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Abstract

The dynamics of atmospheric disturbances are often described in terms of displacements
of air parcels relative to their locations in a notional background state. Modified Lagrangian
Mean (MLM) states have been proposed by M. E. McIntyre using the Lagrangian conserved
variables potential vorticity and potential temperature to label air masses in the instantaneous
3-D atmospheric state, and then rearranging air masses sandwiched between potential vorticity
contours in potential temperature layers so that they are zonally symmetric. Methven and
Berrisford used conservation of Kelvin’s circulation to define the distribution of MLM state
mass in zonal angular momentum (z) and potential temperature (6) coordinates given 3-D
global data. We prove that for any such mass distribution in (z,6) there exists a mapping to
a unique mass distribution in geophysical coordinates (latitude and pressure) which minimises
energy and completely defines the MLM state in a single hemisphere. Since the state is an
energy minimumn, it is suitable for quantification of finite amplitude disturbances and examining
atmospheric instability. This state is obtained by solving a free surface problem, which we
frame as the minimisation of an optimal transport cost over a class of source measures. The
solution consists of a source measure, encoding surface pressure, and an optimal transport map,
connecting the distribution of mass in geophysical coordinates to the known distribution of mass
in (z,0). We show that this problem reduces to an optimal transport problem with a known
source measure, which has a numerically feasible discretisation, and we present a numerical
solution using atmospheric reanalysis data. Additionally, our results hold for a large class of
cost functions, and generalise analogous results on free surface variants of the semi-geostrophic
equations.

1 Introduction

The dynamics of atmospheric disturbances and geophysical fluid instability are often described in
terms of displacements of air parcels relative to a notional background state. Such disturbances
include large amplitude waves, vortices, and other weather systems. In [23], Modified Lagrangian
Mean (MLM) states were proposed as a suitable choice of background state by using the conserved
variables potential vorticity (¢) and potential temperature (6) to label air parcels, thus avoiding the
need to calculate 3-D trajectories explicitly to measure disturbance activity. In a chaotic dynamical
system, neighbouring trajectories separate exponentially on average, rendering them sensitive to
initial conditions and increasingly complex and infeasible to calculate, even numerically, while ¢
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and 6 can typically be calculated from instantaneous data. The MLM state is then defined as an
adiabatic rearrangement of the 3-D state so that potential vorticity contours on each #-isosurface
are zonally symmetric, reducing dimensions to a latitudinal-vertical cross-section. The authors
of [27] obtained a zonally-symmetric MLM state numerically from global atmospheric (3D) data
by calculating mass and circulation integrals as functionals of ¢ and 6. Since these integrals are
conserved for adiabatic, frictionless flows, the MLM state is obtained as a zonally-symmetric flow
with the same integrals as the 3-D state which is sufficient to specify the distribution of mass in the
conserved variable coordinates defined by zonal angular momentum (z) and 6. In the current work,
we prove the existence, uniqueness and stability (with respect to input data) of the MLM state in
geophysical coordinates (latitude and pressure) with the minimum energy, given this distribution of
mass in conserved variable coordinates (z,6). In this way, the MLM state is uniquely defined from
the 3-D atmospheric state, as the energy-minimising zonally-symmetric adiabatic rearrangement
of fluid parcels. We achieve this by adapting the framework set out in [7, Section 4.5] without
restricting our analysis to incompressible flows. This provides a rigorous principle by which to
select a unique background state of the atmosphere suitable for the examination of fluid dynamical
instability.

We phrase the problem of finding energy-minimising MLM states as the minimisation of an
optimal transport cost over a suitable space of source measures (u) for a given target measure
(v). In the language of optimal transport, the source space corresponds to geophysical coordinates
(latitude and pressure) and the target space is defined by the conserved variable coordinates (z, 6).
In physical terms, the optimal transport solution maps the mass from the target space (distribution
taken as given) into the source space, while also minimising a cost which is shown to be equal to
the energy of the state.

We now describe the general mathematical problem that we study, our main results, and their
interpretation in the context of finding energy minimising MLM states. For more detail on this
interpretation see Section 1.3 and Figure 1. Let d € N, d > 1, and let B ¢ R%! be compact.
Define the source space X := B x [0, +00). For a probability density p defined on B, define the set

X5 ={(s,p) € X : 0<p<p(s)}

That is, Xj is the intersection of the subgraph of p with the upper half-space. Let p; be the
restriction of the Lebesgue measure to X, and let v be a probability measure on R? with support
contained in a compact set Y C R%. For a cost function ¢ : RY x R? — R denote by To(up, v) the
optimal transport cost from p; to v for the cost c. We study the minimisation problem

arg min T (pp, V). (1)
PEPac(B)

Here, Pa(B) is the space of probability measures on B that are absolutely continuous with respect
to the (d — 1)-dimensional Lebesgue measure, and we conflate a measure in P,.(B) with its density.

In the setting of MLM states, d = 2, the coordinates s and p of the source space X represent sine-
of-latitude and pressure, respectively, and the set B is a compact interval. The measure v represents
the mass distribution over the space of zonal angular momentum and potential temperature of the
atmosphere at an instant in time. An MLM state is determined by a latitude-dependent probability
density p, representing zonally-symmetric surface pressure, and an admissible transport map from
iy to v, representing an zonally-symmetric mass-preserving rearrangement of the zonal angular
momentum and potential temperature of the full state. From a physical perspective, the optimal
transport map relates air parcels and their conserved properties, given by the parcel locations in
(z,0), to their distribution in geophysical coordinates. The cost function ¢ defined by (13) represents
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Figure 1: Schematic diagram of an MLM state at an instant in time. The measure v represents
the distribution of mass in the space of zonal angular momentum z and potential temperature
6. It is assumed to have support contained in a compact set Y C (0,+00)2. The source space
X = [e0,1 — €1] x [0,400) has coordinates s = sin(¢), where ¢ is latitude, and pressure p. The
constants g, €1 > 0 exclude the pole and the equator. The surface pressure p is a function of s
and is an unknown of the problem. It determines the measure y; as the restriction of the Lebesgue
measure to the set X3. Zonal angular momentum Z and potential temperature © are unknown
scalar functions of (s,p). The triple (p,Z,0) is an MLM state for v if (Z,0) is an admissible

transport map from u; to v.

the sum of kinetic energy and enthalpy, and the corresponding transport cost is the energy of the
MLM state. Assumptions 2.1 and 2.6 are both satisfied by ¢, so our results establish a rigorous
principle uniquely selecting MLM states based on energy minimisation.

Our main result is that for a large class of cost functions ¢ (Assumption 2.1), the minimisation
problem (1) has a unique solution p, which has continuous density (Theorem 3.10), and can be
recovered by solving an optimal transport problem with a known source measure, an adjusted
target measure and an extended cost function (see Theorem 5.1 and Figure 2). We use this to
derive a numerically tractable discretisation of (1); see Corollary 5.3. Moreover, for target measures
v with common compact support, we show that the set of all such solutions is uniformly bounded
and equicontinous, and that solutions are stable with respect to v (Theorem 4.1). Our existence,
uniqueness and stability results generalise analogous results obtained for cost functions defining free
surface variants of the semi-geostrophic equations [6, 8, 10] and a model for axisymmetric vortices
[13], which rely on the use of convex potentials and their relation to optimal transport with the
quadratic cost.

1.1 Motivation and physical problem statement

Considering atmospheric disturbances as perturbations from a background state, wave activity
conservation laws, which describe how disturbance amplitude can propagate from one location to
another, have been obtained for arbitrary large amplitude disturbances provided that the flow is
adiabatic and frictionless and the background state is itself a solution of the equations of motion
[24]. The laws are derived using Lagrangian conservation properties of fluid dynamics to label air
masses. For global atmospheric dynamics on the sphere, as modelled by the primitive equations,
these labels are potential temperature (6) and Ertel potential vorticity (g).

Modified Lagrangian Mean (MLM) states [23] are background states of the atmosphere defined
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Figure 2: Reduction of Problem 2.4 to the optimal transport problem between the ‘extended’ source
measure fext = LIL (B x [0, P]) and the ‘extended’ target measure Ve, = v + (P — 1)dy,,,. Here,
pext = L1 (B x [0, P]), where B is a compact subset of R¢~! and the constant P > 0 is an upper
bound on the minimiser p of Problem 2.4. The measure v is represented by empty circles. The
point yext is represented by a filled circle, and is outside the support of v. The cost function is
extended to yYext by zero. The optimal transport map Tiy sends the hatched cell to yext, the lower
boundary of this cell is the graph of p, and the restriction of Tty to Xj is the optimal transport
map from p; to v.

in terms of ¢ and # labels. Every g-contour in an MLM state is zonally symmetric and the state is
a solution of the equations of motion. Atmospheric motions can be described with reference to an
MLM state by displacement of g-contours relative to their reference positions. Since MLM states are
zonally symmetric and time symmetric (steady) for adiabatic motions, there are two disturbance
conservation laws for pseudomomentum and pseudoenergy [18, 26]. This follows generally from
Noether’s theorem relating conservation laws to symmetries in Hamiltonian dynamical systems
[30]. However, the definition of the disturbances themselves depends on the choice of MLM state.
This is not satisfactory if you would like to answer questions like whether the atmosphere is unstable
and disturbances are expected to grow, so a principle by which to uniquely select an MLM state is
desirable.

Several heuristics have been used to define and compute MLM states. In [23], an MLM state is
defined by an adiabatic rearrangement of fluid parcels, with 6 increasing with height and zonally-
symmetric ¢ increasing polewards on surfaces of constant #. In [27], an MLM state with (approx-
imately) the same mass distribution in coordinates (q,6) as the full atmospheric flow is defined
using two time-invariant integral quantities: mass and Kelvin’s circulation. Consider an instanta-
neous 3-dimensional state of the atmosphere expressed in isentropic coordinates, where the three
independent variables are sine-of-latitude s, longitude A and potential temperature 6. Let @Q be a
function of (s, A, ) representing the potential vorticity of the 3-D state. For g¢-levels ¢; > 0 and
f-levels 0,, > 0 on an axis-aligned rectangular grid in R? with half-level depths ég > 0 and §0 > 0,
mass and circulation integrals are computed over each volume

V(qr, O0m) = {(8,)\,9) €[0,1] x [0,27) x R ‘ q —0q <Q(s,\0), 00, —00, 6 +5c9]}.

