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DIRAC SPECTRA AND THE TOPOLOGY OF SPACES OF METRICS

ANASS NIFA

ABSTRACT. Let M be a closed connected spin manifold of dimension n > 3. We prescribe arbitrary
admissible finite Dirac spectra in bounded open symmetric intervals, including multiplicities and
nullity. Kernel dimensions are unbounded on each M. Nonzero eigenvalues generically have the least
multiplicity allowed by the spinor structures, also at fixed density.

Compatible multiplication perturbations of Dirac operators are approximated in norm resolvent
by metric Dirac operators, including first parameter derivatives for compact smooth families. The
metrics are arbitrarily C’-close, preserve density, and agree with the original metric outside a prescribed
neighborhood of the support. In dimensions four and five, such changes in any nonempty open set
realize the first admissible nullity above the index minimum.

If invertible metrics exist, ordinary real index difference identifies their components at fixed density
with KO,;; for n > 5, each contains a positive-scalar-curvature metric whenever one exists. With
density and the metric outside any nonempty open set fixed, the Dirac-minimal space has weak
homotopy type Sp / Sp(a) for n = 4 (mod 8), and Q Sp for n =5 (mod 8), where a = |indy D*| and Sp
is the stable compact symplectic group. On compact connected spin n-manifolds, invertible boundary
metrics admit invertible cylindrical extensions exactly when the relative real index vanishes.
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1. INTRODUCTION

Let D, be the untwisted spin Dirac operator of a Riemannian spin manifold with metric g. Charge
conjugation and, in even dimension, chirality constrain its spectrum; the real spin index constrains its
nullity. On a closed connected spin manifold of dimension at least three, these restrictions suffice to
prescribe the spectrum in a bounded open interval symmetric about zero, including the multiplicity
at zero (Theorem P).

Theorem R gives norm-resolvent approximation of a Dirac operator with a compatible multipli-
cation potential by Dirac operators of Riemannian metrics. The metric may be kept fixed outside a
neighborhood of the support of the potential, with volume density fixed everywhere. For invertible
operators the relative approximation identifies the components of the space of metrics with those of
the space of pairs consisting of a metric and a compatible potential. Ordinary real index difference
classifies these components (Theorem C). In dimensions congruent to four or five modulo eight, the
corresponding spaces with minimal kernel also admit a description up to weak homotopy equivalence
(Theorem T).

The manifolds carrying Dirac operators are smooth and oriented, with a fixed spin structure. A
connected manifold is understood to be nonempty. Write %, for the complex spinor bundle, dv, for
the volume density, and Spec(Dy) for the spectrum of D,. For real covectors &, 77 at the same point,
Clifford multiplication c satisfies

co(Oe(n) + c(pe(®) = =287 (&ML (&) = (&), (1.1)

where [ is the identity of the spinor fibre. Metrics on a compact spin manifold with boundary are
products near the boundary. Invertibility then refers to the Dirac operator on the complete manifold
obtained by attaching the product half-cylinders. Spaces of smooth metrics and multiplication
potentials carry the C* topology. Write KOy = K Ox(pt) = KO~ ¥(pt) for the real K-homology of a
point and a(M) € K Ogim p for the real spin index of a closed spin manifold M.

1.1. Norm-resolvent approximation. Let X be closed or the cylindrical completion of a compact
spin manifold whose boundary Dirac operator is invertible. Fix a reference metric gyt on X, equal to
the fixed product metric on each end. On a cylindrical completion all metrics in a family agree with
Sref off one compact set. Put

9 =H'(3g,) C H =L*(3g,). (1.2)
We identify the spinor spaces for metrics g, h by the spin lift of the positive map of orthonormal
1/2.

frames, multiplied by (dvy/dvg)~"/%; see (2.6). For n = dim X, let J be spinor charge conjugation
and, if n is even, let I' be chirality. Put €, = —1 for n = 1,5 (mod 8) and ¢, = 1 otherwise. A
complex-linear multiplication endomorphism V is compatible it V* = V, JV = €,V ] and, for even n,
I'v=-VT.

Write L(.7¢) for the bounded operators on 7. For a family of metrics b — g, on X and an
operator family on their spinor spaces, the C; norm on a compact set of pairs (b, z) is the supremum
norm of the family and its first parameter derivatives at fixed z, after transport to gy.¢. The derivatives
are taken on neighborhoods of the compact set in finitely many parameter charts. Spatial C° norms
of metrics are measured with g.s.

Theorem R (Norm-resolvent realization). Suppose n > 3. Let B be a compact smooth manifold, possibly
with boundary, and By C B a closed subset. Let g, be a smooth family of metrics on X and Vi, a smooth
family of compatible endomorphisms of %4, . Suppose that all V}, have support in one compact subset of
an interior open set U C X and that Vi, = 0 for b near By. Put Ly, = Dg, + V), and let p(Ly) denote its
resolvent set.

For every compact K C {(b,z) € BxC : z € p(Ly)} and every ¢ > 0 there is a smooth family of
metrics g, such that

g =g onX\U, dvg, = dvy,, (13)

Vg
g = gp for b near By, “§_ g”cl(B;CO) <é
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Let Dy, be Dy, transported directly to the gy -spinor space. For every (b, z) € K one has z € p(ﬁb), and

Dy -2 =Ly - )"

<e¢ (1.4)
CyUGL(A))

1.2. Generic nonzero eigenvalues. Let M" be closed and connected. Denote its space of smooth
Riemannian metrics by R(M) and, for a positive smooth density y, set R, (M) = {g € R(M) : dv, =
u}. Put

. {2, n=234 (mod 8), ws)
1, otherwise.
A nonzero eigenvalue of Dy is simple if its complex multiplicity is d, [61, Definition 6.2.4].
Theorem G (Generic nonzero spectrum). Suppose n > 3. For each integer a > 2 put
K,=[-a,—a 'lu[a™!,a], Ga =1{g € R(M) : every eigenvalue of D, in K, is simple}. ~ (1.6)

The set G, is C'-open and C®-dense in R(M); its intersection with R ,(M) is C'-open and C*-dense
there. In both spaces the metrics with simple nonzero spectrum thus form a dense countable intersection
of open sets.

Write S(M) = (452 Ga- The metrics in S(M) whose kernel also has the least dimension allowed
by the real index form a residual dense subset of R(M); their intersection with R ,(M) is residual and
dense there (Corollary 7.6; [4, Theorem 1.1 and Corollary 1.2]).

1.3. Path components. Let M" be closed and connected, let i be a positive smooth density, and put
RL“V(M) ={g € RM) : dvy = 1, ker Dy = 0}.

For g., g € RL“"(M ), let 8,4, (g) € KOyy1 be the relative real family index of a metric path from g, to
g, with the sign convention of Section 8.1. Only the endpoint operators are required to be invertible;
the space of all metrics of density y is contractible.

Theorem C (Path components). Ifn >3 and g, € RL“"(M), then
8g. + MR} (M) — KOpiy
is a bijection of pointed sets, with [ g.] corresponding to zero.

By [4, Theorem 1.1] and Lemma 8.1, for n > 3 an invertible metric of density p exists if and only if
a(M) = 0. In that case the numbers of path components, in residues n = 0, 1,...,7 (mod 8), are

23 25 1, NO) 1’ 13 15 NO’

Corollary 1.1. Ifn > 5 and M admits a metric of positive scalar curvature, every path component of
R (M) contains a metric of positive scalar curvature.

For n > 6 this follows from Theorem C and the integral index range of Botvinnik—-Ebert—Randal-
Williams [26, Theorems C, D and 5.3.1]; for n = 5, KOy = 0. Constant rescaling followed by an isotopy
gives the prescribed density (Lemma 14.1). For simply connected M of dimension at least five, this
answers Dahl’s question on surjectivity on path components [39, p. 453].

1.4. Boundary metrics and the real index. Let W" be a compact spin manifold and h a metric on
dW with invertible Dirac operator. A product extension of h is a metric on W equal to dt* + hin a
collar of 9W. Write a(W, h) € KO, for the real Dirac index of any such extension on its cylindrical
completion [40, §5.4]. For 9W = @ this is the closed spin index.
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Theorem I (Invertible extensions). Suppose W is connected and n > 3. Then h has a product extension
with invertible Dirac operator on the cylindrical completion if and only if a(W, h) = 0.

If a(W,h) = 0, let g be any product extension and U € int W any nonempty open set. There
is a smooth trace-free g-self-adjoint endomorphism H of TW, compactly supported in U, such that
g = g(e'.,) has invertible Dirac operator at t = 1 and for all sufficiently small t > 0. In particular,
g = g1 satisfies

g=gonWA\U, dvg = dvg. (1.7)

Let RI™ be the bordism group of Dahl-Grof3e [40, §5.2]. Its index homomorphism sends [ W, k] to
a(W, h). By Corollary 15.1 in degrees n > 3 and Appendix A in degrees 0, 1, 2, it is an isomorphism:

0, : R"Y = KO,, n>o. 1.8
n

1.5. Finite spectra. Let M" be closed and connected. A finite multiset of nonzero real numbers is
admissible if the multiplicities of A and —A agree unless n = 3,7 (mod 8), and every multiplicity is
divisible by d, in (1.5). In dimensions divisible by four write D* for the Dirac operator from positive
to negative spinors and A(M) for its complex index. In dimensions 1,2 (mod 8) regard the mod-two
index a(M) as an integer in {0, 1}. The allowed complex kernel dimensions h are

nmod8 | h (re€Zs)
0 |A(M)| + 2r

a(M) + 2r
2a(M) + 4r

2r (1.9)
JA(M)| + 4r

2r

2r

r.

NNk 0N -

A metric whose nullity is the value at r = 0 is called Dirac-minimal.

Theorem P (Finite spectral prescription). Suppose n > 3. Fix A > 0, a finite admissible multiset Z in
(—A,A)\{0}, and h as in (1.9). There is a smooth metric g such that, counting complex multiplicities,

Spec(Dg) N ((—A, AN\ {O}) =5, dimc ker Dy = h. (1.10)

For a nonempty disjoint union M = M; LI --- LI M; of closed connected spin n-manifolds, n > 3, the
admissible nonzero multisets are the same, and h is possible precisely when h = Y., h; with each h;
allowed by (1.9) on M;. Indeed, D, is the direct sum of the component operators. Conversely, apply
Theorem P with the multiset = on M; and the empty multiset on every other component, with the
prescribed h; and the same interval on all components. This gives the prescription of [38, Conjecture 9]
in dimension at least three. In particular sup ey dime ker Dy = oo for every nonempty closed spin
manifold of dimension at least three, as conjectured by Bér [18, §8]; see also [5, Conjecture 2.2] and
Corollary 19.2.

1.6. Localized harmonic spinors. In dimension four, let a = |indy D*| = %|A\(M)| and choose the
chiral block A of quaternionic index —a; when a = 0 take A, = Dy. The metric is Dirac-minimal
precisely when A, is injective. In dimension five this condition is ker Dy = 0. Let sp(1) denote the
skew-adjoint quaternionic endomorphisms of H.

