A WEIGHTED GRADIENT THEORY OF PHASE TRANSITIONS
WITH A POSSIBLY SINGULAR AND DEGENERATE
SPATIAL INHOMOGENEITY

GIAMPIERO PALATUCCI AND ENRICO VALDINOCI

ABsTrACT. We study the asymptotic behaviour for a perturbed variational prob-
lem for the Cahn-Hilliard theory of phase transitions in a fluid, with spatial in-
homogeneities in the internal free energy term. The standard minimal interface
criterion will be recovered even in the case in which the inhomogeneity vanishes
or becomes infinite.

CONTENTS
1. Introduction 1
1.1. Notation 2
1.2. The I'-convergence theorem 4
2. Proof of the I'-convergence result 6
2.1.  Compactness and lower bound inequality 6
2.2.  An auxiliary measure theoretic observation 6
2.3.  Upper bound inequality 8
References 26

1. INTRODUCTION

This paper deals with the I'-convergence of the functional

(1.1) Fo(u) = Fx(u, Q) ;:/

Q
where W is a “double-well” potential, p € (1,00) and € > 0 is a small parameter.

[ep_lAl_p(x)]Dmp + éA(w)W(u) da,

Differently from the previous literature, we consider here the case in which the spatial
inhomogeneity A : Q — [0, o0] does not need to be either bounded or bounded away from

Zero.
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In spite of this severe degeneracy or singularity, we will be able to recover the standard I'-

limit properties of the functional, in relation with minimal area interfaces.

As well-known, the functional in (1.1) is related to the Cahn-Hilliard theory of phase
transitions in fluids (see, e.g., [23, 15]). When p = 2 and A = 1, the I'-convergence
of F. is a classical topic that goes back to De Giorgi and Franzoni in [10], and which was
completely settled by Modica and Mortola in [18].

After that, many important extensions and generalisations have been considered in the
literature: see, in particular, [6] which considered the case p # 2 in (1.1) and also [21] for
very general results.

Recently, some attention has been devoted to the case in which A in (1.1) may become
arbitrarily close to zero or infinity. In particular, in [14] the case in which A behaves like
a power of the distance from the boundary was considered (such case is very important
in applications, since it is related to fractional operators and to nonlocal and boundary
effects, see [3, 4]).

Here, we will deal with even more general types of degeneracies and singularities of A:
namely, in our hypotheses, A may even take value zero or infinity and it does not need
to be bounded or bounded from zero away from the boundary. The physical motivation

for the model in (1.1) may be thought as follows: the phase segregation between the two
pure phases —1 and +1 is driven by a double-well potential W which is influenced by
the inhomogeneity of the medium (this might be caused, for instance, by some impurities
of the material). The kinetic term driven by the gradient may be seen as a penalization
which makes the problem consistent.

Now, we fix notation, as well as briefly recalling some definitions related to Sobolev
spaces and functions with bounded variation. Then we analyse the asymptotic behaviour
of the functional F defined in (1.1), stating the corresponding I'-convergence result.

1.1. Notation. In this work, Q will be a bounded open set of RY. We denote by 92 the
boundary of € relative to the ambient space; for simplicity, 92 is assumed to be smooth.

We suppose that W is a non-negative, Lipschitz continuous function on R with at least
linear growth at infinity, vanishing only at {—1, 1}, convex near +1 and such that

(1.2) W(r) <C—|r])”
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for r close to +1, for a suitable constant C' > 0.

A typical example to keep in mind is the case W(r) = (1 — r?)P.
For every u € Ll (€2), we denote by Du the derivative of u in the sense of distributions.
We suppose that A17P, A € L1(2) and we consider the space

(1.3) D =Da(Q) :={u € L, (Q) with A" ?|Dul’ € L'(Q)}.

As usual, BV(Q) denotes the space of all u € L*() with bounded variation; i.e., such
that Du is a bounded Borel measure on ).

We denote by Su the jump set of u; i.e., the complement of the set of Lebesgue points
of u. For details and results about the theory of Sobolev spaces and BV functions, we
refer to [1], [11] and [7].

We suppose that there exists a bounded open set ), C €2, with smooth boundary, such
that:

V7 > 0, there exists a finite number of balls {B;}1<;<n(y)
of radius 7;(y) € (0,1) such that

(1.4)

and A is C' and positive in Q, \ U B;.
1<i<M ()

Moreover, we assume that either 2, = € or that

N =3, A(z) coincides with (dist(z,09))" in Q \ Q,
and one of the following two conditions is met:
either p =2 and a € (—1,0),
(1.5) orpe(2,3)anda=(p—2)/(p—1).

