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1 Introduction

The expression Pélya—Szegé principle (or inequality) pertains, in a broad sense, to any statement asserting
that some Dirichlet type integral depending on the gradient of real-valued functions does not increase
under an appropriate rearrangement of the involved function. Typically, an operation of rearrangement
maps a measurable function into an equidistributed function enjoying some additional symmetry property,
and it is hence also called a symmetrization. Schwarz spherical symmetrization about a point and Steiner
symmetrization about an hyperplane are probably the most popular symmetrizations in the literature.
Pdélya—Szeg6 inequalities for these symmetrizations have been known for a long time, and have seen
noticeable applications in various branches of analysis, including eigenvalue problems in mathematical
physics, potential theory, theory of Sobolev spaces, partial differential equations.

The analysis of functions attaining equality in Pdlya—Szegd inequalities, which will be referred to
as PS-extremals, has a much more recent history. A part from its own interest, the characterization of
these extremals is relevant, for instance, in view of applications to symmetry properties of solutions to
variational problems. An impulse to the study of this delicate issue was given by the paper [K2] (see
also [K1]), where the symmetry of PS-extremals for Schwarz and Steiner symmetrizations is established,
by classical techniques, in special classes of functions and ground domains. After a few subsequent
contributions, the problem for Schwarz symmetrization, in the class of Sobolev functions, was finally
solved in [BZ] (see also [F'V] for an interesting alternate proof). Indeed, in [BZ] a minimal assumption
is exhibited for any PS-extremal to be necessarily Schwartz symmetric. Such an assumption amounts
to requiring that the set of critical points of the symmetrized extremal has Lebesgue measure zero. A
version of this result in the framework of functions of bounded variations can be found in [CF].

On the other hand, in spite of various recent developments concerning Steiner symmetrization (see
e.g. [ADLT], [Bae], [Br], [Bur], [BLM]), the status of the art on the question of symmetry of PS-extremals
seems to be still that set in [IK1]. The aim of the present paper is to settle this question in full generality.
Actually, our results yield the Steiner symmetry of PS-extremals in the class of Sobolev, and more
generally, BV functions, for a large class of functionals. The crucial assumption is that the derivative of
the relevant extremal, in the direction orthogonal to the hyperplane of symmetrization, vanishes at most
in a set of Lebesgue measure zero. This hypothesis is the analog, in the setting at hand, of the hypothesis



of [BZ] mentioned above. However, unlike the case of Schwartz symmetrization, additional undispensable
assumptions on the ground domain have to be imposed. Besides certain connectedness and boundedness
natural conditions, the main assumption requires that, loosely speaking, no essential part of the reduced
boundary of the domain lies orthogonally to the hyperplane of symmetrization.

Let us emphasize that our approach differs substantially from those of [BZ] and [F'V]. In particular,
whereas the description of PS-extremals for Schwarz symmetrization heavily relies upon the characteriza-
tion of balls as the unique extremals in the isoperimetric inequality in IR”, the corresponding discussion
of the equality cases in the perimeter inequality for Steiner symmetrization, recently provided in [CCF],
seems to be of no direct use for our purposes. Instead, a successful underlying idea in attacking the
problem is to derive the symmetry of extremals from the symmetry of their subgraphs. This is most
apparent when functions of bounded variation are taken into account. Indeed, in this case, our strategy
is to turn the Dirichlet type functionals under consideration into geometric functionals, depending on
the generalized inner normal to the reduced boundary of the subgraph of functions. This leads us to a
preliminary study, of independent interest, of Pélya—Szeg6 type inequalities for this kind of functionals,
which can be regarded as the “parametric” counterpart of the original “non-parametric” functionals.

2 Main results

We begin with some definitions and elementary facts about Steiner symmetrization of sets and functions.
A point z in the Euclidean space IR", n > 2, will be usually labeled by (2, y), where 2'= (21,...,2,-1) €

IR and y € R; similarly, when = € IR"*! | we shall write = as (2, y,t). To emphasize the different roles

of the variables 3 and ¢, we shall also write IR” = IR"~! x IR, and R™! = R™! x IR, x IR;. Consistent

notations will be used for subsets of IR™ and IR"1.

Given any measurable subset I of IR™, define, for 2’ € R™ 7!,

(2.1) Ey={yeR: (¢/,y) € B},
and
(2.2) (p(2') = LY E) .

Hereafter, £™ denotes the outer Lebesgue measure in IR”. Then, we define the Steiner symmetral E*° of
E about the hyperplane {y = 0} as

L2 ={(2',y) € R" : [y| < lp(z')/2}.

When E ¢ R x IR, X Ry, its Steiner symmetral £* about {y = 0} is defined analogously, after
replacing (2.1)-(2.2) by parallel definitions of £,/ and (g (2’ t).

Now, let 2 be a measurable subset of IR™ and let u be a nonnegative measurable function in €2 such that,
for L7 1ae. 2’ € m,-1(Q),

(2.3) L ({y € Qo u@’,y) > t}) < o0 for every t > 0.

Here, 7,_; denotes orthogonal projection onto IR"™1. The Steiner rearrangement u® of u is the function
from IR™ into [0, 4o00] given by

u’ (2’ y) = inf{t > 0: p,(a',t) < 2y|} for (z/,y) € R"!' xR,

where

po (2 1) = L {y € R 2 up(a’,y) > 1))



the distribution function of u(a’,-), and ug denotes the continuation of u to R™ which vanishes outside
Q. Note that u®* =0 L"-a.e. in R™\ Q°.

The notions of Steiner symmetral of a set and of Steiner rearrangement of a function are clearly
related. Actually, if u : Q — [0, 4+00) is as above, and

Sy ={(@" y,t) cR"™: 2/ y) €Q,0 <t <u@,y)},

the subgraph of u, then

(2.4) (S.)° is equivalent to S,
and
(2.5) {(2',y) : u(a’,y) > t}° is equivalent to {(z’,y): w’(2',y) > ¢} for every t > 0.

Equations (2.4)-(2.5) are easy consequences of the fact that
ls, (2", t) = pu(a',t) for (z/,1) € R"™' x R}

and that, for £ l-a.e. 2’ € R"™!, we have u®(2,y) > t for some y € IR, and t € IR} if and only if
pu (', 1) > 2[y].
Equation (2.5) ensures that w and u® are equidistributed functions; in fact w(z’,-) and w®(a’,-) are
equidistributed for £" !-a.e. 2’ € m,_1(Q), by the very definition of u®. Hence, any rearrangement
invariant norm of a function, i.e. any norm depending only on the measure of its level sets (such as
Lebesgue, Lorentz or Orlicz norms), is trivially preserved under Steiner rearrangement.

A much deeper property involving the Steiner rearrangement of functions enjoying differentiability
properties is provided by the Pdlya—Szegé principle. Theorem 2.1 below contains a version of this principle
for Sobolev functions, which applies to the class of integral functionals having the form

[ svuydo,
Q
where f is any convex function from IR™ into [0, 4+00), vanishing at 0, and satisfying

(26) f(glw"vgn—lvgn) :f(€17"'7€n—17_€n) for every (517"'7571) cR".

These functionals will be evaluated at functions which vanish on the subset of Q2 which lies inside the
cylinder 7,1 () X R,,. Precisely, functions from the class

W&’;(Q) = {u Q=R :u € Wl’l(w x IRy) for every open set w CC ﬂ'n_l(Q)}
are taken into account.

Theorem 2.1 Let [ be as above. Let Q be an open subset of R"™ and let uw be a nonnegative function
from Woljyl(Q) Then u® € Wh(w x Ry) for every open set w CC m,—1(Q), and

(2.7) /st(wﬁ) du < /Qf(Vu) dz .



Let us mention that Woljyl(Q) can be replaced in Theorem 2.1 by any space Wolf(Q) defined analogously
with p > 1 — see Remark 4.6, Section 4.

Theorem 2.1 is well known (under more restrictive assumptions on u) when f(§) = [£|?, with p > 1, and,
more generally, when f(£) = ®(]¢|) and @ is a convex function from [0, 4o00) into [0, 4o00) vanishing at 0
— see [Br], [Bur]. Here we present an independent proof of (2.7), which has the advantage of providing us
with information about functions yielding equality. Actually, our final goal in regard to (2.7) is to find out
minimal assumptions for such extremal functions to be necessarily Steiner symmetric. The assumptions
in question turn out to involve both the extremal w and the domain 2, and amount to what follows.
Consider u first, and set

M(yc’) = inf{t >0: ,uu(wl,t) = 0} for 2’ € Tn—1(82) .

Obviously, M (a2') agrees with esssup{u(z’,y) : y € Qu} for L -ae. 2’ € 7,_1(Q). Moreover, M is a
measurable function in 7,—1(2), owing to (2.3). We demand that, for £ t-a.e. 2’ € 7,-1(Q), M(2') > 0
and the derivative of the restriction u(z’,-) is L!-a.e. different from 0 in the set where u(a’, ) < M(a’).
This is equivalent to the condition

(2.8) L™ ({(2",y) € 2: Vyu(a',y) =0} n{(a",y) € Q: either M(2') =0 or u(a’,y) < M(a")}) =0.
As far as € is concerned, we require that
(2.9) Tn—1(€2) is connected,

(2.10) Q is bounded in the direction y,

and that, in a sense, the reduced boundary 9*Q of Q is almost nowhere parallel to the y-axis inside the
open cylinder 7,1 (2) X R,. A precise formulation of the last condition reads

(2.11) Q has locally finite perimeter in m,_1(2) X IR, and
H ({(a'y) € 072 v (o', y) = 030 (701 (Q) X Ry)) =0,

where H* stands for k-dimensional Hausdorff measure, and 1/152 denotes the component along the y-axis
of the generalized inner normal »* to Q.
We are now ready to state our result about the equality case in (2.7).

Theorem 2.2 Let f: IR" — [0,400) be a strictly convex function vanishing at 0 and satisfying (2.6).
Let Q be an open subset of IR™ fulfilling (2.9)-(2.11). Let u be a nonnegative function from Woljyl(Q)

satisfying (2.8). If
(2.12) / F(V®) de :/ F(Va) de < oo,
Qs Q

then u® is equivalent to u (up to translations along the y-axis).

Let us emphasize that assumptions (2.8)-(2.11) in Theorem 2.2 are essentially sharp, in that they cannot
be removed without effecting the conclusion. Indeed, if (2.8) is dropped, then functions whose graph is
shaped like that represented in Figure 1 immediately prove that (2.12) may hold even if u does not agree
with any translate of u°.

As for the domain 2, assumption (2.9) is easily seen to be indispensable. The example in Figure 2
demonstrates the necessity of condition (2.11); an easy modification of that example - see Figure 3 -



Figure 2: The domain of w is the union of two rectangles

shows that unbounded domains in the direction y cannot be allowed, even in the case where €2,/ is
bounded for £ -a.e. 2’ € 7,_1 ().

Notice that strict convexity of f is also essential in Theorem 2.2. Actually, suppose, for instance, that
f(&) = [¢] for € € IR™ and let u be any compactly supported function from W11 (IR™), whose level sets
are Steiner symmetric about non coincident hyperplanes parallel to {y = 0}. Then u is not equivalent to
any translate of u®, but, as a consequence of the coarea formula for Sobolev functions,

/nf(Vu)dac:/oooP({u>t})dt:/o

Here, P(F) denotes the perimeter of a set F. Observe that the second equality holds since P(F) =
P(E?®) whenever I is equivalent to a translate of £, and that the third equality holds because of (2.5).
Similar counterexamples can be exhibited also in the case where there exist ¢ > 0 and b € IR such that
f(&) = al&| + b just for € satisfying t; < |£] < £ for some 0 < ¢ < t.

To conclude with our comments about Theorem 2.2, let us go back to hypothesis (2.8). The counter-
part of this hypothesis in the case of Schwarz symmetrization, as appears in [BZ], is that

o0

P({u> t)*)dt = /OOO P({u® > t})di = /}Rn F(Va) de .

(2.13) L {Vu*=0}Nn{0 < u* <esssupu}) =0,

where u* denotes the Schwarz rearrangement of w. Condition (2.13) is weaker, in general, than the same
condition imposed on u. Thus, one might ask whether (2.8) could be relaxed on replacing u by u°.
However, such a replacement is immaterial, as a consequence of the following result.

Proposition 2.3 Let v be a nonnegative function from W&’;(Q) Then, for L' 1 a.e. 2’ € m,_1(Q),
L ({y V(e 5) =0, <ule!, ) < M{a)}) = £ ({y 5 Vyu (o, ) =0, < (o', ) < M(z')})

for every t € (0, M(z")).



Figure 3: The domain of the function u is unbounded

We now shift to the more general framework of functions of bounded variation. Here, a version of the
Pdélya—Szeg6 inequality can still be shown to hold, provided that the involved functional is properly
defined. Consider any nonnegative convex function f in IR"™ growing linearly at infinity, i.e., satisfying

(2.14) 0< f(E <C+ED

for some positive constant C' and for every € € IR”, and define the recession function f., of f as

e S
fote) = i 108
Then a standard extension of the functional [, f(Vu)dz to the space BW,(2) of functions of locally
bounded variation in an open set Q C IR" is defined as

(2.15) Jt(u; Q) /f Vu) dac—l—/ f°°<|Ds |)d|Dsu|

at u € BWoc(R2). Here, Vu denotes the approximate gradient of u, which agrees with the density of the
absolutely continuous part, with respect to £, of the measure Du, the distributional derivative of w;
moreover, D*u stands for the singular part of Du with respect to £”, and |D?u| is its total variation.
Indeed, J;(u; Q) is the relazed functional of [, f(Vu)dz in BV () with respect to convergence in L. ()
(see Theorem F, Section 6). A Pélya—Szegd inequality for functionals of the form (2.15) holds in the
space of functions from BVj,.(2) which vanish on 02N (7,-1(22) x IR, ), in the sense that they belong to
the space

BV (Q2) ={u:Q—=R": uy € BV(w x Ry) and |Dug|(w x Ry) = [Du|(2N (w x IRy))
for every open set w CC 7,-1(Q)}.

