A STRONG FORM OF THE QUANTITATIVE ISOPERIMETRIC
INEQUALITY

NICOLA FUSCO AND VESA JULIN

ABSTRACT. We give a refinement of the quantitative isoperimetric inequality. We prove that
the isoperimetric gap controls not only the Fraenkel asymmetry but also the oscillation of the

boundary.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In recent years there has been a growing interest in the study of the stability of a large class
of geometric and functional inequalities, such as the isoperimetric and the Sobolev inequality.
After some early work going back to the beginning of last century the first quantitative version
of the isoperimetric inequality in any dimension was proved by Fuglede in [6]. He showed that
if £ is a nearly spherical set, i.e., is a Lipschitz set with the barycenter at the origin and the
volume of the unit ball By such that

OF ={z(1+u(z)): z€ 0B}, (1.1)

with [|u|/y1.00 small, then
lull3r 2095, < CLP(E) — P(B)] . (1.2)
Here P(-) denotes the perimeter of a set. From this estimate he was able to deduce that the
perimeter deficit P(E)— P(Bj) controls also the Hausdorff distance between F and B, whenever
E is nearly spherical or convex.
However, Hausdorff distance is too strong when dealing with general sets of finite perimeter
and one must replace it (see [9]) by the so called Fraenkel asymmetry index

{ |[EAB,(y)|

rn

. |1B,| :|E|}.

a(E) = yrgﬁ{rrll

Then, the quantitative isoperimetric inequality states that there exists a constant C = C(n)
such that

a(E)? < CD(E), (1.3)
where D(F) stands for the isoperimetric deficit
P(E) - P(B, )
p) = PEV LB g = 8.
r

Note that in this inequality, first proved in [7] with symmetrization techniques, the exponent
2 on the left hand side is optimal, i.e., it cannot be replaced by any smaller number. Later
on Figalli, Maggi and Pratelli in [5] extended (1.3) to the anisotropic perimeter via an optimal
transportation argument, while a short proof in the case of the standard perimeter has been

recently given in [3] with an argument based on the regularity theory of area almost minimizers.
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In this paper we prove a stronger form of the quantitative inequality (1.3). The underlying
idea is that the perimeter deficit should control not only the L! distance between E and some
optimal ball, that is the Fraenkel asymmetry, but also the oscillation of the boundary.

Let us fix some notation. Given a ball B,.(y), let us denote by 7, the projection of R\ {y}
onto the boundary 0B, (y), that is

y
[z — |

Tyr(z) =y +7r for all x #£ y

and let us define the asymmetry index as

ace) = min (AP (L o) v et Pare ) 11 = 1)

yER™ rh

where 0*F is the reduced boundary of E and vg is its generalized exterior normal. Then, our

main result reads as follows.

Theorem 1.1. Let n > 2. There exists a constant C(n) such that for every set E C R™ of finite
perimeter
A(E)> < CD(E). (1.4)

A few comments on this inequality are in order. First, let us observe that (1.4) is essentially
equivalent to the estimate (1.2) for nearly spherical sets. In fact, if |E| = |By| and OF is as in
(1.1), then the normal vector at a point x(z) = z(1 + u(z)) is given by

z(14+u(z)) + Vyu(z
p(a(z)) = 20 UEDE V)
V({4 u)?+ Ve

where V., u stands for the tangential gradient of u on the unit sphere. Therefore, recalling that

||u||lypi00 is small, one easily gets
o2 1/22
A(E)2 < |:|EABl| + </ ‘VE(JU) — 7‘ dHn1> :|
OF |z|

< CK/B Iuldw>2+/aBl (1— \/(14_11—;:—(5\)V7u2>d7{n_1]

gc[/ yuPd:c+/ vau\de”—ll
Bl 8B1

Hence, (1.4) follows by combining this inequality with (1.2).

Next observation is that since the second integral in the definition of A(E) behaves like the
L? distance between two gradients, it should control the symmetric difference |EAB,(y)| as in

a Poincaré type inequality. This is precisely the statement of the next result.

Proposition 1.2. There exists a constant C(n) such that if E is a set of finite perimeter, then

A(E) + /D(E) < CH(E), (15)

where

() = min{ (s | *Erum)—VBT@)(rryW(x))FdH“1<z>>1/2: Bl=1gl}. 00
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In view of (1.5), the proof of the strong quantitative estimate (1.4) reduces to proving that
B(E)? < CD(E), (1.7)

for a suitable constant C = C(n).

