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Introduction IIT

Introduction

“It is geometers dream to find a canonical metric gp,e on a given smooth
manifold M so that all topology of M will be captured by geometry”
(M. Gromov)?

Ever since Poincaré stated his famous conjecture about the three—sphere, mathematicians
have been concerned with the problem of capturing the topological properties of a manifold
by its metric structure. This has been an extremely fruitful area of mathematics, leading
Hamilton to the definition of the Ricci flow which also provided a great stimulus to the
study of geometric evolutions. After Perelman’s breakthrough and his solution of the
Poincaré conjecture, it is natural to look at the issues of geometric analysis with a new
perspective.

The aim of this thesis is to present some results in the subject of curvature pinching. This
concept was introduced in 1951 by Rauch [43] who conjectured that a simply connected,
compact, Riemannian manifold M™ whose sectional curvatures all lie in the interval (1, 4]
is necessarily diffeomorphic to the standard sphere S™. A result of this type is usually
referred to as a Sphere Theorem. After a large amount of research, now we know that the
answer is positive, due to the fundamental work of Klingenberg, Berger and Rauch [35]
for the topological statement and the recent proof of the original conjecture by Brendle
and Schoen [2], based on the results of Bohm and Wilking [3].

We say that a manifold has (pointwise) 1/4-pinched curvature if the ratio of the minimum

and the maximum of the sectional curvatures is always larger than a quarter.

M. Gromov, Spaces and questions, GAFA, Special Volume (2000), 118-161.
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Theorem 1 (The Sphere Theorem) Let (M,g) be a compact Riemannian manifold
with 1/4—pinched curvature. Then M admits a metric of constant curvature, therefore is

diffeomorphic to a spherical space form, that is, to a quotient of S™.

It is well known that the curvature tensor Rmgy = R;ji; of a Riemannian manifold (M™, g)
can be decomposed into three canonical parts which have the same symmetries as Rmy,

namely, in a coordinate system {z!,---, 2"} we have
Rijri = Uikt + Vijra + Wiji
where U is the part related to the scalar curvature R, = R;jk gik gﬂ,
Ry
Uijki = nin—1) (9ikgjt — 9ugjk) »

V is related to the traceless Ricci tensor Ricg = Ricy— %g, where Ricgy is the Ricci tensor
R = Rijug”,
Vijk = ﬁ (Rikgjl — Rugjr — Rijrga + leQik)

and the last term W is called Weyl tensor. An important property of this latter is that it
is identically zero (for algebraic reasons) in two and three dimensions.

Natural candidates to be “good” metrics on a manifold are the ones such that some of the
terms in the decomposition vanish. For example, very relevant are the Einstein metrics
which satisfy Ric = 0. When this condition holds and also the Weyl tensor W is null,
the metric have constant curvature (more properly, constant sectional curvature), that is,
Rijii = Ujjii. Among the Riemannian manifolds, these latter are the most simple and
completely understood, namely, we have the following Classification Theorem which can

be read as another pinching result.

Theorem 2 (Riemann, Cartan) Let (M",g) be a complete Riemannian n—-manifold
with constant sectional curvature K. Then the universal Riemannian covering of M"™, is

isometric to the standard S™, R™ or H" if K =1, K =0 or K = —1, respectively.

These theorems suggest one of the basic question in global differential geometry: what

conditions on the curvature tensor imply that a Riemannian manifold is homeomorphic
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or diffeomorphic to a space form (a manifold of constant sectional curvature)?

In two dimensions, according to the Gauss—Bonnet formula, for every metric g, one has

/ kg dVy =2mx(M).
M

As a consequence, by the Uniformization Theorem for surfaces which asserts that any
compact surface M admits a Riemannian metric of constant curvature k;, = +1,0, —1 and
the Classification Theorem, any surface belongs to a unique geometric type (spherical,
Euclidean or hyperbolic) determined by a topology invariant, namely the Euler—Poincaré
characteristic x(M). In other words, in two dimensions an integral pinching condition as,
for example, positivity of the above integral implies a topological conclusion, encoded in
the Euler—Poincaré characteristic, that the manifold is diffeomorphic to a spherical space

form.

We will present similar kind of results in dimension higher than two, with particular at-
tention to the following question.
Main Question: Is it possible to characterize spherical space forms by means of integral

(or mized integral-pointwise) pinching conditions instead of pointwise ones?

The first result in this direction was obtained by Chang, Gursky and Yang in [11]. They
showed the existence of metrics with positive Ricci curvature on four dimensional Rieman-
nian manifolds with positive scalar curvature and satisfying an integral pinching condition
on the Ricci tensor. Through a conformal deformation of the metric, they were able to pass
from positivity of a certain integral quantity to the pointwise positivity of the integrand
which in turn implies the positivity of the Ricci tensor and, by a result of Margerin [38],
ensure the existence of a metric of constant positive sectional curvature.

Their proof is based on establishing the existence of a solution of a forth order fully non-
linear equation.

Choosing a simpler equation (of second order), Gursky and Viaclovsky in [30] reproved
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the same result. A consequence of such theorem is that the sphere in dimension four
can be characterized by an integral curvature condition involving the components of the
curvature tensor [12].

Our thesis is based on extending the analysis of the equation of Gursky and Viaclovsky
to get integral pinching results for other families of manifolds, namely, three-dimensional

manifolds and locally conformally flat ones, that is, manifolds with zero Weyl tensor.

In Chapter 1 we focus on three-manifolds. In 1982, Hamilton [31] introduced the Ricci
flow in order to study “dynamically” the relationships between the topology and the cur-
vature of three—manifolds. He showed that the metric of any compact three—dimensional
Riemannian manifold with positive Ricci curvature can be deformed, via the Ricci flow,

to a metric of constant positive curvature.

Theorem 3 (Hamilton) If (M, g) is a closed three-dimensional Riemannian manifold

with positive Ricci curvature, then M is diffeomorphic to a spherical space form.

In dimension three and in presence of positive scalar curvature, the positivity of the Ricci

tensor is implied by a pointwise pinching condition as

|Ricy|* < =R

ool w

2
-
This is not the sharp quadratic condition which implies that the Ricci tensor is positive,

if we assume that R, > 0. The optimal one would be
o2 Lo
|Ricg|® < iRg .

In Chapter 1 we will show that the first of these two pinching conditions can be replaced

by its integral version.

Theorem 4 (with Djadli [8]) Let (M,g) be a closed three-dimensional Riemannian

manifold with positive scalar curvature. If

3
[ ey av, <3 [ R2av,
M M

then M s diffeomorphic to a spherical space form.



Introduction VII

However, the integral pinching constant 3/8 cannot be enlarged to get 1/2, as we can

construct a metric on S x S! with

1
/ |Ricg|2dVg// R2dVy <3/8+¢e< —,
M M 2

for some explicit positive € > 0 (joint work with Di Cerbo [7]).

It is well known (see for instance Milnor [37]) that any closed, oriented, three—manifold

M can be decomposed “uniquely” into prime pieces

M = Sy - #T#k(S® x SH#FK# - #EKom

where every m1(%;) is finite and every K is aspherical, that is, m;(K};) is trivial for each
1 >2.

With Perelman’s proof of Thurston Geometrization Conjecture (see for instance Mil-
nor [37]) we now know that the “spherical” pieces are of the form S3/T;, where I'; C O(4)

are isometry subgroups. So the picture looks like
M = SP/T - 4% /T th(S2 x SOHEK 1 # - # K,

As Gromov and Lawson in [21] proved that every three-manifold of the form M = Xo# X1,
where X is aspherical, cannot admit a metric with positive scalar curvature, we conclude

that any three—manifold with positive scalar curvature has to be of the form
M =S3/T # - #S? /T, #k(S?* x S1) .

Moreover, they proved also the converse that a manifold of this form always admits a
metric with positive scalar curvature.

As a corollary of our result, we have a condition to distinguish spherical space forms S?/T
among the family of three—-manifolds with positive scalar curvature.

We want to point out that our proof of Theorem 4 is independent of Thurston Geometriza-
tion Conjecture since it just relies on the cited Hamilton’s theorem about three—manifolds

with positive Ricci curvature.
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By completeness, in Chapter 2 we present a proof of the sphere theorem of Chang, Gursky

and Yang in [12], previously cited, along the line of analysis of Gursky and Viaclovsky.

Theorem 5 (Chang, Gursky, Yang) Let (M, g) be a closed four—dimensional Rieman-

nian manifold with positive scalar curvature. If the curvature satisfy
1 1, . 1
——|W,|*> = Z|Ricy|* + R2> dV, >0,
/M < 49 2" 249 g

then M is diffeomorphic to either S* or RP4.

In Chapter 3 we concentrate on locally conformally flat manifolds of even dimension, i.e.,
those with zero Weyl tensor, if n > 4. We already mentioned how the Gauss—Bonnet
formula is a bridge between topological and geometrical informations in dimension two.
The situation in higher dimension is more involved, as the analogous formula due to Chern,
is less intuitive and striking, nevertheless one can still try to use the integral information it
provides in order to have some classification results. Indeed, in 1994 Gursky [26] was able
to classify four and six—dimensional locally conformally flat manifolds with non—negative

scalar curvature and positive Euler—Poincaré characteristic x(M).

Theorem 6 (Gursky) Let (M,g) be a closed, locally conformally flat, n—dimensional
Riemannian manifold, n = 4 or 6, with non—negative scalar curvature, then x(M) < 2.
Furthermore, x(M) = 2 if and only if M is diffeomorphic to the standard sphere, and

X(M) =1 if and only if M is diffeomorphic to the standard real projective space.

As in the case of surfaces, for manifolds of even dimension, the positivity of the Euler—
Poincaré characteristic gives an integral pinching condition on the curvature of the metric.
The result of Gursky is not true in higher dimensions. Consider, for instance, the product
of S*, with the canonical metric, and a four dimensional hyperbolic space form. This
manifold has zero scalar curvature and positive Euler—Poincaré characteristic. Hence, in
order to extend the above classification result to higher dimensions, one has to add some

additional conditions.
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In order to state our result we need some definitions. For a Riemannian manifold (M", g),

we define the tensor
1

t
At = Ricy— ————R
g n—2< 9T 9 — 1) 99)’

where ¢ is a real number. For ¢ = 1 this is called Schouten tensor.

We say that Atg € F‘é} if, for all 1 <k < %, the k—elementary functions of the eigenvalues
of the tensor Atg are positive.

The fact that A; € I‘J%r implies that the Ricci tensor is non—negative and the Euler—
Poincaré characteristic is less or equal than two, then by the work of Schoen and Yau [44],
the possible diffeomorphism types are classified. In particular, if the Euler—Poincaré char-
acteristic is positive, it follows that M™ is diffeomorphic to either S™ or RIP".

The goal of Chapter 3 is to show the following rigidity result.

Theorem 7 (with Djadli and Ndiaye [9]) Let (M, g) be a closed, locally conformally
flat, n—dimensional Riemannian manifold, n > 8 even, with positive scalar curvature and
with positive Euler—Poincaré characteristic.

There exists a constant tg = to(n, diam(M, g), |V2Rm||) < 1 such that, if
t +
Ay € F% ,
for some t € (to, 1], then M is diffeomorphic to either S™ or RP™.

We remark that the hypotheses do not imply the non—negativity of the Ricci tensor.
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Notation and conventions

We will introduce some notation and conventions which will be used throughout the paper.

We consider a smooth n—dimensional Riemannian manifold (M, g), where M is always a
closed manifold, meaning that M is compact and without boundary. For a Riemannian
metric g, we denote the Levi—Civita connection by V, the Christoffel symbols in some
coordinate system by I' and the curvature tensor by Rm which can be either the (1,3)
or the (0,4) type, depending of the context. The Ricci curvature is denoted by Ric, the
scalar curvature by R and the volume element by dV'. If it is important to make clear to

which metric these tensors belong, we write Rmgy and so on.

