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Abstract

In this paper we prove necessary and sufficient conditions for the va-
lidity of the classical chain rule in the Sobolev space Wi..' (RV;R?) and

loc

in the space of functions of bounded variation BVi,c (]RN; ]Rd).

1 Introduction

The purpose of this paper is to settle a classical problem in the theory of Sobolev
spaces, namely the validity of the chain rule in Wlf)’cl (Q; Rd) in the vectorial case
d > 1. Since the problem is local, in the remaining of the paper we assume,
without loss of generality, that Q = RV,

In 1979 Marcus and Mizel [17] proved that given a Borel function f : RY — R,
the superposition operator

ur— fou
maps I/Vli)c1 (RN ;Rd) into VV&)C1 (RN ) if and only if f is Lipschitz continuous
(resp. locally Lipschitz if N =1). Since fou € Wli)cl (RN) the next step is to
find a formula for the partial derivatives of f o u.

In the scalar case, that is when d = 1, the problem has been completely
solved in W5} (RY) by Serrin [21] in an unpublished paper (see also [23], [7]
and [15]), where he showed that if f : R — R is a Lipschitz continuous function,
then for every function u € Wlicl (RN )

V (fou)(x)=f (u(zx)) Vu(z) for LY ae. z€Q, (1.1)

where the right side of (1.1) is always well defined provided f' (u (z)) Vu () is
interpreted to be zero whenever Vu (x) = 0, irrespective of whether f (u (x)) is
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defined. The validity of (1.1) relies on the fact that by Rademacher’s Theorem
the set
> :={ueR: f'(u) does not exist}

is £'-null and hence, by a result of Serrin and Varberg [22],
Vu (z) =0 for LY ae. zcu™? (Ef) , (1.2)

for every u € Wlicl (RN )

The situation is significantly more complicated in the vectorial case, namely
when f : R? — R is a Lipschitz continuous function with d > 1. In this case, if
we fix a basis {e1,...,eq} in R? (not necessarily orthonormal) then the analog

of (1.1) becomes®

3 y) 2 1.3
8% (Fou)( g ) oz, @ (1.3)

where g—i (u(x)) g;ﬂ (x) is interpreted to be zero whenever g;: (x) =0.

By Rademacher’s Theorem the set

» = {ue R : f is not differentiable at u} (1.4)

is £-null, but the analog of (1.2) is false in general. Hence the right hand side
of (1.3) may be nowhere defined. Indeed, let d = 2, N = 1, and consider the
functions (cf. [15]) f (u) := max{u1,u2}, and u (x) := (z,z) for © € R. Then
v(z) = (fou)(x) = z so that v’ () = 1 while the right-hand side of (1.3) is
nowhere defined since v’ (x) = (1,1).

Nevertheless, as shown by Ambrosio and Dal Maso [2], the following weaker
form of the chain rule holds for any Lipschitz continuous function f : R — R:2

Theorem 1.1 Let f : RY — R be a Lipschitz continuous function. Then for
every function u € VV10C (RN ]Rd) the composite function v = f ow belongs to

wht (RN) and for LN a.e. x € RN the restriction of the function f to the

loc
affine space

Ty :={weR*: w=u(z)+ Vu(z) z for some z € RV}
is differentiable at u (x) and

V(fou)(z)=Vu(f

1Here for every u € R% we write

1) (u(2)) Vu (). (1.5)

U =uiel + ... +uqeq.

2Theorem 1.1 follows from a more general version for functions of bounded variation. We
refer to [2] for the precise statement.



An alternative proof of the previous result when f is a “piecewise” C' func-
tion has been given in [19], where using the special structure of f it is possible
to give an explicit formula for the right hand side of (1.5).

Theorem 1.1 leaves us with an important open problem: to establish under
which additional conditions on the function f the right side of (1.5) coincides
with the right side of (1.3), in other words, to find necessary and sufficient
conditions on f for the classical chain rule (1.3) to hold. To be precise, when
we say that (1.3) holds for a function u € Wlicl (RN ;Rd) , we also mean that

the partial derivative % exists at u (z) for £V a.e. x in the set where g;’i_
% J

does
not vanish.

The main purpose of this paper is to thoroughly investigate the relation
between the validity of the chain rule (1.3) and the structure of the singular set
3/ (defined in (1.4)) of the Lipschitz continuous function f.

It is clear from the definition that (1.3) depends on the choice of basis in R%.
To illustrate this, we begin by considering the special case d = 2. Fix a basis
{e1, e} in R? not necessarily orthonormal and let f : R> — R be a Lipschitz
continuous function.

It turns out that the classical chain rule (1.3) holds if and only if the singular
set 32/ has a one dimensional “rectifiable” part only in the directions {ej,es}.
Precisely we prove the following result:

Theorem 1.2 The classical chain rule (1.3) holds in WI})CI (RN;R?) with re-
spect to the coordinate system {ey, e} if and only if for every H*-rectifiable set
E C Y and for H' a.e. u € E either

Tan' (E,u) = span {e,} or Tan' (E,u) = span{e,}. (1.6)

Here Tan' (E,u) is the approximate tangent space to the set F at the point
u. The deeper part of the result is the necessary condition, whose proof relies
on some new differentiability results for Lipschitz functions (see Theorems 3.1
and 3.3 below), inspired by recent work of Bessis and Clarke [6]. We recall that
an H* measurable set E C R is called (countably) Hk—rectiﬁable, 0<k<d,if
there exists a sequence of Lipschitz functions w,, : R¥ — R¢ such that

H* (E\ U wn(Rk)> =0.
n=1
The analog of condition (1.6) is still sufficient when d > 3. Indeed we show that:

Theorem 1.3 Let f : RY — R be a Lipschitz continuous function, and let
{e1,...,eq} be a basis in R%. Assume that for every countable H!-rectifiable set
E c ©f and for H' a.e. u € E, there exists i = 1,...,d depending on u such
that

Tan' (E,u) = span {e;} . (1.7)

Then the classical chain rule (1.3) holds in Wlicl (RN;Rd) with respect to the
coordinate system {e1,...,eq}.



Condition (1.7) is no longer necessary when d > 3 since in this case the chain
rule may hold for Lipschitz functions whose singular set is H*-rectifiable with
1<k<d-2.

Indeed we can prove the following result

Theorem 1.4 Let {e1,...,eq} be an orthonormal basis and let E C R?, d > 3,
be a H?~2-rectifiable Borel set. Then there exists a Lipschitz continuous function
f:RY = R such that the singular set ¥ C E and H%? (E \ Ef) =0, and for
which the chain rule holds in I/Vlicl (RN;Rd) for any N € N with respect to the
coordinate system {e1,...,eq}.

It is actually possible to construct f in such a way that the chain rule holds
in Wli’cl (RN;Rd) with respect to any finite family of bases in R,

Note that the case k = d — 2 represents the worst possible situation. Indeed
we can prove that a necessary (but not sufficient) condition for the validity of
the chain rule in Wli)cl (RN ;Rd) is that for every H% !-rectifiable set E C ©f
and for H% 1 a.e. u € E, there exists i = 1,...,d — 1 depending on u such that

Tan?™! (E,u) = span {{e1,...,eq} \ {e:}}.

Nevertheless, we show that this condition becomes necessary and sufficient for
the validity of the chain rule in the smaller class Ay_1 (RN ; Rd) of all functions
u € Wit (RV;R?) such that rank (Vu (2)) is either zero or greater than or equal
tod—1for LV a.e. z € RV (see Theorem 4.1 below). Note that A; (RY;R?) =

VVli)C1 (RN ; RQ) so that in particular we recover Theorem 1.2.
It is important to remark again that all the results presented so far depend
on the particular choice of the coordinate system {ey,...,eqs}. We address next
the case where the chain rule holds with respect to every coordinate system. In
this case Theorem 1.2 clearly indicates that a necessary condition is that the
singular set has no H!'-rectifiable part, that is, it is purely H'-unrectifiable.

Indeed the second main result of the paper is given by the following theorem

Theorem 1.5 Let f : R — R be a Lipschitz continuous function. Then a nec-
essary and sufficient condition for the chain rule (1.3) to hold in VVJ)C1 (RN; Rd)
with respect to every coordinate system in R is that 2/ is purely H'-unrectifiable.

We remark that the sufficiency part of the theorem was already known (see
[15], [16], [17]), while the necessity part, which in our opinion is the most inter-
esting, is completely new. Note that in the two dimensional case the conclusion
of the theorem follows directly from Theorem 1.2, whereas in the higher dimen-
sional case the proof is significantly more involved.