In order to prove this inequality we follow the strategy introduced in [3] for proving the
quantitative inequality stated in (1.3), with some further simplifications due to [1], where a
different isoperimetric problem is considered (see also [8] for a similar approach).

The starting point is the above observation that Fuglede’s result implies (1.7) for nearly
spherical sets. Then, we argue by contradiction assuming that there exists a sequence of equi-
bounded sets Ey, C Bg,, for some Ry > 0, |E)| = |B1|, converging in L! to the unit ball and for
which (1.7) does not hold. The idea is to replace this sequence by minimizers F, of the following

penalized problems
) 1
min{ P(F) + 7|B(F)* — 3(B)?| + A[|F| = [Bil] : F C Br,}.

where A > n is a fixed constant. Then, we show that also F}, converges in L' to the unit ball.
Moreover, each F}, is an area almost minimizer. Thus, a well known result of B. White (see [11])
yields that the sets F}, actually converge in C'! to the unit ball, and in particular that for k large
they are all nearly spherical. This immediately gives a contradiction on observing that if (1.7)
does not hold for Ej, the same is true also for Fj.

We conclude with a final remark. In order to prove the area almost minimality of the sets
F}, we have to show preliminarily that they are area quasiminizers. This is a much weaker notion
than almost minimality (see definition (2.2) below), but it is enough to ensure that the sets are
uniformly porous (see [4] and [10]). This mild regularity property turns out to be an essential

tool to pass from the L! convergence to the Hausdorff convergence of the sets.

2. PRELIMINARIES

We denote by B,(z) a ball with radius 7 centered at x and write B, when the center is at
the origin. We set w,, := |Bi|. If E is a measurable set in R” we denote by P(F) its perimeter
and by 0*F its reduced boundary. The generalized outer normal will be denoted by vg. For the
precise definition of these quantities and their main properties we refer to [2].

A key tool in the proof of Theorem 1.1 is the result by Fuglede [6]. As observed in the
Introduction, it implies (1.4) for Lipschitz sets which are close to the unit ball in W1,

Theorem 2.1 (Fuglede). Suppose that E C R™ has its barycenter at origin, |E| = wy, and that
OE ={(1+u(z))z: z € 0B}
for w.e W>°(dBy). There exist ¢ > 0 and g9 > 0 such that if |[u|ly1.009p,) < €0, then
D(E) > ¢llullfzop,) -

Moreover,
B(E)? < A(E)? < CoD(E). (2.1)

for some positive constant Cy depending only on n.
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Another key ingredient in our proof is the regularity of area almost minimizers. To this aim,
we recall that a set F' is an area (A, rg)-almost minimizer if for every G, such that GAF € B, (x)
with r < rg, it holds

P(F) < P(G) + Ar".
Next result is contained in [11].
Theorem 2.2 (B. White). Suppose that Fy, is a sequence of area (A, o)-almost minimizers such
that

sup P(Fy) <oo and xp, — XB, n L'
k

Then, for k large, each F} is of class CY3 and
oF, = {(1 —l—uk(z))z ‘ S 631},
with ug, — 0 in CY*(0By) for every a € (0, %)

We will also use the theory of the so called area (K, rg)-quasiminimizers. We say that a set
F' is an area (K, ro)-quasiminimizer if for every G, such that GAF € B,(z) with r < r¢, the
following inequality holds

P(F; B (x)) < K P(G; By(x)). (2.2)

Here P(G; B,(z)) stands for the perimeter of G in B, (x).
The regularity of (K, rp)-quasiminimizers is very weak. Nevertheless we have the following
result by David and Semmes [4], see also Kinnunen, Korte, Lorent and Shanmugalingam [10],

where the result below is proven in a general metric space.

Theorem 2.3 (David & Semmes). Suppose that F is an area (K, ro)-quasiminimizer. Then, up
to modifying F in a set of measure zero, the topological boundary of F' coincides with the reduced
boundary, i.e., OF = 0*F.

Moreover F and R™ \ F are locally porous, i.e., there exist R > 0 and C' > 1 such that for
any 0 < r < R and every x € OF there are points y,z € B.(x) for which

BT/C(y) CF and B’I‘/C(Z) CR" \ F.

