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Abstract

This paper deals with the description of the overall effect of pinning conditions in
discrete systems. We study a variational problem on the discrete in which pinning sites
are modeled as network subsets on which concentrated forces are imposed. We want
to determine the asymptotic effect of pinning conditions on a periodic lattice as its size
vanishes. Our analysis is performed in the framework of I'-convergence and highlights
the analogies and differences with the corresponding continuous problem, i.e. periodically
perforated domains. We derive a functional form for the limit energies which depends
on the relationship between the space dimension and the growth rate of the interaction
functions.
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1 Introduction

This paper deals with the description of the overall effect of pinning conditions in discrete
systems, highlighting the analogies and differences with the corresponding continuous case.
In variational problems on the continuum, pinning sites are usually modeled as small zones
where concentrated forces or Dirichlet conditions are imposed. Their effect can be described
by exhibiting suitable effective problems. In the simplest (but already presenting most of the
general features) case of periodically-perforated domains one imposes homogeneous Dirichlet
conditions on a periodic array Us pr of small balls of radius R and centers on a d-periodic
lattice, and considers, e.g., minimum problems of the form

min{/ﬂ(\DuV’ — fu)dz:u=0on U(;,R}. (1)

As 6, R — 0 these problems can be approximated by

min{/Q(|Du\p + ClulP — fu) dx}, (2)

where the middle term replaces the constraint; the constant C' depends on the mutual asymp-
totic behavior of the two parameters. It is suggestive to think of u as a temperature field of a
mixture of water and ice, with Us r representing the ice distribution, and the second problem
as an effective approximation when the ice particles are small. Note that there is a critical ratio
between R and ¢ below which the constant C is 0 (if the percentage of “ice” is too small then
it does not influence the limit) and above which C is 400 (i.e., the percentage of ice is so high
that in the limit it forces u = 0).



The study of problems of the form above dates back to an early work by Marchenko and
Khrushlov [17]. It has been subsequently popularized by a well-known paper of Cioranescu and
Murat [8] and comprises a number of generalizations which cover also non-periodic geometries
and give rise to the so-called Relazed Dirichlet Problems (see e.g [11],[12],[13],[14],[15],[19] and
[10] for an overview on the subject). In the framework of I'-convergence recent papers as [3]
and [18] deal with general vector energies (for a general introduction to I'-convergence see e.g.
[4], [5], [9]). At the critical scale the basis of the asymptotic description of problems (1) is a
separation-of-scales argument: the contribution of the energy that “concentrates” near each
of the small balls can be decoupled from the others and from the energy that is “diffused”
elsewhere (this is formalized in the procedure highlighted in the paper by Ansini and Braides
[3]), and can be then computed by means of suitable “capacitary formulas” that give C. It
must be noted that in the subcritical case p < n the contribution of each ball is of the form

CR"Pluf?, 3)
which gives the scaling R ~ §"/("=P) while in the critical scale p = n that contribution is
Cllog R~ ul", (4)

which gives the scaling |log R| ~ 6"/("=1)_ If p > n there is no critical scaling leading to a
non-trivial limit energy, so this case does not allow any interesting analysis.

In the simplest discrete case (which had not been studied before), the integrals [, |Du[Pdz
are replaced by finite-difference energies on a cubic lattice eZ™ of the form
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where the sum ranges over all nearest-neighbors in €eZ™ N 2. The continuous approximation of
(5) is indeed

[ 1Dulp dz. ©)
Q
where
" Ou P
IDully =37 =" (7)
— J
j=1
The pinning condition which replicates the perforated domain constraint is then expressed as
u=0 on dZ", (8)

where of course in addition one requires d/e € N. A classical interpretation of this problem
is the case of a network of thermal conductors, where u represents a temperature field and
the pinning sites correspond to points where the temperature is forced to be zero. In the
discrete setting the constrained minimum problem can be also thought as giving equilibrium
configurations for an atomistic model, e.g., with hardening conditions due to the presence of
transverse dislocations as in the paper by Garroni and Miiller [16].

We can observe right away that the small parameter € plays at the same time the role of
both the discrete lattice scale and of the perforation size R, thus giving the critical scalings

e~ 0" P and  |loge| ~ 6™/ (7D, (9)

If suitable discretizations of a forcing term are added, the choice of the critical scaling leads to
limit problems of the form

min{/ﬂ(HDqu + Cplul? — fu) dx}, (10)

analogous to the ones we get in the continuous setting. The computation of the constant
C) presents some differences from the computation in the continuous case, even though a



separation-of-scales procedure can be followed by proving a decoupling lemma (Lemma 6.1),
which allows to analyze the single effect of each pinning site. In the critical case p = n the
energy “concentrating close to the pinning sites” indeed concentrates at a scale much larger
than €. In this way the capacitary computation reduces to the continuous one with a perforation
of size R = ¢ and with the anisotropic energy (6). In dimension n = 2 the constant is exactly
the “classical” one since ||Dul|2 equals the Euclidean gradient norm |Du|. In the subcritical
case p < n, instead, the energy concentrates at scale ¢, so that the constant C}, is expressed by
the “discrete p-capacity” of a point in the lattice Z™ (see Section 4 for the proof of the existence
of a positive “discrete p-capacity” of a point in Z™).

In this paper we prove the convergence result outlined above in a general setting where u
can be vector-valued and the discrete energies take the form

E.(u) = Y enf0-le (M )

e

where the interactions range over all pairs in 2 NeZ™, and are governed by general pair po-
tentials depending also on the mutual distance of ¢ and j in the reference lattice eZ™. The
energy densities f¢(z), with ¢ € Z", satisfy polynomial growth conditions in z of order p,
and decay conditions in £ that allow to restrict to (long-range but) finite-range interactions in
QNeZ™ (following the general convergence result for unconstrained functionals by Alicandro
and Cicalese [1]). The main result of the paper is Theorem 3.1, where we show that, given an
infinitesimal sequence (¢;) and a family of functionals (E.;) defined as outlined above, (E;)
admits (a subsequence converging to) a I-limit of the form

Fu) = [ (fo(Dw) +0(w)) .

where fj is given by the unconstrained homogenization formula proved in [1], and ® is described
by suitable asymptotic formulas that generalize the capacitary argument outlined above. Again,
the form of ® differs if p = n or p < n. Note that in general the limit function ® may depend on
the sequence €;, as a consequence of the possible lack of homogeneity of degree p of the energy
densities f¢. This non-uniqueness of the limit for the non-homogeneous case has already been
observed for the continuous case (see e.g. [3]). The main technical point is the adaptation of
the separation-of-scales arguments to the general long-range case. While for nearest neighbors
the approach of Ansini and Braides can be easily repeated, upon adapting it to the geometry of
the lattice (e.g., considering squares in the place of balls, etc.), for long-range interactions the
discrete functionals are non-local and some extra care must be taken to make that procedure
work.

This paper is organized as follows. In Sections 2 and 3 we introduce some notation and
state the main result of the paper, Theorem 3.1. In Section 4 we point out some analogies and
differences between the problem we are dealing with and the corresponding continuous case,
by looking at the asymptotic behavior of a family of relevant minimum problems. In Section
5 we study two families of auxiliary functions; by determining their properties we highlight
the differences between the critical case (p = n) and the subcritical one (p < n). In Section 6
we prove two technical lemmas. In Sections 7 and 8 we prove the I'-liminf inequality and the
I-limsup inequality. Finally, Section 9 is devoted to the description of two special cases, which
show some interesting features despite requiring restrictive assumptions.

2 Notation

Let m,n € N with n > 2 and m > 1. For any measurable B C R"™ we denote by |B| the
n-dimensional Lebesgue measure of B. Let {ej,...,e,} be the set of unit vectors along the
coordinate directions. For fixed € > 0 we denote by B, the lattice B, := ¢Z™ N B. We denote
by A.(B) the set of functions

A.(B) ={u: B: — R}.



Let I be the set of vectors
I={¢ez":—¢£<¢},

where <! denotes the lexicographical order: given two vectors ¢ = (£1,...,&,) and ¢ =
(Ciy...,Cn), we say that € <! ¢ if and only if there exists m € {1,...,n} such that & =
G for all i < m and §,, < (. We introduce this notion since we decided not to count the
interactions twice. Equivalently, we could have chosen to pick both £ and —¢ and add some
symmetry requirement on the interaction densities. For any vector £ € I and B C R", we define

R{B)={a€ B.: a+ctcB.}.
Given a function v € A.(B), we indicate by Dtv its difference quotient along &; i.e.,

v(a) —v(a +€f)
el¢]

Having fixed a constant M > 0, we denote by I, the subset of I given by

Div(a) = for a € RS(B).

Ly={€€Z": g < Mand —¢ <'¢}.

Sometimes it will be convenient to use a specific notation for the set of all nearest neighbors,
defined as
M.(B) = {{a,b} : a,b€ B, and |a —b| =¢}. (11)

Since nearest neighbors are defined as sets containing two points, and not as pairs in B. x B.,
we will count each interaction along the coordinate directions only once.

Let © be a bounded open subset of R with |0Q2] = 0. For fixed ¢ > 0 we consider the
lattice eZ" NQ =: Q; we will often write Q; in place of Q.;. A function u € A, () is identified
with the piecewise-constant measurable function given by u(z) = u(z%), where z¢ is the closest
point to z in eZ™ (which is uniquely defined up to a set of zero measure). In this definition, we
set u(z) =0 if 2 € eZ™\ Q. A.() is then regarded as a subset of L1(£2). We will often use the
notations

A () ={u:9 =R} and RYQ)={a€Q.: a+ec£cQ}, witheéel.

Given [ > 0, let [I] be its integer part. For all I > 0 and 2 € R™ we denote by Q(l,x) the
closed hypercube x + [—1,1]". In particular Q.(l,z) = €Z"™ N (z + [—1,1]™). Moreover, for fixed
h>1>0and x € R", we define S.(I, h;x) = Q. N (x + ([—h, h]™ \ (=1,1)™)). If | = h, we write
S:(lzx) = Se(Lhyz) = QN oz + [=1,1™). If x = 0 we write Q:(1), Sc(I,h), Sc(1) instead of
Q:(1,0), S-(I, h;0), Sc(I;0) respectively.

Given a set of points A C 2., we denote by A the union of all the e-cells centered in elements
of A:

A =U,caC(a), where C(a) =a+[—€/2,e/2]".

3 Main result
In this section we state the main result of the paper.

Theorem 3.1 Let 2 be a bounded open subset of R, n>2. Letm e N, m>1and1 <p < n.
Let I be the set of vectors I = {€ € Z" : —¢ <! €}, For all £ € I, we consider a function
fE:R™ — [0, 4+00) such that f$(0) = 0. We assume that the functions f¢ satisfy the following
conditions:

1. there exists a constant ¢; > 0 such that for alli € {1,...,n}

fei(z) > cil|z|™ for all z € R™ ifp=n
fei(z) > e1(|z|P = 1) for all z e R™  ifp<mn,



2. there exists a family of constants cg > 0 such that for all € € 1

Fe(z) < S|zl for all z e R™ ifp=n (13)
F8(2) < (2P +1) forallze R™  ifp<n
and
ch < +00,
el
3. there exists a constant c3 > 0 such that for all € € T
£42) = £ S ol = wl(=P 0 4+ ul"™) forallw €R™ifp=n

1£4(2) — S (w)] < eslz —w|(1+ |2[P~ + |wP~Y) for all z,w € R™  if p < n.

