Fractional minimality of the Simons cone
for s close to 1
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Abstract

Let ¥ := {(X,Y) € R* x R* : | X| = |Y|} be the Simons cone and let C := {|X| < |Y|}.
We prove that C' minimizes the fractional perimeter Ps, under compact perturbations,
whenever s is sufficiently close to 1. The proof constructs two homogeneous families of
strict one-sided barriers and converts them into nonlocal sub-calibrations.
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1 Introduction
The Simons cone is the singular hypersurface
Y={(X,Y)eR*xR*: |[X| = |Y|} C R%. (1.1)

We denote by
C:={(X,)Y)eR*xR*: |X| < |V]} (1.2)

one of the two closed cones bounded by 3. Simons proved the relevant stability and low-
dimensional rigidity results for minimal cones [13]; Bombieri, De Giorgi and Giusti subsequently
proved that the cone is area minimizing, equivalently that C' is locally perimeter minimizing,
[2]. Calibration and sub-calibration proofs were later given, among others, by Davini [8] and
by De Philippis and Paolini [9)].

We study the analogous minimizing property for the fractional perimeter introduced by
Caffarelli, Roquejoffre and Savin [5]. For an open set 2 C R", s € (0,1) and a measurable set
E C R", we use the normalization

PAED) =3 [ [ ae) = xp)lle ol dedy (1.3

+/ / Ixe(z) — xe()||z — y|"** dz dy.
o Jrm\Q

At a smooth boundary point p € OF, its Euler—Lagrange operator is the fractional mean
curvature

HE(p) = PV/ xee(q) — xe(q)lqg — p|"** dq. (1.4)
RTL
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The fractional perimeter converges, after the usual normalization, to the classical perimeter
as s T 1 [4]; the corresponding curvatures converge to the classical mean curvature on smooth
families [1, 6].

Nonlocal minimal cones play a central role in the regularity theory. In the plane, halfplanes
are the only minimizing cones [12]. Dévila, del Pino and Wei constructed nonlocal Lawson cones
and studied their stability [7]. In the symmetric 444 case, the exchange map (X,Y) — (Y, X)
shows directly that the Simons cone is stationary for every s € (0,1). Stationarity, however,
does not imply minimality; the purpose of this paper is to establish the latter in the perturbative
regime s 1T 1.

The proof is based on nonlocal calibrations. Cabré developed calibrations and null-
Lagrangians associated with foliations by solutions of the nonlocal mean-curvature equation
[3]. Pagliari introduced an antisymmetric scalar calibration for nonlocal total-variation energies
and used it to prove the minimality and uniqueness of halfspaces [11]. Here the leaves are
strict sub- and supersolutions rather than exact solutions, so the appropriate object is a
one-sided nonlocal sub-calibration.

The main difficulty is uniformity at infinity. Set

Ef ={X*<|v|*+1}.

On compact portions of E;", positivity of H f ’ follows from the local limit s 1" 1 and positivity
of the classical mean curvature. This argument alone is not uniform at infinity, because
the classical mean curvature decays like y~!3 along the boundary. Rescaling by n = y—*
transforms the remote boundary point into

Py = ((1+n)Y*e1,e1)

and the set into
Ey={I X" <|Y[*+n}.

The key estimate is
HE(P)) > Agn — Cn?, As > ¢ >0, (1.5)

uniformly for s in a one-sided neighborhood of 1. A Laplace transform turns the curvature into
a weighted integral of Gaussian sublevel probabilities. The first variation is computed explicitly
using modified Bessel functions. The remainder requires two regimes: an exact noncentral chi-
square representation for bounded Gaussian scale, and a quantitative normal-graph expansion
with two n-derivatives for large Gaussian scale. The latter isolates a nonnegative local
mean-curvature term and leaves an integrable O(n*t—3/2) error.

The estimate (1.5) yields strict mean-convexity of all positive homogeneous leaves of
®(X,Y) = |X|* — |Y|* and, by symmetry, of the corresponding leaves of —®. The two
resulting one-sided calibrations give outward and inward minimality of C'; submodularity then
produces minimality against arbitrary compact perturbations.

We now state the result. Throughout the paper,

(X,Y):= X" |V, C:={®<0}. (1.6)
Sets are identified up to Lebesgue-null modifications.

Theorem 1.1. There exists so € (0,1) such that, for every s € (so, 1), the set C' is minimizing
for the fractional perimeter under compact perturbations. More precisely, for every bounded
open set Q) C R® and every measurable set F C R® satisfying F A C € Q,

Py(C,Q) < Py(F, Q).



