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Abstract

We focus on the following irrigation problem introduced in [3]
min F(X) := / dist(z,X) dp(z),
Q

where Q is an open subset of R?, y is a probability measure and where the minimum is taken
over all the sets ¥ C Q such that ¥ is compact, connected, and H'(X) < ao for a given
positive constant . In this paper we seek for some conditions to find in ¥ some pieces of C*
(or more) regular curves. We prove that it is the case in the ball B when ¥ N B contains no
corner points. More generally we prove that the Left and Right tangents half lines of ¥ (that
exist everywhere out of endpoints and triple points) are semicontinuous. We also discuss how
the regularity is linked with the pull back measure ¥ := kfu where k is the projection on X.
In particular ¥ N B is CY when 1 is regular with respect to ' with density in a certain L?.
We also prove that ¥ is locally a Lipschitz graph away from triple points and endpoints, and
that the mean curvature of ¥ is a measure that is explicited in terms of measure .
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1 Introduction

Let © C R? be a bounded open set, g > 0 a fixed constant, and y a given probability measure
on 2. In this paper we study the regularity of the following minimization problem

XIIIIGIJILI‘,?(E) = /Q dist(z, %) du(x) (1.1)
where the minimum is taken over the family A of all the compact and connected sets ¥ C €2
satisfying the length constraint H!(X) < ap. This problem also known as the “irrigation problem”,
was introduced by G. Buttazzo, E. Oudet and E. Stepanov in [3] and then in [5] in a more general
formulation in terms of optimal mass transport problem with “free Dirichlet regions”. In the
sequel we will call 3 an optimal set for the problem (1.1).

An easy interpretation of the Problem (1.1) is the following. One could consider ¥ as being
a ressource of limited length (for instance some water in pipes) that one wants to place in the
domain €2 in such a way that the average cost for people living in €2 to reach the resource ¥ is
minimal, according to the density of population given by the measure u. We refer to [3-5,9,11]
for some more detailed interpretations of Problem (1.1).

In [5], the topological description of minimizers is studied and it has been proved in particular
that 3 has no loops and is a finite union of Lipschitz arcs, that meet by number of three at some
finite number of triple junctions. Concerning the regularity, it is only proved in [5] that ¥ is
Ahlfors-Regular.

Then in [10], F. Santambrogio and P. Tilli restrict themselves to the simpler formulation (1.1),
which in the end is not so restrictive according to some later results [11], and they characterize the
blow up limits of the minimal set X in order to prove some regularity. They prove that any blow
up sequence of the minimal set ¥, := 1(X N B(xz,r) — x) converges in B(0,1) when 7 — 0, and
the limit could be either a radius (z is an endpoint), a diameter (x is ordinary point), three radius
making angles of 120 degrees (z is a triple junction), or two radius making an angle different from
180 degrees (x is a corner point).

F. Santambrogio and P. Tilli [10] also found a sufficient condition for having C1! regularity in
a neighborhood of a point € ¥, involving the diameter of the set of points that are projected on
¥ N B(z,r). Since this condition is satisfied in a small enough neighborhood of any triple point,
they obtain that any triple point admits a small neighborhood in which the three pieces of curve
of ¥ are O™,

Very recently, P. Tilli [12] proved that for any C! simple curve ¥ of length less than 7 times
the inverse of the infimum of its curvature, one can find an open set {2 containing ¥ in such a way
that ¥ is a minimizer for the problem (1.1) in £ with p equals to the Lebesgue measure. This fact
implies that no further regularity is possible for ¥ and that C*! is optimal.

Recall that by “corner point” we mean a point in ¥ for which the blow up limit is a union of
two radius with a strict angle (different from 180 degrees). Although it is not difficult to find some
examples of domains  where any minimizer ¥ necessarily contains a triple point, it remains an
open question as to whether a minimizer could actually contain corner points. On the other hand
in [2], the first order Euler-Lagrange equation is computed (see Section 5 below) and the existence
of stationary sets X that contain corner points is shown.

Now let us describe the contributions of this paper. One of our main result is that away from
triple points, X is locally at least as regular as the graph of a convex fonction, namely that the Right
and Left tangent maps admit some Right and Left limits at every point and are semicontinuous.
More precisely, for a given parametrization v of an injective Lipschitz arc I' C X, by existence of



blow up limits one can define the Left and Right tangent half-lines at every point = € I' by

v(to + h) — y(to)

Tr(z) :=z +RT. lim

h—0 h
' "h—0 h

Then we have the following.

Theorem 1. Let I' C X be an open injective Lipschitz arc. Then the Right and Left tangent maps
x+— Tr(z) and x — T (x) are semicontinuous, i.e. for every yo € T,

Jm Tr(y) =Te(yo) and  lim Tr(y) = Tr(yo)-
Y<~y%¥o Y>~Yo

In addition the limit from the other side exists and we have

Jim Ti(y) = Tr(yo) and  lim Tr(y) = Ti(yo)-
Y>~Yo y<~Yo0

An interesting and immediate consequence is the following result.

Corollary 2. Assume that I' C X is a relatively open subset of X that contains no corner points
neither triple points. Then T is locally a C* regular curve.

The strategy to prove Theorem 1 is to use on one hand that when the diameter of transported
set is small we have C! regularity (thank to [10]), and on the other hand when the diameter is
big ¥ stays under some very large “tangent circles” that makes 3 similar to a convex set locally.
The difficulty is to glue together all the regions where we control the tangents from one argument
or another. This is what we do in Section 4.

In Section 5 and 6 we try to exploit the Euler Equation to get some regularity. In [2], G.
Buttazzo E. Mainini and E. Stepanov give the first order equation for the penalized functional

F(Z) + XH (D).

In Section 5 we prove the existence of a Ay such that the Euler equation for the original problem
with length constraint is the same as the penalized one. The method, that was already used by F.
Santambrogio and P. Tilli to characterize the blow up limits in [10], is to estimate what we loose
or win in the average distance functional by adding or erasing a piece of curve at an endpoint. In
particular we obtain an explicit value for \g depending on the mass of transport rays arriving at
any endpoint and which corresponds to the “shape derivative” of F.

As an application of the Euler equation, in Section 6 we give a “tilt estimate”. In other words,
we obtain a local control on the oscillations of the tangents lines of ¥ with respect to a fixed line.

In Section 7 we apply Theorem 1 to find in ¥ some Lipschitz graphs (see Theorem 41) and
applying the Euler Equation and the tilt estimate on those graphs we obtain some results that are
summarized in the following statement.

Theorem 3. For every point x € X which is not an endpoint nor a triple point, one can find a
radius v, a line 7 C R? containing x and a 5-Lipschitz function f : 7 — 7t such that

YN B(z,r/4) ={(z, f(x)),z e n} N B(x,r/4), and

/ F(OPdt < Cri(Bla, ).
TNB(z,{5)



Moreover, [’ satisfies the equation

d 1 —y
#\isir)
on B(z,{5) N7. Here % s the derivative in the distributional sense and o is a measure that
verifies
Yol < (po k)i

where p : R? — 1 is the projection on m and k is a mesurable selection of the projection multimap
onto 3.

As a complement of Theorem 3, we also discuss how the regularity is linked with the behavior
of the measure 9. In particular we have the following.

Theorem 4. Assume that I' C X is a relatively open subset of ¥ that contains no triple points
and such that |r is absolutely continuous with respect to H* with density in LP(T,dH'). Then T
is locally a CY curve with a = pp%l.

This last result is proved independently from all the other sections (in particular does not use
the Euler equation), and this is why Theorem 4 is actually proved at the very beginning in Section
3. It can be seen as an introduction to understand why the regularity of X is difficult to obtain.
We also get a reverse statement, namely that if ¥ is C'! regular then v is absolutely continuous
with respect to H' with density in L.

2 Preliminaries

Recall that in all the sequel, ¥ will refer to an optimal set for the problem (1.1). The existence
of a minimizer is an easy consequence of Blaschke and Gotab Theorems and is proved in [5]. It is
also proved in [5] that it is not restrictive to assume €2 convex. We will denote by d the euclidian
distance in R? and by dy the Hausdorff distance. For any minimizer ¥ we associate a fixed
measurable selection of the projection multimap & : Q — X, that is for every x € Q

d(z,X) = d(z, k(z)).
Then we introduce the image measure 1 := ki which is defined for any Borel set A C R? by

»(A) = u(k™ (4)).
By abuse of notation we will sometimes simply denote k~!(z) instead of k=1 ({z}).

For x € ¥ we will say that R, is a transport ray ending at z if R, is a segment in 2 bounded
by z, and having maximal length for the property that every point y € R, satisfies dist(y,>) =
dist(y,x).