3. PROOF OF THE THEOREM

In this section we give the proof of Theorem 1.1. Since the quantities A(F) and D(E)
in (1.4) are scale invariant, we shall assume from now on and without loss of generality that
|E| = wy,. Moreover, in view of Proposition 1.2, whose proof will be given at the end of this

section, we will only need to prove the estimate (1.7).
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Thus, we begin by giving a closer look to the oscillation term 3(FE) defined in (1.6). Observe
that by the divergence theorem we immediately have

; Hz) = Ty -
2ﬂ;EWE@>—”&wﬂmw@deH 1@a—¥é%(1—yE@>wx_deH ()

n—1
= P(F) — dx .
(&) /Elw—yl !

Therefore, we may write

B(E)? = P(E) — (n— 1)y(E), (3.1)
where we have set )
v(E) = ??é%}’i/E Py dx . (3.2)

We say that a set E is centered at y if

BE)” = /aE (1 ~vp- é — ;) dH" ().

Notice that in general a center of a set is not unique.

The following simple lemma shows that the centers of sets, which are close to the unit ball

in L', are close to the origin.

Lemma 3.1. For every € > 0 there exists § > 0 such that if F C Br, and |FAB;| < 0, then
lyr| < € for every center yr of F.

Proof. We argue by contradiction and assume that there exist Fj, C Bg, such that F, — B; in
L' and yp, — yo with |yo| > €, for some € > 0. Then we would have

1 1
R

Letting k — oo, by the dominated convergence theorem the left hand side converges to [ B, ﬁ dx,
1
lz—yol

1 1
/ dxg/ 1
By || B |z — yol

By the divergence theorem we conclude that

/ 1dx§/ x'x—yg dzr
8B 8B |z — ol

and this inequality may only hold if yg = 0, thus leading to a contradiction. g

while the right hand side converges to [ B, dz. Thus we have

The next lemma states that in order to prove (1.7) we may always assume that our set E is
contained a sufficiently large ball Bg,. The proof follows closely the one given in [5, Lemma 5.1]

and we only indicate the few changes needed in our case.

Lemma 3.2. There exist Ry = Ro(n) > 1 and C = C(n) such that for every set E, with
|E| = wy, we may find E' C Bg, such that |E'| = wy, and

B(E)? < B(E"*+CD(E), D(E'")<CD(E). (3.3)
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Proof. Let us assume that D(E) < i(Ql/” —1). Otherwise, observing that 3(E)? < P(E) =
P(B1) + D(FE), (3.3) (and in turn (1.7)) follows at once taking E’ = By and a sufficiently large
constant C(n).

Moreover, up to rotation, we may also assume without loss of generality that
H" ({z | vp(z) = £e;}) =0

foranyi=1,...,n.
Arguing exactly as in [5], we may find 71, 75 such that 0 < 7a—71 < py, for some py depending
only on n, such that the set E = EN{z |7 <z < 7} satisfies

\E|Z\Bl\<1—2235£i)1) and  P(E) < P(E). (3.4)

The latter inequality follows simply from the fact that we cut E by a hyperplane.
The first inequality in (3.4) and the isoperimetric inequality yield

D(E)

= 1/n| o2t Unip s (11—
P(E) > nw,/™|E| > nw,"| B <1 221/n_1

); > P(By) (1 - C D(E)).

From this inequality, using (3.1) and (3.2) and denoting by ¥ the center of E, we get

B(E) — B(E) < (P(E)— P(E) + | "L go— [ 221 4y
Blr—ygl Bl —ypl (3.5)

< D(E) + P(B)) — P(E) < C1D(E).

Set now

1/n _
A= (leEl\‘) and E = \E.

From the first inequality in (3.4) we get that 1 < A < 1+ C9D(FE), while the second inequality
yields

P(E') = \""'P(E) < (1+ C3D(E))P(E)
and the second inequality in (3.3) follows. On the other hand from (3.5) we get

B(E"? = \"IB(E)* > B(E)* > B(E)? — C1D(E),

that is the first inequality in (3.3). The proof is completed by repeating the same argument for

all coordinate axes. 0
We will also need the following corollary of the isoperimetric inequality.