A similar result holds in the class Aj (RN ; Rd) of all functions w in the space
VV&)C1 (RY;R?) such that rank (Vu (z)) is either zero or greater than or equal
to k for LV a.e. 2 € RY. In this case the appropriate necessary and sufficient
condition is the pure H*-unrectifiability of the singular set /. Indeed we can
show the following;:



Theorem 1.6 Let f : R? — R be a Lipschitz continuous function, let 1 < k <
min {N,d}. Then a necessary and sufficient condition for the chain rule (1.3) to
hold in Ay (RN; ]Rd) with respect to every coordinate system is that 25 is purely
HE-unrectifiable.

The final part of the paper is devoted to the extension of some of the results
presented above to the space of functions of bounded variation. More precisely,
we prove necessary and sufficient conditions for the validity of the classical chain
rule in the space of functions of bounded variation BV, (RN ; Rd).

Besides the intrinsic interest of these results, we hope that the techniques
introduced in this paper will be useful in the study of transport equations and
hyperbolic systems of conservation laws in several space dimensions, where one
is often led to the problem of justifying some kind of chain rule for functions
with low regularity, and for which there has been a remarkable and renewed
interest in the last few years (see e.g. [3] and [8]).

2 Preliminaries

In this section we collect some preliminary results which will be used in the
sequel. We start with some notation. Here £* and H* are, respectively, the
k dimensional Lebesgue measure and the k£ dimensional Hausdorff measure in
Euclidean spaces. We denote by S?~! the unit sphere in R?. Given f : R? — R,

for every u, v € R? the directional derivative g—{) (u) is defined by

0 tv) —
or (u) := lim futt) f(u)
v t—0 t
Given a basis {e1, - ,eq} in R? we denote by (uy,...,uq) the components of a

given u € R?, that is,

U =urey + ...+ uqeq.
The directional derivatives in the direction e; are also denoted % (u) . If all the
derivatives 2L (u) exist at u € R?, we define the vector Vf (u) € R? by

Ouy
V= (g g W)

Of course, the existence of V f (u) does not imply the differentiability of f at u
when d > 1.
For 1 < k < d we shall use the standard notation for ordered multi-indeces

I(k,d)={a=(ar,- ) eENF: 1<y < - <oy <d}.

If o € I (k,d) we denote by @ € I (d — k,d) the multi-index which complements
ain {1, -+ ,d} in the natural increasing order.
With an abuse of notation we write

U = (Uq, Ua) € R* x Rdik,



where uq 1= (Uqy, ", Uq, ) and ug = (Ual, e ,uadfk).
Given f: R? — R, we define

Vafzz(af . 8f), Vaf::(af R )

g, Oug, Ous,”  Oua, ,

Next we introduce some basic ingredients in geometric measure theory that
will be useful in the remaining of the paper. We refer to [4], [14] and [18] for
more details.

An ‘H* measurable set E C R? is called (countably) H*-rectifiable, 0 < k < d,
if there exists a sequence of Lipschitz functions w,, : R¥ — R? such that

H* (E\ G wn(Rk)> =0

It can be shown that E is HF-rectifiable if and only there exists a sequence
{M,} of k-dimensional C' manifolds such that

H* <E\ G Mn> =0. (2.1)
n=1

Moreover, if E is H*-rectifiable then it admits an approximate tangent space
(see Def. 2.86 in [4]) , which we denote Tan” (E,u), for H* a.e. u € E, and it
can be shown that for H* a.e. u € EN M, the approximate tangent space to £
at u coincides with the tangent space to the manifold M,, at u, that is

Tan® (E, u) = Tan® (M, u). (2.2)

We refer to [4] for more details.

Let f : RY — R be Lipschitz and let M C R? be a k-manifold of class C!.
We say that f is tangentially differentiable at w € M if the restriction to the
affine space u + Tan® (M, u) is differentiable at u. The tangential differential,
denoted by d™ f (u), is a linear map between the space Tan® (M, u) and R.

Remark 2.1 Let f : R — R be Lipschitz and let M C R? be a k-manifold
of class CL. If f is tangentially differentiable at w € M then for every curve?
v : (=6,0) — R with v (0) = u and 7' (0) € Tan® (M, u) we have

(fom) (0)=da"f (u) [y (0)].
Indeed by taking § smaller if necessary we can write
7 (t) = 7(t) + o)

where 1 : (—8,0) — M. Since f is Lipschitz we have (f o) (t) = (fom) () +
o(t) from which the conclusion follows.

3Note that the support of v is not contained in M.



Theorem 2.2 Let f:R? — R be Lipschitz and let M C R¢ be a k-manifold of
class C*. Then f is tangentially differentiable at H* a.e. u € M.

Proof. For every uw € M consider a local parametrization ¢ : D — M of
M, with 9(0) = u, where D C R* is an open neighborhood of the origin.
By Rademacher’s Theorem the function f o is differentiable for £¥ almost
everywhere in D. Using the Lipschitz continuity, it is easy to see that if fo is
differentiable at v € D, then f is tangentially differentiable at ¥(v) € M. Hence
f is tangentially differentiable H* almost everywhere in ¢ (D). m

In a similar way we may define tangential differentiability of a Lipschitz
function f at points u € E where E C R? is an H*-rectifiable set, 1 < k < d. In
this case, the tangential differential, denoted by d” f (u), is a linear map between
the space Tan® (E,u) and R. It can be shown that d f (u) exists for H* a.e.
u € E. Moreover if f : R — R™ with m > k then the following Generalized
Area Formula holds:

/E JEf (u) dH" (u) = f(E)HO (7L ()N E) dH* (v), (2.3)

where

JEF (u) = \/det ((dBf ()" 0 dEf (u),
with (7 f (u))" the adjoint of d¥ f (u).
An H* measurable set E C R? is purely H*-unrectifiable if
H*(ENnw(R*)) =0
for any Lipschitz function w : RF — R,

Theorem 2.3 Consider a set E C R? of finite H* measure. Then E can be
decomposed into the disjoint union of a Borel HF-rectifiable set E*~** and of
a purely H*-unrectifiable set E¥~ et The decomposition is unique, up to sets
of H* measure zero.

Purely H*-unrectifiable sets with finite (or o-finite) H* measure may be
characterized in a simple way by virtue of the Structure Theorem of Besicovitch-
Federer (see [18]). In what follows for 0 < k < d we denote by 74 5 the Haar mea-
sure defined on the Grasmannian manifold G (d, k) of all k-dimensional planes
in R? (see [18]). We identify each element L € G (d,k) with the orthogonal
projection 7z, : R — L.

Theorem 2.4 (Structure Theorem) Let E C R? be an H* measurable set
with H* (E) < oco. Then

(i) E is HE-rectifiable if and only if
H* (m,Er) > 0 for yar a.e. L € G (d,k),

for all H* measurable subsets By of E with H* (Ey) > 0.



(ii) E is purely H*-unrectifiable if and only if

H* (mLE) =0 for v a.e. L € G(d,k).

Remark 2.5 IfT is a rectifiable curve on the plane R? then it may be proved
that any H' measurable subset of I' with positive H' measure can project into
a set of length zero in at most one direction. Hence if E C R? is H' mea-
surable with H* (E) < oo and if there exist two lines L, L1 € G (2,1) such
that H' (1, E) = H! (7, E) = 0 then E is purely H!-unrectifiable. From the
previous theorem we then deduce that H' (1, E) =0 for v21 a.e. L € G(2,1).

Next we present some simple properties on the differentiability of Lipschitz
functions. It is well known that if a function f is differentiable at some point,
say the origin, then necessarily

e f is continuous at 0;

e the directional derivatives % (0) exist for every v € S471;

e for every v € §¢471

of 4 af
5, (0= ; 9e, (O vi (2.4)

These properties are in general not sufficient to guarantee differentiability
at 0. Indeed the function f: R? — R defined by

f(v1,01) = { vy ifve = (vl)Q;

0 otherwise

is clearly continuous at 0, % (0) = 0 for every v € S9!, but f is not differen-
tiable at the origin.