Simple examples of functions A satisfying (1.4) and (1.5) are suitable powers of the distance
from 0f), and functions that go to zero or infinity at a finite number of points. These
two type of weights are quite important for applications, since they are related to phase
transitions driven by fractional power of the Laplacian (see [9, 25, 8, 14, 22]), to weights
of Muckenhoupt type (see [19]), to trace spaces (see [20, 16]) and to quasiconformal maps
(see [12]).
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Condition (1.5) is taken in order to use, near 952, the results of [14, 22]. In particular,
the dimensional condition N = 3 is needed for a slicing argument in [4] which is also used
in [14, 22], and the condition p € [2,3) is needed for having a trace of the a-power of
the distance function along 0%, see [20]. Of course, it would be interesting to extend the
results of this paper by relaxing such conditions.

We also note that assumption (1.4) includes all functions A with a countable set of
singular or degenerate points {x}ren with finitely many cluster points.

Indeed, let {y;}1<i<s C Q be the cluster points of the sequence {xj }ren.

1
Fix v > 0. For every 1 < ¢ < J, we take the ball B; of radius (l) N-1 centered in y;:

27
1
B; := B(y;, (%) .

Thus, for every ball B; there are infinitely many natural number &k such that z; € B;. The

remaining singular or degenerate points are in finite number, so we can suppose

{meheen 0 | Q\ |J Bi | ={zih<icr.
1<i<J

Now, for any 1 < i < L, we take
1

Bi+J = B(a:i, (%) vt )

Clearly, the finite covering set of balls {B;}i1<i<.+r is such that
- Yo,
Z r = 5577

1<i<J+L

and then condition (1.4) is satisfied.

1.2. The I'-convergence theorem. For every ¢ > 0 we consider the functional F; de-
fined in (1.1) acting on D4 (recall (1.3)).
We analyse the asymptotic behaviour of the functional F. in terms of I'-convergence.
Let (u:) be an equi-bounded sequence for Fy; i.e., there exists a constant C such that

1
F(uz) < C. We observe that the “boundedness” of the term Z / A(z)W (ue)dx forces u,
Q

to take values close to —1 and 1, while the term &~* / AP (z)|Du,|Pdz penalises the
Q

oscillations of w..
Then, we expect that the sequence (u.) converges (in L'(£2), up to subsequences) to
a function u, belonging to BV (Q2) which takes only the values —1 and 1. Moreover, one
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expects that each u. has a transition from the value —1 to the value 1 in a thin layer close
to the surface Su, which separates the phases {u = —1} and {u = 1}.

We will prove that the asymptotic behaviour of the functional F. is described by the
following functional F'

(1.6) F(u) = op,HN "1 (Su), Vu € BV(Q;{-1,1}),

where ¢, and o, are the positive constants defined by

(1.7) Cp = % and oy := c,]W(1) = W(-1)|,
(p—1) 7

W being an antiderivative of W%, that is

(1.8) W= w'.

The main convergence result is precisely stated in the following theorem.

Theorem 1.1. Assumep > 1. Let F. : Dg — R and F : BV (Q;{—1,1}) — R be defined
by (1.1) and (1.6).
Then
(i) [COMPACTNESS] If (uz) C D4 is a sequence such that F.(u.) is uniformly bounded,
then (ug) is pre-compact in L*(Q) and every cluster point belongs to BV (2; {—1,1}).
(ii) [LOWER BOUND INEQUALITY] For every u € BV (Q;{—1,1}) and every sequence
(ug) C Da such that ue — u in L' (),

liminf F;(u.) > F(u).
e—0
(iii) [UPPER BOUND INEQUALITY]| For everyu € BV (Q;{—1,1}) there exists a sequence
(ug) C DA such that u. — u in LY(Q) and
limsup Fe(u.) < F(u).

e—0
We can easily rewrite this theorem in terms of I'-convergence. To this aim, we extend
each F; to oo on Ll () \ D4 and, from Theorem 1.1, we deduce the following remark.

Remark 1.2. F. T-converges in L' (Q) to F, given by
~ ] 1,1
Flu) = {F(u) if ue BV (Q;{~1,1}),

00 elsewhere in L'(Q).
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2. PROOF OF THE I'-CONVERGENCE RESULT

Whereas the compactness and the lower bound inequality will follow exactly like in the
case A = 1, the proof of the upper bound inequality requires several technical modifications
due to the presence of the spatial inhomogeneity, and it is complicated by the possible

singularity or degeneracy of A.

2.1. Compactness and lower bound inequality. The key point of the proof of the
compactness and the lower bound result relies on the following Young’s inequality. For
every X,Y >0

(2.1) — +— > XY,

For every u € Dy, for almost every = € €, we define

D=

X = (peP P AP (z)| DulP)
and
1
_(a :
Y = <€A(x)W(u)> .
As a consequence of the previous choice of X and Y in (2.1), it follows that

F) > cp/QW(u)p;l|Du]d:U
(2.2)
~ ¢ [ POV,
Q

where ¢, and W are the ones defined in (1.7) and (1.8).