That is, V(q, 0) is the 3-dimensional volume of air bounded laterally by the ¢ contour at g, — dq
and vertically by the #-surfaces at 6; — §0 and 6; + §6. The corresponding mass and circulation



integrals are

M(q1,0m) = /// (s, \, 0)a? dsd\dé, (2)
V(Qlyem)
Clq, 0m) = / / / (s, )\, 0)a? dsd)dé, (3)
V(Qlyem)

where r is the isentropic mass density and ( = rQ is the vertical component of absolute isentropic
vorticity, both of the 3-dimensional state, and « is the Earth’s radius. A zonally-symmetric MLM
state is defined by requiring that its mass and circulation integrals are the same as those computed
from the instantaneous 3-dimensional state. In this way, the MLM state is described as an adiabatic
rearrangement of the full state because if the flow were adiabatic and frictionless then the full state
could be accessible from the background state through adiabatic motions of the fluid, which conserve
q, 8, M and C.

In this paper, we rephrase the constraint that the mass and circulation integrals of the MLM
state are the same as those of the full 3-D state as a constraint on the mass density of the MLM
state in coordinates (z,6), where z is zonal angular momentum. We then minimise the integral of
kinetic energy and enthalpy subject to this constraint to obtain an energy-minimising MLM state.
While z is not a conserved variable of the 3-D state, under the condition of zonal symmetry, it
is possible to change variables from (g,0) to (z,60). Indeed, for a zonally symmetric state, C is
proportional to z:

C(q,0) = 27z. (4)

Restricting to positive values of ¢ (in the Northern Hemisphere) means that the vertical component
of absolute vorticity ( = rq is everywhere positive, so C is strictly decreasing in ¢ on every 6-level
and (4) defines a change of variables from (g, ) to (z,0). In particular, the mass density of the
3-D state in (g,0) can be pushed forward under this change of variables to coordinates (z,6) and
normalised to obtain a normalised mass density (or, more generally, a probability measure) v. The
constraint on the MLM state is satisfied precisely when its normalised mass density in coordinates
(z,0) is equal to v.

In order to calculate the full properties of a background state, and corresponding perturbations,
it is necessary and sufficient to obtain its zonal angular momentum and potential temperature as
functions of latitude ¢ and pressure p, as well as the surface pressure p as a function of latitude.
The function p defines the extent of the physical domain in pressure coordinates and represents
the pressure at the lower boundary of the atmosphere. Let Z denote the MLM zonal angular
momentum as a function of s = sin(¢) and p, and let © denote the MLM potential temperature
as a function of s and p. By (4), Z is constrained to take values z = C(q,0)/2m, where ¢ and 0
are values of potential vorticity and potential temperature, respectively, labelling air masses. A
zonally-symmetric adiabatic rearrangement of the 3-D circulation specifies the coordinates (s, p) to
which these values of z are assigned, thus defining the function Z. Since circulation is regarded
as a functional of potential vorticity and potential temperature, this also defines © and the MLM
state potential vorticity as functions of (s, p). To obtain the MLM state zonal wind (relative to the
Earth’s surface) u, one may then use the relation

z = uacos ¢ + Qa® cos® ¢, (5)

where 2 is the planetary rotation rate. Likewise, the MLM state temperature T' may be recovered
via the relation .
p
o=1(L2) | 6
(2) ®
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where p, is a constant reference pressure and k = 2/7 is the Poisson constant for a diatomic ideal
gas.

Obtaining the background variables Z and © as functions of s and p, and p as a function of s, is
essential to the analysis of perturbation evolution and atmospheric stability, and it is particularly
desirable to obtain an MLM state that is an energy minimiser, accounting consistently for the
surface pressure. With these variables, it is possible to find any quantities defined as perturbations
of g-contours relative to their positions in the background state (called the “equivalent latitudes” of
g-contours), as well as perturbation wind and energy. Moreover, finite-amplitude stability results
for the atmosphere, which depend on knowing p [2], yield upper bounds on disturbance energy.

1.2 Optimal transport

We recall some fundamental concepts and results from optimal transport theory that form the basis
of our analysis of MLM states. A more thorough exposition of optimal transport theory can be
found in several standard texts such as [25], [28] or [31].

The starting point of optimal transport is the Monge problem: given X, Y C R, a cost function
¢: X xY — R, Borel probability measures p € P(X) and v € P(Y), find

inf {/ c(x, T(x))du(r)| T : X =Y is Borel measureable and Tlyu = u} . (7)
X

Here, Ty p is the probability measure on Y defined by

(Tup)(A) = w(T~1(A))

for all Borel sets A C Y, which is called the pushforward of y by T'. The spaces X and Y are often
referred to as the source and target spaces, respectively, and the measures p and v as the source
and target measures. If T satisfies the constraint Txu = v, then it is said to be an admissible
transport map from p to v. If T attains the infimum in (7) it is said to be an optimal transport
map from p to v.

Admissible transport maps do not necessarily exist. For example, if y is a single Dirac mass and
v is a sum of two weighted Dirac masses at distinct locations, then the Monge problem is infeasible.
The standard relaxation of the Monge problem is the Kantorovich problem, in which the optimal
transport cost is defined by

T =t [ conarean, 0
vl (pv) (Jx
where
L(pv) ={y € P(X XY)|7mxpy=p, mygpy=v}

and where mx and 7y denote the projections onto X and Y, respectively. The convex set I'(u, v)
is called the set of admissible transport plans from p to v. Under mild assumptions on the cost
function ¢, the Kantorovich problem has a solution =y, which is called an optimal transport plan
from p to v, and T.(u,v) is the optimal transport cost from p to v. The Kantorovich Duality

Theorem states that
Telpv) = sup {/w ) du(s /w ) du(y } (9)
PpeC(Y)



where C(Y) is the space of continuous functions on Y, and ¢¢: X — RU {—o0} is the c-transform
of 1) defined by

V(x) = inf{c(z,y) —d(y)}- (10)
ye

(See, e.g., [28, Theorem 1.39] or [31, Theorem 5.10].) Again, under mild assumptions on the cost
function ¢ and the sets X and Y, the supremum in (9) is attained. A function v that achieves the
maximum is called a Kantorovich potential.

The Gangbo-McCann Theorem gives conditions under which the Monge problem has a unique
solution. (See, for example, [17], [25, Theorem 12], or [31, Theorem 10.28].) Moreover, it ties
together the three formulations of optimal transport given above. Indeed, if T is the optimal
transport map, then v = (idx,T")xpu is the unique optimal transport plan, and for any Kantorovich
potential 1,

c(z,y) = v°(z) + ¢(y) for v-almost-every (z,y) € X x Y. (11)

In particular, the optimal transport map can be recovered from a Kantorovich potential via the
expression T'(z) = (Vzc(z,-)) "1 (Vye(z)). This expression is well defined when V,.c(z, -) exists and
is injective, a condition known as the twist condition.

1.3 Relating Modified Lagrangian Mean states to optimal transport

To formulate the definition of an MLM state mathematically, consider again a instantaneous 3-
dimensional atmospheric state. Let v be a probability measure on R? representing the normalised
mass distribution of this state in zonal angular momentum and potential temperature coordinates
(obtained from the 3-D atmospheric state as explained in the introduction). We consider states
with positive zonal angular momentum. Since potential temperature is positive, and both zonal
angular momentum and potential temperature are bounded, v has compact support contained in
(0,+00)%. Let Y C (0,4+00)? be a compact set containing the support of v. Let s = sin(¢),
where ¢ is latitude. Let ppin > 0 be a prescribed and arbitrary minimum pressure, and let p be
the positive deviation of pressure from ppi,. We seek zonally-symmetric MLM states defined in
pressure coordinates (s,p) on a single hemisphere with a spherical cap from the pole and a small
region close to the equator removed. That is, for some £¢, €1 € (0,1/2) , we consider the physical
domain
X = [eo,1 — 1] x [0,400)

containing points © = (s,p). Under the assumption of hydrostatic balance (i.e., that the fluid
density multiplied by gravitational acceleration g, is the negative vertical gradient of pressure) the
fluid density in pressure coordinates (s, p), often called the pseudodensity, is uniform (and equal to
—1/g) [19, Chapter 6]. An MLM state is then defined by three maps: surface pressure p, potential
temperature ©, and zonal angular momentum Z. In the following definition Py ([0, 1 —&1]) denotes
the space of probability measures on [gg, 1 — €1] that are absolutely continuous with respect to the
Lebesgue measure, and we conflate such measures with their densities.

Definition 1.1 (MLM state, c.f. Figure 1). Let p € Pac([eo, 1 — €1]). Define the domain
Xp={(s,p) € X : p<Pp(s)}.

Consider Borel measurable maps Z, © : Xy — R, with extension by zero to X. The triple (p, Z,0)
1s an MLM state for v if and only if

(Z,©)pip = v, (12)



where
,UT) = Ed L Xﬁ

is the restriction of the d-dimensional Lebesgue measure to the set Xp.

Interpreted physically, the pushforward constraint (12) means that (p, Z, ©) represents a zonally-
symmetric mass-preserving rearrangement of the instantaneous circulation and potential tempera-
ture of the 3-D state. Mathematically, it means that (Z,©) is an admissible transport map from
Uy to v.

We now define a cost function that represents the sum of kinetic energy and enthalpy of a
zonally-symmetric state, and we interpret the corresponding transport cost as the energy of this
state. Our goal of finding energy-minimising MLM states can then be phrased as minimising the
optimal transport cost to v over all source measures of the form i for p: [eg, 1 — 1] — [0, +00).

Definition 1.2 (Background state cost function). Define the cost function ¢ : X xY — [0, 400)

b
y c((5,p), (2, 0)) = % <a\/12_782 _ Qam>2 e <p+pfmi“>ﬁ, (13)

where a > 0 is the radius of the earth, Q0 > 0 is the angular velocity of the earth, c, > 0 is the
specific heat capacity of air at constant pressure, pmin > 0 is a prescribed and arbitrary minimum
pressure, pr > 0 is a constant reference pressure, and k = R/c,, where R is the gas constant so
that k = 2/7.

Remark 1.3. Using pmin > 0, we force pressure to be positive, which ensures that the cost function
18 locally Lipschitz. This is not restrictive when computing MLM states because pressure tending
zero corresponds to leaving the atmosphere and entering outer space, so atmospheric data will only
ever extend to small but non-zero pressure. However, p = 0 would be the natural physical boundary
condition, so we hope to consider the case ppin = 0 in future work.