The situation is quite different if the function f is Lipschitz continuous, as
in this case it is easy to verify that if (2.4) holds for every v in a dense subset
of S4=1 then f is differentiable at the origin. More precisely we have:

Proposition 2.6 Let f : R — R be a Lipschitz function. Then the following
conditions are equivalent:

1. f s differentiable at 0

2. there exists a linear operator L : RY — R such that the limit

o f(hw) — f(0)
i, = = L)

exists for all v in a countable dense subset of RY;



3. there exists a countable dense family B of orthonormal bases in S*1 such

that ., .
of N Of
7;21867 (0) ’L_i:zlaei (0)61
for any two bases {e1,...,eq} and {e1,...,€eq} in B.

Finally the following Lusin-type theorem holds (see [14])

Theorem 2.7 Letu € Wh! (RN). Given A > 0 there exist a closed set Cy and
a function vy € C! (RN) such that u = vy, Vu = Vuy on C),

|RN\C)\| S C(];\f» d)

HU||W1,1(]RN), ||v>\HW1,oo <A
Moreover

||/U)‘||W1=°°(]RN) !RN\C)\| — 0, Hu - g)‘”Wl’l — 0 as )\ — OQ.

3 Differentiability criteria for Lipschitz functions
In this section we prove some differentiability criteria for Lipschitz functions.
Theorem 3.1 Let f: R — R, d > 1, be a Lipschitz function, let {e1,...,eq}
be a basis in R? and let 1 < k < d. Then the following two conditions are
equivalent:

1. for every a € I (k,d) the set

2= {u= (ua,uz) € R¥ xR : f(uq,-) is not differentiable at us }

(3.1)
is purely H*-unrectifiable;
2. the singular set
»/ = {ue R? . f is not differentiable at u} (3.2)

is purely H*-unrectifiable.

Proof. The implication (2) = (1) is trivial. To prove the converse
implication, let M C R? be a k-manifold of class C'. We claim that

HF (M Nl =o0.

Fix ug € M N $f. By the Implicit Function Theorem, we can find an open
neighborhood U of ug such that

MNU C {u=(uq,ua) eRF x R¥F: yy = o(ua)},



for some ¢ : R¥ — RYF of class C' and for some « € I (k,d). To prove the
claim it is enough to show that

HE (M=l nU) =o0.
By hypothesis (1), for H* a.e. (uq, p(uqs)) € R¥ x R¥=F the function f (uq,-) is
differentiable at ¢(u,). Since the projection is Lipschitz continuous, it follows

that for £F a.e. u, € R, the function f(u,,-) is differentiable at ¢(ug).
Consider the change of variables h : RF x R¥% — RF x R?* given by

(Ua, ta) = (Wa, Wa) = (Ua; ua — P(Ua))
define the function g : R¥ x R9% — R by
9 (Wa, ws) := [ (wa, p(wa) + wa),

and let L > 0 denote its Lipschitz constant. It is clear that

L" ({wa € R : the function g (w,, -) is not differentiable at 0}) = 0.  (3.3)
We claim that

L ({wa € R : the function g is not differentiable at (w,,0)}) =0. (3.4)
Fix v = (Va,va) € S971, r € R, and n € N. Following [6] we define the set

C (virin) = {w e 9 tva) = g(wa,0)

t

> 0,9 (Wa,0) — dag (wa,0) (V) forallt e <O, 711> } ,

where

9,9 (e, 0) i= limint I (Lo T 50, $%a) = 9 (wa, 0)
Yy [e3) . P s )

and d,g (wy, 0) denotes the differential of the function g (-,0) at the point wq,
which exists for £* a.e. w, € R¥, by Rademacher’s Theorem and the fact that
g is Lipschitz.

We claim that for every w, € C (v, 7, n) there exist a constant A € (0,1) and
a sequence t; \, 0 such that

Bi (wa + tjva, At;) N C (v,r,n) =0, (3.5)

where By, (wq, p) denotes the open ball in R”* with center w, and radius p. The
proof of the claim follows closely the argument of Bessis and Clarke (see [6]).
We present it here for the convenience of the reader. Fix w, € C (v,r,n) and
let £; \, 0 be such that

o F L3V ti7) — 9 (14,0
0,9 (10, 0) = lim LW tlV tJV ) =9 (wa,0).

10



By definition of C (v, r,n) we can find 0 < § < 2L such that for all j sufficiently
large

7> 204 0,9 (Wa,0) = dog (wa,0) (Va)
g(wa +tjl/o¢7tjl/6¢) _g(waao) _ g(woc +tjl/a70) _g(waao)
tj tj
g(wa + tjl/outj’/@) -9 (wa + thOHO)
tj

>0+

=0+

)

while for z, € C (v,7,n) we have

g (Za,tha) —9g (ZOM 0)
2

>r

for all ¢; < % Combining this inequality with (3.6) we obtain

g (Za,tjl/@) —4g (wa +tjyoéatj1/@> + g(wa +tj1/o”0) B g(ZOHO)

o<
tj t

L
S - |Zoc - (wa +tjya)‘ )
tj

which gives (3.5), with A :=6/(2L).
Let now wo €c(u,rn) be a Lebesgue point for the characteristic function

XC(v,rn)- Since
By, (wa +tiva, )\tj) C By (wou 2tj) s

by (3.5) we have

LF (B, (Wa, 2t;) N C (v,r,n))

0=1-— XC(v,r,n) (wa) = hm 1-—

j—o00 [,k (Bk (wa, 2tj))
. LF (B (wa, 2t;)\ C (v,7,n))
= lim
o0 LF (B, (wa, 2t5))
. L (B, (wa + tjva, M;) \ C (v,7,1))
> limsu x _ Jrew L
. L (Bg (wa, M) (A)’f
=1 I (2
P T (By (war2t;) 2

which is clearly a contradiction. Hence
£k (C (v,r,n)) =0. (3.7

Let E C S9! be a countable dense set. In view of (3.7) the set

{wa € R* : Vg (wa,0) - v > 8,9 (we,0) for all v € E} C U U U C (v,r,n)
veE reQneN

11



has zero £* measure. By applying the same argument to the function —g and
taking into account (3.3), for £* a.e. w, € R¥ we have that

Vg (wa,0) v =0,9(wy,0) for all v € E.
Using now the fact that ¢ is Lipschitz and Proposition 2.6 yields (3.4). Since

f(uavu@) = (g © h_l) (U’Otvu@)v
and ¢ is of class C'! we have
HY (M NS NU) <HF (B! {(wa,0) : we € RF} N ET)
< Lip (b)) H* ({(a,0) : wa € R¥} NEY)
= Lip (hil) ck ({wa eR”: (wq,0) € Eg}) =0,

where
39 = {w € R?: g is not differentiable at w} .

This concludes the proof. m

Remark 3.2 From the proof of the previous theorem it is clear that if M C R?
is a k-manifold of class C* and 11 is a (d — k)-plane such that f restricted to
u + I1 is differentiable at u for H* a.e. v € M and

Tan® (M, u) + II = R?
for every u € M, then f is differentiable at H* a.e. uw € M.

For the applications to the chain rule in Sobolev spaces we will need the
following variant of the previous theorem.

Theorem 3.3 Let f : RY — R, d > 1, be a Lipschitz function, let {ey,...,eq}
be a basis in R? and let 1 < k < d. Assume that for every o € I (k,d) and for
every H¥-rectifiable set E C S/, where ©1, is the set defined in (3.1), we have

Tan® (B, u) = span {eq,, ., €ay } (3.8)

for H* a.e. u € E. Then for every H*-rectifiable set E C ©f and for H* a.e.
u € E, there exists a € I (k,d) depending on u such that

Tan® (E,u) = span{eq,,...,¢€a, }- (3.9)

Proof. Fix an H*-rectifiable set E C /. By (2.1) and (2.2), we may assume,
without loss of generality, that £ C M, where M is a k-manifold of class C*,
and that

Tan® (E, u) = Tan® (M, u)

for all uw € E. Thus to prove (3.9) it suffices to show that the set

E, = {u € E: Tan® (M,u) # span {eq,, ..., €a,} for every a € I(k,d)}

12



has H* measure zero. Fix u € E;. Since M is of class C', we may find an open
neighborhood U of u such that

Tan® (M, 2) # span {eq, , . - ., €a, } (3.10)
for all z € M NU and for every o € I (k,d). It is enough to show that
HY (EFnMNU) =o0.
By hypothesis, it follows from (3.10) that
HE(SINnMNU)=0
for every o € I (k,d). We can now continue as in the proof of Theorem 3.1. m

Remark 3.4 We remark that if £ = 1 then condition (3.8) is equivalent to the
following one: for every a € I (1,d) and for every H'-rectifiable set E C ¥/ we
have

H' (s (E)) =0, (3.11)
where I : R — R is the projection defined by

w = (U0, ) = s

This follows from the Generalized Area Formula (2.3)
/ T (u) dHY (u) = / HY (5! (v) N E) dH' (v). (3.12)
E I, (E)

A simple calculation shows that
Jilla (u) = [(7 (u))4] (3.13)

where 7 (u) is the tangent unit vector to E at u.
Assume now that (3.11) holds, then from (3.12) and (3.13) we have that

/ (7 ()] dH* (u) = 0
E

which implies that (7 (u)), = 0 for H! a.e. u € E, that is (3.8). Conversely if
(3.8) is satisfied then (7 (u)), = 0 for H! a.e. u € E therefore

/ H° (I3 (v) N E) dH' (v) = 0.
I (E)

Since H° (Hgl (v) N E) > 1 for every v € Il (E), we deduce that (3.11) holds.
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4 Chain rule in W} (RY;R?)

