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Abstract

We propose a time discretization approach to the Navier-Stokes equations inspired by the
theory of gradient flows. This discretization produces Leray/Hopf solutions in any dimension
and suitable solutions in dimension 3. We also show that in dimension 3 and for initial datum
in H', the scheme converges to strong solutions in some interval [0,T) and, if the datum
satisfies the classical smallness condition, it produces the smooth solution in [0, c0).

1 Introduction

We consider the Navier-Stokes equations on the d—dimensional flat torus T¢ = R?/Z%:

Opur + (ug - V)ug + Vpr = Auy, in [0,00) x T¢,
Veu =0, in T Vt, (1)
ug = u, in T9,

where the initial datum @ is a given divergence free vector field, say smooth.

The purpose of this paper is to present a time-discretization argument, inspired by the
gradient flows theory, which allows to quickly reproduce several known results about (1). The
idea is the following. Fix a parameter 7 > 0, which we think as time step and, given u, define
its flow map R x T 3 (t,2) + X}*(x) € T as the only solution of

ath =uo Xtﬂ,
Xy =1d.
Now minimize _ )
Jvo X7 —ll7,
2 ’

1
v — = / IVo|?dL? +
2 Td
among all L? and divergence free vector fields v. It is not hard to check (see Proposition 3.1)

that the unique minimum " satisfies

T _ 37 Xﬂ
4 ouesy +Vp" =AY, (2)
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where p” is identified, up to additive constants, by

ApT =V <“O T).
T

We claim that (2) is a time discretization of (1). Indeed, the the term

T _ 37 u T U _ 7

u"—uwo X" (uToX!—7u o

= o X™ |
T T

is the time discretization of the convective derivative
Oy + (ug - V)uy = (3t(ut o Tt)) o Tt_17

where here [0,00) x T¢ > (t,2) + Ti(z) € T¢ is the flow map (or particle-trajectory map)
associated to (uy), i.e.:
atTt = Ut © Tt,
{ Ty = Id.

and the pressure term satisfies

Ap" =V <UOX37> =V. (UOXET—U) ;
T T

which is a time discretization of
Apy =V - ((ut . V)ut) =V (atut + (uy - V)Ut)a

the latter being the formula identifying the pressure in (1).

The idea is then to repeat the minimization procedure with «” in place of u, then with the
new minimizer in place of 4™ and so on. This argument produces a discrete solution (u]) and
our goal is to show that letting 7 | 0 the discrete solutions converge, in a sense to be specified,
to certain solutions of (1).

We remark that a time discretization based on (2) is not entirely new in this setting: O.
Pirroneau [7] used the same equation (without pointing out its variational structure) in the
setting of numerical analysis to investigate the rate of convergence of the discrete solutions
under the assumption that a smooth solution of (1) exists on some interval [0, 7.

The authors wishes to thank L. Ambrosio, Y. Brenier and C. de Lellis for fruitful conversa-
tions.



2 Notation and preliminaries

With T¢ we denote the d—dimensional flat torus R?/Z%. A time dependent vector field [0, 00) >
(t,x) — u(z) € R? will be typically denoted by (), while we write u; for the static vector field
x — ug(x). The subscript ¢ will never stand for time derivative, which will be usually denoted
by 0;. When not specified, the integral symbol without further specification on the domain will
stand for integration over T¢ (resp. [0, 4o0c)) when performed w.r.t. the measure d£? (resp. dt).
We will also shorten LP(T? R?) with LP when the space is clear from the context.

Given a smooth vector vector field u € C*(T? R?), the flow map Rx T? > (t,2) — X} (x) €
T¢ is the unique solution of

X§(z) ==
The classic Cauchy-Lipschitz theory ensures that X* is C'*° in space and time as soon as u is
.
We will frequently use the fact that V - u = 0 implies (X{*)xL? = £ for any t € R.
Given a vector field u € C*°(T?, R?), its Helmholtz decomposition is given by

O X{(x) =uoXi(a),
\

u=Vp-+w,

where V- w = 0 and [ pdL% = 0. It is not hard to see that the Helmholtz decomposition is
unique and is an orthogonal decomposition of L?. For the existence, just solve

Ap =V -u,
by also ensuring [ pd£? = 0, and define
w:=u— Vp.

Classical elliptic regularity theory ensures that p, w are C'* as soon as w is.
Given u € C™(T%,RY), with |Vu| we will always mean the Hilbert-Smith norm of its gradient,
given by

Vul?(2) = Z |0 ().

We can, and will, suppose that at any time ¢ > 0, the velocity field has zero mean value. Indeed,
integrating over T¢ equation (1) and integrating by parts gives for any solution of (1) it holds

d
dt/utdﬁdzo vt > 0.

