogonal group O(3). This is a material symmetry reflecting the lack of chirality of the
molecules constituting nematic liquid crystals (see [1]).

THE UNIAXIAL CASE. The above condition is equivalent to the well-known frame invariance
w(r,H) = w(Rr, RHRT)  Vre$S?, H&Msyz, RcSO3)

that is satisfied by an energy density in the framework of Oseen-Frank theory of uniaxial liquid crystals.
1
In fact, in the (constrained) uniaxial case we have Q = s(r ®r— gI), with s a non-zero constant and

r = (r1,r2,12)7 € S? varying with the position = € Q, whence

1
Qi; = S(I"irj -3 5ij> ) Qijr = s(rirjp +rigr)). (3.2)
We first observe that Q(Mr) = MQ(r)M7T. Setting

Djji(r, H) := s(Hjr; +1;H]), 1S’ H=(H)EMsys,

it suffices to check that o
Dju(Mr, MHM") = M{ M}, M} Dy, (v, H)
or, equivalently, if Dy is the 3 x 3 matrix with coefficients (Dk)z = D,j , that
Dy(Mr,MHM") = MM}D,(xr, H)M".

Let H; denote the jth column of H. By a direct computation,

Dy (Mr, MHM?) = s[(MHMT),(Mr)" + Mr((MHMT);)"]
s [MMFH,xTMT + Mr(H,)" M*MT]
s [MMEHTMT + Magbe(i,) 0T
s MMF [H,r™ + v(H,)"| M" = MM*D,MT,

as required.

THE BIAXIAL CASE. We now show that an equivalent property holds true for an energy density f in the
framework of constrained biaxial liquid crystals. Let ® : S* — SO(3) denote the 2:1 group homomorphism
introduced in Section 2.

Definition 3.2 An energy density f :S®xMyyxz — [0, +00) is said to satisfy the frame invariance condition
if for any q € S* one has

flw, H) = f(qu, L(q)H®(q)") ¥ (w,H) € S® x Muxs,
where L(q) is as in Remark 2.1 and ®(q) is as in (2.2).

Theorem 3.3 For constrained biazial nematics, the frame invariance condition of Definition 3.2 is equiva-
lent to the frame invariance (3.1) in the sense of Q-tensors.

To prove Theorem 3.3, for each function w(x): Q2 — S* we set

Qi;(w) == (L(w)R(w)AR(w) L(w)T)

Jo

i’j:O’172737



where we have denoted A := diag(XO,X17X2,X3) € My 4, with XO =0 and Xz = \; for ¢ =1,2,3. Notice

that Q;j(w) =0 1if i =0 or j =0, and Q;;(w) = Q;;(w) otherwise, where Q(w) is defined as in (2.13).
By linearity, we thus compute

9 ~ ~ , ~ ,

92, Q) = (L(Vew)R(w)AR(w) " L(w) ")} + (L(w) R(Vyw) AR(w)" L(w)");

- - (3.3)
+(L(w) R(w) AR(Vwi) " L(w) ™)} 4+ (L(w) R(w) AR(w)" L(Vw) ") .

Identifying the gradient Vw with a 4 x 4-matrix H= (Ho, Hy, Hy, H3), where Hy =0 and Hp = Viw
for k=1,2,3, for each (w,H) € S® x Myx4, we are led to define

Dijp(w, H) = (L(Hy)R(w)AR(w)T L(w)T + L(w)R(Hy)AR(w)" L(w)"

( A T T A T T\? (3.4)
+L(w) R(w) AR(Hy) T L(w)" + L(w)R(w) AR(w)" L(Hy)T)’

b

where 4,7,k =0,1,2,3. To our purposes, it then suffices to prove the following.

Proposition 3.4 With the previous notation, for every q € S* we have
Diji(qw, L@/ HM(9)") = M (a)M3,(0) M () Dinp(w, H) .

where M(q) = L(¢)R(q) .

In fact, ﬁijk(mf]) =0if i=0or =0 or k=0. Since property (2.6) yields M(q) = ((1) <I>?q)>’

Q(qu) = 2(9)Q(w)®(q)" = Q(qw) = M(q)Q(w)M(q)".
This combined with Proposition 3.4 implies Theorem 3.3.
PROOF OF PROPOSITION 3.4: We divide the proof into two steps.

STEP 1: We first collect some useful formulas.

Lemma 3.5 For every q,w € R*, we have:

Moreover, for matrices H, M € Myxy , let (HM)y denote the kth column vector of the matric HM. Then,
L(HM)) = L(HMy) = MPL(Hy),  R((HM),) = R(HMy) = MI'R(H,,)
As a consequence, we have:
L(L(@)H(M(q)")) = M@L@)L(Hy),  RL@HM(@) ")) = M(@)kR(q)R(Hy).-

PROOF: The equations in the first centered line follow from the definition of the matrices L(q) and R(q).
Moreover, denoting by (eq,...,e3) the column vectors of the canonical basis in R?*, we have

(HM), = HM}, = Hj M}'e; = M]'H} e; = M H),

and hence, by linearity, we deduce the formulas in the second line. The last two formulas are obtained by
using the equations in the first and then in the second line. O

STEP 2: Denote by D € Myyy the symmetric matrix with coefficients (f);g)g = f)ijk. Then the claim is
equivalent to the formula

Dy (qu, L(q)HM (q)") = M(q)} M (q)Dy(w, H)M(q)" (3.5)

10



by replacing h with p. By (3.4), we have

M(q)")e)R(quw)AR(qw)” L(qw)”

H (M (q)")x)AR(qu)” L(qw)”
JAR(L(q)H(M(q)")r)" L(qw)"
)JAR(qu)" L(L(q)H (M(q)")x)" .