Using the relations (5) and (6), we see that

1
c= §u2 + T,
which is the sum of kinetic energy and enthalpy. The energy E of an MLM state (p, Z, ©) is given

by the integral of kinetic energy and enthalpy over the whole hemispheric domain:

1—e1  rP(s)
E(p.2.0) = / /0 ¢((5,0). (Z(5,p), ©(5,p))) dpds. (14)

It follows by definition of up that

P(5.2.0) = [ o(2.(2.0)(@)) digla).
This is precisely the cost of transporting the measure 3 to the measure v using the admissible
transport map (Z,©) with the cost function c. For a given surface pressure p, the minimal energy
over all (Z,0) such that (p, Z, ©) is an MLM state is 7.(up, 7). To minimise the energy E over all
MLM states (p, Z, ©), we therefore minimise 7.(p5, V) over all surface pressures D € Pac([eo, 1 —€1]).



Problem 1.4 (MLM state energy minimisation). Given a distribution v € P(Y') of zonal angular
momentum and potential temperature, find a corresponding MLM state (P,, Zx, Ox) with minimal
energy. That is, find
D« € arg min ’TC(/'LT?? 1/)7
PEPac([e0,1—€1])

and

(Z.,0,) € argmin /C(%(Za@)(iﬂ))dﬂp*(f)~
(Z,©9)ppp,=vIX

We prove existence, uniqueness and stability of solutions of a general formulation of Problem
1.4, defined in Problem 2.4, under assumptions on the cost function and the source and target
spaces as set out in Section 2. In Proposition 2.7 we show that the cost function (13) defining the
energy of an MLM state satisfies these assumptions, meaning that the results that we prove are
applicable to Problem 1.4.

1.4 Rearrangements and optimal transport in the atmospheric sciences

The current work builds on the long-standing connection between optimal transport and the atmo-
spheric sciences [7]. The cornerstone of this connection is the interpretation of energy-minimising
mass-preserving rearrangements of vector fields as optimal transport maps. We use this perspective
to interpret the definition of MLM states in terms of optimal transport, which enables us to prove
their existence, uniqueness and stability. Meteorologists Cullen and Purser first used monotone
rearrangements of vector fields in their study of the semi-geostrophic (SG) equations [12], which
model the formation of atmospheric fronts, and found them to be minimisers of the geostrophic
energy. Brenier’s celebrated Polar Factorisation Theorem [3] later identified such rearrangements
as optimal transport maps for the quadratic cost. Interpreting the geostrophic energy as a trans-
port cost and the energy-minimising rearrangement as an optimal transport map subsequently
allowed for the rigorous mathematical analysis of the SG equations in several settings (see [7] for a
comprehensive overview).

The 3-dimensional free surface [6, 10], 2-dimensional shallow water [8], and 3-dimensional com-
pressible [11, 15, 9] variants of the SG equations, and the model for forced axisymmetric flows con-
sidered in [13], are all continuity equations with velocity defined at each time instant by minimising
a transport cost over a space of source measures, similar to Problem 1.4. In the 3-dimensional
free surface SG equations, given a target measure v € P(R?), the energy functional is defined for
P € Pac(R?), modelling surface pressure, by

p— 72(“177’/)'

Here p is the restriction of the 3-dimensional Lebesgue measure to the subgraph of p intersected
with the upper half space, as in Definition 1.1, and the cost function is given by

1 1
c(z,y) = 5\3?1 —y*+ 5!332 — ya|® + 23y3. (15)

For the 3-dimensional compressible SG equations in pressure coordinates [7, Section 3.3.6], the
energy functional takes the same form but with the term x3ys in the cost function replaced by
x5Yy3, up to a positive multiplicative constant. Both corresponding energy minimisation problems
are special cases of Problem 2.4. The vertical coordinate of the target space represents potential
temperature, so the support of the target measure v is contained in the upper half-space. It is
straightforward to verify that the cost function (15) satisfies Assumption 2.1 and the twist condition



(Assumption 2.5). A similar argument as used in Proposition 2.7 verifies that these assumptions
are also satisfied by the cost function of the 3-D compressible SG equations in pressure coordinates.

The 2-dimensional shallow water SG equations are the special case of the 3-dimensional free
surface SG equations where potential temperature is constant. The energy functional then takes
the form

p = Te(pyv) + //ﬂ (16)

where p represents the fluid density, v is a given target measure, c¢ is a given transport cost, and
v = 2. This energy minimisation problem is the same as computing the Moreau envelope in the
Wasserstein space, as studied in [29]. The energy functional for the compressible SG equations is
also of the form (16) but with v € (1, 2).

Outside of applications in the atmospheric sciences, there are clear parallels between our ap-
proach to defining and computing MLM states and the use of optimal transport in the problem of
reconstructing the early Universe. There, the aim is to compute a mapping between mass distri-
butions representing the early and late Universe. The cost function is quadratic and the transport
cost represents the integrated kinetic energy, while the Kantorovich potential 1) and its c-transform
relate to the final and initial gravitational potentials. Not only has optimal transport been used
to prove the existence of a unique reconstruction under the condition that the fluid velocity is
the gradient of a convex potential [16, 4], it also provides the basis of a numerical method. In
[22], a semi-discrete optimal transport algorithm is used to compute a mapping between a uniform
distribution of mass, representing the early Universe, onto a discrete mass distribution, where each
point represents a galaxy in the late Universe. The efficiency of this method means that it can be
applied at scale, enabling the reconstruction of detailed features and making it suitable for practical
purposes.

1.5 Towards numerical computation of MLM states

The MLM state in [27] was computed using a numerical technique called equivalent latitude iteration
with potential vorticity inversion (ELIPVI). While numerical solutions were obtained, questions of
existence and uniqueness of such solutions, as well as convergence of the numerical scheme, were
not addressed. It was also not considered whether or not the computed background states were
energy minimising.

We show in Section 5 that the problem of finding energy minimising MLM states (Problem 1.4)
reduces to an optimal transport problem where a single weighted Dirac mass has been added to the
target measure and the cost to that point is set to zero, as illustrated in Figure 2. This is similar in
spirit to the notion of partial optimal transport considered in [21] and used to generate Lagrangian
meshes with free boundaries. With a view to solving Problem 1.4 numerically, in Corollary 5.3 we
consider the case where the mass distribution v is a discrete measure. This corresponds precisely
to the setting considered in [27]. There, mass and circulation integrals M(q;, 6,,) and C(q;, 0m)
are computed for the full 3-dimensional atmospheric state for points (g;,6,,) on an axis-aligned
rectangular grid in R? with half-level depths dq and 66 (see equations (2) and (3)). Correspondingly,
v would be given by

V= % Z (M(qr, 0m) — M(qi41,0m)) 5<C(q,0> 9)) (17)

(1,m) o

where M is a normalisation constant and we recall that circulation is proportional to zonal angu-
lar momentum for zonally-symmetric flow (4). By Corollary 5.3, Problem 1.4 then reduces to a
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standard semi-discrete optimal transport problem, which is numerically tractable [25, Section 4].
Hence, our analysis not only provides rigorous means by which to select an MLM state given a full
atmospheric flow, with guarantees of existence, uniqueness and stability, it also provides a numerical
method for computing such states. As a proof of concept, Figure 3 contains a numerically-computed
energy-minimising MLM state obtained from climate reanalysis data using this numerical method.
A more comprehensive implementation of this method will be the subject of a separate work.

1.6 Notation and conventions

Ford € N = {1,2,3,...}, let A C R be a Borel set. We denote the interior of A by int(A), the
boundary of A by 0A, the diameter of A by diam(A), and the characteristic function of A by 1 4.

That is,
lifxe A,
La(z) = {

0 otherwise.

For a function f : A — R, we denote by graph( f) its graph, that is, graph(f) = {(«, f(z)) : = € A}.
We denote the Lebesgue measure of dimension d by £%, and its restriction to A by £4L A. The
space of Borel probability measures on A is denoted by P(A). We denote by spt(u) the support of
a measure g € P(A). The set of Borel probability measures on A that are absolutely continuous
with respect to £¢ is denoted by P,.(A). We conflate a measure y € P,e(A) with its density with
respect to £¢, and the corresponding element of L'(A). We denote by C(A) and Cy(A) the spaces
of continuous functions on A and bounded continuous functions on A, respectively. When A is a
compact set, we equip C(A) with the uniform norm, which we denote by || - [|¢(4). Given Borel sets
A, B C RY, a cost function ¢ : A x B — R, and measures u € P(A) and v € P(B), we denote by
Te(w, v) the optimal transport cost from p to v. For a Borel measureable function f: A — B, the
pushforward of u by f is the measure f#u € P(B) defined by (f#u)(U) == u(f~1(U)) for Borel
sets U C B. For ¢ € C(A) and ¢ € C(B) we denote by ¢ & 1 the element of C(A x B) defined by
(oY) (x,y) = ¢(x) ®Y(y). For p € P(A) and v € P(B) we denote by 1 ® v the product measure
defined by (u® v)(U x V) = p(U)v(V) for Borel sets U C A and V C B.

1.7 Outline and main contributions

A precise mathematical statement of the energy minimisation problem, Problem 2.4, studied in
this paper is given in Section 2. Our main contributions are:

e Theorem 3.10, which establishes the existence and uniqueness of solutions via duality, and
gives optimality conditions relating the solutions of the primal and dual problems.

e Theorem 4.1, which establishes stability of solutions with respect to input data.

e Theorem 5.1 and Corollaries 5.2 and 5.3, which reduce the free surface minimisation problem,
Problem 2.4, to a standard optimal transport problem, and treat the case of twisted costs
and discrete target measures.

2 Problem statement and assumptions

In this section we precisely state the problem under study in this paper (Problem 2.4), which is
a direct generalisation of Problem 1.4 for finding energy-minimising MLM states. We also state

11



assumptions under which our results hold (Assumptions 2.1, 2.5, and 2.6), and show that they are
all satisfied by the cost defining the energy of an MLM state; see Proposition 2.7.

Let d > 2, and let B € R%! be a compact set with non-empty interior. Define the source
domain X := B x [0, 4+00), and let Y C R? be a non-empty compact target domain. We denote by
x = (s,p) a point in X and by y a point in Y.

Assumption 2.1. The cost function ¢ : X xY — [0,400) satisfies the following properties:
A. c is locally Lipschitz.

B. For all s € B and ally €Y the function c((s,-),y) : [0, +00) — [0, +00) is strictly increasing
and unbounded.

C. The set of functions {c((-,p),y) : B — [0,400)|p € [0, +00), y € Y} is equicontinuous.

Unless otherwise stated, we consider cost functions ¢ : X x Y — [0,400) satisfying only As-
sumption 2.1.