By (2.2), we can obtain the compactness result Theorem 1.1-(i) and the lower bound
inequality Theorem 1.1-(ii), using standard arguments (see [17, Proposition 1 and 2] and
also [2, Theorem 1] or [5, Theorem 3.10] for a very well written survey).

2.2. An auxiliary measure theoretic observation. Now, we show that we can include
all the bad points of A into a nice set, by paying a small price in HY~!. This will be

useful in the forthcoming argument on page 9.
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Lemma 2.1. Let (1.4) and (1.5) hold. Let U be an open subset of Q with smooth boundary,
with U C Q. Then, for any v > 0 there exists an open set U, D U with smooth boundary,
such that

(2.3) Uy \U[ <,

(2.4) A is C and positive in Q\ U,
and

(2.5) HN " oU,) < HNTL(OU) + .

Proof. We can consider v smaller than the distance from 0U and 9%, and a set of small
balls {Bi}1<i<ar—n(y), of radius r; := 7;(7y), which includes the bad points of A.

We set
E,= |J B
1<i<M
and so we have
(2.6) A'is C* and positive in Q, \ E,.

Let U be an open subset of {2 with smooth boundary. We define U,y := U and,
recursively, for any ¢ = 1,..., M, we let U,; to be an open subset of {0 with smooth

boundary which contains U, ;1 U B; and such that

y
(2.7) Uyi \ (Uyi1 UB;)| < i
and

_ _ Y
(2.8) HNL (U, ;) < MV (8(UW-,1 U Bi)> +

Let U, := U, p. Then
U,2 |J Bi=E,
1<i<M
hence Q\ U, C Q\ E, and so (2.4) is a consequence of (2.6).

Furthermore, since
B(Uw_l U Bz) C (8U%Z’_1) U <8BZ),
we deduce from (2.8) that

HNLOU,) < HNHOU,1) + HYL(0B) %

< ’HN_I(an,l) + CNTszl + %,
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for a suitable ¢y > 0. By iterating this formula and recalling (1.4), we obtain

/HN_I(an) = HN_I(aU%M)
M

< ”HN_l(@U%O) + Z (chlN_l + %)
i=1

< HN_l(aUv) + CN7Ys

for a suitable ¢y > 0, that is (2.5), up to renaming ~.

Now we observe that
Y

|Uyi \ Uy,i-1| < [Bi + i

due to (2.7), and therefore

M M
UNUI <Y Ui \Uyica| v +C Y ol
=1 =1

M
<y+CY TN <(CH 1),
=1

for a suitable C' > 0. This proves (2.3), up to renaming  again. O

2.3. Upper bound inequality. The main contribution in the proof of the upper bound
inequality is essentially contained in forthcoming Proposition 2.2, in which we will be able
to construct a recovery sequence for the I'-limsup of the functional F;(-, K), for any open
set K strictly contained in §2. Then, we need to extend that construction to the whole
domain 2, via a modification to allow the inhomogeneity function A to be singular or
degenerate also on the boundary; this last part will exploit condition (1.5), the results
of [14, 22] and a fine interpolation technique of [24].

Proposition 2.2. Let K be an open bounded subset of Q such that K C Q. Set
1
F.(u, K) :—/ [5p_1A1_p(x)\Du|p+gA(x)W(u) dx.
K
Then

Vu € BV (K;{—1,+1}) there exists a sequence (we) C Da(K) such that
(2.9) we — u in L' (K)
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and

(2.10) lim sup F.(we, K) < op,HY 1 (Sun K).

e—0
Proof. Consider a function v € BV (K;{—1,+1}). We want to construct a sequence of
functions w. that converges to u in L'(K).
Our construction will modify the target function u only in a small neighbourhood of
Su.
We will play with several positive parameters, namely ¢ (which is the one of Proposi-

tion 2.2), n, 6 and y. We will take limits in these parameters, in the following order:

first, € — 0;
(2.11) then, n — oc;
finally, §, v — 0 (the order of this last limit will be of no importance).

First, we observe that the singular set Su can be approximated by a sequence Su, of

smooth surfaces of dimension N — 1, so that
HY Y (Su,) — HY"H(Su), asn — oo.

This is a well-known approximation result for finite perimeter sets; see [13, Theorem 1.24].

creE

Lol

FIGURE 1. An approximating (N — 1)-dimensional smooth surfaces Su,.

Second, we should take care of possible intersections of Su,, with the set of points in €2 in
which the inhomogeneity A degenerates to zero or to infinity. Thanks to the assumptions
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on A, we can turn around the balls { B;} losing little volume and boundary measure (recall
Lemma 2.1), spreading out Su,, into a new smooth surface, that we denote again' by Suy,;
see Fig. 1, with the properties that

(2.12) A is C! and positive in the vicinity of Su,

and, for every positive =,

(2.13) lim |Suy \ Sul + |Su\ Su,| <7
and
(2.14) lim HY N (Su, N K) < HYN N SunK) 4+, asn — oco.