Dy(qu, L(¢)HM(¢)") = L(L(¢q)H

—
~

Di(qw, L(q)HM(¢)") = M(q)§L(q)L(Hn)R(q)R(w)AM (w)T M(q)"
+L(q)

from which follows

Dy (qu, L(q)HM(q)") = M(q) i M (q){ L(Hp) R(w) AM ()" + L(w)R(Hy,) AM (w)”

+M (w)AR(Hy)" L(w)" + M (w)AR(w)" L(Hy)" } M(q)T,
that is (3.5), as claimed. O

RESIDUAL SYMMETRY. In order to deal with a functional defined on maps taking values in the coset
space S®/H , where H = {41, &i, £j, £k}, we also introduce the following symmetry condition.

Definition 3.6 An energy density f : S® x Myyxs — [0,+00) is said to satisfy the residual symmetry
property if, for any q € H, one has

flw, H) = flqu, L@H)  ¥(w,H) €S x My
The above symmetry property is the counterpart of the property
w(r,H) = w(—r,—H) VreS?, H e Msys,
satisfied by the energy density of uniaxial nematic liquid crystals in the sense of Oseen-Frank.

Remark 3.7 Note that the two conditions in Definition 3.2 and 3.6 are necessary conditions for a map
f:S$*xMyxs — [0,+00) representing an energy density for constrained biaxial nematic states. In Section 5,
we will introduce an energy density, fs, which satisfies both the invariance and the symmetry properties in
the sense of Definitions 3.2 and 3.6 (see Proposition 5.1).

4 The elastic energy density

In a special case of the Landau—de Gennes theory, compare e.g. [3, 24], the elastic energy density is defined
by
Y(Q,VQ) = Lili + Lolz + L3I3 + Lyly (4.1)

where the L; are constant and the four elastic invariants I; are
I = Qi Qink s, I2=QirjQijr, I3:=QurQijr, 11:= QueQisiQujk -

THE UNIAXIAL CASE. In the (constrained) uniaxial case we have (3.2). For the sake of completeness,
we now recover the well-known related formulas.

11



Proposition 4.1 In the constrained uniazial case (3.2), we have

I = s*((divr)? 4 |r x curlr|?), I = $*(|r x curlr|? + tr[(Vr)?]),
I3 =282 (tr[(Vr)?] + (r - curlr)? + [r x curlr|?), Iy = 233<§|r x curlr|? — %tr[(Vr)Q] - %(r - curl r)2> .

PrROOF: We first recall that r;r; =1, so that r;r; , =0 for each 7,. Moreover,

|curlr]? = (r-curlr)?+ |r x curlr|?,
|Vr|?2 = tr[(Vr)?] + |curlr|?, (4.2)
[Vr|2 = tr[(Vr)?] + (r-curlr)? + |r x curlr|?.
In fact, one has
curlr = (as2,a13,a21), a;j = (ri; — 1),
|curlr|? = a3, +a2; + a3,
(r-curlr)? = (riasp +raa13 +r3a21)?,
r X curlr = (1‘20,21 —Ir3ai3,rsazz —riag,riais — I‘g(lgg)
|I‘ X curlr|2 = (I‘lCng — 1‘20332)2 + (1'1(121 — r3a32)2 + (1‘21121 — r3a13)2 .

On the other hand,

|curlr|? — (r-curlr)? = (1-r})a3y + (1 —r3)al; + (1 —rd)a3,
—2(1‘11‘2%2@13 + rirszaszag; + r2r3a13a21)
= (r3+rd)ad, + (rf +13)ads + (1 +ri)ad,
—2(r1r2a32a13 4 r1r3a32021 + rorzaizas:)
= (ria13 — raase)? + (riag — rzase)? + (raaz; — rzaiz)?,

that gives the first equality in (4.2). Also,

tr[(Vr)?] = Ty Tk = ril + r%_yQ + rg’g +2(ry2req +r13r31 +rosrs2) (4.3)
leurlr[? = ri,+r3, +ris+15, +1r55+1r5, —2(r1ors) +r13rs) +rosrs ) :

hence the second equality in (4.2) holds by summation, whereas the third one is a direct consequence.