Theorem L (Localized harmonic spinors). Let M be closed and connected of dimension four or five. For
every g € R(M), every nonempty open set U C M, and every ¢ > 0, there exists a smooth metric h such
that

h=gonM\U, dvp, = dvg, |h — g||cg < e. (1.11)
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In dimension four,
dimp ker Ay = 1, dimp ker A} = a+1, dim¢ ker Dy, = 2a + 4. (1.12)

In dimension five,
dime ker Dy, = 2. (1.13)

More precisely, let E = Homy(H, H%*!) in dimension four and E = sp(1) in dimension five. There is
a smooth family of metrics hy, for q in a neighborhood of 0 in E, with hg = h and satisfying (1.11) with
hq in place of h. For some § > 0, the spectral subspaces of Dy, for (=6, 6) admit smooth quaternionic
orthonormal frames in which the chiral block of Dy, in dimension four, respectively the restriction of
iDp, in dimension five, has matrix q.

1.7. Weak homotopy type of the minimal locus. Fix a metric g, on a closed connected spin manifold
M", a nonempty open set U C M, and the density y = dvg,. Put

Ry (U)={geRM) : dvg=p, g=g.onM\U}

For n = 4 (mod 8), let a = |indy D*| and let Ag be the chiral operator of quaternionic index —a
(take Dg if a = 0). Write Ry, (U) for the subspace on which A, is injective, and Riny,,(U) for the
subspace on which Dy is invertible. The same notation for the invertible subspace applies in residue
five. Let Sp and Uy, denote the direct limits of the compact symplectic and unitary groups under the
standard inclusions; set Sp(0) = {1}. For a topological group G write BG for its classifying space, and
QY for the based loop space of a pointed space Y.

Theorem T (Weak homotopy type of the minimal locus). The following metric spaces are nonempty.
For any base metric gy in the indicated space there is a based weak homotopy equivalence

Ka ¢ Rminu(U) — Sp / Sp(a), n=4 (mod 8), (1.14)
K5 ¢ Rinvu(U) — QSp = Sp /Uy, n=5 (mod 8). (1.15)

In (1.14) the target is a model for the homotopy fibre of the stabilization B Sp(a) — B Sp of classifying
spaces. The map records coker Ag together with a nullhomotopy of its reduced stable class [coker Ag] —
[H?], obtained from the ambient path (22.2). For a = 0 in (1.14), and in (1.15), the map represents
ordinary real index difference.

If Uy C Uy are nonempty open subsets of M, the inclusion between the corresponding metric spaces in
(1.14) or (1.15), with the same g, and p, is a weak homotopy equivalence.

In residue four, Ruyin,(U) is (4a + 2)-connected and 74413(Rmin,(U), g) = Z. In residue five,
Rinv,u(U) is simply connected and 72(Riny,,(U), g5) = Z. If n = 4 (mod 8) and a = 0, orif n = 5
(mod 8), ordinary real index difference induces

T (Riney(U), 8) — KOpirs1, k> 1. (1.16)

In dimensions four and five, the homomorphisms (22.1), given by the signed counts of kernel
lines in transverse disk fillings with supported compatible potentials, are isomorphisms onto Z.
Every C° neighborhood of every metric in R ,(U) contains the image of a sphere which, based at
one of its points, represents a generator of the corresponding homotopy group of the full locus
(Proposition 22.4).

1.8. Earlier results. The spinor identification for two metrics and the variation formula for the
Dirac operator are due to Bourguignon-Gauduchon [27, Propositions 1 and 5; Theorems 20-21]. A
rotating coframe already gives a quadratic scalar term on the three-torus [43, §8]. A metric connection
with skew torsion T has Dirac operator D, + %cg(T) [1, §2]. In Theorem R the connections are
Levi-Civita and the metrics have the prescribed volume density. The Riesz continuity theorem of
Bandara—-McIntosh—Rosén assumes, in particular, a bound on |[V8h| for the second metric h [17,
Theorem 3.1 and Remark 3.2]; the first spatial derivatives of the metrics in Section 4 can grow like
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N'/2 with the frequency N. For norm-resolvent approximation of a planar Dirac operator by varying
its mass, see [68].

Dahl proved generic simplicity in dimension three, and generic simplicity of the nonzero eigenval-
ues in each conformal class [37, Theorem 1.2 and Remark 1.3]. Theorem G gives the nonzero part
of his higher-dimensional conjecture, also at fixed density. Canzani’s conformal theorem assumes
the absence of rigid eigenspaces [31, Definition 2.2 and Theorem 2.3]. For a nonscalar-compression
criterion for bounded potential perturbations of semibounded operators, see [33]; for connection
Laplacians, see [29].

Colin de Verdiére prescribed finite spectra with multiplicities for the scalar Laplacian in dimension
at least three [34, Theorem 1.2]. For local sections through a given scalar Schrodinger operator or
Laplace cluster, see [76, Theorems A and 5.3]. For the Dirac operator, Dahl prescribed the simple
nonzero eigenvalues in a finite interval [38, Theorem 3], and Nowaczyk obtained an eigenvalue of
complex multiplicity at least two in dimensions 0, 6,7 (mod 8) by changing the metric in a prescribed
open set [77, Main Theorem 1]. Unbounded nullity was known for the Berger three-sphere [65, 5]
and, by a construction of Seeger, for S* k> 1; see [21, Introduction, after Conjecture A].

Maier proved generic minimality of the kernel in dimensions two, three, and four [71, Theorems 1.1,
1.2(i), and 1.3(i)]; Ammann-Dahl-Humbert proved it in all dimensions n > 2 and obtained minimality
by a metric change in any nonempty open set [3, Theorem 1.1], [4, Theorem 1.1]. In the opposite
direction, Bar constructed metrics with harmonic spinors in dimensions 3 (mod 4), for each spin
structure [18, Theorem A and §4]. For the existence question of Bar-Dahl [21, Conjecture A], see also
Hitchin [65, Theorem 4.5], Dahl for S", n > 5 [39, Corollary 4.2], and Crowley-Schick-Steimle for
every closed spin manifold of dimension at least six [35, Theorem 1.4]. Farinelli states existence in
every dimension at least four [48, Theorem 1.1]; Lockman treats the general four- and five-dimensional
cases as open [70, §1]. In these two dimensions Theorem L prescribes the first nullity above the index
minimum and a transverse family through the metric, in any prescribed open set, with fixed density
and arbitrarily small C° change. For the construction of divergence-free framings from eigenspinors
in dimension three, see Lin [69].

In dimensions n > 7, n = 3 (mod 4), Dahl distinguished infinitely many components of the
invertible locus whenever it is nonempty; in dimensions 8k and 8k + 1, k > 1, he obtained at least two
components [39, Theorem 3.3]. Dahl-Grofie obtained the dimension-three case by handle attachment
[40, Proposition 4.3]; Waterstraat gave a spectral-flow proof for all n = 3 (mod 4) [86]. Theorem C
shows that two invertible metrics with the same ordinary index difference from a fixed base metric
are joined by a path of invertible metrics on the given manifold. Dahl-Grof3e’s classification in [40,
Theorem 5.3(2)] concerns concordance, which requires invertibility on a cylinder. For block Dirac
operators and positive-scalar-curvature concordances, see [62, Theorems B and C]. Dahl-Grofle
proved surjectivity of 6, : R — KO, and conjectured its injectivity [40, §5.4, Conjecture 5.12]. In
degree five, connectedness of the invertible locus on S* [2, Theorem 1.1], isotopy-to-concordance [39,
Corollary 2.4], and [40, Proposition 5.8] already imply RI" = 0, hence the extension assertion in that
degree by [40, Theorem 5.3(1)]. Theorem I gives a modification in any prescribed interior open set
and preserves the volume density.

Ammann-Dahl proved connectedness of the Dirac-minimal locus in dimensions two and four
and gave codimension estimates for its complement [2, Theorems 1.1 and 1.3]. For the product of
two closed surfaces of genera at least three, with any spin structure, Lockman proved that at least
one of 7y, 7y, 7r3 of the invertible locus is nonzero [70, Theorem B]. For every closed connected spin
four-manifold of index zero, Theorem T with U = M and Lemma 8.1 give 7; = 7 = 0 and 73 = Z for
that locus. In particular, it is two-connected, as conjectured by Ammann and Dahl [70, Remark 1.6].
Grof3e-Pederzani state a spin-bordism invariance theorem for invertible metric spaces in dimension at
least three [56, Theorem 1]; Lockman discusses this invariance as an open question [70, Remark 1.4].
For the corresponding surgery maps see also [2, Remark 1.2(3)], [79].

The stable Fredholm spaces and their Bott equivalences are classical [15, 25]. Ebert’s path model
fixes the principal symbol and allows all compatible pseudodifferential perturbations of order zero [45,
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Definition 4.2 and Proposition 4.3]. The comparison of Theorem T is for metrics, with their density
and exterior fixed. Take M = S! x S!! with either spin structure on the circle. Write R*(M) for the
space of metrics of positive scalar curvature and R"™(M) for the space of metrics with invertible
Dirac operator, both without a density constraint. For any metric gy of positive scalar curvature and
every j > 1, the group 74, of the homotopy fibre over gy of R*(M) & R™(M) has an infinite cyclic
direct summand (Proposition 22.26). Ebert-Randal-Williams give rational surjectivity for the higher
index difference on R*(M) [46, Theorem C]. The index difference of Theorem T on R™™ (M) has
ordinary real coefficients.

1.9. From multiplication potentials to metrics. A compatible potential is a sum of Clifford products
of real forms of degree 3 mod 4 (Lemma 2.2). A positive congruence replaces an elementary term of
degree £ > 7 by terms of degrees 3 and £—4 (Proposition 5.1); an oscillating metric of unchanged density
eliminates each elementary three-form (Proposition 4.2). The resolvent errors add after conjugation
by the successive spinor identifications (5.8). The estimate (5.9) passes from their composite to the
direct comparison in Theorem R.

For a finite spectral cluster separated by a contour in the resolvent set, integration on the contour
gives the spectral projection and the first spectral moment (6.1). In compatible orthonormal frames
the compressed operators converge together with their first parameter derivatives (Lemma 6.1). If the
potentials have a common compact support in the prescribed open set and their compressed matrix
at the zero cluster is the parameter itself, Proposition 6.3 gives a smooth metric family with the same
matrices on a smaller parameter neighborhood. Its metric at zero need not be the original metric. For
Theorem G, the splitting of a multiple nonzero eigenvalue is followed by analytic perturbation on a
fixed spectral window (Proposition 7.5 and Section 7). In Theorem P the comparison under surgery is
uniform in the parameters (Proposition 18.1). The mod-two intersection in Lemma 17.1 then yields
the prescribed matrices, without differentiation in the surgery parameters (Section 19). The local
families of Theorem L are constructed in Sections 20 and 21.

For Theorem C the inclusion of metrics as pairs with zero potential preserves the ordinary index
difference and induces a bijection on components (Proposition 8.2 and Section 14). For Theorem I,
the zero relative index permits cancellation of the kernel by an interior multiplication potential
(Proposition 9.1); Theorem R at the resolvent parameter z = 0 then gives an invertible metric.
Section 15 proves the assertion about the ray. In Theorem T the relative fillings give weak equivalences
of the supported pair spaces with the operator models (Proposition 22.24). Proposition 8.2 and the
based comparisons of Section 22 give (1.14) and (1.15) for the metric spaces.