Lemma 3.3. Suppose that Ry > 1 and A > n. Then, up to a translation, the unit ball By is

the unique minimizer of
P(F) + A||F| — wy|

among all sets contained in Bp,.
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Proof. Suppose that E is a minimizer of the functional above . Then we have
P(E) < P(E) + A||E| — wn| < P(B1) = nwp.
Thus the isoperimetric inequality implies that |F| < w,. Therefore, by the minimality of E and
the isoperimetric inequality again, we have
0> P(E) + A||E| — wy| — P(B1)
> nw/m \E\%1 + Awp, — |E]) — nwp, > (A = n)(w, — |E]) .
Hence, FE is a ball of radius one. O

The following lower semicontinuity lemma will be used in the proof of Theorem 1.4. It deals

with the functional
1
F(E) = P(E) 4+ A||E| — wy| +Z|B(E)2—5]. (3.6)
Lemma 3.4. The functional (3.6) is lower semicontinuous with respect to the L'-convergence

m BRO-

Proof. Let us first prove that the functional v defined in (3.2) is continuous with respect to L'

convergence in Bp,, that is
Jim y(Ey) =~(E), (3.7)
— 00

whenever Ej, E C Bg, and Ey — E in L'. To this aim, suppose that the sets Ej and E are

centered at yi and at yg, respectively. From the definition of «v we obtain

1
/ do < A(Ep)
Ey ’x - y0|

and therefore limg_,o y(E)) > 7(E). On the other hand, choose 7 such that |B,, | = |E; \ E|

and use the divergence theorem to obtain

1 1 1
V(Ek)g/dx—i—/ dazg'y(E)+/ ——dzx
E T —ykl E\E |z — Y| By (yk) |z — i

= y(E) + ﬁP(BTk).

Therefore limy . Y(Er) < v(F) and (3.7) follows.
To show the lower semicontinuity of F, let us consider Ey, E C Bpg,, with B}, — E in L.

Without loss of generality, we may assume that
lim inf F(E;) = lim F(Ex) < co.
k—o0 k—oo

Passing possibly to a subsequence we may also assume that limy_. P(Ey) = . By the lower

semicontinuity of the perimeter we have

a>P(E).
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Then, recalling (3.1), we get
1
klim F(Erp) = a+ A||E| — wn| + Zla —(n—1)y(E) — ¢
—00

1
2 F(E) + (a = P(E) - Jla— P(E)| 2 F(E),
thus concluding the proof. O
We are now ready to prove the main result.

Proof of Theorem 1.1. Let ¢y > 0 be a constant which will be chosen at the end of the proof.
Thanks to Lemma 3.2 and Proposition 1.2 it is sufficient to prove that there exists §o > 0 such
that, if D(E) < dp then
D(E) > coB(E)?
for all E C Bp,, |E| = wh.
We argue by contradiction and assume that there exists a sequence of sets £}, C Bpg, such
that |Ex| = wp, P(Ex) — P(B1) and

P(Ey) < P(B1) + co B(Ey)*. (3.8)

By compactness we have that, up to a subsequence, Ej, — Fo in L' and by the lower semiconti-
nuity of the perimeter we immediately conclude that Eo, is a ball of radius one. Set e := ((FE}).
In the proof of the Lemma 3.4 it was shown that the functional v defined in (3.2) is continuous
with respect to L' convergence. Therefore, since E}, is converging to a ball of radius one in L?
and P(E)) — P(By), we have that

er = P(Ey) — (n—1)v(Ey) — 0
As in [1] we replace each set Fj by a minimizer F} of the following problem
. 1
win {P(F) + A[|F| = wn| + 2|8(F)* = &}|, F C Bg,} (3.9)

for some fixed A > n. By Lemma 3.4 we know that the functional above is lower semicontinuous
with respect to L!-convergence of sets and therefore a minimizer exists.

Step 1: Up to a subsequence, we may assume that Fj, — F., in L'. Since Fy minimizes (3.9)
we have from (3.8) and Lemma 3.3 that

1
P(Fy) + A[|Fi| = wn| + 18(Fx)* = k| < P(Ey) < P(B1) + coej;
< P(Fy) + A||Fi| — wn| + coci -
Hence |B(F},)? — 3| < 4cg ez, which implies 3(F;) — 0 and

21 B(Fy)?. (3.10)

k= 1 —4cg

Therefore Fi, is a minimizer of the problem

min{P(F) + A||F| = wy| : F C Bg,}.