Recall that we already know by [5] that X is a finite union of injective Lipschitz arcs meeting at
some finite number of triple points. We also know that for any endpoint x of ¥ it holds ¢ (x) > ¢
for a positive constant ¢. If we exclude the endpoints and triple junctions, thank to [10] we have
a characterization of the blow up limits at point x in terms of ¥ (z). Indeed, if x is neither an
endpoint nor a triple junction, then x is a corner point if and only if x is an atom for v, that is
(x) > 0. Otherwise it is an “ordinary point” (i.e. the blow up limit is a diameter).

In the sequel we denote Ty, the set of triple points of 3 and Ex its endpoints.



2.1 Standard facts on compact connected 1-dimensional sets

Here we recall some standard properties on compact connected 1-dimensional sets that can be
found in [7].

Proposition 5. Let ¥ C RY be a compact and connected set such that H'(X) < 4+occ0. Then there
is a Cn-Lipschitz surjective mapping f : [0,L] — X. As a consequence, ¥ is arcwise connected
and rectifiable. Moreover, for each choice of xg,yo € X with xg # yo, we can find an injective
Lipschitz mapping f : [0,1] — X such that f(0) = zo and f(1) = yo.

Thank to Proposition 5, our minimizer ¥ is already rectifiable. Further, we will see that X is
actually “uniformly rectifiable” in the sense of David and Semmes. This will follow from the fact
that any minimizer ¥ is Ahlfors-Regular as it is proved in [5]. Let us give some more definitions.

Definition 6. A set ¥ is said to be an Ahlfors-reqular set (of dimension 1), if there exists a
constant C' and a positive radius ro such that for every point x € ¥ and every r < rq,

rC~ <HY XN B(z,7)) < Cr

In [5] it is proved that any minimizer ¥ is Ahlfors regular. More precisely, there is an rg > 0
such that for every z € ¥ and any r < ry,

r<HYZNB(z,r)) < 37 (2.1)

There is a lot of equivalent definitions of Uniform rectifiability but we will choose the one with
Ahlfors-regular curves.

Definition 7. An Ahlfors-regular curve with constant < C is a set of the form ¥ = z(I) where
I C R is a closed interval (not reduced to one point) and z : I — RY is a Lipschitz function such
that

2(x) = 2(yY)| < |z —y| forz,y € 1

and
H'({z € I;2(x) € B(y,r)}) < Cr

for all y € RN and r > 0.

Definition 8. Let ¥ C RY be an Ahlfors-reqular set of dimension 1. We say that ¥ is uniformly
rectifiable when 3 is contained in some Ahlfors-reqular curve.

Theorem 9. [8] Every 1 dimensional connected Ahlfors-regular set is uniformly rectifiable.

We deduce the following fact that will be used in Section 3.2.

Corollary 10. Any minimizer X is uniformly rectifiable.

2.2 Useful estimates and standard assumptions

We will use some estimates that are proved in [10], and that come from comparing ¥ with a
competitor made by replacing a piece of ¥ by a segment.

Lemma 11. [10] There exist a constant C satisfying the following properties. Let ' C ¥ be a
closed injective arc, with endpoints x, y, such that T\{x,y} contains no triple junctions of ¥ and
Cy(T\{z,y}) < 5. Then

HI(T) < Jo—y[+ Cy(T\{z,y})du (T, [z,y]),

du (L, [z, y]) < CYI\{z,y})|z —yl,
H'(D) < |z —yl(1+Cp(T\{z,y})?), (2.2)
HYD) < 2z -yl



It will be convenient in the sequel to work in some balls where X N9B(x,r) consists in exactly
2 points. For this purpose, let us recall some results that are still contained in [10].

For any x € ¥ consider a branch of ¥ starting at g consisting of a Lipschitz curve v : [0,T] —
¥, parameterized by arclength, such that v(0) = z and «(7T') is either an endpoint or a triple point
of ¥. We may also assume that  contains neither endpoints nor triple junctions in its relative
interior.

Theorem 2.3 of [10] says the following.

Lemma 12. [10] Consider x € ¥ and r > 0 such that B(x,r) contains no endpoint and triple
junction other than, possibly, x itself. For any s <r, set

t; ;= min{t > 0;v(¢t) € 0B(x,s)}, to2:=max{t <T;v(t) € IB(z,s)}.
If Cl’(/)(’}/(o,tg]) <1, then t1 = to.

Lemma 12 is generally used together with the following fact which is Lemma 2.4. of [10].

Lemma 13. [10] For any x € X there exists r(x) > 0 such that for all r < r(x) the ball B(x,r)
contains no triple junction nor endpoint other than, possibly, x itself, and C1¢(v((0,t2])) < 1.

In the sequel, for any © € ¥ we will denote r(z) the maximum radius satisfying the assumptions
of Lemma 13. In particular, for every x € £\Tx UEy and for all » < r(x) we have

2 NOB(x,r) = 2.

In [10], a uniform version of the above result is stated, saying that in fact one can take a common
radius r(x) = rg for every x € X1, where X1 C ¥ is compactly contained in the complement of
atoms of mass at least (2C7)~! and of triple junctions and endpoints, 7y depending now on ¥;.
In this paper we will need this slightly different version of the preceding results.

Proposition 14. For every compact set X1 compactly contained in X\Tsx,, there exists a constant
Cy := Co(%1) and a radius ro := 19(21) such that for all x € X1 and r < 1o,

Y(B(z,r)) < Cy = r <r(zx).

Proof. We argue by contradiction as in the proof of Lemma 2.5. of [10]. If the proposition
is not true, then there exists a sequence of points z,, € ¥; and a sequence of radii r, such
that ¢(B(zy,r,)) tends to 0, r,, tends to 0 and does not satisfy the assumptions of Lemma 13.
Observe that for n big enough, B(x,,r,) contains no endpoints nor triple points. Indeed, it is easy
to exclude endpoints as soon as (B(xy,, 7)) gets smaller than min{y({z});x € Ex}. For triple
points, it suffice to wait until r,, gets small enough with respect to dist(31, Tx) > 0. Possibly
by extracting a subsequence we may assume that x, converges to a point z in ¥; and since
Y(B(zp,ryn)) — 0 we deduce that

v({z}) =0. (2.4)

We also know that z,, is never a triple junction. That means that for every z,, exactly two
branches of Lipschitz arcs are starting from x,, and meet dB(z,,,7,) at least once and at different
points (because ¥ has no loops). Assume by contradiction that

HS N OB (xn, 1)} > 2. (2.5)

We denote by v} and 72 the two corresponding parameterizations and . ([0, t3(n)]) and 7.2 ([0, t3(n)])
the two branches of “first return” in B(z,,7,). From Lemma 12 we know that one of the
P(75([0,t4(n)])) is greater than C otherwise (2.5) would not be true. By extracting a further
subsequence we may assume that (. ([0,#3(n)])) > C for all n and arguing as in the proof of [10]
Theorem 2.5. we obtain that ([0, ¢3(n)]) converges for the Hausdorff distance to x which must
be an atom of mass at least C' and contradicts (2.4). O



Let us introduce a quantity which will measure the flatness of ¥ in the ball B(z,r), defined
for x € ¥\(Tg UEg) and r < r(x) by

di (2N B(x,7), [2, 7))
|z — 2|

B(x,r) =
where z and 2’ are the two points of 9B(z,r) N X. The notation is given compared to the well
known P. Jones G-numbers.

For simplicity, when there is no possible confusion we will denote v (z, ) instead of ¥ (B(z,r)).
By Lemma 11 we directly have

Blx,r) < Cy(z,r). (2.6)

Finally, we end this preliminary section by recalling the basic steps that lead to the regularity
result of [10] since we will also need the intermediate estimates. The next proposition is a direct
consequence of the proof of Lemma 2.10 of [10]. We let the details to the reader.

Proposition 15. [10] For all # € ¥ and r such that there exists a line m C R? satisfying

dp (XN B(z,2r),7 N B(x,2r)) < 18—0
we have
Y(x,r) < Crdiam(k~" (B(z,70))) + Cr~dg (X N B(x,2r), 7 N B(x,2r)). (2.7)

In particular if v < r(z) and ¥(x,r) is small enough then

W(x,r) < C(r+ Bz, 2r)).

As it is shown in [10] (Theorem 2.11.), the last estimate can be iterated in the case when
r < r(z) in order to obtain the following result which will be also needed later.

Proposition 16. [10] Let x € ¥\(Ts UEy) and r < r(z). If diam(k=*(B(z,70))) < 1/(2C)
then there exists ro depending on X such that

Y(x,r) < Cr Vr <min(rg,r(z)) (2.8)

where C' is a constant depending only on X, 0 and p.