We remark that this further approximation step is crucial in our construction, since, in
what follows, we will compare the values of A near Su, with the ones on Su,: the above

approximation allows us to say that these two values are close to each other, in view

of (2.12).
Also, we observe that Su, may be seen as the boundary of a set, say U, satisfying
(2'15) nlgrolo ‘Un\{uzl}"i_‘{u:l}\un} <,

thanks to (2.13).

Now, we provide a new set of coordinates (d,(z),n) in small strips S¥» around Su,,
such that n parameterises Su,, and d,(x) € R is the signed distance to Su,,, defined in the
forthcoming formula (2.16).

More precisely, for k, > 0, we define

Skn .= {z € K : dist(z, Suy,) < kn},

where

dist(z, Sup) := inf |z — 1yl
ist(z, Sup) ygslun\w yl

We also set

(2.16) dp(z) = {dlst(x, Sup) ifxel,,

—dist(z, Su,) otherwise.

Then, since Su, is smooth, if k, > 0 is sufficiently small, for any z € S3*» there exists a
unique 1 € Su, for which dist(x, Su,) = |x — n|: we will write n := 7,(x). So, if k, > 0
We stress that this new Su, does depend on 7. According to (2.14), v is taken here to be a fixed

parameter. At the end of the proof, we will let n — oo, for a fixed v > 0: recall (2.11). This is why
forgetting the dependence on v in the notation is not too dangerous.
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is sufficiently small, the map sending x to the couple given by such n = m,(x) € Su,
and t := d, () is a diffeomorphism? on S3n.

Notice that such diffeomorphism = +— (¢,7) = (d,(x), 7, (x)) depends on n — as well as
on the v > 0 fixed at the beginning, recall (2.11) and the footnote on page 10 — but it is
independent of €.

In particular,

(2.17) dtdn < dx < ¢(n,v)dtdn

c(n,7)
for a suitable ¢(n,vy) > 1.
With a slight abuse of notation, we will write S*» in the system of coordinates given

by (t,1) as
(2.18) St ={rx e K:x=(t,n), 1€ Sun, t =dp(x): [t| < kn}.

Analogously, a function g = g(z) will be often written as g(¢,n) with the obvious meaning
that the above diffeomorphism is omitted and intending that ¢ = d,,(x) and n = 7, (x).
The idea of the subsequent proof is that we need to capture all the energy of the
transition in the recovery sequence: to do this job, we will build a modified version of the
optimal profile modelled for the case A = 1.
For this, we take the real function 6 € T/Vlloc1 (R) satisfying the following ODE:

1 1
0 = ﬁW;(O) a.e.
(p—1)7
t—lg:nooe(t) - :I:L

We notice that § may be explicitly constructed as follows: for any |7| < 1, let

_ [T-DF
U(T) .—/0 W%(r) dr.

Then, ¥ > 0 and so V¥ is invertible. Also, ¥(+1) = +o0, due to (1.2). Taking 6(¢) :=
U~L(#), we have that (2.19) is satisfied.

3 =

2The choice of having a diffeomorphism on S**» and not only on S*» is due to the fact that we will like
to interpolate a phase transition outside S*» in the forthcoming formula (2.31). Of course, with no loss of
generality, we may and do suppose that k, is so small that A is C* and positive in S3*7: recall (2.12).
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In order to take into account of the inhomogeneity A, for every fixed n we define the
following function

(2.20) en(t) = @(t,n) :=0(A(0,n)t), VteR.

We note that (0,7) is a point of Su, and A is finite and positive on Su,, due to (2.12),
therefore the definition in (2.20) is well-posed.

Moreover,
(2.21) t_l:rinoo on(t) = %1
and
0 1

P(t) = 5t = W5 (00 (£) A0, ).

(p—1)7

As a consequence,

A OO + AW (ey(0) = (25 +1) ACDW (on(0)
= (20) 0= W et 0
(2.22) = chpT?l(son(t))%(t)'

In particular, recalling (2.12), we set

Eni=cp sup APTH0,n).
T]Esun

Note that =, is finite, since the weight A is finite and positive close to the surfaces Su,
and it may not degenerate nor become singular when approaching the boundary of K,
that is far from 0f).

From (2.22), we obtain that

IN

e, LATTP(0,m) (¢ (1)F

p—1

7 (1) (1)

Eln(sow))p

(2.23)

IN
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We deduce from (1.8) and (2.23) that, for every fixed n € Su,,

| oo p1 ,
= | le@rd < [ W (en(0) et dt
+o0 d
= [ i)
(2.24) = W) —-W(-1) < x
and so
2r
(2.25) Jim i |y, (1) dt = 0.