Given a coordinate system {z! --- 2"}, we denote with V; = V 2 the covariant derivatives
associated to g. Sometimes we will denote the covariant derivati;/e of a tensor (for example
a 2-tensor T') as V;T;; = T;j,. The components of the Hessian V? of some function u
will be V;V u = ngu = u;j; and similarly for higher derivatives. The components of the
metric g are given by {g;;}, and the inverse of the metric by {g"/}. The Laplacian of a
function u with respect to g is given by Agu = g% V?ju, where the Einstein summation

convention is used. The Riemannian metric induces norms on all the tensor bundles, in

coordinates this norm is given, for a tensor T'= T}'" 7', by

2 _ ama |, kMg ) J1--Jipmy...ng
|T’g =9 9 g.]lnl e g.]lnlj—‘il...ik Tmlmk .
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Three—manifolds

1.1 Integral pinched three—manifolds are space forms

In this chapter, using Hamilton’s result, we prove the existence of an Einstein metric of
positive curvature on compact, three—dimensional manifolds with positive scalar curvature
and satisfying an integral pinching condition involving the second symmetric function of
the Schouten tensor (joint work with Djadli, see [8]).

More precisely, we consider (M, g), a closed (i.e. compact without boundary), smooth,
three—dimensional Riemannian manifold. Given a section A of the bundle of symmetric
2-tensors, we can use the metric to raise an index and view A as a tensor of type (1,1),
or equivalently as a section of End(TM). This allows us to define o2(g~'A) the second
elementary function of the eigenvalues of g~'A, namely, if we denote by Ai, Ag and A3
these eigenvalues

O'Q(g_lA) = AMA2 + A A3+ A3,

See the Appendix for general definitions and results on the k—elementary symmetric cur-

vature.

Consider the tensor (here t is a real number)

) t
AZ = Ricy — ZRgg,
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where Ric, and R, denote the Ricci and the scalar curvature of g respectively. Note that
fort =1, A; is the classical Schouten tensor A; = Ricy — 1 Ryg (see [1]). Hence, with our
notations, 02(971142) denotes the second elementary symmetric function of the eigenvalues

of g7t AL

Our present work is motivated by a recent paper of Gursky and Viaclovsky [29]. Namely,
they showed that, giving a closed three-manifold M, a metric gy on M (with normal-
ized volume) satisfying [, o2(gy 1Aéo)qu0 > 0 is critical (over all metrics of normalized

volume) for the functional
F g—>/ ag(gflA;)dVg
M

if and only if gy has constant sectional curvature.

Actually, it is not easy to exhibit a critical metric for this functional. What we prove
here (this is a consequence of our main result) is that, assuming that there exists a met-
ric g on M with positive scalar curvature and such that [, og(gflA;)dVg > 0 then
the functional F admits a critical point (over all metrics of normalized volume) gy with

Jar o2(g5 ' Agy)dVy, = 0.

We will denote Y (M, [¢g]) the Yamabe invariant associated to (M, g) (here [g] is the con-

formal class of the metric g, that is [g] = {§ = e~ *“g for u € C°°(M)}). We recall that

) R;dV;

Y (M,[g]) = inf fMigi.

P (fag @5)?

An important fact that will be useful is that if g has positive scalar curvature then

Y (M, [g]) > 0.

Our main result is the following:

Theorem 1.1.1 Let (M, g) be a closed three—dimensional Riemannian manifold with pos-

itive scalar curvature.
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There exists a positive constant C = C(diam(M, g), |[V2Rm||) such that if

[ gt ah v+ (- 0) YOLED >0

for some tg < 2/3, then there exists a conformal metric § = e~ 2%g with Rz > 0 and

ag(g_lAth) > 0 pointwise. Moreover, we have the inequalities
(1.1) (3t0 — 2)R§§7 < 6Ric§ < 3(2 — to)Rgf] .
As an application, when ¢y = 2/3, we obtain

Theorem 1.1.2 Let (M, g) be a closed three—dimensional Riemannian manifold with posi-
tive scalar curvature. There exists a positive constant C' = C'(diam(M, g), ||V*Rm||) such
that if

| outa™ Ay v, + Y (1L 1g)? > 0.

then there exists a conformal metric § = e~*“g with positive Ricci curvature (Ricg > 0).
In particular if [, Ug(gflA}]) dVy > 0 then there exists a conformal metric § = e=2“g with

positive Ricci curvature (Ricg > 0).
Using Hamilton’s theorem (Theorem 3 in the Introduction), we get:

Corollary 1.1.3 Let (M, g) be a closed three-dimensional Riemannian manifold with pos-
itive scalar curvature. There exists a positive constant C' = C'(diam(M, g), |[V2Rm||) such
that if

/M o9~ Ay) dVy + C'Y (M, [g])* > 0,

then M 1is diffeomorphic to a spherical space form, i.e. M admits a metric with constant
positive sectional curvature. In particular, if [, Ug(gilA;) dVy > 0 then M is diffeomor-

phic to a spherical space form.

Remark 1.1.4 Using the fact that UQ(g_lA;) = —% |Ricg|2 + %R?], the hypothesis

/ UQ(gflA;) dVy >0
M
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can be written as
3
/ |Ricy|* dV, < / R2dV.
M 8 Jm
Actually we do not know if the pinching constant % is optimal, even if we believe that

this is the case. Anyway we can prove that cannot be enlarge too much. Indeed, for the

manifold (S* x S, gproa) with the product metric, we have
1
2 2
|Ricg|* = §R9'

Moreover, it is possible to construct a family of metrics on S? x St with positive scalar

curvature and with the pinching constant less than % and close to % (see Proposition 1.5.1).

Actually all these results are the consequence of the following more general result:

Theorem 1.1.5 Let (M, g) be a closed three—dimensional Riemannian manifold with pos-
itive scalar curvature. There exists a positive constant C' = C(diam(M, g), | V?>Rml||) such

that if

1 7
—1 1 o 2 —
o A)dVy+ — | — —t inf /R,e “dV/>>O,
/J\/I 297 A) dVy 24 <10 O> g'=e—2ug, IVgUIgSC< ! 7

or some ty < 2/3, then there exists a conformal metric § = e~ 2“g with Rz > 0 and
g

02(9711420) > 0 pointwise. Moreover, we have the inequalities

(1.2) (3t0 — Q)Rgg < 6Ric§ < 3(2 - to)Rgg .

There is a way to relate these result to the so called Q—curvature (the curvature associated
to the Paneitz operator). The Paneitz operator introduced by Paneitz in [41] has demon-
strated its importance in dimension 4 (see for example Chang—Gursky—Yang [11, 12] and
Djadli-Malchiodi [15]). In dimension three, the @Q—curvature is defined by

Qg = _ZA‘(’RQ — Q\chg\g + 3—2Rg,

the Paneitz operator being defined (in dimension 3) by

1
Py = A2 — divg (—ZRQQ + 4Ricg> d—5Q-
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The Paneitz operator satisfies the conformal covariant property, that is, if p € C*°(M),

p > 0, then, for all p € C>*°(M), P

—1g(p) = p" Py(pp). We can now state the Corollary:

Corollary 1.1.6 Let (M,g) be a closed three-dimensional Riemannian manifold with
non-negative Yamabe invariant. If there exists a metric g’ € [g] such that the Q—curvature
of ¢ satisfies

1 2
Qg’ Z @Rg/a

then M is diffeomorphic to a quotient of R3 if Y (M, [g]) = 0 or to a spherical space form
if Y(M,[g]) > 0.

Let us emphasize the fact that, in our results, we do not make any assumption on the
positivity of the Ricci tensor, we only assume that its trace is positive and a pinching on
its L?-norm.

During the preparation of the manuscript, we learned that Ge, Lin and Wang [18] showed
a weaker version of Corollary 1.1.3, namely they proved that if (M, g) is a closed three—
dimensional Riemannian manifold with positive scalar curvature and if [, oo (g_lA;) avy >
0, then M is diffeomorphic to a spherical space form. Their proof is completely different
from ours since they use a very specific conformal flow. Moreover, they cannot recover the

equality case for the integral pinching assumption.

For the proof of Theorem 1.1.1 and Theorem 1.1.5, we will be concerned with the following

equation for a conformal metric § = e~2%g:

(1.3) (0a(g"AL)) % = fe,

where f is a positive function on M (see in the Appendix). Let o1(g'A}) be the trace of
A; with respect to the metric g. We have the following formula for the transformation of

Ag under this conformal change of metric:

2—1
(1.4) Atg :AZ+V§u+(1—t)(Agu)g+du®du— ?\Vguﬁg.
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Since

Ag=Ag+ (1= t)or(g' Ag)g,

this formula follows easily from the standard transformation law of the Schouten tensor

(see [45]):
1
(1.5) A= A+ Viu+du@ du — 5|Vgulgg.
Using this formula we may write equation (1.3) with respect to the background metric g

9_¢ 1/2
o9 (g_l (A; + Vgu + (1 —t)(Agu)g + du ® du — 2|Vgu|§g>) = f(z)e*.

1.2 Upper bound and higher order estimates

Throughout the sequel, (M, g) will be a closed three-dimensional Riemannian manifold
with positive scalar curvature. Since M is compact and R, > 0, there exists > —oo such
that Ag is positive definite (i.e. Ricy — %Rgg > 0 on M). Note that ¢ only depends on
||Rm||. For t € [§,2/3], consider the path of equations (in the sequel we use the notation

—2uy

A?;t = Agt for g; given by g = e 9)
1/2, — u
(1.6) 0y 2 (g AL,) = fet,

where f = ol/? g~ 1A%) > 0. Note that u = 0 is a solution of (1.6) for t = 6.
2 g

Proposition 1.2.1 (Upper bound) Let u; € C*(M) be a solution of (1.6) for some

t€16,2/3], with Al € T3. Then u; <5, where § depends only on ||[Rm||.
Proof. From Newton’s inequality \/505/2 < 01 (see Lemma A.2.3—(iv)), so for all z € M

VB < or(g AL,
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Let p € M be a maximum of u;, then using (1.4), since the gradient terms vanish at p and

(Aguz)(p) < 0 (recall that Agju = gV, Vu), we have

V3f(p)e®) < oy(g AL (p)
= o1(g7 AL (p) + (4 = 3t)(Ague) (p)

< o1(g ' AL)(p)

436

< oi(gT A () = ——Ry(p).

Since M is compact, this implies u; < 6, for some & depending only on ||Rm]|.

Once we have an upper bound for the solutions of equation (1.6), we immediately get C'*

and C? estimates. For the proof see the Appendix, Theorem A.4.1. We have

Proposition 1.2.2 (C' and C? estimates) Let u; € C*(M) be a solution of (1.6) for
some t € [8,2/3], with A', € T . Then

S}\l/[p (|Vgut|3 + \Vgutb) < (1,

where Cy depends only on diam(M, g) and |[V2>Rm)|.

1.3 Lower bound

For the lower bound, we need the following lemmas:

Lemma 1.3.1 For a conformal metric § = e2%g, we have the following integral trans-

formation law

o _du _ 1 1
| ogtaheray, = [ o tahav+ g [ RVaubdv, -5 [ 9,ultav,
M M 8 Jm 4 Jm

1 1
+5 /M Agu|Vgul? dV, — 2/M Ay (Vgu, Vgu) dVy .
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Proof. Denote g; = al(g_lAé), o1 = al(g_lA;), Gy = aa(GLAL), 09 = 0a(g L AL). We

have
25 = 617 — | A3
By equation (1.5), we have
Gre %" = o1 + Agu — %|Vgu|§ )
SO

-9 _ 1
dile " = ol + (Agu)? + Z\Vgulg + 201 Agu — Agu|Vgu]g — Ullvgu\f] .