Thus, if ¥ := [wdL?, one can look for solutions (w;) of (1) with initial data w = uw — v, thus
having zero mean velocity for any ¢ > 0. Letting then u;(x) = wy(x —0t) + 7, it is easily checked
that (u;) is a solution of the original problem. The additional condition [, udL? = 0 implies
the first of the two frequently used estimates

HUHLQ*('W) <cC HVUHL'Z(W) ;

3)
HVU||L2*(Td) <C HAUHLQ(W) )

3



where 2* = dQTdQ, while the second one follows from standard elliptic estimates, since Vu has zero

mean on T¢ by periodicity.
To show the convergence of the discretization scheme, we will use the Aubin-Lions lemma:

Lemma 2.1 (Aubin-Lions) Let X C Y C Z be three Banach spaces such that: X and Z are
reflexive, the embedding of X in'Y is compact and the one of Y into Z is continuous. Then for
any p,q € (1,00) the space

{ueL%mTyX):@ueL%mTL@},

is compactly embedded in LP([0,T],Y).

For a proof see for instance [10] Chapter 3, Theorem 2.1.

3 Discrete solutions

Let u € C*°(T%,R%) be a smooth vector field and 7 > 0. The functional F(v;u,7) is defined as
1
F(vyu,7) := / \Vo|2dL? + / lvo X% — ul?dc?. (4)
Td T J71d

Proposition 3.1 Let u € C™(T%,R%) be a smooth vector field such that V -u = 0 and T > 0.
Then there exists a unique minimizer u™ of v — F(v;u,T) in the class of L? vector fields such
that V - v =0. The minimum u” is C*° and satisfies:

T _ XU
i Y Vp" = Au’, (5)

for some p™ € C* with [pTdL? = 0.

Proof. Existence follows by standard weak compactness-lower semicontinuity arguments. For
uniqueness, observe that the map v — [ |Vo|? is convex and

vr—>/|voX$—u|2dCd:/|v—u0X“T\2dﬁd,

is strictly convex.
To write the Euler equation, notice that for £ € C°°(T%,R?) with V - ¢ = 0, the standard
perturbation argument gives

T XU
/““O'”fﬂﬂ_—/vmvwﬁ,

T

thus u”, p™ is a weak solution of the Stokes problem (5). Standard regularity theory for the
stokes operator guarantees that both ™ and p” are C*° and are classical solutions of (5). O



Now we use this minimization problem to build a time-discretized solution of the Navier-
Stokes equation:

Definition 3.2 (Discrete solutions) Letu € C%°(T4, R?) be a smooth vector field with V-u =
0 and 7 > 0. Define the vector field (u]) recursively by:

uy =1,
Uiy, = argminF (v; up,, 7), Vn e N
V-u=0
uy ::u:[i], vt > 0.

The discrete pressure field (py) is defined, for everyt >0, by

T Xu{
Apl =V - (“to—T) ’
T
/ prdcd =o.

Notice that since the smoothness of a vector field implies the smoothness of the corresponding
minimizer for any 7 > 0, the flow maps are always well defined and so are the discrete solutions.
Also uj,p] are smooth for any t > 0.

4 The results

4.1 Weak solutions

Here we prove that discrete solutions produce, when 7 | 0, weak solutions of the Navier-Stokes
equations in any dimension.

Definition 4.1 (Hopf Solutions) We say that (u;) is a Hopf solution of the Navier-Stokes
equation starting from u provided it satisfies

// (e, Bute) — (e, VEr - ue) + (Vup, VE) dt dL? = / (@, &) dL, (6)

(0,00) x T4 Td

for any & € C°([0,00) x T4 RY) with V - & = 0 for any t > 0,
1 2 ° 2 -
§||u8||L2 + [Vup|[72dr < 5“““1;2, Vs > 0,
0
1 2 ° 2 1 2
Sl + [ IVl < Sl e t> 0, Va2,
t

and t — uy is continuous w.r.t. the weak topology of L*(T?, R%).



Proposition 4.2 (One step estimates) With the same notation and assumptions of Propo-

sition 3.1 it holds:

e Discrete energy inequality.

1 1
S 12 + 7V < 5l

e Discrete distributional solution. For every & € C*°(T% R?) it holds

T T

e Discrete uniform weak continuity. For any & € C*°(T¢,R?) with V - € = 0 it holds

(7 =€) | <70 (Il + ull32 ),
where C(€) = max{Lip(€), | A¢] 2)

e Rough estimate on the discrete time derivative.

ul —u 9
< C(llull gz + llullz2)

Hpy

T

<UT - U7§> a <u, MH> + (", V- §>L2 = <uTaA§>L2 = <VUT,V5>L2
L2 .2

(10)

for any m > 542, for some constant C' independent on u, T, where Hl_);? is the dual space

of the space of divergence free vector fields in H™ (T, RY) with 0 mean, endowed with the

norm |[ul|3m == 3", |0aull32, where o varies over all the multiindezes of length m.

Proof. To get (7) multiply (5) by 7u” and integrate to get
||u7|\%2 — <u7,u o XET>L2 =7(u",Au");a,
and conclude noticing that
(T, AuT) o = —[|VuT |22,

1 1 1 1
(uuo X20) o < Sllulllfe + S llwe X2 = Slluml72 + 5 lullze.