Observe that (2.8) together with (2.6) leads to some C1! regularity.

3 The measure

In the next sections we will see how ) is linked with the mean curvature of ¥. Therefore it is
natural to think that some good control on 1 will give some regularity on . This is what we do
in this section.

3.1 The regularity is equivalent to the behavior of ¢

Let us first prove that the regularity of ¥ implies some decay on ¢ (z, 7).

Proposition 17. If ¥ N B(zg,0) is a CY* regular curve then there exists 1 < ro such that
P(x,r) < Cr® for all x € ¥N B(xo,70/2) and r < ry.



Proof. Assume that ¥/ := XN B(x¢,70) is a C%® regular curve v parameterized by arclenght. Let
x € XN B(xg,r0/2) and r < 1r¢/2. Then for all y € B(x,r) one has

with v(0) = = and 7(t) = y. Further,

A(t) —(0) = / 7(5) o/ (0)ds + / 7 (0)ds

IN

/0 I/ (5) — +/(0)ds

Ct1+a

[v(t) = ~(0) — t7/(0)]

IN

which implies
dist(y, T(z)) < Clz —y|* ™ < Ortte

where T'(x¢) is the tangent line at zy. Since y is an arbitrary point lying in ¥ N B(z,r), by (2.7)
we conclude that 1 (x,r) < Cr® for r small enough depending on ry an other constants. O

Now we prove the reverse statement.

Proposition 18. Assume that xg € X and rg > 0 are such that B(xg,79) contains no triple
points nor endpoints and such that ¥(xz,r) < Cr® for all x € XN B(xo,70/2) and r < ro/2. Then
¥ N B(xg,70/2) is a CY* regular curve.

Proof. We denote r¢(%;) the radius given by Proposition 14 with X1 := X N B(zg,ro). We also
denote 1y < min(rg(X1),70/2) a radius such that Cr§ < C5(X;) in such a way that for all
x € XN B(xg,70/2), r2 < r(z). Now from ¢(x,r) < Cr® for all r < ro we obtain by (2.6) that
Blx,r) < Cr® for all x € &1 and r < ra.

For every © € B(zg,r0/2) and r < rg, we denote 7, , the line through the two points of
Y NIB(x,r). We claim that 7, , converges to some tangent line 7, at x when r goes to 0. To see
this, let us introduce for two lines 7, 5, and 7, 5, the distance

dist(Ty. sy, T 55) = A (Ta,s; N B(0,1), Ty s, N B(0,1))

where dy the Hausdorff distance, and 7, , is the line parallel to 7, , through the origin. In other
words dist(Ty sy, Tps5) = ATy s, Tz,s,) Where v is the smallest angle between the two lines 7y 5,
and 7, s, thus endowed with this distance the set of lines in R? centered at the origin is a complete
metric space. Now since f(z,r) < Cr® we claim that for any s < sa,

dist(Tp 51, Tz,5,) < Cs5. (3.1
Indeed, for all s < 7y it is clear that
dist(Ty 572, Tz,s) < Cs®. (3.2)

Now if k is such that 2= * D g, < 5 < 27F 5, we have

k k

dist(Ta 0, Tarsy) < C Y dist(Ty o (41)pys Ty 2-iry) < C Y 279%s8 < C's§
j=0 j=0

which proves (3.1).



Now (3.1) says that 7, is a Cauchy sequence and converges to some line 7, centered at the
origin. Moreover, if 7, denotes the line parallel to 7, passing through z, for all r < ry we have
that

dist(my, 7y ) < Cr®

and

dg (XN B(x,r), 7, N B(x,r)) 2dy (7y,r N B(x,r), 7 N B(x,T)))

drdist(my r, my) < Ccrott
thus 7, is a tangent line at z.
So 3N B(xg, r0/2) admits a tangent line 7, at every point x. To prove that ¥ N B(z,r/2) is a

C1@ regular curve, it suffice to show that the map z +— 7, is Hoélder regular. Let 3 and z be two
different points of ¥ N B(xzg,r9/2) and let p := |y — z|. Assume first that p < ry/10. We have that

dist(my,m,) < dist(my, Ty 2,) + dist(my 0p, 75 2p) + dist(n,,2,, 72)
< Cp® 4+ dist(my,2p,T2,2p)- (3.3)

Now observe that taking a point 2z’ between y and z and applying (3.1) at this point with
r = 4p we have that

dist(my 2p, T22p) < ClB(2',4p) + dist(my 2p, Tar 4p) + dist(7s 2p, T2 4p)] < Cp®. (3.4)

Therefore, (3.3) and (3.4) imply
dist(my,m,) < Cly — z|*. (3.5)

Now if p > r9/10 (3.5) is also true up to change C' (depending on r3), which means that X N
B(.’l?o,’l"o/2) is Cl’a. O

As an application we can state the following.

Theorem 19. Assume that ' C X is a relatively open subset of . that contains no triple points
and such that |r is absolutely continuous with respect to H* with density in LP(T,dH'). Then T
is locally a CY curve with a = p’%l.

Proof. Let x € T. Since T is open, we may assume that there is a ball B(z,r) such that r < r(z)
and ¥|snp(z,r) is absolutely continuous with respect to H! in B(x,r) and its density belongs to
LP. Then for all x € ¥ N B(x,r/2) Holder inequality gives, for all y € B(z,r) and s < r/2,

U(y,s) == ¥(B(y,s)) < [¥],H (SN Bly, s))7 < Cs¥’

thus Proposition 18 applies which proves that T is Cllo’co‘ with a =1 — %. O

As far as the reverse implication is concerned, we can prove the following.

Proposition 20. If ¥ N B(x,r) is a C*t regular curve then 9|s, is absolutely continuous with
respect to H' in B(x,r/2) and its density belongs to L.

Proof. According to Theorem 2.56 of [1], it is enough to find a constant M such that for every
y € XN B(z,7/2),
lim sup vl s) <M (3.6)
s—0 S
and this is the case when ¥ N B(x,r) is O, because then arguing as for Proposition 17 we easily
have that B(y,s) < Cs for every y € X N B(x,r/2) and s < ro(X N B(x,r)) thus ¢(y,s) < Cr by
(2.7). O



3.2 ¢(z,t)dH'(z)% satisfies a Carleson measure condition

As Proposition 17 and 18 say, the regularity of ¥ depends on the behavior of ¢ (x,r) with re-
spect to r. The next proposition shows that in mean, ¥(x,t) is very small with respect to ¢
at every scale, at least sufficiently small to make a certain integral converging. In other words

V(@) X, r(a)) (£)dH (2) 2 is a Carleson Measure.

Proposition 21. For all x € ¥\(Tg UEy). Then there exists ro(x) < r(x) such that

dt
/ / Pl a1 ()Y < Or e (0, ().
yeEXNB(z,r) JO<t<r t

Proof. Since ¥ is a uniformly rectifiable set of dimension 1 in R?, there is a constant C' (see [6])

such that
9 1, (At
Bly,t)*dH (y)— < Cr (3.7)
yeXNB(z,r) JO<t<r t

for x € ¥ and r € (0,7rp). Actually the § in (3.7) is normally the one of P. Jones which is slightly
different than our § but smaller than 2 times ours thus (3.7) holds. Now possibly by taking a
smaller ro (depending on r(x)) and using inequality (2.7) we compute

dt dt
/ | sweraw < o [ evsueracw?
yeXNB(z,r) JO<t<r t yeXNB(z,r) JO<t<r t
Cr.

N

IA

4 About the diameter of the transported set and applica-
tions

In [10], it is proved that ¥ is C1'! provided that the diameter of the transported set is small. In
the next section we are interested in the opposite situation, when the diameter is very large. In
this case X stays under some very large “tangent circles” that makes it close to be a convex graph.

4.1 Considerations for large diameters

We first want to give a notion of Right and Left tangents at a point z € ¥ when its blow up is a
line or a corner. To do this, we need to give an orientation on ¥ to say in which direction ¥ is
followed.

Definition 22. For any injective parametrization v : [0,T] — X of a piece of 2 that contains no
triple point we define the Right and Left Tangent al point x = ~y(tg) € v(]0,T|) associated to ~y
and denote by Tr(z) and Tp(x) the half lines

— + o (o + ) — (o)
Tr(z):=2z+R %13}) Y

' "h—0 h

Remark 23. Notice that the existence of Right and Left tangents comes from the existence of
blow up limits (line or corner) at each points and that the dependance on + is only relying on
orientation.
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In the sequel we will prove that x — Tg(x) and x — T () admits some Left and Right limits
at every point (see Theorem 31) and are semi-continuous but let us check first that it is the case
in basic situations when the diameter of transported set is under control.