Remark 4.2 Using that r;r; o, = 0, one also obtains
riaiz — reass = —(Vr)sr, rsass — rias; = —(Vr)Qr, roQo1 — I'saiz = —(Vr)lr,
where we have denoted (Vr)’r := ryr;x, so that

3
IrRT T = z:((Vr)ir)2 = |r x curlr|?. (4.4)

i=1
As for the first energy term, using that r;r; =1 and r;r; , = 0, we have
I = s*(rirjj+rir)(rite e + rigre)

S
= §2(ririry vk TR T g+ (T ) TRT 4 (Tir )TT )
52(rj7jrk7k + 1,0y T k),

so that the above formula follows from (4.4) and from the equality r; vy = (divr)?.

For the second energy term, we similarly compute
_ 2
I, = SQ(Pz’rk,j + i,k (TiTj 6 + TikT5)
= s2(ririTy i)k + TiTET; T + (03T )T,k + (03T j)TkT k)
S

2
(Tk,jTjk + TiTT; T k) 5

and then use the first equality in (4.3) and again (4.4).
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The third energy term similarly reads as

Iy =

5°(rirj k4 T3 xT;) (15T + T4 k1)
= s
2

(

2(ririt kT + LT Tk + 2T B )T5T k)

— 2

= STkl

so that this time we use that r;,r;, = |Vr|? and the third equality in (4.2).
Finally, we decompose the fourth term as Iy = I} + IZ, where

1 . 3
Ij = s°rrg(rirj; 4+ 1) (e + 1 6r5)
1
2 3 _ 3
Ii = =38 0w (v + i) (e, + igry) = — 28" (0l + Tty Vit + Tikr;)
., 2 23 2
Similarly to as for I3, we get I = —3$ |Vr|“, whereas
1
If = SPryrg(rry vy, +eyryrr g + (vir g)rseg -+ (6 )rr, k)

_ 3
= 25°rriro, Tak

so that (4.4) gives I} = 2s%|r x curlr|?. Adding the two terms, we obtain
3 2 1 2
Iy = 2s%(Jr x curlr|* — §|Vr| ),
and hence the formula for I follows from the third equality in (4.2). O
As a consequence, compare [3], choosing

2. 2 .
Ky = L1858 + Lys® + 2L35% — ~L4s®, Ko :=2L3s% — §L4537
K3 = L18% + Las? + 2L3s% + §L453 , Kiyi=Lps®

by Proposition 4.1 we deduce that the energy density ¥(Q, VQ) in (4.1) agrees with the Oseen-Frank energy
density w(r, Vr) of nematic liquid crystals:

w(r, Vr) := K (divr)® + Ka(r - curlr)® + Ks|r x curlr|® + (K3 4+ Ky) [tr[(Vr)?] — (divr)?].
We finally recall that the last energy term of w(r, Vr) is a null-Lagrangian, as
[tr[(Vr)?] — (divr)?] = div[(Vr)r — (divr)r)].
THE BIAXIAL CASE. In the (constrained) biaxial case, we have (2.7), where S; # Sy are non-zero

constants and n, m € S? satisfy n-m = 0 and depend on the position = € €2, see Definition 2.3.
We shall focus on the third elastic invariant

13(Q,VQ) == Qij x Qiji k. - (4.5)
Using (2.11), we have that
Q=A\n®n+omem-+ A3 L, (4.6)
with A1, A2, A3 as in (2.8), hence
Qi; = Amn; 4+ Aom;m; + A36i€;
Qije = AM(ninjg +nn;) + Ao (mymy p + m; pm;) + A3(€ilj s + £ 1) -

Proposition 4.3 Under the previous hypotheses, we have

L(Q,VQ) = 2(207 4+ X2 A3)[Vn|? + 2(202 + \3A1)|[Vm|? + 2(202 + A\ A\2) | VL2,

13



PROOF: We first decompose I3 = I3 + 12 + I3 + I + I3 + IS, where

I% = )\%(ninj7k + ni,knj)(ninﬁk + ni7knj) R

I = A(mymy +m;m;)(mm;; + m;pmy),
I33 = )\%(filj,k + E@]cfj)(fiej,k + Eiykej) ,

I} = 2X\A2(mynjk + n;pn;)(m;m;, +m; ym;),
Ig’ = 2/\2/\3(mimj,k + mLkmj)(EiEj,k + Ei,kej) ,
136 = 2/\3/\1(£i£j7k + Zi,kﬂj)(ninjk + 1’1,‘7knj) .

Arguing exactly as in Proposition 4.1, we get
IL=2XVnP2, 23V, I - 223Ve?2,
compare the third equality in (4.2). As for the fourth term, using that n;m; = 0, we get

4 _
13 = 2)\1)\2(niminj,kmj7k + n;m;n; ;m; + n;m;n; pm; i + njmini7kmj7k)
= 4)\1)\2nimjnj’kmi7k .