After simple computations, we get

_ 3
|A517|§ et = |A;‘Z + |V§U‘§ + Z|Vgu|§ - 01|Vgu\§ - Ag“’vguﬁ; +

+2(A5)i V2 Tu+2(A)); ViuViu+2V2 uViuViu.
Putting all together, we obtain
1
262 = 209+ (Agu)? — |V§u\3 - Q\Vguﬁ +201A4u
- 2(A;),~jvgiju - 2(A;)ijvguvgu —2Vv? -uvzuvgu.

gij

Now, by simple computation, we have the following identities
—2/ (A)i; Ve TudVy = —2/ o1AgudVy,
M M

—2 / ViuViuViudVy = / AgulVgul? dVy,
M M
where we integrated by parts and we used the Schur’s lemma,
QVg(Ricg)ij = VZ-Rg s
for the first identity. Finally we get

2/ Goe M aV, = 2/ o2 dV,
M M

1
+ /M {(Aguy — |Vaul2 - §|vguy;} + AgulVgul? — 24 (Vgu, Vgu) | dVy,
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Now using the integral Bochner formula

/ IV2ul2 dV, + / Ricy(Vgu, Vgu) dVy — / (Agu)*dV, =0,
M M M

and the definition of the Schouten tensor A;, we get the final result.

Now, in order to get a uniformly lower bound of the solutions, we need to estimate all the
integral terms in the previous Lemma. For the last one which contains A, we can derive
some informations by using the hypothesis on the conformal metric §. Indeed, we have

the following:

Lemma 1.3.2 Let § = e 24g. If Ag € I's, then we have the following estimate

1 32t 1 1
/ Ag(Vgu, Vgu) dVy < / ngvgu\%—?uwﬁ/ Aguyvgu\2dvg—/ IV gultdV, .
2Jm 8 Jum 7 4 Jm 7 4 Jm 7

Proof. Since A} € 'S, by Proposition A.6.2, we get
—AL > —01(§_1At§)§ = —(4—3t)o; (g_lAé)e_ng.
Hence we get
A= (1 oy AN g > (4 30)on (G A,
which implies that
A}] <(3- 2t)01(§_1A%])e_2“g.
Applying this to V u we obtain
%A%(Vgu, Vgu) < %Rg\vgu 36_2“ .
Using the conformal transformation law of the tensor Aé, we have

i i 1
Aé(vgu, Vgu) = A;(Vgu, Vgu) + V?juvguvgu + §\Vgu|;l .

Now integrating over M and using the identity

. . 1
/M ViuVguVgudVy = -3 /M Agu|Vgul2 dvy,

we get the final result.
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O

Now we are able to prove the following lower bound (recall that C; is given by Proposi-

tion 1.2.2)

Proposition 1.3.3 (Lower Bound) Assume that for some t € [§,2/3] the following es-

timate holds

1 /7
L7 _lAl dV, — =1 inf / R2/ PV, | = 0.
( ) /M 02(9 g) g + 24 (10 ) g’:e*angl’n‘VgﬂgSCl < M g € g it >

Then there exists & depending only on diam(M, g) and ||V2Rm|| such that if u; € C*(M)

is a solution of (1.6) and if A, € I3, then uy > 6.
Proof. Since A, = A} + (1 —t)o1(g~ " A})g, we easily have that

o2(AL) = a2(AL) + (1 = £)(5 — 3t)or (g A1)

Letting § = e2%g,

e f? =oy(g7 AL = oa(g7 AL+ (1—t)(5—3t) (01(9711411“))2

. 1
= e tu (Jg(g lAqlLt) + E(l —t)(5— 3t)R§> :

Integrating this with respect to dV; , we obtain

C / etur qv, > / fretut qv,
M M

1
= / o2(g Ay e Vg + (1= )(5— 31) / R2eu v,
M ' 16 g

1
— / oa(g AL Ye M dVy + EO —1)(5 — 3t)/ RZe "t dVy,
M M

where C' > 0 is chosen so that f2 < C (recall that, since f = ag(g_lAg), C depends only

on ||[Rm]|). Using the conformal deformation law for the scalar curvature of g
Rze 2" = R, + 4Ajuy — 2|Vgut\3 ,
we can rewrite integral identity in Lemma 1.3.1 as

__ i B 1 o
[ Al av, = [ o ahavy+ 1 [ Rivguleay,
M M M

1

—= / Ay (Vgu,Vgu)dVy.
2 Jm
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Notice that, since Azt € F; , we have

0<oi(g'A4L,) =(4—-3t)o1(g'4,,) = 1

R;,

and so Rz > 0. By Lemma 1.3.2, we obtain

- . B 1—t s
[ o aeta, > [ o apav,— 1t [ Rl av,
M M

M
1 1
_4/ Agut|ngt‘3thq+4/ |Vgut\3dVg
M M

By Young’s inequality, since R > 0, one clearly has
R2e v qv, > 2 R;|V gus|2e™2u dV, — L wultav,
g€ g = gl VglUt|g€ g ) | gut|g g
M € Jm & JmMm

for all € > 0. By an easy computation, we have

(=06 - 3) = 525~ 0+ Pa(e),

where Ps(t) is a positive, second order, polynomial in ¢. Putting all together, we obtain

(for C > 0 depending only on |Rm||)

1
C/ et dv, > /ag(glA}Lt)e‘l”thg—i—(1—t)(5—3t)/ RZe "t dV
M M 16 M
7

~— —4u 1 —u
— / 0’2(g 1A'}Lt)€ 4 td%—f— (24<1O—t)+P2( )) / R§€ thg
M M

> oo(g LA dV+ /R2 Ut qv;
/M 297" 4y) 21 10

+P5(t) / RZe " dvg—— / R|Vgug[2e™ %" dV,
M 4 Ju

1 1
_4/MAgut|vgut\§dvg+4/M|vgut\3dvg.

Now using Young’s inequality and the conformal change equation of the scalar curvature,

we get

duy > 1A1 2 —ut
C/Me av, _/ 2(g )dV+2410 /R av;

(2010 [ Rivauay,
Py
+(8 z (1—1) —)/ Ague| Vgu |2 dV,

3-2t  Pyt) 4Py
+< 2 2(t )/ Vgue|2dV, .

4
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We choose now € = ¢(t) > 0, such that %(t) —(1—1t)— % =0. One can easily check that,

with this choice,

2Ppt) 1=t 3=2 B() 4B
€ 4 4 g2 e

Finally, recalling that according to Proposition 1.2.2, maxys |Vuel, < Cy with C; de-
pending only on diam(M, g) and ||[V2Rm)||, we obtain the following estimate (for a certain

C > 0 depending only on ||[Rm]|)

1
c/ et dv, > /a2<g—1A;)dvg+(7—t)/ RZe " dV;
M M 2410 M

1,7
> —lAl dv. —(— —t inf / RQ/ AV, ) = >0.
- /M 72(9 9) gt 24 ( 10 ) g’:e*ng,IllVgthSCl m 7 ‘ ! .

This gives

max uy > log uy — C(diam(M, g), ||[Rm]|) .

Since maxys |V uilg < Cy, this implies the Harnack inequality
max u; < mj\}n ug + C(diam(M, g), | V2Rm||),

M

by simply integrating along a geodesic connecting points at which wu; attains its maximum
and minimum. Combining this two inequalities, we obtain
wup > m]\}[nut >logu —C =:9,

where C only depends on diam(M, g) and ||[V2Rm/|. This ends the proof of the Lemma.

g

1.4 Proof of the main result

For the proof of Theorem 1.1.5 we use the continuity method. Our 1-parameter family of

equations, for t € [4,to], is

(1.8) oy * (g7 AL) = fla)e?
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with f(z) = 05/2(9_1142) > 0, and 0 was chosen so that Ag is positive definite. Define the
set

S = {t € [0,t9] | Fa solutionu, € C**(M)of (1.8)with A, €T3} .

Clearly, with our choice of f, u = 0 is a solution for ¢ = §. Since Ag is positive definite,
e S,and S # (. Let t € S, and u; be a solution. By Proposition A.3.1, the linearized
operator at ug, L' : C3*(M) — C*(M), is invertible. The implicit function theorem tells
us that § is open. By Proposition 1.2.1 we obtain uniform upper bound on the solutions
ug, independent of . We may then apply Proposition 1.2.2 to obtain a uniform gradient
and Hessian bounds on u;, and by Proposition 1.3.3, we get a uniform lower bound. In
order to have compactness for a sequence of solutions in S we need C?®—estimates, which
follow from Theorem A.5.1. Finally, the Ascoli-Arzela’s theorem, implies that S must be
closed, therefore S = [6, o). The metric § = e~2%0g then satisfies ag(Atgo) > 0and Rz > 0.

The inequalities (1.2) for the Ricci curvature of g follow from Proposition A.6.2.

Proof of Theorem 1.1.1

As we showed in the previous section, there exists a constant C; depending only on
diam(M, g) and ||[V2Rm/|| such that all solutions of equation (1.6) satisfy maxys |V ul, <
C1.

We consider the following quantity:

I(M,g) = inf / RQ,e—%V,) .
(M. 9) 9’62W97|V9w|g§01< ! g

We let, for ¢ = e 2?g
i(g") = / R2e dVy .
M
As one can easily check, if two metrics g1 and g2 are homothetic, then i(g1) = i(g2). So,

we have

I(M,g) = inf < /M Rg,e—%"dvg,,) .

g'=e=2¢g, Vol(M,g')=1 and |V4¢|,<Ci

We have the following
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Lemma 1.4.1 There exists a positive constant C = C(diam(M, g), |V2Rml||) such that
I(M,g) = C(Y(M,[g])* .

Proof. As we have seen

I(M,g) = inf / R%e—@dV,) :
(9) g'=e~2¢g, Vol(M,g')=1 and Vgeolgé(h( M ! g

Take ¢ € C°°(M) such that, for ¢ = e %%g, Vol(M,g') = 1 and such that |V |, < Cy
where C is given by Proposition 1.2.2. Since Vol(M,g') = 1, if p is a point where ¢
attains its minimum we have

e 3°PVol(M,g) > 1,

and then, there exists Cy depending only on diam(M, g) such that ¢(p) < Cp. Now,
using the mean value theorem, it follows since |V ¢|, is controlled by a constant C, that
max ¢ < C}) where C}, depends only on diam(M, g) and |[VZRm||.

Using this, we clearly have that

/M R%e#dVy > e~ /M R%,dVy .
Using Holder inequality and the definition of the Yamabe invariant, we get (recall that
Vol(M,q') =1)

/M Rye™dVy > e~ % (Y (M, [g]))* ,

and then I(M,g) > e~ (Y/(M,[g]))?. This ends the proof.

Now, Theorem 1.1.1 is a direct consequence of Theorem 1.1.5 and of Lemma 1.4.1.

Proof of Corollary 1.1.6

Assume that M admits a metric ¢’ such that Q, > ﬁR?]/ and Y(M, [¢']) > 0. Recall that

1 .9 23,
Qg’ = _ZAg/Rg/ — 2‘R7/Cg"g’ + 372Rg’ )
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Integrating Qg on M with respect to dV, we obtain (since Q4 > 0)

23
. 2 2
(19) / |ngg'|g’d‘/gl S 64/]ng/6“/9/.

Now if we compute [, 02(g'~ A},) using (1.9), we have (recall that o2(g' ' A},) = —%\Ricﬂﬁ,—k

/ (llAl _128/R2V>0
M

Now, consider the conformal Laplacian operator Ly = Ay — %Rg/. We have using the

3 P2,
ERQ/)

. 1 p2
assumption Qg > @Rg,

LyRy =AyRy — éRg, < —8|Ricy |2 + R2/ - ERE < (8 2 1) R? =
Applying a Lemma due to Gursky [27], since Y (M, [¢']) > 0 we have either Ry > 0
(if Y(M,[¢']) > 0) or Ry = 0 (if Y(M,[¢']) = 0). If Y(M,[¢']) > 0 we can apply
Theorem 1.1.1 to conclude that M is diffeomorphic to a spherical space form. Otherwise,
if Y(M,[¢']) =0, since Qg > ﬁRE, and Ry = 0, we deduce, using the expression giving
Qg , that Ricy = 0 and then M is diffeomorphic to a quotient of R3.

This ends the proof of the corollary.