The analytical core is the following barrier theorem.
Theorem 1.2. There exists so € (0,1) such that, for every s € (so, 1),

By +
Hs' (p) >0 for every p € OET", (1.7)

where
Ef ={X*<|v|*+1}.

By the symmetry (X,Y) — (Y, X), the analogous statement holds for
Er ={Y|*<|X|*+1}.

Remark 1.3 (Sign convention). We use

HE(p) := PV/ xee(q) — xe(q)|lq — p*** dqg. (1.8)
R8

With this convention Fuclidean balls have positive fractional mean curvature.

Remark 1.4 (Stationarity of the cone). For every s € (0,1),
HS(p)=0  forpe X\ {0}.

Indeed, after applying an element of O(4) x O(4), one may assume p = (rey,rei). The
exchange isometry (X,Y) — (Y, X) fizes p, swaps C and C¢, and preserves the kernel in
(1.8); the principal value therefore cancels. Theorem 1.1 is thus a genuine minimizing resull,
not merely an Euler—Lagrange statement.

The paper is organized as follows. Section 2 establishes the one-sided calibration principle.
Section 3 proves the strict barrier theorem, including the Gaussian expansion at infinity.
Section 4 combines the two one-sided calibrations and submodularity to prove Theorem 1.1.

2 Calibrations and preliminary results

For measurable sets A, B C R"”, define

1
Ly(A, B) ::/A/B’m_y’mdydx.

For an open set {2 C R", the localized fractional perimeter is
Py(E, Q) :=Ls(ENQENQ)+ Ly (ENQE°\Q)+ Ls(E\ Q,E°NQ). (2.1)

Equivalently, with
Qq := R\ (Q° x Q9),

one has

PE) =L [ e@ =Wl (2.2)

2 Qq |z — y|ts

Lemma 2.1 (Scaling). For every A > 0,
Py(AE, M) = N"Py(E,Q),  HM(\p) =X H (p).

Proof. Both identities follow by the change of variables x = Az’ and y = \y/. O



Lemma 2.2 (Complement and submodularity). For all measurable A, B C R™ and every
open €2,
P(A°, Q) = Ps(A,Q),

and
P,(AUB,Q)+ P;(ANB,Q) < Ps(A,Q) + Ps(B,Q). (2.3)

Proof. The complement identity follows immediately from (2.2). For (2.3), apply the pointwise
lattice inequality

(aVvb)—(a' VV)|+|(anb) — (a' AV)| < |a—d|+|b—1]
with a = ya(z), b = xB(x), d’ = xa(y), ¥’ = xB(y), multiply by the kernel and integrate over
Qa. 0

Definition 2.3 (One-sided localized minimality). Let E C R"™ be measurable and let 0 < s < 1.
We say that E is outward minimizing for Ps if, for every bounded open set @ C R™ and every
measurable competitor F' C R™ such that

E CF, F\FE €,

one has
Ps(E,Q) < Py(F, Q).

We say that E is inward minimizing for Ps if, for every bounded open set  C R™ and every
measurable competitor I C R™ such that

F CE, E\ F €,

one has

Ps(E,Q) < Ps(F, ).

We shall use the following one-sided calibration criterion. The formulation with truncated
divergences is convenient because it records explicitly the passage to the principal value.

Proposition 2.4 (One-sided nonlocal calibration). Let E C R™ have locally finite fractional
perimeter and let ¢ : R™ x R™ — [—1, 1] be antisymmetric. For p > 0 set

Doptle)i= [ e~y dy
Assume that
(i)
¢z, y)(xe(y) — xe(@)) = Ixe(Yy) — xB(2)]
for a.e. pair (z,y);

(ii) there exists DsC € LL .(E°) such that

D; ¢ — D¢ in L (ES) (pl0), D¢ <0 a.e. in E°.

Then E is outward minimizing for Ps.



Proof. Let F D E with F'\ E € Q. If Ps(F,Q) = +oo there is nothing to prove, so assume
it is finite and put u := xp — xg. Then u > 0 and sptu € Q2. For p > 0 denote by F; , the
expression in (2.2) with the additional restriction |z —y| > p. Since |¢| < 1, the saturation
identity gives
Pop(F.Q) — P y(B,9) > C(a,y)(uly) — ulw))le — y |~ da dy.
Qan{lz—y|>p}

Because u vanishes outside a compact subset of €2, the last integral is unchanged if Qg is
replaced by R?". It is absolutely convergent for fixed p, and antisymmetry yields

! —n—s _
B /|$_y|>pé“(a:,y)(u(y) —u(2))|lz -y drdy = — /E u(z)Ds ¢ () da.