In a similar way, we have:
I35 = 4)\2)\3miﬁjmj,k£i7k s Ig = 4)\3)\1£inj£j,kniyk .
Denoting for simplicity

X = (ninjyk)mjm,;k., Y = (mimj,k)£j£i7k, 7 = (Zifjvk)njni,k,
N:=n;n;;, M:=m;m;;, L:=4£;l,

we deduce the formulas:

X:%@—M—Ny Y:;N—L—ML Z:;M—NéLy (4.7)

In fact, the property (2.11) yields that for each ¢, 7,k
n;n; g+ n;n; p +m;m; g+ m;m; g + eiej,k + Ejei,k =0. (48)

Replacing the parenthesis in X, Y, and Z with the corresponding sum of five terms coming from equation
(4.8), and using that (n,m,£) is an orthonormal frame, we readily obtain the system

X=-M-Y
Y=-L-Z
Z=-N-X

the solution of which gives (4.7). Using that
N=|Vn*, M=|Vm|*, L=|V?,

we thus obtain
Ig = 2)\1)\2(|V£\2 — \Vm|2 — |Vn|2) 5
Ig’ = 2)\2)\3(|Vn\2 — |V£|2 — |Vm|2) ,
Ig = 2)\3)\1(|Vm|2 — \Vn|2 — |V£|2) .

Adding the six terms I%, and using that A; + A\g + A3 = 0, the formula for I3 is readily proved. |

We recall that in the previous sections we have associated to each unit vector (u,v) € S® a tensor
order parameter Q(u,v) that satisfies (4.6), where n(u,v), m(u,v), and £(u,v) agree with the three
columns Gi(u,v), Ga(u,v), and Gs(u,v) of the matrix in (2.2), respectively, compare (2.14). Using this
correspondence, we now compute |Vn|?, |[Vm|?, and |V£|? in terms of the derivatives of the vector map
(u,v) : Q — S3, where v = (v1,v2,v3). Denoting by D; the ith partial derivative with respect to = € Q,
we now prove the following.
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Proposition 4.4 For each 1 =1,2,3 we have:

|Din|> = 4([Di(u,v)]* = (—v1Diu + uDsvy + v3Divy — U2Div3)2

|Dim|2 = 4 |Di(u,v)|2 - (—ngiu —v3D;v1 +uD;ve + leivg)
|DiE|2 4 |Di(u,v)|2 - (—ngiu + vo Dvy — v1Dvy + uDiU3)2)

2

where |D;(u,v)|? := (Dsu)? + (D;v1)? + (D;jv2)? + (D;v3)?.

PROOF: We first prove the first formula, and we denote D = D; for simplicity. Since n = G;(u, V), compare
(2.14), we get
uDu + v1 Dvy — voDvy — v3Dug
Dn = DG1(u,v) =2 | v1Dvy + voDvy + uDvs + vsDu
v1Dvz + vz Dvy — uDvy — voDu

Using that |(u,v)| =1, we compute

D0 = (Du)( + 03 +u3) + (Dun)2(0] + 03 +13)
+(Dv2)? (vF + 07 + u?) + (Dvs)?(v] + u® + v})
+2 [DuDvl (uvy + vavs — vou3) + DuDvg(—uvy + v1v3 + uvy)
+DuDvs(—uvs + uvs — v1v2) + Dvy Dva(—v1v2 + v102 — uvs)
+Duvy Dvs(—viv3 4+ uvy + v1v3) + DvgDus(vevs + uvy — uvl)]
— (DP(1— 03) + (Don)*(1 — u) + (Du2)2(1 — v3) + (Dug)(1 — v3)
+2 [uleuDvl + vivsDuDvs — vivo DuDug
—uv3Dvi Dvs + uve Dvi Dvg + vgngngv3]
and hence
—|Dn)* = |D(u,V)|? = (viDu — uDv;)? — (v3Dvy — vy Dv3)?
+2 [U1U3DuDvg — vyve DuDvs — uvz Dvi Dvgy + unglevg]
= |D(u,v)|?> = (vyDu — uDv;)? — (v3Dvy — v Dv3)?
+2(v1 Du — uDvq)(v3Dvg — vaDvs)
= |D(u,v)]* = (v1Du — uDvy + vaDvg — ngvg)Q ,
that gives the first formula. The second and third formulas are obtained by replacing (u,v1,vq,v3) with
(u, —v9, —v1, —v3) and (u, —vs, —v2, —v1), respectively. a

For the sake of brevity, denote now:

3

A = Z(—leiu + uD;v1 + v3D;v9 — ngivg)z ,
i=1
3
B? = Z(_U2Diu —wv3D;v1 +uD;vg + UlDiU3)2 s (49)
i=1
3
c? = Z(—ngiu + v9 Dvy — v1 Dvg + uDivg)2 ,
i=1

so that by Proposition 4.4 and the fact that Ay + Ay + A3 = 0,
4(|V(u,v)|? = 4%) = |Vnl*, 4(|V(u,v)]* = B?) = |Vm[*, 4(|V(u,v)]>—C?) = |Ve].
Using Proposition 4.3, we get

Is = 12002 + 22+ 22)|V(u, v)|? — 8(2A% + A\2)3) A2
C8(2A2 + AsAy) B2 — 8(2A% + A1) 2.
By (2.8), we compute
2
/\%‘F)\%-i‘)\g = *(S%+522—5152)7 2)\3-1-)\1)\2 =515,
2)\% + Aod3 = Sf — 5159 s 2/\% 4+ A3\ = 522 — 5155,
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so that we obtain: )
§13 = (S% + 522 — 5152)|V(’U,,V)|2 — (512 — 5152) A2

(4.10)
— (82— S18) B2 — 5,8, C2.