Theorem 2.4 Let f:IR" — [0,+00) be a convex function vanishing at 0 and satisfying (2.6). Let Q be
an open subset of R™ and let u be a nonnegative function from BVy (). Then uv® € BV (w x R,) for
every open set w CC ﬂn_l(Q), and

(2.16) Jr(u®; Q%) < Jp(u; Q).

The identification of the extremals in equality (2.16) as Steiner symmetric functions is the content of the
next theorem. The assumptions on » and €2 in this theorem are the same as in Theorem 2.2, provided that
Vyu is interpreted in (2.8) as the y-component of the absolutely continuous part of Du, or, equivalently,
as the y-component of the approximate gradient of w. Due to the presence of the term depending on D*u



in the functional J;, we need here additional assumptions on the recession function of f. Actually, we
have to require that

(2.17) Foo(&1,y .o &y, ) is strictly increasing on [0,400) for every (£1,...,&,_1) € R™™!,
and that
(2.18) the function R"™' 3 (&1,...,&_1) = foo(&1y .oy &ty 1) is strictly convex.

Theorem 2.5 Let f: IR" — [0,400) be a strictly convex function vanishing at 0 and satisfying (2.6),
(2.14), (2.17) and (2.18). Let Q be an open subset of R" fulfilling (2.9)—(2.11). Let u be a nonnegative
function from BV, ,(Q) satisfying (2.8). If

(2.19) Jr(u®; Q%) = Jp(u;Q) < 00,
then w is equivalent to u® (up to translations along the y-axis).

Theorems 2.2 and 2.5 have completely parallel statements and, in fact, a unified treatment of the two
results could be given. However, since Theorem 2.2 admits an alternate, more direct, approach, we
prefer to present separate proofs which overlap only partially. To be specific, both proofs follow the same
scheme which consists of two steps: first, showing that the restrictions u(a’,-) are symmetric about some
point b(z’) for L -a.e. 2’ € 7,_1(Q); second, proving that b(a') is, in fact, constant. The proof of
the latter step is essentially the same (save just a single point), and it is at this stage that assumptions
(2.9)-(2.11) on € come into play. Assumption (2.8) on u has a role in the first step, whose proof in the
case of Theorem 2.5 is more delicate. Actually, as already mentioned in Section 1, when dealing with
BV functions we need to work, from the very beginning, with functionals defined on sets of locally finite
perimeter and having the form

(2.20) / F(PydH™ .
O*E
Here, I/ : R™*! — [0, 4-00) is a convex function such that
(2.21) F(A&r, .o, Mqt) = AF (&, ... Enqr) forevery (€1,...,&,01) € R™! and every A > 0.

Note that, if F(£) = [¢], then [y, F(vE)dH"™ agrees with P(F).
The functional J; is linked to the functional defined as in (2.20), with integrand given by

M _ if
(2.22) Frée, . &npt) = f( . )( Ent1) if &uyr <0

foo(glw"vgn) if gn—l—l 207
by the following result.

Proposition 2.6 Let f : IR" — [0,+00) be a convexr function vanishing at 0 and satisfying (2.14) and
let Fy be the function associated with f as in (2.22). Then Fy is a convex function satisfying (2.21).
Moreover, if € is an open subset of IR™, then

(2.23) J(u; B) = / Fy(vS0) dr
9*8,N(BxRy)

for every nonnegative function uw € BVio.(2) and for every Borel set B C Q.



Thanks to Proposition 2.6, the proof of Theorem 2.4 can be reduced to the proof of a Pélya—Szegé type
inequality for functionals as in (2.20); moreover, information about extremal sets in such inequality yields
information about extremal functions in (2.19). The relevant Pélya—Szegd inequality for the functionals
[oup F(v®)dH™ is contained in the next theorem. Besides (2.21), the integrand F will be assumed to
satisfy

(224) F(€17"'7€n—17€n7€n+1) = F(€17"'7€n—17_€n7€n+1) for every (517"'7571{—1) € IRn-H-

Theorem 2.7 Let F: R"™ — [0,+00) be a convex function satisfying (2.21) and (2.24). Let U be an
open subset of R"™! x IRy and let F be a set of finite perimeter in U x IR, such that (g < oo L"-a.e.
in U. Then

(2.25) / FP )y dur g/ F(EydH"
5*E<n(AxIRy) 5* EN(AxTRy)
for every Borel set A C U. Moreover, if E is a set of finite perimeter in R™TY, then
(2.26) / FPydur < / F(PydH™ .
* s I*E

A first set of conclusions about the equality cases in (2.25)—(2.26) is provided by the following result.
Here, the assumptions on I’ have to be reinforced by requiring that

(2.27) F(&1,...,&—1, -, &uy1) s strictly increasing in [0,400) for every (&1,...,&-1,&41) € R™,
and that there exists a convex set K C IR”™! x IR; such that the function
(2.28) K> (&, 0 6-1,6041) = F(&, ..o &1, 1,€041)  is strictly convex.
In what follows, the essential projection of a set £ C R™™! onto R"™! x IR, is defined as
Tttt (E)T ={(2',t) e R"™' x Ry : (p(a',t) > 0}.
The essential projection 7,_1(E)* onto IR"! is defined similarly.

Theorem 2.8 Let I/ : R" — [0, 4+00) be a convex function satisfying (2.21), (2.24), (2.27) and (2.28)
for some convex set K C R x R;. Let U be an open subset of R"™' x R;. Let F be a set of finite
perimeter in U X IR, satisfying (g < 400 L"-a.e. in U, and let A be a Borel subset of U such that

(2.29) SRR ey oy o €K H'-a.e. on O"EN(AxIR,),
y y Yy
where v = (vF .. .,Vf_l,l/f,l/tE). If
(2.30) / PPy dHr = / F(P) du™ < oo,
a*Bsn(AxIRy) O*EN(AxIRy)

then there exist two functions y1, y2: Tn—1n+1(F)TNA = R such that, for L"-a.e. (2, 1) ETpo1 np1(F)TN
A,

(2.31) FEpiy¢ ts equivalent to (yi(2', ), y2(2', 1)),
(2.32) vE (! oy (2!, 0),t) = vE (2! o (2, 1), 1) for i=1,...,n—1,t,
(2.33) vy (' y1 (2, 0), ) = —v (¢ ya (2, 1), 1) .



Theorems 2.7 and 2.8 contain all the material concerning the functionals (2.20) needed in our proof of
Theorem 2.5. Notice, however, that Theorem 2.8 leaves open the problem of whether any set satisfying
(2.30) is necessarily Steiner symmetric. Simple examples show that this is not the case, even when
F(&) =[] (see e.g. [CCF]). For completeness, we conclude with a result, in the spirit of Theorems 2.2
and 2.5, which provides minimal additional assumptions ensuring Steiner symmetry of extremal sets in
(2.26).

Theorem 2.9 Let F' be as in Theorem 2.8. Let U be an open subset of R™™! x Ry. Let E be a set of
finite perimeter in U x IRy and let U be an open subset of IR™! x R, satisfying (g < 400 L%-a.e. in U
and such that (2.30) is fulfilled with A = U. Assume either that

(234) F(glv'--vgn—lvovgn-l-l) >0 fOT every (517"'7571—175714-1) € Rn\{o}
and

(2.35) H ({w € 7B : v (1) =0} (U x R)) =0,

or that

(2.36) H ({v € "B vl (z) =0} (U x R)) =0.

Assume also that the precise representative (3, of (g satisfies
(2.37) (2" 1) >0 Jor H Loae. (2’ t) € U.

Then E N (U, x Ry) is equivalent to a translate of E° N (U, x Ry) along the y-axis for each connected
component U, of U. In particular, if U is connected and L™ (7yp—1,n+1(F)T\U) = 0, then E is equivalent
to E* (up to translations along the y-axis).

Observe that assumption (2.36) implies (2.35) (see Lemma 5.7); the reverse implication holds if F
satisfies both (2.30) and (2.34) (see Lemma 5.7 again). If any of the last two conditions is dropped, then
(2.35) may hold without (2.36) being fulfilled. Counterexamples in this connection are easy. An example
in the case where (2.30) is not in force and (£'(§) = |€|) is given in [CCF]. On the other hand, if I is any
function as in Theorems 2.8 — 2.9 (with n = 2) such that F(&;,0,&3) = 0 for (£1,£3) € IR?, and F is the
set depicted in figure 4, then (2.30) holds and (2.35) is satisfied with Q = IR?, but (2.36) is not.

Figure 4: The Steiner simmetral of the set F displayed in the picture is a ball

Owing to Proposition 2.6, one might hope that Theorem 2.5 could be derived from Theorem 2.9; this
seems to be possible, however, only under extra regularity assumptions on u.



In view of the above discussion, it should be clear that our approach requires, besides symmetrization
techniques, a considerable use of tools from geometric measure theory and from the related theory of BV
functions. The necessary material on these topics is collected in the next section. Section 4 is devoted to
functionals defined on Sobolev functions, i.e. to the proofs of Theorems 2.1—2.2. The functionals of the
generalized normal are the object of Section 5, where Theorems 2.7—2.9 are established. Finally, proofs
of Theorems 2.4—2.5, dealing with BV functions, are presented in Section 6.

3 Background

Let © be an open subset of IR”. The Sobolev space W?() is the collection of all functions from L?(£2)
which are weakly differentiable in Q and whose gradient belongs to L'(Q). By W,-*(Q) we denote the
space of those functions which belong to W1?(Q') for every open set Q' CC Q.

The space of functions of bounded variation in € is denoted by BV (). Recall that a function
u € L1(Q) is said to be of bounded variation in € if its distributional gradient Du is a vector-valued
Radon measure in € whose total variation |Dul is finite in Q. The space BV},.(€?) is defined accordingly.

Pointwise properties of Sobolev and BV functions are suitably described in terms of approximate
continuity and differentiability. Given a measurable set F in IR™ and a point z € IR", the density of
at z is defined by ( @)

. LMENB.(x
DU @) = =)y

provided that the limit on the right-hand side exists. Here, B, (z) denotes the ball, centered at z, having
radius r. The essential boundary of E is the Borel set
OME =R"\ {z € R": either D(E,2) =0 or D(E,z)=1}.
One has
(3.1) IME"UEMNUM(E N E"Y c OME UM E"
for any measurable sets F' and FE” in IR".

For any measurable function w in an open set Q C IR"™, the approzimate upper and lower limit of u at a
point x are defined as

uy(z)=inf{t: D{u>t},2) =0} and wu_(2)=sup{t: DH{u<t},z)=0},

respectively. The function u is said to be approzimately continuous at x if u_(x) and u4(x) are equal
and finite. The common value of u_(z) and uy(z) at a point of approximate continuity z is called the
approzimate limit of u at @ and is denoted by @(z). By €, we denote the Borel set of all points at which
u is approximately continuous. The precise representative u* of u is defined as

u(2) + uy (2)
u(z) = 2

0 otherwise.

if u_(z) and u4 () are both finite

Clearly, u* = @ in C. A locally integrable function u in € is said to be approzimately differentiable at
x € C,, if there exists a vector Vu(z) in IR”, called the approximate gradient of u at x, such that

1 [u(2) i) ~ (Vu(a).z = )],
I, S o : e

10



The set of all points « € ), where u is approximately differentiable is a Borel set denoted by D,. The
subset of D, where Vu # 0 and the subset where Vu = 0 will be denoted by D} and DY, respectively. If
u € BV (Q), then £*(Q\ D,) = 0. Moreover, on denoting by D*u and by D®u the absolutely continuous
part and the singular part, respectively, of Du with respect to £”, we have that Vu agrees L™-a.e. with
the density of D®u with respect to £, and that |D®u|(D,) = 0. Thus, in particular, W1(2) can be
identified with the subspace of BV (Q2) of those functions in BV () such that |D®u|(B) = 0 for every
Borel set B C € satisfying £"(B) = 0.

A measurable subset F of IR"™ is said to be of finite perimeter in an open set Q@ C IR” if Dyg is a
vector-valued Radon measure with finite total variation in €. The perimeter of E in a Borel subset B of
Q is defined by

P(E; B) = | Dx5(B)

When B = R”, we shall simply write P(F) instead of P(E;IR"). If xg € BVioc(§2), then we say that F
has locally finite perimeter in €.

A characterization of functions of bounded variation in terms of their subgraphs is provided by the
following theorem (see [GMS, Part I: Chap.4, Sect.1.5, Theorem 1 and Chap.4, Sect.2.4, Theorem 4]).
Notice that this theorem and Theorem C below are stated in terms of a modified notion of subgraph of
a function u : @ — R, defined as

Sy ={(z,t) eER"™ : 2 € Q, t <u(x)}.

Theorem A Let Q be a bounded open subset of R™ and let u be a nonnegative function from L'().
Then S, is a set of finite perimeter in Q X Ry if and only if w € BV (). Moreover, in this case,

P(ST; B x Ry) :/ J1+ [Vuf2 de + |D*u|(B)
B

for every Borel set B C €.

Let F be a set of locally finite perimeter in an open subset € of IR". We denote by I/ZE7 r=1,...,n,
the derivative of the measure D;xg with respect to |Dxg|. The reduced boundary 0*E of E is the set of
all points @ € Q such that the vector v (2) = (vF(z),...,v¥(z)) exists and satisfies |[v¥(z)| = 1. The

vector v¥ (z) is called the generalized inner normal to E at x. We have that (see [AFP, Theorem 3.59])

(3.2) Dxg =vEH"ILOE.

Equation (3.2) implies that

(3.3) |Dxg|=H""'LO*E

and that

(3.4) |Dixe| = |vFIH Lo E, i=1,...,n.

Since 0*F is a countably (n—1)-rectifiable set whose approximate tangent plane at any z € 0°F is
orthogonal to v¥(z), then by the locality of the approximate tangent plane (see [AFP, Remark 2.87])
one gets

Theorem B Let Q be an open subset of R"™ and let E' and E" be sets of locally finite perimeter in €.
Then v¥' (z) = £0" () for H" ' -a.e. x € F*E' N I*E".
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A result by Federer ([AFP, Theorem 3.61]) tells us that if F is a set of locally finite perimeter in €, then
(3.5) FENQCIMENQ and HT (@M E\OE)NQ) =0.