1.5 Optimality of the result

As a corollary of the main theorem, we got that if a closed Riemannian manifold M admits

a metric g such that

Ry, > 0
: 3
/Mszcgygdvg < 8/MR3dVg,

then it must be diffeomorphic to a quotient space of S® by a group of fixed point free
isometries in the standard metric. In this section we will prove that the pinching constant
% cannot be enlarge too much, since we can construct a metric on S? x S' with a pinching

constant close to %. Here the result (joint work with Di Cerbo, see [7]).
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Proposition 1.5.1 Let g be a metric on S? x S' of the type

g=cTge ®e Hgg,

where f is a smooth function on S?* and gs1, gs2 denote the canonical metrics on the unit

spheres. Then, for every e > %, there exist a function f such that the metric g satisfies

R, > 0

3
/ |Ricg|2dVy < +5/ RZdVj.
§2xS1 8 S2 xSt

Proof. For the construction we will follow [6].
Let (M™,g) and (N™,h) be two closed Riemannian manifolds of dimension m and n
respectively, and let f : M — R be a smooth function on M. On the product manifold

M = M x N consider a metric g of the form
g = e_AngBe_th,

where A and B are constants.
As a notation, we will use Latin indices, 1, j, etc., for the coordinates on M and Greek
indices, «, 3, etc., for the coordinates on N. Under this notations, clearly we have Vi, j =

l...mandVa,6=1...7n
Jia=§""=0,
Gl = AT gii OB — Bfpos
Since we are free to choose the constants A and B, following [6] we set A =1 and B = 2

in order to simplify the computation and to have good integral terms. Under this we get

the following formula for the components of the Ricci curvature of g

~ 1
Ry = Rjy+Vif+ 293 (Af—|VP),

Eﬁv = Rpy+ e hg, (Af - Wf|2) :
Then, the scalar curvature of § becomes

R=e/RM X RN 1 ef 3AF —2|VIP) .
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Now let (M,g) = (S?,g) and (N,h) = (S', gs1), where g (for the moment) is a generic

metric on S? and g1 is the standard metric on S*. Of course we have
Rs, =0,RY =0.
Hence we get the following pointwise formulas

, . 3
Ricgly = | |Ricy 2+ V22 + S(AF = IVof )2 + AF(AS = Vo f2) +

2RIV + RM(AS — Vo fl3)|

B2 = ¢ [(RM)? 1+ 9(A )2 + 4|V fI2 = 122, /|, f2 4+ 6RM Ay f — ARM|V, f12]

We fix o € R and we integrate over S? x S'. After some integration by parts argument,

we obtain

1 . 2 2
- _|\Rics|2 2) dV-
Vol(S) /Szxsl( [Ricgly + afig) dVs

2 2

/S2 (—\chg|g + aRg) avy +
5
2012 2

[ [ 193+ G0 = D)

3
Hda = IV, I+ (4 - 120)A, 19,/
+(60— 2)RM A f + (1 — 4a)RM\vgf|ﬂ dv, .
Now we pick on S? the standard metric, i.e. g = gs2. Of course we have

Rij = gij,R: 2.

Using the integral Bochner formula,

/SQ IV2f1?dVy + /S Ricy(Vyf,Vyf)dVy — /SQ(Agf)ZdVg =0,
finally we obtain

1 ) 2 2 . 2 2
VOl(Sl) /S2x81 (_’ng’g - aRg) Ws = /Sz (_‘Rwﬂg + O‘Rg) dVy +

* /SQ |:(9a o ;)(Agf)2 + (4a — ;)‘vgﬂ;

+(4 = 120) Ay fIVo fI2 4 (3 — 8a) |V fI2| dVy .
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The standard metric on S? can be written in spherical coordinates as
gs2 = dr? + sin(r)%d?

where 0 <7 <7 and 0 < 6 < 27. We define the function f on S? as follows

%exp (—1_1T 2) , for —b<r<b
£(r,0) = f(r) := ()

0 otherwise

where a = 0.752 and b = 1.95. We denote with ’ the derivative with respect to r. Under

this choice we have that the scalar curvature of g

cos(r)

Ry = ! (37" 4 35 1) = 270+ 2)

sin(r)
is positive on §? x S!. Using that dV;, = sin(r)dr A df have the following approximation
of the integral terms, namely

cos(r)

s 2
A, f*dv, =2r / <3 f"(r)y+3 f'(r)) sin(r) dr ~ (2m)1.2121],
0

2 sin(r)

/ \ng|§ dVy = 271/ f'(r)?sin(r) dr ~ (27)0.171,
S2 0

/ Vo flydVy = 277/ f'(r)* sin(r) dr ~ (27)0.0359,
S2 0

cos(r)

/ AgfIVgfl2dVy =2r / i (3 f"(r)+3 f’(r)) f'(r)?sin(r) dr ~ (27)0.0058 .
g 0

Let a = % + £. By the previous computation we have

1 5 (3 ) o ,
VOl(Sl)/S2xSI <_|chg|g+ (8 +6> R§> AV = /s? (—|Ricy|; + aRy) dV, +

+/s2 [(95 — é)(Ang + 45|V9f’3

sin(r)

1
—8e|Vyf|2 — (12e + §)Agf|vgf|3] dVy

12

o [(85 — 1)+ (9 — é(1.2121) + 4¢(0.0359)
—8¢(0.171) — (12 + %)(0.0058)} .

This turns out to be positive if
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1.6 The case of non—negative scalar curvature

For the proof of the main theorem we used substantially the fact that the initial metric
g has positive scalar curvature. However, we can deform a metric gy with non—negative
(but not zero) scalar curvature to a metric g with positive scalar curvature. Here is the

result

Theorem 1.6.1 Let (M,go) be a closed three—dimensional Riemannian manifold with

non—negative scalar curvature. If

, 3
[ Ricy B aviy < ¢ [ R v,
M M
then M 1is diffeomorphic either to flat or a spherical space form.

Proof. If the metric gg has identically zero scalar curvature, then the integral pinching
condition implies that the manifold must be Ricci flat. Since we are in dimension three,
this implies that the manifold must be flat.

Now suppose that the metric gg has, non—flat, non—negative scalar curvature. We will
flow this metric using the Yamabe flow (for general result see Hamilton [33]) with initial

condition g(0) = go, namely

51915 (t) = —Ry(0)9i; ()

9(0) = go
This flow is the negative L?-gradient flow of the (normalized) total scalar curvature,
restricted to a given conformal class. It was introduced in order to deform a Riemannian
metric to a conformal metric of constant scalar curvature. For our purposes we can use
this flow to deform our metric gy to a metric with positive scalar curvature. In fact we
know that there exists a unique smooth solution g¢(¢) in [0,7") at least for small time T’
(for the proof see [33]). Moreover, the evolution of the scalar curvature takes the form

0

2
o) = 2B Ro(r) + 2Ry -

By the strong maximum principle (minimum principle in this case), since the scalar cur-

vature at time 0 is non—negative, we know that the scalar curvature at time ¢t > 0 must be
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strictly positive, unless it is zero for all £ (which cannot be the case, since we are assuming
that at time zero the metric is not scalar flat). Since we want to apply Corollary 1.1.3, we

have to show that, for sufficient small time ¢, we have

(1.10) /M 0397 () Aggry) Vi + C'Y (M, [g(t)])? > 0,

where C' = C'(diam(M, g), ||V§(t)RmH) is the constant needed in order to conclude. Since
the Yamabe flow moves the metric ¢g(¢) in the same conformal class, for all ¢ € [0,7),

clearly we have

Moreover, the integral above and quantity ¢’ = C’(diam(M, g), ||VZ( t)RmH) depend con-
tinuously on time, by the smoothness of the flow. Since the metric g(0) satisfies condi-
tion (1.10), for ¢ sufficiently small, also the metric g(t) must satisfy the integral pinch-
ing condition (1.10). Then, we conclude that the manifold must be diffeomorphic to a
spherical space form, since we constructed a metric g(t) satisfying all the hypothesis of

Corollary 1.1.3.



Chapter 2

Four manifolds

2.1 Hamilton and Margerin’s results in dimension four

In this chapter we will concentrate on smooth, closed Riemannian manifolds of dimension
four. The main question the following: under which conditions on the curvature can we
conclude that a manifold is diffeomorphic (or homeomorphic) to the sphere? A result of
this type is usually referred to as a sphere theorem, and we have lots of examples in this

direction (for instance, see Petersen’s book [42]).

In dimension four, at the homeomorphism level, we have of course the work of Freedman
(see Freedman [17]), which asserts that any curvature conditions which implies the van-
ishing of the de Rham cohomology groups H'(M* R) and H?(M*,R) will imply that the

universal cover M* must be homeomorphic to the sphere.

At the same time, there are also some results which characterize the smooth sphere. The

two examples of particular importance are the results of Hamilton [32] and Margerin [38].

Some years after the proof of his famous result on three-manifolds with positive Ricci

curvature, Hamilton applied Ricci flow techniques to four manifolds. In this work he was

22
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able to deform a metric with positive curvature operator to a metric of constant positive
sectional curvature.
Recall that, a Riemannian manifold (M, g) has positive curvature operator if, for all non—

zero 2—forms w € A?(T M), there holds
Rijp wijwrr > 0.
Here the result is:

Theorem 2.1.1 (Hamilton, 1986) Let (M,g) be a closed four-dimensional Rieman-
nian manifold with positive curvature operator. The M is diffeomorphic to a spherical
space form, i.e. M admits a metric with constant positive sectional curvature. Moreover,

we get that the manifold M is diffeomorphic to S* or RP*.

More generally, the same conclusion holds for compact four-manifolds with 2—positive
curvature operators (see [13]). Recall that a curvature operator is called 2-positive, if
the sum of its two smallest eigenvalues is positive. Recently, Bohm and Wilking in [3]

generalized this result to manifolds of every dimension.

In the same year, more or less, Margerin proved a pinching theorem on four manifolds,
which was an improvement of the results of Huisken [34] and Nishikawa [40]. To explain
this we will need to establish some notations. Given a Riemannian manifold (M, g) of

dimension four, the orthogonal decomposition of the Riemann curvature can be written
1 1
Rmg =W, + §Eg Dg + 2zRgg@g,

where Rmy is the curvature operator, Ric, is the Ricci curvature, R, the scalar curvature,
E, = Ricy — iRgg is the trace-free Ricci tensor and () denotes the Kulkarni-Nomizu

product which is defined as follow: let A, B two symmetric (0, 2)-tensors, then
(ADB)ijr = AixBji — AyBjr — Aji By + Aji By,
If we let Z, = W + LRy g ®g (this (0,4)-tensor is called the concircular curvature), then

1
ng:Zg—i-ﬂRgg@g.
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Note that (M, g) has constant curvature if, and only if Z, = 0. We now define the
scale—invariant ”weak pinching” quantity

wp V2B W+ 2B
TR T m

where | - \3 denotes the usual norm of a tensor with respect to the metric g.

Theorem 2.1.2 (Margerin, 1986) Let (M,g) be a closed four-dimensional Rieman-

nian manifold with positive scalar curvature and the weak pinching quantity satisfies

1
WP, < —.
976

Then M is diffeomorphic to a spherical space form, i.e. M admits a metric with constant
positive sectional curvature. Moreover, we get that the manifold M is diffeomorphic to S*

or RP%,

Moreover, this condition is sharp (see [39]): the spaces (CP?, gss) and (S® x S', g,q) both
have positive scalar curvature and satisfy WP = %. Using a holonomy reduction argument,
Margerin also showed the converse, in the sense that these manifolds (and any quotients)

are characterized by the property that WP = %.

2.2 A conformally invariant sphere theorem

As we mentioned already in the introduction, these results require one to verify a pointwise
condition on the components of the curvature tensor, in contrast to the case of surfaces
(dimension two), where one can get a complete classification, just having a look on the

integral of the Gauss curvature.

In 2003, Chang, Gursky and Yang [11, 12] generalized this situation, by showing that the
smooth sphere in dimension four can be characterized by an integral curvature condition.

Moreover, they showed that the condition is sharp, as in the case of Margerin.
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We will denote by Y (M, [g]) the Yamabe invariant associated to (M, g), where [g] denotes
the conformal class of the metric g (that is [g] = {§ = e ?"g for u € C*°(M)}). Recall

that, in dimension four, the Yamabe invariant is defined by

) R;dV5
Y (M,[g]) = inf fMigi.
79 (o dV5)?