Equivalently, by Proposition 4.3 we deduce that
I3 = 2{51(51 — Sg)|Vn|2 + SQ(SQ — Sl)|Vm|2 + 5152|V£|2} R

where we have identified n,m,n with the first, second, and third column of the matrix-valued map = —
G(u,v).

Remark 4.5 In the uniaxial case, we have seen that

)\2:/\3:>SQZO, )\1:/\3:>S1:0, )\2:/\3:51252:—5.
We thus recover the expression of I3 from Proposition 4.1 where, we recall, in the above three cases one has
s =51,52,5 and r = n,m, £, respectively.
5 The elastic energy of biaxial nematic liquid crystals
In this section we discuss the functional corresponding to the energy density given by the elastic invariant
(4.5), which has been considered in the previous section in the framework of constrained biaxial nematic
liquid crystals.
FUNCTION SPACES. Let 2 C R?® denote a bounded domain. Following [3], and according to Def-

inition 2.3, for 1 < p < oo we shall denote by W1P(Q, Q(A1, A2, A3)) the class of measurable maps
Q: Q — 9(A1, A2, A3) such that Q(x) has weak derivative VQ(z) a.e. in § satisfying

/ IVQ(2)|P dx < oo
Q

Since
L(Q,VQ) = Q;;xQijx = IVQ[?,

we deduce that the energy functional
Q- 7u(Q) = [ H(Q.VQ)ds (51)
Q

is well defined and finite on the Sobolev class W12(Q, Q(A1, A2, A3)).
The above facts lead us to consider also the Sobolev classes
Whr(Q,8%) = {(u,v) € W'"P(Q,R*) : |(u,v)(z)] =1 forae 2€Q}.

We also introduce the elastic energy functional

Falu,v) = i fa((u,v)(2), V(u,v)(z)) dz (5.2)

where the energy density f3 :S® x Myx3 — [0,+00) is defined for (u,v) € S* and H € Myx3 by
F3((u,v), H) := (kg — ko + k3)|H|* — ky A((u, v), H)? + ko B((u,v), H)* — k3C((u,v), H)?. (5.3)
In the above formula, H = (H?), j=10,1,2,3; i=1,2,3, |H|? := Z?:l Z?ZO(HZJ)Q, and

k1 = 851(51 — Sg) s kz = 852(51 — SQ) s kg = 8S132.
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From Remark 2.6, it follows that ki, ko, ks > 0 and (k1 — ko + k3) = 8(S7 + S2 — S1.92) > 0. Moreover, by

(4.9),
3

A((u,v), H)? = Z(—leiO +uH} +vzH? — 'UQH?)2,
i§1

B((u,v),H)> = > (~vaH? —vsH} +uH? + v H}), (5.4)
i§1 )

C((u,v),H)? := Z(—ng? +voHy — v H? + qu) .
i=1

Therefore, by (4.10), the energy density fs corresponds to the third elastic invariant Is in (4.5), in the
constrained biaxial case.

INVARIANCE PROPERTIES. Using the above notation and Remark 2.1, we can prove the following.
Proposition 5.1 For every (u,v) € S® and H € Myys, let f3 be as in (5.3). Then

f3(Q' (u7v)7L(Q)H) = f3((u,v),H) =f3 ((u,V),HMT)
for any q €S® and M € SO(3).

PROOF: We first observe that by orthogonality |H| = |L(q)H|. Since L(q - (u,v))T = (L(¢)L((u,v)))T =
L((u,v))TL(q)T, we have

L(q- (u,v))" L(q)H; = L((u,v))" L(q)" L(q)H; = L((u,v))" H; . (5.5)

Using that L((u,—v)) = L((u,v))T, we observe that the terms in (5.4) are actually expressed in terms of
the products L((u,v))” H;. This gives the first equality, on account of (5.5). As for the second equality,
we again have |H|= |HM?|. Moreover, we compute

(HMT)] = Hi,(MT){ = H{ M, .
By substituting in the first equation of (5.4), and using the orthogonality of M, we get

3
A(u,v), HMTY? = 3" (—oy(HMT)? + u(HMT)} + o3 (HMT)? — vy (HMT)?)”

=1
3

S (~or HOME + wHEM, + vsH2 M, — vo H2M)
1=1
= (v HIM} +uHI M} +vsHZM! — voH2 M)
X (—legMé + uHéMé + ijgMé — nggMé)
= (—leg +uH} +v3H2 — UgHg) (—leg + uHé + U3H§ - U2H§)M&MZ3
3
= N (~orHY + uH 4 vsH2 — v H2) = A((u,v), H)? .

a=1
In a similar way, it can be checked that
B((u,v), HM")? = B((u,v), H)?, C((u,v), HM™)? = C((u,v), H)?.
The claim follows from (5.3). O

Remark 5.2 According to Theorem 3.3, by Proposition 5.1 we directly obtain that the energy density f3
satisfies both the frame invariance and the residual symmetry properties introduced in Definitions 3.2 and
3.6. This fact will be used in our Definition 5.5 below.