The reduced boundary of level sets plays a role in the coarea formula for Sobolev and BV functions. In
the general version for BV functions, such a formula tells us that, given any v € BV (Q2) and any Borel
function g : Q — [0, +o0],

+o0 teo
(3.6) /gd|Du| :/ dt/ g™ :/ dt/ gdH™ .
Q —c0 Qna*{u>t} —c0 {u_<t<ug }

Notice that, if v € W'(£), then
u_(z) = uy(z) = u™(2) for H"1l-a.e. 2 € R™

(see [EG, Theorem 1, Sect.4.8]). Thus, in this case, equation (3.6) can be written as

+ oo + oo
(3.7) /g|Vu|dac:/ dt/ g dH™! :/ dt/ gdH .
Q —00 Qna*{u>t} —00 {u*=t}

The approximate gradient of a BV function and the generalized inner normal to its subgraph are
related by the next result (see [GMS, Part I: Chap.4, Sect.1.5, Theorems 4 and 5]).

Theorem C Let Q be an open subset of R™ and let uw € BV (). Then

VST (2 t) = Viu(z) Vau(z) !
(3.8) (%) ( 1—|—|Vu(96)|27'”7\/1—|-|VU(90)|27\/1‘|‘|VU($)|2)

Jor H'-a.e. (x,t) € 0*S; N (Dy X Ry) and

Vfil(x,t) =0 for H'-a.e. (z,t) € 0"S, N[(Q\Dy) x Ry] .
In particular, if v € WH(Q), then (3.8) holds for H"-a.e. (x,t) € *S; N (L x Ry).

Observe that, if € is any open set and u € BV (Q2), then, by Theorem A, the set S is of locally finite
perimeter in € x R;. Therefore, also &, is a set of locally finite perimeter in  x R; and

3.9 SN (xR =0*S; N (2 x RF and voe =15 on 9*S, N (A x RY).
t t t

A special case of the coarea formula for rectifiable sets ([AFP, Theorem 2.93 and Remark 2.94]) states
that if F is a set of locally finite perimeter in  and ¢ is any Borel function from  into [0, +oc], then

(3.10) /8 @) @) (@) = /ﬂ o /( ey, D) ).

z!

We conclude this section with two theorems concerning one-dimensional sections of sets of finite perimeter
and one-dimensional restrictions of BV functions, respectively. The first result is due to Vol'pert ([V]).
In the present form, it can be easily deduced from [AFP, Theorem 3.108].

Theorem D Let F be a set of finite perimeter in Q. Then, for L' 1-a.e. 2’ € m,_1(Q),

(3.11) E.: has finite perimeter in Qg ;

12



(3.12) (@ EN Q) =0 (Ew) N Qs

(3.13) vE (&' y) # 0 for every y such that (z',y) € 9" ENQ;
fim i (eh2) =1, lim xR =0 () > 0
(3 14) Z—>y+ Zz=Yy~
' lim y5(2',2) =0, lim xj(a',2)=1 ifvE(a',y) <0.
z—yt 2=y~

In particular, there exists a Borel set G C w1 (E)Mm,—1(Q) satisfying L7 (7—1 (E)Mr—1 (Q\GE) =
0 and such that (3.11)—(3.14) hold for every 2’ € Gg.

Theorem E Let u € BV (Q) and set v*'(y) = u(x',y) for every &' € 7, 1(Q) and y € Q. Then, for
L Vace. @' € w1 (), the function v € BV (Qu) and

(315) (Cu)x’ C CUE' ;

dv®
(3.16) ;jy (y) = Vyu(z',y) for L'-a.e. y € Qo
(3.17) |D*0" | (D)) = 0.

In particular, for L7 1-a.e. 2’ € m,_1(Q), the set {y : v y) >t} is of finite perimeter in Qs for L'-a.e.
te R, and L'({y : [v*' (y)| > t}) < oo for every t > 0.
Moreover, if u € WHY(Q), then, for L7 -a.e. &' € m,_1(Q), the function v™ € WY Q) and

!

(3.18) u (2’ y) = (v7 ) (y) for every y € Q.

Proof. We prove only (3.15), (3.17) and (3.18), the other assertions being straightforward consequences
of [AFP, Theorem 3.107]. Let us denote by .J, the jump set of u (see e.g. [AFP, Definition 3.67]). By
[AFP, Proposition 3.69], J, C 2\ C,. Moreover, owing to [AFP, Theorem 3.108], the function u*(a’,-)
is continuous in Qs \ (J, ) for L7 tae. 2’ € 7,1(Q). Therefore, for any such 2’, we have that
(Cu)er CQu \ (Ju)er C Car, whence (3.15) follows.

Consider now (3.17). By [AFP, equation (3.104)] we have that

(3.19) / p(a,y) dDyu(a’,y) = / dw’/ p(a',y) dD* " (y)

Q Wn_l(Q) Qm/
for any bounded Borel function ¢ in €. Let us denote by C a countable dense subset of Co(IR). Fixed
any ¢ € C, apply (3.19) with ¢(2',y) = g(z")¥(y)xp,(2', y), where ¢ is any function from Cy(m,—1(Q2)).
Owing to the arbitrariness of g, we get that there exists a measurable subset Ny of 7,_;(€) satisfying

L7 (7,-1(2) \ Ny) = 0 and such that

/Q b(y)xp, (2',y) dD*v" (y) = 0 for every 2’ € Ny
Hence, |D*v*'|((Dy)q) = 0 for every 2’ € Nyee Ny, and (3.17) holds.

Finally, recall that if u € W!(Q), then u*(2',-) is absolutely continuous for £ !-a.e. 2’ € 7,_1(Q) (see
e.g. (see [EG])). On the other hand, v € Wh'(Q,) for L7 -a.e. 2’ € m,_1(R), and thus (v*)* is also
absolutely continuous. Since, for £L* ! a.e. 2’ € 7,_1(2), one has vx/(y) = uw*(a',y) for L1ae. y € Qu,
equation (3.18) immediately follows. o
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4 Functionals of Sobolev functions

Our proof of Theorem 2.2 consists of several steps, one of which provides a proof of Theorem 2.1. The
first step is contained in the following lemma, and yields formulas for the approximate gradient of the
distribution function of a Sobolev function.

Lemma 4.1 Let Q be an open subset of R"™ satisfying (2.10), and let w be a nonnegative function from
W&’;(Q) Then w, € BV (wx Rf) for every open set w CC m,—1(2), and, for L -a.e. 2’ € m,_1(Su)7T,

1
4.1 Vipu (@', t) = —/ dH,
( ) ! ( ) 8*{y:u(l",y)>t}|vyu|

Viu
4.2 Vip(a',t =/ gk
( ) ( ) 8*{y:u(l",y)>t}|vyu|

for L1-a.e. t € (0, M(a')).

Remark 4.2 The set 0*{y : u(2’,y) > t} can be replaced by {y : u*(2',y) =t} in formulas (4.1)-(4.2).
Actually,

0y u(@ y) >ty =0y : u@, ) (y) >t} = M {y s u(@’, )" (y) > 1}
={y: (u(@,))-(y) <t < (ul@s)) e (0)} = {y s u(@, )" (y) =t} = {y 1 w* (2", y) =1},

for Ll-a.e. t > 0, where the second equality is due to (3.5), the third (which holds for Ll-a.e. ¢ >
0) is a consequence of (2.13) and (2.20) of [CF], the fourth holds because precise representatives of
one—dimensional Sobolev functions are continuous, and the fifth follows from (3.18).

Let us note that, in the special case where u is smooth enough and satisfies (2.8), formulas (4.1)-(4.2)
can be derived from [FM, Theorem 2.2].

Proof of Lemma 4.1. Let L be a positive number such that Q@ C R"™! x (=L, L) and let w be an
open set such that w CC 7,-1(R2). For simplicity of notation, throughout the proof the continuation by
0 of u outside Q will be still denoted by u. Hence, v € Whl(w x R,) and u(z’,y) = 0 if |y| > L. Let
¢ € Ci(w x RF). Fubini’s theorem and a standard rule on the differentiation of integrals ensure that

(4.3) / Vie(a t) (2, 1) da'dt = / Vie(a' t)xs, (@', y, t) da'dydt
waR;" wx]Ryx]R;"
, u(z’,y) , u(z’y) , ,
= dx dy/ Vip(a' t) dt = / % / ez’ t) dt |da'dy
wxIRy 0 wX(—=L,L) 0
—/ o(a' u(z’, y)) V(s y) da'dy, t=1,....,n—1.
wX(—=L,L)

The last but one integral over w x (=L, L) is easily seen to vanish. On the other hand,

(4.4) oz, V(' y) vy (2, y, t)| dH”

/a*sum(wx(—L,L)xIRf)

:/ dx'dy/ (2!, ) Viu(a', y) dHO(t)
wx(=L,L) (9*8u) 1 , RS

= / o(a' u(z’, y)) V(s y) da'dy, r=1,....,n—1,
wX(—=L,L)
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where the first equality follows from an application of the coarea formula (3.10), and the second holds
since, by Theorem D, (8*8,)w, NIRRT = 0%(Sy) oy NIRE = 9%(0,u(a’,y)) N IR} for LP-ae. (2,y) €
x (=L, L). Owing to Theorem C and to (3.9),

(4.5) VS“(ac’yt):<V1u($/’y) Voau@hy) Vyuehy) -1 )
‘ e VIFIVuE T T NuE VT F Va2 T F [Vul?

for H™-a.e. (2',y,t) € 0*S, N (w x (=L, L) x RY).
Combining (4.3)-(4.5) yields that, for i =1,...,n — 1,

Viu(z', y)
4.6 / Vip(a', Opy (2’ t) da'dt = —/ 2 t) ———Z
(4.6) wxR} Pl Dple, ) a*Suﬂ(wx(—L,L)x]Rj')@( )\/1-|-|VUI2

Equation (4.6) easily implies that the distributional derivative D;fu, is a finite Radon measure in w x IR}
A similar argument shows that the same conclusion is also true for the distributional derivative Diu,,.
Moreover, since / (2 t)da'dt :/ u(z', y)dz'dy < oo, then p, € L'(w x RF). Thus, u, €
wXIRj' wxIRy

BV (w x R,). Equation (4.6) also entails that

Viu(z', y)
47 [ ety abpu, = [ ) ILIGAT A
(4.7 waRjLP( ) s 8*Suﬁ(w><(—L,L)><]R;")SO( )\/1—|-|Vu|2
for every ¢ € C}(w x IR}f), and hence, by density, for every ¢ € C(w x R}) as well. We want now to

show that (4.7) continues to hold for every bounded Borel function in w x IR}. To this purpose, let us
define the Borel measure m as

m(B) = [Dip|(B) + 1" (978, 1 (B x Ry))

dH"

at any Borel subset B of w x R}. Let ¢ be any bounded Borel function in w x IR}. Then, by Lusin’s
theorem, for any ¢ > 0 there exists p. € C(w x R}) satisfying ||pc||re < |l¢llzee and m({(2',t) :
p-(a',t) # p(a’,t)}) < e. Since (4.7) holds for ., it is easily seen that the absolute value of the
difference of the left-hand and right-hand side of (4.7) for such a ¢ does not exceed 4¢||p||f. Thus, (4.7)
holds also for ¢, thanks to the arbitrariness of e.

Now, let Gis, be the Borel set in 7,_1 ,11(S.)T N (w x IRF), given by Theorem D, for which (3.11)-(3.14)
hold and let g € Co(w x IRF). On applying (4.7) with ¢ = XGs, 9, making use of (4.5), and applying the
coarea formula (3.10) we infer that

Viu(z',y)
2t 2’ 1) dDjju, :/ &t o )~ Y)
/WXIng( JxGs, (7 1) dDin a*sm(wx]Ryx]R?)g( Ixas, (@) L+ [Vu]?
Viu(a',y
= $/7t $/7t NI I/Su $/7 7t d/}_ln
a*Sm(wx]Ryx]Rj)g( )XGS“( )|Vyu(x’,y || Yy ( y )|

)
)
- 9(x' t)xas, (', 1) dac’dt/ w

/
wx R (0*Su) g ¢ | y UL, Y |

Owing to the arbitrariness of g, we may conclude that D;u, L Gg, is absolutely continuous with respect

to £ and agrees with xq, (/ |§ZU| d?—lo) L". Consequently, by (3.12), equation (4.2) holds for
“ (a*SH).r/,t yu

La.e. (/1) € Tro1ur1(Su)T N (w x RF). Tt is easy to verify that

(4.8) Tn1.n+1(Su)T  is equivalent to U {z'} x (0, M (2)) .
l’leﬂ'n—l(su)-l-
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Hence, for £" 1 a.e. 2’ € 7m,_1(S.) T, equation (4.2) holds for £'-a.e. ¢ € (0, M (2")). The proof of (4.1)
is analogous. O

Lemma 4.3 Let Q be an open subset of R"™ and letp > 1. Ifu € Wolf(Q), then v’ € Wolf(Qs).

Proof. Fixed any open set w CC 7,_1(f2), let ¢ be any function from C1(IR"™') which is compactly
supported in 7,1 () and satisfies ¢ = 1 in w. Since the function v = pugy belongs to W1P(IR"),
then v® € WLP(IR™) (see [Bur]). However, v®(2’,y) = u®(a’,y) for every 2’ € w and y € IR. Hence,
u® € WP (w x IR,), and the conclusion follows. O

Remark 4.4 Assume that €2 and u are as in Lemma 4.1. Then, by Lemma 4.3, the function u® €
Woljyl(Q) Moreover, by (2.4), 7,_1(S,)" is equivalent to 7,1 (S,<)T. Since = = g, then an application
of Lemma 4.1 to u® yields, for £ t-ae. 2’ € 7,_1(S,)7,

2
(4.9) Vit (@', 1) =
IV o s>y
and V
(4.10) V(o' 1) = “5
T o= fyeus (o )5}

for Ll-a.e. t € (0, M(a")).

Formulas (4.1)-(4.2) are a key tool in our proof of Theorem 2.1. In particular, unlike other available
proofs of Pélya—Szegd type inequalities for Steiner symmetrization, they enable us to avoid approximation
arguments, at least when (2.8) and (2.10) are in force, and thus to derive information about the equality
case in (2.7).

Before we go into the proof of Theorem 2.1, let us establish Proposition 2.3.