2. SPINOR STRUCTURES AND FIXED DOMAINS

2.1. Charge conjugation. Let (X, g) be a Riemannian spin manifold of dimension n, and write
XX = ¥gX. Its complex rank is s, = 2ln/2]_Clifford multiplication on covectors extends to differential
forms by antisymmetrization. In an oriented orthonormal coframe el,..., e" this convention gives
c(e A A e) = (€M) - c(el), i < o <y
For n =2m > 0, put
[ =i"c(eb) - c(e?™).
For n = 2m + 1, choose the irreducible complex Clifford representation with

im+1C(€1) C(e2m+1) =_I.

Both formulas are independent of the oriented orthonormal coframe. In dimension zero, the spinor
fibre is a complex line with scalar grading T, and J is complex conjugation. In every even dimension,
set >tX = ker(T ¥ ).

The spinor bundle admits a parallel antiunitary endomorphism J [61, Theorem 2.2.2]. Define the
signs €, and, in even dimension, 7, by

Je(@) = enc(d)],  JT =1,I] (neven).
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Their values are

nmod8| J? €, Tn
0 +1 +1 +1
1 +1 -1 —
2 -1 +1 -1
3 |-1 41 —— (2.1)
4 -1 +1 +1
5 -1 -1 —_
6 +1 +1 -1
7 +1 +1 ——.

Since J is parallel, JD = €,DJ for D = Dy. In even dimension,
I"=r, TI*=1, TID=-DI

In even dimension, write D* : C*(2*X) — C*(2TX) for the chiral restrictions of D. When J? = I,
its fixed space is the real form of the spinor fibre. When J? = —I, the right actions u -i = iu and
u - j = Ju give the fibre a quaternionic structure.

Definition 2.1. The real vector bundle <7, C End¢(2X) consists of the endomorphisms V satisfying
Vi=1V, JV =¢€,V], I'V=-VT (neven). (2.2)

Let E be a finite-dimensional Hermitian space with an antiunitary endomorphism J and, for even n, a
self-adjoint involution T, with J? as in (2.1) and JT = 7,I'J in even dimension. Such a space is called
a zero module. Write A,(E) C End¢(E) for the real vector space of endomorphisms satisfying (2.2).
The module is balanced if A,(E) contains an invertible endomorphism.

For r € Z>o and F = R, C, H, let Mat,(FF) denote the r x r matrices over F, and let A* denote the
conjugate transpose. For IF = R, C, put

Sym,(F) = {A € Mat,(F) : Al = 4}, Skew,(F) = {A € Mat,(F) : AT = —A}.
Also put
Herm,(H) = {A € Mat,(H) : A" = A}, so(r) = Skew,(R), sp(r)={A € Mat,(H) : A* = —A}
In even dimension, set E* = ker(T ¥ I). Every element of .A,(E) has the form

D(Z) = <; ZO> Z:Et—E". (2.3)

In residues zero and four, the block Z is respectively real or quaternionic. In residues two and six,
choose orthonormal chiral coordinates in which

Jx,y) =(e9,%),  e=J"e{-1,1}

Then JD(Z) = D(Z)] is equivalent to ZT = ¢Z.
For a balanced module the possible independent matrices and complex dimensions are

n mod 8 | independent matrix | dim¢ E
0 Mat,(R) 2r
1 iso(2r) 2r
2 Skew,,(C) 4r
3 Herm, (H) 2r (2.4)
4 Mat,(H) 4r
5 isp(r) 2r
6 Sym,(C) 2r
7 Sym,(R) r,
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Here the quaternionic matrix spaces act in their standard complex representations. In residue five,
multiplication by i is complex scalar multiplication in Endc(C?"). Indeed, in residue one V = iA with
A real skew-symmetric; in residues three and seven V is respectively quaternionic Hermitian or real
symmetric; and in residue five —iV commutes with J and is skew-adjoint. In residues zero and four
balance requires dimp E* = dimg E-, with F = R, H, respectively. In residues one and two balance
requires an even matrix size. Each of the other matrix spaces contains invertible elements at every
size.

Lemma 2.2. Clifford multiplication induces a real vector-bundle isomorphism

P A'TX S a7, (2.5)
3<<n
=34)
Proof. For n = 0, both bundles vanish. Suppose n > 0. By the complex Clifford algebra classification
[12, §1, (1.4), Table 1 and Proposition 5.4], the odd Clifford monomials form a complex basis of the
endomorphisms anticommuting with I' when n is even, and of all spinor endomorphisms when n is
odd. In the odd case, the even Clifford algebra acts as the full endomorphism algebra; left multiplication
by a unit covector identifies the even and odd subspaces of the complex Clifford algebra.
Thus every compatible endomorphism has a unique expansion

V= Z zrer, o =c(e")c(eh), I=(iy < <ip).
I1] odd

For odd ¢ = |1|,
Jer = ency], ¢ = (~D)ED2¢y

The first identity and JV = €,V ] imply z; € R. The second identity and V* = V then imply
z; = 0 unless |I| = 3 (mod 4). Conversely, these two conditions on the coefficients imply (2.2). The
construction is Spin(n)-equivariant and gives the stated bundle isomorphism. U

2.2. Domains and local compactness. Let X be closed or be the cylindrical completion of a compact
spin manifold with invertible boundary Dirac operator. Fix a reference metric go. In a parameter
family, the metrics equal g outside one compact set and the potentials have a common compact
support. Write 3, for the spinor bundle of a metric h, and put

H =L (Zy), 9 = H'(Zg,).

The Sobolev norm is defined by g, and its spin connection.
Write h = go(S-,-), where S is positive and gy-self-adjoint. The map S~!/2 takes gy-orthonormal
frames to h-orthonormal frames. Let ﬂgo : Xg, — Zp, be the bundle isomorphism induced by its spin

lift, continued from the identity along 5;1/2, where S; = exp(tlog ), 0 < t < 1. With p = dv,/dvg,,
the map

Uy = p_l/zﬁgo D LP(Zg) — L*(Zh) (2.6)

is unitary [61, Lemmas 2.3.3-2.3.5]. It intertwines charge conjugation and, in even dimension, chirality.
Both Uy, and U, ! are bounded between the corresponding H' spaces, uniformly on compact smooth
parameter families. The local formula [61, Theorem 2.3.6] shows that

h+— Uh_thUh € E(_@,%)

is smooth on each finite-dimensional smooth family: the first-order coefficients depend smoothly on
h, and the zeroth-order coefficients depend smoothly on & and its first spatial derivatives.

The metrics are complete, have positive injectivity radius, and satisfy | Ricy, [ + [V Ric, e < 0.
The hypotheses of [17, Theorem 3.1] therefore hold with both metrics equal to h and the comparison
map equal to the identity. By [17, Propositions 3.4 and 3.6], Dy, is essentially self-adjoint on C;°(Zp), its
closure has domain H'(3}), and its graph norm is equivalent to the H! norm. A bounded self-adjoint
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multiplication endomorphism V has Dj-relative bound zero. Thus Dy, + V is self-adjoint on the same
domain [67, Chapter V, Theorem 4.3]. For

Ly = U '(Dh+ VU, : @ — A
one has
luli < C(ILpvule + Julyz), ue9. (2.7)

On a fixed compact smooth parameter family, the injectivity radii have a common positive lower
bound, and the geometric bounds, H' comparison bounds, and | V| are uniform. The constant C can
consequently be chosen uniformly on that family.

If V is bounded and compactly supported, choose y € C;°(X) equal to one on its support. Mul-
tiplication by y is compact from H! to L? by the Rellich-Kondrachov theorem [44, Theorem 16.8],
applied in finitely many bundle charts. Since V = V y, multiplication by V is compact from H' to
L2, hence relatively compact with respect to Dj;. For V = V*, the essential spectra of D; + V and
Dy, agree [67, Chapter IV, Theorem 5.35]. On a closed X, these operators have compact resolvent.
On a cylindrical completion, if Ay > 0 and the boundary operator has no spectrum in (—A¢, A¢), then
neither operator has essential spectrum there [40, Proposition 2.1(1)]. Every compact subinterval of
(=20, Ao) therefore contains only finitely many eigenvalues, all isolated and of finite multiplicity.

Lemma 2.3. Let E, F be smooth vector bundles of equal finite rank over a manifold of positive dimension,
equipped with a positive smooth density. Let A : C*(E) — C*(F) be a first-order differential operator
with smooth coefficients, whose principal symbol at x, is invertible at every nonzero real covector. If an
E-valued distribution T satisfies

supp T C {xo}, AT = 8y, v € Fy,
then T = 0 and v = 0. Here dy, denotes the Dirac mass with respect to the fixed density.

Proof. In local coordinates centered at x; and local bundle frames, the point-support theorem [44,
Theorem 4.19] gives

T= ) 1,9 (2.8)
la|l<m

If T #0,let ¢ = max{la| : t, # 0}. Write A =}, a’(x)d; + a’(x) and set
pa(©) =Y &%  a(0,8) =) a0

lal=q j

The derivatives of &y of order g + 1 in AT have coefficient polynomial a(0, £)p,(¢); derivatives of the
coefficients of A contribute only lower orders. Since AT = J,,v, this polynomial vanishes. For every
real & # 0, invertibility of a(0, &) gives p,(£) = 0. Hence pg = 0, contrary to the choice of g. Thus
T =0, and thenv = 0. |

Lemma 2.4. Letn > 3,0 < m < n, and let bp(x, ¥, £) be a smooth matrix-valued amplitude on a
coordinate ball Q C R", with p in a compact smooth parameter manifold. Suppose that in parameter
charts, for all multi-indices a, f, y, § with |a| < 1,

1050507 03b,(x, , )| < Capys(1 + [E)™ P,

The oscillatory integral
K,(x.y) = (21)" / IO (x, y,8) dE
]Rn

defines a distribution, smooth in (x, y) off the diagonal and C' in p there. On every smaller coordinate
ball it satisfies

105 Kp(x, y)I < Clx — y™7", 0<|x—yl<1, Jaf<1. (2.9)

The constant depends on finitely many uniform symbol seminorms. The same conclusions hold after
addition of a smooth kernel with bounded C}, Cg’y norm.
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Proof. Apply [53, Proposition 2.2] to each entry of 93b), la| < 1, with order r = —m and an integer
N > n — m. The variables (p, x, y) are fixed parameters in this inverse-Fourier estimate. Since
—m > —n, the estimate is (2.9), with a constant uniform in these parameters.

Off the diagonal, put

P G D) S P S P

il =yl ‘
After N integrations by parts, an integrand differentiated k times in (x, y) and at most once in p
is bounded on compact sets off the diagonal by C(1 + |£])™™ N*k. Taking N > n —m + k permits
differentiation under the integral. Finally, a smooth remainder is bounded by the right-hand side of
(2.9), since |[x — y|™™ " > 1for 0 < |x — y| < 1. d

2.3. The real index. Put KO, = KO™"(pt). Its values, for n = 0,...,7 (mod 8), are
z, ZJ/2, ZJ/2, 0, Z, 0, 0, O

see [12, Table 2 and Theorem 11.5]. For a closed spin manifold M", let «(M) € KO, be its real Dirac
index. For a compact spin manifold W" with invertible boundary metric h, let (W, h) € KO, be the
index of the Dirac operator on its cylindrical completion, with the convention of [40, Section 5.4]. All
kernels on a cylindrical completion are taken in L?.