To get (8) we sum and subtract u/7, multiply (5) by £, and integrate by parts the terms involving
the pressure and Au”. For the discrete convective term we use the fact that (X*)xL? = L2 for

any t and thus, by the semigroup property of (X}*),

<UOXET7§>L2 = <ua§OX71—L>L2'



For (9) we observe that

/]@;Xﬁ5‘2dﬁd:/‘/oT6t(§oXt“)dt

g,

gr//o |VEo X2 - uo XH2dtdl? (11)

2
dce

2
dce

/ VEo X' -uo X{'dt
0

_T/ /yvgoxg-uoxyﬁdcddt
0

:T/ /yvg-u\Zdﬁddt
0

< 72Lip?(€) [[ul 72,
yields
1€ 0 X7 = €ll 2 < TLip(&)||ull e, (12)

and conclude using (8).
It remains to prove (10). Start recalling that for any ¢ € H™(T¢,R%), it holds

1A 2 4 Lip(&) < CI¢ll g

for some constant C'. Therefore from (9) we get
| (W —u,&) 2| < CT €]l gm (HuHLz + Hu||%2), Ve € (T RY) s.t. V- € =0,

which implies (10). O

Theorem 4.3 (Hopf solutions) For any sequence 1, | 0 there exists a subsequence, not re-
labeled, such that u]" weakly converges (in L*(T?)) to some u; as n — oo for any t > 0, the
convergence is strong for a.e. t and (uj") converges strongly in L2 ([0, +00), L*(T%,R%)) to (uy).

Any limit vector field (u;) found in this way is a Hopf solution of the Navier—Stokes equations.
Proof.
Compactness. From (7) we immediately get

ullz2 < wllg2, vt 7> 0. (13)

Thus with a diagonalization argument, for each sequence 7, | 0 we can find a subsequence,
not relabeled, such that for each rational ¢, the sequence n — /™ weakly converges to some
up € L2(T4 R?). From (9) we easily get that for every & € C°(T¢, R?) such that V- ¢ = 0 it
holds,

| (uf —ul, &) | < (t—s+1)CE) ([allz + [Tlfz), V>0, Vs €[0,00),  (14)



which is enough to conclude that there is weak convergence for every ¢t > 0 as 7, | 0.
To get the strong convergence we use the Aubin-Lions lemma. In order to do so it is better
to introduce the piecewise affine interpolation of the {u]_},cn in place of the piecewise constant

one: ; ; ; ;

It is immediate to verify that the compactness of {(wj )}, implies that of {(u])},. To get the
compactness of {(w])}, in L2 ([0, 00), L?) we apply the Aubin-Lions lemma to the spaces

loc
X = {ueHl(’H‘d,Rd) : V-u=0, / uﬁdzo},
Td
Y = {uELQ(Td,Rd) : Veou=0, / uﬁd:()},
Td
Z::HB}R,

where X,Y are endowed with the H! and the L? norms respectively. Then from (10) and the
definition of (w]) we get that

< C([all 2 +Ifall7z),  ae t,

HpY
which is sufficient to conclude.

Now that we have compactness in L7 ([0, 400), L?(T¢,R%)), we know that for any sequence
Tn 4 0 there exists a subsequence 7,, such that utT”’“ converges strongly to u; for a.e. ¢t > 0.
Any limit is a Hopf solution. Let 7, | 0 be a sequence for which we have weak convergence
for all times and strong convergence for a.e. times and let (u;) be the limit vector field. We
have the uniform bound

uellrz < Lm [ju |2 <[], VE=0,
n—oo

and passing to the limit in (14) we obtain
| (ue = us, )2 | < (t = )CE) ([l + I[alZ2), Vs €[0,00),

which is enough to get the weak continuity of ¢ — uy;.

Now let A C [0, 00) the set of ¢’s such that u;™ converges strongly to u; as n — oo and notice
that certainly 0 € A and £1([0,00) \ A) = 0. Choose t € A and s >t and observe that from (7)
we get

T[Z]+T
gl [ IVaEedr < S, > (16)

T[E]+7



The choice of ¢ ensures that ||u;"||z2 — ||utl|r2, so that from

Tn[gn]"ﬂ‘Tn s

. 1 1 .
tim | Sl l3er [ IV | 2 Sl + [ lm | Varar
n—oo t} n—oo

Tn[a“rTn

S
1
> Slucls + [ IVular
t

we get the energy inequality.

To conclude we need to show that (u;) satisfies (6). Fix £ € C2°([0,00) x T R?) such that
V-& =0 for every t > 0, and for any k = 0,1... we consider (8) for v = uj_ tested with &
Adding up one gets

oo &y~ Ere) €0 Xrt — €
_// 9 P B (Y u+uz'AgT[t]dtdEd:/ufodﬁd_

T T

From the smoothness of £ we know that

éﬂ'i _67' 111
7] (z1-1) N 0/,

T

AgT[g] - A&,

uniformly in [0,00) x T¢ as 7 | 0. Thus from the strong convergence of (u]") to (u¢) in

L ([0,00), L?) we get
+oo ng L]~ ng £1-1 +oo
/ / ul™ - £l G2 g / / wg - Op&ydt AL,
T Tn 0

+oo +o00 400
/ / ul™ - AL, ogdtdl? - / / up - A&ydt dL? = — / Vg - VEdt dL?,
T ™ 0 0

as n — o0o. Thus to conclude it is sufficient to check that
S i
Tn

weakly in L%([0,T], L?) as n — oo, where T is such that supp(¢) C [0,T] x T?. From (12) and
(13) it is easy to deduce that

1
Tn

— v&t s Ut,

ng[ £ ] OX;%TL _6

™n

T[] < Tl g2 sup Lip(:).