Letting p | 0, monotone convergence gives Ps ,(A,Q) T Ps(A,Q) for A = E,F, while
assumption (ii) gives convergence of the right-hand side. Consequently

P.(F,Q) — Py(E,Q) > — / w(@)DuC(z) dz > 0.

c

d

Corollary 2.5 (Foliation criterion). Let ¥ : R™ — R be smooth away from a closed null set
and set E, = {V < a}. Assume that Ey has locally finite fractional perimeter, that OF, is
smooth for every a > 0,

HE >0  ondE,, a>0,

and, for
((z,y) == sgn(¥(x) — V(y)),

the truncated divergences Ds ,( converge in Li ({¥ > 0}). Then Ey = {¥ < 0} is outward
minimaizing.

Proof. The saturation condition is immediate. If z € E§ and a = ¥U(z) > 0, then, for a.e. y,

C(z,y) = xE, (¥) — XE:(y)-

Therefore W) )
XE\Y) — XES\Y E
D =PV it dy=—-H;*(x) <0.
(@) Re o gt o)
The conclusion follows from Proposition 2.4. O

The final application of this criterion to the level sets of ® and —® is postponed to
Section 4, after the strict barrier theorem has been proved.

3 Fractional mean curvature of the perturbed cone

We now prove Theorem 1.2. Since E is invariant under O(4) x O(4), every boundary point
is equivalent to

p(y) = (e, yer),  a(y) = 1+y")",  y>o. (3.1)

The classical mean curvature with the sign convention (1.8) is

Hy) = Y ey (3.2)



Hence

3
H(y) >0 Vy>0, H(y) = —y B +0@w 7 — 00). 3.3
) y = () Wik (") (y—= o) (3.3)
Indeed, z(y)* — y* = 1, and therefore
oz =yt 1

> 0.

o) - = z(y)?+y*  w(y)’ +y’

The denominator in (3.2) is strictly positive for every y > 0, including y = 0.

Lemma 3.1 (Compact part). For every Y < oo there is sy € (0,1) such that
Hffr(p(y)) >0 Vy €[0,Y], sé€ (sy,1).

Proof. On compact families of uniformly C? hypersurfaces,

(1—s)HE (p) — knHS (D)

uniformly as s 1 1, with x,, > 0; see, for instance, [1, 6]. Since (3.3) gives a positive minimum
of the classical mean curvature on [0,Y], the claim follows. O

It remains to handle y — oo. Set
=yt Ep={XI <Y )l Pyi=(aene), api= (e (34)

Then .
H (ply) =y *HE(P)). (3.5)

Proposition 3.2 (Uniform expansion at the cone). There exist s, € (0,1), 179 > 0, ¢x >0
and Cy < oo such that, for s € [s.,1) and 0 < n < no,

HEn(P)) > Agn — Cun?, Ay > .. (3.6)
In particular, after decreasing ng if necessary,
HE(Py) >0 Vs € [s4,1), 0<mn<mno.

The proof occupies the rest of this section.

3.1 Laplace—Gaussian representation

Let Z;, W; be independent Gaussian variables in R* with density

() = (;)2 e

Pi(n) ::IP’(|a,7€1 +Zy —ah > ler + Wit — 1). (3.7)

Define

Lemma 3.3 (Gaussian representation). For 0 < s <1 andn >0,

it

HP"(Py) = F(4+8/2)/0 12 (2P () — 1) dt. (3.8)

Moreover P,(0) = 1/2 for every t > 0.



Proof. Let

on(q) == xee(Py + @) — x&, (P + ).
Choose the unit normal v, at P, with the orientation for which o,(q) = sgn(q - v,) to first
order, and put ag(q) :=sgn(q - vy). Since OE, is C? near P,, there exist ro, C' > 0 such that

U??(Q) 7é 02((])7 |(J| < To, - |q : V77| S C|q - (q : VU)VW|2'

Consequently the set where the two signs differ occupies, in a spherical shell of radius r, a
proportion O(r). Hence
o (@) — op(@)llal 7 dg < 0
70
precisely because s < 1. The same difference is integrable at infinity. The principal value of
the halfspace term is zero, and therefore

HE(P) = [ (o0() = oia)lal ™ da, (3.9

where the right-hand side is absolutely convergent.
Using the Laplace identity

I'4+s/2) Jo

and Fubini’s theorem in (3.9), justified by the absolute convergence of the iterated integral,

we obtain .