Now, for every € > 0, we define

(2.26) ve(2) = P (a) (d"(””)> _ <dn£x),7rn(x)> . Vze S

9

Now, we observe that for every 6 € (0,1) there exists ¢(d) > 0 such that, for every X,
Y >0,

(2.27) (X+Y)P<(1+0)XP+c(0)YP,
Indeed, we can suppose that (1 +6)/? < 2 and Y # 0, and, for any ¢ € (0, 1], we let
(14t —1-6
g(;(t) = » .

Then gs € C([(1 + )7 —1,1]) and g5(t) < 0 if t € (0, (1 4+ 6)'/? —1). So, we can define
c(d) :=2P + I(I(l)?ﬁ(g(;.
With this, we have that, if X <Y
(X+Y)P<Q2Y)P<(1+0)XP+2PYP < (14 6)XP +¢(0)Y?P.
On the other hand, if X > Y, we set t :=Y/X € (0,1]. We have
(X+Y)P=XP(1+t)P = XP<(1 +0)+ tpga(t)>
< Xp(u +6) + tpc(a)) = (14 0)XP + c(8)Y?.

In any case, (2.27) is proved.
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Making use of (2.27), we see that
|Dv.(2)]P = % (d"ix),wn(xo D <d”<m)> + gj; (dnix),wn(m)> D(my())

p

ot €

P () (=t

(2.28) < (1+9) ( )) +c(8)R(x), Ve S*Hn,

ep
where R is bounded by a quantity possibly depending on n but independent of ¢, hence,
recalling (2.11),
(2.29) hII(l) eP~1R(z) = 0 uniformly in S?*, for fixed n, § and ~.

e—

From (2.17), (2.28) and (2.24), we also conclude that

/Szk | Dve (x)|P dx

IN

! dn () p
/S%n (1+96) (907m(x)( € )) ()R (x) da

ep

1 2kn, , t p
o (2f, [ (AQ) )

+oo
Cy (/ / (@%(T))p drdn + 1) < o0,
—00 Stun

for a suitable Cy possibly depending on all the parameters ¢, n, 6 and v and on the size
of K.
The function v, will be the relevant contribution for the recovery sequence. In order to

IN

(2.30)

IN

provide a recovery sequence defined on the whole of K, it has to be extended away from
S2kn: for this, we introduce the signed strips S:kt” as follows

Shr .= Sk 0 {d, () > 0}

and
St .= Sk {d, (z) < 0}.

For every = € K, the recovery sequence w, is defined by

( 1 if r € K\ S,
(2 - 2D)o.(z) + (B2 — 1) ifx € S\ S,
(2.31) we(x) = ve () if v € Shn,

(2+ 2 )oe(a) + (B2 1) if w € 82\ St
-1 if 2 € K\ S*n,
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FIGURE 2. Construction of the recovery sequence.

see Fig. 2. We note that

1
|Dw,| <2 (\Dvs\ +1+ k_) X52kn 5
n

and so the sequence w, belongs to D4 (K), because of (2.12) and (2.30).

We have to estimate the energy of the function w,. For this, we observe that

F.(we,K) =
(2.32) =

(w578kn) + Fs(waa K \ ’Skn)

F;
F.(ve, ) + Fo(w., K \ S*n).

The second term in the right hand side of (2.32) is zero outside of S%*», so we have

F.(we, K\ &) = F.(w.,S8%n\ &)
s / AVP(2)| Du [Pz + - / A(2)W (w2 )dz
S2kn\ Skn S2kn\ Skn

g
(2.33) =: Il,a + 1275.

15
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Using the definition of w, in the strips S?#» we see that the integral I 1, can be estimated

as follows
p
L. < 3195?—1/ AP (z) (]Hd”(””)]ymey) dz
Sikn\szktn ]Cn
dp P
+3psp—1/ AP(z) <|U€(x)i1|‘D(2j: <"”))D dz
Sikn\sin kn
(2.34) < 4p3perl / AYP(2)| Du. |[Pda
S2kn\3kn

Pop
+ (3 0 / Alp(w)dx> S
kn S2kn\Skn

where we also used that |Dd,| < 1.
Now, using (2.17) and (2.28), and passing to the the new coordinates (t,n), with kj,

small, we have

4p3pep—1
e / AYP(z)| Du, Pda
c(n,v) S2kn\Skn

(2.35) < 4P3(1+ ) /

S

2k, ! (LY|P
gb—1 Alﬂo(]g7 n)Mdt dn
Un, kn epP

2kn
+4P3P¢(5) / / AP (2, ) (5p_1R(t, n))dtdn.
n Sun

The first term in the right hand side of the above formula can be evaluated by the
Change of variable Formula (setting 7 = t/¢ in the integral in square brackets) as follows