L2([0,00),L2)

Thus to prove the desired weak convergence it is sufficient to prove that for every € € C2([0, 00) x
T4, R?) it holds

1 ~ u;f'n ~
[ Gtmo i — g atact 5 [ (G Vg dract, wsno .



To prove this, recall that

&1t © X;ifm =& 1 (™ "
) w1 /O (7 V), ey) o X3,

Tn Tn

and therefore

Tln / / (€& poyo X0 =€, o) ydtaL?
= Tln / / /0 " (& (- V)&, ) 0 XE) dsdtac’
= Tln /0 ! / / (& (- V)&, 1)) 0 X ) dLdt ds
= Tln /0 ! / / (&0 X, (i - Vg, ) AL dE ds

_ //<1/gtoxﬁ§"ds, (" - V)E. [t]>d£ddt.
TTL n ™n
0

(17)
To conclude notice that the strong convergence of (u;") to (u;) and the smoothness of £ ensure

that (u/" -V)ﬁ’m[i] strongly converges to (u; - V)& in L%([0, 00), L?). Also, from (12) with 7 = s
one gets "

1 ’Tn . u"n - 2 1 ’Tn - - u""ﬂ 2
// (/ £ o X" ds—gt) dcdds = / /Hgt_gtoxst ‘ dtds
Tn 0 Tn 0 L2

1T 27 (V2 ([, T2 (18)
<[] in@R s deds
™ Jo Jo

7721 all2. TLin(€)?
3 [[ullz2 TLip(é)*,

IN

where T is such that supp(€) C [0, 7] x T%. Therefore H% fgtoXinds—gtHLz([o 0o).L2) = O(7n),
O I’ k)

which completes the proof. O

4.2 Suitable solutions in dimension 3

Here we show that in dimension 3 the discrete solutions converge to suitable solutions of the
Navier-Stokes equations.

Definition 4.4 (Suitable solution) We say that the pair (u;,p;) is a suitable solution of
the Navier-Stokes equations starting from u provided it is a distributional solution of the

10



Navier-Stokes equation, (u:) is a Hopf solution starting from w, and in addition (u;) €

([0, Oo)ng(TgaRS)) (pe) € L 3/2

loc

L3

loc

2

in the sense of distributions, that is

[ -5

8‘ut’2+v < (

—Vo-u (—‘ +pt) + |V |?dt dL? < //A

([0, 00), L3/%(T3)) and it holds

’t|+

5 )) + [V < A’ut‘ (19)

dt ac?

for any non negative p € C°((0,00) x T3).

We recall that the importance of suitable solutions is due to the work [2] where important partial
regularity results for these solutions have been achieved.

Lemma 4.5 (A time step) With the same notation and assumptions of Proposition 3.1 it

holds

1 1 T2
[ 3007 =)o = Sl o0 X2 = 0) = Vs + 1V Pzt < v [ ML apar,

for any nonnegative ¢ € C(T).

Proof. Multiply (5) by u”, by ¢ € C°°(T%) with ¢ > 0 and integrate to get

/ [uT|2p —u" - uo X% o+ ou - VpTdLd = T/UT - AuTpd L

It holds
/uT CAuTdL = — / V™ 2o — Zuiajuiajcp dce
2
2 nd Ju”|? d
— / |VuT |“pdL —I—/ 5 ApdL?,
/apuT - VpTdLt = — / V- u"pTdLe,
1 1
/uT cuwo X% pdl? < 3 / [uT|2pd L% + 5 / luo X% PpdL?
1 T2 d 1 2 u 3 pd
5 [u"["pdL Ty ulp o XL,
(notice that in the last inequality we used the fact that ¢ > 0). The conclusion follows. O

11



Lemma 4.6 (Estimate on the pressure) For any divergence free wvector field u €
L3(T4, R N C®(T4 RY) and 7 > 0 define p, as the only solution of

UOXET>

T

Ap, =V~ (
[pLdct = 0.
Then for some C' > 0 independent on u it holds

1% /2 < Cllulls. (21)
Proof. For any o € C*®(T%) we have

Xv_ —
/pZAgpd/,‘d:/uo_Tu~VgodL’d
T

:/UVSOOXT_V(pdﬁd
T

:/u~ (1/ (V2g0-u)oX;Lds> dce
T Jo
1/ (Vzap-u)oX;‘ds
T Jo
1 T
< fuflzs - /0 1726 ) 0 X /2 ds

= [Jul| s HVZQP : uHLS/Q
< ||UH%3 HVQQOHLS .