In this section we prove the main results of the paper, namely we give sufficient
and necessary conditions for the validity of the chain rule in Wlf)cl (RN ;Rd).
We begin by studying the validity of the chain rule with respect to a fixed basis
{e1,...,eq} in RY. We recall that A, (RN; Rd) is the class of all functions u in
the space Wli)cl (RY;R?) such that rank (Vu (z)) is either zero or greater than
or equal to k for LV a.e. z € RV.

Theorem 4.1 Let f :R? — R be a Lipschitz continuous function, {ey,...,eq}
be a basis in R, and let 1 < k < min{N,d}. Assume that for every H"-
rectifiable set E C ©f and for HF a.e. u € E there exists o € I (k,d) depending
on u such that

Tan® (E,u) = span {eq,,...,ea, }. (4.1)

Then the classical chain rule (1.3) holds in the class Ap (RY;R?) with respect
to the coordinate system {e1,...,eq}.

Moreover, if k = d — 1, then condition (4.1) is also necessary for the validity
of (1.3) in the class Aq—1 (RV;R?).

Remark 4.2 (i) Since H? = £< it follows by Rademacher’s Theorem that
H? (Zf ) = 0 and so condition (4.1) is automatically satisfied for every Lip-
schitz function f. Hence Theorem 4.1 implies in particular that for any Lipschitz
function f the classical chain rule always hold in Ay (RN ; Rd).

(ii) Note that when ¥/ has o-finite H* measure then in view of Theorem 2.3
it suffices to verify condition (4.1) for the H*-rectifiable part of ¥f, that is

fOI’ (Ef) k—rect ]
We begin with some preliminary lemmas.

Lemma 4.3 Under the hypotheses of Theorem 4.1 the chain rule holds in the
class Ay (RN; Rd) if and only if for every function u € C* (RN; Rd) it holds LV
a.e. in the set

{z e RN . either rank (Vu (z)) > k or Vu (z) = 0}. (4.2)

Proof. Assume that the chain rule holds in the class A (RN ;Rd) and let
u e Ct (RN;Rd) . Since f is Lipschitz, for every 2 € RN such that Vu (z) = 0
it is clear that V (f ou) () = 0, so that the chain rule always holds on the set
{z € RN : Vu(z) = 0}. To proveit in theset A := {z € RN : rank (Vu (z)) > k}
fix xg € A and let m := rank (Vu (2p)) . We claim that there exists B (zq,r) CC
A and a function v € Ay, (RY;R?) such that u = v on B (z¢,r) and rank (Vv) >
m in RY. Indeed it is enough to take

v(z) =@ @) u(z) + (1 - ¢ (@) (u(@o) + Vu (o) (z — 20))
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where ¢ € C! (B (xg,2r)) is such that ¢ = 1 on B (zg,r) and ||[Ve| < %
Then

Vo () = Vu(z) + ¢ (z) (Vu () — Vu (x0)) (4.3)
+ Vo (2) ® (u(z) = u(wo) = Vu(zo) (x — 20)) -

Clearly rank (Vo (z)) = m for all x € RN \ B (x¢,2r). Since u is of class C! for
every € > 0 we may find r > 0 so small that

[Vu(z) — Vu(zg)] <&, |u(x)—u(xg) — Vu(z) (x —x0)| < €l — 20|
for all x € B (zo,2r). Hence from (4.3) we obtain that
[V (z) — Vu(x)] < Ce (4.4)

for all x € B (xo,2r).
Find o € I(m,N) and § € I(m,d) such that, with the usual notation
T = (Za,25) € R"XRY ™™ and u = (ug,uz) € R™xRI™

det Voug (xo) # 0.
Using the inequality
|det A — det B| < C (m) |A — B| <|A|m—1 " |B|m_1)

which holds for A, B € R™*™ from (4.3) and (4.4) we obtain
|det Voug () — det Vaug (z0)] < Ce

for all z € B (x0,2r). By taking ¢ (and in turn r) sufficiently small, we conclude
that rank (Vv (z)) > m for all z € RV,

To prove the opposite implication assume by contradiction that there exists
a function u € A (]RN ;Rd) for which the chain rule fails in a set F c RY
of positive measure. By Theorem 2.7 there exists a function v € C* (RN;Rd)
which coincides with u in a subset of F' of positive measure. This is clearly a
contradiction. m

Lemma 4.4 Under the hypotheses of Theorem 4.1 if $/ contains an H™-
rectifiable subset E with H™ (E) > 0 then, necessarily, m < k.

Proof. Indeed let E be as above and assume by contradiction that m > k. By
(2.1) and (2.2), we may assume, without loss of generality, that E C M, where
M is an m-dimensional manifold of class C!, and that

Tan™ (E,u) = Tan™ (M, u)
for all w € E. Clearly,
H™ (M NE) >o0. (4.5)

15



After a translation and a rotation, and by taking M smaller if necessary we may
assume that 0 is a point of H™ density 1 in M N X/ and that

M C Graphyg, (4.6)

where
Graph g := {v = (vg,vg) eR™ x RI™™ . vg = g(vg)} ,

and g : R™ — R4 is a function of class C'! with g (0) = 0, Vg (0) = 0, and
8 =(1,...,m). Without loss of generality it is also clear that we may assume
that the k-plane

LO = {U:(Uh"' 71)]6707"' aO)GRd: Vg, 7Uk€R}

is not a coordinate plane with respect to the old coordinate system {eq,...,eq}.
For w = (W41, -+ , Wy ) € R™ ¥ let L,, and M, denote respectively the k-plane
L, := {v: (U1, Vky Wht 1, 5 Wip, 0, <+, 0) eRY: vy, -, ER}

and the k-manifold
M, := M N Graph (g|Lw) .

Since Tan® (My, 0) = Ly, by continuity we can assume that Tan” (M,,,u) is not
a coordinate plane with respect to the old coordinate system {eq,...,eq} for all
w € R™* and all u € M, with |u|, |w| < g for some g9 > 0. To conclude
the proof it suffices to show that there is w € R™~* with |w| < &y such that
H* (M, NS7 N B(0,e0)) > 0. Indeed this would contradict (4.1).

By condition (4.5) and by the fact that 0 is a point of H™ density 1 in
M N %7 it follows that the projection P of M N %/ on the m-plane vg = 0 has
positive £™ measure and that 0 € R™ is a point of L™ density 1 for P. By
Fubini’s Theorem there exists w = (wyy1, -+ , W) € R™™F with |w| < gy such
that H* (L, N PN B(0,£0)) > 0. Hence H* (M, N =/ N B (0,£0)) > 0 and the
proof is concluded. m

Lemma 4.5 Letu € Wli)cl (RN; Rd) and assume that there exists a measurable
set F of positive measure such that

rank (Vu (z)) > k

forallx € F, for some 1 <k <min{N,d}. Then there exists a k-dimensional
manifold M C R? of class C* such that

HY (M Nu(F)) > 0.

Proof. As in Lemma 4.3 we may assume without loss of generality that u €
ot (RN ; Rd). Let T € F be a Lebesgue point for the characteristic function x g.
Since rank (Vu (Z)) > k we may find o € I(k, N) and € > 0 such that, with the
usual notation z = (za,zs) € RFXRY K,

rank (Vou (za,25)) = k (4.7
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for every zo € By (Zo,€) and x5 € Byn_i (ZTa,€). Set
A := By (Zn,€) X Bn—i (Ta,€) .
Note that since T is a Lebesgue point we have that
LY (ANF)>0. (4.8)

By Fubini’s Theorem and (4.8) it is easy to see that there exists 5 € By_ (T4, €)
such that
ck ({zo € By (Zg,¢) : (4,25) € F}) > 0. (4.9)

It is clear that
M = {u(ta,&a) : Ta € By (Ta,e)}

is a k-dimensional manifold such that
HE (M Nu(F)) > 0.