T T(+s/2) /ooo e /Rs (09(9) — op(a)e” """ dq dt.

The centered Gaussian integral of 02 vanishes by reflection in an. Since the density of (Z;, W)

HsEn(Pn)

is (t/m)%e 11 the remaining inner integral equals w4 ~4(2P;(n) — 1), proving (3.8). When
n = 0, the random variables |e; + Z;|* — 1 and |e; + Wy|* — 1 are independent and have the
same continuous law, so P;(0) = 1/2. O

Lemma 3.4 (First derivative at the cone). For every t > 0,

—t

0, P,(0) = %6 (2tIo(t) — (2t + D)1 (1)), (3.10)

where Iy and I, are modified Bessel functions of the first kind.

Proof. Write

4

Ua(2) := |aer + z\4 —a”, ap = (1+ 77)1/4.

For ¢ > 0, first restrict the coarea computation to the region |e; + z| > ¢ and then differentiate
the resulting fixed-boundary integral. The omitted part is O(6%), uniformly for 1 near zero,
while its differentiated integrand is O(63) after the radial Jacobian is included. Letting 6 | 0
therefore justifies differentiation and gives

OnP(0) = /]1%4 /{Ul(z)Ul(w)} WC[;J(:()Z”%(Z)%(UJ) dH3(2) dw, (3.11)

where
G(Z) = 877Ua77(z)‘77=0 = |€1 + Z|2(1 + Zl) -1

Indeed a;,(0) = 1/4 and 9,Uq(2) = 4|aer + z|*(a + z1) — 4a®.



Use polar coordinates centered at —ey:
e1+ 2z =rw, e1+w=rv, r >0, w,vesd
Then Uy (z) = r* — 1, |VU1(2)| = 473, and

4
weutw) = (L) e,
7T

Moreover 1+ z; = rwy and |e; + z| = r, whence the corrected identity
G(z) = r3w; — 1. (3.12)

Thus
4 roo
9, P,(0) = i <t> / PBe 20 (13 4 (24r) — Ag(2tr)) Ao(2tr) dr,  (3.13)

™ 0

where
Aolp)i= [ e dofw),  Ailp) = Aylp).

The standard integral representation of the modified Bessel functions, see [10, Section 10.32],
gives

. 47T2[1(,0) _ 42 M _ 211 (p)
Alp) = T () =t ()

Substitution in (3.13) gives, with all Bessel functions in the following line evaluated at 2tr,

oo
0, P,(0) = e~ / e 2 (1t oy — tr* I — 211} dr. (3.14)
0

To evaluate the integral, set

W(ap) = [

0

ar?y g2 g L 2ea; (B
re” " I (Br)° dr 5 ¢ L 50 )

Using I{(z) = Ip(z) — I(z) /x, differentiation under the integral gives

| e (Brin(arn (e — L) — i (en?) dr
0

t2 t
= _5 aﬁ(avﬁ)—i_iWa(aaB)_t2W(avﬁ) Whenﬁ:2t
Evaluating at o = 8 = 2t and differentiating the explicit Weber formula yields
t2 t 5 el
—§Wa5 + §Wa —t°W = 1—6(2t10(t) — (2t + 1)L(1)).
Together with (3.14), this proves (3.10). All differentiations are justified by the Gaussian
factor and standard local bounds for Iy, I;. O

Lemma 3.5 (Positivity of the Bessel coefficient). For everyt > 0,

2tIo(t) — (2t + 1)11(t) > 0. (3.15)
Consequently
4 o0
Ay = —— [ 72678 (2D (1) — (2t + 1)1 (1)) di 3.16
s et (2tIo(t) — (2t + DD (1) (3.16)

is continuous and strictly positive on every compact subinterval of (0,1]. In particular, for
sx < 1 sufficiently close to 1, there exists c, > 0 such that

A > ey Vs € [s, 1].



Proof. Let R(t) := I;(t)/Io(t) and b(t) := 2t/(2t+1). The identities Iy = I and I{ = Ip— 1/t
give
R=1-R*— %

2t + O(t?), R < b for small positive t. If R — b had a

Since R(t) = t/2 + O(t®) while b(t) =
> 0. But at R = b,

first zero to > 0, then (R — b)(to)

b 3
— ,: — 2 —_ = — ,: N
(R=b)=1-b"—2—b G <

a contradiction. Hence R < b for all ¢ > 0, which is exactly (3.15).
At zero,

3
e H(2tly(t) — (2t + 1) 1(t)) = 5+ O(t?).
At infinity, the standard large-argument expansions of Iy and I [10, Section 10.40] give
et (2tIy(t) — (2t + D)1 (1)) = O(t~3/?).