< lulls

13/2

Standard elliptic regularity results ensure that ||V2¢||zs < C||Ap||ys for some C' > 0. Thus we
get

‘ / pLApdL?

Again by standard arguments, we know that the equation Ay = 1 has a smooth solution for
every smooth 1 such that [ pdL? = 0. Thus the above bound yields

‘ / Pl dL

Since [pf dL? =0, from the last inequality we conclude that (21) is true. O

< Cllullts A¢ll s

< Cllullléll s, Vob € C(TY) such that /¢de _o.

Theorem 4.7 (Suitable solutions in dimension 3) Let (u]) and (pf) be defined by 3.2.
Then {(u])}, is compact in L3} ([0,00), L3(T3 R3)) and {(p])}. is weakly compact in

loc

L3/2([0,oo),L3/2(T3)). For any sequence 1, | 0 such that (u;™) strongly converges to some

loc
(ug) in L3 ([0,00), L3(T3,R3)) and (p;") weakly converges in Lfo/f([(), 00), L*2(T?)) to some

loc
(pt), the couple (ut), (pt) is a suitable solution of the Navier—Stokes equation.

12



Proof.

Compactness. Arguing as in the proof of Theorem 4.3 and using the compact embedding of
H' into L*, we deduce that {(u)}, is relatively compact in L} ([0,00),L*). For any (u;) €
L7 .([0,00), L*) N L*([0, 00), L?) it holds

loc

/ / e PdL3dt < / ol g el 2 = ull o o 00y 22 1022 0oy 20

and therefore the uniform bound (13) ensures the desired strong relative compactness of {(u] )}~
in L3([0, +00), L?). To get the weak compactness of {(p})}, notice that pJ is the unique solution
of (20) for u = u], and from the uniform bound of (u]) in L3([0,4+00), L?), together with (21),
we get weak compactness of (p]) in L3/2([0, +o00), L3/?).
Limits are suitable solutions. To simplify the notation, we assume that (u]) — (u;) strongly
in L3(]0, 00), L) (p}) — (p¢) weakly in L3/2([0, 00), L%/?) (i.e., we are not considering a sequence
Tn 4 0). Theorem 4.3 guarantees that u is a Hopf solution of the Navier-Stokes system, and
clearly (us) € L3([0,00), L?), (p) € L*?([0,00), L?/?).

To prove that (u;), (p;) is a distributional solution, fix & € C2°((0,00) x T3, R3), and for any
k=0,1... consider (8) for u = uj_, tested with &,,. Adding up one gets

too gTi _gr 11— gq—ing{—TL +oo
Jf Tt e ~ [ Al Vil

T

Now since V - £ (1) = V - & uniformly on [0, +00) x T3, the weak convergence of (p]) to (p)

/ / PV - &pydt drs — / / PV - Edt dL3,

while all the other terms are treated as in the proof of theorem 4.3.
To prove the generalized energy inequality, fix a non negative ¢ € C°((0,00) x T3). We
want to show that

|ue|? g | 2 3 |ue? 3

yields

Suppose 7 is sufficiently small, such that supp(p) C [, +00). From Lemma 4.5 and the definition
of u™,p” we immediately get, with the usual argument

ul 2 SOT[L] - SOT([L}—I) ul 2 (pT[L} Ong— - QPT[L] . i
//_ ‘ ;| T . T _ | t| T T _VSOT[é] ‘utpt + |vut|2go7_[£]dtd£3

2 T

13



The convergence of u” ensures that |u7|? converges to |u|? in L3/2([0, 00), L3/?), and from the
smoothness of ¢ and the weak convergence of p” it is immediate to verify that as 7 ] 0 it holds

T2 Prit] — Prrt1— 2
/ ’“;' B2 S RN // ‘“;’ By dtdL?,
-

/ Ve 1y ul prdtdL? — / Ve - ugpg dtdL3,

2
/ / [uf dtd£3 - / / W;Q’Agotdtdzi”.

Also, the non negativity of ¢ easily implies

hmmf / / |Vuj ? Prt odtdL? > / V| ppdtd 3.

Thus to conclude it is sufficient to show that
T2 11O X;th — Y it T2
/ st —aact // L wrdc?, (23)

as 7 1 0. Since |[ul|? — |ug|? in L3/2(]0, 00), L3/2), to prove (23) it is sufficient to check that
t

#rig 0 Xrt — priy

T

— Ve - uy weakly in L3([0,00), L?).