ENERGY BOUNDS. Clearly there exists an absolute constant K > 0, only depending on Sp,S3, and
hence on the fixed eigenvalues Ap, Ao, A3, such that

0< fs(w,H) < KI|H]? V(w, H) € S x Myxs. (5.6)
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This yields that the energy Fs is finite on the Sobolev class W12 (©,S3). Therefore, by the previous
computation, we deduce that for each Sobolev map (u,v) € W12(Q,S3) the corresponding map = +~
Q(z) := Q((u,v)(x)) belongs to the Sobolev space W12(Q, Q(A1, A2, A3)), and for a.e. = € Q

fs((u, v)(2), V(u, v)(2)) = I3(Q(u, v), VQ(u, v)(z)) . (5.7)

Using the invariance properties and (2.15) of Remark 2.6, we now prove that a coercivity property holds
too. To this purpose, according to the alternative in (2.15), we set

Sy if égsg<o
S = 2 7y S#£0. (5.8)
Sy if 52371<o

Proposition 5.3 For every (u,v) € S? and H € Myy3, we have
f3((u,v),H) > 8S*|H?.

PRrROOF: By (5.4), taking (u,v) = Py := (1,0,0,0), the north pole in S3, for each H € Myx3 we have

3 3 3
APy, H)? =Y (H})?, B(Py,H) =Y (H})*, C(Py,H)*=Y (H}).
=1 i=1 =1
3 ' 3 _
Setting |H7|? := Z(Hf)Q, so that |H|? = Z |H7|?, by (5.3) we thus obtain
i=1 §=0

fa(Py, H) = (ky — ko + k)| H| + (ks — ko) |[H'|* + (k1 + ks) [H?* + (k1 — ko) [HP|?.
Assume now that the first alternative in (2.15) holds. We observe that

(ky — ko + k3) = 8(S2 + 52 — §,85) > 4(S? + 52) > 2052,
(ks — ko) =853, (ki +ks) =852 > 3252, (k1 — ko) = 8(S1 — S2)% > 8953.

This yields the lower bound

4
f3(Py,H) > 853 " |H|” = 883 |H|*. (5.9)

j=1
We now use the invariance properties of f3. More precisely, let ¢ := (u,v)™! = (u,—Vv), so that

q - (u,v) = Py. Proposition 5.1 yields that

f3(PNaL(q)H) = f3(Q' (u7v)7L(Q)H) = fS((uv V)7H) .

Using (5.9), this implies that
2
f3((’LL7V), H) > 8(52|L(q)H|) .

By the orthogonality of L(q), we finally get |L(¢)H| = |H|. On the other hand, if the second alternative in
(2.15) holds, we similarly obtain that

2
fS((u7 V)v H) > 8(Sl|L(Q)H|) )
which proves the claim. O
We have shown that

852/ IV (u, v)|? dz < Fs(u,v) < K/ \V(u,v)|?de ¥V (u,v) e WP(Q,S?), (5.10)
Q Q

with S # 0 given by (5.8). This yields that the class of measurable and a.e. weakly differentiable functions
from  to S* with finite F3-energy agrees with the Sobolev class W2(£,S3?).
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THE ENERGY OF MAPS INTO Sg/H. From now on, we let Q@ C R? denote a bounded and simply
connected domain, and ) a smooth, compact Riemannian manifold without boundary isometrically embed-
ded in RY, equipped with the induced metric (and topology). Also, for X = LP, W1? (O, where p > 1,
denote
X(Q,Y) = {weX(QRY)|w(x) e for ae x € Q},
XQYy)nC* = {weX(Q,Y)]|wissmooth}.

By the Nash—Moser isometric embedding theorem, we assume that the Riemannian homogeneous man-
ifold S3/H is isometrically embedded as a submanifold ) := F(S?/H) in some Euclidean space RY with
induced Riemannian metric, where F : S3/H — RY is an isometric embedding.

Remark 5.4 Observe that the diffeomorphism S%/H = Q(\1, A2, \3) yields a bijective correspondence
between the Sobolev spaces W12(Q,S3/H) and W12(Q, Q(A1, A2, A3)).

We now make use of the lifting result of Bethuel-Chiron discussed at the end of the introduction. As in
Remark 2.4, let IT : S® — S3/H denote the canonical projection and set Il := F o Il. Then, according to [5,

Theorem 1], for every w € W2(Q,S3/H), there exists @ € WH2(Q,S?) such that o @ = w a.e. in €,
that is unique up to the action of an element of ‘H = 71(S*/H). Furthermore, we have |Vw| = |[Vw| a.e. in
Q. This suggests the following.

Definition 5.5 The Fs-energy of a Sobolev map w € WH2(Q,S?/H) is given by the fg-energy of any
Sobolev map w € WH2(Q,S?) such that o w = w, i.e.,

Fa(w) := Fs(@) if How=w ae. in Q,

where F3(®) is given by (5.2), with @ = (u, V).