For any parametrization « : [0,7] — X we will use the notation
T <4y
to say that x = y(¢) and y = (') with ¢ < t'.

Since our result is local, it is not restrictive to consider the situation in a small ball B(z,r)
around z := 7(t) € £. We need to define a sort of local orientation on X. Recall that for every
x € Y. which is not a triple point, nor an endpoint, Lemma 13 gives a radius r(z) such that
X N oB(x,r) = 2 for all r < r(z). It follows that for all » < r(x), B(z,r)\X is cut by ¥ in
exactly two connected components. Suppose now that z € ¥ and r € (0,7(z)) are such that
YN B(z,r) = I'N B(z,r) where I' := 4([0,7]). Let s < r be given and let v(¢1) and v(¢2) be
the two points of dB(x,s) NT. Assume in addition that t; < t5. Then we denote 9B(z,s)* the
two connected components of dB(z, s)\I', in such a way that B(z,s)T is corresponding to the
piece of circle obtained when we start at y(¢;) and follow the circle in the clockwise sense as in
the following picture.

OB(z,s)"

v(t1)
\

0B(z,s)” 7(t2)

Then we define B(xz,s)* as being the connected components of B(xz,s)\I' labeled in such a
way that the boundary of B(z,s)™ meets dB(z,s)T. Observe that by this way, if s’ < s then
dB(z,s")t C B(x,s)". This follows from the fact that the points z; and 2, lying on ¥ N 0B(z, s)
are continuous with respect to s. It is worth mentioning that the orientation does not depend on
point z, in other words if B(z,s) and B(z’,s’) are both contained in B(xg,7) with ro < r(zg),
then B(z,s)™ N B(z2/,s')” = 0 and viceversa.

General assumptions 1 : We will say that we are under General assumptions 1 in B(xg, 7o)
when v : [0,T] — X is a given parametrization as in Definition 22, ¥ N B(zg,ro) = v[t1,t2] for
some t1,t2 € [0,7] and v([t1,¢2]) contains no triple points nor endpoints. We also assume that
7o < r(x0). In this situation we have an orientation, namely B(zg,s)® are well defined for all
s <1p. We also denote T" := ~([0,T7).

Notice that for every x € X\(Ts UEyx) one can always find a parametrization v and a radius
r in such a way that B(z,r) satisfies General Assumptions 1.

Definition 24. Assume that we are under general assumptions 1 in B(xo,70). Then for every
y € 'NB(xo,70) and for every transport ray R, ending aty we say that R, is coming from above
if RyNB(xg,7m0)" # 0 and we say that R, is coming from below if Ry N B(xo,70)~ # 0. If R, and
R, are two different transport rays that are both coming from below or both coming from above we
will say that R, and R, are coming from the same direction. We denote k=Y(y)* the family of
transported Rays ending at y and coming from above and k= (y)~ the ones coming from below.

Remark 25. Of course a non empty ray cannot comes from above and below at the same time.
The definition of Above and Below depends only on the orientation given by ~.
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We will need this elementary fact which was already used in a slightly different version in [10].

Proposition 26. Assume that  is convex and that we are under General assumptions 1 in
B(z0,70). Then x — diam(k=(z)*) are upper-semicontinuous for x € ¥ N B(xq,70)-

Proof. Tt is enough to prove the Proposition for diam(k~!(z)*). Assume the contrary. Namely,
there exists 6 > 0 and a sequence of points x,, that converges to z, in XN B(z, ro) and such that

diam (k™ (2,) ) > diam(k™ (50)T) + 6. (4.1)

Let y,, be a sequence of points in k= ({x,})* such that d(z,,y,) = diam(k~*(z,)"). Up to a
subsequence we can assume that y,, converges to a certain y.., and by continuity of x — dist(x, %)
we deduce that Yoo € k! (2). Moreover yo, is still coming from above. Then from (4.1) and

we obtain
diam(k™ (200)T) 4+ 6 < d(Yn, Too) + d(Too, ),

thus passing to the limit it comes
diam (k™ (2s0)) + 0 < d(Yoo, Too)

which is a contradiction. O

For all z € ¥ and R, a transported ray arriving at « we will denote v(R,) the unit “normal”
vector oriented by R, and defined by the identity

R, =+ [0, H' (Ry)].v(Ry).

In most of our next arguments we will need the following “key lemma”.

Lemma 27. Assume that we have General assumptions 1 in B(xg,r9) with g € ¥ and a
parametrization . Then for every Cs > 1o the following holds. Let t < t' be such that (¢)
and y(t') lie in B(xg,ro) and admit some transport rays Ry and Ry that are both coming from
above and satisfying min(H(R;), H'(Ry)) > Cs. Then :

Angle(v(Ro ). v(Ryq)) < 2arcsin (Cigw(t) — (1))

where Angle(v,w) denotes the oriented angle between the two vectors v and w.

Proof. Let t and t' be as in the statement of the Lemma. We know that ~(¢) is under a circle of
radius bigger than C3 “tangent” to v(t') and viceversa. Let us assume without loss of generality
that y(t') is the origin and Rfy-(t/) is the first axis. Let L; be the line containing the two points (%)
and v(t') and let v; be the unit vector orthogonal to L; pointing in the “above” direction, which
means pointing in the clockwise sense on the circle B(v(t'), |v(t) — v(¢')|). The only way for the
angle Angle(v(Ry)),v¢) to be positive is when ~(t) has negative first coordinate and positive
second coordinate as in the following picture

Ut
V(R )

v(t)

NG L
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and since v(t) must be at the same time lying under the “tangent” circle associated to y(t') we
deduce that

L1
Angle(v(R ). v) < avesinf- (1) = (¢
By the same argument considering this time the circle associated to y(¢) we also have that

1

Angle(ui, (R, ) < axcsinl &y (8) = 7))

which all together gives (i), and the Lemma is proved. O

Now we can state a first regularity result.

Proposition 28. Assume that we have General assumptions 1 in B(xg,ro) and that
inf{diam(t~'(y)");y € N B(xg,70)} > 0. (4.2)

then x — Tgr(z) and © — Ty (x) are semicontinuous, i.e. for every yo € B(xg,10),

Jm Tr(y) =Te(yo) and  lim Tr(y) = Tr(yo). (4.3)
Y<~Yo Y>~Yo

In addition the limit from the other side exists and we have

lim Tu(y) = Ta(o) and  lim Te(y) = Tu (o). (4.4
Y>~Y0 y<~4Yo

Proof. Up to change the orientation it is enough to prove the result for T;,. For any corner point
y € XN B(z,r) let us denote R§ and R?f the two transported Rays orthogonal to Tr(y) and T (y)
as in the following picture

L RE
Ry y

D)

Tr(y) Tr(y)

Under assumption (4.2), if R and R% are not empty they can only arrive from above. We denote
R1 the union of all the RY and R% for y a corner point in XN B(xq, o). Then, for every ordinary
point y € ¥ N B(xp,79) we denote R;r the single ray coming from above and arriving at y and we
denote Ro the union of all the R;r for all ordinary point y. Finally, we denote R := R; U Ro.

We claim that (4.2) implies the following stronger condition
inf{H'(R,); R, € R} > C5/2 (4.5)
where

Cs = inf{diam(t ' (y)");y € SN B(x,r)}.

13



Indeed, if y is an ordinary point then diam(t~*(y)™) = H'(R;}) so the problem could only occur at
corner points. Now let y be a corner point and assume by contradiction that H*(Rf) < Cs/2 (the
argument will work by the same way for Ré) Then by semicontinuity of the length of transported
rays (Proposition 28), all the transported rays coming from above and arriving in a sufficiently
small neigborhood at the right hand side of y still has a length strictly less than C3. Now to get
a contradiction with (4.2) it suffice to choose an ordinary point z in this neighborhood for which
we know that the lenght of R is exactly diam(t=1(z)") > Cs. It is always possible to find such
a point z because ordinary points of ¥ have full H! measure.