From
priz 0 X7 — ] _

T

/ Vgo[]oX utoXutds
we immediately get that it holds

ert 0 X5t — oy

T

< Sup Lip(pe) [|ull £3([0,00),8)+
L3([0,00),L3)

which gives weak convergence for some subsequence. To conclude fix 1 € C2°((0,00) x T?) and
notice that

Pre 0 X~y g 3
// hp— -] dtdﬁ /// thLpT[ ] © X ~uj o Xs U dsdtdL
T
/ / / AN ]oX ul o XM dL3dtds
= T/o // (TR XJSV@T[%] -ufdL3dtds
= // (1/ Yy 0 Xﬁids) Vit uldL3dt.
T Jo T

14




Since Vi 1) - uj = Vi - ug strongly in L3(]0,00), L3), and, as in (18), we get

1 /" ur
; /0 ’(th o X_’;ds — ¢t7
in L%([0, +00), L?), (23) is proved. O

Remark 4.8 We remark that one can actually prove that if 7, | 0 is such that (u;") strongly
converges to some (u;) in L3 ([0,00), L3), then (p;*) weakly converges in Lf’o/f([o, ), L3/?) to
the distributional solution p of

Ap =V - ((Ut : V)Ut)a
fpt d£3 = 0,

and thus to the pressure term of the limit equation. Indeed, as in the proof of lemma 4.6, it
suffices to check that, for a.e. ¢, one has

/ptT"AgodE?’ — /ptAgodE?’, Vo € C°°(T3),

as n — 0o. To prove this, start from

1 T urm
/ptT”AgodE?’ = /utT” . (7_/0 (V2p - uf") o XJ* ds> dcs,

(which follows as in (22)), and notice that from the strong convergence of u;" to u; in L? it is
sufficient to check that it holds

1 Tn 9 - uT’n’ 9

— (V <,0~ut”)oXSt ds — V- uy,

Tn JO
weakly in L3/2. We already know that the norms are uniformly bounded, thus the conclusion
follows along the same lines of the last part of the proof of Theorem 4.3 (see in particular (17)

and the conclusion thereafter — in the current situation there is no integral in t), we omit the
details. n

4.3 Strong solutions

Here we show how from the discretization scheme discussed, one can prove two classical re-
sults concerning smooth solutions of the Navier-Stokes equations: existence for a time of order
||Vﬂ|\;24, and existence for all times if w satisfies the classical smallness condition.

Notice that the calculations that we do here are classical: what we want to show is that the
standard approach have a natural ‘discrete analogous’ in our setting. We recall that the two
estimates (3) hold if we seek for solutions u; of (1) such that [u:;dL3 =0 for any ¢ > 0, and we
can certainly do so, by the discussion preceding the latter formula.
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Lemma 4.9 (One step estimates) Let d = 3. With the same notation and assumptions of
Proposition 3.1 it holds

1 1 T
SNV I = SVl + ZIATI, < Crl|Vuls [ Aull. (24

and
1 1 T 2
§HVUTII%Q - §HVUII%2 + §HAUTH%2 < C7|Vul? [|Aulzs - (25)

Proof. Multiplying (5) by —Au” and integrating we get
—/uT AU+ u- AuT + (uo XU —u) - AuTdL? = —7||AdT||3s,
hence after integration by parts and by Young inequality we have

1 T 1 T T
S IVu 172 — §HVUH%2 + 7| AuT|72 < AT g2 luo XY, — ul e

T 1 (26)
< TIAWT 2 + ofluo X7, — ullf
With the same calculations we did for (11) we get
Juo Xt~ uffs <7 [ [VuPlupac® (27)
To get (24) we bound the right hand side as
[ 1VuPlufdce < |Vul | Vull el < ) Aul [Tl
and plugging this into (26) we get (24)
To get (25), we bound the right hand side of (27) as
/!VU\QMQCMS < IVl Zollull s lull 2 < CllAu| 7]Vl 7,
which gives the statement when inserted into (26). O

Proposition 4.10 (Strong Solutions) With the same notation and assumptions of Proposi-
ton 3.1 and Definition 3.2, there exists a constant C > 0 such that for T := ﬁ the discrete

solutions converge to a strong solution of the Navier-Stokes equations in [0,T").
Also, there is another constant C' such that if |Vu|r2 < C’', then the scheme converges to
the smooth solution of the Navier-Stokes equations in the whole [0, 00).

Proof. It is well known (see e.g. [4], Theoreom 5.2 for the case of bounded, smooth open
subsets of R3) that if a weak solution (u;) of Navier-Stokes belongs to

L>=([0,T), HY) n L*([0, T], H?),
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then it is smooth on [0,7]. Hence to prove the statement it is sufficient to check that for any
e > 0, the discrete solutions are uniformly bounded both in L>°([0,T], H') and in L?([0, T, H?).