Let (¢;) be a sequence of positive numbers converging to zero. Let (§;) be a positive infinitesimal

sequence such that §;/e; € N and lim; §;/e; = +00. We assume that (¢;) and (3;) satisfy
o e~ r(1+o(1)); gyl as j — 400 ifp=n (15)
! (=) /("7”)5;1/("_1))(1 +o(1)) as j — 400 if p <n,

where T is a positive constant.

e In the case p =n, for all j € N, a > 0 and M > 0 we define the function g\, : R™ —
[0, 4+00) as

€(—1f n. v(0)=0
9 (2 mf{ Z Z J* (e Div(A))e] v=2z on 81 ([aS; — M|, [aS;]) S’
J ) [
S€IM A€RT(Q(asS)))
(16)
where S; = 5;1| log 5j|(1_")/”. Then, upon possibly passing to subsequences, there exists
a function ¢ : R™ — [0,4+00) such that

o(z)= lim lim lim |loge;|" 1g%y(2) for all z € R™. (17)

Oé
M—+00 a—0+ j—+00 9.

o In the case p < n, for all j € N, N >0 and M > 0 we define the function d)fM :R™ —

[0,4+00) as
SNas mf{ S Y FE ! Diu(A)Er: v(0) =0, v =z on Sl([N—M],[N])}.
£€IM A€RS(Q(N))
(18)
Then, upon possibly passing to subsequences, there exists a function ¢ : R™ — [0, 4+00)
such that
¢(z)= lim lim lim gb wm(2) for all z € R™. (19)

M—+o00o N—+o0 j—+0o0
e Moreover, for all j € N we consider the functional F., : A.;(2) — [0, +o00] defined by

Z Z fg(ngu(a))E? if u=0 on Qj,

Fey(u) = €€laere () (20)

J
+00 otherwise.

Upon extracting a subsequence such that the function

O :R™ — [0, 400), o(z) = { g((j)) Ziz zz



is well defined, the family (F.,) T'-converges in the LY (Q;R™)-topology to the functional
F: LY (Q;R™) — [0, +00] given by

F(u) = /Q JolDujds + 7 /Q Su)dr ifue WHP(Q:R™) (21)

400 otherwise,

where

folA) = lim hinmin{z Y f(DSu(a), u= Az on Sl(h)}

h—+oo
- €l aeR5(Q(R))
for all A e M™*™,

In the following corollary we formulate Theorem 3.1 in the simplest case (scalar functions,
nearest neighbors interactions and Dirichlet integrals) for the sake of illustration.

Corollary 3.2 Let 2 be a bounded open subset of R”, n > 2, and p be such that 1 < p < n.
Let (g;) and (8;) be positive infinitesimal sequences such that ¢;/e; € N and lim; §;/¢; = +o0.
We assume that (¢;) and (d;) satisfy

- { r(l_")/("_p)éy/(nfp)(l +o(1)) asj — +oo ifp<n (22)

6_7-(14_0(1))5;/(1_") a[sj — +OO pr = n,

where r is a positive constant. For all j € N we consider the functional F;, : Ac,(€2) — [0, +00]
defined by

S G @) —u®) ifu=0on 9y,
F.(u) = {a.b}eM. () (23)
+00 otherwise.

Then for all 1 < p < n there exists a positive constant C, given by

CP:TETOO{ 2. A —uBI: )0 0T on (1) }oup<n
{A;B}e M1 (Q(T))
and
. n—1 - n v Al T
Cn = ngrlm(log T) mf{ Z [v(4) —v(B)" v(0) = 07611 :(?(on)gl([T]) }

{A,B}e M1 (Q(T))

if p = n. In particular, for p = n the constant C, equals wy,_1; i.e., the surface area of the
unit-sphere S*~1. Moreover, for 1 < p < n the family (Ft,) T'-converges in the L (2)-topology
to the functional F : L*(2) — [0, 4o00] given by

Dupdx—Frl*"C'/updx ifue WhP(Q
[ A=t [ e i © 2

+00 otherwise.

3.1 More notation and preliminaries
Assume that all the conditions of Theorem 3.1 are satisfied. For all j € N we set
Few)=>" > f4(DEula))e]. (25)
£€laeRt (Q)
Note that F., differs from F, since in the latter we add the constraint u = 0 on {25,. Namely,

_J F(w) ifu=0on Qs
Fe,(u) = { +00 otherwise.



For all D C Q we denote by F_, (u; D) and F_,(u; D) the localized functionals
5] ’LL D Z Z fg Dg ))
gel aeRfj (D)
and

F.,(u; D) :{ Fo,(wD) ifu=0onQs;ND

+00 otherwise.

Throughout the paper we will use a homogenization result proved by Alicandro and Cicalese
n [1, Theorem 4.1]. We recall it in the form we need for our purposes.

Proposition 3.3 Let f¢, € € I, satisfy the assumptions of Theorem 3.1. For all ¢ > 0 we

define Fe. : A () — [0, +00) as
= Z Z fS(DEu(a))e™. (26)

€el 4eRE(Q)

Then, (Fe) T'-converges with respect to the LP(2; R™)-topology to the functional Fo : LP(Q; R™) —
[0, +00] defined as

/fo(Du)dac if u e WhP(Q; R™)
Q

400 otherwise,

Fo(u) = (27)

where fo : M™*™ — [0, +00) is given by the homogenization formula

fo(A) = lim —nmm{z Y F(DSu(a), u= Az on Sl(h)}. (28)

h~>+oo
£€l aeR{(Q(h))

Remark 3.4 (Finite range interactions) In order not to overburden the notation, in what
follows we will focus on long but finite-range interactions: we will limit out attention to a set
of functions f¢ with &€ € Iy = {£ € Z" : |¢| < M and — ¢ <! ¢}, for some fixed M > 1.
This is not restrictive thanks to the general convergence result for unconstrained functionals
by Alicandro and Cicalese, recalled in Proposition 3.3. When no confusion can arise, we will
simply write I, g5 and qﬁév instead of In, g7 ), and gbf u- Note that, under this simplifying
assumption, condition (13) can be rewritten as follows: there exists a constant co > 0 such that
forall £ el

fé(2) < cal2z|™ for all z € R™ ifp=n

Fé(2) < ca|z]P41) for all z€ R™ i p < n. (29)

4 Comparison with the continuous case

In this paragraph we point out the basic difference between the critical case and the subcritical
one, by analyzing the asymptotic behavior of the family of minimum problems {m& : T € N},
defined as

mbh = inf{ > lula) —u®)P: u(0) :uoe, 211:(621(2)&1 (T) } (30)

{a,b}eMy(Q(T))

Note that m is the simplest version of the minimum problems which appear in (16) and
(18): we deal with nearest-neighbors interactions only, the test functions are scalar (m = 1)
and f5(z) = |z|P for all £. These simplifying assumptions correspond to the ones of Corollary
3.2. In the proof of Theorem 3.1 we will use a separation-of-scales procedure: a decoupling
lemma (Lemma 6.1) will allow to analyze the single effect of each pinning site independently.
In the simplest case, the energy “concentrating close to the pinning sites” is exactly the one we
minimize in (30).

In what follows, we will determine the asymptotic behavior of m% in the critical-exponent
case and in the subcritical-exponent one (step 1 and 2 respectively).



1. Critical case p =n. We will show that in the case of the critical exponent the sequence
m% has the same asymptotic behavior as its continuous analogue. In the continuous setting,
we consider the minimum mg ;-

mi = min { /Q(T) |Dulfyda s u—1€Wm(@Qr), u=00nQ()}, (31)

where 0 < ¢ < T and ||Dull, = (X1, |0u/dz;|")}/™. This case has been studied in the
framework of T'-convergence in [18]. In particular, we know that the sequence (mg ) has a
logarithmic behavior as T goes to 4o0:
li logT = 2
Aim (o T)" " mi 7 = w1, (32)
where w,,_ is the surface area of the unit-sphere S"~!. We recall that this convergence can be
proved by an argument based on a telescopic construction, as in [18, Section 5]. If in particular
p =mn = 2, then the || Du||z norm is the same as the Euclidean norm |Du| and the constant Iy
equals 2. We notice that the minimum in (31) is scale-invariant: if we rescale our sets by a
constant a > 0, we get mg, ,p = mg p. In this paragraph we will prove the following lemmas:

Lemma 4.1 If p = n the family of discrete infima (m%) defined in (30) satisfies

lim (logT)" 'm¢ = lim (logT)" 'm§ ;= wy_1, (33)

T—~+o00 T—+o00
where m§ 1 is defined as in (31).

Proof. For t > 1 we introduce the discrete infima

. n ueA 1)),
mf,T = mf{ Z [u(4) —u(B)[" - u =0 on Qf(t),l(q?(: i)on S1(T) } (34)
{A,B}eM1(Q(T))

Note that my ;. differs from mg, since in the former the test functions vanish on Q(t), while in
the latter they satisfy the (less restrictive) condition u(0) = 0. By a two-step argument we will
prove that

. 1 d . _ .
Tl_l}rf@(bg " 'm{ p = Tl_l}rf@(bg )" "'mS p = wp—1

and then we will show that

lim (logT = lim (logT)" 'm¢
pim (logT)™" tmf pim (log )" “mr,

thus obtaining (33).