Proof of Proposition 2.3. We have, for £ -a.e. 2/ € R" !,

@WI) (') = £y u(esg) = M@ + £ ({y: Vyu(e',y) =0, ¢ < u@',y) < M(&')))
+L' ({y: Vyu(a',y) £0, t < u(a’,y) < M(z)})

for every t € (0, M (2')). Now, if v*" is defined as in Theorem E, then, for £* 1-a.e. 2’ € R !,

(4.12) ct ({y : Vyu($/7 y) #0,t <ula'yy) < M(QU/)}) = /Q X{(uml)*>t}X{Vyu(l",~);ﬁ0}Wdy
' Yy

:/M E

oy = / M / o
(v =r}| Vyu(z', y)| ; (') >y Vyu(a!, y)|

1
- =My
/ /8*{u (=’ ~)>T}|vyu($/7 y)| ( )

for every t € (0, M (2)), where the first equality holds thanks to (3.16), and the second and third follow
from an application of the coarea formula (3.7). Hence, for £ !-a.e. 2’ € R"™!,

(13) ) = £l ') = MDD £ L' Tyl =0, <) < &)
1 0
+/ L N e L)
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for every t € (0, M(z')). Since p, = ji,s, then, analogously, for £L* 1-a.e. 2’ € R"™ 1,

(414) (' t) = L ({y: w'(@’,y) = M)} + L1 ({y: Vo'l y) = 0,1 < u'(a’,y) < M(a")})

T ~ s 7 N1 Y
¢ 8*{us(x/7.)>7—}|vyus($/7 y)|

for every t € (0, M(z")). By (3.16) and Lemma 2.4 of [CF], for £ !-a.e. 2’ € R"!,

%ﬁl {y: Vyu(a',y) =0, u(z’,y) > t}) = %El {y: Vyu'(a',y) =0, v’ (2',y) > t})

for £L1-a.e. t > 0. Consequently,

(4.15) / M / o) / M / L new
. T y) = T Y
¢ o {yu(a’ ) >} | Vyu(a', y)l ¢ o*{ys (') >3 | Vs (27, )|

for L7 1ae. 2/ € R ! and for Ll-ae. ¢t € (0, M(2)). Since L'({y : u(a’,y) = M(2")}) = L ({y :
u(z',y)=M(2')}), equations (4.13)-(4.14) yield the conclusion. O

Proof of Theorem 2.1. We shall prove a stronger inequality than (2.7), namely that

(4.16) | swwyde< [ f(Vayds

BxIRy BxIR,
for every Borel set B C 7,-1(R2). Here, and throughout the proof, we denote the extension ug simply by
u.
STEP 1. We assume here that €2 satisfies (2.10) and that u is a nonnegative function from Woljyl(Q) such
that
(4.17) LY {y: Vyu(@',y) =0}n{y: 0 < u(z’, y) < M(2')}) =0

for L7 1-a.e. 2’ € m,_1 () such that M(z’) > 0. By Proposition 2.3, equation (4.17) is fulfilled with u
replaced by u® as well. Hence, by Theorem E and the coarea formula (3.7), we have that

(4.18) fF(Vu®) dH°

M(x')
£V (2!, y)) dy = / dt /8

Ly (o) >t} | Vi us|

/{y:uS (z',y)>0}

for £ 1-a.e. 2’ € 7,_1(Q) such that M(2’) > 0. Thus, assumption (2.6) and formulas (4.9)-(4.10) ensure
that, for any such z’,

1
4.19 / (Vi Y, Vu) dHO
( ) 8*{y:u5(1”,y)>t}|vyus| ( 1 1 Y )

1

= —f(Viu®, ..., Va1 u®, [V yu®]) dH°
8*{y:u5(1”,y)>t}|vyus| ( 1 1 Y )

Vi (2, 1) Vo 1p (2, 1) 2 )

—Vt,uu(ac’, t) T —Vt,uu(ac’, t) 7 —Vt,uu(ac’, t)

for L1-a.e. t € (0, M (2"). For L 'a.e. 2’ € m,_1 (), the set {y : u(a’,y) > t} is of finite perimeter in
R for £1-a.e. t > 0,and L' ({y : u(a’,y) > t}) < oo for ¢ > 0 (see Theorem E). Then, by the isoperimetric
inequality in IR,

(4.20) 2 < HO (07 {y : ule'sy) > 1)) = / dH°
o*{yu(z’ y) >t}

= — Vg (2, t)f(
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for £ '-a.e. o’ € m,_1(Q) such that M (2') > 0 and for L'-a.e. t € (0, M (2")). Assumption (2.6) implies
that f(&1,...,&,_1,-) is non decreasing in [0, 4+oc) for every (&1,...,&,-1) € R"™'. Consequently, by
(4.20) and Lemma 4.1, we have that, for £~ '-a.e. 2’ € m,_1(2) such that M (') > 0,

Vluu($’7t) Vn—l:uu(wlvt) 2 )
4.21 —Vipia ('t
( ) Vt,u ($ ’ )f<_vt,uu($/7t)7 ' _vtﬂu($/7t) 7 —Vt,uu($/7t)
Vlu 0 / Vn—lu 0 / 0
dH dH i
< /a*{...}IVuyl (.. V| or{..} / A"
= / Ay’ / dH° / dH" | Jor(| Vi
o+ (..} V| o+ {.. 3|Vl o+ (.} V|

for Ll-a.e. t € (0, M(2")). Here, 9*{...} is a shorthand for 9*{y : u(2’,y) > t}. Since f is a convex
function, then Jensen’s inequality and assumption (2.6) ensure that the last expression

1
4,22 </ e F(Vit e Vu, Vyu) dHE.
22 = Jotyntonarsny g 1 Vys)
Combining (4.19), (4.21) and (4.22) leads to
1
4.23 / ——— f(Viu®, ..., Va_u®, Vu®) dH°
( ) 5 {ysus (',y) >t} |Vyu5|f( 1 1 Y )

1

g/ F(Vity s Voo yt, Vyu) dHO
o*{yu(z’ y) >t} |Vyu| Y

for £ -a.e. &' € m,_1(Q) such that M(2’) > 0 and for L'-a.e. ¢t € (0, M(2")). Now, given any Borel

subset B of 7, 1(Q), set B = BN {z': M(2') > 0}. Since Vu* = 0= Vu L '-ae. in (B\ B) x Ry, on

integrating (4.23) first with respect to ¢ over (0, M(z’)), and then with respect to z’ over B, one gets

(4.24) / f(Vu®)da'dy = /~ dw’/ F(Vu®) dy
BxIR, B {ywus (') >0}
M(z") 1
_ /~ da’ / dt / (V)N
B 0 o*{ywus (2’ y)>t} |Vyus|

M(z")
< /~ da’ / di / L v = / F(Vu)de'dy.
B 0 o {ymu(a w)>t) | Vyul BxIRy

Notice that here we have made use of (4.18) and of an analogous equality for u.

STEP 2. Let u be any nonnegative function from Woljyl(Q) and let w be any open set such that w CC
7n—1(§2). Lemma 4.5 below ensures that there exists a sequence {u;,} of nonnegative Lipschitz functions,
with compact support in IR", satisfying (4.17) and converging strongly to v in Wh!(w x IR,). Assume, for
a moment, that f satisfies (2.14). Then f is globally Lipschitz continuous, and hence f(Vuy) converges
to f(Vu) in L'(w x Ry). On the other hand, since Steiner rearrangement is continuous in L' (see e.g.
[K1, pag. 23]), then uf converges to u® in L!(w X IR,). Thus, by lower semicontinuity (see [But, Theorem
4.2.8]) and by (4.24), we get

/ f(Vu?) dz < lim inf/ f(Vui) dz <lim inf/ F(Vuy) de = / f(Vu)dx.
wxTRy wxTRy wxIRy

h—c0 h—c0 wxTRy

Hence (4.16) follows. Let us now remove assumption (2.14). Since f is nonnegative and convex, there
exist sequences {a;} of vectors in a; € R"™ and {b;} of real numbers b; such that

(4.25) J(€) = sup{(a;, &) + b;} = sup{((a;, &) + b))} for every £ € R".
JEN JEN
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Moreover, since f satisfies (2.6), then

(4.26) (&) = sup{({aj, &) + b)), (@, &) + b)) for every £ € R",
J
where @; = ((a;)1,...,(@;)n-1,—(a;),). Set, for N € IN,

(4.27) IN(E) = 13qu{(<aj’€> + b))%, ((@;, &) + b))%} for £ € R".

Obviously, fx(£) converges monotonically to f(§) for every £ € IR™. Since fy satisfies (2.6) and (2.14),
then (4.16) holds with f replaced by fn. Inequality (4.16) then follows by monotone convergence. ]

Lemma 4.5 Let w be an open subset of IR"™!, and let u be a nonnegative function from W1P(w x R,).
Then for every open set w' CC w and for every € > 0 there exists a nonnegative Lipschitz continuous
Sfunction w, with compact support in R", such that

(4.28) L {z e R": w(z) >0, Vyw(z) =0}) =0
and
(4.29) Hu — wle,p(w/XIRy) <e.

Proof. On multiplying u by a function ¢ € C'(IR"™!) with compact support in w and such that ¢ =1
in w’, we may assume, without loss of generality, that w € W1?(IR™). Thus, given any £ > 0, there exists
a function u. € C(IR") such that u. > 0 and ||u — w.||1p(rn) < €. Let r be any real number greater
than 1 and such that the support of u. is contained in B,(0). Standard approximation results ensure
that a polynomial p. exists such that [ju. — prCl(Ezr(O)) < €. On replacing, if necessary, p. by p. + ¢ we
may assume that p.(z) > 0 for every x € By,.(0). Similarly, on replacing, if necessary, p. by p. + dy?,
where § is a sufficiently small positive number, we may also assume that V,p. does not vanish identically.
Let 5, denote the function from IR™ into IR defined as n,.(x) = 1if || < r, n.(z) = (4r% — |2|?)/3r? if
r < |z| <2rand n.(z) =0if || > 2r. Set w = p.7n,. Then it is easily seen that a constant ¢, depending
only on n, exists such that
lu = w|lwiprey < €+ cer”,

whence (4.29) follows. Finally, (4.28) is a consequence of the fact that w(z) > 0 if and only if # € Bs,.(0),
and that w agrees will the polynomial p. in B,(0) and with the polynomial p.7, in Bs,.(0)\ B,.(0). O

Remark 4.6 Inequality (4.16) continues to hold even if, instead of assuming u € W&’;(Q), we take
u € Wolf(Q) for some p > 1. To verify this assertion, set, for € > 0, u. = max{u —¢,0} and observe that,

since the support of u. has finite measure in w x IR, for any open set w CC 7,_1(2), then u. € W&’;(Q)
Since (u:)® = (u®). and since Vu. = Vux sy £"-a.e. in R", then by (4.16) applied with u replaced by
1, and by monotone convergence,

/ F(Ve*) de = lim F(V(@*).) dz = lim F(V (1)) de
B xRy e=0T JBxR, e=0T JBxR,
< lim f(Vus)dx:/ f(Vu)dx.
e—0+ BxIRy BxIRy
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By the next lemma, we begin our characterization of extremals in (2.7).

Lemma 4.7 Let f be as in Theorem 2.2. Let Q be an open subset of R™ satisfying (2.10) and let u be a
nonnegative function from Woljyl(Q) Julfilling (2.8) and (2.12). Then, for L"-a.e. (2',t) € Tyt 41 (Su)T,
there exist yy(2',t), y2(2',t) € R such that y, (2',t) < yo(a',t) and that

(4.30) {y : u(a',y) >t} is equivalent to (yi(2',t),y2(2', 1)),
(4.31) Viu(a' y1 (2, 6)) = Viu(a!, yo (2, 1)) r=1,...,n—1,
(432) Vyu($/7y1($/7t)) = _vyu(xlva(xlvt)) :

Proof. As in the proof of Theorem 2.1, we denote the extension ug by u. Assumption (2.12) ensures
that equality necessarily holds in (4.24), with B replaced by m,_1(€2). Thus, since, by (2.8), u > 0 L™-a.e.
in Q, equality holds in (4.23) for £" '-a.e. 2’ € 7,_1(Q) and L'-a.e. t € (0, M (2')), and hence equality
holds both in (4.21) and (4.22) for the same 2z’ and ¢. Inasmuch as f(&,...,&,—1, ) is strictly increasing
in [0, +00), equality holds in (4.20) whenever it holds in (4.21). Thus, by the isoperimetric theorem in IR,
the set {y : u(a’,y) > t} is equivalent to some interval, say (y;(2’,t), yo(a’,t)) for L 1-a.e. 2’ € 7,_1(Q)
and for £L'-a.e. t € (0, M(2')). Since u > 0 L™-a.e. in Q, then 7,_1(S,)T is equivalent to 7,_1(€2). Thus,
(4.8) implies that

(4.33) Tn—1m+1(Su) T is equivalent to U {2} x(0,M(2")).
l’le'ﬂ-n—l(Q)

Hence (4.30) follows.
Inequality (4.22) is derived via Jensen’s inequality. Thus, since f is strictly convex, if equality holds in
(4.22) for L7 -ae. 2’ € 7,-1(Q) and for L'-a.e. t € (0, M (2')), then for the same values of 2’ and ¢

(4.34) Viu|8*{y:u(x/7y)>t} =¢ i=1,...,n—1
and

(4.35) Vot fyaugor gy =

for some constants cy,...,c,—1, ¢y Since 8*{y : u(z’,y) > t} = {y1(2',t),y2(a’,8)} for L7 Lae. 2’ €

Tu—1(Q) and for L'-a.e. ¢ € (0, M(2')), then (4.33), (4.34) and (4.35) tell us that, for L™-a.e. (2/,t) €
Tn—1n+1(Su) T, equation (4.31) holds and

(4.36) IVyu(a’,yi (2’ 1)) = [Vyu(a’, y2 (2’ )]

Finally, it is easily seen from (4.30) that for £L"-a.e. 2’ € m,_1(2) the function y; (', -) agrees L1-a.e. in
(0, M (2")) with a nondecreasing function, whereas ya(2’,-) agrees L£!-a.e. with a nonincreasing function
in the same interval. Therefore (see e.g. [CF, Lemma 4.1]), u(2’,-) is equivalent to a function (whose
level sets are open intervals) which is nondecreasing in (—oo, 31(2’)) and nonincreasing in (f(2’), +00),
where

(4.37) B1(z") = esssup y;(2',1) Ba(a') = essinf ya(a’,t).
t<M(z') t<M (z')
Hence, equation (4.36) implies, in fact, (4.32). ]
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Lemma 4.8 Let f be as in Theorem 2.2. Let Q be an open subset of R™ satisfying (2.10) and let u be a
nonnegative function from W&’;(Q) fulfilling (2.8) and (2.12). Let y1(a',t) and y2(2',t) be defined as in
Lemma 4.7. Then, there exists a function b: m,_1(Q) — R such that, for L7 -a.e. 2’ € 7,_1(Q),

(4.38) %(yl(ac’, t) + y2(2’, 1)) = b(a') for L1-a.e. t € (0,M(z')).