These two bounds imply uniform integrability of the defining integral for As on compact
intervals of s < 1, and continuity follows by dominated convergence. The integrand is positive,
hence Ag > 0. O
3.2 A one-sided Taylor estimate

The bounded and the large Gaussian scales require different coordinates. At bounded scales
we use the exact one-dimensional density of a noncentral chi-square variable. At large scales
we use a normal graph, but keep the Taylor remainder in 1 throughout the argument.

Lemma 3.6 (Bounded Gaussian scales). There exist ng > 0 and C' < oo such that
07P(n)| <Ct,  0<t<1, 0<n<n. (3.17)

In particular,
2P;(n) — 1 > 210, P,(0) — Cn*t.

Proof. Let 2,9 € R* be independent with density 26 1€* . After writing Z; = ¢t~ /22 and
W, = t71/2Q), set
X, = |\/£CL7761+E’2, Y = |Vter + Q%

The event in (3.7) is exactly

X,% > Y2 4+ 2, or equivalently Xy >/ Y2+ 2.

If A > 0, the variable [v/Xe; + Z|? has density

fa(z) = e~ @Y \/fh(m/m = zhy(z), x>0, (3.18)
with the value at A = 0 understood by continuity, and
o0 k
_ (@) (Az)
ha(z) =e gik!(k—kl)!' (3.19)

Let

Qo) = [T hdr A=t =t TEL )= e



Conditioning on Y gives the fixed-domain formula

Py) = /0 QU () ) dy. (3.20)

Formula (3.19), or equivalently the standard bounds for I;, shows that for 0 < A < 2 the
functions h) and their A-derivatives up to order two and z-derivatives up to order one are
bounded by C(1 + 2)Me~. The same type of bound holds for @y and Q. For > 0 these
bounds justify two differentiations in (3.20). To include n = 0, differentiate first on [d, 00) in
the y-variable, combine the two terms containing a:;; before taking the limit, and then let § | 0.
The combined expression below is dominated by an integrable function independent of § and
1. Thus the second derivative extends continuously from n > 0 to the right endpoint n = 0.

We record the cancellation at y = 0, which is the point missed by an argument based on a
C? density for the difference variable. Since Q, = —zhy(z) and Qz = —hy(z) — zh) (),

t4
Qx:v(l‘;])Q + Qzl';; = _Ehg‘n (mﬁ)v
n

where

t? t
i e v
n n
Similarly,
2@)\5,;)\;7x;] = —)\;71528)\]1)\" (xn)
Thus
P = [~ ) ) + QaCuns ), (321)
! 42 t4 /
— At Orha, (zn) — m An (zy) | fr(y) dy. (3.22)

Here and below z,, = z,(y). Since z,, > y and fi(y) = yh(y), the last term is integrable
uniformly even when 7 = 0. Moreover |\}| < Ct and ])\;7’| < Ct. Applying the bounds following
(3.19) in (3.21) gives

0:Pi(n)| < C(t+ 2 +£° +t*) < Ct.

Taylor’s formula and P;(0) = 1/2 finish the proof. O

Lemma 3.7 (Large Gaussian scales). There exist ng > 0, €9 > 0 and C < oo such that, for
0<e<eand0<n<ng, one can write

Pe—a(n) = 5 = Be(n) +*We(n), (3.23)
where (@2 5
€ 3(ar —1
Be(n) ! (3.24)
RGN YR
B.(0) = BL(0) =0, and
sup sup |¥Z(n)| <C. (3.25)
0<e<eg 0<n<no
Consequently
2P,(1) — 12> 200, P,(0) = CrPt ™2 (t > ?). (3.26)

10



Proof. Put z = e§, w = ew and F; . (§,w) := F(e§,cw). Then

_ _ 112 2
P.-a(n) =" /Rg L, sope” T dg dw,
and the following expansion is exact:

F,.= 4£(a%§1 —wy1) + 62{2a,27\§]2 + 4a727§% —2|w|® — 4w} (3.27)
+4e* {an&lé]? — wilwl?} + e {lEl* — o'}

Introduce the orthogonal coordinates

3 3
— (46 1 1)1/2 _ S @ _ St aywn
Nn_(an+1)/7 o = ]\[77 3 B_ ]\[77 3
so that
af’]a—l—ﬁ —a+a%6
= — W = —————.
1 N, 1 N,