1.1 In this step we show that

lim (logT)" 'm¢, = lim (log 7)™~ 'mf ;. (35)

T—+00 ’ T—+00
First of all, we can identify each test function u € A;(Q(T)) in the definition of m{ , with a
function @ obtained as the piecewise affine interpolation of u on the lattice Q1 (7). The function
@ can be defined using the construction developed by Alicandro and Cicalese in [2, Section 4.1];
following this procedure we get an interpolating function 4 which satisfies

Dul|™ dx = w(A) —u(B)|"™.
/Q(T)n I S uA) - u(B)]

{A,B}eM(Q(T))

Since u =0 on Q1(1) and v =1 on §;(T), the piecewise affine interpolation @ vanishes on the
cube Q(1) and belongs to the space 14 Wy (Q(T)). Then i is a test function for m{ p. There
follows that

mip <My (36)



We want to show that the converse inequality holds, up to an infinitesimal error. Let
T € N. Due to scale-invariance, we have m§ | = m§ o7 . Let v € argmin{m§ ,, ,}; i.e.,

vel+Wy™Q2T —2)),v=0o0nQ(2) and
E(v) = / |Doll? dx = mS o7,
(2T—2)

By (32) we deduce that m§ ,p 5 = m§ o7 + 0((log T)* ™) as T — +o00, hence E(v) = ms§ o +
o((log T)*~™). For all fixed x € [0,1)" we denote by L the lattice L® = (z + Z") N Q(2T + 2)
and by v the discretization of v over L*, i.e. v*(y) = v(y) for y € L*. By construction we have
v® =0 on Q1(1;z) and v® =1 on §1(2T;x). Moreover, we indicate by E®(v) the sum of the
one-dimensional integrals of the restriction of v over the set of lines parallel to the coordinate
axes and passing through the points of the lattice L*:

27T—-1

=Xy Y

i=1 zeP; j=—2T (42,9)

n

87

3%

where P, = {y € Z™ : y; =0} + ) N Q(2T + 2) and o(4, 2, 7) is the unit segment o (i, z,5) =
{(j + s)e; + 2z, s €[0,1]}. Now, by Jensen’s inequality and the definition of v* we have

ZZ Z (/ 8 ds) > Z [v*(a + ) — v*(b+ z)|".
i=1 zeP; j=—2T (i.2.) | OYi {a,b}eM; (Q(2T))
By Fubini’s Theorem we have E(v f[o 1)n v)dz. Then, there exists T € [0,1)" such that
E(v) > E”(v) > Z 07 (a+7) = v"(b +T)[" = mi o7

{a,b}EML(Q(2T))
To sum up, we got
M5 o7y = M5 oy + 0((log T)'™") = mf 7+ o((log T)' ") = m{ 5r + o((log T)'™").  (37)
Since the limit in (32) is independent of ¢, we have m§ 5 = mS 1 + o((log T)1="). Plugging
this equation into (37), we conclude that
mil,2T <m{ or + o((log T)'=").
we finally obtain

lim (logT = lim (logT = Wn-1,
pim (logT)™" fmf = pim (logT)™" b p = wpa

as desired.

1.2 In this step we complete the proof of the lemma by showing that
lim (logT)" 'm¢,; = lim (logT)" 'm&. (38)
’ T—+oo

T—+oo

We will first consider an intermediate step, which will be generalized to derive (38). We intro-
duce an additional discrete minimum problem:

dB(1) _ _ n u e A (Q(T)),
mr N 1nf{ Z [u(4) —u(B)" u=0on Bi(1), u=1o0n &(T) }’
{A,B}eM:1(Q(T))

where B1(1) =Z"N{zx € R" : |z| < 1} = {xep,h =1,...,n}. Let T € N be fixed and let

u € A1 (Q(T)) be a test function for mT B e, u=0 on Bl( ) and w =1 on §;(T). Since in
particular ©(0) = 0, then u is also a test functlon for m¢., hence

mg < mg" . (39)



d,B(

Analogously, we get m.. D < m‘fT. Now, since

0< lim m% < lim mfllT =0,
T—4o0 T—4o00 ’

for fixed v > 0 there exists Ty such that for T' > T, we have m% < v. For T > Ty and a fixed
17> 0, let ur € A1 (Q(T)) be such that ur(0) =0, ur = 1 on $;(T) and

> lur(A) — up(B)[* <mf +n<v+n.
{A,B}eM:1(Q(T))

In particular, |ur(A) —ur(B)|™ < v+n for all {A, B} € M1(Q(1)). Having fixed A = 0, we get
lur(A) —up(B)|™ = lup(B)|™ < n+v for all B € {£ep,h =1,...,n} = By(1). This implies
that ur is an appropriate test function for the minimum problem

I n. ue A (Q(T)),
m% = mf{ Z |u(A) —u(B)|" u< (n+ l/)l/" on Bi(1), u=1on & (T) }’
{A,B}eM:1(Q(T))

m%<m§ip+n.

By a truncation and a scaling argument it is easy to see that

—d_in U —u n ., ’UJEAl(Q(T)a
e f{{A,B}e%:I(Q(T))' (A =B — (4 v)1m on By(1), w =1 on 8 (T) }
= (1= m+w)"m" inf{ Z [u(4) = w(B)[" : u =0 on uBf(f)l,l(g(:T%);)n Si1(T) }

{A,B}eM1(Q(T))
n\n_d,B(1
= (1 -+ mgPW.

To sum up, for all v > 0 there exists Ty such that for T" > T and 1 > 0 we have
(L= +)/")mz <mf 4.
By the arbitrariness of n we get
(1- Vl/”)"m%B(l) < mb.

Then for all v > 0 there exists Ty such that for T' > Ty

d,B(1) 1/n\n
1—(1-—
OSde _1<(—1Z)
me (1 —wl/m)n

At this point it is easy to repeat the argument we have seen so far (replacing By (1) by Q1(1)
and {0} by Bi(1)) to prove that

d,B(1)
lim —— =1.
T—+o0 ml,T
Then we get (38). |

The following generalization is straightforward.
Lemma 4.2 Letn > 2 and m > 1. Let z € R™ be fixed. For all T € N we define

@ =mt{ 3w w6 ST )
{a.b} €M (Q(T)) ’
Then

li 1 Tn—l d _ _ n
pim (logT)" ™ mi(2) = wn-1z|
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2. Subcritical case p < n. In the subcritical case, p < n, we do not have the same
correspondence with the continuous setting. In this scenario, the infima m‘fv converge to a
positive constant Cj, which can be interpreted as the discrete p-capacity of a point in Z": with

an abuse of notation we write

. _ . ue A (Z), }
c, _mf{ Y Jula) — )P w(0) =0 w1 on 8 (4o0) (40)
{a,b}e M (zZm)
We will prove the following lemma
Lemma 4.3 If p < n there exists a positive constant C), such that
lim m% = C,, (41)

N—+o00
where m$; is defined as in (30).

Proof. By definition m%; is a decreasing sequence of positive numbers, hence it admits a limit
Cp > 0. Let us show that C, > 0. For all v > 0 there exists Ny such that for N > Ny we have

m& < Cp +v.
For N > Ny there exists uy € A1 (Q(N)) such that unx(0) =0, uy =1 on §;(N) and
Z lun (a) —un ()P <mé +v < C, + 2.
{a,b}eM1(Q(N))

Now, two events can occur: either uy > 1/2 in at least one point of B;(1), or uy < 1/2 on all
the points of By(1). In the first case, we deduce that

1
5SS (@) - un )P (42)
{a,b}eM1(Q(N))

In the second case, we consider the function vy = ux V (1/2); by construction vy = 1/2 on
B;(1). We now define wy = 2vx — 1, which is such that wy = 0 on By(1) and wy = 1 on
S1(N). Moreover,

> lwn(a) —wn (b)]" =2° > luw(a) — vn (D)
{a,b} €M (Q(N)) {a.b}eM1(Q(N))
< 9P > lun (@) — un (b)[P < 2P(C, + 2v). (43)
{a,b}eM1(Q(N))

On the other hand, wy can be identified with its piecewise affine interpolation @y built as in
[2, Section 4.1]: in particular, Wy =0 on B(1/2), wxy =1 on 0Q(N) and

S Jun(a) - un(B)P = / | Dan |2d.
Q(N)

{a,b}eM1(Q(N))

Then

ST fuvla) - wx®)P = /
{a,b}e M1 (Q(N)) Q(N

where Cap,(B(1/2),R") is the (strictly positive) p-capacity of the ball B(1/2) in R™. By
(42)—(44) we get

: Dy |[pdx > ¢ Cap,(B(1/2),R"), (44)

1
27.
By the arbitrariness of v we conclude that C, > 0. |

Cp+2v > (2—1chapp(B(1/2),R”)> A

Lemma 4.3 can be easily generalized to the case of vector valued functions.
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Lemma 4.4 Letn>2, m>1and 1 <p<n. Let z€ R™ be fixred. For all T € N we define

mp@=ir{ 3w -l o 5 s
{a,b}e M1 (Q(T))

Then

li 4(2) = Cpl2P.
pim m(z) = Cple]

5 Building blocks of the I'-limit

In this section we list some properties of the auxiliary functions (¢§';,) and ( ;V ) we introduced
in the statement of Theorem 3.1. We show that these families converge to some functions ¢
and ¢ respectively, upon possibly passing to subsequences. The limit densities ¢ and ¢ will
account for the contribution of the pinning sites in the I'-limit.

5.1 Critical case

In this paragraph we list some properties of the auxiliary functions g5 we introduced in (16) for
the critical case (the notation is simplified according to Remark 3.4). Let all the assumptions
of Theorem 3.1 be satisfied. It is convenient to set T; = ej_l and S; = T;(log T;)(1=™)/"; by
construction T}, S; tend to +oo as j — +oo. For fixed o > 0, j € N we define gj' : R™ —
[0, 4+00) as

(L) — i — 3 . v(0)=0
g =mt{3 3 TAmDw) DT S1([aS; — M), [aS;]) J
J ’ 7
€€l AeRi(Q(as;)))
Now, ¢ : R™ — [0, +00) is given by:
5 (2) = (log Tj)" g5 (2). (45)
We will apply Ascoli-Arzela’s Theorem to the family ($) in order to prove the following result:

Proposition 5.1 For all a > 0 there exists a function ¢ : R™ — [0, +00) such that ¢ tends
to ® as j — +o0o upon passing to subsequences, uniformly on the compact sets of R™.

1 Equi-boundedness. Taking into account (12), (29) and Lemma 4.2, we can show that
there exist two constants C7, Co > 0 such that for all j € N and a > 0 the functions cp;-" satisfy
a growth condition of the form

Cilz" < ¢ (2) < Calz"  forall z € R™. (46)

2 Equi-Lipschitz continuity. Firstly we fix a compact set K C R™ \ {0} and we denote by
L a positive constant such that K C (=L, L)™.

(i) Let z,2" € K be such that 2’ = kz for some k # 0. Having fixed n > 0, we consider a
function v € A; (Q(aS;); R™) such that v(0) =0, v = z on S ([aS; — M|, [aS;]) and

(logTj)"’IZ Z T{”fﬁ(Tijv(A))<s0?(2)+77|2|"- (47)
L€l AeR{(Q(as)))

We define w € A;(Q(aS;); R™) as w = kv. By construction w is a test function for the infimum
in ¢¢(2'). By (14), (12) and (46) we can deduce that

P (2) < @5 (2) + el = 2|(1Z "7+ [=" ) +enl”,

12



where the constant ¢ is independent of j and «. By the arbitrariness of 7 we get
P (2') < 5 (2) + e’ = 2| "7+ 2" 7).
By symmetry reasons we can conclude that
05 (2") = 95 (2)] < elz = 2'|(I12]" 71 + [ 7). (48)

(#i) Let z,2" € K be such that 2’ = Rz for some R € SO(m). Arguing similarly to (i), we
get
P () < 05 (2) el — 2|27+ |27,

By symmetry reasons, we conclude that
|05 (=) = 5 (2)] < elz = 2/|([o]" 7 + "), (49)

for some positive constant ¢ independent of j and «.
(#91) By combining (48) and (49) we deduce that there exists a constant ¢, independent of
7 and «, such that

95 (2") — @5 (2)] < clz — 22" 4 |2 forall 2,2 € K. (50)

By (50) we can infere that the sequence (¢¢) satisfies an equi-Lipschitz condition on all compact
subsets of R™.