Definition 2.2 (Primal functional). For p € Pa.(B) define the set
Xy = {(5,0) € X |p < p(s)}.
Define the functional

o Pac(B) = Pac(X),
P pp =L X, (18)

Forv e P(Y) and a cost function c: X xY — [0,+00), we define the primal functional

E, : Pac(B) — [0, +00),
FV(ﬁ) = 7-C(luf’7 V)v

where T is the optimal transport cost from p to v for the cost function ¢ (8).

Remark 2.3. For each p € Pac(B), Xj is well defined up to L% negligible sets, 1x, is a well-defined
element of L'(X) and is the Lebesgue density of Wy, and p is a probability measure. Moreover, by
definition, for any po, p1 € Pac(B),

5o — 1150 21 (x) = 1Po — D1l L1 ()

Do (s
/ﬁd,upo // &(s,p)dpds.

Problem 2.4 (Primal problem). Given v € P(Y), find

and for any & € Cp(X),

Dx € argmin F,(p).
PEPac(B)

When Assumption 2.1 holds, for any v € P(Y) Problem 1.4 has a unique solution (Theorem
3.10) and this solution has a continuous density. The set of all such solutions is uniformly bounded
and equicontinuous (Lemma 3.5), and Problem 1.4 is stable with respect to v (Theorem 4.1).
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Assumption 2.5 (Twist condition). There exist open sets Qx, Qy C R? such that X C Qx and
Y C Qy, and an extension of the cost function ¢ onto Qx X Qy such that ¢ € Cl(QX x Qy) and
for all o € Qx the function V.c(xg,-) : Qy — R is injective.

The twist condition is a classical sufficient condition for the existence of transport maps [25,
Definition 8]. We show that when both Assumptions 2.1 and 2.5 hold, Problem 2.4 admits a solution
p and that there exists a unique optimal transport map between p; and v, and that this map is
stable with respect to v; see Theorem 4.2.

In Section 5, we show that under Assumption 2.1, Problem 2.4 can be reduced to a single
optimal transport problem by appropriate extension of the source and target measures. For the
existence of a corresponding optimal transport map, we impose the following condition on the cost
function c.

Assumption 2.6 (Extended twist condition). Assumption 2.5 holds and there exists a constant
¢ >0 such that mi}l’/leIC(l'(),y)HRd > { for all zg € Qx.
ye

We conclude this section by showing that the cost function (13) defining the background state
energy (14) satisfies Assumptions 2.1 and 2.6.

Proposition 2.7. Let gg, &1 € (0,1/2), define X = [gg,1 — &1] x [0,+00), and let Y C (0, +00)?
be compact and non-empty. The cost function ¢ : X xY — [0,+00) defined by (13) satisfies
assumptions 2.1 and 2.6.

Proof. First we show that ¢ satisfies Assumption 2.6. Define Qx = (g0/2,1—¢1/2) X (—Pmin/2, +00).
Since Y C (0, +00)? is compact, there exists i, > 0 such that Qy = (0, +00) X (fiin, +00) contains
Y. Extend c to Qx x Qy by the formula (13). Then ¢ € C}(Qx x Qy) and for ((s,p), (2,0)) €
QX X Qy,

228

YY) ) i 02a2s
Venel(sn) o) = [ G20 (19)
P min
Dr < Dr >

Since s > 0 and p+ pmin > 0, V(4 )c((s, p), -) is injective on Qy. It is immediate from (19) that for
all (s,p) € Qx,
KCpOmin

Kk—1
Pmin .
¥ eael(s:p) ) > “0 (B ) g,

so Assumption 2.6 holds.

Now we show that c satisfies Assumption 2.1. Since ¢ € C*(Qx x Qy), it is locally Lipschitz on
X x Y, so Assumption 2.1.A. holds. Assumption 2.1.B. holds because x, ¢p, Pmin, pr > 0, so the
map

P Cp9 <p+pmin>ﬁ
br

is strictly increasing and unbounded on [0, +00) for all § € (Omin, +00). Since Y is compact, there
exists a positive constant zpmax such that Y C (0, zmax) X (0,+00). Let ((s,p),(z,0)) € X x Y.
Since s <1 —¢7 and ¢; € (0,1/2),

a? (1- 32)2 > a? (1-(1- 51)2)2 =a%e3(2—€2) > a%ed.

It follows from (19) that

gc((s ), (2,0))| < ZIZH& +Q%* =1
s\ IPHE ~ aZe? o
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The set
{c((-,p), (2,0)) : [e0,1 —e1] — [0, +00) ‘ p € [0,400), (z,0) € Y}

therefore consists of L-Lipschitz functions so is equicontinuous (Assumption 2.1.C.). O

Since the cost function (13) defining the background state energy (14) satisfies Assumptions 2.1
and 2.6, the existence, uniqueness, and stability of energy-minimising MLM states (i.e., solutions of
Problem 1.4), follows from Theorems 3.10, 4.1, and 4.2. Moreover, by Corollary 5.2, any such state
can be found by solving the Monge problem (7) with an adjusted target measure and an extended
cost function.

3 Existence and uniqueness of optimal surfaces

In this section, we prove that, for any v € P(Y), Problem 2.4 has a unique solution that is char-
acterised by necessary and sufficient optimality conditions. This result is summarised in Theorem
3.10. We work in the setting described in Section 2 and our working hypothesis is that the cost
function c satisfies Assumption 2.1. For brevity, we fix v and will often drop subscripts v in the no-
tation. We begin by formally deriving a dual maximisation problem for the minimisation Problem
2.4, as well as a formula for optimal surfaces. The crucial step of the analysis is to prove uniform
a priori estimates on the boundedness and continuity of these surfaces (Lemma 3.5), which enables
us to prove the existence of a maximiser in the dual problem (Theorem 3.9). Optimality conditions
that we prove for the dual problem then link back to the primal problem and allow us to prove our
uniqueness and existence result.

We now formally derive the dual problem and thereby introduce the functionals that will be
analysed in this section. By Kantorovich duality,

F,(p) :¢Zlclp {// V(s p dpds—l—/wdu} (20)

After taking the infimum over p, the infimum and supremum may be swapped up to inequality to
yield weak duality

inf  F,(p) < sup Gu(v), 21
i (D) o (1) (21)

where we define the dual functional

G, :C(Y)— R,
Gy(¢¥) = inf // Ye(s,p)d ds—l—/deV (22)
v B PEPac(B) p P

f¢:BXR—>RU{+OO},

/ Y°(s,p)dp if u >0,
0

Define the function

otherwise,
and define the inner-dual functional by
H,y:P(B) = RU{+o0},
H, (7 / fu(s,p(s )ds+/ P dv if P € Pa(B), (23)
+00 otherwise.
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By construction,

G,(¥) = inf H,,(p).
(W)= inf Hoy()

Notice that, under the assumptions on the cost function and for each fixed s € B, the function
fu(s,-) is strictly convex on the interval [0, +00) and convex, proper and lower semi-continuous.
Indeed, the partial derivative of fy, with respect to  on the interval [0, +00) is u — ¥°(s,u). (Here
we take the right-derivative at the left endpoint.) This is the pointwise minimum over a set of
strictly increasing functions, which is itself strictly increasing. The properties of fy suggest that
the inner-dual functional H, , is convex. If this were true, then the primal functional F,, as the
pointwise supremum over a set of convex functions, would itself be convex. On the other hand,
the dual functional G, is defined as a pointwise infimum over a set of Kantorovich dual functionals
parametrised by p, each of which is concave. As such, GG, is concave.

Given convexity of F}, and concavity of GG, the general framework of the Fenchel-Rockafellar
Duality Theorem could be applied, at least formally, in a way similar to the proof of the Kantorovich
Duality Theorem in [5, Section 6.4.1] to deduce that the inequality in (21) is, in fact, an equality.
The corresponding primal-dual optimality conditions, which are necessary and sufficient conditions
for p and ¢ to be optimal in their respective problems, are that p minimises the functional H, , and
¥ is maximal in (20). The latter of these conditions means that ¢ is a Kantorovich potential for
source measure i and target measure v, and is similar to the result that the subdifferential of the
optimal transport cost with respect to the source measure is the set of Kantorovich potentials; see
e.g. [28, Proposition 7.17]. We see, then, that to rigorously characterise solutions p of the primal
problem, it is crucial to analyse the inner-dual functional H,, , and to characterise its minimisers.
By doing so, we arrive at a direct proof of duality and optimality that avoids explicit use of the
Fenchel-Rockafellar Duality Theorem and the associated functional framework, but we note that
this approach could be pursued to yield similar results.

3.1 Minimisers of the inner-dual functional

In this section, we analyse the inner-dual functional Hy, for ¢ € C(Y’), where the subscript v is
dropped for brevity. A formal calculation suggests that the first variation (in the sense of [28,
Definition 7.12]) of Hy at p is the function

B3 s D0 p(s)) = v (s, pls)) € B

Then, if p is a minimiser of Hy, with continuous density, the first-order necessary optimality condi-
tions stated in [28, Theorem 7.20] would imply that there exists a constant 7 € R such that

{w@@@»:T if p(s) > 0,
Vs, p(s) > if p(s) =0.

This is formally equivalent to the condition that the subdifferential of Hy, at p contains the zero
element. By definition of the c-transform, if (24) holds then for any s € B,

c((s,p(s)),y) —¥(y) >7 VyeY.

Since ¢ and v are continuous on the compact set Y, if p(s) > 0 then this holds with equality for
some y € Y. By Assumptions 2.1.A.-B., ¢((s, -),y) is continuous and strictly increasing on [0, +00),
so it is invertible and its inverse is strictly increasing and non-negative. It follows that

p(s) > c((s,),y) " ((y) +7) Vyey,

(24)
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which implies that
p(s) = max {c((s,-),9) " (¥ (y) +7)}

yeyY

with equality if p(s) > 0. This motivates the following definition.

Definition 3.1. Define q: B xY xR — [0, 400) by

(25)

0 otheriwse.

_Jel(s)) o) ifo = cel(s,0),y),
Q(Svya U)

To formulate our candidate for the unique minimiser of Hy,, we show in Lemma 3.3 that there
exists a unique constant 7 = 7, such that p = p,, defined by inverting the optimality condition (24)
is a probability density. In Theorem 3.4, we will show that p, is indeed the unique minimiser of
Hy. We begin with the following lemma, which will also be used in Lemma 3.5 to show that the
set of all functions py, for ¢ € C(Y') is uniformly bounded and equicontinuous.