Let us fix 7 for the moment, and consider (24) and (25) for u = ], for some nonnegative
integer i. Adding up the inequalities (24) from i =0...n — 1 we get

n n—1
2 —112 3
IVupell +7 Y 1AuL |72 < [IVall7z +207 Y Vg [|72 [|Aul | 2
=1 =0

nTt
—12 3
— ||\Va]%, + 20 / IVl |22 | A7 - dt

nTt
< [l +2C sup [V s [ 7] d
t<nt 0

1
nT 5
< IVl + 20 sup [Vaf [ v ( [ Iaaf i)
t<nt 0

and therefore

) (n+1)T )
sup Va2 | + / | Aug |12, dt
t<(n+1)r 0

1
nTt 5
< Va2 + 7 |AT||35 + 2C sup ||Vul |3, v/nT (/ |Au]|2, dt) .
t<nTt 0

We can proceed in a similar manner for (25), obtaining

) (n+1)T )
sup [Vl )+ [T s de
t<(n+1)7 0

nTt
<||Va|2s + 7| AT||22 + 2C sup ||vu;||ig/ |AY] |32 dt.
t<nt 0
Let us fix T' > 0 and suppose 0 < n < [g] We define
2 2 2 " 2
Sr(w) o= [Vale 78T o= sup [V [ A at
nrt 0

and notice that Young inequality applied to the last term on the right of both (28) and (29),
yields
ant1 < 6.(0) + CVTa2, anr1 < 6.(7) + Ca2,

respectively, and thus
i1 < 0,(0) + Cmin{1, VT}a?.

Now, suppose that the equation A\ = 6, (%) + C'min{1, vT}\? has a positive solution, i.e.,

min{1, VT}6,(a) < % (30)
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and let \ be the smallest one:
20, ()
1+ \/1 —4C min{1,VT}6, ()

A= < 20, ().

It is easily proved by induction that a, < X for any n, since ag < §,(u) < . Therefore the
family {u]} is bounded both in L>®([0,T — ¢], H') and in L?([0,T — €], H?) by 24, (u). For
T < ||Va|3. /| AT 32 we get 6, (@) < 2| Vi3, and condition (30) reads

1
. 2«
min{1, \/T} V@72 < Yek

which gives the claims. O

5 The case of bounded and smooth open sets

All the conclusions of this paper are still true if we work on a bounded smooth open subset 2
of R? (weak solutions are produced in any dimension) provided we add the Dirichlet boundary
condition u; = 0 on 0. In this case the minimization problem of proposition 3.1 has to be
solved in the set H1(Q) := {v € H}(Q) : V- v = 0}, and all the results follow along the same

line. The only difference from the periodic case is in the proof of the L?O/S ([0, +00), L3/ 2(Q))
bound on the pressure p”, needed in passing to the limit when one wants to prove suitability of
the solution. To this end one has to proceed in a different way, using the mixed LP® estimates of

the evolutionary Stokes problem. The space L*" ([0, 00) x §2)) := L*([0,00); L"(€2)) is equipped

with the norm
00 1/s
folnr = ([ el at)

Lemma 5.1 Let u] be a discrete solution of the Navier—Stokes equation, as in definition 3.2,
for some smooth initial data uw with V -u =0 and ulpg = 0. Then

|u™ —u" o XE;! 1o < 7C(TW) (31)
for3/2>r>1 and s > 1 such that
3 2
1=242 (32)
r s

Proof. Denoting by 7’ the conjugate exponent of r, we follow the proof of (11) with exponent
r instead of 2, obtaining, for any smooth u

T d
/\u—uoXﬁTVdE:;—/ / —wuo X", dt
Q alto dt

gﬂ/f’/ /|vuoX2t-uoX3t|*dL3dt
0 Q

ac?

STT/ |V - u|"dL3.
Q
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By Holder inequality with exponent 2/r on Vu, and by the interpolation inequality
1—
lull oy < CIVullaty Iulsq .  2<a<6, a=>—:
for ¢ = 2r/(2 — r), one gets
3_9 4—3
IVl < lull, g, o IVulz2(@) < Cllul oy [Vl oy
We apply this estimate for u = uj, integrate in time over [0, 00), use (16) and (32) to get

.
HuT —uT o XET‘

s OO 7112(s—1 T
e <7 [ IS IV [yt

< orlalfed) ([ 19t + 71920

< Cr([als ) + 7IEl S0 1Vl 2))-

Finally, the condition 2 < 2r/(2 —r) < 6 forces 1 <r < 3/2. O
To obtain a bound for the pressure p™ one can then proceed as in [8]: one lets

ul —ul o XU
T n n —T
gn_P< T ) |t:m—

where P is the projection on the closure in L"(Q2) of {u € C¢° : V - u = 0} (the dependance on
r will be implicit) and u], = u” (n7). Then u], solves the difference equation in PL"(£2)

(33)

where S = PA is the Stokes operator in PL"(€2). We recall here that, (see [9], [5]), S generates an
analytic semigroup with optimal regularity in PL"(€2). Setting ¥y := {\ € C\ {0} : |Arg(N)| <
0}, this is equivalent, by e.g. [6, Theorem 1.11] to

{AR(\,S) : A € ¥y} R-bounded for some 6 > 7/2,

(and thus bounded). We will henceforth fix such a 8 > 7/2 and let R(S) be the corresponding
R-bound.