Now to prove the existence of limit we will use the “key lemma”. Let yo be a fixed point in
B(zg,r0). Since the result is local we can restrict ourself to B(yo, s) for a radius s small as we
want. For instance we can take s < C3/100. Now by convention, when y is an ordinary point we
set Rg = R;“ = R, and we define for y € B(yo, s) and y <, yo the function

0(y) = Angle(v(RL,).v(RL)).
We want to prove that 6(y) has a limit when y — yo, and y <, yo. Let

M = sup{6(y);y € B(yo,s) and y <4 Yo}.
It is clear that

limsup 6(y) < M. (4.6)
Y—Yo
¥<~%0
Now by definition of M, for every € > 0 one can find y. € ¥ N B(yp, s) such that 0(y.) > M —e.
On the other hand for all y >, y. Lemma 27 implies

1
B(y=) < 8(y) + 2aresin (- [y — vel)

which leads to
M—-e< hyniggfﬂ(y)
y<~+%0
and since ¢ is arbitrary, combining the last inequality with (4.6) and letting £ goes to 0 we obtain
that the Left limit of 6(y) exists and is equal to M, which means that the Left limit

I
Jim T (y)

Y<y¥o
exists. For the existence of Right limit of 77 one can argue by the same way using this time the
infimum instead of supremum.

Let us prove now that

ylgglﬂ Tr(y) = Tr(yo)- (4.7)
y<+Yo

The proof of

Jm 77 (y) = Tr(yo) (4.8)
Y>~Yo

will follow by the same argument.
We already know that
limsup 6(y) < 0(yo) =0

Y—Yo
Y<+yYo0
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so it is enough to prove the reverse inequality, for which we argue as follows. Let y; be a sequence
of points converging to yg and let z; be a corresponding sequence of points belonging to a transport
Ray R;k ending at yi. By continuity of x +— dist(x, X) we obtain that the z; converges to a point
z which belongs to k~1(yo)*. This implies that

limsupf(y) >0
Y—Yo
Y<~4Y0

which ends the proof. O

Remark 29. A consequence of the proposition just proved is that if we assume X to contain
no corner points in B(z,r), then under assumption (4.2) ¥ is C! in B(x,7) because in this case
Tr(x) = Tr(x) at every point.

Now if (4.2) holds from above and below at the same time we have more regularity as it is
shown by the following proposition.

Proposition 30. Assume that we have General assumption 1 in B(xzg,ro). If
inf{min(diam(t~*(z)T), diam(t~(x)7));z € XN B(z,r)} >0 (4.9)
then X is C11 in B(xg,70/2).

Proof. Observe that under assumption (4.9), for every point y € ¥ N B(x,79/2) we have that ¥
is lying in the complement of two circles with radius uniformly bounded from below and tangent
to each other at y. From this fact one can find a radius r; such that 8(y,r) < Cr for all r < rq
and the proposition follows from the same argument as for Proposition 18. O

4.2 A regularity result

This paragraph is devoted to the proof of the following result.

Theorem 31. For any minimizer ¥ and for every injective and open arc I' C X, the Right and
Left Tangents Tr(x) and Tr(x) admit some Right and Left limits at every point x € T’ and are
semicontinuous. More precisely (4.3) and (4.4) holds for every point yo € T.

To prove Theorem 31 we will first need a precision about the C*! regularity result of [10].

Lemma 32. Let %1 be compactly contained in ¥\ (TsUEs). Letx € ¥y be such that diam(k~!(z)) <
min(C, C2(X1)) and let I C X be an “interval” in 31 (i.e. an injective Lipschitz image of [0,1])
containing x mazximal for the property that

sylér; diam (k™ (y)) < min(C, Cx(%1))

and let z € I\I. Then ¥ is CY' regular up to z, with Lipschitz constant for the derivative
depending only on %,  and p, in particular does not depend on I and x.

Proof. The Lemma is an easy consequence of the regularity result of [10] so let us give only a
sketch of the proof. Assume that I is parameterized by an injective map v : [0,1] — I and assume
that z = v(0). We already know by the result of [10] that ~ is C1'! in the interior of I. Moreover,
by existence of blow up limits we know that 4" exists at 0. Denoting Tr(z) the half tangent line
at z, and using Lemma 11 we have that

5 sup dist((1), Tr(2)) < CY(((0,)
t€[0,6]
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On the other hand, one can easily prove the estimate
»(v((0,0]) < Cr Vo < do (4.10)

by a small modification of the proof of Proposition 16. Indeed, the only difference is to find
an analogous “one-sided” version of inequality (2.7). This is done by delimiting one side of the
domain k=1 (y(0,d)) with exactly the same argument as for the original proof of (2.7), and for the
other side the rays are delimited by the line orthogonal to the left tangent 77, (z). Then the proof
of (4.10) follows by the same way as the proof of Proposition 16, the iteration still works since the
diameter of transported set is small enough for the points of v((0, 6] by our assumptions. We left
the details to the reader.

Once (4.10) is proved, the desired C'!+! regularity follows by the same argument as in the proof
Proposition 17. O

We are now ready to prove our regularity result.

Proof of Theorem 31. We can assume that we are working on ¥; compactly contained in the
complement of Tx; and Ey since we already know by [10] that the curves that compose ¥ are C'+1
in a neighborhood of any triple point. Let Cy be the constant depending on 2, u and ¥ that comes
from the regularity result of [10] (i.e. that implies C1'! regularity whenever diam(k=1({z})) < Co)
and let C' < min(Cp, C2(31)). Since the result is local, when z is not an endpoint we can work
under General assumption 1 in a ball B(zg, ro), and we can assume that 7o < C/100.

Then let us decompose I' N B(z, 1) in a disjoint union
FQB($0,T0) = 01 UA+ UATUF

where
O1 := {z € TN B(xo,r0); diam(t~"(z)) < C}

AY .= {x € 'N B(xo,70); diam(t ' (x)7) < C/4 and diam(t~(z)") > C/2}
A~ = {x € T'Nn B(xo,r0); diam(t " (x)T) < C/4 and diam(t~*(z)~) > C/2}
F:=XnN B(xo,To)\(Ol U 14+ U Ai)

In particular in F', all the points have very big transported sets from above and below. By
semicontinuity of the diameter of transported set (Proposition 26), we get that O, O; U A} and
01U A~ are relatively open sets in I' N B(xzg, o) thus F is relatively closed by definition. We will
first prove that taken separately in the interior of all the above sets, 3 is C' regular. Indeed by
definition of constant C, from [10] we directly know that Oy is C}.}, which means that the maps
Ty, and Tg are continuous (even Lipschitz) in Op. In the interior of F';, AT and A~, we know that
the maps 77, and Tg are semicontinuous by Proposition 28. Now we have to glue together those
sets to prove that 77, and Tk are semicontinuous everywhere. Up to a change of orientation it is
enough to prove the result for only T7,.

Let us consider O; as a countably union of disjoints “intervals” like

O1 =Y (ti,tis1])

i€EN

with ¢; < t;11. We already know that v is C1! in each of the I; := v([t;, ti+1]) (also up the the
boundaries of each interval thanks to Lemma 32). Now we will enlarge the set of points in which
T7, is semicontinuous to progressively achieve the semicontinuity everywhere. Let us start with
the open set AT UO;. Let yo € AT\O; (otherwise v is C1'! in the neighborhood of - and we have
nothing to prove). For r small enough we know that B(z,7) N ¥ C AT U O;. We want to prove
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that T, (y) tends to Tr(yo) when y — yo and y <y yo. We use the same notations as for the proof
of Proposition 28, i.e. we denote the oriented angle

0(y) := Angle(v(Ry,), v(Ry))
and we want to prove that 6(y) tends to 6(yo) = 0.

First of all, since yo € AT, for all subsequence y, — yo with v, <, yo and such that for all
n >0, y, € AT N B(yo,r) we can prove that 6(y,) converges to 6(yo) = 0 arguing exactly as for
Proposition 28. This means that for every € > 0 there exists r. < r such that

sup{|0(y)|;y € AT N B(yo,r:) and y <, yo} < e. (4.11)
Now we have to control the angle for points in O;. Since 3y € A1, we deduce that

IinB(yo,re) #0 = I C{y;y <y yo} or Ii C{y;y >~ yo}-

Then by Lemma 32, for all y € I; with I, C O1 N {y;y <4 yo} N B(yo,r), one can estimate
(possibly taking a smaller r.)

6(y) — 0(yi)| < CH'(I) <e
where y; is the right hand side bound of the interval I;, in other words the point maximal in I;
for the order <. Then it comes, for all y € Oy N B(z,r:) N {y <4 yo},

10(y)] < 10(y) — O(y:)| + [0(yi)| < 2¢

because in particular y; € A" so that we can apply (4.11) to estimate |6(y;)|, and finally we have
proved that
lim O(y) =0

Y—Yo
Yy<~Yo0

which implies the semicontinuity of Tr, in O; U AT,
By a similar argument we can also prove that for every yo € O; U AT,

Jim Tr(y) = Tr(yo)- (4.12)

Y>~Yo

Thus reversing the orientation and applying (4.12) we obtain the semicontinuity for T7,, when
y <4 Yo at every point yo of A~ U O as well. Since A% U O are open sets we have proved that
Ty, is semicontinuous in O; U AT U A~. To have the semicontinuity of T} everywhere it remains
to prove the semicontinuity at points of F'.