]

As a corollary of the previous lemma we obtain the following characterization
of purely H*-unrectifiable Borel sets, which can be considered as an extension
of a classical result of Serrin and Varberg [22].

Corollary 4.6 A Borel set E C R? is purely H*-unrectifiable, 1 < k < d, if
and only if for every N >k

Vu=0LY ae inut(E)
for every u € A (RV;RY) .
Proof. Assume that £ C R? is purely H*-unrectifiable. We claim that
LY (uH(E)n{Vu#0}) =0 (4.10)

for every u € Ay (RV;R?). Indeed if LY (u™* (E) N {Vu # 0}) > 0 for some
u € Ay (RV;R?Y) then, since rank (Vu) > k LY a.e. in u™ (E) N {Vu # 0}, by
the previous lemma, we may find a k-dimensional manifold M C R? such that

HY (M NE) >0,

which contradicts the fact that E is purely H*-unrectifiable.
Conversely assume that (4.10) holds and let M C R? be a k-dimensional
manifold. We claim that
HY (M NE)=0.

If not then we can find a local parametrization ¢ : D C R¥ — M of class C!
such that
H* (Y (D)NE)>0 and rank(Vu) = k.
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This implies that £¥ (DNy~!(E)) > 0. Reasoning as in the first part of
the proof of Lemma 4.3, without loss of generality we may assume that ¥ €
A (RF;R?) and thus we have a contradiction to (4.10). m

We are now ready to prove Theorem 4.1.
Proof of Theorem 4.1. By Lemma 4.3 it suffices to prove that for every
uweC! (RN; Rd) the chain rule holds £V a.e. in the set

{z e R : either rank (Vu(z)) >k or Vu(z) =0} .
Since f is Lipschitz it is clear that

9

5 oW @) =0

whenever Vu (x) = 0. Moreover if u (z) ¢ %/ then there is nothing to prove.
Hence it remains to show the chain rule in set

Ry :=u"t (Ef) N{z € RY : rank (Vu (z)) > k} . (4.11)

We claim that for £V a.e. x € Ry, the rank of Vu (z) is k. Indeed if this is not
the case then there exist a set F' C Ry, with £V (F) > 0 and m > k such that
rank (Vu ()) = m in F. Then by Lemma 4.5 there exists an m-dimensional
manifold M C R? of class C! such that

H™ (M NEF) >0,

which contradicts Lemma 4.4.
Next we prove that for £V a.e. x € R, the affine space

Ty :={weR*: w=u(z)+ Vu(z) v for some v € RV}

is parallel to a coordinate k-plane. For every T € Ry there exists 8 € I(k, N)
such that rank (Vgu (z)) = k. Since u is of class C' it follows that rank (Vgu (x)) =
k for all z € A := By (Tg,€) X Bn_g (:25,5) for some ¢ > 0. By the previous
claim it follows that for £ ae. x € RN A

T ={weR": w=u(z)+ Vau(z) v for some v € R"}.

Therefore by Fubini’s Theorem for LNk qe. z€ By_k (565, 5)

u(y, z) + Tan® (M., u (y,2)) = T 2 (4.12)

for £¥ a.e. y € By (E@,s) such that (y, z) € R, where M, is the k-dimensional
manifold
M. :={u(y,z): y € Bi(2s,¢)}.
Fix z € Bn_g (535, g) for which (4.12) holds. By the assumption (4.1) it follows
that for £F a.e. y € By, (f@,&) with (y,z) € Ry there exists a € I (k,d) such
that
1§, .y = u(y, z) +span{ea,, ..., €a, }- (4.13)

Y,%)
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Moreover by Theorem 2.2 we may assume that for the same set of y’s there exists
the tangential differential d™= f (u (y, z)) . Hence, by Remark 2.1 applied to the
curve v (t) := u (z + te;), by (4.12), and (4.13), for all such points x = (y, z) we
have

0 ou
g () (2) = " (o) [8 (x)}

=3 St G @)

which, since by (4.13)

for all | ¢ {aj,...,a;}, implies that the chain rule holds for £*¥ ae. y €
By, (J?B,E) with z = (y,2) € Ry,. As this is true for LY "% a.e. 2 € By_, (3’05,5),
the proof of the first part of the theorem follows from Fubini’s Theorem.

Finally we show that if k = d — 1, then condition (4.1) is also necessary for
the classical chain rule to hold in the class Agz_1 (]RN ; Rd). By Theorem 3.3 it
is enough to show that for every a € I (d — 1,d) and for every H? !-rectifiable
set F' C %/, where

/= {u €R?: of does not exists at u} ,
8u@

we have
Tan?~! (F,u) = span {ears - v€au .} (4.14)

for H¥1 ae. u € F.
Assume by contradiction that there exist a« € I(d—1,d) and a (d—1)-
dimensional manifold M C R¢ such that

HTL (M NE) >0

and (4.14) fails on a subset E C M N ¥/ with H4~1 (E) > 0. Consider a local
parametrization ¢ : D C R4~ — M of class C'! such that

HL(p (D)NE) >0 (4.15)
and
rank (V) =d —1 (4.16)
in D. Since (4.14) fails in E we have that
Ve #0 inyp~ (). (4.17)

Reasoning as in the first part of the proof of Lemma 4.3, without loss of gener-
ality we may assume that ¢ € Ag_, (Rd_l; Rd). Let

w(z) = (x1,...,2q-1) = €RN, (4.18)
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Then u € Ag_1 (]RN; Rd) and by (4.17)
Vug #0 in ¢ 1 (E) x RN74+1

while by (4.15), (4.16) we have that £V (v~ (E) x RN=9+1) > 0. Hence in

this set the chain rule fails since by definition of X/ the partial derivative aau—f_
does not exists at u (). m
From the previous proof it follows that

Corollary 4.7 Let F be a Borel subset of R? and let o € I (k,d). Then the
following two conditions are equivalent:

(i) for every HE-rectifiable subset E C F and for H* a.e. u € E we have

Tan® (E,u) = span {eq,, ..., €a, }; (4.19)

(ii) for everyu € Ay, (RY;RY) and for LV a.e. x € u™! (F) we have Vug(z) =
0.

Corollary 4.8 Let f : R?2 — R be a Lipschitz continuous function and let
{e1,ea} be a basis in R%. Then the classical chain rule holds in WI})’Cl (RN;R2)
with respect to the coordinate system {e1,ea} if and only if for every H*-rectifiable
set E C X/ and for H' a.e. u € E either

Tan' (E,u) = span {e,} or Tan' (E,u) = span{e,}. (4.20)

Remark 4.9 By Remark 3.4 condition (4.20) is equivalent to requiring that
for all H'-rectifiable sets E; C 2{7 i=1,2,

H' (T1; (F,)) =0 and H'(IIy(E1)) =0
where II; : R> — R is the projection
u = (ur,uz) — uj,

and, we recall

Eif = {u eR?: ﬁdoes not exist at u} .
) 661'

If k < d—1, then condition (4.1) is not necessary for the validity of the chain
rule, as the following theorem shows

Theorem 4.10 Let {ey,...,eq} be a basis and let E C R?, d > 3, be an HI~2-
rectifiable Borel set. Then there exists a bounded Lipschitz continuous function

f: R = R such that the singular set ¥ C E and H?2 (E \ Ef) =0, and for

which the chain rule holds in VVliCl (RN;Rd) for any N € N with respect to the
coordinate system {ey,...,eq}.
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Proof. For simplicity we assume that {e1,...,eq} is an orthonormal basis.
Step 1: Assume first that E is a compact set contained in

{ueR: p(u)=0},

where ¢ : R? — R? is a function of class C! with rank (V) = 2 in E. We show
that for every ug € E it is possible to construct a bounded Lipschitz continuous

function f such that ¥/ = E N B (ug,r) for some small 7 and for which the
chain rule holds.