Thus by the Lemma 3.2 we conclude that F is a ball By (zg) for some xy.
Step 2: We claim that for any € > 0, Bi_.(xg) C F C Bi4+<(z0) for k large enough.
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To this aim we show that the sets Fj, are area (K, r9)-quasiminimizers and use Theorem 2.3.
Let G C R” be such that GAF}, € B,(z), r < 9.
Case 1: Suppose that B,(x) C Br,. By the minimality of F}; we obtain

P(Fy) < P(G) + 18(F) ~ B(GY| + AlIFil - |G| (3.11)

Assume that §(F)) > 5(G) (otherwise the argument is similar) and denote by ya the center of
G. Then we get

2 2 . A LS n—1/,\ . A Ya n—1
1B(F) ﬂ(G”S/a*FkQ ri |z—yc|>dH &~ *G(l e rz—yc|>‘m )

:/ (1_VFk-‘ S )dH"l(z)—/ <1—VG' = Vo >d’H"1(z)
9% N By (z) ER el 9*GN B () |z — ya|
< 2[P(Fy; B;(z)) + P(G; B, ()],

where P(E; B,(x)) stands for the perimeter of E in B, (x). Therefore, from (3.11) we get
P(Fy; Br(2)) < 3P(G; By(2)) + 2A[|Fy| - |G| .

From the above inequality the (K, 79)-quasiminimality immediately follows by observing that

n

|FLAG| < Wl B AG™E < C(n)r' /" [P(Fy; By (x)) + P(G; By (x))]

and choosing 7o sufficiently small.

Case 2: 1f |By(z) \ Bg,| > 0, we may write
P(Fy; Br(z)) — P(G; Br(x))

= P(Fi; B (x)) — P(G N Bry; By(x)

= P(Fy; Br(z)) — P(G N Bpy; Br(x)

< P(Fy; B (x)) — P(G N Bry; Br(x)

From Case 1 we have that this term is less than (K —1)P(GNBRg,; Br(z)) which in turn is smaller
than (K — 1)P(G; B,(x)). Hence, all Fj are (K, rp)-quasiminimizer with uniform constants K

)+ P(G N Bpg,; Br(z)) — P(G; Br(2))
)+ P(Bgr,) — P(GU Bg,)
).

and rg.

The claim then follows from the theory of (K, 79)-quasiminimizers and the fact that Fj, —
Bi(z0) in L'. Indeed, arguing by contradiction, assume that there exists 0 < g9 < 2rg such that
for infinitely many k one can find z; € 9F}, for which

Tk ¢ Bite, (.%'0) \BI—EO (x())

Let us assume that z; € Bi_.,(zo) for infinitely many k (otherwise, the argument is similar).
From Theorem 2.3 it follows that there exist y; € B%o(:nk) such that B%(yk) C Bi(zo) \ Fy.
This implies

|[Bi(x0) \ Fi| = |Bz | > 0,

which contradicts the fact that F, — Bj(xg) in L', thus proving the claim.
Step 3: Let us now translate Fj, for k large, so that the resulting sets, still denoted by Fj, are

contained in Bp,, have their barycenters at the origin and converge to B;. We are going to use
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Theorem 2.2 to show that Fj, are C™'/2 and converge to By in CY® for all a < 1/2. To this

aim, fix a small € > 0. From Step 2 we have that for k large
Bi_. CF,C Bl+€ . (3.12)

We want to show that when k is large Fj, is a (A’, 79)-almost minimizer for some constants A’, rg
to be chosen independently of k.

To this aim, fix a set G C R™ such that GAF}, € B,(y), with r < r.

If B,(y) C Bi—¢, from (3.12) it follows that GAF}, € F}, for k large enough. This immedi-
ately yields P(Fy) < P(G).

If B, (y) ¢ Bi—e, choosing 7y and ¢ sufficiently small we have that

Denote by yr, and yg the centers of Fj, and G, respectively. If € is sufficiently small, from (3.12)

and Lemma 3.1 we have that for k large

. (3.14)

el M

and |ya| <

FN

lyr,| <

By the minimality of Fj, we have

n —

- h(F) ~ (),

1
P(Fy) < P(G) + |P(Fy) = P(G)| + A|[Fy| - |G| +
which immediately implies
P(Fy) < P(G) 4+ 2A|F,AG| + (n — 1) |v(Fx) — v(Q)|. (3.15)

We may estimate the last term simply by
1

1 1
ﬂﬁ%%@ﬁ/MH/mg/ S SN
F, |$ - yFk’ G |l’ - yFk| F,AG |:L‘ - yFk|

1 1 1
Y(G) — v(Fy) S/ dac—/ —dx S/ ——dx.
¢ |z —yal Flr—yal F.AG 1T —yal

Therefore, recalling (3.13) and (3.14), we have

and

[V (Fr) —v(G)| < 4 FLAG].
From this estimate and inequality (3.15) we may then conclude that
P(F,) < P(G)+ (2A +4(n — 1)) |FrAG| < P(G) + A'r™.