Proof. By (2.8), M(2') > 0 for L 1-ae. 2’ € 7,-1(R). Let N be the subset of 7,_1(f), satisfying
LN 7m—1(Q)\N) = 0, such that, for 2’ € N, M (') > 0 and (4.30)-(4.32) hold for L'-a.e. t € (0, M (2')).
Thus, for every 2’ € N, the set {y : u(a’,y) = M(2')} is equivalent to [f1(2), f2(z”)], where 5;(2),
i = 1,2, are given by (4.37). Define now I, = (—oc, 31(2)) and Iy = (Ba(2'), +00), and set v¥’ = u(z’, ")
i =1,2. By (2.8) and by Fubini’s theorem,

|1

(4.39) £ ({y: Vyu(e',y) =030 {y: 0 < vf'(y) < M(2')}) =0 i=1,2,
for £ 'a.e. 2’ € N. We have, for £L* ! a.e. 2/ € N and for every t € (0, M(2)),
(4.40)  pa (=L ({y: Vyue',y) £ 030 {y: 1 < of'(y) < M(2)})

= T _ y)= T i=1,2.
t Im@*{u(x’,~)>7'}|vyu($/vy)| t |vyu($/7yi($/v7_))|

Notice that the first equality in (4.40) is a consequence of (4.39), the second holds analogously as in
(4.12), and the third is due to (4.30). From (4.40) and (4.32) we deduce that, for £ !-a.e. 2’ € 7,_1(Q),

fyor () = 1,0 () for every ¢ € (0, M(z")) .
1 2
Since
B, 8) = Bi(2") + (~1)p () =12,
/ /
equation (4.38) follows with b(z') = w o

Lemma 4.9 Let f be as in Theorem 2.2. Let Q be an open subset of R™ satisfying (2.10). Let u be a
nonnegative function from W&’;(Q) fulfilling (2.8) and (2.12). Ifb: 7,_1(Q2) = R is the function defined
in Lemma 4.8, then
/ ydy
Q

= m Jor L7 oae. 2’ € m,1(Q).

Proof. By (4.30) and (4.33), for £ 1-a.e. 2’ € m,_1(Q),

(4.41) b(a")

(4.42) L'y :u(@' y) > 1)) = (@', t) — ya (2, 1)

and

1 2 ! 2 !
ydy = =(y5 (2", t) — yi(a',t
/{w( . S, 0) = (')
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for £'-a.e. t € (0, M(2")). Hence, by (4.38), for L 1-a.e. 2’ € m,1(Q),

/ ydy

_ {yu(z’ y) >t}
(s ule'y) > 1)

Thus, for £" 1 a.e. 2’ € m,_1(Q), we have that M(2’) > 0, that (4.43) holds for £L'-a.e. t € (0, M (2')),

and that the function u(2’,-) is measurable. Fix any such 2, and choose any decreasing sequence {¢;}
satisfying lim t; = 0 and such that (4.43) is fulfilled with ¢ = ¢;. The sequence of sets {y : u(2’,y) > t;}
J]—00

(4.43) b(z') for L1-a.e.t € (0, M(2')).

is obviously nondecreasing, and {y: u(z’,y) > 0} = U {y 1 u(a',y) > t;}. Moreover,
JEN

(4.44) {y :u(2’,y) > 0} is equivalent to Q. for L7 lae. 2’ €7, 1(Q),

owing to (2.8). Thus, since €, is a bounded subset of R,

lim ydy:/ ydy:/ ydy
I=00 Jyu(a!y) >t} {y:u(z’,y)>0} Q.

x

and
lim £ ({y s u(e'oy) > 1)) = £ ({y £ ulesy) > 0)) = (&', 0)
J—00
for £ ta.e. 2’ € ,-1(€). The conclusion follows. O

Lemma 4.10 Let f, Q and u be as in Theorem 2.2, and let b : 7,_1() — R be the function defined in
Lemma 4.8. Then b € W (m,_1(Q)).

Proof. Owing to formula (4.41), it suffices to show that the function A : m,_1(Q2) — IR, defined as

h(z") = / y dy for o' € 7,1 (Q),
Q

!

is in Wl (7m,-1(Q)), that p,(z',0) € W,o (7,_1(Q)), and that for every open set w CC m,_1(Q) there
exists a positive constant ¢ such that g, (2’,0) > ¢ for every 2’ € w. Consider the function h. It is
clearly measurable, and, since €2 is bounded in the direction y, it is also bounded. Now, let L be a
positive number such that Q C 7,_1 () x (=L, L). Fix any function ¢ € C}(7,-1(2)) and any function
¢ € C(IR) satisfying ¢ (y) = 1 for all y € [-L, L]. Then

(4.45) / Vio(e')h(2))da' = / V(') de! /
7Tn—l(Q) 7T'n—l(Q)

ydy = / Vip(x')yda'dy
Q Q

z!

- Vieleyxaley)oly)dedy = ~ [ P& )ydDixa(' )
Wn_l(Q)XIRy Wn_l(Q)XIRy

Notice that we have made use of the fact that © has locally finite perimeter in m,_1(2) X R,. From
(4.45) one immediately gets that i € BVioe(mn,—1(2)) and that, for every ¢ € C(m,-1()),

(4.46) / (2" dDih(z") = / e(z")ydDixa (', y), i=1,...,n—1.
Wn_l(Q) Wn_l(Q)XIRy
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An analogous argument as in the proof of Lemma 4.1 ensures that (4.46) holds, in fact, for any bounded
Borel function ¢ : 7,1 (©2) — IR. Equation (4.46) can be used to show that

(4.47) |Dh|(B) < LIDval(B x R,)

for every open set B CC m,—1(). By approximation, (4.47) still holds for any Borel set B C 7,_1(Q).
Owing to (3.3), to the coarea formula (3.10) and to assumption (2.11),

d 0
(4.48) IDval(B x R,) = H"! ("0 1 (B x R,) / / |Zé|.
2! Yy

Combining (4.47) and (4.48) tells us that | Dh|(B) = 0 whenever £"(B) = 0, whence h € W,-! (7,_1(Q)).
Owing to (4.44), a completely analogous argument shows that also 1, (z',0) € W\ (7,_1(Q)). Finally,
the fact that p,(2',0) is bounded away from 0 on any open subset w CC m,_1(2) is again a consequence
of (4.44) and of the fact that £'(£2,/) is a lower semicontinuous function of @’ in m,_1(9). o

Proof of Theorem 2.2. Owing to (2.4), it suffices to show that
(4.49) (Sy)? is equivalent to S,

up to translations along the y-axis. As above, throughout the proof v will stand for its extension ug. Let
y1(2’,t) and ya(a’,¢) be defined as in Lemma 4.7, and let b be the function given by Lemma 4.8. Let us

set
1

A1) =) — gl 0), () = b + %,uu(x’, 0

for (2/,t) € m,—1(Q) xRS . Then, by Lemmas 4.1 and 4.10, z; € BVioc(m,—1(Q) xIR]), i = 1,2. Moreover,
by (4.38), (4.42) and (4.33), a set N C m,—1,n41(Su)T exists such that L™ (71,541 (Su)T \ N)=0 and

zi(a' ) = yi(2', 1)
for (2',t) € N. Thus, thanks to Lemma 4.7, the set S, is equivalent to the set F defined by
(4.50) E={(y,t): (2',t) € mac1a11(Su)F, 21(2', 1) <y < (2, 1)} .

Now, define
By ={(" 1) (@',1) € 70t () x RE, y > 21(2/,1) }

Ey = {(w’,y,t) D (2't) € muo1 () X R}, y < zz(wl,t)} .

Observe that F is equivalent to Fy N Fy. By Theorem A, the sets F, Fy and Fs are of finite perimeter
in U x IR, for every bounded open set U CC 7,1 (2) X IR}, and hence, by Theorem D, Borel sets G,
GE, and G, exist such that

1
L7 (Tp_rmp1 (E)T\ GE) =0, £ ((mnar () x RE)\ G, ) =0, i=1,2,
and (3.11)-(3.14) hold. In particular,

(4.51) (0" E)pry = 0" (Fpy) = {z1(2, 1), 22(2', 1)} for every (2/,t) € Gg
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(4.52) (0" E)pr e = 0" (Ei)pr e = {zi(a’, 1)} for every (2/,t) € G, i=1,2.
By Theorem B and by (3.14) of Theorem D, a Borel set S exists such that #"(S) =0 and

(4.53) vE (! y,t) = vBi (2! y, t) for (2/,y,t) € [0*ENd*E;\ SIN[(GENGEg,) x R,] .
Notice that, since orthogonal projections do not increase Hausdorff measure (see [AFP, Proposition 2.49]),

then £™(7m,-1,n41(5)) = 0.
We next claim that a subset R of 7,_1 41 (F)T exists such that £™(m,—1 n41(E)T\ R) = 0 and

vE (@ 2 (2!, 1),t) = vP (2!, 292!, 1), 1) i=1,...,n—1,t,
(4'54) I/E(x’ ~ ( 'O ) = E
(@ 2@l ), t) = —v (2, 22(2!, 1), 1)

for (2',t) € R. To verify this claim, recall from Theorem C that, since u € Wh(w x IR,) for every open
set w CC m,—1(Q), a subset V' of 8*E N (7a-1() x IRy, x IRJ) exists such that

(4.55) HP ([a*E N (7p-1(Q) X R, x RY)] \V) -0

and

(4 56) VE(wl y ) _ ( V1u(x/, y) Vn—lu($/7 y) Vyu(x’7 y) —1 )
' ’ JIHIVaE T VT HIVAE VI VR VT VP

for every (z',y,t) € V. Set Q = my_1,41([07E N (7,-1(Q2) x Ry x R\ V). Equation (4.55) entails
that £7(Q) = 0. Next, observe that

(4.57) (@, zi(a' 1), t) €V for £7-a.e. (2/,1) € moo1ap1 (B)T\ Q.

Indeed, owing to (4.51), the points (', z;(2',t),t), i = 1,2, belong to 9*F N (7,—1(Q) x R, x IRY) for
L'-ae. (2',1) € Tp_1 41 (E)T. Moreover, if (2/,1) € 7,_1,41(E)T \ Q, then both (2’ z(2',t),t) and
(2', 22(2',t),t) have to be in V, since if either of them belongs to [0*E N (7,1 () x IR, x RF)]\ 'V, then
(2',t) € Q. Equations (4.54) follow from (4.57), (4.56) and from (4.31)-(4.32) of Lemma 4.7.

Finally, from equation (3.8) applied to z; and 23, and from (4.51) we deduce that aset 7' C m,_1(Q) x R
exists such that £"((7,—1(Q) x RF)\ T) = 0 and

. Vizi(at) Vi—1zi(2't) -1 Vizi (2 1)
4.58) vFi(a!, z ’,t,t:—12< AV LAy 7 ’ )
(458) v,z ), ) = 1) NiEREE SNV VIEN G VIV
for (2',t) € T'. Now, set
Z =1t ()Y NNNGeNGr, NG, N ROTI\ ®ret ng1(9)

and notice that L™ (7,—1 n4+1(F)T\ Z) = 0. Combining (4.51), (4.52), (4.53), (4.54) and (4.58) we infer
that

i=1,2,

V21 (@' 1) + Vi pzo(2' 1) = 0
for (2/,t) € Z, and hence for L"-a.e. (2/,t) € Tp—1 n41(Sy)t. Consequently,
(4.59) Vo ib(a') =0 for L-a.e. (2/,1) € Tpo1n41(Su)™ -
On taking into account (4.33), equation (4.59) easily implies that
(4.60) Vib(z') =

for £ 1-a.e. ' € m,_1(Q). Thus, since b € W, (7,_1(Q)) and satisfies (4.60), and 7,_;(Q) is assumed
to be connected, then a constant k exists such that b(z') = k for L 1-a.e. 2’ € m,_1(Q) (see e.g. [Z,
Corollary 2.1.9]). Hence, (4.49) follows. o
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5 Functionals of the normal

The present section is devoted to the proofs of Theorems 2.7-2.9. The general scheme of these proofs is
analogous to that of corresponding results in the special case of perimeter contained in [CCF]. Several
steps, however, require substantially new arguments. We begin by recalling formulas for the approximate
gradient of the function (g, in the same spirit as (4.1)-(4.2), which are proved in [CCF, Lemmas 3.1, 3.2].

Lemma 5.1 Let U be an open subset of R™™! x IRy. Let F be a set of finite perimeter in U x IR, such
that L"THE N (U x Ry)) < +oo. Then (g € BV (U) and

(5.1) / W' t) dDil (2’ 1) :/ W' 1) dDiv e (', y, 1) i= 1 om—1.t,
U UxIRy

Jor every bounded Borel function 1 in U. In particular
[Dlp|(A) < |Dxp|(A x Ry)

Jor every Borel set A C U. Moreover, for L™-a.e. (2',t) € 7p_ynp1(E)TNU,

2! y,t)
5.2 Vilp(a't :/ VYD) a0 i=1,....,n—1,t.
> PED= o, WE g0 Y

Remark 5.2 An application of formulas (5.2) to E* yields, in particular, that

ES
(5.3) Vilp(a! t) = 20
vy

8*(Es)ml,t
for L7-a.e. (2/,t) € Tty (E)TNU.