Set X = M or X = W,, respectively, and write « for either index. Put Fix ] = {u € L’(3X) : Ju =
u}. In even dimension, D™ has domain H(2"X) and takes values in L?(Z~X). With the structures in
(2.1),

n mod 8 ‘ a
0 ind[R D7L
1 dimg(ker DN FixJ) (mod 2)
2 dimc ker DT (mod 2)
4 ind]H D+.

In residue zero, D™ restricts to the real fixed spaces of J; in residue four, it is quaternionic-linear. In
residue one, iD is real skew-adjoint on Fix J, with domain H 1'n Fix J. In residue two, J exchanges the
chiral kernels. The two parity formulas are [16, Theorems 3.1 and 3.3]. In the other residues, a = 0.

For a closed manifold with n = 0,4 (mod 8), the complex index theorem [14, Theorem 5.3] gives

a(M), n=0 (mod8),

indc D™ = AM) = [20((]\/[), n=4 (mod 8).

The factors 1 and 2 agree with the complexification homomorphisms in [12, Section 6, formula (6.11)
and the preceding paragraph].
For V € CX(X; 47,), the operators

D+ 1tV : H'(EX) — L}(ZX), 0<t<1,

form a continuous Fredholm path. In the closed case this follows from the compact resolvent; in the
cylindrical case it follows from the essential spectral gap. The identities (2.2) hold along the path. The
KOp-valued index is constant along this path.

3. RESOLVENTS UNDER POSITIVE CONGRUENCE

Let & and 7 be complex Hilbert spaces with a fixed continuous dense inclusion ¥ < J#°. The
unbounded operators on ¢ considered below have domain &. Write L(E, F) for the space of bounded
linear maps between Banach spaces E, F, put L(E) = L(E, E), and denote the resolvent set of a closed
operator T by p(T).
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Let B be a compact smooth manifold, possibly with boundary, and fix a Riemannian metric on B.
Differentiability at its boundary is understood by local extension. For an operator family A defined
near a compact set £ C Bx C, put

lAlcixey = sup [Ap(2)| + sup [dpAp(2)].
(b,2)eK (b,2)eK

The second norm is the operator norm on maps from T, B, and no derivative in z occurs. For a family
independent of z, the corresponding norm on B is denoted by | - | c1(p).

Lemma 3.1. Let b — T, be C! with values in L(Z, ), and let K C B x C be compact. Suppose
Ty —z : 9 — F is bijective for every (b, z) € K. Then

Ry(2) = (Ty —2)' € L(H, D)

is defined on an open neighborhood of K, is C* in b, and has finite C},(KC; L(H°, D)) norm. For every
parameter coordinate,

9yRy = =Ry (35 Ty )Ry (3.1)

Proof. The bounded inverse theorem and smooth inversion between Banach spaces [50, Remark 11.6
and Theorems 11.7, 11.17] apply to (b, z) = T — z € L(Z, 7). The derivative of the inverse is (3.1);
its norm is bounded on K by compactness. (]

Lemma 3.2. Let T and T, be self-adjoint on 9, with b — T, of class C' in L(D,H). Let F; €
C(B; L(3¢)) take positive invertible values, and suppose Fﬁ restrict to bounded operators on & for
every j, b. Suppose

FjTij:T+Ej (32)
as operators 9 — , where E; € C'(B; L(Z, 7)) and
|Fj

—1I |\c1(3;£(=%ﬂ)) —0, ||Ej||C1(B;£(@,=92”)) — 0. (3.3)

For every compact set
K c{(b,z) e BxC : z € p(Tp)},

one has z € p(T;) on K for all sufficiently large j, and
(Tjp =2 — (T, =2)™ in Gy (K L(A)).
Proof. Domain invariance gives
Tj—z=F'(T+Ej—zF)F;' : 9 — . (3.4)
Set
R=(T-2)1, K;=E;—z(F; - D), B; = KR,
and put
0 = [Eilovweca ey T 1F = Herweor

For n; < 1, the product rule gives |F7 — I|ci(p,c()) < 37;. Lemma 3.1 and the inclusion 2 < ¢
therefore imply

|B; ”c,g(/c;c(;f)) < Cnj.
For Cn; < 1/2,set S; = (I + B;)"!. Then
”Sj”cO(]C;ﬁ(jgﬂ)) S 2, S]' - I - —Sij, 8ij - —Sj(aij)S';
and hence

1S; = Ty e;ecny < 4Cn;-



DIRAC SPECTRA AND SPACES OF METRICS 13

Since T + E; — zF; = (I + Bj)(T — z), (3.4) yields
(Tj - Z)_l = FjRSij. (35)

The right-hand side maps % into 2 for each j, b, and all four factors are C! as operators on 7.
From

FjRSij —-R= (F] —I)RSij +R(Sj —I)Fj +R(Fj —I)

and the product rule, one obtains
-1 -1
I(Tj=2)" = (T-2) ”c;oc;a%» < Cnj. (3.6)

The constant depends only on K, T, the fixed parameter norm, and the inclusion ¥ — J7; it is
independent of the norms of Fi'|5. O

Remark 3.3. Positive congruence preserves invertibility, but need not preserve nonzero eigenvalues.
For example,

diag(2, 1) diag(1, —1) diag(2, 1) = diag(4, —1).

Let U c R4 be open. In the next two lemmas, matrix fields take values in Mat,(C), g > 1, with the
operator norm of the standard Hermitian product. Write [H, A] = HA — AH and ady(A) = [H, A].
Parameter derivatives are taken in a fixed finite coordinate cover of B, restricted to relatively compact
subcharts.

Lemma 3.4. Let H, A, Qp be smooth matrix fields on B x U, and let X, be a smooth family of spatial
vector fields. Put Y(A) = Xp(A) + [Qp, A]; thus Y(AC) = Y(A)C + AY(C) for matrix fields A, C. For
eachr >0,on|H| <r,

e Y(e")= YH - }[H,YH] + £_(H, YH), (3.7)
Y(e"e™ = YH + }[H,YH] + £,(H, YH),
where |E.(H, YH)| < C, |H|* |YH|. For every first parameter derivative,
loy€(H, YIDI < C; (IHI 0, HIIYHI + [HI? |9, (YEDI) - (3.8)
Also,
e Hae = A—[H, Al + C(H, A),
where C satisfies the same bounds with YH replaced by A and 9,(YH) by 9, A.

Proof. The differential formula for the matrix exponential [58, Theorem 5.4 and formula (5.13), p. 115],
applied to curves tangent to X, and to t > e"* He "% gives

1 > _1)\ .
e Hy(et) = /0 e tH(Y et dt:];] (5, :1])! adl,(YH),

The right logarithmic derivative has the series

HN\ —H _ - 1 j
Y(eMe ™ = ,Zo i adl,(YH).

By [58, Proposition 3.35, p. 64], e HAell = ¢=2d1 A, Thus the remainders are

(E:I—:i_lij) ~ad),(A),  C(H,A)= > (_]1’)1 adl;(A).
! r=

E.(H, A) = i
j=2
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For j > 2, the Leibniz rule gives
ladi, ()] < 27 11V 141,
|os(adiy ()| < 27 (j1HI |2 HI|A] + |H 10, Al)

Since 5, 2/(1+ j)r’2/j! < oo, these bounds imply the stated estimates and local uniform conver-
gence of the differentiated series. ]

Lemma 3.5. Let Ky C B x U be compact, let Py, Qp be smooth matrix fields on a neighborhood of K,
and let s be a spatial coordinate independent of b. Write |Flw = sup, e, [Fy(x)[. For a coordinate
derivative, the supremum is taken over the corresponding part of KCo. For N > 1, put

ZyN = N7Y2(P, cos Ns + Qp sin N's).

Let k be a nonnegative integer. Let vy, Yy, ..., Y be smooth spatial vector fields on the same neighbor-
hood, independent of N, such that

vps =1, Yops=0 (1<v<k).

These identities hold throughout the neighborhood of Ko. Put Yy = Yy p, -+ Y, with Y, =1 fork = 0.
For every parameter multi-index a with |a| < 1,

105 (VsZo \)|.., < CkNT2, (3.9)
and
|0 (Vp05Zp N)|., < CkN2, (3.10)
“ag(yb([zb,N,Ube,N] = [Py, Qb]))”m < CGNTL
ForR € {€_,&,,C},
105 Vs R(Zb N, 06 Zp N, < C,N~1/2,

The constants depend on Ky and finitely many derivatives of the fixed matrix fields and vector-field
coefficients, but not on N.

Proof. Put e = N"'/2 and § = Ns. Since Y, 5 = 0 and 9} s = 0,
YpZpn = € ((YpPy)cos &+ (VpQp) sin d),
and 9, ¢ = 0. This gives (3.9). Moreover,
vpZp N = EN(—=Pp sin 3 + Qp cos 3) + € (vpPp) cos & + (v, Qp) sin I) ,
and, since €2N =1,
[Zo.n. 06 Zb ] — [Py, Qp] = €2 [Py cos & + Qp sin 9,
(vpPy) cos & + (vp Qp) sin 3] .

Applying 93 Y} to these identities gives (3.10).
Set Ay = vpZp Ny and D = 93 V. If W is obtained from D by deleting any of its derivative factors,
without changing their order, the preceding identities give

IWZy x|, <cke, [WAN], < creN,

where ¢, > 1 is independent of N; the empty composition is included. Each of the 2/ terms in

adebN(AN) is a product of j factors Z, 5 and one factor Ay. The Leibniz rule therefore gives

HD adgb)N(AN)ow < 20(j + DFIIMETIN,
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Since0<e<1,
oo HD ad (AN)"

Z = (2¢1)/ (G + 1)k
el < cre’N Z M < Cye.

=2 J: = J:

The same estimates hold on a compact neighborhood of KCy. The series defining the three remainders
thus converge uniformly with the indicated derivatives and satisfy the last bound. g

4. REALIZATION OF THREE-FORM PERTURBATIONS
Let X be as in Section 2, with n = dim X > 3.

4.1. Alocal connection formula. Let g be a smooth Riemannian metric on X, write V = V8, and let
s be a smooth function without critical points on a coordinate neighborhood. Put

VEs v
k= |ds|g, V= —), V= —.
K K

Then vs = 1. Flow coordinates (s, y?, ..., y”_l) for v satisfy v = 95 and
g=dds’+q, a=x"}, (4.1)

where ¢ is the metric on the level hypersurface of s. Put ¢y = v and choose a frame e = (ey, ..., €,-1)
tangent to these hypersurfaces such that (e, e) is an oriented g-orthonormal frame. Denote its dual
coframe by (e, ..., e"1); thus €’ = a ds. Define L by

[U; ea] = Z edLdq.
d

The brackets are tangential since vs = 1 and e,;s = 0. If e, = ) Egq0,a, then L = E7'9,E. Set

(Q0)da = 8(V, €4, €q), Saa = gV, v, €q).

The matrix S is symmetric, and the tangential part of the torsion-free identity gives Qy = kL + S.
Since Qg is skew-symmetric,

S= —%(L +LT), Q= g(L — LD, (4.2)

Let H be a smooth real symmetric (n — 1) x (n — 1) matrix field in the frame e. Regard it as a
tangential endomorphism, extended by zero on Rv, and put Ay = e /2. Define

gr = a*ds® + gs(efl) ). (4.3)

The fields v,v and the function k are unchanged. With f, = (eAy),, the frame (v, fi,..., f—1) is
oriented and gy-orthonormal. Define

(QH)da = gH(v'nga; fd)
A prime on a matrix field denotes entrywise differentiation along v.