Lemma 3.2. For any compact interval U C R, the set

Q:={a(-,y,")|BxUtyey
is uniformly bounded and equicontinuous.
Proof. Let U C R be a compact interval. We first prove that Q is uniformly bounded. Note that
q(s,y,0) = max {0, min{t € R: ¢((s,t),y) > o}}. (26)
Let (pn)nen be a sequence in R diverging to +o0o, for each n € N let

(8n,yn) € argmin{c((s,pn),y) : s€ B,y €Y},

and let (s.,y«) be a cluster point of the sequence ((sy, yn))nen, which exists by compactness of B
and Y. Assume for contradiction that there exists a constant M > 0 such that

c((8n,Pn), yn) = min{c((s,pn),y) :s € B,y €Y} <M VneN.

Then, by continuity of ¢ (Assumption 2.1.A.), for sufficiently large n € N, ¢((s4, pn), y«) is bounded
by M + 1. This contradicts Assumption 2.1.B. that ¢((s«,-),y«) is unbounded. Hence,

lim min{c((s,pn),y): s€ B,y € Y} = +o0, (27)

n—oo

and, in particular, there exists P > 0 such that

min{c((s,P),y): s€ B,ye Y} > maxo.
o€

Then, by (26), Q is uniformly bounded by P.
It remains to show that Q is equicontinuous. Let P > 0 be a uniform upper bound for Q.
Define w : [0, +00) — [0, 4+00) by

w(6) = min {c((s,p+6),y) —c((s,p), ) : (8,p,y) € Bx [0, P] x Y} .

We will use w to construct a common modulus of continuity for functions in @. By Assumption
2.1.B., ¢((s,-),y) is strictly increasing for all (s,y) € B x Y, so w is strictly increasing. By (27)
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and the fact that ¢ is bounded on the compact set B x [0, P] x Y, w is unbounded. Next, for
arbitrary n € N, let A = [0,n]. By Assumption 2.1.A., ¢ is Lipschitz on (B x [0, P + n]) x Y, so
the restriction of w to A is continuous; see e.g. [28, Box 1.8]. Since n was arbitrary, this implies
that w is continuous. Since w is strictly increasing, unbounded, and continuous, it is invertible
and its inverse w™! : [0, +00) — [0, 400) is strictly increasing and continuous. In particular, since
w(0) = 0, w™! is continuous at 0 and %i_{r(l)w_l(é) =0.

Let y € Y and (s;,0;) € B x U for i € {1,2} and denote ¢(s;,y,0;) by ¢;. Then ¢; < P for
i € {1,2}. Since cis locally Lipschitz, there exists a Lipschitz constant L > 0 for con (Bx[0, P])xY.
Therefore, by construction,

w(lg2 — q1]) < le((s2,92),y) — c((s2,q1), )|
< le((s2,42),y) — c((s1, @), Y)| + |e((s1,q1),y) — c((s2, 1), y)|
<oz — o1] + L|s2 — s1[|ga-—1
< (1 +L)[[(s2,02) — (s1,01)]|pa-

(28)

Since w is invertible and its inverse is strictly increasing, applying w~"' to both sides of (28) gives

la(s2,y,02) = q(s1,9,01)] = a2 — 1] Sw ' (1 + L)[|(s2,02) = (51,01)[a) - (29)
Define the function @ : [0, +00) — [0, 4+00) by @(d) = w™ ((1+L)d). Then %inéd)(é) = 0, and by (29),
ﬁ
@ is a modulus of continuity for every function in @, which implies that Q is equicontinuous. [
We now define the candidate minimiser p, of the inner-dual functional Hy,.

Lemma 3.3. For each 1) € C(Y'), there exists a unique constant 7, € R such that the function

ﬁw :B—R
Py(s) = I;leag{Q(Say,@b(y) + 7))} (30)

is a probability density, where q is defined by (25).

Proof. Let ¢p € C(Y), and let 79, 71 € R satisfy 79 < 71. Since Y is compact and v is continuous,
there exists a compact set U C R such that ¢(y) +7 € U for all (y,7) € Y x [19,71]. By Lemma
3.2, the set

Q= {Q('7 Y, ')‘BxU}yGY

is uniformly bounded and equicontinuous. This implies that the functions defined for each y € Y
by

Qpy + B x [10,71] = [0, +00),
q’llhy(S?T) = q<37y7 1/1(?4) + T)7

are uniformly bounded and equicontinuous. The function

qy - B x [7‘0,7’1] —>R,
qiﬁ(SvT) = I;leaii({q('%yaw(y) + 7—)}’

is therefore well defined, continuous, and bounded; see for example [28, Box 1.8]. It follows by the
Dominated Convergence Theorem that the function Z : R — R defined by

Z(T) ::/qu(s,T)ds

17



is continuous.

We now find 79, 71 € R such that Z(79) = 0 and Z(7;) > 1, and we show that Z is strictly
increasing wherever it is positive. Then by the Intermediate Value Theorem, there exists a unique
constant 7, such that Z(r,) = 1, which, by non-negativity of ¢, is therefore the unique constant
such that py = qy(-, 7y) is a probability density.

Let r = 1/£%1(B) and define constants

m (S’ygrélgxy c((s,0),y), (s,ggleag’{xy c((s,1),y), (31)

and

To = m — max V), =M ma Y(y).

By construction
¢(y)+70§c((8,0),y) VSEB,QEK

so, by definition of ¢,
ay(s,m) = max{a(s,y,6(w) + W)} =0 Vs € B

Therefore, Z(m9) = 0. Since ¢((s,),y) is strictly increasing for every s € B and y € Y, and by
definition of M and 71, for y € Y maximising v,

M =49(y)+7m = c((s,r),y) > c((s,0),y)  Vs€B.

Since c((s, s y) is increasing, this implies that

a(s,y,¥(y) + 1) = ¢((s, '),y)fl(w(y) +71)>r Vs€B.

Then, by definition of r,

Z(m) > /Bq(s,y,w(y)—i—ﬁ)dsz / rds=1.

B

So Z(1p) = 0 < 1 <ZI(m), as required.

Let 7y € R satisfy Z(r,) = 1. We claim that this uniquely defines 7,,. By the Intermediate
Value Theorem, there exists 7 € R such that 0 < Z(7) < 1, so it is sufficient to show that 7 is
strictly increasing on |7, +00). By definition of Z and non-negativity of ¢, there exists a set A C B
with positive £¢~! measure such that

0 < qy(s,7) Vs e A

Let s € A and take y € Y to be a maximiser of ¢(s,-,1(y) + 7) over Y. Then by definition of ¢,
c((5,0),y) <4(y) + 7 and

gup(s,7) = q(s,y,9(y) +7) = e((5,),9) " (@(y) + 7).
Since ¢((s, -), y)fl is strictly increasing, for any 6 > 0

qu(s,7) = c((s,), )7 (W) +7) <el(5,),9) 7 (W@(y) + 7+ 8) < qu(s, 7+ 9).

It follows that Z is strictly increasing on [1,+00), as required. O
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We now prove that py is the unique minimiser of Hy,.

Theorem 3.4. For i € C(Y), py defined by (30) is the unique minimiser of Hy, over Pac(B). In
particular, p = py satisfies (24) with T = Ty.

Proof. By Lemma 3.3, py, is a well-defined probability density. By construction, p = p, satisfies
(24) with 7 = 7,,. We now verify that p, is the unique minimiser of Hy over P(B). Since fy(s,-)
is strictly convex on [0, +00) and its partial derivative with respect to u is 1°(s, ), for any distinct
U, u € [0,4+00),

Fols,0) > Fulis,u) + (s, u) (i — ). (32)

Let pp € Pac(B). Suppressing the argument s, (24) and (32) give

po):/Bfw(-,po ds

>/[f¢( P) + (- 0)(Po — P)) ds

/m ds+7/ (po—p>ds+/ (- p)po ds
BA{p>0} BN{p=0}

/f¢ ds+7/ (po—p)ds+/ Tpo ds
BNn{p>0} BN{p=0}

/f¢ ds—}—T/(po—p)ds

/ fu (-,

Here, the final inequality holds because py is non-negative, and the penultimate equality holds

because p and py are probability densities. ]

We conclude this subsection by proving that the set of all functions py, for ¢ € C(Y") is uniformly
bounded and equicontinuous. This result will be used to restrict the dual functional to a subset of
C(Y) that has compact closure, which allows us to prove the existence of maximisers of the dual
functional; see Lemma 3.6 and Theorem 3.9. It will also be used in Section 4 to prove stability of
minimisers of Problem 2.4.

Lemma 3.5. The set
S={py | eC(Y)}

is uniformly bounded and equicontinuous.

Proof. Let m and M be defined as in (31). We show in the proof of Lemma 3.3 that

<M —
Ty ma Y(y)

This implies the uniform bound
V) +1p <M VyeYVyeclly).
Moreover, by definition of ¢,

q(,y,0) =0 VyeYVo<m.
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Therefore

So = {q(,y, () + )y €Y, ¥ €C(Y)} C{q(-,y,0) |y €Y, o € [m, M]} U {0},

which is uniformly bounded and equicontinuous by Lemma 3.2. Since each p, is defined as the
pointwise maximum over y € Y of functions in Sy, the set S is also uniformly bounded and
equicontinuous with the same bound and modulus of continuity; see e.g. [28, Box 1.8]. O

3.2 Maximisers of the dual functional

We now show that maximisers of the dual functional G, (22) exist and satisfy a necessary and
sufficient first-order optimality condition; see Theorem 3.9. For brevity, we drop the subcript v.
Recall that
G(y) = et s K(-5pp,v),

where K (-;pp,v) is the Kantorovich functional for source and target measures p; and v, respec-
tively. Each Kantorovich functional is concave and upper semi-continuous. As such, G is concave
and upper-semi continuous. The existence of a maximiser of G, then follows by restriction to the
set A(Y') defined in Lemma 3.6, which we show to have compact closure. To establish the optimal-
ity condition, we apply [32, Theorem 2.4.18] to obtain an expression for the superdifferential of G,,.
We see that 1 is a maximiser of G, if and only if it is a Kantorovich potential from p; to v with
P = Dy-

Let P > 0 be a uniform bound for the set S = {py |¢ € C(Y)}, which exists by Lemma 3.5.
For ¢ € C(B x [0, P]), define ¢°: Y — R by

C Py 1
©°(y) = e in {e(z,y) — p(z)}.

We call ¢¢ the c-transform of . (The notation ¢ is simply used to indicate that the minimum
is taken over the source space B x [0, P], distinguishing the ¢-transform from the the c-transform
(10), which is defined by minimisation over the target space Y.) We say that a function ¢ € C(Y)
is c-concave if there exists ¢ € C(B x [0, P]) such that 1) = (€.