Write 7 = (3,&,w') € R7, u = |¢/|> and v = |o'|?. In these variables
F, e =4eNya +e?Ry (o, 7) + 2Ry (a, 7) + e* Ry (ar, 7), (3.28)
where the R;, are polynomials with coefficients smooth in 1. At a =0,

Ga%n

N

Ry, (0,7) = 2a727u —2v — B2. (3.29)

We give the localization details needed for uniformity. Set L. := ="/, On {|a|+|7| < 2L.},
differentiation of (3.28) gives

OoFye = 4eN, + O(e*(1 + L.)%) > 2¢N,,

for e sufficiently small. The signs at a« = £ L. are opposite, since the linear term has size L.
whereas all remaining terms are o(¢L.). Hence the zero set in this cylinder is a unique normal
graph

a = hy(7).

Write hy, . = €ky in the implicit equation Fj, . (hye, 7) = 0. Since the derivative with respect
to k is 4N, + O(e(1 + |7])?), the quantitative implicit-function theorem applies uniformly
on the cylinder. Expanding the equation through order £? and differentiating it twice with
respect to 1 gives

hie(T) = eHyy(7) + €2 Ha (1) + 2 K, o (7), (3.30)

where, for j =0,1,2,

O9H | < CU+ T2 |03Ha| < O+ |7, 00K, < CA+ DM, (3.31)
The first coefficient is ) )
v—aju  3a;n
Hi, = U B2, 3.32
M1 9N, + 2N}7”5 (3.32)

The coefficient equation at order 2 is

&IRQW(O, T)Hl,n + R3»77(0’ 7’)
4N, '

Hy, = — (3.33)

11



Furthermore, Ry, (0,7) and Hy, are even in 3, whereas 0o R2 (0, 7) and R3,(0,7) are odd
in 8. Formula (3.33) therefore gives

HQﬂ?(_ﬁ?g,?w/) = _HQ,W(67§/7WI)- (334)

For completeness, we also record how the Gaussian tails are handled. A smooth cutoff
equal to one on |a| 4 |7| < L. and zero outside |a| + |7| < 2L, is inserted. On its support the
preceding graph description is valid. The gradient in the original scaled variables is

VeF, . = delayer + € (aner + €€), VoFpe = —deler + ewl?(e1 + ew).

Thus the only common critical point is (—aye1 /e, —e1/e), and its value is —n. It does not
belong to the zero set when 1 > 0; when 1 = 0 it lies at Gaussian distance O(e~!). Away from
a fixed neighborhood of that point, the coarea formulas for the first two n-derivatives have a
nonvanishing gradient denominator and produce only polynomial factors. In the remaining
neighborhood use

p:anel+5§, g =e1 + cw, u = ]p|4, v = |Q‘4‘

Since in four dimensions r3dr = 1 d(r*), the radial Jacobian in (u,v) is constant and the
event is the half-plane u — v > n. After the angular integrations, each radial density has
an expansion g(u) = g(0) + O(u'/?) and satisfies ¢’(u) = O(u~'/?) at the origin, with all
coefficients bounded by a polynomial in e~ times e~/ ¢ For d > 0 the density of u — v is
k(d) = [5° g1(v+ d)g2(v) dv; hence k' (04) = [;° ¢1(v)g2(v) dv is finite. This gives the two
right n-derivatives required at n = 0, with the same exponentially small bound. Combining
the two regions, the complementary contribution R.(n) is C? and satisfies

sup |RZ(n)] < Ce2. (3.35)

0<n<no
Possible additional roots of the quartic in « lie outside the cutoff cylinder; they are included
in R.. This is the reason for localizing before replacing the superlevel set by a single half-line.
Since e L% = e~ /" = O(e™N) for every N, the remainder in (3.35) may be absorbed at
order €3 without losing two 7-derivatives.

Let o
q(r) = 7r*1/2/ e da, dry;(7) == 726117 g,
T

After extending the localized graph smoothly outside the central region, the preceding
discussion gives

Pes(n) = [ alhye(r) de(r) + Re) (3.36)

On the central region one has |hy .| < Ce3/* for ey sufficiently small. Hence

w

where p is smooth. Substitution of (3.30) into (
of all Gaussian moments, yields

.36), together with (3.31) and the finiteness

3 52
Poa(n) = 5 = = [ oy = 2 [ Hoyds + €n), (3.37)

with (3.25). Notice that the C? estimate for . follows from the n-derivative bounds in (3.31);
a bare O(e%) remainder would not suffice for this conclusion.
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The second integral in (3.37) vanishes by (3.34). From (3.32) and the Gaussian moments
[B%dy; =1/2 and [udy; = [vdy; = 3/2, one obtains