Positivity of the Yamabe invariant implies that g is conformal to a metric of (strictly)

positive scalar curvature. Conversely, if g has positive scalar curvature, then Y (M, [g]) is

positive.

The first way of stating the result is the following

Theorem 2.2.1 (Chang—Gursky—Yang, 2003) Let (M, g) be a closed four—dimensional
Riemannian manifold with positive Yamabe invariant. If the Weyl curvature satisfies
[ Wy, < 16x2x(0n),
M

then M is diffeomorphic to either S* or RP*.

By the Chern—Gauss—Bonnet formula, we know that

1 1 1
/M (4\Wg|§ = 5Bl + 24R§) v, .

So it is possible to replace the hypothesis on the Weyl curvature with an equivalent condi-
tion which does not involve the Euler characteristic. So the previous theorem is equivalent

to the following

Theorem 2.2.2 Let (M, g) be a closed four—dimensional Riemannian manifold with pos-

itive Yamabe invariant. If the curvatures satisfy

1 2 1 2 1 2
(2.1) /M <—4\Wg|g — 5 IEl; + 24R9> dv, >0,

then M is diffeomorphic to either S* or RP*.
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In this formulation, it is very easy to see the connection with the result of Margerin.
Indeed, any metric g for which the integrand of (2.1) is positive must satisfy the pinching
condition of Margerin, i.e.

1
Wolg + 21 Byl < ¢ R

In other words, this theorem says that we can pass from positivity in an integral sense
to pointwise positivity. This is exactly what they proved: by a conformal change of the

metric, they were able to find a solution of a certain fully nonlinear equation.

Note that the integral pinching hypothesis can be written as

_ 1
/02(9 1A£1})dVg—16/ (Wyl2dVy >0,
M M

where o9 (g_lAg) denotes the second elementary symmetric function of the eigenvalues of

g~ 1A, (see the Appendix for general definitions).

2.3 A simple proof

We present a different proof of Theorem 2.2.1, which can be obtained by an easy modifi-

cation of the work of Gursky—Viaclovsky for manifolds of dimension four (see [30]).

Preliminaries

Let (M, g) be a closed four—dimensional Riemannian manifold. As in Chapter 1, we define
the tensor

Ag = % (Ricg — éRgg> ,
where Ricy, and R, denote the Ricci and the scalar curvature of g respectively. We want

to prove the following:
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Theorem 2.3.1 Let (M, g) be a closed four—dimensional Riemannian manifold with pos-

itive scalar curvature. Fiz 0 < o < 1. If

— « 1
|t ahav,— g [ WP v, + o0 - )2 - )Y (O, [g)? > 0,
M M

for some tog < 1, then there exists a conformal metric § = e~ 2%g whose curvature satisfies

- «
oo AY) — E’Wdf} >0.

As an application for ty = 1, we obtain

Corollary 2.3.2 Let (M, g) be a closed four—dimensional Riemannian manifold with pos-

itive scalar curvature. Fix 0 < a < 1. If

_ «
[ ot 2 | wga o
M 16 Jpr
then there is a conformal metric § = e~ >*g whose curvature satisfies

— «
oa(§ " Ag) — TGIWEJ@ >0.

If we choose o = 1, using Margerin result (see Theorem 2.1.2), we obtain:

Theorem 2.3.3 Let (M, g) be a closed four—dimensional Riemannian manifold with pos-

itive scalar curvature. If

1
—1 41 2
o2(g”A,)dV / Wyl5dVy >0,
/ ( g) g 16 ’ g‘g g

then M s diffeomorphic to either S* or RP*.

For the proof of Theorem 2.3.1, we will be concerned with the following equation for a
conformal metric § = e~ 2%g:

_ o u
(2:2) oY (g7 A5) = YWy, + e,
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where 0 < a < 1 and f is a positive smooth function. Let o (g_lA;) be the trace of A“},
with respect to the metric g. We have the following formula for the transformation of A?

under this conformal change of metric:
(2.3) Ay = Ay + Vyu+ T(Agu)g—l—du@)du— T|V9u|gg.

Since

t 1
Ay = A5+ —

01 (gilA;)g )

this formula follows easily from the standard formula for the transformation of the Schouten

tensor (see [45]):
1
(2.4) A= A+ Viu+du@ du — 5|Vgulgg.
Using these formulas we may write (2.2) with respect to the background metric g

_ 1-t¢ 2—t o "
S O O 27} ) BRI AR e

Definition 2.3.4 For a conformal metric § = e~ ?“g, we define the set

a a
Ag = {t € [0, 0] | Ag ey and 05/2(9 lAtg) - [Wgh} > 0} :

In particular if t € Ag then Atg ery.

Upper bound and higher order estimates

Throughout the sequel, (M,g) will be a closed four—dimensional Riemannian manifold
with positive scalar curvature.
Since R, > 0, there exists § > —oo such that Ag is positive definite (i.e. Ric— %R >0 on

M). Moreover we can choose ¢ so small such that § € A;, in particular

o g4~ YWy > 0.
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Note that ¢ depends only on ||[Rm||. For ¢ € [d,to], consider the path of equations (in the

—2ut

sequel we use the notation Al, = A, for g; given by g; = e~*"g)

12, Vo u
(2:5) 0y (g7 AL) = YWyl + fe
where 0 < a < 1 and f(x) = 05/2(9_1/13) - @|Wg|g > 0. Note that v = 0 is a solution

of (2.5) for t = 0.

Proposition 2.3.5 (Upper bound) Let u; € C%2(M) be a solution of (2.5) for some

t € [0,t0), witht € Af . Then uy <&, where § depends only on ||[Rm/||.

Proof. From Newton’s inequality %0;/2 < 01 (see Lemma A.2.3—(iv)), so for all x € M

4 Va 4, _
%T\Wg’gJF%f@ ‘<o AL)

Let p € M be the maximum of u;, then using (2.3), since the gradient terms vanish at p
and (Au)(p) <0

4 va

HW0) + e < (g 4L)0)

This implies

where the last term has positive sign. Since M is compact, this implies u; < 6, for some

0 depending only on ||Rm||.

As we have seen in the previous chapter, an upper bound for the solutions of equation (2.5)
gives us C! and C? estimates. For the proof see the Appendix, Theorem A.4.1. Thus we

have
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Proposition 2.3.6 (C' and C? estimates) Let u; € C*(M) be a solution of (2.5) for

some t € [0, to), with t € AJ,. Then
S}\l/[p (|Vgut|3 + \Vgutb) < Cl s

where Cy depends only on diam(M, g) and | V2Rm/||.

Lower bound

Proposition 2.3.7 (Lower bound) Assume that for some t € [J,tg] the following esti-

mate holds

(07

—1 41
(2.6) /Ma2(g Aav, — 2

[ W, + 501 - 0@ - Y (49D = > 0,
M

Then there exist § depending only on diam(M,g) and ||V2Rm|| such that if uy € C?(M)

is a solution of (2.5) and if t € A, then uy > 0.
Proof. Since Al = Al + 15101 (A})g, we easily have

02(A5) = 02(AD) + 5 (1 - 1)(2 ~ H)oa(4})°

Letting § = e~ 2%tg, since u; is a solution of equation (2.5), we have
Va _ «
f2€4w * 7f|Wg|g€2ut = 02(g lAf,Lt) - E‘Wgﬁi‘

The left—-hand side can be estimated by

(6
f2€4ut + {f|wg|g€QUt S 0/62Ut ’

where the positive constant C’ depends only on ||[Rm||. So we get
2 -1 o 2
O 2 arlgT AL S

—4u ~— 1 a
= e dw <02(g 1A11Lt) + ﬂ(l _t)(Q_t)R§> - E‘WQE
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Integrating this with respect to dV;, we obtain

1
[ emavy = [ agrtalyav— [ wEav+ sa-ne-y [ R,
M M 16 Jus 24 M
—1 41 - 2 1 2
= o2(g A dV—/ WolsdVy+ —(1 -1t 2—t/R~dV~
| otaapav, - 5 [ wEav+ g0 -0e-0 [ Ry

_ a 1
> [ oA dv, - [ WAV, + (- 0@ - Y L)) = > 0,
M M

where we used the conformal invariance of the integral of g9, and the fact that, for any

conformal metric ¢’ € [g] one has

/M R dVy > Y (M, [g])*.

This gives
max uy > log iy — C(diam (M, g), || Rm||) .

Since max s |[Vgue|lg < Cy by Proposition 2.3.6, this implies the Harnack inequality
max < mj\}n ug + C(diam(M, g), |[VZRm||),

by simply integrating along a geodesic connecting points at witch u; attains its maximum

and minimum. Combining these two inequalities, we obtain

n Zm]vi[nut >logus —C =:9,

where C' depends only on diam(M, g) and ||[V2Rm]|.

Proof of the main result

Again, we will use continuity method. Our 1-parameter family of equations, for ¢t € [4, to],
is

Ja

(2.7) 0y (g7 AL = Y IWlg + F(@)e™
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for 0 > a > 1, f(z) = a%/z(g_lAg) — @|Wg|g > 0, and § was chosen so that § € A}.

Define
S = {t € [0,t9] | Fa solutionu, € C**(M)of (2.7)witht € Al } .

Clearly with our choice of f, u = 0 is a solution for t = §. Since § € A;, 0 € S, and
S #0. Let t €S, and u; be a solution. By Proposition A.3.1, the linearized operator at
ug, Lt : C**(M) — C*(M), is invertible. The implicit function theorem implies that S is
open. By Proposition 2.3.5 we get a uniform upper bound on the solutions u;, independent
of t. We may then apply Proposition 2.3.6 to obtain uniform gradient and Hessian bounds
on u¢, and by Proposition 2.3.7, we get a uniform lower bound. The compactness for
a sequence of solutions in S follows from Theorem A.5.1. Finally from Ascoli-Arzela’s
theorem, we get that S must be closed, therefore S = [4,¢y]. The metric § = e~2%0g then

satisfies tg € Ag, in particular

_ «
oa(g T AY) — E!Wg\ﬁ >0,

ie.
—du ~—1 gtoy _ —dug, X 11712
e Mooy (g Ag) e "o 16’Wg|g>07
which conclude the proof of Theorem 2.3.1. Now, the classification result follows from the
fact that the metric § satisfies the pointwise condition

1
W2 +2|E]? < 632’

where E = Ric — %Rg, denote the trace-free Ricci tensor. Hence we obtain exactly the
pointwise pinching condition in order to apply Margerin’s result (see Theorem 2.1.2) and

get that M is diffeomorphic to either S* or RP.
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Locally conformally flat manifolds

3.1 A classification of locally conformally flat manifolds

In this chapter we will concentrate on locally conformally flat manifolds of dimensions
larger or equal to four. We recall that a n—dimensional Riemannian manifold (M™, g) is
said to be locally conformally flat (LCF) if it admits a coordinate covering {Uy, ¢} such
that the maps ¢q : (Ua, ga) — (S™, gsn) is a conformal map, where gs» is the standard
metric on S”. This turns out to be equivalent to the vanishing of the Weyl tensor of ¢
(if n > 4). In particular the full curvature tensor of g can be recovered from the Ricci
tensor. Hence, on locally conformally flat metrics, conditions on the Ricci curvature impose
strong restrictions on their metrics. Indeed, it is possible to classify locally conformally
flat metrics with non—negative Ricci curvature. For more references see the papers by

Schoen and Yau [44] for the compact case and Zhu [46] for the complete one.

Theorem 3.1.1 If (M™,g) is a complete locally conformally flat Riemannian manifold
with non—negative Ricci curvature, then the universal cover M of M with the pull-back
metric is either conformally equivalent to S™, R™ or is isometric to R x S*~L. If M itself

is compact, then M is either conformally equivalent to S™ or isometric to R™, R x S*~1.

As we said in the Introduction, now we ask the following question: Is it possible to classify

locally conformally flat manifolds satisfying an integral pinching assumption?