We already know that T}, is semicontinuous in the interior of F' (X is even C'! in this case by
Lemma 30). So it is enough to prove semicontinuity at point yo € F N A+ U O; U A~. But this
will be done by the same arguments as before. All we have to prove is that for r. small enough
and for all points y € B(yo,7:) N {y <y Yo}, we have that |6(y)| < e. Since the point yo € F is
achieved by two large transport rays from above and below at the same time, we can control the
angle of tangents for every point y € B(yo, ) N {y <4 Yo} by considering the four different cases
whenever y lie in O1, AT, A~ or F. Indeed, in each situation between O;, AT and A~ we can use
one of the arguments that we already used before to prove semicontinuity in O; U AT U A~, and
for points of I we can use either the argument associated to AT or the one of A™.

In conclusion we have proved that (4.3) holds at every point of T', and the proof of (4.4) works
by the same way. O

As an immediate consequence of Theorem 31 we can state the following interesting result.

Corollary 33. Let X be an optimal set for the problem (1.1) and let B be a ball such that ¥ N B
contains only ordinary points. Then ¥.N B is locally a C' regular curve.
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5 FEuler-Lagrange equation

We will need the equation of first derivative that one can find in [2]. We refer for instance to [1]
page 355 for the definition and classical properties of the tangential divergence div=®.

Proposition 34. [2] For every compact and connected set ¥ C Q and for every ® € C§°(R? R?)
one has

d B k(z) —z
AR = [ @), 1) dula). (5.)

As a consequence, for a given A > 0, if 3 is a minimizer for the functional

G(x) = i d(z, ') du(z) + XHH () (5.2)

over all compact and connected sets X' C Q, then for all ® € C§°(R?,R?) one has

k(z) —x " > 1_
/RQ@(/c(m)), o) an )+>\/Qd o dH' = 0. (5.3)

We would like to apply equation (5.3) to the minimizers of our functional F defined in (1.1) with
length constraint instead of the penalized functional G. The following Proposition was suggested
to the Author by F. Santambrogio and says that one can find a A\g such that the two first order
equations for the two minimizing problems are the same. To get a similar result one could also try
to apply the classical Lagrange multipliers theorem on a suitable Banach space of diffeomorphisms
to the functional J(¢) := F(¢(X)) but the Fréchet differentiability of such functional at ¢ := Id
is not clear. Moreover, despite of the technical difficulties of the proof of the next proposition, the
idea is very intuitive and perhaps more instructive as well since it gives the explicit value of Ay in
terms of measure 1 at any endpoint xg.

To be more precise, let g be an endpoint of ¥ that we will assume, up to a translation, being
the origin. Following [10], let us denote by v the image measure of u_k~!({z}) by the application
T H\%\I and define the vector

U= / v dr(v).
Sl

By [10] Theorem 3.2. we know that ¥ admits a tangent line at zg which direction is given by the
vector —v. Now we define the constant

Ao = /Sl U.m dv(v) = ||9]|. (5.4)

Proposition 35. Let ¥ be a minimizer for the problem (1.1) and zo be one of ils endpoint.
Then Equation (5.3) holds with A = \g defined in (5.4) and for every ® € C§°(R?,R?) compactly
supported in the complement of {xo}.

The idea is to quantify how much one can win or loose in the functional adding a piece of
segment of size r starting at the endpoint xy or erasing a piece of curve of size r from the same
endpoint. We will prove that the two operations have a cost in Agr + o(r) and this is the purpose
of the two next lemmas. Actually one can find similar computations in the proof of Theorem 3.5.
of [10] (with a more elliptic redaction) but we would like to re-write here the arguments in full
details for the convenience of the reader.

Let ¢ be an endpoint of . that we still assume being the origin, and let ® € C$°(R? R?) be a
given diffeomorphism supported in a compact K contained in the complement of {0}. We denote
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C% the family of diffeomorphisms ¢ € C5°(R?, R?) supported in K satisfying ¢(K) C K. Let us
define
. i=1d + .

Notice that if € is small enough, then ¢, € C7. For every ¢ we denote k. a measurable selection
of the projection multimap onto X, := ¢ (X).

Let us define now v. the image measure of pu k- 1({0}) by the application z — £ and

[E]
v
Ao ::/ v.— dv.(v).
o VTl =)

It is not difficult to see that A\, — A9 when ¢ — 0.

introduce the constant

Lemma 36. One can find an ro such that for every r < ro there exists a set X7 such that

YINK =%, HYZ)=HYZ.)+r and

F(3:) — F(ZL) =rA+o(r) (5.5)
where o(r) depends on ® but not on €.

Proof. Up to a rotation we can assume that o = e;. Defining the line L := R™.7, by [10] we know
that

1
—dy (XN B(xg,r), LN B(xp,r)) — 0
r

when r — 0, and this is the same for ¢(X) for all ¢ € C'¥ since they do not move any points near
the origin. Let PT be the half space

Pt :={(z,y) € R*z > 0}. (5.6)

We claim that for all €,
kZ1({0}) € P*.

Indeed, suppose the contrary, namely that there exists a point 2 such that k.(z) =0 and z ¢ PT.
Then, since {0} admits R™e; as left-tangent line it would be better for = to be projected onto a
point y € ¥ N 9B(0, s) for s small enough which is a contradiction.

We define
=% U L;”

where L} :=[0,7] x {0}. We have to compute the winning in the functional F in terms of r but
independently from e small enough, say less than gg.

Let D, := (L} x R) N Q. For every point z € PT\D, one has d(x,L;}) = d(x,x,) where
Zy := (1,0). Then, a simple computation yields, for r — 0

T
|z — 2, ]1* = ||2||* — 2(z,2,) + o(r) = ||z[|*(1 — 2<W71’T> + o(r)). (5.7)
Therefore, we obtain that for all x € k-1 ({0})\D,.,

d(z,3:) —d(z,20) = ||z]| — ||z — =] = 7'< €1> +o(r)

T
]

where o(r) does not depend on €. On the other hand, let us define

A 1= {o € QT ({0} d(@, T0) = d(a, L)) |
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and

A= | A

e<eo

We claim that

sup [ dl,%0) ~ d(e.50) da) = ofv). (5.8)
Az

e<eo

To see this, observe that A5 C Pt thus, using (5.7), for z € AS we have

0 < d(e,%.) - d(x, 5%) < 2] — d(x, %) = al| - d(w,2,) = r{ o0 er) +o(r)

T
BN
where o(r) does not depend on €. Then

’ B d(x, Xe) — d(z, 57) du(x)| < ru(A7) +o(r) < ru(Ar) + o(r)

and we conclude by observing that u(A,) — 0 thus (5.8) is true.
Finally, since [}, d(z,%c) — d(z,X7) = o(r) we have

F(S) - F(5) = / d(z,5.) — d(z, 57) dp() + / d(z, 5.) — d(z, 57) dp(z) + o(r)
ko L {0\ D~ c
= Ao +o(r)
which proves the Lemma. O

Now we want to do the same while removing this time from Y. a piece of size r, and estimate
the loss in terms of r independently from ¢. Compared to Lemma 36 we will this time prove only
an inequality which will be enough to prove Proposition 35.

Lemma 37. One can find an ro such that for every r < ro there exists a set X7 such that

YINK =%, H'E)=HYZ.)-r and

F(XD) = F(X:) <rXe+o(r) (5.9)

where o(r) depends on ® but not on ¢.

Proof. The proof is very similar to the one of Lemma 36. The only difference is that here we don’t
consider a piece of segment but a piece of curve that converges to a segment with speed o(r).

Let v : [0,7] — R? be a parametrization by arclength of the Lipschitz curve starting at o,
such that v(0) = xo and v(T') is a triple point or endpoint. By [10], for ¢ small enough, we know
that

#{0B(zo,t)NX} = 1.

We deduce the existence of a radius ¢, defined by ¥ N IB(zo,t.) = v(r) and satisfying v([0,7]) =
> N B(xo, t). Moreover since the blow up limit at z¢ is a radius we also know that r = ¢, + o(r)
when 7 — 0. We assume 7o small enough in such a way that B(z,t.) N K = for all < r¢ and
we define

3L = E\([0, 7).
By construction we automatically get H!(XI) = H(X.) — 7.