2kn ’90, (§)|P
P30(1 4 6) / el / A, ) P g g
Sun n Ep
2%y
(2.36) — 3P(146) / [ ﬂ 5 Al_p(Ts,n)\cp%(T)]pdT] dn
Sun “n
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Therefore, replacing (2.35) and (2.36) into (2.34), we obtain the following estimate for
the integral I .. For every ¢ € (0,1)

an
1
—— < 4p3p(1+5)< sup AP (0,7 )/ / |cpn 7)|PdTdn

C(n> ’7) neSun

an
147371 + ) / (A1 (e m) = AV2(0,m) ) i () Pl

Sun

2kn,
+4P3P¢( / / AP (¢ 77 Ep IR (t, n))dtdn
Sun

PP
+ (3 > / Al_p(x)dm> eP~h
kn, S2kn\Skn
2kn 2%k
(2.37) < C < /@ ) /S |l (7)[Pdrdn + / /S (ep_lR(t,n))dtdn+ep_1> ,

where C is a constant that depends only on n and §.
Using the Lebesgue Dominated Convergence Theorem, (2.12), (2.25), and (2.29), we see
that every term in the above inequality (2.37) goes to zero as € goes to zero. Therefore,

for fixed n, § and ~,

2. limIl . =0.

(2.38) lim I, =0

Moreover, it is easily seen from (2.31) that —1 < w. < v, in S§2Fn \Sﬁ" and v < w. <1
in Sik” \Sﬁ", and |v.| is close to 1 in S?*» \ Skn for small ¢ and fixed n. Accordingly,

in view of the behaviour of W near its wells, we have that, for € small, W(w.;) < W(v,)

in §%n \ Skn | therefore
1
I, < / A(z)W (ve)dx
9 S2kn\skn

and, as a consequence, we obtain from (2.32) and (2.33) that

1
Fo(we, K) < Fo(ve,8%) 4 = / A()W (vo)de + I -
S2kn\Skn

(2.39) < F(ve, )+ I ..

At this moment, the upper bound inequality will follow from a precise estimate of the

energy of v. on the strip S%», using the CoArea Formula.
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First of all, we need to keep safe from the degenerate points of the spatial inhomogene-
ity A. We have

F.(v.,8%n) = /S N [ep1A1p(wn(x))|Dva|p+iA(Trn(x))W(va)}dx

+/32kn {gp—l (Al_p(w) - Al_p(ﬂn(w))) | Do, [P

+2 (A(2) = Alma(e))) W (0.) o

(2.40) =: J1e+ Joe.

The integral J; . will capture the energy of the recovery sequence, while the integral J5
can be estimated thanks to the continuity of the function A on Swu,. As in the previous
computations, we also use the Change of variable Formula, (2.17) and (2.28): for every
9 € (0,1), we have

1 ) .
dmy 2 S (1+9) /Su / Al “P(re,n) — AP(0,n)) |, (7))
+(Alre,m) = A, )W (py (7)) | drdn

2kn
/ / (A7P(t,m) — A"P(0,m)) (espflR(t,n))dtdn.
Sun

Since, when ¢ goes to zero, (A(re,n) — A(0,7)) goes to zero, thanks to (2.12), we deduce,
recalling (2.25) and (2.29), that

(2.41) lim Jo. =0 for fixed n, 6 and 7.
e—0
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It remains to estimate the integral J; .. For this, we use (2.26) and, once more, (2.28):

for every 6 € (0,1), we have

Do = [ A @)D + LA )W )| do

(W%n(x) (%L ))p

b

< /S s 9w @)

+e(8) AV (1, () (gpfln(m))%A(wn(x) )W(ve)] dz

1 1-p / dn(JI) p
< @+ 5)/32kn € |:A (7 (@)) (SO“”(I)( e ))
dn(x)
FAG @)W (1,00 () |
te(d) [ AV P(my(x)) (gpflR(g;)) dz
S2kn
(242) = Ll,e + LQ,E.
By (2.29), we deduce that
(2.43) lin% Ly. =0 for fixed n, 6 and .
e—

In order to estimate L; . we argue as follows. We observe that if g : S*» — [0, 00] is
any measurable function, the CoArea Formula says that

i/‘%n g(x)de = i/j:l (/{dn:r}g(g) dHN—l(g)> dr
/_:o ( /{ ey IO dHN‘1(<)> ds.

IN
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Hence,
Lie = (1 +5)/82kni [Al_p(ﬂn(ﬁf)) <<P;n(m)<dn€(x))>p
+A(7Tn($))W(QO7rn(x)(dn€(x))>:|dl‘
< usof [ o) (o)
(2.44) F AT (O)W (P, 0)(5)) | MY T () ds.