33
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As usual, we define o1,(g~tA) the k-th elementary function of the eigenvalues of g~ A (see

the Appendix for general results), and choose the tensor (here ¢ is a real number)

1 . t
n—29 (RZCg — 2(7’L_1)Rgg> .

A Gauss—Bonnet type formula was proved by Viaclovsky in [45] for locally conformally

t_
Ay =

flat manifolds, which relates the classical Gauss-Bonnet—Chern to the integral of the §—th

elementary function of the eigenvalues of the Schouten tensor. More precisely we have

1
(2m) (=) ((n — 2)11)?

[ oyt Al av, =xon),
M

where x (M) denotes the Euler—Poincaré characteristic of M.

Hence positivity of the Euler—Poincaré characteristic can be read as an integral pinching
condition on the curvature of the metric g. Under this assumption, Gursky [26] was
able to classify four and six dimensional LCF manifolds with positive Euler—Poincaré

characteristic. Namely

Theorem 3.1.2 (Gursky, 1994) Let (M,g) be a closed, locally conformally flat, n—
dimensional Riemannian manifold, n = 4 or 6, with non—negative scalar curvature. Then
X(M) < 2. Furthermore, x(M) = 2 if and only if (M, g) is conformally diffeomorphic to
the standard sphere, and x(M) = 1 if and only if (M, g) is conformally diffeomorphic to

the standard real projective space.

As pointed out by Gursky, this result is not true for higher dimensions. Take for example
the product of S* equipped with the canonical metric and a four dimensional hyperbolic
space form. This manifold has zero scalar curvature and positive Euler—Poincaré charac-
teristic. So, in view of generalizing the classification result to higher dimensions, one has

to add some additional condition on the geometry of the manifold.
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3.2 A sphere theorem on locally conformally flat

even—dimensional manifolds

Our main result is the following (joint work with Djadli and Ndiaye, see [9]):

Theorem 3.2.1 Let (M, g) be a closed, locally conformally flat, n—dimensional Rieman-
nian manifold, n > 8 even, with positive scalar curvature and with positive Euler—Poincaré
characteristic.

There exists a constant tg = to(n, diam(M, g), |V2Rm||) < 1 such that, if
t +
Ay € In,

for some t € (to,1], then there exists a metric g conformal to g such that Aé eTt. In
2

particular (M, §) has non-negative Ricci curvature (Ricg > 0).

Using the classification in Theorem 3.1.1 for compact, LCF manifolds with non—negative

Ricci curvature and a vanishing type result, we can prove the following result

Theorem 3.2.2 Let (M, g) be a closed, locally conformally flat, n—dimensional Rieman-
nian manifold, n > 8 even, with positive scalar curvature and with positive Euler—Poincaré
characteristic.

There exists a constant tg = to(n, diam(M, g), ||[V2Rm||) < 1 such that if
t ot
Ay € F% )

for some t € (to, 1], then M is diffeomorphic to either S™ or RP".

For the proof of Theorem 3.2.1 and Theorem 3.2.2, we will be concerned with the following

equation for a conformal metric § = e~ 2%g:

(3.1) (o507 a) " = e

where [ is a positive function on M. As usual oy (g_lA;) will be the trace of A; with

respect to the metric g. We have the following formula for the transformation of AZ under
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this conformal change of metric:
2 AL — A 4 V2 = Ea dudu— 2" 2
(3 ) g g+vgu+m( gU)g+ U ® U_T|vgu|gg'

Using this formula we may write (3.1) with respect to the background metric g

_ 1—¢ 2t 2/m .
ou (g ! (A; —|—V3u+ m(Aw)g%—du@du— 2]Vgu\3g>> = f(x)e.

Remark 3.2.3 The assumption that there exists a constant

to = to(n, diam(M, g), |[VZRm||) < 1 such that

t +
Agel“%,

for some t € (to,1], by the Guan—Viaclovsky—Wang inequality (see Theorem A.6.1 in the

Appendiz), does not imply that the metric g has non—negative Ricci curvature. This would

be true, if one could get tg = 1.

We need to point out that there is another result in the same direction due to Guan—

Lin—Wang [22], where they showed, as a corollary of a more general result, that if (M, g)

is a locally conformally flat manifold of even dimension, with positive Euler—Poincaré

characteristic and with A; € F%_l, then M is diffeomorphic to either S™ or RP". Also in

this case, there is not a relation between their and our assumption.

3.3 Upper bound and higher order estimates

Throughout the sequel, (M, g) will be a closed n—dimensional Riemannian manifold (n
even) with positive scalar curvature and locally conformally flat. Since R, > 0, there

exists 0 > —oo such that Ag € I'f. (for example we can take & such that Ag is positive
2

definite, i.e. Ricy — 352y

Rgg > 0 on M). Note that § only depends on ||Rm||. For
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. . . . t _ t
t € [6,1], consider the path of equations (in the sequel we use the notation A;, = A/, for

—Qut

g+ given by gy = e”="g)
2/n ¢ —1 gt 2
(33) oA (g7 AL) = fe,
where f = az/n(gflAg) > 0. Note that v = 0 is a solution of (3.3) for ¢t = 0.

n
2

Proposition 3.3.1 (Upper bound) Let u; € C?(M) be a solution of (3.3) for some
te[d1],

with A!, € T} Then uy <&, where § depends only on | Rm/|.
. 2
Proof. From Newton’s inequality (see Lemma A.2.3—(iv)) we have
2
O-ﬁ S Cnol ’
2
for some C}, > 0. So for all x € M
fezut < Cnal(g_lAzt) .

Let p € M be a maximum of u;, then using (3.2), since the gradient terms vanish at p and

(Aug)(p) <0,

fp)e®™ @ < Choi(g AL ) (p)

= Cunlg A0 + 22T Au)p)
< Choi (9_114;)(10)
< Conla 4.

Since M is compact, then u; < 4§, for some ¢ depending only on ||Rm)|.

Once we have an upper bound for the solutions of equation (3.3), we immediately get C'!

and C? estimates. For the proof see in the Appendix, Theorem A.4.1. We have
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Proposition 3.3.2 (C! and C? estimates) Let u; € C*(M) be a solution of (3.3) for

some t € [6,1], with Al, € I'5. Then
sup (|Vgut|3 + ‘V3Ut|g) <C1,
M

where Cy depends only on n, diam(M,g) and |[V*Rm)|.

Now, by the Yamabe equation for the conformal deformation of the scalar curvature, we
have that

Ry, = e® (Ry +2(n — 1)Agus — (n — 1)(n — Q)WQW@ :

So we obtained an uniform estimates for the scalar curvature of g, i.e.

Proposition 3.3.3 Let u; € C*(M) be a solution of (3.3) for some t € [6,1], with
Al €T3. Then
0< Ry <A,

where A is a positive constant depending only on n, diam(M, g) and |[V2Rm/||.

3.4 Lower bound

Proposition 3.4.1 (Lower Bound) Assume that for some t € [0,1] the following esti-

mate holds
/ o (g~ AL AV, + Cr(1— )3 (Y (M, [g]))% — Ca(1 — 1) / RE dVy, = >0,
M M

for some positive constants C and Cy depending only on n. Then there exists § depending
only on diam(M, g) and |[V?Rm)|| such that if uy € C*(M) is a solution of (3.3) and if

Azt eIl then us > 6.
2

Proof. It is easy to see that the following formula holds

-1

3

_ _ n _ n 1-t¢ 2 _ _ n_;
ou (g7 A = 0 (g AN HCH (1D Eor (g A E 4 S en () oi(g Ay (ou(g Ag)) 3

< n—2
=1
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for some positive constants C and ¢, ; depending only on n and i.

Since by assumption A, € Ft, we have 0;(g; ' AL ) > 0 for all 1 <4 <n/2. So, iterating

the previous formula, we can easily check that
oi(gnAL,) > —Ci(1—t) (01(9»;11411“))1 ;

for some positive constants C; depending only on n. Hence, by the previous formula, we

have
On the other hand, since w; is a solution of equation (3.3), we have

O'% (g;tlAt ) N ( lAt ) — eQnutf% ’

or equivalently

Integrating on M this with respect to dVj, we obtain

c/ et dv, > /e"“‘fngg
M M
= /em‘t n (gt AL ) dV,
M

_/M
= L

where C' > 0 is chosen so that f2z < C (recall that, since f = a%/n( _lAg), C' depends

1
(gut At )d%th

w\*

(92, AL, ) dVy,, + Ci(1 —t)Z/M R, dVy, —Ca(1—1t) 5”/ Rgut Gy >

N\:

only on [[Rm]|).

Using Hoélder inequality and the definition of the Yamabe invariant (which is positive), we

get

0|3

/ RZ, dVy,, > (Y(M,[g)))
M
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Moreover, by the result of Viaclovsky in [45], we have the conformal invariance
/ o (95, A,) dVg,, = / on(g ' Ag)dVy.
M M
Thus we get
¢ [ emavy> [ oyt A av, + -0 OLE - 0= 0F [ R, dV, = x>0,
M M M

This gives
1
max uy > —log Ay — C(diam(M, g), ||[Rm]|) .
n

By Proposition 3.3.2, maxys |Vgue|s < Ci. This implies the Harnack inequality
max ug < m]\/i[n ug + C(diam(M, g), ||V2Rm||),

by simply integrating along a geodesic connecting points at which u; attains its maximum

and minimum. Combining these two inequalities, we obtain
. 1
ur > minuy > —loghy — C =: 9,
M n
where C only depends on diam(M, g) and ||[VZRm/|. This ends the proof of the Lemma.

g

3.5 Proof of the main result
By hypothesis, there exist tg = to(n, diam(M, g), ||[V2Rm||) < 1 such that
t +
Ay € F% .

This parameter tg will play the role of §, i.e. will be the starting point in order to use the

continuity method. Our one—parameter family of equations, for ¢ € [to, 1], is

(3.4) oi/"(g7 AL) = fla)e™,
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with f(x) = ai/n(g_lAg‘)) > 0,. Define the set
2
S = {t € [to,1] | Ja solutionu, € C2*(M)of (3.4) with A, € r;} .
2

Clearly, with our choice of f, u = 0 is a solution for t = t3. By assumption, tg € S, and
S # 0. Let t € S, and u; be a solution. By Proposition A.3.1, the linearized operator
at ug, £t @ C**(M) — C%(M), is invertible. The implicit function theorem tells us
that S is open. By Proposition 3.3.1 we get a uniform upper bound on the solutions
ut, independent of . We may then apply Proposition 3.3.2 to obtain uniform gradient
and Hessian bounds on u;. Now suppose that we prove a uniform lower bound as in
Proposition 3.4.1. By Proposition A.5.1 and the classical Ascoli-Arzela’s theorem, we will
get that S must be closed, therefore S = [tg,1]. The metric § = e ?“!g then satisfies
ak(A}]) > 0 for all 1 <k < §. The inequality on the Ricci curvature in Theorem 3.2.1

follows from Theorem A.6.1.

So, in order to conclude we need to prove that the hypothesis of Proposition 3.4.1 holds.
But this can be proved easily, since by Proposition 3.3.3, we have an uniform estimate for

the scalar curvature of g;. Moreover, we get that the quantity

M M

is uniformly bounded. Hence for ¢y sufficiently close to 1, since the Euler—Poincaré char-

acteristic of M is positive (i.e. larger or equal to 1), we can always assume that
[ st ahav, + 0 -0 (1) - Ca1=0F [ RE v, = A >0,
M M

for every t € [to, 1].

In Theorem 3.2.1 we have proved that if (M, g) is an even—dimensional, closed, locally
conformally flat manifolds with positive scalar curvature, positive Euler-Poincaré charac-
teristic, and "close to” be §—admissible, then M admits a metric g which is §-admissible,

ie. with A; € I't. In particular it turns out that the Ricci curvature (Ricz) must be
2
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non—negative. By the classification we have that M must be conformally equivalent to
either a space form or a finite quotient of a Riemannian S"~!(c) x S, for some ¢ > 0.
Moreover, for locally conformally flat manifolds which admit k—admissible metrics (i.e.
metrics g such that A, € Fﬁ) we have topological restrictions (see, for example, [20, 23]).