Lemma 4.1. One has
Qy = g(Aglqu — N AR) + g(A;LAH — AgLTAZ). (4.4)
Proof. Since [v, eAy] = e(LAg + Aj}y), the bracket matrix of eAy is
Ly = A LAy + A5 Ay

Equation (4.2) for gy gives Qy = 5(Ly — LL). Both Ay and A}; are symmetric, which gives (4.4). [
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For a vector field w, write c(w) = cg(w"), and put Cy = c(v). In a local spin frame lifting (eo, e),
vector fields act on the spinor components. The local spin connection formula [22, equation (4)] gives

n—1 n—1
1
Dy =Y cle)e; + . > g(Vee) er)clec(e)e(er). (4.5)
=0 i F=0

The tangential part of the connection in the v-direction has the Clifford contraction

1 n—1
= Co D Qo)aaclea)e(ea). (4.6)
a,d=1
Here (Q0)4q = —(Q0)aq- Let V¥ denote the Levi-Civita connection of ¢;. On these ambient spinor
components, put
n—1 1 n—1
DT =Y cledeaty Y. ax(Vieq ep)elen)e(e)eler).
a=1 ad,f=1

The spinorial Gauss formula [22, equations (10)—(11)], with Weingarten matrix —S, and (4.5) give

1 1= 1
Dy =Cov +D" + S (8= G D (Q0)adcleq)eleq) - Se(Vyv). (4.7)
a,d=1

In the flow coordinates of (4.1), the normal acceleration is
Vyv = —grad, (log a). (4.8)

The Koszul formula gives g(V,v, d,¢) = —a d,«a. Since v = a v, this gives (4.8); its normal component
vanishes because g(v,v) = 1.

4.2. Parameter-dependent estimates.

Proposition 4.2. Let B be a compact smooth manifold, possibly with boundary, and let g, b € B, be a
smooth family in the setting of Section 2. Let U’ C B x X be a product coordinate neighborhood, with a
spatial coordinate s independent of b. Let T, = ds A By be a smooth real three-form family with compact
support in U". For each N > 1, there is a smooth family of metrics gy N, equal to gy outside U, such that

dvg, = dvg,, lgn — glersicoy < CNTV2, (4.9)

Ub—,}\ngb,N Ub,N = ng + cgb(Tb) + Eb,Ns

”EN"cl(B;g(Hl,LZ)) < CN7V2,

Here Up N : LZ(Zgb) — Lz(Zgb’N) is the positive spinor comparison of (2.6) for the pair (gy, g» N)- The
metric norm is computed relative to a fixed reference metric. The last norm is the C'(B; L(2, 7)) norm
of b — U;Eb,N Uy, , with 2,7 and Uy, as in Section 2. The constant C is independent of N. If V C B
is open and its closure is disjoint from the parameter projection of supp T, the metrics may also be chosen
equal to g, forb € V.
Proof. Put

kp = |dslg,, vy = K, Vs, vy =k, vy, Cop = Kglcgb(ds).

Replace S by 1, Tp. Since ds(vp) = 1 and ds A T}, = 0, this gives
ds A By =Ty, 1, b =0, supp f = supp T .

Orthonormalize the coordinate fields tangent to s to obtain ey 4, ..., ;-1 5. Choose their signs so that
(Vp, eip, ..., en—1p) is oriented. Let ej be the dual tangential covectors, extended by zero on v, and
put

Badb = Boleap-an).  Bo =1 Padvet Ael.  Kaap =16Baas.
a,d
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Choose a constant diagonal trace-free real matrix A of size n — 1 with distinct entries, and set

Kaap

— 2% (a#d),  Bgayp =0. 4.10
Aaa _Add (a ) aa,b ( )

Baap =
The matrix K}, is skew-symmetric; hence BZ = By, trB, = 0,and [A, By] = K.
Fix V as in the statement, allowing ¥V = @. Choose y € C:’(U’;R) equal to one near supp 7 and
zero on ¥ x X. With e = N™/2, put

Hpn = €(yAcosNs + B, sinNs). (4.11)

The tangential endomorphism represented by Hj, y extends smoothly by zero on Rv, and outside U".
Define gy y by (4.3). Since tr Hy y = 0,

d
Ugb,N — e% tr Hy v =1.

dvgb

Put Hy = Hp y and Ay = e /2 In local spin frames lifting the paired oriented orthonormal frames
(vp, ep) and (v, ep AN), the map Uy v identifies the Clifford matrices. The density factor in (2.6) is
one, and the normal principal term Cy j, v}, is unchanged.

All estimates below hold in the given product coordinates, uniformly with one parameter derivative.
Lemma 3.5, with vps = 1 and e, s = 0, gives

Hy = O(e), eqp Hn = O(e), vpHn = O(eN).
The same bounds hold after any fixed number of tangential derivatives. The exponential formula
gives
Aji\fl -I= O(e)s ea,b(Aifl) = O(G),

and the metric estimate of (4.9) follows.
Write g = g, gv = gvN> € = €, B = By, B =By, K = Kp, and Cy = Cy; the fields v, v, k and
Clifford multiplication refer to g. For H{, = vHy, Lemma 3.5 gives

[Hy, HY] = [YAcos Ns+ Bsin Ns,—yAsin Ns + Bcos Ns] + O(N™ 1)

4.12
=K+ O(N™), (412)
because yB = B and [A, B] = K. Lemmas 3.4 and 3.5, applied to —Hy /2, give
AN AN — AYAY = —3[Hy, H{ ]+ O(€°N).
Moreover,
AN LAN — ANLTAY = (L = LT) = O(e).
Since €3N = ¢, (4.4) yields
Qny — Qo = —g[HN,H{V] +ON"V%) = —%K +O(N"V2). (4.13)
Equation (4.6) therefore gives the contribution
K K
25 2 KaaCocleaelea) = o 3 BaaCoclea)c(ea) = c(ds A ). (4.14)
a,d a,d

Put f, = (eAn)q and gs N = gNlker ds- The tangential principal coefficients differ by O(e) because
AN — I = O(e). For the intrinsic connection, define the structure coefficients by

len el =Y chiee.  [fafal = D, Tt
t r

where all indices in these two identities range from 1 to n — 1. The Leibniz rule gives

g = (AOre((ANDia(AN)jac; + (ANDiaei((AN)ea) — (ANia€i(AN)ea)).
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with repeated indices summed. Thus ¢/ ; — ¢/ ; = O(e). The Koszul formula in the orthonormal frame
fis
ng(v;]f;Nfd’ )= EZd - Egr + E;ia'

It follows that the intrinsic spin-connection coefficients differ by O(€), with one parameter derivative.
Define (Sy)4q = gN(Vchi\' v, f4). The bracket identity in the proof of Lemma 4.1 gives

tr Sy — tr S = —k tr(A'AYy) = —xv(log det Ay) = gu(tr Hy) =0.

The lapse a = k! is the same for g and gy. By (4.8),

gN(V‘gN v, fa) = _fa(log a)-

Since f, — e, = O(e), the acceleration coefficients in the paired frames differ by O(e), with one
parameter derivative. Together with (4.14), these estimates account for every term of (4.7).

In a fixed spatial chart x = (x',...,x") and a local g,-spin frame, put d; = 9/dx’. The difference
Ep n has the form

EpN = Z ajpN9j+ aopN; Z ||aj,b,N||c;L;>; + ||ao,b,N||c}7L;° < Ce.
J J

Here j ranges over the spatial coordinates. The error is supported in a fixed compact subset of V". In
a local reference spin frame, write Q; for the matrix of U,,. Then

Q' EynQs = D, Qp'ajpn 000+ Oy aosnQs + ), Oy a;6.8(2;0).
J J

The matrices Qf' and their first spatial derivatives, each with at most one parameter derivative, are
bounded on the compact support independently of N. Thus all coefficients in this expression have
CéLf norm at most Ce. For bounded matrix coefficients Aj, Ap and u € H 1 the estimate

<C (Z 1Al + ||Ao||oo> lulges
2 ‘

J

Z Ajaju + Agu
J

applied in a fixed finite trivializing cover, also applies to the parameter derivatives of the coefficients.
It proves the last estimate of (4.9). Finally, H, 5 = 0 outside V" and for b € V, so the corresponding
metrics equal g there. U

Remark 4.3. The three-torus metric in [43, arXiv version 2, equation (8.1)] has the symmetric coframe
given in [43, equation (8.2)]. On spinors depending only on the distinguished coordinate, its Dirac
operator has the scalar term, quadratic to leading order, displayed in [43, equation (8.5)].

5. REALIZATION OF COMPATIBLE POTENTIALS

Let n = dim X > 3. Let B be a compact smooth manifold, possibly with boundary, and let g3, b € B,
be a smooth metric family in the setting of Section 2. Parameter norms for spinor endomorphisms
and operators are taken after conjugation by the identifications Uy, of (2.6).

5.1. Elementary forms. A smooth family of real differential forms of positive degree on X, with
compact support in B x X, admits a finite decomposition subordinate to product coordinate neighbor-
hoods. Expanding each summand in the spatial coordinate coframe gives terms ds A y,, where s is a
spatial coordinate independent of b. Put v, = V& s/|d s|§b. Replacing y;, by 1,,(ds A yp) preserves the
term and makes 1, y, = 0.

For a term of degree £ > 7, choose a smooth orthonormal coframe of the covectors annihilating v,
and expand y; in its wedge basis. Each summand has the form

Ty = fo ds N ay A P, (5.1)
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where @} is a wedge of three covectors of this coframe and f, is a wedge of £ — 4 distinct further
covectors. The coefficient f is real, smooth, and compactly supported in the product coordinate
neighborhood U" C B x X.

Proposition 5.1. Let7 < £ < n, £ = 3 (mod 4), and let T, be as in (5.1). Fix a smooth family of
compatible potentials Vy j, in the setting of Section 2. For each N > 1, there are smooth positive invertible
multipliers Fy 5 and compatible potentials Vy N, sums of Clifford forms of degrees 3 and ¢ — 4, such that

Fy N(Dg, + Vo + Vip N)Fp N = Dg, + Vo + ¢, (Tp) + Ep N (5.2)

The identity holds as operators H'(Sg,) = L*(Sg,). There is a constant C, depending on the fixed family
but independent of N, such that

IFx = Ileyre < CNTY2 |Enley e g2y < CNTV2 (5.3)

The supports of Fy — I, Vi n, and En lie in one compact subset of U', independent of N. If V C B is open
and its closure is disjoint from the parameter projection of supp f, the multipliers and potentials may be
chosen so that F, y =1 and Vi, y = 0 for b € V.

Proof. Suppress the parameter b. Write V for the spin connection of g and its induced connection on
endomorphisms. Put

k= |ds|g, v =k Ve, Co = K_lcg(ds), P = cg(a), Q = cy(P).

The degrees of P and Q are 3 (mod 4). By Lemma 2.2, they are compatible; in particular, P* = P and
Q" = Q. Their covector factors and ds are mutually orthogonal, so

PCy=—-CoP, QCo=-CoQ, PQ=-0QP.
Set S = CyPand T = CyQ. Since Cj = —Cy and Cg =-I,
S =S, T"=T, SCy=-C)S, TCy=-CyT.