By Remark 5.2, note that the energy functional F3(w) is well defined on the Sobolev class W12(Q,S? /H).
Moreover, property (5.10) and the equality |Vw| = |Vw| yield that

852/ |Vw|? de < Fy(w) < K/ |Vw|?de  Ywe WH(Q,S3/H), (5.11)
Q Q

with S # 0 given by (5.8), hence the energy functional Fz(w) is finite evactly on W12(Q,S?/H).

DENSITY RESULTS. The following strong density result is due to Bethuel [4].

Theorem 5.6 (Bethuel) Let p > 1 and p denote the integer part of p. The class W1P(Q, V) N C> s
strongly dense in WP (Q,Y) if and only if the p-th homotopy group m,(Y) = 0.

Choosing Y := F(S?/H) and p = 2, we have m3()) = m(S?/H) = m(S?) = 0. Therefore, for each
Sobolev map w € W12(Q,S3/H) there exists a sequence of smooth maps {wy} C WH2(Q,S?/H)NC> such
that wy, — w strongly in W12, Furthermore, we obtain:

Proposition 5.7 For each Sobolev map w € W12(Q,S3/H) there exists a sequence of smooth maps {wy} C
W2(Q,S3/H)NC> such that wy — w strongly in W12 and Fz(wy) — Fz(w).

PROOF: By uniform convexity, the strong convergence wy — w in W12 is equivalent to the a.e. con-
vergence wy — w joined with the energy convergence fQ |Vwy|? de — fQ |Vw|? dw. Therefore, for each
w € WH2(Q,S3/H) we find a sequence {wy} C Wh%(Q,S3/H) N C* such that w, — w ae. and
Jo IVw?dz — [, |Vw|* dz. By [5, Theorem 1], for each k we also find a (smooth) Sobolev map @y, €
W12(Q,S3) such that Ilo @, = wy. Using the bounds in the formula (5.10), the structure (5.3) and (5.4) of

the energy density f3, and the dominated convergence theorem, we deduce that Fs (wy,) — Fa(w) for some
Sobolev map w € W2(£,S?) satisfying Il o w = w. The claim follows from Definition 5.5. ]

LOWER SEMICONTINUITY. We now see that the functional w — Fz(w) is sequentially lower semicon-
tinuous w.r.t. the weak W1:2-topology in the class W12(Q,S3/H).
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Proposition 5.8 Let {wy} C W'2(Q,S?/H) be a sequence such that sup,, [, |[Vwi|?* dz < oo and wy, — w
a.e. to some w € WH2(Q,S3/H). Then

Fs(w) < likm inf Fs(wg) .
PRrOOF: By the preceiling discussion, see Remark 5.4, to any Sobolev map w € W12(Q,S3/H) there

corresponds a unique Q in W12(Q, Q(A1, A2, A\3)) given by Q(m) = Q(w(x)), where w € W12(Q,S?) is
such that ITow = w, so that by Definition 5.5, (5.7), and (5.1)

Fs(w) = I3(Q) Z/Q\VQ(QJ)\de.

Therefore, by (5.11), the weak W'2-convergence wj — w implies the weak W'2-convergence Qk — Q,
where Qi € W12(€, Q(A1, A2, A3)) is given by Qu(z) := Q(@x(z)) for some W), € WH2(€,S?) satisfying
Mo Wi = wg. Since the functional C) — Ig(@) is sequentially lower semicontinuous with respect to the
weak topology in W12(Q, Q(A1, A2, A3)), we get

Fs(w) = I3(Q) < lim inf Z3(Qr) = lim inf F (wy)
as required. O

RELAXED ENERGY. Finally, for the class of summable maps L'(Q,S?/H) we consider the relazed energy
Fs(w) := inf{likm inf 73 (wy,) | {wr} € C(,S*/H), wr — w strongly in L'} .

Corollary 5.9 We have

Faw) = Fs(w) if weWh2(Q,S3/H)
W= 400 otherwise in L*(Q,S?/H) .

PrOOF: If F3(w) < oo, from the coercivity condition (5.11) and the lower semicontinuity property estab-
lished in Proposition 5.8 we infer that w € W'2(2, S*/H) and that F3(w) < Fs(w). In this case, moreover,
the density result from Proposition 5.7 yields the equality F3(w) = F3(w). O

6 A more general energy density

With reference to the discussion in Section 4 and according to [8], in this section we extend some of the
previous results to a more general energy functional. First, following [28], we explicitly write the elastic
invariants

I =QiiQik, Io=Qik;jQijr, Ia=QuQijiQujk
in the constrained biaxial case. For the sake of brevity, we omit the calculations. As above, let
Q= 2Ammn+omem+ A\3fR £,
with A1, A2, A3 given by (2.8). Then

Qi; = Amn; 4+ dom;m; + Aslil;
Qijr = AM(njp+mn;en;) + Ao(mm;, +m, gm;) + A3(€:4; 1, + £ 1l;) .