In [20] the authors proved the following vanishing theorem

Proposition 3.5.1 Let (M, g) be a closed, locally conformally flat manifold, with

Ay € I‘Z, k < n/2. Then the g-th Betti number by =0, for

1.

n — 2k n + 2k
1<g< —
g  Tlsa=—5

Since Az € FJ%r C F"%F_l, we can apply this proposition to the case k = § — 1 to get that
the g-th Betti number

by =0, for 2<q¢g<n-—-2.

Since the Euler characteristic can be defined in terms of the Betti numbers, by Poincaré
duality, we get that
X(M) =2— 2b1 .

Then 0 < x(M) < 2, which forces the manifold M to be diffeomorphic to either RP™ (if
X(M)=1)or S" (if x(M) = 2).
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Fully nonlinear elliptic equations

A.1 Preliminaries

Let S,, be the space of n x n real symmetric matrices, and F'(A, z) be a function on S, x M

which is of class C2.

Definition A.1.1 We say that F is uniformly elliptic if there are two positive constants

A, A (called the ellipticity constants) such that for any A € S, and x € M
N|BI| < F(A+ B,z) — F(A,x) < A|B| VB >0.
We say that B > 0 whenever B is a non—negative definite symmetric matrix and

IBll= sup  [BiyXl,.
XeTM, |X|=1

Remark A.1.2 One can easily check that a linear operator L(u) = aij(a:)vgju, where
a;j(x) is a symmetric matriz with eigenvalues in [A, A}, is uniformly elliptic with ellipticity

constants A, nA.

We can extend the function F' to the whole space of n x n real matrices by F(A,x) =
F(L(A+ AT),z). Then F is a function of n x n variables a;; and z. If we define

3 Ja
FY(A z) = %(A, x).
ij

43
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It is clear that if A and B are symmetric, then the differential dF(A,z)B = FY (A, z)B;;
does not depend on the extension of F. Now if F' is uniformly elliptic with ellipticity

constants A and A then
(A1) ANX|2 < F9(A2)X;X; <AX|]2 VA€ S, Ve e M VX € TM.

On the other hand, (A.1) implies that F' is uniformly elliptic with ellipticity constants A,
nA.

A.2 The g,—curvature

Let (M, g), a compact, smooth, n—dimensional Riemannian manifold without boundary.
Given a section A of the bundle of symmetric 2-tensors, we can use the metric to raise
an index and view A as a tensor of type (1, 1), or equivalently as a section of End(TM).
This allows us to define oj,(g~*A) the k-elementary function of the eigenvalues of g~!A.

More precisely we define

Definition A.2.1 Let (A1,---,\,) € R™". We view the k—elementary symmetric function
as a function on R™:
O-k()\lu"'))\n): Z A’LlAZk)
1<i1 << <n
and we define

Ir= () {oj(A,-- M) >0} CR?,

1<j<k
For a symmetric linear transformation A : V' — V., where V is an n—dimensional inner
product space, the notation A € F;: will mean that the eigenvalues of A lie in the corre-

sponding set. We note that this notation also makes sense for a symmetric 2-tensor on a

Riemannian manifold. If A € T}, let J,i/k(A) = {o(A)}/*.
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Definition A.2.2 Let A : V — V, where V is an n—dimensional inner product space.
The (k — 1)-Newton transformation associated to A is

k—

;_n

kl]o_ )Ak;lg
=0

.

Also, fort € R we define the linear transformation

1-t¢
-2

L'(A) = Tir—1)(A) + o1(Tig—1)(A)) - I.
We have the following list of properties (the proofs can be found in [5])

Lemma A.2.3 (i) F: is an open convexr cone with vertexr at the origin, and we have

the following sequence of inclusions

rycrf ,c---cry.

(i) If A € F;, then Ty_1(A) is positive definite. Hence for all t < 1, L*(A) is positive
definite.

(iii) We have the identities

(iv) If A€y, then

1
k n\k (k=1)
> — .
o) 2 T (k) ok(A) ¥

(v) If A and B are symmetric linear transformations, A, B € F;‘, then ¥p € [0,1],
pA+(1—p)B €T}, and

of (pA+ (1= p)B) > pof (A) + (1 - p)of (B).

1
In particular this gives the concavity of the function o in the cone Fz;.
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Lemma A.2.4 If A : R— Hom(V,V), then

d%ak(A)(S) = ZT(k—l)(A)ij(S)d%(A)ij(S) :
i

i.e, the (k — 1)—Newton transformation is what arises when we differentiate oy,.

We choose the tensor (here ¢ is a real number)

1 t
t_ S
A, = p— (chg 3 — 1)Rgg> ,

where Ric, and R4 denote the Ricci and the scalar curvature of g respectively. Note

that for ¢t = 1, A} is the classical Schouten tensor (see [1]). Hence, with our notations,
ak(g_lAg) denotes the k—elementary symmetric function of the eigenvalues of g‘lAg.

We will be concerned with the following equation for a conformal metric § = e~2%g:

1/k

(A.2) (ou(g™'45)) " = fe,

where f is a positive function on M. Let o, (g_lA}]) be the trace of A; with respect to the
metric g. We have the following formula for the transformation of A; under this conformal

change of metric:

1—t 2t
(A.3) Al = AL+ Viu+ —— (Agu)g + du ® du — T\vguygg.
Since
A=Ay 2T Al
g - g n — 201 g g 97

this formula follows easily from the standard formula for the transformation of the Schouten

tensor (see [45]):
1
(A.4) Aj = Ag+ Vgu+ du® du — 5|Vyulgg.
Using this formula we may write (A.2) with respect to the background metric g

—1 ([ gt 2 1—t 2—t 2 YR 2u
orl g Ay +Vau+ m(Agu)g + du ® du — ?Wgu\gg = f(x)e".
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If we define the 2—tensor (see the previous section)

F =

(oulg™rap)"*)

ij

from Lemma A.2.3-(iii) we get

. 1 _ 1 _ ..
(A.5) FY = %Uk(g 1Atg)k "Ti-1(g TAL)Y.
By this, we immediately get

Lemma A.2.5 Let u € C?(M) be a solution of equation (A.2) for some t < 1 and let
g = e 2%g. Assume that Atg € F;. Then the 2-tensor FY is positive definite. Moreover,
we have the identity

FIW;; = fe*,

where W;; = (Atg)ij. Under this notation, we also have the following

FIWiin = (F9Wi),
F9Wijnne > (F9Wij ) kg -

Proof. The first identity follows immediately by formula (A.5) and Lemma A.2.3-(iii).
Moreover, the positivity of F%/ comes from the positivity of the (k — 1)-Newton transfor-
mation and oy (g_lAtg). If we take the k—covariant derivative of the equation (A.2), we

get

Vi ((Jk(g_lAtg))l/k) = Vg (fezu)

= Vi(F7Wy),

where in the last equality we used the first identity. Now differentiating the left—hand side

and using the definition of F¥/, we obtain

0
8@@'

(rfk(g*lAtg)l/k) Wijk = FIWijp = (FIWij) .
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To get the second estimate, we differentiate again the previous equation to get
(O'k(g_lAtg)l/k> Wzgk)

= 0 —1 pt)L/k y 0 —1 4t\1/k\ T/,
= Vi (8% (Uk(g A7) ) W,],H%(ak(g AL) )Wzg,kk

. 9
FiW,, _
(FYWij) ek Vi (8%

02 —1 4t \1/k 0 1 ik

= aaijalm<0k(9 Ag) )Wlm,kWij,k"i‘aaij(O'k(g Ag) )kak
9 —1 gt\1/k

< ~ ..

B 8(1@-]- (Uk(g Ag) > Wl]vkk

= FWij,

1
where we used the concavity of 0% (see Lemma A.2.3-(v)), i.e.
o?

aaijalm

(onlg™ 4)¥) <.

Since we consider differential equations on a compact Riemannian manifold (M, g), all
derivatives are the covariant derivatives with respect to the metric g. So, if u is a smooth
function on M, when we consider derivatives of order higher than two we should get some
curvature terms if we change the order of differentiation. If we assume g;; = d;; at the
point we are evaluating, without loss of generality, we have the following formulae (see for

example [1])

Lemma A.2.6

U5 = ’U,ﬂ
Ukij = Uik + Rmikjum
Uikt =  Uijik + Ronjrimi + RmikiUmg
Ukkij = Uijkk T 2RmikjUmk — Rmjumi — Rmitmj — Rmi jum + Rmikj kUm -

Hence, if M is compact, we get
ugij = uijk + O(|Vgulg)

Ukkij = Uijkk + O(’VEU‘Q +[Vgulg).
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A.3 Ellipticity
We will discuss the ellipticity properties of equation (A.2).

Proposition A.3.1 (Ellipticity property) Letu € C?(M) be a solution of equation (A.2)
for some t <1 and let § = e~ ?"g. Assume that Ag € F;. Then the linearized operator at

u, L C?(M) — CY(M), is elliptic and invertible (0 < a < 1).
Proof. Define the operator
Filu, Vgu, Vzu] = ak(gflAtg) — fla)ke?ku

so that solutions of the equation (A.2) are exactly the zeroes of F;. Define the function

us = u + sip, then the linearization at u of the operator Fj is defined by

d
t _ 2
L(p) = dSFt[us,Vgus,Vgus] o
d 1 d
- = AIZ v k 2kus .
ds (ak(g g)) s=0 ds (f(x) € >) s=0
From Lemma A.2.4 we have
i (U ( —1Aé)) ‘ = Tr_1( —1At~)..i ((Aé) ))
ds kg g s=0 k=119 9% ds 9745 s=0 '
We compute
d At . 1—¢ A
75 ((A5)))| _ = (Ve@)ij + ——=(8g0)gij = (2 = )Vgu - Vg gij + 2du @ dip.

Easily we have also

L (Flayrer)

_ -9 k _2ku ]
— kf(z)"e™ ¢

s=0

Putting all together, we conclude

_ 1—t u
L) =Te-1(g7 ALy <(V380)z‘j + H(Agsﬁ)gz’j> — 2k f(x)f e o+
where the last terms denote additional ones witch are linear in Vg¢. The first term of the

linearization is exactly the one defined in A.2.2, i.e.

1—t
LY(AY)ij = Th1(AY)ij + mTk—l(Atg)pp 0ij -
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So finally, we have
LNp) = LAY (Vip)ij — 2k f () e o + -

Since Atg € I‘:, by Lemma A.2.3, we have that the tensor Lt(Atg) is positive definite. So,
the linearized operator at any solution u must be elliptic. Note also that, by the previous

formula, the operator is of the form

L' () = E(p) — c(x)p,

where E(p) is a second order linear elliptic operator and ¢(x) is a strictly positive function
on M, since c(z) = 2kf(x)*e®** and f(z) > 0. This allows us to invert this operator

between the Holder spaces C%(M) and C%(M) (see for instance [19)]).

A.4 C!' and C? estimates

We want to prove a priori gradient and Hessian estimates for solutions of the equa-
tion (A.2). These problems have been investigate by many authors, like Guan—Wang [25]
and Gursky—Viaclovsky [30, 28]. Here we present a recent proof done by Chen [14], which

allows us to incorporate two statements in one.

Theorem A.4.1 Let u; € C4(M) be a solution of (A.2), in a geodesic ball B,, for some

t <1 andlet j = e 2"g. Assume that Ag € F:. Then

sup (\Vgutlz + |V§ut\g) <C <1 + sup 62%) ,
Br .
2
where C = C (n, k,r,|[V*Rm||, || fllc2) > 0 but is independent of t and inf f.

Proof. Assume g;; = ¢;; at the point we are evaluating. Let u = u; and , by (A.3),

1—-t¢ 2—1
W = AL :v§u+mmgu)g+du®du— T]Vgu|2g+Atg.
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Step 1: Aju has a lower bound.