Now we want to compute what we have lost in the functional F. We still suppose zy = {0}
and the tangent line at xo being R™.e;. We denote P the half space defined in (5.6). As before,
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we know that for every e small enough, k-1({0}) C P*. Let us denote x, := ¥ N dB(0,t,) and

Zr = p1(z,) where p; is the projection on the first axis. We know that ||z, — Z,|| = o(r) and
|Zr|| =t = r —o(r). By a computation similar to (5.7) and using that o(r) = o(t,) we obtain
that for all x € PT,
_ xr
lz = 2 |I* = ll=|*(1 — 2<W7mr> +o(r))
which implies
- x
& =z || = [l]| = T<W’ e1) + o(r).
Then, since |z, — Z,|| = o(r) we deduce
x
le =zl = llz]| = T<ma e1) +o(r).
Now we compute
FED-FAS) = [ d@S) - d 5 dulo)
ko H(B(0,t,))
< / d(z,z,) — d(z,0) du(z) + r/ dp(z)
ke ({0}) ke ' (B(0,t)\{0})
< /71 [ = @ || = llzll dpu(z) + r(B(0,£)\{0})
ket ({0})
< rhe+o(r)
which ends the proof. O

We are now ready to prove Proposition 35.

Proof of Proposition 35. Let ® be given and consider 3. := . (X) where as before p. = 1d 4 €®.
Assume first that H1(2.) — H}(Z) = —r. < 0. Then, denoting ¥ the set given by Lemma 36
applied with r := r. and using that ¥ is a minimizer for F we obtain that
F(x) < F(ED

= F(Be) — Acre —o(re)

= F(Zo) + A[H' (Z:) — HYE)] + o(re).
Now if H}(X.) — HY(Z) = r. > 0 we can use Lemma 37 to find a set X7 satisfying the length
constraint so by minimality of X,

FE) < FED)
< }—(25) + Aere + O(Ts)
< F(Z)+ /\6[7'(1(28) - Hl(z)] + o(re).

In conclusion, using that r. = O(e) and that A. — Ao we have proved for every e,
F(B) = F(Zo) + M[HHE) — HY(Z.)] < ole).
Now dividing by ¢ and passing to the limit, we obtain

=0

g [j:(ze) =+ /\OHl(EE)} =0

de

and we conclude using (5.1) and the classical fact that the derivative of H!(X.) is the mean
curvature. O

Remark 38. The constant \g does not depend on the choice of endpoint xg. Indeed, if the
constant A1 associated to a different endpoint x; # xo was greater or lower, one could get a
contradiction with the minimality of ¥ adding or erasing a little piece of curve at one endpoint
and do the opposite operation at the other endpoint in order to diminish the functional F.
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6 Tilt estimate

In this section we control the oscillation of the tangent lines m, to % with respect to a fixed line
7, also called “the tilt”. When 7 and m are two lines in R?, we denote by a(my,m2) € [0, 3] the
smallest angle between them.

For any z € ¥\(Tg UEy) and r < r(z) we denote by 7, , the line that contains the segment
[2,2'], where z and 2’ are, as usual, the two points of dB(z,7) N X. For Hl-a.e. y € ¥ we also
denote by m, the approximate tangent line centered at y. Finally, we denote a(y) := a(my, 74 ).
The definition of a(y) depends in particular on = and r but we do not make it explicit to lighten
the notations. A first easy estimate is the following

/ 1 — cos(a(y)) dH(y) < Crip(x,r)B(x, 7). (6.1)
~NB(z,r)

Indeed, let v : [T, T] be a parametrization of ¥, := XN B(z,r). Assume without loss of generality
that the segment S := [z, 2] is contained in the first axis of R? and that v(=T) = z, v(T) = 2’
with z < z’. Then by setting v(¢) := (z(t), y(t)), using Lemma 11 we have

/ (t)* +y' (1) — 2/ (t)dt H(2) — (2 = 2)

_ HY(Z,) — HY(S)
C(z,r)dn (2, S)
Cri(z,r)B(z,r).

IN A

On the other hand the area formula shows that

g / 2 / 2 / — g xl(t) / 2 / 2
/_T\/x(t) TR — () dt = /T(1_W)\/x@) Ty dt

_ /E (1= (r(y), e1)) dH (1)

v

[ 1 costaty)) ar'w)
SNB(x,r)
where 7(y) is the unit tangent vector at point = (oriented by the parametrization ) and e; is the

first vector of basis, so (6.1) follows.

The next proposition gives a slightly better estimate than (6.1) proved by a variational argu-
ment.

Proposition 39. For all 7 € (0,1), z € E\(Tx UEx) and r < r(x) we have
[ sina) dH() < e i)
YNB(xz,Tr)
where a(y) is the angle between m, and g ,.

Proof. Without loss of generality we may assume that 7 := 7, , is the first axis. Let us choose
®(2) := n(2)?(7+(2)), where 7 is the projection on the second axis and where n € C}(B(xz,r)),
0<n<1,n=1on B(rr)and |[Vn| <2/r(1 — 7).

For every line 7’ let e, be a unit vector in the direction of n’ and denote by M, the orthogonal
projection on Re,/. We maintain that

| M, — M| = sin(a(n’, 7)) (6.2)
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where the norm in the left side is the euclidian norm of linear operators and «(7’,7) € [0, 5] is,
as usual, the smallest angle between the lines 7’ and 7. To show (6.2), let z € R? be of unit norm
and let (a,b) be its coefficients in the orthonormal basis {e,,e.1}. Then || M. (2) — M. (2)|]?> =
la(Mzs (ex)—ex)+bMur (exi)||? = [bM (g i) —aMp (ex)[|* = (a®+0%) | M (e )[|? = (enrs ex1)® =
COSQ(Ot(Tr , 1)) = sin®(a(n’, 7)), so (6.2) holds.

Now let us compute the tangential divergence of ®. Since the first component of ® is 0 and
the second is equal to 7(2)%2, we have

div”/@(z) = <V7T/ (77(2’)22’2),62>

and

’

VT (n(z)?22) = [20(2)22(Vn(2), ex) +1(2)* (€2, €x)] €.
Thus
v () = 21(2)2(T0(2), ex)en exr) + ()% e, ex0)?
= 20(z)(Mr (Vn(2)), 7 (2)) + n(2)? sin®(a(r, 7))
= 2(2){((Mz — M) (V(2)), 7 (2)) 4 1(2)? sin® (o, 7))
> n(z2)?sin®(a(r, 7)) — %n(Z) [ M — M| Vn(2)|1? + tir(2) [

hence setting ¢ := 2||Vn(z)||* and using (6.2) we get

e L O] (63)

Therefore, applying the above inequality with 7’ the approximate tangent line at point z and
recalling (by 2.1) that H!(B(z,7) N %) < 377 we obtain

div”/<I>(z) > %n(z)Qsinz(oz(ﬂ',ﬂ’))—

/ sin?(a(2) dH! < 2 / div®® A + (e, r)?
B(z,TT) B(z,r)NX (1 - T)
< 2/ div=® dH! + C(1)rB(x, ) (z, )
B(z,r)N%

by (2.6). On the other hand, since B(x,r) does not contain any endpoint, by Proposition 35 we
have that

k(z) —z

/Qdiv ddH' < )\o |< (k(2)), mﬂdu(@
< / n(k(2))? |7 (k(2)) | du(z)
k=1 (B(z,r))
< Crpla,r)p(a,r)
so the proof is complete. O

7 X is locally a Lipschitz graph

In this last section we prove that away from triple points X is locally a graph. We begin with
some precisions about corner points.
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7.1 About the aperture of corners

Using the first order equation, one can rely the aperture of any corner point zy in terms of
measure ?. Following the notations of Section 39, for any atom x € ¥ for the measure ¢ (i.e. x is
either a corner point of endpoint) we define v, the image measure of u_k~1(x) by the application
Y — ﬁ and the vector

o(x) = /Sl—i-;c(v —z) dvg(v).

Then we denote

It is clear that A\(z) < ¢ ({z}) and recall that Ay := A(xg) where z¢ is any endpoint of X. For any
corner point x let us denote 6(z) the smallest angle between the two rays of the bow up limit at
point z. Then, by the proof of Theorem 3.7. of [10] we have the following very nice identity :

0(x
Ao cOs (%) = Ax).
The next proposition gives a lower bound on the aperture of any corner point and will be needed
to find some pieces of graphs. This is probably a well known fact but as far as the author knows,
it was never explicitly written before in the literature.

Proposition 40. For any corner point x of ¥ it holds 6(z) > 2F.
Proof. The proof is fairly simple, relying on the fact that if the aperture is too small, one can
replace ¥ by a suitable Steiner connection to win some length. Indeed, let  be a corner point

with aperture 6 := 6(z) < Z°. For any r € (0,7(x)) let z, and 2. be the two points of SNIB(z, )
and let S, be the Steiner minimal set connecting the points z, z/. and z.