In conclusion, by Ascoli-Arzela’s Theorem, for all v > 0 there exist a subsequence ¢f, and
a function ¢ : R™ — [0, 4+00) such that

@a(z) = kEI-t,r-loo (p?k (z), (51)

uniformly on the compact subsets of R™. [

Remark 5.2 By construction ¢®(0) = ¢§(0) = 0 for all a, j. Furthermore, by passing to the
limit as j — 400 in (50) we deduce that ¢ satisfies

9%(2) = ()] < ez = 2/|(]2]" " + /") for all 2,2’ € R™, (52)

for some constant ¢ > 0.

5.2 Subcritical case

In this paragraph we analyze some properties of the functions gb;-v we introduced in Theorem

3.1 for the subcritical case. For all N > 0, j € N and £ € I we define h§ :R™ — [0, +00) as
hS(z) = T; PfE(Tyz), forall z € R™.

By assumptions (12)-(14) we deduce that h§ is locally Lipschitz-continuous and satisfies the
following condition:

h5(2) = hS(w)] < (T, P + 2P+ [w]P~ )|z —w|  for all z,w € R™, (53)

where the positive constant ¢ is independent of j. Therefore, for all £ € I there exists a (locally
Lipschitz-continuous) function h¢ : R™ — [0, +-00) such that h§ converges pointwise to h¢, upon

possibly passing to subsequences. We recall that for IV, j € N the function ¢§V :R™ — [0, +00)
is defined as

B 0(0)=0
oY@ =mt {3 3 mOw@): 27 e

L€l AeRS(Q(NV))
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Moreover, for all N € N we can define ¢ : R™ — [0, +00) as

. o v(0)=0
ng(z)fmf{Z > hS(Div(A)) - v=zon S ([N - M][N]) } (54)

£€T AeRS(Q(NV))

Finally, we set

¢(z) = lim ¢™(2).

N—+0c0

Note that the limit over N in the definition of ¢ coincides with the infimum over N € N. Let
us deduce some convergence properties of the functions above.

1 By the pointwise convergence of h§ to h¢ as j — 400, we deduce that, for fixed N € N, qS;-V
converges pointwise to ¢N up to subsequences.

2 For all N € N and 1 > 0 there exists a positive constant ¢y, = ¢(N)n? such that

6N (2) — ¥ ()] < enydT TV TP | (1 w4 2P

+elz —w|(JwlP" + 127 (55)

for |z|, |w| > n, for all j € N. Taking into account (53) and the growth conditions (12)-(29), we
can prove this inequality by slightly modifying the argument we followed in the critical case.
For fixed N, (55) corresponds to a Lipschitz condition on the compact subsets of R™ \ {0},
uniformly on the index j.

3 For all N € N there exists a positive constant cy such that

SN (2) < enT; P+ |2l (56)

for all z € R™, j € N. This property follows from the growth condition (29) and a comparison
with the case f¢(z) = |z|?. Note that for fixed N (56) is an equi-boundedness condition on

(o35

4 By (55) and (56) we can apply Ascoli-Arzeld’s Theorem to the family of functions (gi);v ),
where N is fixed. We deduce that the convergence of ¢§V to ¢V is uniform on the compact
subsets of R™ \ {0}, upon possibly passing to subsequences.

5 Letting j — +o0 in (56) we obtain ¢ (z) < ¢|z|P. By the growth condition from below
(12), we deduce that ¢ satisfies the following inequality:

cre|zP < oM (2) < eacfz|P for all z € R™, (57)

6 Arguing as in 1, for fixed 7 > 0 we get a Lipschitz condition for ¢V in the form
6™ (2) = o™ (w)| < e(n? + |z — w|(jw[P~ !+ [2[P71)) for all z,w € R™. (58)
7 By applying Ascoli-Arzela’s Theorem to (¢V), we deduce that the convergence of ¢V to

¢ is not only pointwise but also uniform on the compact subsets of R™, upon passing to
subsequences.
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6 Two technical lemmas

In this section we will prove two technical lemmas which will be used in the proof of Theorem
3.1. The first one is a “decoupling lemma”, in the spirit of [3, Lemma 3.1], which relies on the
standard De Giorgi’s averaging method. Unlike the case of periodically perforated domains,
we are dealing with non-local functionals, due to presence of long-range interactions. As a
consequence, the “separation of scales” procedure requires some extra care. The second lemma
describes how to recombine the decoupled energies to obtain the extra term of the I'-limit. We
will prove it in a general form, which comprises both the critical and the subcritical case.

Lemma 6.1 Let (u;) be a sequence such that uj € A-, (S R™) and u; — w in L'(Q;R™) for
some u € WHP(Q;R™). We assume that

supz Z ”f§ DS Luj(a)) < +oo. (59)

7 €€l aerE (@)

Let (p;) be a sequence of the form p; = Bd;, with B < 1/2. We denote by Z; the set of indices
Z; ={i € Z™ : dist(i0;,0Q) > d;}. Let k € N be fized. Then for all i € Z; there exists
k; €{0,...,k — 1} such that, having set

- Q. ([QQ*’W} £j:i6;) \ Qs ([%’2*’“1‘*1}@; i6;) (60)
4= G2 &
u; = ﬁé’; a;é uj(a), (62)

there exists a sequence w; € A, (€;R™) such that w; — w in L'(€;R™) and

wj(a) = u; for all a € S, (pﬁ-;i@-), (63)
w;(a) =u;(a) for allac Q;\ | J Ci, (64)
i€

> UL @) - (D u)] <

gel aeRij ()

El e

Proof. Wefixie Z; and h € {0,...,k —1}. We set:
et =, ([2opi) e, (i),

ph’i = [§&2_h:| 5];

J 4
; 1
hy, )
u; = o uj(a).
J aEC;l"i

We denote by thlf/[ the following subset of th o
thj/[ = er ([%Q_h} €5 — Msj;iéj) \ng ([%Q_h_l]Ej + MEj; ’L(Sj)
J J

Let ¢/ € Cg°(Cly;) be such that ¢" = 1 on 9Q(p",id;) and |Vel'| < c(pf')~. In
particular, the support of ¢h  satisfies 5upp(¢h Hc C;’}VI = Uaecjﬂ Q(g/2,a). Foralla € CJ}”
we set

w(a) = ¢l (a)ul’ + (1 - ¢ (a))u;(a). (66)
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Note that for all a € C’jh’i \ thlf/[ we have w?’i(a) = u;(a). Now, by the growth condition (13)

on f¢ we have

Foiholy = 30 N e (DE wl i (a))

¢€laert (C])

> > DL wl ()P + ¢ Ch. (67)

gel aGjo (C]hl)

IN

Let a € jo (C’j}”) be fixed and b = a + €;£. Then by construction

, - ¢ (a) — @7 (b) o Uia) = ug(b)
& . hi _ hyi _ hi
Dejwj (a’) - (uj u] (b)) ! 5j|£‘ : + (1 €5 (a)) : 8j‘€| : :
There follows that

h,i _ b
|D§jw§l’i(a)|p < c|u§” . uj(b)p‘W p
J
+cl1 — ¢§L’i(a)|p‘ uj(ai_;](b) p
J
i o] 9@ =B ua) —us(b) P
e I A -

We want to estimate the term ‘qﬁ?’i(a) - ¢h’i(b)|p(5j|§|)_p. Since b = a + €;&, we have

J
¢ (a) — ¢l (b) ‘P
g5l¢]

S
€]

YO i L
< /0 ’875(% (a—i—(l—s)ejﬁ))m‘ ds

| Vo7 [l < el )"

p
ds‘

B

IN

Summing up over a € jo (C’]]”) and £ € I, we get

> X SIpguri@lf

€€l aert (C])

<ed Y ) -uateQl

€€l aert (C])

;" (a) — 97" (b
) J”\pe%cz > IDEusa)s

e
J‘£| cel aejo(C;L,i)

= hc,i)pz oo —uilatgOPer +ed . > |DEus(a)| e (68)

(pj €€l aert (C)) €€l aert (C)
Now,
hi hi
Z Z [uj" —uj(a+e;€)Pe] <c Z lu;" —uj(a)[Pe].
€€l aeRt (C1) acC’

By [7, Lemma 5.2] (a discrete version of Poincaré’s inequality), we get

hi n hi uj(a) —u;(b) P,
>l e <ol Y | (69)
acch {ab}eM., () J

and by construction

w;(a) —u;(b) P, .
D D DI DR L A0 (70)
{ab}eM. (CI) ! §€l aeRs, (O
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Taking into account (68)-(70), we deduce that

Z Z aﬂngw?’i(a)‘p < CZ Z |D§juj(a)]p5?. (71)

€€l aert (C]) €€l aeRS, (C1Y)
By (67) and (71) we get

YooY DLW @) <ed . > | DEus(a)|"e) +clCl. (72)

tel ek, (€)™ €€l acRS (O

Now, by (72) and growth condition (13) we get

> Y UL @) - 0 )|

€€l aert (C])

<> grAmEwt@) Y > S ADE ()

€€l aert (C]) §€l aeRS, (C)

hyi
gcz Z ’ngUj(a)’p€?+C|Cjz|.
€€l aert (C])
Summing up over h € {0,1,...,k — 1} we obtain

k—

SN X U @) - DS ua)

h=0 ¢&el (LEREJ. (th)l)
k—1 k—1
hyi
<ed > X IPw@fe ey |0
h=0¢€l aert (C]) h=0

<e) > |DE,uj(a)|"e} + | Q(py;6;)].-

€€l aeRE(Q(py5id;))

—

Therefore there exists k; € {0,1,...,k — 1} such that

| > Z( i)ey(féwgw?’i(a» — JE(D u;(@)|
aeRaj Cj”

< %Z b | DS uj(a)| e} + %\Q(Pﬁi@‘)l

€€l aeRE (Q(py;id;))

C . C
< S F (us Q(pysid5)) 4 —

; F1Q(py3i0,)] (73)

where the latter inequality follows from (12). With this choice of k; for all ¢ € Z;, conditions
(63)-(65) are satisfied by picking h = k; in the definitions above; i.e.,

i ki i kit i ki
Cy=05"  wy=w", py =5

and w;(a) = “;gb;k (a)+ (1 - ¢;k (a))uj(a) forac C}, i€ Z;j (74)
’ u;(a) otherwise.
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In fact by (73), (74) and the fact that u; = w; on Q;\ Uiezj CJ}CA} we get:

>3 SO @) - FEDE us(a)

€€l aeRt (Q)

YIS Y GUEDS ) - DS u )

i€Z; &€l aGjo (C}.)