Hence, the sets Fy are (A’,rg)- almost minimizers with uniform constants A’ and (.
Thus, Theorem 2.2 yields that the Fj, are CH1/2 and that, for k large,

OF, ={(1+uk(z))z: 2 € 9By} (3.16)

for some uy, € C*1/2(9By) such that uy — 0 in C*(9By).
Step 4: By the minimality of Fy, (3.8) and (3.10) we have

P(Fy) + A||Fy| — wn| < P(Ey) < P(By) + cogj, < P(By) + : _01005(Fk)2, (3.17)
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We are almost in a position to use Theorem 2.1 to obtain a contradiction. We only need to
rescale Fy, so that the volume constrain is satisfied. Thus, set F} := \Fj, where \; is such
that A?|Fg| = wy,. Then A\, — 1 and also the sets F] converge to By in C! and have their
barycenters at the origin. Therefore, since A > n, P(F}) — nw, and |Fj| — wy,, we have that

for k sufficiently large
|P(F,) — P(Fy)| = |\p71 = 1 P(Fy) < AN = 1] Fy| = A[|Fg] — [ Fxl. (3.18)

Then (3.17) and (3.18) yield

P(F;) < P(Fi) + A||Fy| — wa| < P(B1) + B(Fy)?

Co
1-— 40(]

Co )\llc—n

= P(By) + . B(F})2.

which contradicts (2.1) if 2¢y/(1 — 4cg) < 1/Cp and k is large. O

We conclude by proving that the oscillation index S(E) defined in (1.6) controls the total
asymmetry A(FE).

Proof of Proposition 1.2. Let E be a set of finite perimeter such that |F| = w, and assume

that E is centered at the origin, i.e.,

2 _ T n—1
B(E) —/M <1—VE \:c\) dH™ 1.

By the divergence theorem we may write

—1 —1
/ I/E-denl—P(Bl):/ndx—/ DT
I*E || e |zl B Izl

-1 -1
:/ i dx —/ n dr .
E\B; |z| BI\E 2]

This yields the equality

-1 -1
B(E)? = D(E) — DT g+ / D7 da (3.19)
ne |7l B\E 17|
Let us estimate the last two terms in (3.19). Since |E| = |B;| we have
|E\ B1| = |B1 \ E| =: a. (3.20)

Denote by A(R,1) = Br\Bj and A(1,r) = B\ B, two annuli such that |A(R, 1)| = |A(1,7)| = q,

where a is defined in (3.20). In other words

a 1/n a 1/n
R:<1+> and r:<1—> .
Wn Wn,

By construction |A(R,1)| = |E \ Bi|. Hence, we have that

-1 -1
/ i dz < / L dx ,
E\B; |z A(R,1) |z|
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since the weight ﬁ gets smaller the further the set is from the unit sphere. Similarly, we have

B1\E |z A(1,7) |z

Therefore we may estimate (3.19) by

ﬁ(E)QZD(E)—/ n_ldx—l—/A(l)n_ldx

A(R,1) |z| ||
= D(E) — n[wa(R"™" —1) —wp(1 — "] (3.21)

= D(E) + nwy, (2— <1+Lib>n;1— (1—051)%1)

The function f(t) = (1 + t)anl is uniformly concave in [—1,1], i.e.,

U0 +IEN <1 (5+5) —elt—sP

for ¢, = — <Supte(—1,1) f”(t)) = (&£ -2=1) 275 > 0. Therefore, recalling (3.20), we may
estimate (3.21) by

8ncey,

B(E)* > D(E) + a* = D(E) + & (|E\ Bi| + B\ B|)*.

Wn

Since |E'\ Bi|+ |B1 \ E| = |[EAB;|, we get

(1+¢,)B(E)? > D(E) + &, (/ (1 —vg - |‘73’> dH" '+ \EABl\2>
O*FE Z
> D(E) + cA(E)?.
Hence, the assertion follows. ]
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