Moreover, JS = SJ and JT = TJ by (2.1); in even dimension, S and T commute with T'. Finally,
ST = PQ and TS = QP, whence

[S, T] = 2PQ. (5.4)

Fix V as in the statement, allowing ¥ = @. Choose y € C:’(U; R) equal to one near supp f and
zero on V x X. Define

Hy = Nﬁl/z()(S cosNs+ fTsinNs), Fy = efiy, (5.5)
Vin = kVN(=xPsinNs + fQcos Ns).

The fields Hy and V; 5 extend smoothly by zero outside . The multiplier Fy is positive, invertible,
and commutes with J and, in even dimension, I'. Lemma 2.2 gives the compatibility of V; y. Since
HnCy = —CoHNn,

FyCoFy = Co. (5.6)
Put
Hy = kVN(—ySsinNs + fT cosNs), Gy =V, Hy — Hy.
Then Vi x = —CoHy and
Gn :N_I/Z(VV(XS)COSNS+VV(fT)SinNS).

All estimates below include one parameter derivative in the fixed product coordinates. Lemma 3.5,
with v = v /k, and the fixed smooth spin-connection coefficients give

Hy=ON7Y%),  Gy=0N"Y%),  Hy=O0NY?,
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Since y f = f, direct expansion gives
[Hy, Hy] = xf[S, T].
By Lemma 3.4,
FN'V, Fy — Fy'HyFy = Gy + 3[Hn, Hy] — 3[Hy, Gyl
+ & (Hn,V,Hy) — C(Hy, Hy).

The two remainders are O(N~1/2), also after one parameter derivative, by (3.8). Indeed, each bound
has two factors of order N~/2 and one of order N'/2. Thus

FnCoVy Fy + FyVinFy = Co(FN'V, Fy — Fy'HyFy) (5.7)
= 3ColHy, Hy] + O(N~%)
= XfColS, T] + O(N™V?)
= c,(fdsnanB)+ON2),

Let ey, ..., e,—1 be the orthonormal frame of ker ds dual to the chosen tangential coframe. Then
e, = 0, and Lemmas 3.4 and 3.5 give V, Fy = O(N~/2), Also,

FNCg(eZ)FN - cg(eZ) = O(N_I/Z), FNVOFN _ VO — O(N_l/z).

The second bound depends only on the fixed C} L norm of V; on the common support. The Leibniz
rule and (5.6) give the normal principal term CyV,. The remaining first-order error is

n—1
Z(FNcg(eZ)FN - cg(eZ))Vea.
a=1
The remaining zeroth-order terms are the remainder in (5.7), )., Fy cg(eZ)VeaFN, and Fy VoFn — V.
The reference comparisons and their first spatial derivatives, each with at most one parameter
derivative, are bounded on the common compact support independently of N. In local reference
spinor trivializations and fixed spatial coordinates x', ..., x", the preceding estimates therefore give

n
-1
Uy, EbnUyg, = Z ajpNOxi + aobN>
j=1

n
Yolajsnlerss +laosnlere < CNTV2
j=1

The H'-to-L? estimate at the end of the proof of Proposition 4.2 therefore applies and gives the second
bound in (5.3). Smoothness of the exponential and the bound for Hy give the first.

For each finite N, F§! are smooth multipliers equal to I outside a fixed compact set. The Leibniz
rule makes them bounded isomorphisms of H! as well as of L?. Lemma 3.2 requires no uniform bound
for their H' operator norms. Finally, y = f = 0 outside the fixed compact support and on V x X,
which gives the asserted support and parameter equalities. ]

Proof of Theorem R. If V = 0, take g = g. Suppose V = 0. Let 75 : B x X — B be the parameter
projection. Choose an open neighborhood V of By such that ¥ n z3(supp V) = @. Cover supp V by
finitely many relatively compact product coordinate neighborhoods whose closures lie in B x U and
are disjoint from ¥ x X. Take all decompositions and cutoffs in these neighborhoods. Their spatial
projections have closures in a fixed compact subset of U.

By Lemma 2.2, write V}, as a finite sum of real Clifford forms of degrees 3 (mod 4). If a degree
greater than three occurs, let ¢ be the largest such degree; then ¢ > 7. Decompose its forms into
terms (5.1). For one such term, let V; be the sum of the other terms and apply Proposition 5.1. Both
operators are self-adjoint on H! by Section 2, since the new multiplication potential is bounded for
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each finite frequency. Lemma 3.2 replaces the chosen term by forms of degrees 3 and ¢ — 4, with
arbitrarily small C} resolvent error on K. Each degree requires only finitely many replacements,
and a replacement creates no term of that degree or a larger one. Descending induction leaves only
three-forms. Before choosing a frequency, fix all preceding frequencies and the resulting smooth
families, including their spatial derivatives and spinor comparisons.

Decompose the remaining three-form into finitely many terms ds A f;, in the fixed spatial co-
ordinates. For one term 7}, = ds A fp, apply Proposition 4.2. Denote the current metric by h;, the
resulting metric by hj n, and their direct comparison by Uy, n. Let wrem » be the sum of the retained
differential forms. For each retained form wy,

Ub_,]l\zChb,N(wb)Ub,N - Chb(wb) = Oc;,L?(N_l/Z).

Indeed, under the positive comparison, Clifford multiplication depends smoothly and algebraically on
the metric and the form. The form and the current metric are fixed as N varies, and Proposition 4.2
bounds the metric difference in C(B; C°). Set

Lyn = Uy N(Dnyyy + iy (@remp)) Us N-
Then
Lyn — (Dpy + (T + @remp)) = chg(Hl,LZ)(Nfl/Z)

For each finite N, U, y is unitary on L? and identifies the H! domains. Lemma 3.2, with Fy = I, gives
arbitrarily small resolvent error and keeps K in the parameter-resolvent set. Repetition removes the
finitely many three-form terms.
All metrics equal the original family on X \ U and for b € V. Each metric change preserves the
volume density by Proposition 4.2; the higher-degree replacements leave the metric unchanged.
Index all replacements by j = 1,...,m, and write

Lgyj) — Dgl()/) + V(]), g(O) =g, L%O) — Lbs Vlgm) =0.

Put
Hip = LZ(Zggﬁ), Dip = Hl(zglgﬁ), RE,”(z) = (LE,” —-2)7".

Every norm below on these varying spaces is computed through the identifications Ug(_;) with 57, 9

b
from Section 2. Let U; : JZj_1, — 5]} be the direct positive comparison of the successive metrics,
with Uj, = I when the metric is unchanged. Suppressing b, put

Ci=Uj~U,  C=1I,  Aj=U"ROU; - RV,
Then

m
Cp'R™MCy — R = 3" A0 (5.8)
j=1

Fix positive numbers 0, 1, to be specified below. Let M; bound conjugation by C;_; in the indicated

C}, operator norms. The constant M; is finite and depends only on frequencies chosen before the jth
step. Choose the jth frequency so that

2776

C1(B;CY)

For a higher-degree replacement, §; = 0. For a metric change, both inequalities follow from Propo-
sition 4.2 and Lemma 3.2. The degree induction is finite, and these inequalities do not require its
number of steps to be fixed in advance. Thus (5.8) gives

" CIRM™C,, — RO

m
<0, o = 5; < n.
CLGL(Hp)) JZ:; S
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Let P;p : 5, — Hp be the direct comparison from the original metric g to glgj ), with Pop =1
In the original spinor bundle, put

W; = P;'U;Pjy, W =W, Wi

Then C,, = P, W. The positive frame maps in (2.6) depend smoothly on the metric matrices. Their
spin lifts are continued from the identity; consequently [61, Lemmas 2.3.3-2.3.5] gives a pointwise
matrix for W; which is a smooth function of g, gY™V, g and equals I when its last two arguments
agree.

All these metrics agree outside a fixed compact subset of U. Choose sy > 0 so that ¢ < sy keeps
their values and first parameter derivatives, in a fixed finite cover of that compact subset, in a fixed
bounded set of finite-dimensional matrix spaces, with all metric matrices uniformly positive. The
closure of this set is compact. The mean-value formula, also after one parameter derivative, gives

”Wj - I”c;L;o < C9j.

The constant depends only on this compact set and the original family. The product rule and the
telescoping expansion of W — I therefore give

"W - I”C;L? < CeCO'CT. (59)

Indeed, the norms of the intervening products are bounded by [ [ ;(1+ C6;) < e©?, and each summand
has one factor bounded by C§;.
Set

Reomp = C'R™Cpy Ryir = P, R™P,,.
Thus Rgir = WRcomp W~ For a C! family R of bounded operators on . 5,
WRW'—R=(W -DRW '+ R(W™ -1].
The product rule and d(W™!) = =W~ 1(dW)W ™! imply, for o < s,
[WRW™ = Rlci e,y < CIW = Tleyie IRl ey 20, -
By Lemma 3.1,
M:=1+ HR(O)

< 0
CLUGL(H4p))
Choose 0 < 1 < min{sy, ¢} so that (5.9) makes the conjugation error less than ¢/2 whenever o <
and ”R”Cé(lc;ﬁ((%b)) < M. Choose 0 < 6 < min{l,¢/2}. The preceding frequency choices give

HRCOfnP”C,ﬁ(IC;c(%,b)) < M. In the stated C; norm,

HRdir - R(O)H < ”Rdir - Rcomp” +

Reomp — R(‘))H <e/2+0<e.

This proves (1.4). Finally,

(m)—g oc<e¢

<
L

proves the metric estimate in (1.3). O

Corollary 5.2. In the setting of Theorem R, if Dy + V is invertible and V is compatible and compactly
supported in U, there is a metric g with Dy invertible, § = g outside U, and dvg = dvg.

Proof. Take a one-point parameter space and apply Theorem R to K = {0} C p(Dg + V). O
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6. SPECTRAL SUBSPACES AND LOCAL SECTIONS

Let B be a compact smooth parameter manifold, possibly with boundary, and let b — L, €
L(D,.7) be a smooth family of self-adjoint operators with common domain &, endowed with a fixed
graph norm. Let Q C C be a bounded open set with smooth boundary y = 9Q, positively oriented.
Suppose that y C p(Lp) and that Spec(Lp) N Q consists of eigenvalues of finite total multiplicity for
every b. Define

 2rmi

Py = zim /Y(Z — L) dz, Qp = 1 /yz(z —Ly) ' dz. (6.1)

The spectral theorem identifies P, with the orthogonal projection onto the cluster, and spectral
decomposition gives Q, = LyP, € L(I) [67, Chapter III, Theorem 6.17 and equation (6.24)].
Lemma 3.1 and contour integration give C! dependence of Py, in £(7, 2) and of Q,, in L(#). For
an isometric frame Uy : E — im Py, the matrix of Ly |im p, is Uy, Qp Up.