By the condition W € I’]": C I'f, we have
0<oi(g7'W) = algu — b]Vgu\z + al(g’lAtg) ,

where

2n —2 —nt 4 — 3t
azin i and b= 3
n—2 2

are positive constants for all ¢ < 1. Note that this condition is equivalent to the positivity
of the scalar curvature of g. Since M is compact we have that

4—3t
4

oo AL = "R,
must be bounded. This gives us a lower bound for Aju and
(A.6) Vgulz < C(Agu+1),
where C' = C(n,||Rm||) > 0. Let

H =n(Agu+ [Vgul?) =nL,

where 7 in a cutoff function, 0 <7 <1, such that n =1 in By and n = 0 outside B,, and
also we have |Vgnl, < C @ and \ng < 7% Without loss of generality, we assume r = 1.
Since we have a lower bound for Aju, we immediately get a lower bound for L. Hence we

only need to get an upper bound of L.
Step 2: Aju is bounded.

Suppose g € M is the maximal point of H. Then at o we have
(A.?) H;, =V;H = mL =+ 77Lz' = m(Agu + ‘Vgu’?]) + n(ukki + 2ukuki) = 0,

and

Hij = nij L+ niLj +njLi + nLy = (nij - 277’:]) L+nL;;
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is negative semi—definite, where in the second equality we have used (A.7). Moreover,
(A.S) Lij = Ukkij + 2ukiukj + 2ukukij .

Now we define the tensor
F7 = i+ 1= Lpigi
n—2 ’
which is positive definite by the positivity of F¥ . If we sum, by the conditions on 7, we

get

(A.9) 0> Finij —F <<'fh‘j - 2”2;”) L+ ’I7Lij> > -C ZFML + nfijLij )

()

By (A.8) we have

FULU = FU (ukkij + 2ukiukj + 2ukukij) .

Changing the order of the covariant derivatives and Lemma A.2.6, using the definition of

77 and (A.6) give
i ij L=t i i ii 2 13
F Lij > F Uijkk + mF ek + F (2UkiUkj + 2Ukuijk) — CZF 1+ \Vgu|g
i
) 3
= A+B-CY F" <1+ |v§u|g2> .
i

In order to compute A, notice that

1—
Wijkk = ViVieWej = gk +

— 2Ullkk:5ij + UikkUj + 22U U5k + U

—(2 = tugukdij — (2 = )| Voul 2855 + (AL )ijkk -
Then

g 1—t .
A = FYujpe + ——=F ik
n—2

= FY (Wijkk — Uikkty — Uikl — Wjkkt; + (2 — ) ugew by

+(2 - t)|V3u|§5zj + (Af;)ijkk)

Vv

FijWij’kk — Fij (2uikkuj + 2uikujk — (2 — t)ulkkuléij)

. .. 3
+2-t)) FUVull-C) F" (1 + |v§u|g2> :
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Changing the order of covariant derivatives again yields
A > FijWij,kk — FY (2uprivg + 2uiptjr — (2 — ) uprugdi;)
+@2-0) Y Fiv2 - S Fi <1 + |v§u|§> .
Now we replace the terms wug; ;nd Ugk USING (A;) to get
A > FijWZ-ka + FY <27Z;ujL + dugujug; — 2uikujk>

—(2 — t)Fij (ZZUZL(SZ] + 2ukuluk56i]~>

+2 -1 FUVull-CY F" (1 + yv;mé) .
Using (A.6) again and the conditilons on 7, finally, ere have
A > Fisz‘j,kk + FY (dupujug; — 2uiptje — 2(2 — t)upwugdi;)
+2 1) F'Viul? - 2 > FiVgul,L—-CY F” <1 + |v3uy§> .

To estimate B, we use the formula

Wijn = ttije + 2 tuk0ij + ikt + tjktls — (2 — yuggwrdij + (AL)ijin -

Hence we obtain
B = F’(Quiuk; + 2uguis)
= FY(2upiug; + 2upuie) + %F”@UMUM + 2ugun)
> 2ukFijW¢j,k + 2Fijum‘ukj - 4Fijukuz‘kuj +2(2 - t)Fijukulkul(sij

2(1—1) i i 3
S ZP7N@E—C§:F<F+W%@>.

(2

Combining A and B together, we find that
F'L; > A+B-CY F" (1 + |v§u\§>
> FY9Wijkk + 2qj,kFU Wik + FY (dupujug; — 2uipugr — 2(2 — t)ugugugdi;)
+2Fijukiukj — 4FijukuikUj +2(2 - t)Fijukulkuléij
+2 1)) FiVaul? - Cn2 > FiVgul,L—CY " <1 + |v§u|§)

2(1 -t ’
+ il_ 2) > FHVEul? .
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After the cancellations, finally we get

..

F JL,‘j > FijWijykk + QUkFijWijyk + A Z F”]Vﬁu\g
%

. . 3
~On2 Y FUVgulyL — CY F (1 + |v§ug2> :

where
2(1—1)

>0
n—2

A=(@2-t)+

is positive, for all ¢t < 1.

Now, returning to inequality (A.9), and applying 1 on both sides produces

0 > nfinz’j > —CnZFiiL + UQFijLij
i

> 2 FIW;j e + 20w FY Wi g + An? Z F”Ivﬁu\ﬁ

. .. .. 3
~Cn>» F L - Cn2 > FiVgulyL - Cyp? > F" <1 + \v§u|;> .

)

Using inequality (A.6) again and the fact that L < C |V§u\ g, We arrive at

0 Z HQFijWij,kk + 2772ukFijWij,k + A772 Z F“‘Vgu@

7
—C Y (14 0| V2uly + (1] V2ul,)F)
i
Here is the key point of the estimates, where we use the equation. By Lemma A.2.5 we
have FOW;;p = (FIWi), = (fe*") and F9W;j e > (F9Wij ke = (fe*)rk. So we

obtain
0 > n*(fe™)rk + 2n°ug(fe*™ )k + An? Z FYVoul?
i
—CYF (140 V2uly + 11V 2ul,)? )
= 772(ka1 + 2 fupk + 4 frur + 4f I Vgul2)e™ + 0 (2fpur + 4f |V gul;)e*
ARt Y FEVEul} — O (14 | Viuly + (1] V3ul,)? ) -
Using again inequaulityZ (A.6), finally we ;btain

.. 3
0>y F" (A(mvguyg>2 — C(n|Viulg) + <n\V§ulg)2) :
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Now, from formula (A.5) and Lemma A.2.3-(iii), we have

3 3 1 3
D FU=F" = %Uk(g_lAtg)%_1Tk—1(9_114t§)”
7
n—k+1

1
= — (g AGF lop-1(gT AY).

The right-hand side can be estimate from below using Lemma A.2.3—(iv), since Ag eI,

to arrive
i n—k+1 IRV k n\* _ (k=1)
Fit > t 1 14t
> P ettt (1) ol
n\ *
- ()
This gives

3
0> A(n|Vjulg)® = C(nVgulg) + (n|Vgulg)? .

Since A > 0, the first term dominates and we obtain (77|V§u]g)(x0) < C and hence
H = n(Aju + |Vgu]§) = L is bounded in B%. Now, by inequality (A.6), since L is

bounded, we have Ayu < C and |Vyul? < C.
Step 3: Vgu is bounded.

To get the Hessian bounds, simply consider the maximum of the function
H(ey) = n(Vﬁu + A|vgu’§9)(€p7 ep)

over the set S(T'M), where S(TM) denote the unit tangent bundle on M. Since M is
compact, S(T M) is compact too. With an appropriate choice of A, following the previous

step, with almost the same computation, we get the result.
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A.5 Uniform ellipticity and C?“ estimates

In the previous section we showed that for a solution u of the equation (A.2), with A%, € T’y
we have a priori C! and C? estimates just depending on the upper bound of the function
u. Now suppose that we already know that the solution u € C?(M) has a lower bound

too, clearly from Theorem A.4.1 we have
(A.10) [ull oo (ary + | Vgl oo (ary + IV oull oo (ary < C
We want to prove the following
Theorem A.5.1 Under assumption (A.10) equation (A.2) is uniformly elliptic. More-
over, we have that u € C*“(M), with
lullczaary < Cllullezay »
for some positive constant C.

Proof. For simplicity we let

F(A) = ai(g 1 ADY,

since the equation depends only on the eigenvalues of the tensor AY. In order to prove
that F' is uniformly elliptic, we need to verify the conditions (A.1l), or equivalently that

there exist a positive constant v such that

(A.11) > OF

> .
_8)\1-()\)_7

First note that if u € C%(M) is a solution of equation (A.2) satisfying the bound (A.10),

then the eigenvalues of A!, will satisfy this two conditions
F()\) 2 c1 > 07
|)\| S Co .

Let X\ be the vector of the eigenvalues of Af. By assumption A € F;. If we define
the set 't C F;{f of the vector of length one which lives in the k—cone, clearly we have

Al = )\/|A| € TL. We claim that there is a constant § > 0 such that

(A.12) dist(\',0T1) > 6.
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Assume this for the moment. Since F'is homogeneous of degree one, 0F/0\; is homogenous

of degree zero. Hence
oF _OF

<o =y

But inequality (A.12) says that A! is at fixed distance from the boundary of I''. Therefore
inequality (A.11) follows from the continuity of OF/0\;. So, we need to prove (A.12).

Suppose there is a sequence {As} € I’} with [A] < ¢z and F(As) > ¢ > 0, but with
dist(A\L,0r") — 0

as s — 00, where A} = A,/|\s|. Now choose a subsequence (still denoted {)\;}) with

AL — X\g € OT'L. By continuity, F(A\!) — 0. On the other hand, by homogeneity,
F(Xs) = F(IA[Ay) = N[ F(xg) — 0,

since |As| < co. However, this contradicts the assumption F(As) > ¢; > 0. This proves

the claim (A.12) and the uniform ellipticity of F.

By the works of Krylov [36] and Evans [16] we obtain C*® estimates. For a complete

overview on the subject see the book of Cabré-Caffarelli [4].

g

Remark A.5.2 By a bootstrap argument, we immediately get C°°(M) estimates from
C?>*(M) estimates. Indeed, using the notation of Lemma A.2.5, if we differentiate the

equation in the k direction, we get
(A.13) (F9Wij), = F9W;jp = Vi(fe*) Vk=1...n.
Since

1—t 2 ¢
Wij = (AL)ij = Viju+ — (Agu)gij + ViuV ju — == [Vgulggij + (Ag)ij

using equation (A.13) and changing the order of differentiation, we have that the functions

Viu satisfy an elliptic equation where the coefficients in front of the second derivatives are
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in C%, since u € C*¥(M). Now we can apply directly Schauder’s estimates (see, for
instance, [19]) to the function Viu, which give us C3*(M) estimates for the solution u.

Tterating this argument we get higher orders estimates.

A.6 op—curvature and Ricci curvature

In this section we recall some algebraic properties of the o curvatures and how it is related
to the classical curvatures. This results can be found in the work by Guan, Viaclovsky

and Wang (see [24]).

Theorem A.6.1 (Guan—Viaclovsky—Wang) Let (M, g) be a Riemannian manifold with

Ay € F;r, for some k > n/2. Then its Ricci curvature is positive. Moreover, if k > 1, then

2k —n

RZCg > ng

g.

In particular for three and four—dimensional manifolds with positive scalar curvature we
find that if the Schouten tensor of a metric ¢ is in the cone F; , then the Ricci curvature

of g must be positive definite. More in general, for the one—parameter Schouten tensor

1 t
t_ .
Ag =5 (chg 72(71 — 1)Rgg> ,

we have the following
Proposition A.6.2 If for some metric g1 on M we have Atg1 €'y, then

_Aél +0_1(gl_1A§]1>gl > 07

n —

2 _
A;l—i-ial(gllAgll)gl > 0.

The easy proof of this fact can be found in Gursky and Viaclovsky [30, Lemma 5.1].

The oy, curvatures give some informations on the sign of the sectional curvatures. Namely

we have
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Proposition A.6.3 If for some metric g1 on M"™ the Weyl curvature is zero and we have

Ay € F:{_l, then g1 has positive sectional curvatures. Moreover, in dimension three, if

Ug(gl_lAg1> > 0 then the sectional curvatures have a sign.
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