Consider a bounded Lipschitz continuous function g : R® — R, with g €
C*' (R*\ {0}), such that g(-,-,0) is not differentiable at the origin but admits
all directional derivatives, and such that

99

9 (0)=Vg(0)-v (4.21)

d
for all v € (U Ai> x {0} where
i=1

A :={w = (cosf,sinf) : |0 —6;] <e, |0+ 0; <e},

0; are the angles corresponding to the vectors % (up), and € is chosen so small
that the sets A; are pairwise disjoint. 4Since ¢ is of class C' for r sufficiently
small we have that

Ju e A (4.22)
©

Q|

SQ‘J
—~ |~
S

~—

for all v € B (ug, ).
For u € B (ug,2r) define

f ) =g (o (u),8(u),

where 4 (+) is the regularized distance from the set K := E N B (ug, ) (see [24]).
It is well known that § is a Lipschitz continuous function with § € C* (Rd\K ) ,

édist(u,K) <4 (u) < Cdist (u, K)

for alluERd\K.

4An example of a function satisfying all the desired properties is given by

d
22y II (y cos(0;+&)—z sin(0;+¢)) 2 (y cos(0; —e) —z sin(0; —e))?
g(@,y,2) = = cATAd g Atady 2 if (z,y) ¢ D,
0 otherwise,

where D is the set of all points of R? whose angle belongs to A; for some 1.
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Extend f as a bounded C* function on R?\ B (ug, ). We claim that ¥/ = K.
It is clear that ¥/ C K. To prove the opposite inequality fix @ € K and let
&€ S9! Then

fa+ tgt) —f@ _9 (i (@) + 52 (@) + oit), o(t)) =9 (o (@) ,0) (429
IGORE S <u>t,o) RAAGIUIN

where we have used the facts that ¢ is Lipschitz, ¢ is of class C', and 62 €
Ct (Rd) with V62 = 0 on K. Hence

of dg

G = 5 (£(0).0 o . (4.24)
where
L sE@
To\E@|

Since g (-, -, 0) is not differentiable at the origin by Proposition 2.6 we may find
a direction v = (w,0) € %\ Ule A; such that

9 (0) £ Vg (0) v

14

Using the fact that rank (Vi) (@) = 2 we may find a direction & € S?~! such
that (%f} (@) =w ‘% (ﬁ)’ # 0. Moreover by (4.21), (4.22), and (4.24)

V(@) - & = Vg (0)- (gg <u>,o) V90 v |5 @
99 Oy of

20|58 @)= 5L @

and so f is not differentiable at @. This shows that ©f = K.

Next we prove that the chain rule holds for f. As in the proof of Theorem
4.1, to show the validity of the chain rule in I/Vli)cl (RN ; Rd) it is enough to prove
it for any u € C*! (RN ;Rd). Moreover it is clear that we can assume, without
loss of generality, that N = 1. If u(x) ¢ ¥/ then there is nothing to prove,

hence assume that u (z) € £/. As in (4.23) we have that
flu(@+1) - f(u(z))

t
_9((pou) (@) +t(pou) (x).0) —g((pou)(z),0) (1)
t
g((pou)(x+1),0) —g((pou)(z),0)

= ; + o(1).
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Hence (fou) (z) = (g(-,-,0) o (pou)) (z) for every z € u~! (Xf). Since the
chain rule is valid for g(-,-,0) by Theorem 4.1, it follows that for £! a.e. x €
u ™t (21)
(fou) () = Vag ((pou)(z),0) - (pou) (z)
= (Vag ((pou)(z),0) Ve (u(x))) v ()
=Vf(u(@))- ()
where a = (1,2) and in the last equality we have used the fact that

;‘Z (u(x)) = Vag (¢ 0u) () ,0) ji (u(z),0)

which follows from (4.21), (4.22), and (4.24). Therefore the chain rule holds.
Step 2: Assume now that £ C R? is a H? 2-rectifiable set, that is

E:GKjuN

Jj=1

where H?~2 (V) = 0 and the sets K; are disjoint compact subsets of (d — 2)-
manifolds of class C*.

Fix j € N. By Step 1 it is clear that for each u € K; we can find r, > 0 such
that for all 0 < r < r, there exists a bounded Lipschitz continuous function
fu.r with /e = K; N B (u,r) and for which the chain rule holds. The union of
all such balls for v € Kj is a fine cover for K; and hence, by Vitali-Besicovitch
covering Theorem (see e.g. Thm. 2.19 in [4]) we can find a countable sequence
of disjoint closed balls B (uy,,r,) such that

HA2 (Kj\ D B (un,rn)> = 0.

n=1

By repeating the same procedure for each K it is clear that we can find a
sequence of bounded Lipschitz continuous functions f,, for which the chain rule
holds, and such that the sets ¥/» are pairwise disjoint compact subsets of F

with
o0
HI2 (E U zfn> =0.
n=1
Moreover we can assume that the partial derivatives of every f,, exist everywhere

in R? (see Step 1).
We may now define

=1
F) =3 g fa @), Ln:=lfallwrqas -
n=1 n
It is clear that f is bounded and Lipschitz continuous. We claim that

=5 (4.25)

n=1
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Indeed, if u ¢ |J £/ then for any ¢ € S9!

n=1

0 > Ofn Sl
) =3 G A W= VA W) €=V (€ (420)

n=1 n=1

where we repeatedly used the fact that we can differentiate term-by-term. By
Proposition 2.6 and since f is Lipschitz continuous it follows that u ¢ /.

o0
Conversely if u € |J ¥/ then there exist a unique ng € N such that u € X/,
n=1
Write 1
f=fno + Z mfn

n#no
Arguing as in (4.26) we deduce that the function > 52— f, is differentiable
n#ng n
at u. Since u € ¥/ it follows that u € ¥/. Hence (4.25) holds.
Finally to show that the chain rule holds for f let u € C*! (R; Rd) . Since for
L' a.e. x € R the functions f,, o u are differentiable at x and

(faow) (z) = Vfn (u(2)) - (2)

for all n, using once more term-by-term differentiation we conclude that

(fow) () =V f(u(x)) v ()
for £! a.e. € R. This concludes the proof. m

Remark 4.11 (i) It is clear from the previous proof that given any finite family
& of bases in R? and any H% 2-rectifiable set £ C R?, d > 3, one can construct
a Lipschitz continuous function f : R? — R such that the singular set ©f ¢ F
and H9~2 (E\ £/) = 0, and for which the chain rule holds in W\ (RY;R?)
with respect to every coordinate system {ey,...,eq} in £.

(ii) It is clear that the above construction can be carried on for every 1 <
k < d—2. We considered the case k = d — 2 because it represents somehow the
worst possible situation.

All the results presented so far depend on the particular choice of the coor-
dinate system {ey,...,eq}. We address next the case where the chain rule holds
with respect to every coordinate system.

Theorem 4.12 Let f : R? — R be a Lipschitz continuous function, let 1 < k <
min {N,d}. Assume that the set 7 is not purely H*-unrectifiable. Then there
exists a coordinate system in R? for which the classical chain rule (1.3) fails in
the class Ay, (RN; Rd). Hence a necessary and sufficient condition for the chain
rule (1.3) to hold in Ay (RN; Rd) with respect to every coordinate system is that
7 is purely H*-unrectifiable.
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Remark 4.13 Note that if k = d — 1 then the result follows immediately from
Theorem 4.1. Indeed, since (4.1) must hold for every coordinate system, it is
clear that ©f must be purely H*~'-unrectifiable.

Proof of Theorem 4.12. The sufficiency part of the statement follows im-
mediately from Theorem 4.1. The rest of the proof is devoted to showing the
necessity part.
Step 1: We consider the case k = 1. Let v : [0,1] — R be a C! regular
Mgr
Fix ty € [0,1] and a unit vector e different from +7 (t9) and not orthogonal to
7 (to) . Let et be the hyperplane orthogonal to e and let o () be the unit vector
obtained by projecting 7 (t) on et and normalizing.

We claim that for £! a.e. t in a neighborhood I of ¢y the function f restricted
to the plane « (t) + span {e, 7 (¢)} is differentiable at v (¢).