The next two lemmas play a role, in the proof of Theorem 2.7, in dealing with the subset of 0" E* where
ES
vy =0.

Lemma 5.3 Let U be an open subset of R"™' x Ry. Let F : R™™! — [0, +00) be a convex function
satisfying (2.21) and (2.24), and let E be a set of finite perimeter in UxR, such that L" (EN(UxIR,)) <
4+oo. Then
s Dilg D, _1lg = Dig
PP d%”</F< 0, )dm
R T N T T R
E(0,...,0,1,0)[ Dyxpe] (A x R,)

(5.4) /
5*E*N(AxIRy)

for every Borel set A C U.
Proof. We may limit ourselves to consider the case where A is a bounded open set in (5.4). In this

case, we can find a sequence of functions {(;} from C'*°(A) such that £ (2',t) > 0 for every (2',t) € A
and every k € IN, {; — (g in L'(A), V{x L™ — D{g weakly* in A in the sense of measures, and

(5.5) / V0| da'dt — |DUs|(A) .
A
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Let us set, for k € N, Fy = {(2/,y,t) : (2/,t) € A, |y| < lx(a’,t)/2}. Then, vz, — xg= in L'(A x R,)
and a constant € exists such that

/ 0,12
|IDxE,|(Ax Ry) =P AXRy) = 2/ 1+ %dw'dt <2L7(A) —I—/ |V da'dt < C
A A

for every k € IN. Hence, one deduces that
(5.6) Dxg, — Dxgs weakly* in A X R, .

Our assumptions on F ensure that

(5.7) / VYA = 2 / FE)aur
9*En(AxTRy) 9*E=n(AxR})
§2/ FE vl 0, 0E a2 F(0,...,0,v57,0)dH"
g En(AxR}) g Esn(AxIRY)
Dixgs Dy_ixgs  Dixgs ) Jok
—2 ( 0, d|D s—|—2F0,...,0,1,0/ vE e,
AxRy \|Dxpg:| |DxE:| 15%:8 IDx| ( ) a*ESn(Ax]R"')| v |
Thanks to (5.6) and to a lower semicontinuity theorem by Reshetnyak (see e.g. [AFP, Theorem 2.38]),
we have that
Dixg- Dy_ixgs | Dixg: )
5.8 / F<7 0, d| Dy g
o axwg \Dxeel " Dl Dxeel) P
D D, _ D
< lim inf F( By - ZnodXEk o X ) d|Dyg,|
k—oo Jaxry  \|DXE,| |DXE, | |DXE, |
= lim inf F(ﬁk Lk L0, y,?k) dH" .
k—oo JarxEn(AxIRY)

Since £y is a smooth function for every k& € IN, then
2\ —1/2
\% Kk(ac t) (1 n |V€k| )
2 4
for every (2,y,1) € *Ex N (A x R ). Hence, combining (5.7)-(5.8) and recalling (3.4) yield

By

vk (2l y,t) = i=1,....,n—1,t,

(5.9) / FP)dnr!
9*En(AxRy)
Wl Y ‘
< lim inf F(L Vnoile o Vil )d%”
k=co JorEn(AxRY) \\/1+|VIg|?/ V1 VG4 T 1T+ V24

+2F(0,...,0, 1,0)/ wET| dH"
*Esn(AxIRY)

=liminf [ F(Vile,..., V10,0, Vily) dz'dt +2F(0,...,0,1,0)[Dyxp:|(A x R})
A

k— oo
Vidy Vi-1lr Vily ) '
= lim inf Ol da'dt +2F(0,...,0,1,0)|D,xg:|(A .
s <|wk| e e )1V O 2B, 0. L 0) Dy (4 < Ry )

Since VIR L™ — DKE weakly* and (5.5) holds, then a continuity theorem by Reshetnyak (see [AFP,
Theorem 2.39]) tells us that

Vily Vn—1fk Vtﬁk) , Dilg D, 1l = Ddg
5.10) lim inf ( 0, i dacdt:/ F( 0, )dm .
(5.10) Tim in VO] NG VG IV 4 \[Dlg] |Dlg| * [Dlg]| DLl

Inequality (5.4) follows from (5.9)-(5.10). a
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Lemma 5.4 Let U be an open subset of R"™' x Ry. Let F : R™™! — [0, +00) be a convex function
satisfying (2.21), and let F be a set of finite perimeter in U x IRy, such that L"TH(E N (Ux R,)) < 4oc.
Then

Dilg D, lg = Ddg B
5.11 /F( 0, )dm </ FOE, ... vE 0, uF\dH"
(5:11) 4 \|DIlg| | DU | DU IDls|< 9*En(AxR,) (v 100

for every Borel set A C U.

Proof. As in the proof of Lemma 5.3 we may assume, without loss of generality, that A is a bounded
open set. Since F'is a convex nonnegative function satisying (2.21), there exists a sequence {a;} with
a; € R™ such that

(5.12) F(&,oo060-1,0,8041) = sup{<04],€> } for every & € R",
JEN
where E = (&,..,&-1,841) € R™ and a; is defined analogously. From the representation formula
(5.12), we get that (see e.g. [AFP, Lemma 2.35])
Dy Dn_IEE DtEE) { Dig
5.13 /F( d|D(| = su / , Yt d|De }
543) L\ Dal Total  1bar ) 1P = 2 5 gy APt

where the supremum is extended over all finite sets J C IN and all families {A;},c; of pairwise disjoint
open subsets of A. Now, fix a family {A;};e7, fix j € J and define

. Dig
P =< (a't) e A (aj, ——(a',t >0}.
= e @ ket >

On making use of (5.1) we get
_ Dty . / . [”—1 Dilg DtﬁE]
P 1Dy = t Vo1 2E 41D
[, @ ) iD= [0 [ @)t + @ D
_ Z / (a)); xp, (2, £) Dyl (2", ) + / ()1 vP, (&, 1) dDylp (2, 1)

= Z/U 04] ; X P xIRy(JC y,t dDZXE—I-/ 04] n+1 XP; xIRy(JU y,t) dDixE.
xR
Hence, by (3.2), we infer that

Dl e o i
(5.14) / (@, 2B >+d|D£E|:/ P, <, (@, DF)dH g/ XA, (@7, DY AP
A, | Dl *E 9% E

From (5.12) and (5.14) one deduces that

Dty
5.15 / (6, —=Vtd|Dlg| < / FE P 0, 0F) dn”
( ) ]26;] 7 |D£ | ]26;] 8*EOA><]Ry 1 1 t)
g/ FE P 0,0F)dnr.
5*En(AxIRy)
Inequality (5.11) follows from (5.13) and (5.15). o
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Proof of Theorem 2.7. Let us first assume that LT (E N (U x R,)) < +oc.
Let Gg: be the set provided by Theorem D, with F replaced by F°. Given any Borel set A C U, define
Ay = A\ Ggs and Ay = ANGps. Inequalities (5.4) and (5.11), and assumption (2.24), yield

(5.16) PP dHr < / FWE) dH® + F(0,...,0,1,0)[Dyxi-| (A x R,).

/Q*ESO(Alx]Ry) 5*En(A; xIRy)

We have

(5.17) | Dyxm:s|(AixIR,) = / wE A = | HO((07E*) ) da'dt= [ HO (0 (E*),,)da'dt=0,
8*ESO(A1 XIRy) Ay Ay

where the first equality is due to (3.4), the second to the coarea formula (3.10), the third to equation (3.12),

which holds for £7-a.e. (2',t) € R"™' x R; and the fourth to the fact that £"(m,_1 .11 (F)T N A1) = 0.

From (5.16)-(5.17) we get

(5.18) PP dir < / PPy dur.

/Q*ESO(Alx]Ry) 5* EN(A; xRy)
As for Ay, we have the following chain of equalities and inequalities (below, G'g; is the set associated with
F as in Theorem D):

s
(5.19) F(VES)d%”:/ F(VES)|VES|d7-l” (by (2.21))
d*Esn(A2xIRy) |Vy )Y

/Q*ESO(AQXIRy)

= dw’dt/ F( " Yozt 1 v )d?—lo(y) (by (2.24) and formula (3.10))
A2 *(ES)‘r,yt |VyE‘s 3t |VyE‘s ) |VyE‘s| * *

= [ F(Vulg('t),...,Vao1lg(a' t),2,Vilg(a' t))ds'dt (by formulas (5.3))
Az

= F(Vilg(a't),...,Va1lg(z',t),2,Vilg(a' t))da'dt (since L(A\GE)=0)
AxNGp

vl vE vE
< | F(/ S, [ Ptae [ ae, | %d%o)dx’dt
AnGy \Jorm, V)] 0B, , vy | O*E, o* B, vy |

(by (5.2) and the isoperimetric inequality in IR)

vP vl vP
< / dw’dt/ F(—IE7 ey n; 1, LE) dH° (y) (by Jensen’s inequality)
AxNGp 8*E$/7t |Vy | |V |Vy |

5|

= F(Eyanr (by the coarea formula (3.10))
8*Eﬁ[(A2r1GE)><IRy]

F(2)dn™ .

<)
9*EN(AzxRy)

The conclusion follows from (5.18)-(5.19).

If the set E is such that (g < +oo L™-a.e. in U, then (2.25) is a straightforward consequence of what
we have already proved and of Lemma 5.5 below. Finally, if £ is a set of finite perimeter in IR"*!, the
isoperimetric inequality (see [AFP, Theorem 3.46]) implies that either F or IR"*!\ E has finite measure,
and in the latter case (2.26) immediately follows, since E? is equivalent to IR"*!, and hence 0*E* = ). O
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Lemma 5.5 Let U be an open subset of R"™ x IR; and let E be a set of finite perimeter in U X R,
such that (g(2',t) < +oo for L7-a.e. (2',t) € U. Then

(5.20) LY EN (U x Ry)) < 400
for every open set U' cC U.

Proof. Let us fix U’ CC U and set, for h € N, E}, = EN (U’ x (=h,h)). Thus, E}, is a set of finite
perimeter in U’ x IR, and, by (3.1),

(5.21) MELO (U xRy) C (0 EU{lyl=h}) 0 (U x R,) .

Therefore, since L™ (E, N (U’ x IR,)) < +o0, from the first part of the proof of Theorem 2.7, and from
(5.21),(3.3), (3.5) we have

(5.22) P((ER)* U x Ry) < P(ER; U xRy) < P(F;U xRy +2L7(U") .

Since we are assuming that (g (a’,t) < 400 for L-a.e. (2',t) € U, then x(g,-(2',y,t) — xg:(2',y,1) for
Ll ae. (2/,y,t) € U x Ry. Thus, X(Ep)s — XEs in LL (U' x Ry) and, by the lower semicontinuity of
the perimeter and by (5.22),

P(F* U x Ry) < ligri}ig;f P((ER)% U x Ry) < P(E;U x Ry) +2L™(U") .
This inequality ensures that E® is a set of finite perimeter in U’ x IR, and that
(5.23) / xg=divipde < P(E*;U' x IRy) < o0
U'x IR,

for every function ¢ € [C(U’" x R,)]"*! satisfying [|¢]|lcc < 1. Let us fix k € IN and choose @ =
0,...,0,9(y),0) in (5.23), where g is any function form C}(IR) fulfilling 0 < g(y) < 1 for y € IR and
vanishing outside (0, k). Thus,

Oola t Cp(')/2
(5.24) / g (M) da'dt = dw’dt/ ’ g'(y)dy < P(E* U x Ry) < 0.
' 2 Ut —lp(a't)/2

On approximating first X(07k)(y) monotonically by functions g as above, and then letting k go to 400, we

get from (5.24)

1
3 (g2 t)da'dt < P(E*;U' x R,) < oo,
U/

whence (5.20) immediately follows O
Proof of Theorem 2.8. Assumption (2.30) and inequality (2.25) entail that

(5.25) FE Y dH" = F(EydH"

/a*Esn(A2ny) /a*En(A2ny)

for every Borel subset Ay of A. Thus, by Lemma 5.5, on replacing, if necessary, A by AN U’, where
U' cC U, we may assume, without loss of generality, that LT (E N (U x IR,)) < +oc. Therefore, on
choosing A3 = ANGENGgs in (5.25), we get that all the inequalities in (5.19) hold, in fact, as equalities.

29



The first one, combined with assumption (2.27), ensures that H°(0*E, ;) = 2 for L -a.e. (2/,t) € Ay,
and hence for L"-a.e. (2/,t) € Tp—141(£)T N A. By the isoperimetric theorem in IR, assertion (2.31)
follows. If the second of the inequalities in (5.19) holds as an equality and (2.28), (2.29) are in force, then

ViE‘($/7y1($/7t)7t) ViE‘($/7y2($/7t)7t)

5.26 =
( ) |V5($/7y1($/7t)7t)| |V5($/792($/7t)7t)|

r=1,...,n—1,1,

for L7-a.e. (2',t) € Ay, and hence for L™a.e. (2/,t) € T 1 np1(E)T N A. Since [vP(2',y,t)] = 1 for
(2',y,t) € 0*L, equation (5.26) implies (2.32) and

(5.27) |1/f(ac’7 y1(2’, ), t)] = |1/f(ac’7 ya(a', 1), 1)]

for L™a.e. (2/,t) € Fu_1n41(E)T N A Equation (2.33) easily follows from (5.27), owing to (3.14),

Theorem D. O

The remaining part of this section is concerned with the proof of Theorem 2.9. The following two
lemmas deal with conditions (2.34)-(2.36).

Lemma 5.6 Let U be an open subset of R"™! x IRy. Let E be a set of finite perimeter in U x IR, and
let A be a Borel subset of U. Let F: R — [0, +00) be a Borel function. If

(5.28) H" ({(w’, y,t) € 0" : vE (2l y,t) =0} N (A x IRy)) =0,
then

(5.29) F(WEYdH™ =0  for every Borel subset A’ of A such that L"(A") = 0.

/Q*EO(A'XIRy)
Assume, in addition, that (2.34) is fulfilled. Then (5.29) implies (5.28).