=3 (P (g3 QUos367)) + Qo305
k

1€Z;

Z(F i +19) < 7

IN

IN

where the latter inequality follows from (59). Finally, we prove that w; — u in L*(Q;R™). By

construction
|lwj —u|dx = / uj —ulde + / ;i — u| dz. (75)
A S 2

i€z ] S

Now, the first term in (75) is infinitesimal:
/ |uj—u|d:r§/|uj—u\dx—>0 as j — +o0.
NUiez, C; Q

By (74) the second term in (75) can be estimated as follows:

Z/ w; —uldr < CZ(/ |u —uj|dx+/ |uj—u|dx)
i€Z; Z i€Z; Cj
< CZ Z |uj(a)—u§-|5?+/ |uj —u|dx
1€Z; aeC;: 2

Now, by discrete Holder’s inequality, [7, Lemma 5.2] and the concavity of y — y%, we get

11
> 3 fusla) < Y3 m@-ur) ()
1€Z; aEC; USA aGC;
-n % n % oF 17%
< (o) (2
aEC‘ J
< C(SnfF (5§, Z ‘uj(a) — u;(b) Psg)i
{a.b}eM., (C?) g
n—3% 1-1 uj(a) —u;(b) P _,\»
< by "65(87;) P(Z > | ‘ - 5j>
i€Z; {a,b}GMEj (C;)
S C(Sj.
In conclusion,
Z/ wj — u|dx < cd; —|—/|u—uj|dac—>0 as j — +00.

i€Z;

Lemma 6.2 Let 1 < p < n. Let (¢;) and (;) be as in (22). Let (u;) be a sequence such that
uj € A, (Q;R™). Assume that u; — w in L*(Q;R™) for some u € WP(Q; R™) and that (u;)
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is bounded in L>(Q;R™). Let k € N be fized. Let (p;) be a sequence of the form p; = B6;, with
B < 1/2. For all i € Z; we define the set

= Qs (|2t e )\ Qe ([ 2274 eviay),

where k; is arbitrarily chosen in {0,1,... k —1}. Let

u;_ = ol Z uj(a) and Q; = QE]‘ (5;10;).

3
J acC;

For all N,j € N we consider two families of functions vy j,mn : M™*™ — [0,4+00) such that
the following assumptions hold:

1. rnj — TN as j — 400, uniformly on the compact sets of R™ \ {0}, for all N € N;

2. there exist a positive infinitesimal sequence v; and a constant ¢ > 0 such that
rn;(z) <vj+clzlP forall z € R™; (76)
3. for fixred n > 0 there exists a constant ¢ > 0 such that for all w,z € R™ we have

v (2) = rv(w)] < e(n” + |2 = w|(lwP~ + [2P71); (77)

4. for z =0 we have
T‘N(O) = TNJ(O) =0. (78)

We define w;v € A, (;R™) as

$N@) = 3 ra(uhvgs (@), a €9

1€

where x indicates the characteristic function. Then,
lim Z ij( £y :JEIJP Z r,;(u = /QT‘N(U) dx. (79)

Proof. Let n > 0 be fixed. For n < |2| < sup; [|u;]|oc we have [rx j(2) —7n(2)] — 0 as j — +oo
by assumption 1. For all |z| < n conditions (76)-(78) imply that

Irv(2) —rn(2)] S wj+ e

Since uj; — u in L'(;R™), we get

li_msup’ Z r,;(u 6 — / ry(u d:c’ < hmsup’ Z rN(u;-)égl - / ry(u) dCE‘ + en?
J—r+o0 Q Jj—+oo i€Z; Q
§limsupz / |rN(u§)er(u)|da:+CnP
; Q
= lim sup Z Z |rN(u'-) —rn(uj(a |5 + cnP.

By (77) and the boundedness of (u;), we obtain

v () = v (ug ()] < e(fuj — i (@) (JuzlP~ + g (@)PH] +07) < e(juf —w; (@)l +17),
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where the constant c is independent of j. There follows that

limsup’ Z rNVj(u;‘-)c?? - / ry(u) da:‘ < climsup Z Z [u% —uj(a)le} + cnP. (80)
i€, Q

Jj—+oo J—r+o0 icz; aEQ’

By the discrete version of Holder’s inequality we get

S @l < Y (X - w@r) ()
i€Z; acqQ) i€Z;  acQ;
< b n/pz<2|u —uj(a )
1€Z; ate

By [7, Lemma 5.2], we deduce that
u;(a) — u;(b) P
_ p < 61’ ‘ J J ’ n
E |u uj(a)lP <ec E | - 5
a€eQ’ {a,b}eMc;(Q3)

Note that in the inequality above the constant ¢ can be chosen to be independent of 4, since for
fixed j the family {C},i € Z;} is s finite collection of homothetic sets. Therefore,

Z Z |u —uj(a |E <c5n5 n/PZé ( Z ’M‘pé‘?)

SV aeQ? 1€2; {ab}eM.; (Q;ﬂ)

=

Taking into account the concavity of the real function = x%, we get
‘ uj(a) —uj(b) P N\
I D T B O DD R
i€Z; acQ} i€Z; {a,b}eM.,(Q}) !

C(;j( 3 ’M’pg;)%gc@. (81)

{a,b} M., () K

IN

By (80), (81) and the arbitrariness of 1 we conclude that

limsup‘ Z 7“1\f,j(u§-)5;1 - / rn(u) dz| < limsupcd; = 0.
i€z, @

j—4o0 Jj—+oo

Remark 6.3 In the subcritical case p < n, we will apply Lemma 6.2 with rn; = (bév and
_ 4N
ry = ¢". Then

= oN( Dxqila), a€qy. (82)
i€Z;
Remark 6.4 In the critical case p = n, we will apply Lemma 6.2 with ry; = QD;/N and

ry = ¢'/N. Setting a = N~! and writing ¥$ in place of 2/15*717 we will have

Z <p] XQI a), ac€Q,. (83)
i€Z;
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7 TI'-liminf inequality

Proposition 7.1 (I-liminf inequality) Let u € WP(Q;R™) and u; € A, (;R™) be such
that u; — w in L' (S R™). Then

liminf . (u;) > F(u). (84)

Jj—+oo
In the proof we will use the following truncation Lemma, which is a discrete version of [6,
Lemma 3.5], and can be proved by adjusting to the discrete setting the arguments used in [6].

Lemma 7.2 Let (u;) be a sequence such that uj € A, (Q;R™), (u;) is bounded in L'(Q;R™)
and sup; F; (uj) < +o0o. Then, for all L € N and n > 0 there exist a subsequence ; (not
relabeled), a constant Ry, > L and a Lipschitz function tr, : R™ — R™ of Lipschitz constant 1
such that
tr(z) =z if |2| < Ry,
tr(z) =04if |z| > 2Ry,
and lim; F_, (u;) > liminf; F. (tp(uj)) —n.

Proof of Proposition 7.1.  With no loss of generality we assume that liminf; I (u;) < +o0.
We will first derive the liminf inequality under a boundedness assumption, and then we will
deal with the general case (step A and B respectively).

A We assume that (u;) is bounded in L>°(£2; R™) (we will remove this assumption through a
truncation argument). We fix £ € N and we consider a sequence (p;) of the form p; = 86;, with
B < 1/2. We apply Lemma 6.1 to (u;) in order to get a new sequence w; — u in L!(;R™)
satisfying (63)-(65). We denote by E; the discrete set

E; = U Qsj(pg;iéj).

i€Z;
By construction

liminf F,, (u;) > liminf F_ (u;; E;) + liminf FL (u;;Q; \ Ej).
j : j ' J

First of all, we want to find a lower bound for the contribution of (u;) on ©; \ E; and then we
will estimate the energy on E; (steps A.1 and A.2 respectively).

A.1 In this step we will find a lower bound for the contribution of the energy far from the
pinning sites; i.e., the term liminf; F. (u;;$2; \ Ej). The proof of this estimate is formally the
same for the critical case p = n and the subcritical one, p < n; note that the formula defining
the bulk term of the I'-limit has the same structure for any order of growth. However, the
critical scaling for ¢; (and hence p;) as a function of €; is obviously different, so the set E; has
a different “size” in the two cases.

We define a new sequence v; € Ac;(Q2; R™) by modifying w; as follows:

(=  for a€Q;=Qc(p5idy), i€
s(a) { w;(a)  otherwise. ’ (85)

Note that v;(a) = u;(a) for all @ € Q; \ U,cz, Q([27%ip;/e;le;;40;), since w; is such that
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uj; = wj on £ \ Uiezj Ci. Note moreover that v; — u in L'(Q;R™). In fact

lim/ lv; —uldz < lim/ |u —Uj|dx+lim/ lu; —u|dz
7 Jo
= hm Z luj(a) —vj(a)le}

ac;

< li}rn Z luj(a) —v;(a)le] +11m Z luj(a) —v;(a)le}
a€Q;\E; acE;

< hm Z luj(a a)le} —I—hm Z luj(a) —vj(a)le}
a€Q;\E; a€E;

<

hm /|uj—u|dx+/|w]—u\dx —l—hmz Z|u —uj(a
zGZ;zGQ’
hmz Z |u —uj(a

i€Z; 26Q1

Arguing as in Lemma 6.1 we get
1/p
hm Z Z |uf — uj(a)le] < th(S ( Z e Pluj(a) — uj(b)\p) <limed; = 0.
icZ; icq! {ab}eM., () !
Now, Lemma 6.1 implies that

liminf F., (u;;9; \ E;) + % > liminf F., (w;; Q; \ E;).
J J

We can write
Fe i (wys Q5 \ By) = Fey(vg) — Ry, (86)

J

Ri=>>" > iDL vi(a)

i€z, Eel aeyfj (p%5185)

where

and ygj(l; c)={acQ, : acQ(lic), a+e;& € Q\Q(l;c)} accounts for the interactions
across d(c + [—1,1]") for all c € R™ and I > 0.

We want to show that R; is negligible. Note that for each a € yf (pj, i0;) we have a, a+¢;§ €
C1, since dist(a; Sz, (p};i05)) < Mej < ([27 kip;/ejle; — 27k 1p; /z—:j] €j)/2 (and the same holds
for a+¢;§). Hence

Ro< % S e uya)

i€Z; €€l aeRE (C)

. — v:(b) P
S M (D
i€Z; {a,b}eM.(C) J
< n n wj(a) _wj(b) p
< ), D SHe) > ]
i€Z; {a,b}eM.,(C) 1€Zj {a,b}e M. ; (CI\Q(p%;i8;)) !

w;(a) — w;(b) ’P

< et BZ)ECH 4> Y

i€7; {ab}eM. ,(C}) &
< ¢f+ec Z F., (wj;C;).
i€,
By Lemma 6.1 we deduce that
R; <c¢f™ + % for j large enough. (87)
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By (86) and (87) we get

liminf P, (w;: 2\ By) > liminf 7t (0;) — 6" — %
J
Since v; — u in L'(€;R™), by Proposition 3.3 we have
liminf F., (w;; 2, \ E;) > liminf F., (v;) — 8" — % > / fo(Du) dz — cf™ — % (88)
j i 0

where fo : M™*™ — [0, +00) is given by the homogenization formula in (28).

A.2 In this paragraph we focus our attention on the contribution of u; on Ej; i.e., close to
the pinning sites. By Lemma 6.1 we have
hmjlnf F. (uj; Ej) + z > hmjlnf F. (wy; E5) > hmjlnf Z Fe; (wy; Q(pf;105)).
i€Z;
For fixed j € N and i € Z; we define the function w; ; € A, (R";R™) as
wile) = { @t Ha€lely)
: u if a € ;2™\ Qc; (p5)-
We will deal separately with the case p = n and the case p < n (steps 2.1 and 2.2 respec-

tively), since the asymptotic behavior of the energies close to the pinning sites is determined
by the growth exponent p.