Lemma 3.6. Define

AY) ={y e C(Y) | ¢ is c-concave, and Hél}r/l Y(y) = 0}.
y
Then A(Y') is non-empty and
sup G(¢) = sup G(¢). (33)
PYeC(Y) PeA(Y)
Proof. Let ¢ € C(Y). Since B x [0, P] is compact and c is locally Lipschitz (Assumption 2.1.A.),
the functions ¢(-,y) — ¥(y) for y € Y are Lipschitz on B x [0, P] and all have the same Lipschitz

constant. As the pointwise minimum of these functions, ¢ is Lipschitz on B x [0, P]. Likewise,
P Y — R defined by

¢*“(y) = min }{c@c,y)—w%x)}

z€Bx|[0,P

is also Lipschitz. In particular, letting A = mi}I/l P(y),
ye

V=gt A= (AT
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is continuous, ¢-concave, and has minimum value zero, so is an element of A(Y"). By [28, Proposition
1.34], ¢ = 4° on B x [0, P] and ¢ > 1. Then, for any p € P,c(B) with continuous density such
that ||pllc(py < P, the support of j; is contained in B x [0, P] and

K@www)zl;deﬁ1Lwdu

S/chccduﬁ—i-/ywccdu.
= /X (¥ + A) dpp + /Y (v —N) dv (34)

= [ deaupr [ dav

:K('J};Mf)’y)'

Recall that by definition K (v;up,v) = Hy(p), similarly for ¢. By Theorem 3.4, each of the
functionals Hy, and H, by has a unique minimiser over P,.(B), and by Lemma 3.5 this minimiser is
continuous and bounded by P. Taking the minimum over p in (34) therefore gives

G() = min K@ puzv) < min Kb ug, v) = Gab).
(¥) Somin (w,up,V)fﬁergcr(lB) (Vs pp, v) (¥)

So, for any ¢ € C(Y) we have found ¢ € A(Y) such that G(¢) < G(¢), which establishes (33). [

In order to derive optimality conditions using [32, Theorem 2.4.18], we now show that the map
P — K¢, up,v) = Hy(p) is lower semi-continuous for every ¢ € C(Y') by applying the following
special case of [1, Theorem 3.3].

Proposition 3.7 ([1, Theorem 3.3]). Let f : B x R — [0,+00] be such that, for every s € B,
f(s,-) is proper, convex, lower semi-continuous, and equal to +o0o on (—o0,0). Suppose also that
lim 08 = 400 uniformly on B. Then the functional defined on P(B) by

t——+00 t

) /f@m@»@ if 5 € Pac(B)
D= B
+00

otherwise,

is lower semi-continuous with respect to the weak-* topology on P(B).

Lemma 3.8. For any v € P(Y) and ¢ € C(Y') the functional Hy is lower semi-continuous with
respect to the weak-* topology on P(B).

Proof. 1t is sufficient to show that f,, satisfies the hypotheses of Proposition 3.7. For every s € B,
fu(s,-) is proper, convex, and lower semi-continuous. Since Hy(p) = Hy41(p) for all A € R and
Y is compact, we assume without loss of generality that ¢(y) < 0 for all y € Y. Then, since ¢
non-negative and 1) is negative, fy is non-negative and equal to 400 on the interval (—oo,0).

Tt remains to show that lim 24 — 400 uniformly on B. That is

t—+too U

>M VseB.

WM >0,37 >0 such that ¢ >T = fw(f’t)
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Let M > 0 and let r € R satisfy

> Ly, M+ > 0.
r (wr)neagxyq(s Y Y(y))

This maximum is well-defined and non-negative because ¢ is non-negative and continuous by Lemma
3.2 and B x Y is compact. By construction and Assumption 2.1.B.,

c((s;r),y) >M+(y) VseB,yeY,
which implies that

=M +miny*(s,r) = —M + min 3219{0((8’ r),y) —¥(y)} > 0.

Define the positive constant
rmax (s, 1)

T — seB
=2 — .
+ Islélélw (s,7)

By (32), for any § € Band t > T,

- Oy
foat) _ FGEDHE-DGEED s — ()

2> t - t UG,

By definition of f,, and positivity of ¢,

fo(3,1m) —ry(3,r) = /07“ (We(8,7) —°(8,r)) dF > —rmax (s, r)

seB

It follows that $(s.)
- —rmax (s, r
f%D(S’t) >

seB . c
t)y=M
FE T e ) = M,
as required. Applying Proposition 3.7 with f = f,, completes the proof. O

We now state and prove the main result of this section.

Theorem 3.9. There exists a mazimiser of G. In particular, 1 maximises G if and only if ¥ is a
Kantorovich potential from ps to v with p = py,.

Proof. We first prove existence of a maximiser of G. By Lemma 3.6, it is sufficient to prove that the
closure of A(Y) is a compact subset of C(Y'), and that G is proper, concave, upper semi-continuous,
and bounded above on A(Y').

Let ¢» € A(Y). Then there exists ¢ € C(B x [0, P]) such that ¢ = ¢° By Assumption 2.1.A.,
the cost ¢ is Lipschitz on the compact set (B x [0, P]) x Y with some Lipschitz constant L > 0. As
the pointwise minimum over a family of L-Lipschitz functions, v is L-Lipschitz on Y. Then, since
min Y(y) =0,

[Y(y)| < Ldiam(Y)  Vy €Y, (35)

which is finite since Y is compact. As such, A(Y") is uniformly bounded and equicontinuous, so by
the Arzela-Ascoli Theorem, its closure is compact in C(Y') with respect to the uniform topology.
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Next we show that G is concave and upper semi-continuous with respect to the uniform topology.
Let p € Pac(B) and let v, Y1 € C(Y). Let z € X, and let y; € Y be such that

Vi(z) = c(z,y:) — ¥i(yi)
for each i € {0,1}. Then, using the definition of the c-transform,

Pi(x) —olz) = mln{C(iv y) — 1)} — (@, 90) — to(vo))

< (e(®,90) — ¥1(yo)) — (c(z,90) — Yo(¥o))
= ¥1(¥0) — Yo(vo)
< b1 — volleyy

By symmetry, it follows that
[1(2) — g(x)| = max {9§(x) — ¥5(x), ¥5(z) — Pi(2)} < [[¢1 = Yolle)-

Since = € X was arbitrary,

| K (415 pp, v) — K (%o; pp, v)| = ‘/X (7 —95) dpp + /Y (Y1 — 1bo) dv

< 2{[¢1 — Yolleyy -

So K(-;pp,v) is 2-Lipschitz on C(Y'). In particular, it is upper semi-continuous. Moreover, for
A€ (0,1)and z € X,

(1= N)th1 4 Mipo)°(z) = ng}{c( y) — (1= N)o1(y) — Mbo(y)}
> (1-2) ggg {e(z,y) —1(y)} — A;neig {e(@,y) —o(y)}
= (1 = NYi(x) + Mg ().

Therefore,

K((1 = \Nth1 + Mbo; pp, v) = /X((l = M1+ Mpo)“ dpp + /Y(l — A1 + Mpo dv

— ) (/waduﬁ/ywldu)+A(/Xw8duﬁ+/ywodu)
= (1 = MK (Y1; pp, v) + MK (tho; pip, v),

so K(-;pp,v) is concave. As the pointwise minimum of a family of concave 2-Lipschitz functions,
G is concave and 2-Lipschitz. In particular, it is upper semi-continuous.

We now show that G is real valued (in particular proper) and bounded above on A(Y'). Indeed,
let ¢ € A(Y') and let p = py. By Theorem 3.4, py minimises Hy, so by definition of G,

G(¢) = K(¥; pp, v). (36)

By Lemma 3.5, ||pllc(gy < P, where P > 0 is a constant independent of v. Since c is Lipschitz on
the compact set (B x [0, P]) x Y, its maximum over that set, which we denote by ¢max, is attained.
Using the bound (35) and the fact that mig P(y) =0

K(; pp, v) /¢cdup+/wdu

< <m - minwy)) [ p(s)ds-+ Laam(y)
yey B
= Cmax + Ldiam(Y"),
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which is an upper bound for G on A(Y) by (36). In particular, since p is bounded and v and ¢
are continuous, G(v) is real valued so G is proper. Since this holds for any ¢ € C(Y), G is real
valued. This concludes the proof that a maximiser of G over C(Y") exists.

Finally we prove the necessary and sufficient optimality condition. Since G is concave and real
valued, for every ¢ € C(Y) the superdifferential of G at 1, denoted by 9T G(v)), is non-empty and
contains 0 if and only if ¢ is a maximiser of G. By Lemma 3.8, for every ¢ € C(Y') the functional
Hy is lower semi-continuous with respect to the weak-* topology on P(B). By definition

GW)=_inf | Hy(p).

Let ¢ € C(Y') and let p = py be the unique minimiser of Hy, which exists by Theorem 3.4. Then
by [32, Theorem 2.4.18],

OTG(W) = 0" [K(+; 15, v)] (V).
Hence, 1 is a maximiser of G if and only if 0 € 9% [K(-; uz, v)] (¢), which holds if and only if 1 is
a Kantorovich potential from p; to v. O

3.3 Minimisers of the primal functional

We now combine the results of this section to prove that the primal problem (Problem 2.4) has a
unique solution, to prove that duality holds between the primal and dual problems, and to derive
an optimality condition relating both problems.

Theorem 3.10. There exists a unique minimiser of F. In particular,

in F(p) = G 37
Somin (p) e (), (37)

and p and 1 are optimal in their respective problems if and only if p = py and v is a Kantorovich
potential from pp to v.

Proof. First we prove duality and existence of a minimiser of F' (37). Let ¢» € C(Y') be a maximiser
of G, which exists by Theorem 3.9. By Theorem 3.4, p = py, is the unique minimiser of H,, and
the optimality condition stated in Theorem 3.9 implies that 1 is a Kantorovich potential from p;
to v. Hence, by the Kantorovich Duality Theorem,

G(y) = Pi?(fm Hyy = K(@;pup,v) = Ig%gf;iK( g, v) = Te(pp, v) = F(p).

Then, using weak duality (21),

max G =G = F(p) > inf F > sup G, 38
s (¥) = F(p) pinf) £ 2 sup (38)

So all inequalities in (38) must be equalities, meaning that p is a minimiser of the primal functional
F over P,.(B). This establishes the existence of a minimiser of F' over Py(B), and proves that
(37) holds.