Suppose that L, = Dy, + V), satisfies the hypotheses of Theorem R. For a metric family gj, furnished
by that theorem on B x y, write Dy = Dg, in the direct positive spinor comparison, and define b, Qb

by (6.1) with L, = Dj. Then
+10-0

|- |
CUBL(A))

< length(y)
2

~

CUBL(A))

(1+ sup|z|) sup

z€y zZ€y

(z=Dp)" = (2= Ly)"

CUBL(H))

Thus both moments converge in C1(B; L(57)) as the resolvent error tends to zero. If Hﬁb - D H <1,
the map P, : im 13\;, — im Py, is injective; hence 13\;, has finite rank.
Lemma 6.1. Let Py, I/’\j,b be C! families of finite-rank orthogonal projections, and let Qy, Q\j,b be bounded
self-adjoint operators satisfying
Qb = PpQpPp, Qib =Py 0jsPip

Suppose that

Pj—P,  0;—Q inC'BLOO).
If supyep

intertwines every unitary or antiunitary spinor structure commuting with both projections. Omitting j,
its expression in a local C' isometric frame Uy, : E — im Py, is

‘ﬁij - Py H < 1, the polar part ofl/J\j,be : im P, — im ﬁj,b is an isometry onto im Igj)b. It

Uy = P, U, (U; Py Up) V2, (6.2)
On every compact subset of the frame domain,
U0, Uy — UF QuUy — 0 in C} End(E). (6.3)

Proof. Put q = sup, “I/D\b - Py H < land G, = Ul’;ﬁb Up. The close-projection theorem [67, Chapter I,

Theorem 6.32], applied on im P}, + im Py, gives equal ranks. For v € E,
~ 2
(Gyo,v) = |PyUpo] 2 (1= 9 Iol’.

Thus (6.2) is the polar isometry onto im P,. Since G — I in C, holomorphic functional calculus on a
fixed contour in the domain of z~1/2 gives G2 5 Iin C! [67, Chapter I, Section 5.6]. Hence U->U
in C!L(E, #), and the product rule gives (6.3).

The polar map is intrinsically I/J\b Py(Py ﬁb Pplimp, )~'/2. The positive inverse square root is a uniform
limit of polynomials with real coeflicients on a positive spectral interval. It therefore commutes with
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every unitary or antiunitary structure commuting with P, and ﬁb. Under U, — UpRy, for a unitary
Ry, formula (6.2) gives U, — UpRp. The local maps consequently define a bundle isometry with the
stated intertwining properties. U

Definition 6.2. Let E be a zero module. A full potential section at zero is a smooth family L4 =
Dg + V(A), for A in a neighborhood of zero in .A,(E), where V(A) is a compatible multiplication
endomorphism, with the following properties. There is a positively oriented circle y centered at
zero in p(La) for every A, and there is a smooth family Uy € L(E, &) of isometries, for the .77 -inner
product, from E onto im P4, where Py4 is given by (6.1). These isometries intertwine J and, when
present, I', and satisfy

im Py = ker Ly, UjLaUyg = A.
A full metric section is defined by taking Ls = Dy, in the direct positive spinor comparison.

Proposition 6.3. Assume n > 3, and let X, g, U satisfy the geometric hypotheses of Theorem R. Every
full potential section whose potentials are supported in one compact subset of U yields a full metric
section. The metric section equals g outside U and has volume density dvg. Its reference metric at zero
need not equal g.

Proof. Equip the real vector space A,(E) with a Euclidean norm. Choose r > 0 so that the closed
ball B = {A : |A| < r}lies in the section domain. Let y and Uy be as in Definition 6.2. A structure
commuting with the operator preserves each eigenspace; one anticommuting with it maps the
eigenspace at A onto that at —A. Since y is centered at zero, the corresponding spectral projections
commute with J and T

Apply Theorem R with £ = B x y and By = @. The same spectral symmetry holds for Da.
Lemma 6.1 gives an isometric frame Ua intertwining these structures. Therefore

F(A) = U004 = UzDaUs € Aq(E).
For a sufficiently small resolvent error,

sup |F(A) — A| < r/4, sup [DF(A) —1I| < 1/2. (6.4)
l1Al<r lAl<r

Smooth inversion gives smooth dependence of Py in £(7, 2). Formula (6.2) then gives smooth
dependence of Uy in L(E, Z), and hence of F. For |Y| < r/4, the map ®y(A) = Y + A— F(A) satisfies

[@y(DI <Y +1A-F(Al <r/2,  [DPy(A] <1/2 (Al <r/2).

The closed ball of radius r/2 is complete and convex. The contraction theorem [50, Theorem 10.38]
gives a unique A(Y) in its interior with F(A(Y)) = Y. By (6.4), DF is invertible there. The inverse
function theorem [50, Theorem 11.22 and Corollary 11.35] and uniqueness give a smooth map
Y — A(Y) with

DA(Y) = DF(A(Y))™, IDA(Y)] <2, A(Y) - A2 < 2]Y - Z].

Put hy = gu(y) and take the frame U 'A(y)- Its restriction matrix is Y. Since F(A(0)) = 0, the spectral
subspace is invariant, and 0 lies inside y,

ker Dp, = im I/J\A(O).
Thus hy is a full metric section, and (1.3) gives hy = g on X \ U and dvy,, = dvy. O

Lemma 6.4. Let T, : 9 — S, fort near zero, be a C' family in £(Z, H) of self-adjoint operators
with common domain 9 = H', whose graph norms are locally uniformly equivalent. Suppose A € R
is an isolated eigenvalue of finite multiplicity of Ty. Put E = ker(Ty — A) and let Pg be the orthogonal
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projection onto E. Let U; : E — 2 be the polar frame for the corresponding spectral subspace, based at
the inclusion Uy : E < 7. Then

d .
—|  UT,U; = PETylg.
dt o t 1tYt E 0|E
In particular, for a bounded compatible potential V, T, = Dy +tV, and E = ker Dy, the derivative is
P V|g.

Proof. Lemma 3.1, contour integration, and (6.2) give C' dependence of U; in L(E, 2). Since TyU, =
AU, self-adjointness gives

U T, U; = Uy TyUp + AUy Uy + Uy Uy) = PeTolg,
t=0

dt
where the last equality follows from U; U; = I. g

Lemma 6.5. LetF € {R,C,H}, and let S, T be Euclidean, Hermitian, or quaternionic Hermitian bundles
over a smooth manifold X, according as F = R,C,H. Fix a smooth positive density dv on X. Let
F c C®(S)n L*S) and E c C=(T) n L*(T) be finite-dimensional F-subspaces, with their L* inner
products. Denote the evaluation maps by

er(x) : F — Sy, eg(x) : E— T

Let ¥ ¢ Homg(S, T) be a smooth real subbundle and U C X a nonempty open set. The real-linear map
C : C2(U; V) — Homg(F, E), C(V) = / ep(x)* V(x)er(x) duv(x),
X

satisfies
im C = spang{ep(x)"Qer(x) : x € U, Q € ¥4} (6.5)

Proof. Regard W = Homg(F, E) as a real vector space, and denote its real dual by W*. For £ € W*,
the fundamental lemma for test functions [44, Theorem 1.17, pp. 23-24], applied in local coordinates
and a local frame of 7, gives

teC=0 <+ f(eE(x)*QeF(x)) =0 (xeU, Q€ ¥).

In local coordinates dv = pdx with p > 0; the scalar coefficients are smooth, so their almost-
everywhere vanishing implies pointwise vanishing. The two subspaces in (6.5) therefore have the
same annihilator in W*. Since W is finite-dimensional, they are equal. g

Lemma 6.6. Let Eq, E;, Fy, F, be Hilbert spaces, and equip their direct sums with the Hilbert direct-sum
norms. Let

TO = dlag(A, C) : E1 ® E2 —> F1 ® F2

be bounded. Suppose C is bijective and “ C_1||F2HE2 < ¢!, wherec>0.Let T = Ty + R, whereR = (Rij)

and |R|g, o, Fer, < 0 < ¢/2. Then C" = C + Ry is bijective. Its Schur complement
S=A+Ri1 —Rp(C)) 'Ry : E; — Fy
satisfies
IS — Alg,_p, <6 +268%/c. (6.6)
Moreover,
ker T =~ ker S, (FF®F)/imT = F;/imS.

The range of T is closed if and only if the range of S is closed; in that case the quotients are their Hilbert
cokernels.
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Let Jg and Jr be linear or antilinear maps on E; @ E; and F; @ F,, respectively, preserving the
summands. If JrT = €T Jg, where € € {1, -1}, then Jr, S = €SJg,, where the subscripts denote restrictions
to the summands.

Suppose further that F; ® F, = ¢ and E; ® E; = 9 C I, where 9 is dense and continuously
included in 7€, with a fixed graph norm. Assume that the orthogonal projections of 7 onto F; preserve
2 and that E; = 9 N F,. Let T denote the ambient adjoint. On a complex Hilbert space it may instead
denote the transpose T = k T*k, where Kk is a conjugation preserving F1,F, and 9. If TT = €T, with
equality of domains, then ST = €S and Dom ST = E;.

Proof. Bounded inverse stability [67, Chapter IV, Theorem 1.16], with C : E;, —» F;and Ry : E; — F,
gives

[(C) Mg, < (e =8)' < 2/c

The block norms are at most 9§, so (6.6) follows. Block multiplication gives

I —Ry(C)7! I 0 S 0
(0 1 )T<—(c’)—1R21 1>:<o c’)‘ (67)

Both triangular factors are bounded and invertible on the respective Hilbert direct sums. The kernel
isomorphism is

X — (x, —(C’)_lelx).

The left factor sends im T onto im S @ F,, which gives the quotient isomorphism and the equivalence
of closed ranges.
The block identities for JrT = €T Jg give

Je,(C) ' = e(C) ', JrR12(C") 'Ry = €R12(C") ' RoyJg,.

Together with the identity for A + Ry;, these imply Jr, S = €SJ,.

For the last assertion, E; is dense in F;, since ¥ is dense and the orthogonal projections onto
F; preserve 2. Put B = (C’)"! and K = Ry,B. The graph-norm bounds make B : F, — F, and
K : F, — F; bounded in the ambient norms. Write (u, v)+ = (u, v) for the adjoint, and (u,v)+ = (xu,v)
for the transpose. For y = C’u and z = C’v, with u,v € E,,

(By, 2)+ = (u, C'v)+ = e(C'u,v)+ = e(y, B2)+.
Surjectivity of C’ gives B = €B. For x € E; and y € F,, the off-diagonal identity gives
(Ky,x)+ = €e(By, Ry1x)+ = (y, BRy1x)+.
Hence KJ(|El = BRy;. In particular, K*El C E,. Set
L= <g X ) |
The operators L and L~! are bounded on .7, and (LT)*'& = 2. Thus (6.7) becomes
LTLT = diag(S,C’) on 2.
Since L is bounded and invertible,
wrhHt =71t Dom(LTLHT = (L)' Dom TT = 2.

The two diagonal blocks therefore satisfy ST = €S on E; and (C)" = €C’ on E,, with equality of
domains. O
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7. GENERIC NONZERO EIGENVALUES

Throughout this section M" is closed and connected, n > 3, and its spin structure is fixed. For
a metric g, write ¥ = X, M. Multiplicities are counted according to (1.5). The spaces of compatible
pointwise endomorphisms are given in Section 2. On a nonzero eigenspace the scalar field is

H, n=234 (mod3),
F,=4C, n=1,5 (mod38), (7.1)
R, n=0,6,7 (mod 8).