Indeed considering an orthonormal basis {eq,...,eq4—1,e} by the validity of
the chain rule and the fact that e-7 (tg) # 0 it follows that the partial derivative

% (77 (t)) exists for £ a.e. t near to. If 7 (t) = 7 (o) for all ¢ near ¢y then since

curve. For every ¢ € [0,1] denote the unit tangent vector by 7 (t) :=

by Rademacher’s Theorem % (7 (t)) exists for £! a.e. t near ¢y the conclusion
follows from Remark 3.2 applied to f restricted to the plane

7 (t) + span{e, 7 (1)} = v (to) + span{e, 7 (t0)} -

If 7 (t) is not constant near to then as in the proof of Theorem 3.1 we can reduce
to the previous case by using a local diffeomorphism. We omit the details.
Hence the claim holds and therefore for £! a.e. t € I we have

af](ct) (v (1) = % (Y@) (7 (t) - e) + 5‘5{15) (Y () (r () - o).  (4.27)

Moreover by the chain rule for every orthonormal basis {eq,...,eq4_1, e} and for
Llae tel
d—1
(o) =m0 ®-0+ 3> 2L 0
d—1
=L O+ Y S G @0 (10 1),
or, equivalently
d—1
5 1) =5 D09+ X AW 0@ 00 0),
Hence also by (4.27) for every orthonormal basis {e1,...,eq_1,e} and for £
a.e. t € I we have that
d—1
o) 00 =L 5, 0O (0. (429)



Define the invertible linear transformation L : R¢ — RY as

L(u):=u+ (u-e)w, (4.29)

where w € el is a unit vector different from +o (to) and let fr := fo L,

yr = L~ 0. Since the chain rule (1.3) holds in V[/'l(l)c1 (RY;RY) with respect to
every coordinate system it is clear that it also holds for f; with respect to every
coordinate system. Therefore we can also assume that for every orthonormal
basis {e1,...,eq—1,¢} and for L' a.e. t € [0,1]

d—1
o O, () = > o

where as before o, (t) is the unit vector obtained by projecting the tangent unit
vector 77, (t) on e and normalizing. Since by (4.29) for any v € et N S9! we
have that

ofL

T (1) = SL (),

the above identity can be rewritten as

af S of
g T or (t) - e). (4.30)

80'L

t) (oL (t) - ),

Let B be a countable dense family of orthonormal bases in et, and, for every
t € I, let B (t) be the dense subfamily composed by all bases {e1,...,eq—1} € B
such that o (t)-e; #0fori=1,...,d—1. From (4.28) and from our conventions
on the validity of the chain rule it follows that

exists for L1 a.e. t € I, for every {ey,...,eq_1} € B(t), and for every i =
1,...,d—1. By (4.28) and (4.30) there exists a set N’ C I with £! (N) = 0 such
that for all t € T\ NV and for any two bases {e1,...,eq_1} and {€1,...,€64-1} in
B (t) we have that

d—1 8f
Zae, CORSED DA CIONCIORS
d—1 d—1
S o= Lo«

Since for every t near to the space e is generated by vectors of the form o, (t) —
o (t) for a suitable choice of linear maps L satisfying (4.29), it follows that

d—1



for all t € T\ M. As this holds for any pair of orthonormal bases in B (t)
by Proposition 2.6 it follows that f restricted to the hyperplane v (¢) + et is
differentiable for all ¢ € T\ N. By Remark 3.2 this implies that f is differentiable
at 7 (t) for £ a.e. t near ¢y. Since this is true for any to € [0, 1] a compactness
argument allows to conclude that f is differentiable at H' a.e. point of 7.
Given the arbitrariness of the curve v we may conclude that %/ is purely H!-
unrectifiable.

Step 2: If 1 <k <d—1, let M C R? be a k-dimensional manifold such that

Mnx #£0

and let @ € M NS, We claim that there exists € > 0 such that f is differentiable
for H* a.e. u € B (u;e) N M. Fix any @ € M N'%/ and consider a local regular
parametrization 1 : D C RF — M of class C* such that @ € 1 (D), where D is
an open set and 1 (0) = @. Let e € S be a vector transversal to Tan” (M, @),
that is e is not orthogonal and it does not belong to Tan® (M, u). Taking a
smaller D, if necessary, we may assume that g—i (z) is not parallel to e for every

x € D. Let e* be the hyperplane orthogonal to e and let B be a countable dense
family of orthonormal bases in et and, for every = € D, let B () be the dense
subfamily composed of all bases {e1,...,eq4—1} € B such that 88—;1’1 (z)-e; # 0 for
i=1,...,d—1. Let o (z) be the vector obtained by projecting g—ﬁ (z) on et

and normalizing. Define the invertible linear transformation L : R* — R? as
L(u):=u+ (u-e)w,

where w € el is a unit vector different from 4o (0) and let f; := f o L and
W, = L' o4). Without loss of generality assume that

D = B;(0;7) x Br_1 (0;7),

where r > 0 is so small that w # +o () for every € D and write z = (z1,2') €
R x RF=1. Since f and f;, satisfy the chain rule in the class A (Rk; ]Rd) with

respect to every coordinate system of the form {ej,...,eq_1,eq} where e4 := ¢
and {e1,...,eq—1} is in B, we have
9 = of Oy
5 VoD@ =X 5 (6@ 5t @),
oft 0y

(¥ (z))

i Oxy

P d
o (fLow) @) =3 (@)

and for £* a.e. z € D, where %(¢ (7)) exist near z := ~! (), when-

ever {e1,...,eq—1} € B(x), as gf; () # 0 by the definition of B (z). By

Fubini’s Theorem and using the fact that B is countable, there exists a set
M C Byj,_1 (0;7) with £~ (M) = 0 such that for all 2’ € By_; (0;7) \ M and
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for every coordinate system of the form {eq,...,eq—1,€4}, where eq := e and
{e1,...,e4—1} is in B, we have

) 9 o
g (Fov) <x>§af (0 (e1,27) G (2,)
5 ¢ a / 8 7 /

ngl(fLm/f) (z1,2") :Z aj;f (¢ (931@))87;{31(501@)

for £! a.e. z1 € By (0;7). Fix 2’ € Bg_1(0;7) \ M and consider the curve
¥ (-, 2"). Reasoning as in the previous step it follows from the above identities

that for £ a.e. 1 € By (0;7) and for every coordinate system {ej,...,es—1} in
B we have
o ) d—1 P ,
o) 007 = = oL (@0 (0 (10" - )
Ofr S

(e (e1,2) = 3 S5 (o (w1,07) (o1 (21,2') - €0).

0o (x1,2") -

€;
)

We may continue as in the previous step to conclude that for £! a.e. z; €
B (0;7) the function f is differentiable at ¢ (z1,2’). Since this is true for all
x’ € By_1(0;7) \ M by Fubini’s Theorem we have that f is differentiable at
Y (z) for L¥ a.e. x € D. Hence f is differentiable H* almost everywhere in
¥ (D). This concludes the proof. m

Remark 4.14 It is clear from the previous proof that for =/ to be purely H*-
unrectifiable it is enough to assume that the chain rule (1.3) holds in A (RY; R?)
with respect to a dense set of coordinate systems.

5 Chain rule in BV (;R?)

In this section we extend the results of the previous section to the space of
functions of bounded variation. We refer to [4] for the definition and main
properties. As already mentioned in the introduction a weak form of the chain
rule in BVjoe(RY;R?) was established by Ambrosio and Dal Maso in [2] for any
Lipschitz continuous function f : R? — R (see also [10] for a different proof in
the scalar case d = 1).

We study here the classical chain rule. Since by a result of Alberti [1] the
Cantor part of the distributional derivative of a function of bounded variation
has rank one, to extend the results of the previous section we can only consider
the case k = 1.

Theorem 5.1 Let f : R? — R be a Lipschitz continuous function, let {ey, ... eq}
be a basis in R?, and assume that for every H'-rectifiable set E C %5 and for
H! a.e. u € E, there exists i € {1,...,d} depending on u such that

Tan' (E,u) = span {e;} . (5.1)
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Then for every u € BVioe(RY;RY) and j =1,..., N we have

d
Dy (Fou) (®Y\S (1) =Y o7 () Dl BY\S (W), (5:2)

where % (ux) Dju; is interpreted to vanish on sets where |Dju;| vanishes, and

D(fou)S(u)= (f(u")—f(u))v|S(u). (5.3)

We present some preliminary results which extend to functions of bounded
variation the lemmas of the previous section. The main difficulty is the treat-
ment of the Cantor part of the distributional derivative.

The next two results are well-known. We present her a proof for the conve-
nience of the reader.

Lemma 5.2 Letu: (a,b) — R be a function of bounded variation. Then there
exists a continuous function of bounded variation v : (a,b+ 1) — R? such that

u(a,b) Cv(a,b+1).