A.2.1 Critical exponent p =n. Let j € Nandi € Z; be fixed. By a rescaling argument
on the space variable we define ¢} € A;(Z";R™) as (}(A) = w; ;(Ag;). By construction
C}(O) = 0 and C; = u; on Z™" \ Ql(p§Tj — 1). In particular, we notice that CJZ: = u; on
S1([B0,;T; — M), [86;T;]) (provided that j is large enough). Now,

Fo(wy; Q(p5,i6;)) = Fe,(wij; Qo))
= > Y TADIGAT)

€€l AR (Q1(piTy))

> > T fS(DICH(A)T;) — R,

€I AcR{(Q1(B;Ty))

=3 Y e mDici(A).

SET Acyi (piTy)

where

Summing up over i € Z; we have
D P (wiQeiieg) =3 >, 3, DG - ) R
1€Z; i€Z; el AERE(Q1(B5'TJ~)) i€Z;

Taking into account Lemma 6.1 we can show that ), z, R; is negligible. In fact by a change

of variables we get:
ST DL wij(a — i)

DB

i€ i€z el aGjo(Cj)

IN

< ey Y fwila—idy) —wiy(b—idy)[”
i€ {a,b}Eng (C;)
< e > [ (@) — w; (b)"
i€2; {ab}eM., (CINQ(.id,))
n 7 c
< ey, > Jwia) —w;(b)] SCZFEj(wj;Cj)S%'

i€Z; {a,b}e M. (C}) i€Z;
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There follows that

lim inf Z Fe, (wy; Q(Pé‘aiéj))
T ez,
) c
St Y Y S AmDi) - ¢
i€Z; €€l AcRS(Q1(B5,Ty))

> liminf ) inf { S Y SATmDIA) : C(0) =0,

i€Z; €€l AcRS(Q1(85,Ty))

¢ = ul on S([80;T; — M], [80,T3)) } -

¢
x
Recalling that we set S; = Tj(logTj)(l_”)/", we can write $9,T; = Br(”_l)/"Sj. Letting

a = Br"=D/" e can re-write the inequality above as follows:

1 . c
lim inf —— % (ut) — —
it 2 g1 )

_ 1—nq: : n, _of,,i C
= r hmjmfZ(Sjcpj (uj)—E.

i€z,

v

1imjinf Z Fe, (wy; Q(Péa id;))

1€Z;

By Lemma 6.2 and Remark 6.3 we know that there exists the limit
hm Z 875 (uf) = / ©*(u) dz,
1€Z; Q
provided that we extract a suitable subsequence (not relabeled). Hence

liminf F, (u;; £;) > liminf F (w;; E;) — % > rlfn/ ¥ (u) dx — %, (89)
J ’ J Q

with a = gr(®=1/m By (88) and (89) we can conclude that in the case n = p

liminf F, (u;) > [ fo(Du)dz + 7“17"/ % (u)dx — < cB™.
J ! Q Q k

By letting first 3 — 0% and then & — 400 we finally obtain the desired inequality:

lim inf F, (u;) > / fo(Du) dx + rl—n/ o(u) dz = F(u).
J Q Q

A.2.2 Subcritical exponent p <n. Let j € Nand i € Z; be fixed. By rescaling w; ; we
define the function (j € A;(Z",R™) as

i [ wi(gjA)  for A€ Qi(piTy)
Cj(A)—{ ui,J ’ forAGZ"\lej(P;Tj)'

J

Note that ¢}(0) = 0 and ¢} = u} on Si([0;T; — M], [6,T}]). By a change of variables we have

ey (w5 Q). i67)) = Fey(wi, Qo) =577 > h§(DIG(A) — R, (90)

ST A€ RS (Q(5;Ty))

where hg( )= pf‘f(T x) and the term RZ corresponds to the interactions across ([ [p;T}], [pgTJ]]”)

R =Py 3" hS(DiCH(A).

Sl aeyi([piTi))
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By construction the function (; satisfies

Yo D KDiGA)

£€l AeRF(Q(5;Ty))

. v(0) =0
> inf { Z Z hg(Dfﬂ(A)) : ’U(Z)Ué on Sl([(SjTj - M], [5JTJ]) }

£€l AeRF(Q(5;Ty))

o v(0)=0
> %f inf { Z Z hﬁ(D%}(A)) : v(:)ué- on Si([N — M], [N]) }
€€l AcRS(Q(N))

e N
= 1%f ¢; (uj)-

Summing up over the pinning sites ¢ € Z; and taking into account (90) and (91), we get

S By) 2 ) Fey (wy Qpjiisy)) 2 inf e ™ Y o (uf) = D Rj.

1€Z; 1€ i€Z;
The term 3, R’ is negligible; in fact
DR = ST X MDIGA)
i€Z; i€Zj el aeyf([p;-Tj])
n (| Wig(a —i6;) —w; (b —id;) P
< ! ’ >
SO VED I ; +1)
i€2; {a.b}eM., (C})
< ) 2. &Pl (@) —wy (D) + B

i€Z; {a,b}eM.,, (cfan(pj,z‘é-))

< ZFEJ w;; C +cﬂ<7+cﬂ
1€Z;

Moreover, by Lemma 6.2 and Remark 6.4 we get that for fixed N there exists the limit

hm Z e Poi (uh) = hrm"1 " Z SroN (ul)y =r'"" [ oM (u) dx
1€Z; i€z, Q
upon extracting a suitable subsequence. There follows that
liminf F,, (uj; B;) > liminf F., (w;; E;) — %
J ’ 7

> o nigt [ oVydo = —op =1 [ pw)do— T - cb.
By (88) and (92) we have
fimint £, ) > [ fo(Du)de+ 0 [ s(yde = 7 - cp.
J Q Q k
By letting 8 — 0T and k — 400 we conclude that

limjinf Fe, (uj) > /QfO(Du) de +ri " /Q o(u) dz

(91)

(92)

(93)

B It remains to show that the I'-liminf inequality holds even if we remove the boundedness
assumption on the sequence (u;). For all L € N and n > 0 we apply the previous arguments to

the truncated sequence ¢y, (u;), where ¢y, is as in the statement of Lemma 7.2; i.e.,

tr(u;) =z if |u;| < R
tl(Uj) =0if |Uj| > 2RL
and liminf; F (u;) > liminf; F, (t1(u;)) — 0.
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By step A we get

liminf ., (1 (u;)) / fo(Dtr(u))de +ri=" / o(tr(u)) dx
J Q

if n = p, and

liminf F., (tr,(u;)) / fo(Dtp(u))de +rt=" / o(tr(u
J
if n > p. Note that t;(u) — v as L — 400, with respect to the weak convergence of
WLP(Q;R™). By (94) and the arbitrariness of 7, we can pass to the limit as L — +o0o and
finally deduce that
lim inf F; (u;) > F(u).
J

8 [I'-limsup inequality

Proposition 8.1 (Limsup inequality) For all u € W P(Q;R™) there exists a sequence (v;)
such that v; € Az, (Q;R™), v; — u in L*(R™) and

limsup F; (v;) < F(u).
J

Proof. First of all we will prove that the I'-limsup inequality holds for all piecewise affine

functions and then we will obtain the general case through a density argument (step A and B
respectively).

A Let u € WHP(Q;R™) be a piecewise affine function. Let > 0 be fixed. By carefully
applying the construction of [1, Theorem 4.1] to the function u, we can prove that there exists
a sequence u; € A, (;R™) such that u; — u in L'(Q;R™),

hmsupf (uj) = hmsupz Z nfg (a)) < / fo(Du)dx +n (95)
gel a€R5 (Q) @
and b
M < C for some C' >0, for all {a,b} € M., (Q). (96)
J

Moreover, the sequence (u;) can be chosen to be bounded in L (2; R™).

In order to construct an approximate recovery sequence for u (for any value of the parameter
7n), we will deal separately with the case p = n and the case p < n (steps A.1 and A.2
respectively).

A.1 Critical exponent p = n. We want to modify (u;) in order to get an approximate
recovery sequence for u. We fix k € N and 8 > 0 such that 2*718 < 1/2. Let p; = 28134,.
Given this choice of p;, we apply Lemma 6.1 to (u;) and we get a sequence w; — u in L' (; R™)
satisfying (63)-(65). We denote by Z} the set of indices Z; = {i € Z" \ Z; : id; € Q},
corresponding to the pinning sites close to the boundary of 2. We define the sets

= U Q-, (p;165), E; = U Qe (pj3id;) N Q.

i€Z; i€z

By suitably modifying w; on E; U E; we will get an approximate recovery sequence for u.
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A.1.1 Firstly we deal with E;. By construction we have pé > po; for all i € Z;. We
set T = sj_l and S; = Tj(log T;)'~™/". For fixed j € N and i € Z; we consider a function
¢he A (Q(rn=1/m38,); R™) such that

GO)=0, ¢ =ujonSi([r"V/"sS; — M, [r" D" BS;))

and

- i —n pn=b/n
(logTj)" "> >, FUTDIGANT ™ < ¢ (i) +n.  (97)
€l AeR§ (Q(prn=1/n5)))
We define v; : E; — R™ as follows:
a(“_i‘sﬂ') if a € Q. (86,:i5;), i € Z;
vla)={ 9\ AP TE
u if a € Qu, (pli6;) \ Qe, (8,538)), i € Z,

A.1.2 Now we focus our attention on the set E’. Let v; € A1(Q(p;j/¢;); R) be a function
such that v,;(0) =0, v; =1 on S1([p;/¢;]) and

> 17 (A) — v (B)|"

{A,B}YeM1(Q(pj/c;))
. . 0 EA(Qp/55))
< inf 3 [o(A) —o(B)[": b NI SN
{{A,B}eMl(Q(pj/em v(0) =0, v=Ton&ulles/e5)) }

By Lemma 4.1 we know that the infimum above satisfies

A n. v EA(Q(p)/e;))
‘log (57)‘ " { {A,B}ijzl(:Q(Pj/Ej)) ) B “(g) =0, 5261 on S1([p;/¢;]) } et

We define v; : E; — R™ as

a — 19

vj(a):fyj( )uj(a) foraEQsj<%;i6j)ﬁQ, i€ Z;.

€j J

A.1.3 Finally, we define v;(a) = w;(a) for all a € Q; \ (E; U E}). To sum up, we set

ra—id;

() if a € Q. (55;:i6)), i € Z;

) J ‘
uw={" s if 0 € Q-, (9l 8;) \ Qe (805310;), i € Z,
J - —_ ; .

7j<a EZ J)uj(a) for a € ij(pj/gj;i(sj) ﬁQ’ = Z‘;

J
w;(a) if a € Q; \ (E; UE)).
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Now we can prove that (vj) is an approximate recovery sequence for u. By construction we

have

lim supF (vj) < limsup Z F., (v; Q(Bd;,105))

Y €2

+limsup Y F. (vj; Qc, (p5,0;) \ Qe, (855, 165))

J i€Z;
Jrlirnsungj(v]7 i\ (B UEY))

+lim bup Z Z Z fg(ng vj(a))ey

1€2; £€l acYt (B5;3i;)

—|—hmsup Z Z Z f§(D§jvj(a))€?

i€Z; Eel qeyt. ;5 (p%3185)

+lim_sup Z FEJ Vyj3 Qsj (Pjv“sj) nQ)
J i€z}

—|—hmsup Z Z Z fg(ngvj(a))ey.