Proof. Assume that F and A satisfy (5.28), and let A’ be as in (5.29). Then

1
E n E E n E n
F(v”)dH :/Q*E@X{ufgéo}n(A’ny)F(V vy | dH -l-/a*EX{yg:o}n(A/xmy)F(V ) dH

/Q*EO(A’XIRy)
E

F(v™)
Y ’dt/ ) 7d%”—|—/ FOE) dir,
Al x (a*E)mlth{ yEio} |VyE| {UZ/EZO}O(A/XIRZI) (V )

where the second equality holds because of the coarea formula (3.10). Hence, (5.29) follows, since
L7(A") =0 and (5.28) is in force.
Conversely, (5.29) and (2.34) imply that

(5.30) H ({vf =0} (A" x R,)) =0
for every A" as in (5.29). In particular, we may choose A’ = A\ G, where G is the set given by
Theorem D. Since 1/5 # 0 on Gg x Ry, then {1/5 =0}N(AxRy) = {1/5 =0}n (A" x R,). Hence, by

(5.30),
H ({vf =010 (A x Ry)}) =" ({vF = 0} (A" x Ry)}) = 0.
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Lemma 5.7 Let U be an open subset of R"™! x Ry. Let E be a set of finite perimeter in U x IR, and
let A be a Borel subset of U. Then (5.28) implies that

s

(5.31) H™ ({(x’, y,t) € O°F*: 1/5 (@' y,t) =0} N (A x IRy)) =0.
Conversely, if (2.30) and (2.34) are fulfilled, then (5.31) implies (5.28).

Proof. Assume that (5.28) is satisfied, and choose any convex function F: R"** — [0, +00) satisfying
(2.21), (2.24) and (2.34) (e.g. F(§) = |¢]). By Lemma 5.6, F(P)dH™ = 0 for every Borel
O*EN(A'xIRy)
set A" C A such that £"(A’) = 0. Inequality (2.25) ensures that F(P)dH™ = 0 as well.
a*Bsn(A'xIRy)

Owing to Lemma 5.6, equation (5.31) follows.

In order to establish the reverse implication, observe that, if (2.30) holds, then, by (2.25), we have in fact
that
(5.32)

FE)ydy" = FP )y dur

/Q*EO(A’XIRy) /Q*ESO(A’XIRy)

for every Borel set A’ C A. Lemma 5.6 applied to F*, and equations (5.31)-(5.32) imply that

(5.33) FEydnr = F(E Y dH" =0

/Q*EO(A’X]Ry) /Q*ESO(A’X]Ry)

for every Borel set A" C A such that £"(A’) = 0. Owing to (2.34), equation (5.33) yields (5.28), via
Lemma 5.6. 0

The purpose of Lemma 5.8 below is to show that, if F is any set of finite perimeter in U X IR,, satisfying
(2.36) and (2.31) for some open set U C IR"™' xIR,, and F is a convex function as in Theorem 2.7, then the

functional F(vPYdH™ is invariant under polarization (also called two-point symmetrization)
9*En(UxIRy)

of E' about any hyperplane of the form {y = A}, with A € IR. This result plays a role in the proof of

Theorem 2.9, in the case where F is not necessarily bounded along the y-axis.

Lemma 5.8 Let U be an open subset of R"™! x Ry. Let E be a set of finite perimeter in U x R,
having the property that there exist two functions yy,y2 : U — IR such that, for L™-a.e. (2',t) € U,
yi(2',t) <wya(a',t) and B,y is equivalent to (y1(2',t),y2(2',t)). Given any X € R, set

gr (2, 1) = max{y; (', ) =X\, A—ga(a’, )}, D5 (2, 1) = max{A—yi (2, 1), ya(a’, 1) = A}
for (a',t) € U, and
(5.34) Eoy =@ y,t): (&',0) €U and G (2',0) <y < 53 (s 1)} .
Then E(A) is a set of finite perimeter in U X IR, and

(5.35) = (5.

{~
0N

Assume, in addition, that (2.36) is fulfilled. Then the same condition is fulfilled with E replaced by E(A),
and

(5.36)

FEo) apr = / FP) dir.

/Q*E(X)O(UXIP%) 5*En(U xRy)

Moreover, if E satisfies (2.37), then the same condition is satisfied with E replaced by E(A).
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Proof. We assume that A = 0, the other cases being completely analogous, and denote 77, 75 and
E( ) simply by 71, 72 and E. We may also assume, without loss of generality that, for every (2/,¢) € U,
yr(2,t) < ya(2',t) and Epy = (yi(2/,t), yo(a’ 7t)). Definition (5.34) immediately implies (5.35), and
hence the assertion concerning (2.37) trivially follows.

Now, define F = {(2',y,t) : (¢, —y,t) € EF} and observe that

(5.37) E is equivalent to {(EU E)n (U x (RS U {0}))} U {(Eﬂ E)U (U x IR;)} .

Thus, E is a set of finite perimeter in U’ x IR, for every open set U’ CC U. Moreover, from (5.37) and
(3.1) we infer that 9ME c 9M(EUE)U G(Eﬂ E)U{y=0} c ?MEUIMEU{y =0}, whence condition
(2.36) for E easily follows, owing to the same condition for £ and to (3.5).

Let us prove (5.36). Let G'g, GE’ and GE be the subsets of U associated with F, E and E as in Theorem
D. Clearly Gg = GE' Set G =GN GE' Then

(5.39) (O )y = 0 (Ews), (07 E)yy = 0°(Ewrg), (0°E)y = 07 (Eary)

for every (2/,t) € G. By the very definition of E, either Exlj = Fgy, or El,/ﬂf = Ex/7t. Thus, equations
(5.38) imply that

(5.39) cither (9*E)py = (0" E)py or (9°E)py = (0*E)w, for each (2',t) € G.

By (5.39), by (2.36) for E, and by the coarea formula (3.10), we have that E is, in fact, a set of finite
perimeter in U x IR,. We claim that there exists a set N C IR"*! such that H"(N) = 0 and

5.0 V(2! g, t) = vP (2!, y, t) if (e yt) € (PENOEN(UXR,))\N
' vE (2! y,t) = vE (2!, y,t) if (2 y,t)€ (G*EQG*EQ UxIR, )
Actually, the fact that (5.40) holds with the equalities replaced by I/E = +vF and v¥ = £0F is a conse-

quence of Theorem B. On the other hand, if (2/,y,t) € #*ENJ*E, namely if E, ( (@ 1), ya(2’ 1)) =

Ep¢then  lim  y%(2',y,t)=1land lim x%(2',y,t) = 1, whence, by (3.14), 5( Jyr(alt),t) >
y—=y (o7, 0)+F y—=y2 (a't)= B

0 and 1/5(96’, y2(2',t),t) < 0. Thus, the first equality in (5.40) holds true. An analogous argument proves
the second equality in (5.40) when (2/,y,t) € 9*E N d*E. From (5.40) we get that

(541) { V€($/7-7t) = V€($/7-7t) Zf (wlvt) € (G\ﬂ-n—lm-l-l(N))mﬂ-n-LN-l-l(a*é’ﬂa*?)
VE(wlv *y t) = VE(xlv *y t) Zf ($/7 t) € (G\ﬂ-n—lm-l-l(N)) O Tpetn41 (8*E N 8*E) )

where 7,1 n41 (V) satisfies L7 (7,1 n4+1(N)) = 0. Thus,

~

pPyan = | P

da'dt / R ~—dH’
G\7Tp—1,n+1(N) O*(Eyr ) |VyE|

F(ﬁ)d%nz/ )

/a*ﬁn(Ux]Ry) *EN((G\Tn_1ns1(N))xIRy)

Bt = (ot
=y PO G 0.0)
G\ Tp—1,n+1( | m

vE (!, Gi(at, 1), )]

F E
d ’dt/ (’; Vo = FP)du".
G\ntng1 (N) (B, vy P EN(UXIR,)
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Note that the first equality is due to (2.36) with F replaced by E, to Lemma 5.6 and to the fact
that £ ((mp—1,011(E)T NU)\ (G\7p—1.n41(N))) = 0; the second is an application of the coarea for-

mula (3.10); the fourth is a consequence of (5.39), (5.41) and of the fact that if Ex',t = FE,, then
V]E(x’,yi(x’,t),t) = V]E(x’, —yi(2't),t) (j=1,...,n—1,t) and Vf(x’,yi(w’,t),t) :—1/5(96’, —yi(2/,t),t)
for i = 1,2 and for (2/,t) € G; the fifth is due to the first three equalities applied with E replaced by F.

O

Proof of Theorem 2.9. Owing to Theorem 2.8, we may assume, without loss of generality, that there
exist functions yq,y2 : U — IR such that

(5.42) yi(a't) <yo(a'st) and Epy= (yi(2', 1), y2(2, 1))

for every (2',t) € U. The set E satisfies (2.37) and, by Lemma 5.7, it certainly satisfies (2.36) as well.
Suppose, for a moment, that F fulfills the additional assumption that a constant k exists such that

(5.43) either y; (2',t) < k for L-a.e. (2/,t) € U, or yo(2a',t) > k for L7-a.e. (2/,t) € U.

Lemma 3.3 of [CCF] ensures that, under (5.42), (2.36), (2.37) and (5.43), the functions y1,y, € WLH(U).
Let us define

E'={("y,t): (@', t) €U, y> (' 1)}
E*={(@' y,t): (@', t) €U, y<ya(a,t)}.

Then, by Theorem A, both F'l and E? are sets of finite perimeter in U’ x R, for every open set U’ CC U.
The same argument as in the proof of Theorem 2.2 tells us that (4.51), (4.52), (4.53), (4.54) and (4.58)
are fulfilled , with F4, F; replaced by F!, F? and with 21, z; replaced by y1, y2, for L™-a.e. (a',t) € U.
Notice that, after these replacements, equations (4.54) turn into (2.32)-(2.33) of Theorem 2.8. We can
thus conclude that

(5.44) Vy(2',t) + Vyz(a', 1) =0 for L7-a.e. (2/,t) € U.

Since, y1, ¥y € I/Vli)’cl(U)7 equation (5.44) entails that, for every connected component U, of U, a constant
¢, exists such that

yr (2’ t) + y2 (2’ t) = ¢, for L™a.e. (2',t) € U,,

and hence the conclusion follows. R
We have now to remove assumption (5.43). Given any A € IR, let F(,) be the set defined as in (5.34).

Thanks to Lemma 5.8, the set E(A) is of finite perimeter in U X R, and (2.36)-(2.37) are satisfied with

FE replaced by E(A); the additional assumption (5.43) is also satisfied with yy, y2 replaced by 77, 75, since
Uy (2',t) > 0 f for (2',t) € U. Furthermore

/ . FE®) dH = / F2) dur
9% E(,)N(UxIRy) a* BA(UxIRy)
_ FE ) dur = / ) F By ann
a*B=n(Ux1Ry) 9% (E(x)*N(U xRy)
where the first equality is due to (5.36), the second to (2.30) and to (2.25), and the third to the fact that
E? = (E(y))*. Thus, from Theorem 2.8, we infer that (2.32)-(2.33) are fulfilled, with I replaced by F(y)

33



and y;, yo replaced by g7, 73, for L-a.e. (a/,t) € U (notice that 7, 1 ,41(E)* N U is equivalent to U,
owing to (2.37)). Thus, the same argument as above can be applied to conclude that, for each connected
component U, of U, a constant ¢, ) exists such that

(5.45) U’ ) + 7y (2, 1) = can for L™a.e. (2/,t) € U,.

Choosing any two different values of A in (5.45) easily entails that y; (2, t) + y2 (2, ) has to be constant
L7-a.e. in U. The proof is complete. O

6 Functionals of BV functions

Here, we accomplish the proofs of Theorems 2.4 and 2.5. The former relies upon Theorem 2.7 and
Proposition 2.6. The proof of this proposition makes use of Theorem F below, an easy consequence of

well known relaxation results for integral functionals depending on BV functions — see e.g. [But] and
[AFP, Theorem 5.47].

Theorem F Let [ be a convex function satisfying (2.14). Let Q be an open subset of R™, and let J; be
the functional defined as in (2.15). If w € BV (Q) and {uy} is any sequence in BV (Q) such that vy, — u
in LL (Q), then

loc

1 ;) < lim inf Q).
(6.1) Sy (w3 2) < lim inf Ty (ug; 2)
Moreover, for every uw € BV (), there exists a sequence {up} in C1(Q) such that up, — u in L () and

Jr(u; Q)= lm  Jy(up; Q).

h—+co
The next result tells us how properties of the integrand f are inherited by F}.

Lemma 6.1 Let f : IR" — [0,400) be a convex function vanishing at 0. Then, the function Fy defined
by (2.22) is a convex function satisfying (2.21). If, in addition, f satisfies the same assumptions as in
Theorem 2.5, then Fy satisfies (2.24), (2.27) and (2.28) with K = R"™! x (R; U {0}).

Proof.
Since fis a convex function such that f(0) = 0, then (4.25) holds with b; < 0 for every j € IN. Therefore,

= SUP{Z a] &+ b gn-l-l)—l_}

JEN

for every ¢ € R™!. Thus, F is a convex function satisfying (2.21). If f satisfies also (2.6), then we infer
from (4.26) that,

—sup{z (07)i& + (bi&nr1)*, (@i + (bi&nr1) T},

JEN =1

for every € € IR"T!. Hence, (2.24) follows. The remaining assertions follow by elementary considerations.
O
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Proof of Proposition 2.6. Since S, C R” x R}, then 9*S, N (2 x R;) = §. Moreover, 5 (2/,y,0) =
(0,...,0,1) for H"-a.e. (2',y,0) € 0*S,N{t = 0}, by Theorem B, and F;(v°*) = 0 for the same (2', y,0),
since f(0) = 0. Thus, for every Borel set B C €,

Ff (1/5“) dH" = Ff (1/5“) dH" .

/a*Sun(Bx]Rt) /a*sum(BxlF{j)

Similarly, we have

Ff (1/5“) dH" = Ff (I/SJ) dH" .

/Q*SJO(BX]Rt) /a*sgn(Bij)

Consequently, by (3.9),

(6.2) Fr(vS) di™ = Fr(v57) dH™.