1 3(a2 —1)3
/fﬁmdwzz—f (a; — 1) (3.38)

4 1/@%—1—1((1%—@%4—1)3/2'

Equations (3.37) and (3.38) prove (3.23)—(3.24). Finally Taylor’s theorem, B, > 0, and
B.(0) = BL(0) = 0 give

P€*2 (77) - Ps*Q (O) - 77877P6*2 (0) > _0772537
which is (3.26). ]

Lemma 3.8 (One-sided Gaussian Taylor estimate). There are ng > 0 and C < oo such that,
for every 0 <n < ng and every t > 0,

2P;(n) — 1 > 219, Pi(0) — C’m(t), (3.39)
where
t, 0<t<l,
m(t) = {tB/z’ . (3.40)

Proof. The range 0 < t < 1 is Lemma 3.6. The large-scale lemma covers t > ¢y 2. On the
remaining compact interval 1 <t < ¢, 2, the fixed-domain representation (3.20) and the same
differentiation used in (3.21) give |8%Pt(17)| < C; here the density parameters remain in a fixed
compact interval depending only on €g. Since t~3/2 is bounded below by a positive constant
on this compact interval, Taylor’s theorem gives (3.39) after increasing C. O

Remark 3.9. The delicate point is not differentiability of Pi(n) for fixed t. The point is
the absence of a negative n*t~Y2 contribution as t — co. In the normal form above, the
potentially dangerous local term is exactly the classical mean-curvature contribution (3.24);
it has nonnegative sign. The remaining negative part starts only at order t—3/2, which is
integrable against t=175/2 uniformly for s < 1.

3.3 Proof of the uniform expansion

Proof of Proposition 3.2. By Lemmas 3.3 and 3.8,

4 o0
HE (P > Wi/ ~145/2 (9,9 P.(0) — Cn?
DB 2 gy fy ET (2000F00) - () de
= A — C’n27T74 /oo 152 (t) dt
* I'(4+s/2) Jo '
The last integral is uniformly bounded for s € [s,, 1], because
1 1
12 e =
/0 1+4s/2’
and ~ 1
/282 gy Y
/1 3/2—s/2

The factor I'(4 + s/2)~! is uniformly bounded on [s., 1]. Hence
HEN(P)) > A — Cunf.

By Lemma 3.5, choosing s, < 1 sufficiently close to 1 gives A5 > ¢, > 0. Finally decrease ng
so that Cino < ¢4 /2. O
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Corollary 3.10 (Uniform positivity at infinity). There exist Y < oo, s, < 1 and ¢ > 0 such
that

+
B (p(y) 2 ey >0 Wy>Y, sé€ls.,)
Proof. Take n =y~% in (3.5). For y large enough, Proposition 3.2 gives

EF _ . Cx Cx o
Hs (p(y)) =y "H7"(By) >y~ =Ty~

O]

Proof of Theorem 1.2. Use Corollary 3.10 for y > Y and Lemma 3.1 on [0, Y]. The statement
for E] follows from the isometry (X,Y) — (Y, X). O

4 Proof of the main result

We now turn the strict barriers into two one-sided calibrations and conclude by submodularity.

Proposition 4.1 (From the asymptotic estimate to the global barriers). There ezists s, € (0,1)
such that, for every s € (sp,1) and every a > 0,

Hf; (p) >0 for every p € OE], Ef :={® <a}, (4.1)

and
HE« (p) >0 for every p € OF,, E; :={-® <a}. (4.2)

Proof. By Corollary 3.10 there exist ¥ < 00, s € (0,1) and cs > 0 such that

+
B (p(y) > ooy "4 >0 W2, s €[50, 1)

For the same Y, Lemma 3.1 gives sy € (0,1) such that

B o) >0 Wye[0,Y], se(sy,1).

Set
Sp 1= Max{Seo, Sy }.

Since every point of OE;" is, by the O(4) x O(4) symmetry, of the form p(y) for some y > 0,
the two estimates imply

2 +
Hs*' (p) >0 Vp € OE], s € (sp,1).
Now fix a > 0. Because ® is homogeneous of degree 4,
Ef = a/'EY.
If pe OE; and ¢ = a~4p, then q € OE] . The scaling identity in Lemma 2.1 gives

1/4 ot +
HE (p) = HY P (0 /1q) = =" HI (g) > 0.