For unit vector fields r,s,t, we adopt the following notation:

(Vr)s = (Vr)'se;, (Vr)is := sir; i
rI'Vs:= (rV;s)e;, rV;s :=rpSg,;

where (e1,ez,e3) is the canonical basis in R® and “” denotes the scalar product in R3, so that

r-(Vs)t =r;(tgs; k) = tr(r;sik) = ti(rese) =t - (rTVs) .
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As for the first elastic invariant, we obtain:

I = X ((divn)? + [n x curln|?) + A3 ((divm)? + |m x curlm|?) 4+ A3 ((div €)? + |€ x curl £]?)
+2)\1)\2§(Vn)n- (Vm)m + (divn)[n - (Vm)m] + (divm)[m (V ) }} (6.1)
+2X223{(Vm)m - (V)€ + (divm) [m - (V£)€] + (dlv!f)[ (V )m]| } ’
+2XA3M0{ (V)£ - (Vn)n + (div£) [£- (Vn)n] + (divn)[n- (VE)£]}.

The second elastic invariant becomes:

I, = X(nxcurln]? + tr[(Vn)?]) + A3 (jm x curlm|? + tr[(Vm)?]) + A3(]€ x curl €| + tr[(V£)?])
+2M122{(0”Vm) - (Vn)m + (m”Vn) - (Vm)n + (Vn)m - (Vm)n}
+2X223{(mTVE) - (Vm)L + (¢"Vm) - (V&)m + (Vm)£ - (V€& m}
+2X30 { (€7 Vn) - (V&n + (nTVe) - (Vn)€ + (VE€n - (Vn)L} .

6.2

Finally, the fourth elastic invariant takes the following form: 02

1
5]4 = An x curln|? + A3|m x curlm|? + A\j|€ x curl £|?

+2X2 02 [n - (Vm)n m - (Vn)n| +2X3\; [m - (Vn)m| [n- (Vm)m

+2)\%)\3 m- (V&)m IZ- (Vm)m] + 2A3\: [£- (Vm)£] [m - (VE)£]

+202), [€ (vn)e} n- (V)] +2X\3s[n- (VO] [€- (Vn)n

+A12223{[m - (V€)n] [¢- (Vm)n] + [£- (Vn)m] [n- (V&m]| + [n- (Vm)£] [m- (Vn)¢]}.
The third elastic invariant I3 has already been computed in Proposition 4.3 and written in terms of a

map (u,Vv) in Proposition 4.4. In principle, by similar computation as those in Proposition 4.4, one could

express also the invariants I, Iz, and I; in terms of maps (u,v):  — S3, hence yielding energy densities
fi +S? x Myx3 — [0, +00) such that

fil(u,v)(z), V(u,v)(x)) = L(Q(u,v)(x), VQ(u,v)(z)), i=1,24, (6.3)

see (5.3) for the case i = 3. By Theorem 3.3, the energy densities f; satisfy both the frame invariance and
the residual symmetry properties from Definitions 3.2 and 3.6, see also Remark 3.7.

A MORE GENERAL ENERGY. Assume now that the elastic constants verify L, =0 and
3 1
L3>Oa _L3<L2<2L3, L1>_3L3_T0L2'

Davis and Gartland [8] proved that under these hypotheses the energy functional (defined on general Q-
tensors)

I(Q) = /Q(LIII + Loly + L3I3) dx

is sequentially weakly lower semicontinuous in W2, provided that the domain  has smooth boundary. In
fact, there exist two positive constants K > pu > 0 such that

K |VQ|2 > Llfl + LQIQ —|— L3I3 > /,L |VQ|2 .

With this choice of the constants L;, since |VQ|? = I3, by (5.7) and Proposition 5.3 we readily obtain
a similar coercivity property for the corresponding functional F := LiF; + LoFs + L3F3 on Wh2(Q,S3),
where F; is defined as in (5.2) with f; as in (6.3). As a consequence, the class of measurable and a.e. weakly
differentiable functions from € to S? with finite F-energy agrees with the Sobolev class W12(€2,S?).

Reasoning exactly as in the second part of Section 5, with F3 replaced by F, we can extend the F-
energy to the Sobolev class W12(Q,S?/H) as in Definition 5.5; in particular, the energy functional F(w)
is finite exactly on W12(Q,S3?/H).

As in Proposition 5.7, we then obtain the approximation in F-energy with smooth maps in the class
W12(Q,S3/H). In fact, on account e.g. of the formulas (6.1) and (6.2), recalling that n and m are given
by (2.14), and that £ = n x m agrees with the third column Gs(u,v) of the matrix in (2.2), we deduce
that the dominated convergence theorem can be applied. B _

Moreover, arguing as in Proposition 5.8, since the functional Q — Z(Q) is sequentially lower semicon-
tinuous with respect to the weak W'2-topology, we infer the weak lower semicontinuity of the functional
w— F(w) in WH2(Q,S3/H).

Finally, we deduce the representation formula of the corresponding relaxed energy as in Corollary 5.9.
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