/a*sun(BxIRt) /Q*SJO(BX]Rt)

Let us first assume that u € W22 (Q).
By Theorem C, v5*(2',y,t) < 0 for for H*-a.e. (2/,y,t) € 9*S;. Thus, owing to formulas (3.8) and to
the coarea formula (3.10),

S, S
2NN

5Ty d = | o)) T e

(6.3) ] (e
5*S; N(BxRy) —p

/Q*SJO(BX]Rt)

- [V ST | dnr = / F(Vu)de = J(u; B .
9*S;(BxRe) B

Equation (2.23) is established.
Let us next take into account the case where u € BVj,.(€2) and let us fix an open set ' CC Q. By

Theorem F applied with f(&) = /1 + |¢[?, we may choose a sequence of functions u; € C1(€') such that
up — win L (') and

/ 5 N
(6.4) /Q/ L+ |Vu|?dz + |D u|(Q)_hh_>r20/Q/ 14 |Vuy|2de .

Denote, for simplicity, S,, by &, , and observe that Xsm = Xs; in L] (' x IR;) and that, owing to
(6.4), Dxg- = Dxs; weakly* in Q' xR, and |DX$;|(Q’ X Ry) = [Dxs-[(2" x R¢) as h — oo. From
(6.1) and from the continuity theorem of Reshetnyak ([AFP, Theorem 2.39]) we get
(6.5) Jp(w; Q) < liminf Jg(up; Q) = lim inf Fr (050 ) dH™

h—0c0 h=roo Jo*Sn(Q'xRy)

= Fy (v ) dH" =

/ Fr(vSe) di™ .
5* ST (0 xRy 5% S, N(Q'xRy)

In order to prove the reverse inequality, fix any ¢ > 0 and apply Theorem I with f.(§) = f(&) + <[¢].
Thus a sequence {uy,} of functions from C'(B) can be chosen in such a way that up — w in L{ _(B) and

LON T .0/
(6.6) Jr.(w Q) = lim Jy, (up; ).

Since f.(&) > ¢|¢| for every t > 0, then (6.6) entails that the sequence |Vuy| is bounded in L1(€'). Hence,
by Theorem A, on passing if necessary to a subsequence, we may assume that Dys— — Dyq— weakly*
h u
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in Q' x Ry, where S, is defined as above. Thus, from (6.6) and from the semicontinuity theorem of
Reshetnyak (JAFP, Theorem 2.38]) we deduce that

(6.7) / Fr (v« ) dH™ < lim inf Fr (vSn ) dH" = lim Jg, (up; Q) = Jp(u; Q)
3*Sy N(Q' xIRy) h=roo Jo*8 n(Q xRy) h—roo

On letting ¢ go to 01, we immediately get from (6.7) and (6.2) that

(6.8) Fr(v®) dH™ < J(u; Q).

/a*sun(Q'xIRt)

Equation (2.23) with B = €’ follows from (6.5) and (6.8). The general case where B is any Borel set in
Q follows by approximation. O

Proof of Theorem 2.4. We shall prove that if B is any Borel subset of 7,_1(2), then
(6.9) Jr(u®; B x Ry) < Jsf(u; B X Ry),

where we are again denoting ug by wu.

First, notice that if  is any nonnegative function from BV ,(€), then v* € BV (wxIR,) for every open set
w CC m,—1(9). Indeed, since u € BV (wx1R,), then there exists a sequence {uy,} of nonnegative functions
up, € CH(w x Ry), such that u;, — win LY(U x IR,) and such that lim / |Vup|de = [Dul(w x Ry).

h—0c0 WXIRy

Thus, by the continuity of Steiner symmetrization ([K1, pag 23]), uf — u® in L' (U x IR,)) and, by (4.16),
the sequence / |Vuj|dz is bounded. Hence, one infers that v® € BV (w x R,).

wxR

Let us next establish (6.9) under the assumption that u has compact support in Q. By Theorem A, S,
is a set of finite perimeter in IR”*!. Thus, by Proposition 2.6, Theorem 2.7 and (2.4),

Jf(us;BXIRy):/ Ff(l/sus)d?lng/ Fy(v®) dH" = J;(u; B x R,)
9*S,sN(BXxRy xIR¢) 9*Sy,N(B xRy xRy)

for every Borel set B C 7,_1(2). Inequality (6.9) follows.

Finally, consider the general case where u is any nonnegative function from BVj ,(2). Fixed any open
set w CC m,—1(9), choose any function ¢ € C'(IR"™!) having compact support in 7,_; () and such that
¢ =11in B, and any function 5 € C§(IR) such that n(y) = 1 in [~1,1]. Define the function v in IR™ as

v = up and, for h € IN, the functions vy, as vy (z’,y) = v(x’,y)n(%). Since v € BV (IR") and v, — v in

LY(IR™), then
(6.10) Jr(u'iw x Ry) = Js(v%5w x Ry) < li}fggf Jr(vpiw X IRy) .

Moreover, it is easily verified that |D(v — vy)|(IR") — 0 as h — oo. Thus,

(6.11) liffri}ngf(vh;w X Ry) =Js(vswx Ry) = Jp(u;w x Ry) .

Inequality (6.9) with B = w follows from (6.10), (6.11) and from the same inequality for v,. The general
case where B is a Borel set can be derived by approximation. O
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We now pass to the proof of Theorem 2.5. The next result plays an analogous role as Lemma 4.7 in
Section 4.

Lemma 6.2 Let f be as in Theorem 2.5. Let Q be an open subset of R™ satisfying (2.10) and let
u be a nonnegative function from BVy,(Q) satisfying (2.19). Then there exist two functions yi,ys :
Tn—1n+1(Su)t — R such that, for L™-a.e. (2',t) € Tp_1,n+1(Su)™,

(6.12) (Su)wr s is equivalent to (yi(2',t), y2(2', 1))
(6.13) v (! g (2, 8), ) = v (2!, ya (2, 1), 1) i=1,...,n—1,t
(6.14) v (@l (2l ), 1) = =15 (2!, 2 (27, 1), 1) .

Proof. Combining (2.19) and (6.9) tells us that equality holds in (6.9) for every Borel set B C 7,1 (12).
Given any open set w CC 7,_1(f), let ¢ be any smooth function in IR"™!, compactly supported in
Tn—1(§2), and such that ¢ =1 in w. Thus, defined v in IR™ as v = ugyp, we have that

Jr(v¥iw x Ry) = Jp(v;w X Ry) .
Thus, by Proposition 2.6,

(6.15) FuS) dH" = / FS) dH” .

/Q*Svsn(waRnyRt) 9*Sy (wxIRy xIR¢)

Since v is a nonnegative function from BV (IR") which, owing to (2.10), has compact support, then &, is
a set of finite perimeter in IR**!. By Theorem C,

Sy Sy Sy
(6.16) (”1 i e L) ) € R™ % (R; U{0}) Hr-ae. on 9*S,N(IR™ xR, xIR}) .

R 7AW

By (6.15)—(6.16) and by Lemma 6.1, the conclusion follows from Theorem 2.8, thanks to the arbitrariness
of w. a

The BV counterpart of lemma of Lemma 4.8, contained in Lemma 6.4 below, requires the following
result.

Lemma 6.3 Let u be a nonnegative function from BVy ,(Q) satisfying the conclusion of Lemma 6.2.

Assume, in addition, that u fulfills (2.8). Then, for L' -a.e. 2’ € 7, 1(Q),

Xy, 115 8) Xoy,, 2", 1))

(6.17) IVyu(a, yi (2, 1) |Vyu(a!, y2(2',1))]

for L1-a.e. t € (0, M(')).

Proof. Our assumption on u ensures that there exists a subset GG of 7,1 () satisfying £~ (7,1 (Q)\G)
= 0 and such that, for every 2’ € G, M (') > 0 and (6.12)-(6.14) hold for L1-a.e. ¢ € (0, M (z)). Thus, on
setting L = (G X R ) N 7mu_1.011(Su) T, we have that, for £L-a.e. (2/,t) € L, the set (S,) ., is equivalent
to (y1(2’ 1), yo(2', 1)) and (0*Sy)wr e = {y1 (2, 1), y2(2’, 1) }. Hence, we deduce that

(6.18) Tn—1n+1(0"Sy) N L is equivalent to L.
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By Theorem C, there exists a Borel subset P of 0*S,N(D, xR} ) such that H"((0*S,N (P, xRF))\P) = 0

and
(6.19) S (2! y. ) = ( Viu(z',y) Vn_lu(x’7y)‘ Vyu(a',y) 1 )
e VIFIVAE T T Va2 VT Va2 1+ [Va]?

for every (2’,y,t) € P, and there exists a Borel subset () of 0*S, N ((2\D,) X IR;") such that ™ ((9*S, N
(Q\ D) x RF)))\ Q) = 0 and

(6.20) vou (2 y,t) =0 for every (z',y,t) € Q.

Notice that
(6.21) Tn—1n+1(PUQ) N L is equivalent to L,

as a consequence of the fact that m,_1 ,41(0*Sy) \ Tro1 41 (PUQ) C et 41 (0*Sy \ (PUQ)), of the
fact that £ (7,-1 0,41 (0S8, \ (PUQ))) = 0 and of (6.18). Obviously, (6.21) implies that

(6.22) (Tn—1n41(P) N L) U (7p—1 41 (Q) N L) is equivalent to L.

Owing to (6.22) and to (4.33), we have that (2/,t) € (Fp-14+1(P) N L) U(Tp—1,n41(Q) N L) for L1
a.e. 2/ € GG and for L'a.e. t € (0, M(2'). Fix any such 2’. Then, for L'-a.e. t € (0, M(2')) satisfying
(2',t) € mp_1 41 (P)NL, we have, by (6.19)-(6.20) and (6.13), that either (2, y; (2’, 1), ) (2, y2(2', 1), 1) €
O*S.N(DF xIRF), or (', y1 (2, 1), 1), (', y2(2', 1), 1) € 9*S.N (DY xIR}). Hence, either y; (2/,t), ya(2', 1) €
(D) or yi(2',t), y2(2',t) € (DY), and, thanks to (6.14), equation (6.17) holds. On the other hand, for
Ll-a.e. t € (0, M(2')) such that (2/,t) € Tp_1,,+1(Q) N L, we have by (6.19)-(6.20) and (6.13) that both
(2’ y1 (2, 1), t) and (2',y2(2’, ), ) belong to 9*S, N ((Q\ Dy) x RY), whence yy (a', 1), y2(2',t) & (Du)ur,
and (6.17) holds also in this case. O

Lemma 6.4 Let [ be as in Theorem 2.5. Let Q) be an open subset of IR™ and let v be a nonnegative
function from BV, ,(Q) satisfying (2.8) and (2.19). Let yy,ys be the functions appearing in Lemma 6.2.
Then there exists a function b : 7,_1 () — R such that, for L" '-a.e. 2’ € 7,_1(Q),

%(91(96/70 +y2(2', 1)) = b(a)) for Ll-a.e. t € (0, M (")) .

Proof. On adopting the same notations and proceeding along the same lines as in the proof of Lemma
4.8, one arrives at

(6:23) e (0) = £ (DD 0 {ef" > 1}) + £ (D)o 0 ot > 13)
=L ((Di)x/ n{vf > t}) = L' (DH) e n{u@', ) > 3N L) i=1,2,

for £ t-a.e. 2’ € m,-1(). Notice that the second equality in (6.23) holds because of (4.39). Owing to
(3.17), we have that |D*v¥'|L(Dy), = 0 for £* *-a.e. 2’ € 7,_1(Q). Hence,

X u(z!, ' y /
(620) [ ~letr2iom )I()d|Dv§”|
L [Vyul

X{u(z',-)*>t}n(D y>t3(DE) (¥) /
. d|D“ l’|+/ d|D* |
/ Vyu | |Vy ul

_ [ XMu@ ) >t0(0f), ‘_ & ‘ _ ol Y . C_
= [ SR S ) dy = £ (P 0 e ) > 00 i= 12,
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for £ ae. 2’ € m,_1(Q). An application of the coarea formula (3.6) yields

Xl Y* Y ' M(z') Xz )* Ay
025 [ M >0, >d|va|:/ o[ Mt >0 W) o0
I 0 I,ﬂa*{vf >T}

|V yul |V yul
_ /M(x’) dr/ X{u(x/7.)*>t}n(p1‘l')ml(y) () |
0 Lno*{u(z',-)>7} |Vyu|
for L7 1-a.e. 2’ € m,_1(Q). Observe that
M{u(z', ) >} n Cugary CHul@’, )" =7} forr >0,
and hence, by (3.5),
O {u(a’,-) > 13N Cypy C {ula’, )" =7} for Ll-ae. 7> 0.

Thus, since (D), C (Dy)yr C (Cu)er and since, by (3.15), (Ch)pr C Cyar,y for L7 -ace. 2" € 7, 1(Q),
then, for £ 1-ae. 2’ € 7,_1(Q), the set {u(z’,-)* > ¢t} NI {u(a’,-) > 7} N (D), equals F*{u(a’,-) >
73N (DF), for Ll-ae. 7 € (t,00) and is empty for Ll-a.e. 7 € (0,¢]. Consequently,

(6.26) /M(l")dT/ Xfu(e',) > 0003, (W) dHO (y) = /M(l’,)dT/ Md?—lo(y)
0 Lno*{u(z!,/)>7} |vyu| t Lno*{u(a’,-)>7} |Vyu|

for £Lr71ae. 2’ € 7,—1(Q). Combining (6.23)-(6.26) and recalling (6.12) yield that, for £ 1-a.e.
a! € 7771—1(9)7

M(a') Xpty, ) M) Xpty, (4i(2', 7))
6.27 1) = / dT/ uim/d,]-[o = / u /ol dr 1 = 1727
( ) 'uvi ( ) t Lna*{u(z', ) >} |Vyu| (y) t |vyu($/7 yi($/7 T))|

for t € (0, M (2")). Thanks to (6.17), the conclusion follows from (6.27) as in Lemma 4.8. o

Proof of Theorem 2.5. Lemmas 4.9 and 4.10 continue to hold, with exactly the same proof, also if
u € BVy,(2). Thus, after replacing Lemmas 4.7 and 4.8 by Lemmas 6.2 and 6.3, respectively, the proof
of the present theorem follows along the same lines as that of Theorem 2.2. The only difference is that
equations (4.54) do not even require a proof, since they agree with (6.13)-(6.14). o
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