This proves (4.1). Finally, the exchange map
T(X,Y):=(Y,X)

is an isometry of R® and satisfies T(E}) = E, . Fractional mean curvature is invariant under
isometries, hence (4.2) follows from (4.1). O
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Lemma 4.2 (Integrability of the homogeneous calibration). Let

C(z,y) = sgn(®(z) — ©(y)).

Then, for every 0 < s < 1, the truncated divergences Ds ,( converge in Llloc(Cc) as p | 0.
Their limit satisfies

ET
Dy((x) = —Hs " (x),  xze€C (4.3)

and
|Ds,pC(x)| + [DsC(z)| < Csl|~* (4.4)

locally uniformly with respect to p > 0.

Proof. For x € C° put a = ®(z) > 0. For a.e. y,

¢z y) = Xgr () = X(E5)e(¥),

which gives (4.3) once the principal value is shown to exist. We verify this uniformly after
normalization.
The kernel is homogeneous and ® has degree four, hence

Az, \y) = C(@,y),  Dsp((Az) = A7°D; 0 ((@).

Consider z = § € ST N C° The level hypersurface {® = ®(0)} through # has uniformly
bounded C? geometry as @ ranges in the closure of S” N C¢: on the limiting cone {® = 0} NS7
one still has V& # 0. Subtracting the sign of the tangent halfspace as in the proof of
Lemma 3.3, the contribution from a ball of radius r is bounded uniformly by

T
C / o dp = Crl=s.
0
The contribution outside a fixed ball is uniformly bounded by the integrable tail of |z —y|~87*.
It follows that D; 5((#) converges uniformly in § € S” N C¢ and is uniformly bounded there.
Writing 2 = 76 gives (4.4). Since |z|~* € L (R®), pointwise convergence away from the

origin and dominated convergence imply convergence in LIIOC(C’C). O

Proposition 4.3 (Exterior calibration of the cone). For every s € (sp, 1), the cone
C={® <0}
s outward minimizing for Ps.

Proof. Apply Corollary 2.5 with
U=, E,={V<a}=E].

For a > 0, the boundary E; is smooth because V® # 0 on {® = a}. Indeed, VP(X,Y) =0
only when X =Y = 0, whereas 0 ¢ {® = a} for a > 0. The cone has locally finite
classical perimeter; the standard translation estimate for characteristic functions therefore
implies locally finite fractional perimeter for every 0 < s < 1. The positivity assumption in
Corollary 2.5 is precisely (4.1), and the required Llloc convergence of the truncated divergences

is Lemma 4.2. Therefore Ey = {® < 0} = C' is outward minimizing.
O

Proposition 4.4. For every s € (sp, 1), the cone C' is inward minimizing for Ps.
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Proof. We apply the previous argument to —®. The positive leaves are
E; ={-0<a}={Y[*<|X|*"+a}, a>0,
and their strict mean-convexity is (4.2). Hence
{~® <0} = {®>0)

is outward minimizing. Since {® > 0} differs from C¢ = {® > 0} only by the boundary
{® = 0}, a Lebesgue null set, the same outward minimality holds for C*.
Let now F' C C and C'\ F € Q. Then

F°>Cf, F\NC°=C\F e
Outward minimality of C¢ gives
Py(C°, Q) < Ps(F°, Q).
Using complement invariance from Lemma 2.2,
Py (C, Q) = Ps(C°,Q) < Py(F°,Q) = Ps(F,Q).
This is exactly inward minimality of C. O

Theorem 4.5 (Compact minimality of the cone). Let sg := s,. For every s € (so, 1), every
bounded open set Q C R®, and every measurable competitor F C R satisfying

FAC € Q,

one has
Py (C,Q) < Ps(F,Q).

In particular, Theorem 1.1 follows.
Proof. Define the two one-sided competitors
Ft.=FUC, F~:=FnC.

Then
FtoC, Ft\C=F\CCFAC e,

and
F~cc, C\F~=C\FCFACecQ.

By Propositions 4.3 and 4.4,
Py(C,Q) < Py(FT,Q), Py(C,Q) < Ps(F,Q).
Adding the two inequalities yields
2P,(C,Q) < P(FUC, Q)+ Ps(FNC,Q). (4.5)

The submodularity inequality (2.3), applied with A = F and B = C, gives

P(FUC,Q)+ P,(FNC,Q) < Ps(F,Q) + Ps(C, Q). (4.6)
Combining (4.5) and (4.6) gives

2P(C, Q) < Ps(F,Q) + Ps(C,Q),

hence

Py(C, Q) < Py(F, Q).
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