Zr

;
¢

Since the blow up limit converges to a union of two rays of aperture 6 < %’r, we deduce that
HY (N B(z,r)) = 2r + o(r)

and
HY(S,) = 1(6)r + or)

where [(6) is the length of the Steiner connection corresponding to an exact angle of aperture 6 in
the unit ball. In particular [(§) < 2, and for r small enough we have that H(XNB(x,7)) > H(S,).
This allows us to take as a competitor for ¥ the set

Y. =X\B(z,r)US, UL}
where LT is a piece of segment added at any endpoint of ¥ as in the proof of Lemma 36, and

satisfying
HY L) =HYE N B(x, 7)) — HY(S,) = (2 —1(0))r + o(r).

T
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Then it comes

FE) < FE)
< F(E) + (B, r)\{z}) = Ao[2 = U(O)]r + ofr)
Mo2=10)]r < rp(Bla,r)\{z}) + o(r)
which implies a contradiction for r small enough because ¢(B(z,r)\{z}) tends to 0. O

7.2 Construction of the graph

A consequence of Theorem 31, is that X is locally a graph. We still denote Ty, the set of triple
points. For any ordinary point we denote , the tangent line at y (which is defined H'-a.e. on ¥),
and when y is a corner point we also denote m, the line through y orthogonal to the mediatrice of
the corner resulting from taking the blow up limit at y.

Proposition 41. For all © € X\(Tx U Eyx) there exists r depending on x, and there exists a
5-Lipschitz function f : m, — R with graph denoted by T'y := {(t, f(t));t € 7y} which has the
following properties

YN B(z,r/4) = TyNB(z,r/4) (7.1)
/ PP < Croge,n)? (7.2
m,NB(z, {6)
Proof. Let v := [-T,T] — R? be a parametrization of ¥, := XN B(z,r), where r < r(x) the usual

radius given by Lemma 13. Assume without loss of generality that 7, is the first axis of R? z is
the origin. We denote p; the orthogonal projection on the first axis, and (71, 72) the coordinates
of ~.

For H!-a.e. y € ¥ N B(z,r) we denote a(y) the smallest non oriented angle between the lines
my and 7. In particular by the area formula one has

/ sin(a(y))?dH (y /
7v(a,b) Vaic + Y5 (t

From Theorem 31 we know that for every € > 0 there exists a radius r such that

T —0(x)

|sin2 (a(y)) — sin® ( 5 )| <e  for H' ae. y€ XN B(x,r)

which implies using Proposition 40 that
3
sin? (a(y)) < 1 +¢e for H' ae. y € XN B(x,7)

Let us choose ¢ = 1/400. Since ¥ admits two half tangent lines at z, up to a smaller choice
of r we may assume that ([-7,0]) N B(z,r) € Ry x R, v([0,7]) N B(xz,7) C R x R and
Y([-T,T]) N {0} x R = {z}. Taking if necessary a smaller radius r we may also assume that
Co(v([-T,TI\{0}))? < 1/400 and dy (v([-T,T],L N B(z,r)) < /400 where L := Tr(z) U Ty (z)
is the blow up limit at point . Then using (2.2), for every a,b € [0, T such that v([a,b]) C B(z,r)
we have

- / sin(a(y))*H (3)
~([a,b])

(3/4+ 1/400)H* (v([a, b]))
(8/10)|~(a) = »(b)]. (7.3)

/b Y5(t)? dt
a V() +73(t)?

IN A
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because under our assumptions, H'(v([a,b])) < (1 + 535)[7(a) — ¥(b)]. Now we denote F :=
¥ N B(x,r/4). We claim that

t{z' e Fipi(2) =p1(2)} =1 VzeF (7.4)

Let us denote F~ := v([-T,0]) N B(x,7/4) and F* :=~([0,T]) N B(x,r/4). To prove (7.4), it is
enough to prove that
{2 e FEpi(2) =pi(2)y =1 Vze F*

It suffice to consider the case of F'* (the proof for F~ will follow by the same way). Assume the
contrary, namely that there is z, 2’ € F't such that p;(z) = p1(2’). Let I C [0,T] be such that v(I)
is the arc that goes from z to 2z’ and fix ro := |z — 2’| < r/2. We know that v(I) N9B(z,ry) = 2/,
in particular v(I) is contained in B(z,rg), and we have

/Ilvé(t)ldtZTO- (7.5)
On the other hand by (7.3), (2.2)
/ 2 / % |’Vé(t)‘2 %
Jyrion < ([ e+ siran) (| =)
< H'(y(])? sin(a(y)? dH @)
< WOuH( [ snlaw)? o w)
[401 8
< 1o @E
S %7’0 (76)

which gives a contradiction with (7.5). Therefore, one can define the application f : p;(F) — R
such that (¢, f(t)) € F for all t € pi(F).

Further, using a similar argument as before we claim that for all ¢ and ¢’ in p; (F') we have that
[f(t) = F(t)] < 5]t — ¢ (7.7)

Indeed assume by contradiction that (7.7) is not true, thus there is ¢ and ¢’ such that |f(¢)— f(¢')] >
|t —t'|. Tt is enough to consider the case when t,¢ < 0 or t,¢ > 0 (the general case follows from
taking 0 as an intermediate point between ¢t and ¢'). We denote z := (¢, f(t)), 2’ :== (¥, f(t')), and
r = |z—2'| > V6|t —t'|. As before, let J C [0,T] be such that v(J) is the arc that goes from z to
z'. We know that «(J) N 0B(z,r1) = 2/, in particular v(.J) is contained in B(z,r;) C B(z,3r/4),

and we have
5 9
[ sz g vz o> S @9
J

On the other hand arguing as for (7.6),

9
| psola < o (79)

which gives a contradiction with (7.8) so (7.7) is proved.

Therefore, by a standard extension argument one can find a 5-Lipschitz function f on R that
is equal to f on p;(F), that satisfies (7.1) and that we will still denote by f instead of f.

It remains to prove (7.2). Observe that by our assumptions since x = 0, dg(y([-T,T] N
B(z,r),T N B(z,r)) < r/400, using Proposition 40 and the fact that ¥ N B(x,r/4) is connected

we also have that
ror

pi(ENB(x,r/4)) 2 [_TG’ 176}'
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On the other hand since
dp (XN B(z,r), LN B(z,r)) < Cry(B(z,r)\{z}),
we deduce that

a(my, Ty ) < CY(B(x,r)\{z}). (7.10)

Now since f is 5-Lipschitz, applying Proposition 39 with 7 = %, using (2.6) and (7.10) we get

! 2 )2
/[_ ]f(t)dt < \f/rﬁr 1+f,()dt

16716 16
< V6 sin®(a(y)) dH' (y)
FNB(z,%r)
< Cry(z,r)?
thus (7.2) holds and the proposition is proved. O

7.3 The equation of curvature

To complete the proof of Theorem 3 we will give some further remarks about the first order
equations applied to f.

Given 7, let us take ®(x,y) := (0,n(z)x(y)) with x € C3([-6,d]), x =1 on (— g, 2) and § >0
is chosen in such a way that supp(®) C supp(n) x (=6,0) C B(xo,70). By applying Proposition
35 with this choice of diffeomorphism ® we obtain that

. 1 y—k(y)
div:® dH! = 7/ d(k(y)), —2-) d 7.11
/ o L@k, =) dnt (711)
Now for H! a.e. € ¥ NT, a direct computation gives
/ !
sar _ TEE)
B = Trrer

thus by the area formula we obtain

RICTACHYE L)

17 w(k(y))){es, du(y). 7.12
Lol = [ ) e ) du) (7.12)
. . . . . . F (@) .

An immediate consequence of the above equation is that the derivative of ¢ — T Or in the

distributional sense is a measure. Indeed, we can also write this equation in a more natural form
using disintegration. Consider the linear form T that associate for every n € C.(I) the quantity

_ - o, VW)
7o) = [ nfl ) ea, ) duto)

Since \T( )| < ClIn|lee by the Riesz theorem one can find a measure 1)y on I such that T'(n) =
J; n(t) diyo(t). Then (7.12) becomes

S0
b1+ ()]

Furthermore it is interesting to link g with 1. Actually, we easily have that

[tho| < miip.

=10
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In particular, % € BV(I) and the jump set is concentrated on corner points so that we

have p ”
f ( ) ) = H(t)dt + Z Ct(s,g + HCuTLt

— (72
V 1+ |f,(t)| (t,f(t))eCorner

where HY® is the cantor part, |H(t)|| 1) < ¥(B(z,r)) and |¢;| < ¥({(t, f(¢))}) for any atom
(t, f(2)) of .
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