Proof. Step 1: Assume first that u is scalar valued and monotone and let
I C (a,b) be any countable set such that

S(u)CI.
Write I as I = {t,,} and define
)i=t+ Z on (a,b).
tn<t

Then s : (a,b) — (a,b+ 1) is a one-to-one function whose discontinuity set is I.
Let
I, :=lan,by], neN,

an =t, + Z %, by, :=t, + Z %7

t;<tn t;<tn

and

and let ¢ = ¢ (s) be the inverse function of s. Define
v(s) = u(t S)) s € (a,b+1)\UIn,
Qn(u( ) (t;))(s_bn)"i_u(tvt) Se[n:[a’nabn]-

Clearly
u(a,b) Cv(a,b+1).

The function v is strictly monotone and hence of bounded variation. Moreover,
since u is continuous on (a,b) \ I and ¢ (s) is continuous on (a,b+ 1)\ UL, it
follows that v is continuous on (a, b+ 1)\ I,,. The function v is also continuous
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in the interior of each I,, and thus it remains to check continuity at the endpoints
of each I,,, but this follows immediately since

lim v(s) = lim+2" (u(th) —u(ty)) (s=bn)+u(t)) =ul(ty)

lim v(s) = lim u(t(s)) =u(t;,)

and similarly for b,,. Thus v is continuous.
Step 2: In the general case where u : (a,b) — R? let u = (u1,...,uq) and for
each i = 1,...,d we may write u; as

U = Wi — Zi,

where w;, z; are monotone functions. Let I be the union of points of disconti-
nuity of w;, z; for all i = 1,...,d. Clearly

S(u) CI.

By Step 1 we may construct functions @;, Z; : (a,b+ 1) — R?, continuous and
monotone, such that

wi(avb)c’d}i(avb+1)7 Zi(avb)cgi(a7b+l)

for all i = 1,...,d. The function v := (W — 21,...,Wq — Z4) satisfies all the
desired properties. m

Corollary 5.3 Let u : I — R? be a function of bounded variation, where I is
an interval. Then u (I) is H!-rectifiable.

Proof. By the previous lemma there exists a continuous function of bounded
variation v : J — R such that

u(l) Co(J)

for some interval J. The result now follows from Th. 16 in [9]. m

As a consequence of the previous lemma we deduce the following result,
which although not needed in the remaining of the section, it is of interest in
itself since it completes Proposition 3.92(c) in [4].

Proposition 5.4 Let E be a set of R:. Then the following properties are equiv-
alent:

(i) E is purely H'-unrectifiable;
(ii) HY(E Nw(R)) = 0 for any for any function w € BViy.(R; R%);

(iii) for all N € N and for any u € BVioc(RY;R?) the measure | Du| vanishes
on the set u;*(E) N (RN\ S (u)), where |Du|, u. and S (u) are, respec-
tively, the total variation of the distributional derivative Du, a precise
representative and the jump set of u.
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Proof. We begin by showing that (i)=-(ii). Let w € BVjo.(R; R?) and consider
(a,b) C R. By the previous lemma there exists a continuous function of bounded
variation v : (a,b+ 1) — RY such that

u(a,b) Cv(a,b+1).

Since HY(ENwv(a,b+1)) =0 (see [9], [11]) the result follows.
To prove the implication (i)=-(iii) let E be a purely H!-unrectifiable and
consider u € BVjo(RY;R?). We follow the proof of Lemma 2.1 in [15]. Fix

i€{l,---,N}. Forevery x = (z1, -+ ,zn) € RY we denote by 2’ € RV~! the
vector
(1, ,Tim1, i1, -+ ,xn) 1 <i<N,
=19 (1, ,on-1) ifi=N,
(x2,-+ ,zN) ifi=1,

and we write, with an abuse of notation,
R
x=(2',z;).

By Theorem 3.108 in [4] for LN ~! a.e. 2/ € RV~ the function

/

u® (t) :=u(2',t) teR

belongs to BVi,.(R; R?), and

’

v(t) = (us)” (t) =u.(2',t) teR
is a good representative for u” . By (i)
HY(ENwv(R)) = 0.
By Proposition 3.92(c) in [4]
|Do| (M N (R S (v))) =0,

where M := v~ }(ENv(R)) and so

(v (Rys (@)))) =0

for LN=1 ae. 2/ € RV~1. Since this is true for all i = 1,..., N by Theorems
3.107 and 3.108 in [4] we have

’D ()"

|Dul (u; ' (B) N (RY\ S (u))) =0.
(]

Lemma 5.5 Let E C R? be H!'-rectifiable and let o = 1,...,d. Then the
following two conditions are equivalent:
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(i) for H' a.e. u€ E
Tan' (E,u) = span {eq} ; (5.4)

(i3) for every u € BVipe(RY;RY),

|Dug| (u; '(E) N (RN \ S (u)) = 0.

Proof. By Corollary 4.7 we only need to show that (i) implies (ii). Assume (i),
fix u € BVioe(RY;R?) and let E; be the set of u € E for which (5.4) does not
hold. Then H' (E1) = 0 and so by Proposition 3.92(c) in [4]

|Dul (u; ' (B) N (RY\ S (u)) = 0.
Let T' ¢ R? be a C*! curve such that
HY (TN (E\ Ey)) > 0.

By taking I" small enough we may assume that there exists an open set D C R?
and a function ® : D — R~ of class C' such that D® has rank d — 1 for every
x € D and

'={weD: ®(w)=0}.

By Proposition 3.92 in [4] the measure D (® ow) vanishes on all subset of
u; M (D) N (RY\ S (u)) € (@ou).' (0)N (RN \ S (P ou)). By the classical chain
rule in BV (see Theorem 3.96 in [4]) we have D (® o u) = V® (u.) Du, hence

dDu (z) =
d|Dul| B

DO (u. (2))

for |Du| a.e. z € u;*(T') N (R \ S (u)). Hence cﬁgg\ () € Tan' (T, u, (z))
for [Du| a.e. z € uz (') N (RN \ S (u)) and by (i) we have that we have that
%(x) =0 for [Du a.e. z € uy*(E) N (RN \ S (u)). This shows (ii). =
Proof of Theorem 5.1. For the proof of (5.3) we refer to Step 2 of the proof
of Theorem 3.96 in [4].

Step 1: Consider first the case N = 1. By Theorem 2.1 in [2] for |Du| a.e.

x € R\ S (u) the restriction of the function f to the affine space

dDu

T = {y eERY: y=u, (z)+ zm (x) for some z € R} (5.5)

is differentiable at wu. (x) and
D(fou)=V (flTu) (us) Du  as measures on R\ S (u). (5.6)
On u;' (R?\ ©/) the right-hand side of (5.6) coincides with

V f (uy) Du.
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Let

Yy = u. (R)NES

By Corollary 5.3 the set ¥, is H!-rectifiable. By (5.1) we may decompose 3,
as

d
Se=JEiuwN,
i=1
where
Tan' (2, u) = span {e;} .

for all u € ¥; and H! (N) = 0. By Proposition 3.92 in [4] the measure Du
vanishes on all subsets of u; 1 (N)N(R\ S (u)) and so it is enough to show that
for every fixed i = 1,...,d the chain rule holds on u;1(%;) N (R\ S (u)). Since
by Lemma 5.5

dDu 1
D] (z) € Tan" (X;, us (x)) = span{e;}
for |Dul a.e. z € u;*(3;) N (RY\ S (u)) it follows that for all j # i

dD’LLj -
Du] (£)=0 (5.7)

for [Du| a.e. z € u;1(X;) N (R\ S (u)), and, from (5.1), that

V (flgy ) (e (@) = 5 (@)

for |Du| a.e. z € u;'(X;) N (R\ S (u)) and hence from (5.6) we conclude that

on u; (X)) N(R\ S (u)), since gefJ (us) Duj is interpreted to be zero whenever
Du; vanishes.

Step 2: The general case follows exactly from the previous step by a slicing
argument entirely similar to Step 2 of the proof of Theorem 2.1 in [2], we omit
the details. =

From the previous theorem and Theorem 4.12 we deduce the following result:

Theorem 5.6 Let f : R — R be a Lipschitz continuous function. Assume
that the set ©F is not purely H'-unrectifiable. Then there exists a coordinate
system in R for which the classical chain rule (5.2) fails in BVio(RY;RY).
Hence a necessary and sufficient condition for the chain rule (5.2) to hold in
BViee (RN RY) with respect to every coordinate system is that 7 is purely H'-
unrectifiable.
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