We rewrite the difference equation in the standard form

T — T T T
{uﬁﬂ B (39
UO - u,

where
T, = (1—7‘5)_1, fr :7'(1—7'5)_19;.

n
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Now, T’ is a powerbounded operator in PL"(£2), since

o(T) = {1 +1Mn Ay € a(S)} C (~1,0),

and it is also analytic, i.e.
{n(T; — 1)T"} is bounded. (35)

To prove analyticity is suffice to observe that
T, —1=751-78)"1:=78, (36)

is (a multiple of)) the Yoshida approximation S- of S in PL"(2), and thus it generates an analytic
semigroup; this, together with o(7;) C {z € C : |2| < 1} is equivalent to (35) by [1, Theorem
2.3]. We can reduce system (34) to zero initial data by subtracting

v, =T,
noticing that
1 _
H/U;ri*l - U:z‘ Lr(Q) < n In(T- = 1)T7|| ||UHL7"(Q) : (37)

We therefore seek for (uniform in 7) optimal L*(N, PL"(Q))-regularity of the discrete time

parabolic equation for w,, := u, — v,

Wiy = Trwf + f7,
wj = 0,

in the sense that

+oo
> fwns = wr]
n=1

By [1, Theorem 1.1], the discrete optimal L* (N, PL”"(Q))—regularity is equivalent to the
optimal Ls([O, +00), L’“(Q)) regularity of the analytic semigroup generated by the operator S,

given in (36). Moreover, the constant in the optimal regularity estimate depends only on the
R-bound of

{itR(it,S;) : t € R\ {0}}, (39)

and thus it suffice to prove an R-bound for this set of operators which is indipendent of 7. To
this end, a short computation shows that

itR(it, S,) = %Ai(t)R(AT(t), S) + TA ()1

where )
it

A (t) = .
(*) 14 7it
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Notice that A(R\{0}) is the circle through the origin, with center on the real axis and radius 1/7,
minus the origin; therefore it is contained in ¥ . By the subadditivity and submultiplicativity
of the R-bounds, we get that the set in (39) is R-bounded by R(S)+1, since {\,(t)R(\-(t), S) :
t € R\ {0}} is R-bounded by R(S) and

A/t <1, 7IA()] <1, VEER.

This shows that the constant in (38) (and thus, a fortiori, the one in (35)) is bounded indipen-
dently of 7. We are now ready to prove an estimate of the pressure, which allows to prove the
suitability of the limit solutions, in the case of 2 bounded and smooth.

Theorem 5.2 Let Q C R? be a smooth and bounded open set. Let ul, p] be a discrete solution
of the Navier—Stokes equation, as in definition 3.2, for some smooth initial data @ with V-uw =0
and ulgo = 0. For any € > 0, there exists a constant C = C(e,u) such that for any sufficiently
small 7 > 0

1Pl /3 fe,00)) < ClE5 ).
Proof. Let r and s satisfy (32), with s > 1, and let m = [¢/7]. With the same notation of the
preceding discussion we first of all prove that for some constant C' independent of 7, it holds

“+o0

ul g —up||? C
P < cZ lg7llzr ) + ooz Il ) - (40)
n=m L (Q)
By (37), for any n > m it holds
Vpi1 — Vg
— < C — @l @)
T L™(Q) L@
and thus
+o0 s +o0
v —ur I s c 1 s C s
> - o <Cy s [l = P E——— @) < = Ml ) (41)

Moreover, by the L"(£2) resolvent estimate for the Stokes operator, it holds ||(1 — 7.5)7!(| < C,
and thus

1fallr @) < CTllgnllir ) -
We split u], = w], + v], and use this estimate and (38) for w, and (41) for vy, obtaining (40).
Notice that the difference equation (33) readily gives an analogous estimate for HSun +1‘

Lr(Q)}
finally we can take the L"(£2) norm in the original difference equation

T T T T Uy
U —u ur —ur o X
n+1 n n n —T

T T
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and by the coercive estimate [|ullyy2.r ) < C'[|Sul|r(q), obtain the full regularity estimate

R A - T
> - | +{|Auf a0y + 1VPRal
n=m
S
—ul o X" " C.
- + f 12|70 »
Lr(Q)

where C. = C/e%~1. We now choose s = 5/3 and r = 15/14, and use lemma 5.1 in this estimate
to get

IVp™ Hi/;;?’(eoo) L15/14(Q)) ST Z HVpn—i—lui/li/m < C(e,m).

Since [, pTdL? = 0, the Sobolev-Poincaré inequality ||p|| 15/3(q) < C'[|Vpl|15/14(q) applied to the
latter estimate gives the claim. O

Remark 5.3 (On the smoothness of the initial datum) We point out that the restriction
to smooth initial data has been made to simplify the discussion about the existence of flow maps.
Actually, this is unnecessary: as showed by DiPerna-Lions in [3], as soon as a vector field u has
Sobolev regularity and is divergence free, one has existence and uniqueness of a one parameter
group of maps X such that (X{)xL? = £4, Xo = Id and 0, X}* = uo X} in the sense of
distributions. Thus one can use these maps as flow maps and directly get a weak/suitable
solution for any initial datum in H'. Notice, however, that in order to get the discrete estimates
needed for the existence of strong solutions, it is required that the initial datum is in H?,
although the H? norm actually does not appear in the final statement. |
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