Thus, from (2.22) and (2.44),

p—1

L1 < (1+6) / /{ e (000 @l (5) Y (C) s,

Hence, there exists T}, > 0 such that

L. <(1+ 5)/Tn / c Wijl (go (s))np' (s) d’HNfl(C) ds + 1
& = Tn iy .
Ty, J{dn=es} P ©) n(©) n

We note that when e goes to zero (for fixed n, ¢ and 7: recall (2.11)), the level set
{d,, = es} converges to Su, N K. Also, m, is the identity on Su,. Therefore,

Tn p—1 1
limsupL;. < (1+ 5)/ / chppl(gpg(s))golc(s)dHNfl(Q ds + —
—Ty J SupnNK n

e—0

IN

1 —1
(1+06) / / e, W55 (P drd N (C) + ©
SunNK J—-1

n

1
(2.45) = (1+8)o,HY H(Su, NK) + -

where we used (2.21).
Hence, exploiting (2.14) and (2.45), sending now n to infinity (recall (2.11)), we get, for
every 6 € (0,1) and for every v > 0

(2.46) limsup Ly . < (1+6)op, (HV 1 (Sun K) +27).

e—0

All in all, from (2.39), (2.40), (2.42) and (2.46),
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lim sup Fs(w€7 K) < limsup (Fg(ve,San) + Il,s)
e—0 =0
= limsup (J1, + Joc)
e—0
< limsup(Lic+ La.)
e—0
= limsup L.
e—0

(L+8)op (HNH(Su) +27) .

IN

By the arbitrariness of § and +, this concludes the proof of (2.10) (up to renaming subse-
quences). Then, the convergence in (2.9) follows from (2.15) and (2.31). O

It is worth pointing out that a recovery sequence in a given domain is also a recovering

sequence in a sub-domain:

Lemma 2.3. Let the notation of Proposition 2.2 hold and consider a sub-domain K C K.
Then, w. also satisfies (2.10) with K instead of K, i.e.
lim sup F.(we, K) < o, HY 1 (Sun K).

e—0

Proof. Suppose not, then
limsup F.(we, K) > a + o, HY 1 (Sun K),

e—0

for some a > 0. Then, making use of Theorem 1.1-(ii) in K \ K,
limsup Fr(we, K) > a+ o, HY1(Sun K) + lim inf Fo(we, K\ K)
E—

e—0
> a+ oMY N Sun K) 4+ o, HY "1 (Sun (K \ K))
> a+o,HY N (SunK).

This is in contradiction with (2.10) and so it proves the desired result. (]

Completion of the proof of Theorem 1.1-(iii). Now, we are ready to complete the proof of
the I'-limsup inequality. For any fixed function w in BV (Q;{—1,1}), we want to construct
a recovery sequence u. as in Theorem 1.1-(iii). If Q, = €, then one can apply directly
Proposition 2.2, taking u. := w., so we suppose 2, C . In this case, we make use of
condition (1.5) and we obtain a recovering sequence, say jic, in 2\ €2, thanks to the results
of [14, 22]. We will glue w, in Q, with p. in Q \ €, by using a fine convex interpolation

argument of [24].
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In further detail, we argue like this. For any small, positive ro and any r € (r,rg), we
set
Q= {z € Q: dist(z,00) > r}.
For any ¢ > 0, we take the sequence w. constructed in Proposition 2.2, with K = ,;
ie., we : Q. — R is such that

(2.47) we converges to u in L'(£2,)

and

(2.48) lim s(glp Fo(we, Q) < opHY 1S, N Q).
E—

Now, we take v to be the trace of u on 912, which is well-defined, since u belongs to
BV (Q;{—1,+1}) (see [13, Chapter 2]); we take V equal to dW; and we use [14, Theo-
rem 1.1] when p = 2, or [22, Theorem 2.1] when p € (2,3). In this way, we obtain a

recovering sequence

(2.49) pe that converges to u in L'(€\ Qo)

such that

(2.50) lim sup F- (pe, @\ Qo) < o, HY 1S, N (2 Qo)) + sHY72(S,),
e—0

where (see (5.5) and the Remark after Proposition 5.5 in [14] and (2.4) in [22])

r—+o0

(2.51) k < Cyinf {H(g(w) cw € Li (R x (0,00)) such that lim w(z,0) = :l:l} ,
with C) a suitable constant, the functional Hs defined by

[e.9]
Hy(w) ;_/ [/ ywmw(g;,y)wdx] dy+5/ W(w(x,0) de (V6> 0),
0 R R
and the power w, depending only on p and s, given by
2-p ifpe(2,3),
w =
1-2s ifp=2andse(1/2,1).
We can prove that the minimum in (2.51) is achieved (see for instance [22, Proposi-
tion 4.7]). In particular, in the case 6 = 1 (i.e., the double-well potential on the bound-

ary V coincides with W), we deduce the existence of a function § € L{ (R x (0, 00)),
with

(2.52) lim 6(x,0) = +1,

xr—+00
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such that
(2.53) Hy(0) < Cr,
for a suitable positive constant C].

For any § > 0, we take the function

ws(x,y) = 0(6%(x,y)),  V(z,y) € R x (0,00),

in which )
if 2
-3 p € (2,3),
a = Oé(p, ) -

1

% if p=2and s e (1/2,1).
We remark that
(2.54) ap—-2-—w)=1—-«
and
(2.55) a € (0,1).
Note that

Wl 0) = I 000, 0) =

thanks to (2.52), hence ws is a candidate in (2.51) and then
(2.56) k < CyHgs(wg).