By Theorem 3.4, argminH,, = {py} is a singleton for every ¢» € C(Y). To prove that the
Pac(B)
minimiser of F' is unique, it is therefore sufficient to prove that

argmin F' = argmin Hy, V) € argmax G. (39)
Pac(B) Pac(B) Cc(Y)
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Let ¢ be a maximiser of G and let p = py be the unique minimiser of Hy. By Theorem 3.9, 1 is a
Kantorovich potential from pp to v. Then by (37) and the Kantorovich Duality Theorem,

min F'=maxG = G(¢) = min Hy = K(¢; up,v) = Te(pp, v) = F (D).

Pac(B) cy) Pac(B)
Hence
arg min H,, C arg min F. (40)
Pac(B) Pac(B)
For a contradiction, suppose that there exists p € argmin F' \ argmin Hy. By the Kantorovich
Pac(B) Pac(B)
Duality Theorem,
Pmi(%) F=Fp) = Te(up,v) > K(b; pp,v) = Hy(p). (41)
By assumption,
Hy(p) > min Hy =G = G. 42
v(D) Auin Hy v(¥) max (42)

Together, (41) and (42) imply that
min F > max G,
Pac(B) C(Y)

which contradicts (37). Hence, it must hold that

arg min H,, O arg min F. (43)
Pac(B) Pac(B)

Together, (40) and (43) establish (39), as required.
We conclude the proof by establishing the necessary and sufficient optimality conditions. By
(39), p and ¢ are optimal in their respective problems if and only if

D= Py and 1 € argmax G.
cy)

By Theorem 3.9, this holds if and only if 1 is a Kantorovich potential from 5 to v, as required. [

4 Stability

In this section, we establish stability of Problem 2.4 with respect to the target measure v. We
work in the setting described in Section 2 and cost functions ¢ : X x Y — [0, +00) satisfying only
Assumption 2.1, unless otherwise specified. Using the stability of the optimal transport cost 7.
with respect to source and target measures [31, Theorem 5.20], we show that for v, converging to v
in P(Y), the sequence of minimisers p,, of the functionals F,, converges uniformly to the minimiser
p of F,, (Theorem 4.1). If the cost ¢ additionally satisfies the twist condition (Assumption 2.5) then
there exists a corresponding sequence of optimal transport maps 7}, between p;, and v,, and we
show that this sequence converges to the optimal transport map 7" between p; and v (Theorem
4.2).

Theorem 4.1. The map F : (Pac(B) N L>®(B), | - |l(p)) X P(Y) = R given by
F(p,v) = F,(p) = Te(pp,v)
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is continuous, where P(Y') is equipped with the weak topology. In particular, suppose that v, — v
in P(Y), and let py, (respectively p) be the unique minimiser of F,, (respectively F,) over Pac(B)
for each n € N. Then F,, L F, on (Pac(B) N L®(B), || - | oo(p))» Pn — D in C(B), and pp, — i
strongly in LY(X). Moreover, if v, (respectively +) is an optimal transport plan from g, to vy
(respectively from py to v) for each n € N, then up to a subsequence v, — v in P(X xY).

Proof. We first show that F' is continuous. Let ((Pn,Vn)),cy be a sequence converging in
(PaC(B) N L>®(B),| - HLOO(B)) x P(Y) to a point (p,v). Since B is compact, ||p, — pllz1(py — 0,
and by Remark 2.3, ||up, — ppll1(x) — 0. This implies that

Mo = lip- (44)

Since the sequence (pn)nen converges in L>°(B), it is uniformly bounded, so pp and pp, have
common compact support, say A C X. By continuity of ¢ (Assumption 2.1.A.) and compactness
of AxXY,

Te(pp,v) < 400 and  Te(pp,,vn) < oo Vn e N. (45)

For each n € N let v, be an optimal transport plan from pp, to v,. Since uz, — pp and v, — v
and the corresponding transport costs are finite (45), by [31, Theorem 5.20], there exists an optimal
transport plan « from pp to v such that, up to a subsequence, v, — 7. For all n € N, the support
of v, and ~ is necessarily contained in A X Y, on which ¢ is a bounded continuous function, so, up
to a subsequence,

F(pnvn) = Tltgoom) = [ e [ cdy = Tlup) = Fpoo)
AXY AXY

Since the limit is independent of the chosen subsequence, the whole sequence converges to this limit.
This establishes the claimed continuity of F', which immediately implies the claimed I'-convergence.

Finally, suppose that v, — v in P(Y), let p,, be the unique minimiser of F,,  over Pa.(B) for
each n € N, and let p be the unique minimiser of F), over P,.(B). By Theorem 3.10, (p,)nen C S,
which is uniformly bounded and equicontinuous by Lemma 3.5. By the Ascoli-Arzela Theorem,
any subsequence has a further subsequence that converges uniformly, and therefore with respect to
the strong L* topology. Since F,, L F, on (Pac(B) N L¥(B), || - [|[L(m)) the limit of this further
subsequence must be equal to p. Since the limit is independent of the choice of subsequence, the
whole sequence converges to this limit. By Remark 2.3, up, — pp strongly in L'(X). Letting
Yn (respectively ) by an optimal transport plan from pup, to v, (respectively from pp to v) for

each n € N, applying [31, Theorem 5.20] as above gives that, up to a subsequence, v, — 7 in
P(X xY). O

Theorem 4.1 establishes stability of minimisers of Problem 2.4 with respect to . We now show
that when the cost ¢ is twisted (Assumption 2.5), if p is the minimiser of F), then there is a unique
optimal transport map 7" from p; to v, and T is also stable with respect to v.

Theorem 4.2 (Existence and stability of transport maps). Suppose that the cost ¢: X xY — R
satisfies Assumption 2.5. Then for any p € Pac(B) N L>®(B) and v € P(Y) there erists a unique
optimal transport map T' from py to v, which is defined puy almost everywhere. Moreover, suppose
that v, — v in P(Y), let (Pn)nen be the corresponding sequence of minimisers of Problem 2.4,
and for each n € N let T, (respectively T') be the unique optimal transport map from pp, to v,
(respectively pp to v) that is zero outside the support of pp, (respectively pg). Then

T —T[rrx)y — 0 Vre[l,400).
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Proof. For any p € Pa(B)NL*(B) and v € P(Y'), both p5 and v have compact support, and p is
absolutely continuous with respect to £¢. Since c is twisted (Assumption 2.5), by the Gangbo-
McCann Theorem (see for example [17] or [25, Theorem 12]), there exists a unique optimal
transport map 7' from p; to v, which is defined p; almost everywhere. Moreover, the measure
v = (idx, T)4(pp) is the unique optimal transport plan from p; to v.

Suppose that v, — v in P(Y), let (pn)nen be the corresponding sequence of minimisers of
Problem 2.4, and for each n € N let T,, (respectively T') be the unique optimal transport map
from pp, to vy, (respectively pp to v) extended by zero onto X. Define v, = (idx, Ty)#(ip,) and
v = (idx,T)x(pnp). Let r € [1,400) and € € (0,1). We aim to find N € N such that for n > N,
||T - TnHET(X) <e.

By Theorem 3.10, p,, p € S for all n € N, and by Lemma 3.5, S is equicontinuous and uniformly
bounded. Let P > 0 be a uniform bound for §. Define the compact set

XP::{(Sap)GX : pSP}7
and for each n € N define
Ape = {x € Xp : |T(x) - Tp(@)|| > f}.

We first show that with -

0= 3diam(Y)"

there exists Ny € N such that for n > Ny, pp(Ane) < 6.
By Theorem 4.1, [|us — pip, |21 (x) — 0 and ~, — 7, where the convergence is along the whole
sequence by uniqueness of v. Hence, there exists N € N such that for all n > N

1
litp =t 2y < 5 (46)

By Lusin’s Thoerem, there exists a compact set A C Xp such that T'|4 is continuous and

: (47)

=~

pp(X\ A) <

In particular, the set
€
A ={@y eAxY : |T@) -yl > 5}

is closed. Since 7y is concentrated on the graph of T, v(A:) = 0, so weak convergence of 7, to 7y
and closedness of A; implies that there exists N; € N such that for n > Ny

(48)
We have,

({zea:IT@) - @i >3})

{x €A ||T(z) - To(z)| > %} X y)

{@y) eaxy : |IT@) -yl = })

= 7n(A€)7
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where the second equality holds because 7, has first marginal p;,, and the third equality holds
because spt(7y,) C graph(7),). For all n > Ny := max{ Ny, N1},

Yn(Ae) = pp, (Ane N A) = pp, (Ape \ (Xp\ A))
> pip, (Ane) = b, (Xp \ A)
= p, (Ane) + (up(Xp \ A) — pp, (Xp \ A)) — pp(Xp \ A)
> pip, (Ane) = g — tpallorxy — pa(Xp \ A).

Then by (46), (47), and (48),

Then by (46) and (49), for all n > No,

pp(Ane) = pp(Ane) = wp, (Ane) + g, (Ane) < lip — ppallLr(x) + tpn (Bne) <0,

as claimed.
Since the optimal transport maps T}, and 17" map into Y

IT = Tl 1 (x) < diam(Y).

By definition of A,, ., and since p; is a probability measure on X, it follows that for all n > Ny,
I7 = Tullir gy = [ 1T = Tallea it

- /X o 1T Tl / IT — Tl dup

E\" ) 7
< (5) +mp(An)diam(y)"
< % + ddiam(Y)"
2
=3
Finally, since Y is compact, there exists R > 0 such that Y ¢ Br(0) ¢ R% Uniform convergence
of p, to p implies that there exists N3 € N such that for all n > N3

€

- < &
1P = Pullzrm) < 55

Let N = max{N2, N3}. Since T is zero outside of spt(up), and T;, is zero outside of spt(up, ), for
n>N

I7 = Tullir i = [ IT@) = (o)l da
=T = Tallr(x ) + /X 1T () | ga L p(5) <p<pn ()} (%) da

2¢e _
< 3T R™||p = pull ()
:67

which completes the proof. O
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(a) Optimal cexi-Laguerre tessellation of X (b) Discrete mass density v on Y

Figure 3: The energy-minimising MLM state computed from ERA-Interim data [14] at 1800UTC
on 22 January 2010. Right: the discrete mass density v defined by (17) using the 3-D mass
and circulation integrals (2)-(3) as computed in [27]. Left: the optimal cext-Laguerre tessellation
computed using the damped Newton method of [20]. The pressure axis is reversed so that the
fictitious cell L,41, which represents the ground, extends across the bottom of the domain. Its
top boundary coincides with the graph of the energy-minimising surface pressure p. Here, pmnin =
0.01 hPa. The colour scheme is defined so that potential temperature increases from blue to red,
and zonal angular momentum increases with opacity. We see that Z decreases poleward and ©
decreases with pressure.