€25 C€T ac Ve (py;id;)

(98)
(99)

(100)

(101)

(102)

(103)

(104)

The terms above can be estimated separately. First of all we focus our attention on (98) and

we notice that by a change

of variables

lim sup Z Fe, (vj; Q(Bd;,i05)) = lim sup Z Z Z

7 ez;

€7, €€l aeRE (Q(BY;,i65))

= hmsup Z Z Z " fE(TjD§C;( )

i€z el AERE(Q(ﬁT(" D/nS;))
(n—=1)/n :
<hmsupz 1= ”5"( pr ( ;')JrU)

J €2

< limsup Z rl_"éj”gpr

J i€Z;

(n=1)/n .
(u;) + cn.

Taking into account Lemma 6.2 and Remark 6.4 we get

lim sup Z Fe; (v Q(Bd;,i05)) <r

7 ez

o / @ () da + en.
Q

e} (D¢, v;(a))

(105)

As far as (99) is concerned, by construction for all i € Z; we have v; = uz on Qc, (ph;i6;) \
Q<,(Bd;;16;). Since f5(0) =0 for all £ € I, we get

lim sup Z st (UJ7 (pj7 ) \Q(ﬁéjvlé ) =

J

i€z,

Now we focus our attention on (100); i.e

limsup F;; (vj; Q5 \ (E; U EY)) = limsup F%, (wy; 5\ (E; U EY)).
J J

By Lemma 6.1 and (95) we

limsup F., (w;; Q; \ (E; U E})) < limsup F, (uz; Q5 \ (B U E})) + €

J

glimsupfsj(uj)—&—gg/fo(Du)dx+E.
j Q

J

get

J

k
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Now we consider (101). By construction ¢} = u/ on Sy (r=Y/mpS,; — M], [r(=D/"3S,]), hence
v; = uj on Qc,(88;,46;) \ Qc,; (B0; — Mej — e;,id;). There follows that

lim sup Z Z Z 7-‘]‘5(D§j vj(a)) = 0. (107)

1€Z; £l acyt (B3;,i65)

Moreover, we show that (102) is negligible. We have:

lim sup Z Z Z En'fg(DEjvj(a))

i€2; €€T aeys (pi i)

< chmbup Z Z [vj(a) —v;(b)]"

i€Z; {a,b} M., (Qp'+<; M,i6;)\Q(pi —; M.i3;))

< climsup Z Z lw;(a) —w;(b)["

7 i€Z; {a.b}e M. (Q(pi+e; Mis)\Q(pii65))

< climsup Z F., (wy; CZ)
J i€Z;

We recall that the computations in the proof of Lemma 6.1 imply that

lim sup Z F, (wy; oy <
I ez,

hmbup Y3 Y D ) < % (108)

i€Z; gel aeyg (p],l6 )

¢
k:’

hence

Finally, we deal with (103). By construction
lim sup Z Fe (053 Qc, (pj,i65) N Q) < climsup Z Z lvj(a) — v, (b)|"
I ez T i€z {abye M. (Q(py,i0;)NN)

< clim_sup Z Z (Juj(a) — u;()|"|v;(a —id;)["

J i€Z} {a,b}eM.; (Q(p;,i6;)NQ)
+lu; ()i (a —i8;) —~;(b = i6;)[").
Since (u;) is bounded in L>(£;R™) and (96) holds, we get

lim sup Z Fy, (vj; Q(pj,i65) NQ2)

7 ez

<cthUPZ > (€7 |vila—i6;)[" + |vj(a —id;) — v (b —id;)[").

i€Z; {a,b}eM.; (Q(p;,i6;)N)

By construction (v;) is bounded in L () and satisfies

(log(p;T5))" > i (a —i85) = v;(b — i6;)[" < ¢+ nlog(p; Tj))" .
{avb}eMsj (Q(pjvi(;j)mﬂ)

Since (log(p;T;))"*/(log(T;))" ! — 1 as j — 400 and (log T;)" ! = 7’"’15]7" +o(1), we get

lim sup Z F.;(vj;Q(ps,id;) NKY) < limsupec Z 07 +n
I iez, J i€z}

IN

lim sup |Q}] + 7| = /9],
J
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where () = Uiez: Q. (ps316;) N Q.
To sum up the estimates we got so far, we have

limsup F;, (v;) < / fo(Du)dx 4+ 717" / goﬁr(nfl)/n (u) dx + g + en. (109)
J Q Q

It remains to show that v; — u in L'(2). By construction [{u; # v;}| — 0 and u; — u in
L'(€2). Since (Duj;) and (Dv;) are bounded in L*(£2), by a compactness argument we deduce
that u; —v; — 0 in L'(2) and then v; — u in L'(£2).

Finally, we let 3 — 07 and k — 400 in (109) and we obtain

limsup F; (v;) < / fo(Du)dx + Tlfn/ o(u) da,
J Q Q

as desired.

A.2 Subcritical exponent p < n. We want to modify (u;) in order to get an approximate
recovery sequence for u. Let k € N be equal to [1/7]. Let p; = 8d;, with 3 < 1/2. By applying
Lemma 6.1 to the sequence (u;), we get a modified sequence w; — u in L'(2;R™) such that
conditions (63)-(65) are satisfied. We build an approximate recovery sequence v; by carefully
modifying w; close to the pinning sites. To this purpose we define the sets

Ei=J Q(p5.i0))  and By = | Qc,(p;,i0;) N

i€Z; i€z}

where Z) = {i € Z™\ Z; : id; € Q} indexes the pinning sites which are close to the boundary
of 2. We will deal separately with £j;, £’ and Q; \ (E; U E}) (steps A.2.1, A.2.2 and A.2.3
respectively). Let N > 0 be fixed.

A.2.1 Firstly, we deal with E;. For all i € Z; we consider a function p); € Ai(Q(N);R™)
such that ,us](O) =0, pfvj = u} on S ([N — M],[N]) and

ST T DE(A) < o (ul) + .

€€l AcRS(Q(N))

We define v; : B; — R™ as

N (@ —10; . ,
i f e, (Nej, 10,5), Z;
vi(a) = “éf( ; ) foracQu <pi0) 1€ Z) (110)
u; for a € QEJ. (p},iéj) \ ng (NEj,iéj), 1€ Zj.

A.2.2 In this step we focus on E; and the pinning sites which are close to the boundary
of . For N as in the previous step, we consider a scalar function ¥ € A;(Q(N)) such that
pN(0) =0, p¥ =1 on S ([N — M],[N]) and 0 < ™ < 1. We define v; : Ej = R™ as

vj(a) = u;(a)p™ (a), for a € E. (111)

A.2.3 Finally we set vj(a) = w;(a) for all a € Q; \ (E; U EY).
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We then have:

limsup F, (v;) < limsup Z F.,(v;;Q(Nej,id;)) (112)
Y i i€ Z;
+ lim sup Z Fe, (v;Qe; (pé-,iéj) \ Qc,(Nej,i6;)) (113)
J ’iEZj
—HimsupF (vj;9%5 \ (Ej U EY)) (114)

—Hlmsup Z Z Z ff(ngvj(a))E? (115)

i€Z; gel aeyg (Nej;id;)

+11msup Z Z Z f (ngvj(a))sg? (116)

i€2; ¢€T aeys (pisio;)

+lim sup Z Fe, (vj; Qe (py,165) N Q) (117)
T ez

+11msup Z Z Z fg(ngvj(a))E?. (118)

'LEZ/ gel lleys (pJ,Z(S )N

Arguing similarly to paragraph A.1, we deduce that (113), (115) and (116) are infinitesimal.
As far as (112) is concerned, by construction we have

lim sup Z F.,(vj; Q(Nej,id;)) = lim sup Z Z Z fg(ngvj(a))s?

T ez, i€Z; €€ ac RS (Q(Ne, i5;))

= lim sup Z Z Z (T, DSy J(A))T_

i€Z; €€l AcRS(Q(N))

< limsup Z rl_"éjn(qﬁj (uf) +n) < lim sup Z 7«1—"5?¢§,\7(u§) + cn|Q.
I ez, T iez;

By Lemma 6.2 and Remark 6.3 we get

lim sup Z F.,(vj; Q(Nej,id;)) / &N (u) dz + en. (119)
I ez,

In order to estimate (114) we note that Lemma 6.1 implies

limsup F;, (v; Q; \ (E; U E})) = limsup F;, (w;; Q; \ (E; U E}))
J J

< limsup F_, (u;;Q; \ (E; U E))) + %
J

< limsup F;, (u;) + £< / fo(Du) dx + < (120)
j ’ k (9} k

It remains to show that (117) and (118) are negligible. By the definition of v; on E’ and the
equiboundedness of (u;) we get

lim sup Z Fe;(vj; Qe (pj,i05) N Q)

ez,
< clim sup Z Z 6?_1)(‘%(“)#1\[(“) - uj(b)ﬂN(pr + €§’))
i€Z; {a,b}e M. (Q(p;,i6;)NK)
< climsup Z Z 7 P (luj(a) —u;(0)|P + [N (a) — uN (B)” + ).

ez, {a,b}e M. (Q(p;,i5;)NQ)
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By (96) we deduce that

lim sup Z Fe, (v5;Qc; (pj,i05) N Q) < climsup Z 67 = climsup \E;| = |09 = 0.

J : ’ J : ’ J
S US4

Finally, we can prove that (118) is infinitesimal in a similar way, using the equiboundedness of
(uj) and the fact that [E}| tends to zero.
To sum up, we proved that

c

limjsuij(vj) < /Qfo(DU) derTl*n/Q(bN(u) da + :

+ cn.

Note that the sequence v; we built converges to u strongly in L'(Q;R™). This follows from
[{u; # v;}| — 0 and a compactness argument. Passing to the limit as N — 400 we have

lim sup Fj(v;) < / fo(Du) da 47" | d(u)dz + % + e,
J Q Q

which proves the existence of an approximate recovery sequence for u for each value of the
parameter 7. Hence, for all piecewise affine functions in W1?(Q;R™) there exists a recovery
sequence.

B We can finally prove the I'-limsup inequality by using a density argument. For any u €
WLP(Q; R™) there exists a sequence (uy,) of piecewise affine functions such that u, — u strongly
in WHP(Q;R™). In step A we proved that for all k € N the I-limsup F”(uy) satisfies

F”(uk) S F(uk)

By the lower semicontinuity of F” with respect to the strong convergence in L?(€2; R™) and the
continuity of F with respect to WP (2; R™)-convergence, we get

F'(u) < limkinf F" (uy) < limkian(uk) = F(u),

as desired. -

9 Special cases

In this section we focus on two cases in which the densities of the I'-limit are given by explicit
formulas.