We want to estimate the energy Hs(ws).
First, we have

[Dws(x, y)[P < 6°P|DO (6% (x,y)) [P, V(z,y) € R x (0,00).

Then, by the Change of variable Formula, setting (2/,y") = 6%*(z,y), it follows that

(2.57) /[/ﬂmmmwﬂwgwﬁ"vwmmmwwfw
0 R 0 R
due to (2.54), and

(2.58) 5/Ww5x0 /W (2',0)d
Therefore, combining (2.53), (2.57) and (2.58), we get
Hs(ws) < 8'7Hy(0) < C167%, (V8 > 0).
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This and (2.56) imply
(2.59) k< Cote,
for a suitable constant C' > 0.
Now, for any i € N, 0 < i < r/(4e), we define
Ai = Q3 /2)r1ie \ Q3/2)r+ i+ 1)e-
We remark that
(2.60) A CQp\ Qo

We observe that

+o0o
> HN (800 Qg \ i) < HITH(SLNQ) < oo
j=0

As a consequence, we have that

(2.61) lim H#N 1 (Su N (24 /951 \Ql/gj)) = 0.

Jj—00
We let
._ : a(l—p) . a
A, () := max { (dist(z, 6Q2)) , (dist(z, 092)) }
We observe that
A (z) < (dist(z, 00))*

for a suitable a, € (0,1), due to (1.5).
Also, we set

€N
0<i<r/(4e)

Ye := min <€(Fg(w57Ai) + Fa(ﬂavAi)) +/ Ax(x)|we — puc dm) .
A;

From (2.47), (2.48), (2.49) and (2.50), we may suppose that

F&(w€7QT’ \ QQT) +Fg(,U/g,QT\QQT) S C,
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for some C' independent of e, and that, fixed any § > 0, if € is suitably small, possibly in
dependence of § and r, we have that

/ Ay (x)|we — pe| dx
Q’I‘\Q2T'

IN

7"“*/ |we — pe| dz
QT\QQT

< / \we—u\dm—i—/ |u — pe| dx
QT\QQT QT\QQT

or

< —.
- 16

Hence, by (2.60), if ¢ is suitably small, we have that

or or
> i
g = Ce + 16
> Z [5<Fe(wg,Ai) + Fg(ug,Ai)) —|—/A Ay (z)|we — pe| dx
OSiéerl\/I(éla) '
0
8e

and therefore there exists an index g for which
(2.62) E(Fs(wg,Ai) +F€(u5,Ai)> +/ lwe — pe|dz = 9. < Oe.
A;

Now, we take £ to be a cut-off function on such A;, that is we suppose

§ € C3°(2(3/2)r+ie3 [0, 1]),

with {(z) = 1 for any = € Q(3/2)r4(i+1)c and we can take |V¢| < C’/a for a suitable C' > 0,
independent of €. We define

Ue 1= Ewe + (1 — &) e
We remark that
Wue) = W(ws + (ue — we))

W (we) + C'|ue — we|
W(ws) + C/’Ns - w&“v

IN

(2.63)

IN
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for some C’ > 0. On the other hand,
|Du£|p = |§Dw8 + (1 - f)DNE + Df(wa - Ma)|p

~ p
< (IDwel + 1Dpe] + (C/)we - el
3rCP
< SP‘Dw€|p+3p‘DU€|p+ op |ws_#€’p
6CP
(2.64) < F|Dwel? + 3 Dpuel? + =~ fwe — pe.

Therefore, making use of (2.63) and (2.64) and then recalling (2.62),

- 1
Fs(usaAz') < C [Fs(wsaAi)"‘Fs(Nsti)“‘g/A

As()we — Ns|p]

< 9,
for a suitable C' > 0. Consequently,

Fa(um Q) = Fa(waa Q(g/g)r+({+1)5) + FE(ME; Q \ Q(S/?)r—i—ia) + Fa(uaa Az)
< Fo(we, Q) + Fope, Q\ Qo) + C6.

Therefore, recalling (2.48), (2.59), (2.50) and Lemma 2.3,
limsup Fo(ue, Q) < oMV (8,2 ) + o BV (800 (@0 Q) ) + 1HVTH(S,) + C

e—0

< o HN NS, N Q) + oy HN (su N\ QzT)) + oo 4 G,

Since § may be taken arbitrarily close to 0 and r may be taken of the form 1/2/ with j

arbitrarily large, the latter estimate, (2.55) and (2.61) prove the I'-lim sup inequality.
The fact that u. approaches u in L'(f2) is a consequence of (2.47) and (2.49), and so

we have completed the proof of Theorem 1.1-(iii). O
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