5 Reduction to an optimal transport problem

We now use the optimality conditions of Theorem 3.10 to show that under Assumption 2.1 Problem
2.4 reduces to a standard optimal transport problem. This reduction is illustrated in Figure 2. In
addition, we show that if the cost function c¢ is twisted (Assumption 2.5) and its gradient with
respect to x is bounded away from zero (Assumption 2.6), then the corresponding Monge problem
admits a unique solution (Corollary 5.2). In the case where v is discrete, we derive the form of this
solution in terms of Laguerre cells (Corollary 5.3), which can be found by solving a semi-discrete
optimal transport problem [25, Section 4]. This result gives rise a numerical method for computing
energy-minimising MLM states from data. An example numerical solution using the background
state cost function (13) is illustrated in Figure 3. The discrete target measure v is defined by (17)
using the 3-D mass and circulation integrals (2) and (3) computed from ERA-Interim data [14] at
1800UTC on 22 January 2010, as in [27], making Figure 3 comparable to [27, Figure 4]. We solve
the semi-discrete optimal transport problem numerically using the damped Newton method of [20].

Theorem 5.1. Let yoxt € R4\ Y and define cext : X X Y U {yoxt} — [0, +00) by

c(z,y) if yeY
Cext (,9) = | i y—y
— Yext-
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Let P > 0 be a uniform upper bound on the set S, and define

pext = LIL(B X [0,P]),  vexs =v+ (P —1)d

Yext *

ForveP(Y),

p € arg min FI/ p= rynea;( Q(7 Y, ¢ext(y) - wext(yext))

¥ € argmax G, Yext 15 a Kantorovich potential from pext 10 Vext (50)

<~
7 € argmin / cdy Yoxt € argmin / et 0
’YGF(Mﬁvy)XXY ’?er(llextﬂ/ext)

XxXY
where
Vext =Y + (ﬁdt{(s,p) :s€B,p(s) <p< P}) ® Oy (51)
and
) Y,
Yot () = {‘Z’(y’ Wkt (52)
—Ty Zf Y = Yext-

Proof. Let v € P(Y). The optimality conditions for Problem 2.4 given in Theorem 3.10 state that

p € argmin I}, D= Dy
1 € argmax G, 1 is a Kantorovich potential from p; to v.

Combining this with the classical optimality conditions for optimal transport relating optimal
transport plans to Kantorovich potentials (see for example [25, Proposition 8]), and definition of

Dy, gives
p € argmin F),
Y € argmax G, p= gleagq(-, Y, ¥(y) + 7y)

<~
v € argmin / cdy YeBY =c ~-ae
;\;/EF(:u‘ﬁvV)
XxY

(53)

where 7, is the unique constant such that py, is a probability measure on B. Conversely, again by
[25, Proposition §],

p= ma'XQ('a Y, wcxt(y) - Qboxt (yCXt))
yey
Pext 18 @ Kantorovich potential from fiext t0 Vext p= r;lgzc a0 Y Yext (Y) — Yext (Yext))

Cext —
Yext € argmin / Cext A Vexi' @ Yext = Coxt Joxt-a.C.

yel Wex
Y (Mext e t)XXY

Therefore, to establish (50), it is sufficient to show that
PYDY =c yae <= P D Yext = Cext Yext-a.€ (54)

where ¢ € C(Y), 7y € R, and text € C(Y X {yext }) are related via (52), and 7ext is defined by (51).
In particular, since B x {0} is £%negligible, the set N := (B x {0}) x Y has zero v measure and
ZEero Yext Measure, and it is sufficient to show that

Y@ =c onspt(y)\ N <= 9= G hext = Cext 0N SPt(Yext) \ V. (55)
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First, we show that

wg%t (.75) + ¢6Xt(y) = Cext (:U, y) v (‘rv y) € Spt(’)/ext) \ (N U Spt(’}/)% (56)

regardless of any hypotheses on ¢ and v. Let , (z,y) = ((s,p),y) € spt(Yext) \ (N Uspt(y)). By
construction p > p(s) > 0, ¥ = Yext, and 7y = —Vext(Y) = Cext (T, Y) — VYext(y). Let § € Y. On the
one hand, if ¢((s,0),7) < ¥(y) + 7y, since ¢((s, ), §) is increasing,

c((s,p),9) = c((s,0(5)),9) = () + Ty,
where the final inequality holds by definition of ¢. On the other hand, if ¢((s,0),9) > ¥(9) + Ty,
then
c((5,0),9) 2 c((5,0),9) 2 ¥(H) + 7y
In either scenario,
Cext (T,7) — V(7) > Ty = Cext (T, Y) — VYext (),
so (56) holds.

To complete the proof, let (z,y) = ((s,p),y) € spt(y) \ N. Then y € Y and 0 < p < p(s). In
particular, there exists § € Y such that

c((s,p(s),gj) - T/’(ﬂ) < Ty,

otherwise p(s) would be zero by definition. Since ¢((s,-),y) is increasing (Assumption 2.1.B.),

() = ¥°((s,p) < c((s,p),§) — () < c((s,0(5)),9) — (7)) < 7.
By construction
Ty = Cext((8,D(5)); Yext) — Yext (Yext)-
It follows that ¢¢(z) = ¥t (). Therefore,

ext

(@) +¥(y) = c(z,y) = Yei' () + Yext (y) = Cext (2, Y)- (57)
Since spt(y) C spt(7yext), this establishes the backwards implication in (55). Together, (56) and
(57) establish the forwards implication in (55), which completes the proof. O

If Assumption 2.6 holds, then the cost function ceyy is twisted. The following corollary is
therefore a direct consequence of Theorem 5.1 and the Gangbo-McCann Theorem (see for example
[17] or [25, Theorem 12]).

Corollary 5.2. Let Coxt, Mext, Vext, Yext, Yext, and P be defined as in Theorem 5.1. If Assumption
2.6 holds, then there exists a unique optimal transport map Toxy from pext 10 Vext for the cost Coxt,

and it satisfies Yext = (idBX[o,p], Toxt) Ftext, and
VaCext (T, Text (7)) = Vo () Ve B x |0, P].

In particular, if p € argmin F, is the unique solution of Problem 2.4 then T = Tex|x,, is the optimal
transport map from pg to v for the cost ¢, where we recall that X5 = {(s,p) € X |p < p(s)}.

With a view to solving Problem 2.4 numerically, we now write down the formulation of Corollary
5.2 in the case that v is a finitely supported measure. This reduces Problem 2.4 to a standard semi-
discrete optimal transport problem. (See [25, Section 4] for an overview of semi-discrete optimal
transport). By [25, Proposition 37] the corresponding Monge problem has a solution T expressed
in (59) in terms of so-called Laguerre cells L; (see (58) and more generally [25, Definition 17]). The
intersection of any two Laguerre cells is £%negligible [25, Proposition 37], so T is well defined and
corresponds to a labelled partition of the set Xp.
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Corollary 5.3. Suppose Assumption 2.6 holds. Let n € N, and for i € {1,...,n} let y; € Y be
distinct and m; > 0 be such that Y ;" m; = 1. Let

n
V= E M0y, ,
i=1

and let p € argmin F}, be the unique solution of Problem 2.4. Let Yoxt, Cext, Mext, aNA Vext be
defined as in Theorem 5.1, and let Yexy be a Kantorovich potential between piexy and Vexy for the
cost Cext. Define U = (wext(yi))?jll and y = (yi)?;rll, with the convention that Y11 = Yext. For
ie{l,...,n+1}, define

Li(P,y) = {x € B x [0, P]

Coxt (T,Yi) — Vi < cext(x,y;) —V; Vjie{l,...,n+ 1}} . (58)

Then
graph(p) C 0L,+1(7,y),

and T : X, =Y defined by

T = Z Yilp,(wy) (59)
1=1

is the optimal transport map from ps to v for the cost c.

6 Conclusion

In this work, we have given a rigorous definition of a Modified Lagrangian Mean (MLM) state in a
single hemisphere in latitude-pressure coordinates (Definition 1.1). Such a state consists of a surface
pressure function p determining the extent of the source domain, and an admissible transport map
T = (Z,0) between the uniform density on the source domain and a mass distribution v in the
space of zonal angular momentum and potential temperature. We have proved that if v has compact
support in (0, 4+00)?2, then there exists a unique energy-minimising MLM state defined on a domain
excluding the equator and the pole (Theorem 3.10). Optimality conditions imply that this state is
in fact the solution of a single optimal transport problem (Theorem 5.1). Our results hold not only
for the cost function defining the energy of an MLM state (13) but for a wide class of cost functions
satisfying mild assumptions. These include the cost function (15) defining free-surface variants of
the semi-geostrophic equations [6, 9, §].

Regarding energy-minimising MLM states specifically, our results come with three main caveats.
First, the exclusion of the extreme latitudes in the given hemisphere. The pole is excluded to ensure
that the cost function is sufficiently regular (locally Lipschitz; Assumption 2.1.A.). The equator
is excluded to ensure that the cost function is twisted (Assumption 2.5) and admits a twisted
extension (Assumption 2.6). This guarantees the existence of optimal transport maps (rather than
merely optimal transport plans), which can be interpreted as energy-minimising rearrangements
of zonal angular momentum and potential temperature. Second, and for the same two reasons,
an arbitrary minimum pressure is assumed and built into the cost function (13). Third, the zonal
angular momentum is assumed to be positive and bounded away from zero to ensure that the cost
function is twisted.

In addition to the general existence and uniqueness result, we have shown that to compute an
energy-minimising MLM state from a discrete mass distribution in zonal angular momentum and
potential temperature coordinates (target space), as in the setting of [27], it is sufficient to solve
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a semi-discrete optimal transport problem with a twisted cost (Corollary 5.3). This reduces to
maximising the Kantorovich dual functional, which is a concave, finite dimensional, unconstrainted
maximisation problem [25, Section 4], and is numerically tractable using, for example, the damped
Newton method of [20]. Figure 3 illustrates an example where the discrete mass distribution in
target space is specified from integrals calculated from 3-D global atmospheric data and the semi-
discrete optimal transport solution obtains the corresponding distribution of mass in the source
space corresponding to a meridional cross-section in latitude-pressure coordinates.
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