9.1 Convex energy densities

If for all £ € T f&:R™ — [0,400) is a convex function, then the density function in the bulk
term of the ['-limit equals

folA) =Y £ (A- é) for all A € M™*™, (121)
gel

In fact, under the convexity condition we can use [1, Remark 5.3], which states that in this case
Proposition 3.3 holds with fy as in (121). Then the I'-limit is

F(u) = Z /Q fe (Du- él) da +ri=m /Q O (u)de.

el
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9.2 Nearest neighbors interactions and homogeneous density func-
tions in the critical case

In this paragraph we consider a special case which is of some interest on its own, despite being
very specific. We are in the critical case p = n and we consider nearest neighbors interactions
only. Moreover, we assume that the functions f¢, € € I = {ey,...,e,}, are all equal to the
same function f, which is positively homogeneous of degree n and convex. In particular, these
assumptions encompass the case f(z) = ||z||%, which has been analyzed in Section 4.

In this case the I'-convergence result holds for the whole sequence F;; and the limit functional

F' is given by
" ou
F(u) = / dx—|—/du dz,
() ;Qf(axi) [ d(w)

where d : R™ — [0, +00) equals

T—+o00
{A,B}eM:(Q(T))
Let us prove that the function d is well defined.

Lemma 9.1 Let f : R™ — [0,+00) be a convex function which is positively homogeneous of
degree n and such that f(0) = 0. We assume that there exist two constants c1,ca > 0 such that
c1]z|™ < f(z) < co|z|™ for all z € R™. Then for all z € R™ there exists the limit

z)= lim (lo n—1lin v —w L ve Al(Q(T);Rm)
d(z) = TL+oo(l gT) t { {A,B}e%[:l(Q(T))f( (4) —v(B)): v(0) =0, v=12 on & ([T]) }

Proof. By the homogeneity of f, it suffices to prove the existence of d(v), with v € R™ and
|v| = 1. We denote by pr the infimum which appears in the definition of d(v):

. v e Ay T);R™
pr=nf{ > f4)-u(B): v<§):%?(viyol S1((T)) )

{A,B}eM1(Q(T))

It is convenient to introduce a new family of infima fi, defined as

- min o(A) — v . v e AQ(T);R™)
o= {{A’B}%:I(Q(T)) Fw(4) —v(B)): v=0o0nQ1(1), v=von & ([T]) }

The test functions for fip vanish on the whole set Q1(1) (not only on 0 as for pr). The proof
is made of two steps: firstly we show that there exists the limit

: n—1-~ .
pim (logT)" ™ fir € [0, +00);

and then we prove that the limit above equals

3 n—1 _
i (o5 7)™ ur = d(v).

1. Let S>> T. Let ur € A1(Q(T);R™) be such that ur = 0 on Q1(1), ur(A) = v for all
A € S ([T]) and

- 1
> flur(A) = ur(B)) < fir + . (122)
{A,B}eM(Q(T))
We will define a convenient test function for mg by suitably modifying ur and we will deduce
an inequality of the form

(log S)" g < (logT)" fir + (S, T)  with liminflimsupr(S,T) = 0. (123)

T—+00 § 5400
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Let k € N be such that [T]* < [S] < [T]F*?; ie., k = [log([S])/log([T])]. We consider the set
Q1(S) and we denote by C, its subsets

Cp=Qu(T)"*H\Qu(T)" =1)  h=0,....k—1.

In each O}, we consider an additional meso-lattice C}, N [T)"Z" and we use it to define a
convenient test function ug for fig. For all A € Cy N [T]"Z™ we set

=B o ) )

We denote by g ; an interpolating function for ug ; which is piecewise affine on a triangulation
defined by the lattice Cy, N [T]"Z" and satisfies

S flas(4) - as(B Z /C (5 ) )

{A,B}YeM 1n (Ch)

The function @gj can be built by replicating the procedure developed in [2, Section 4.1]. In
particular, we can choose our triangulations of Cj, N [T]"Z"™ to be homothetic to each other
(since the sets are obtained by rescaling). The test function ug € A;(Q(S); R™) is defined as
follows:

Us,n(A) for A€ Cp, h=0,...,k—1

us(A) = (124)

JJog([T]* + q)
log([S])

Then ug is an admissible test function for fig; in fact ug = 0 on @Q1(1) and ug = v on Sy ([9]).
Now we want to estimate the energy of ug on Q(95):

for A Si([T)F+4q), ¢=1,...,[S] - [T].

k—1
> flus(4) —us(B)) < > > flus(A) —us(B))

{A,B}eM1(Q(S)) h=0{A,B}eM1(Chn)

+ ) J(us(A) - us(B))

{A,BYe M1 (Q(S\Q(T]F))

- 8US h
dm
hz;) lz—;/ 83;‘[
+ > flus(A) —ug(B)).

{A,B}Ye M1 (Q(SH\Q([T]®))

IA

If we set y = [T]~"2 and we denote by @ the piecewise affine interpolation of ur on the lattice
Q1(T) (built on a triangulation that is homothetic to the one on which we constructed tg), we

obtain
LGt = ()" [ (G mmay

([5]
_ (log([T] ) Z flur(A+e)) —ur(A))

A€RH(Q(T))
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for all 1 € {1,...,n}. There follows that

k—1
S Y fus(4) —us(B)

h=0 {A,B}GMl (C},)
k—1

log([T]) \" v~ v
- (log([s’})) ZZ Z f(UT(A+€l)—UT(A))

h=0[l=1 AER? (Q(T))

—R(EIDY S fun(4) - ur(B)

Pe(lSN 7 oy éntiiarry
log([S]) 7 (log([T\" 1
= [log([T])] (log([S])> (mr+ 7). (125)
Finally we consider the contribution of ug on the set Q1(S) \ Q1([T]*). By construction
3 Flus(4) - us(B))
{A,B}YeM1(Q(S\Q([T]F))
[$1-[T1" -1
n? Jog([T]" + ¢ +1) —log([T1* + q)
= q:ZO g log([9) )
c 1 n
< Togts 181 (71%)tog (1+ W)
B RS AN
= Gogepy ¥~ e 120
By combining (125) and (126) we get
(logS)" s < (logS)" " > flus(A) —ug(B))
{A,B}eM1(Q(9))
log([S]) 1 log([T7]) no1; . (og([T])" "
gt | oguiap (o)™~ iar + =52
c ik 1
oy T e
Passing to the limsup as S — 400 we obtain
lim sup(log S)"_lﬂs < (log([T]))"_lﬂT + w,
S—+o00
since k = [log([S])/log([T])]- Finally, we take the liminf as ' — +o00 and we get
limsup(iog $)" s < minf(log(T))"ir + tim _ CE
= liminf (log ([7]))" ™ fir.
Hence, there exists the limit
lim_(log([T7))"~" iz (127)

T—400

Note that for all v € R™, |v| = 1, the limit above is in (0,+0c0). In fact, by the growth
conditions on f there exist two constants ¢, 2 > 0 such that

amip < fir < &mf g,
where m¢ ; is as in (34). In Section 4, Lemma 4.1, we proved that

lim (log T)"'m{ = w1 € (0, +00).
T—+o0

By comparison, limr(log T)" iy € (0, +00).
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2. It remains to show that the limit in (127) equals d(v). First of all, we note that ur < fir
by construction. Let vy € A1 (Q(T); R™) be such that vr(0) =0, vr = v on §;([T]) and

1
> flor(4) —vr(B)) < pr + -
{A,B}eM1(Q(T))

Let n > 0 be a fixed constant. Then, for all T' large enough we have |vp| < non Q1(1). In fact:
if |ur(a)| > n for some a € Q1(1) \ {0}, then we have

1 1 .
NT“‘TZMT‘FTZ Z fvr(A) —vr(B)) > en™.
{A,B}YeM1(Q(T))

By (127) we know that

1
li [ = =
T—lg-loo pr + T 0,

which leads to a contradiction. Therefore we have

1
prapz > fer(4) - vr(B)
{A,BYeM:1(Q(T)

. DA o(B) . v EAQT)
= f{{A,B}E%I:l(Q(T))f( A =vB) =y < on Qu(1), v=10n Si((T]) }

in s U EAQT))
_ f{{A,B}e%@(T))f( () =oB): 3 S ) v = 1 on Su((T) S

- . wEAQD)
= |1 —n|"inf { {AwB}E%(Q(T))f(w(A) w(B): L~ on Q1(1), w =1 on S ([T]) }
I

To sum up, we got

1 1
[l — > — > 11 —n|"ar.
MT+T_,UT+T_| n|" fir

If we multiply by (logT)"~!, pass to the limit as T — +oo and take into consideration the
arbitrariness of 7, we deduce that the limit in (127) equals d(v).
Finally, we notice that d can by extended to any vector in R™ by n-homogeneity:

0 itz=0
d(z) = |z|”d(i> otherwise.

||

In conclusion, we can state and prove the I'-convergence result in this particular case.

Proposition 9.2 Let m,n € N with m > 1 and n > 2. Let Q0 be a bounded open subset of R™
with |09 = 0. Let f : R™ — [0,+00) be a convex function which is positively homogeneous
of degree n and such that f(0) = 0. We assume that there exist two constants c1,c2 > 0 such
that c1|z|™ < f(2) < co|z|™ for all z € R™. Let (¢;) be a positive infinitesimal sequence. We
consider an additional sequence (3;) such that §;/e; €N, 6; > ¢;, 6; = 0 and

_ efr(1+o(1))5;/(17"),

€j for some constant r > 0.

For all j € N we define the functional Fy; : A, (2) — [0, 400] as
Z f(u(a) —u(b)) if u=0 on Qs

Fe (u) =4 {abreM. (@) (128)
+o00 otherwise.
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Then F., T'-converges, with respect to LY (Q;R™)-convergence, to the limit functional F :
W (Q; R™) — [0, +00) given by

F(u):i/ﬂf(g;)dx+/ﬂd(u)dx,

where d : R™ — [0, +00) is obtained as

= lim (lo n=lin v —v . v E€A(QT)R™)
d(z) = lim (logT) f{{w}%m»ﬂ (@) =oB): o 20 L sy &

Proof. The proof follows immediately from Theorem 3.1, Lemma 9.1 and (121). By Theorem
3.1 and (121) we deduce that there exists a subsequence (¢, ) such that F;; T'-converges to

F(u) :iAf($> dw+/9<p(u) dz,
i=1 g

where

v € A(Q(al))
o(z) = lim lim |loge;, "~ inf{ 3 Fo(A) —v(B)): v(0) =0 }
am 0T koo {A,B}YeM1(Q(aS5,)) v =2z on S;([aS;,])

and S, = €;€1| logej,|1=™/". Note that |loge;, |/ log(cS;,) — 1 for any value of a > 0. Then

v € A1 (Q(aS))
w(z) = liril |log S, |~ " inf Z fw(A) —v(B)): v(0)=0
“ {A.BYEM(Q(aS),)) v =z on Si([aS,])

By Lemma 9.2 we can deduce that ¢(z) = d(z) for all z € R™, and d is independent of the
subsequence ¢, , as desired. [
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