When J? = I, put 3g = FixJ. In a real case the eigenspace means its real form in C®(ZR); its real
dimension equals the complex dimension of the ordinary eigenspace. In a quaternionic case the
ordinary complex dimension is twice its quaternionic dimension. For n = 1,5 (mod 8), charge conju-
gation exchanges the nonzero eigenspaces of opposite signs and imposes no additional multiplicity
on either. Denote by Pg the L?-orthogonal projection corresponding to an eigenspace E, restricted
to the real form when appropriate, and write Mgy = f for scalar multiplication. Fibre Hermitian
products are conjugate linear in the first variable; the associated real product is their real part.

7.1. Splitting a nonzero eigenspace.

Lemma 7.1. Let L = Dy + W, where W is a smooth compatible multiplication endomorphism. Suppose
A € R\{0} and E = ker(L — 1) has F,-dimension at least two. For every nonempty open set U C M there
are f € C°(U;R) and V € C2(U; 7,) such that

PsV1p — APgMylg ¢ RIg. (7.2)
Ifn # 2 (mod 8), one may take f = 0.

Proof. Elliptic regularity for L — A gives E C C*(X2) [44, Theorem 16.1 and Remark 16.2]. The square
(L — 2)? has the form V*V + P; + Py, where P; is a differential operator of order at most j. Hence
unique continuation [61, Theorem 6.2.8] implies that every nonzero eigenspinor is nonzero on an
open dense set.

Let e, : E — X, denote evaluation, over F,. Suppose first that P;V|g € RIg for every V €
C(U; 4,). Lemma 6.5, applied to the compatible endomorphism bundle, gives

e,Qey; € RIg (x €U, Q€ dpy).

In the real cases the bundle is Zg; in the quaternionic cases it carries the quaternionic structure of
Section 2. For the even-dimensional cases, write V4 = D(A) as in (2.3).

The cases n = 3,7 (mod 8). Choose an orthonormal pair ¢, ¢ € E over F,. At a point x € U
where u = /(x) # 0, the compatible fibre map Q = uu* has a compression to this pair of F,-rank at
most one. Its first diagonal entry is [ul* > 0, whereas a scalar two-by-two matrix with that entry has
Fp,-rank two. This is impossible.

The case n = 1 (mod 8). Here J? = I and Jc(¢) = —c(£)]. In a local J-real frame, compatible
potentials are iQ, where Q is real skew-adjoint. Let A denote the complex bilinear exterior product in
these fibre coordinates. For complex orthonormal i/, i/, € E, vanishing of the pointwise off-diagonal
entries and equality of the diagonal entries give

YiAY2=0,  Y1AY1=Ya Ao (7.3)
On a connected ball in U where 1/; # 0, the first equation gives 1, = b/, with b smooth and
complex-valued. Substitution into the second gives

L+ b1 Ay =0.

Thus ¥/; is pointwise a complex multiple of a nonzero real spinor, and 2 = a1, where a = 5 ¢2/|¢1
is smooth and complex-valued. The product rule gives c(da)y; = 0. At each point write ; = zw,
with z # 0 and Jw = w, and put a = a; +ia,. Then

|2

c(day)w+ic(day)w = 0.
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The two terms belong to iXg and g, respectively. They therefore vanish separately. Since c¢(&)? =
—|&|I for real &, one has da; = da, = 0. Thus a is constant on the ball. Unique continuation for
¥, — ayq contradicts orthonormality.

The case n = 5 (mod 8). Here J> = —I, JL = —L], and compatible potentials are V = —iQ,
where Q is quaternionic-linear and skew-adjoint. For a fibre vector u, let u'® denote its orthogonal
complement for the real fibre product. If u # 0, then

{Qu: Q" =-0, 0] =JQ}=u",  {Vu:Ved,}=_(>u"™ (7.4)

Indeed, skew-adjointness gives Re(u, Qu) = 0. In a quaternionic orthonormal basis with u = |uley,
write w/|u| = (a,v) for w € u'®. Then

Rea = 0, Q:(“ _(’)’> 0"=-0, Qu=w.

Multiplication by —i gives the second equality in (7.4).
Choose complex orthonormal ¢/, ¢ € E. Pointwise scalarity gives (#(x), Vi/(x))¢c = 0 for every
V € @, . Where /(x) # 0, the real and imaginary parts and (7.4) give

P(x), ig(x) € Riy(x).

A real line contains no nonzero complex line. Hence ¢ = 0 on a nonempty open set, contrary to
unique continuation.

The cases n = 0,4 (mod 8). Put F = R or H, respectively, and write L* for the chiral restrictions
of L. For ¢ = (u,v) € ker(L — A), chirality gives L*u = Av and L™v = Au. Since A # 0, vanishing of
either component on an open set forces vanishing of the other there. Both components of a nonzero
eigenspinor are therefore nonzero on open dense sets.

Choose F-orthonormal ¥/; = (u;,v;),i = 1,2. For A € Homp(Z",X7), put

b12(A) = ujA*vy + v Auy.
For every q € T,
Re(ﬁ blz(A)) =Re tr(A*(vlquj + v2q u’{)) )

The real trace pairing is nondegenerate. The vanishing off-diagonal entries and the equality of the
diagonal entries give

v1Uy = VU, viquy +vaqu; =0 (g €F). (7.5)
At a point of U where uy,v; # 0, the first equation is an equality of nonzero rank-one maps. Hence

U = upa, v, =v1(a@)"'  for some a € F\ {0}.

Taking q = a in the second equation gives (|al* + 1)v;u} = 0, a contradiction.
The case n = 6 (mod 8). In charge coordinates J(u,v) = (v, %), a real orthonormal pair has the
form ¢ = (u, %) and ¢ = (a, @). Compatible blocks satisfy AT = A, and

(U, Vag)r =2 Re(u’ Aa).

Since both A and iA are allowed, pointwise scalarity gives u” Aa = 0 for every complex symmetric A.
Thus

uja; = 0, uiaj +uja; =0 (i# j).

If u; # 0, these equations give a; = 0 for every j. Thus ¢ = 0 wherever  # 0, contrary to unique
continuation.

The case n = 2 (mod 8). Suppose every expression in (7.2) is scalar. Taking V = 0 and applying
Lemma 6.5 to the real line bundle R, one obtains, since A # 0, a smooth nonnegative function p
such that

exex = p(x)Ig (x € U). (7.6)
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Unique continuation implies that p > 0 somewhere. The adjoint is quaternionic; the same identity
holds in the complex realization.
Choose quaternionic orthonormal ¢ = (u,v) and ¢ = (a, b). In charge coordinates,

J(u,v) = (-0, %), AT = —A
Taking f = 0 gives vanishing pairings for (¢, ¢) and (J, ¢). In particular,
(Y, Vad)e = v*Aa+ b*Au. (7.7)
The equations for A and iA separate the two terms. Applying them also with Ji gives
tAa=0, bAu=0, una=0, vADb=0. (7.8)

At a point where p > 0, if u, D are independent, these equations imply a = b = 0. Otherwise write
u = az,0 = Pz, where z # 0 and (@, f) # (0,0). The same equations give a € Cz and b € CZ,
including when one coeflicient vanishes. The vectors

y=(az.p2). Jy=(-pzaz)
span this complex plane, since their coefficient determinant is |a|* + ||* > 0. Hence ¢(x) belongs to

the quaternionic line of /(x). Both alternatives contradict (7.6), which makes their values nonzero
and quaternionically orthogonal. This proves (7.2). g

Lemma 7.2. With the notation of Lemma 7.1, the endomorphism in (7.2) is the derivative at zero of the
A-cluster restriction matrix in the polar frame along a real analytic path of compatible pairs based at
(g, W) and equal to (g, W) outside U.

Proof. Set g, = e**f g and let f; : Yy — g, be the conformal spin isometry. Put
W = Bse”S (W +sV)BY, Uy = Bee™I/2, (7.9)

Since dvg, = ensf dvg, the map Uy : L*(34) — L*(3,,) is unitary. Conformal covariance [37, Section 2]
gives

U (Dg, + WUy = e /2L + sV)e /2, (7.10)

The right-hand side is analytic in £(H?, L?) and self-adjoint on the common domain H! for real s. Its
derivative at zero is V — (MyL + LMy)/2. Since LPg = AP,

1
Pg (V - E(MfL +LMf)> |E = PEV|E —APEMf|E.

Lemma 6.4 identifies this compression with the derivative of the restriction matrix. The spinor
comparison and real scalar factors preserve the charge and chirality identities. Since f = V =0
outside U, one has (g;, Ws) = (g, W) there. O

Lemma 7.3. LetTy,...,T's be positively oriented smooth Jordan curves in p(Dg) with pairwise disjoint
interiors. Suppose their interiors meet R in bounded intervals whose closures avoid zero. Every sufficiently
small C* neighborhood of (g, 0) contains a smooth path of compatible pairs (g;, V), 0 < t < 1, equal to
(g,0) near t = 0, such that everyI'j remains in the resolvent and every enclosed eigenvalue at t = 1 is
simple. The variations may be supported in any prescribed nonempty open set U C M.

Proof. In the comparison (2.6), the map (h, W) = Dy, + W € L(H?, L?) is continuous for the spatial
C! topology on metrics and the C° topology on potentials. Lemma 3.1 and contour integration give a
neighborhood on which the contours remain in the resolvent and their projection ranks are constant.
Write Pr; for these projections, and put

m= Z ranke Pr;/dy.

Jj=1
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Every enclosed eigenvalue has complex multiplicity at least d,,. Thus the number of distinct enclosed
eigenvalues is at most m.

At a current compatible pair, surround its distinct enclosed eigenvalues by disjoint circles contained
in the interiors of the original contours. Their ranks persist under sufficiently small deformations. If
an enclosed eigenvalue A is multiple, Lemmas 7.1 and 7.2 give a restriction matrix

A(t)=A+tB+o(r), B*=B, B¢RIL

Choose disjoint intervals about two distinct eigenvalues of B. Since (A(t) — AI)/7 — B, both intervals
contain eigenvalues of this matrix for all sufficiently small 7 > 0. The selected circle therefore
encloses at least two distinct eigenvalues, while every other circle still encloses an eigenvalue. The
total number of distinct enclosed eigenvalues increases.

Let ry be its initial value. If ry = m, the constant path suffices. Otherwise, whenever the current
number is less than m, one eigenvalue has F,-multiplicity greater than one. The preceding deformation
applies at that pair. At most m — ry such deformations give simplicity of every enclosed eigenvalue.
Each parameter interval may be chosen so small that its whole path lies in the given neighborhood.
Reparameterize the finitely many paths by smooth functions constant near both endpoints and
concatenate them. Their supports have a common compact union contained in U. (]

7.2. Analytic metric paths.

Lemma 7.4. Letg;, 0 < t < 1, be a smooth path of metrics, with '8y = g. Suppose finitely many positively
oriented smooth Jordan curvesT; lie in p(Dg,) for every t. There is a path h;, real analytic in t with
smooth spatial coefficients, such that

ho = g, hi = g1,
and every contour remains in p(Dy,) with the same rank. Moreover hy — g in C* ast — 0.

Proof. Put H(t) = log(g™'g;), a smooth family of g-self-adjoint endomorphism fields. For N = 1,2, ...,
define
N

N\ . .

By(t) =), ( -)“0 —ONTHG/N), RV = g0, (7.11)

i—o \J
j=0

Let X be the real Banach space of C! g-self-adjoint endomorphism fields, with a fixed C! norm. Then

H € C([0,1]; X). For § > 0, put

oi(8) = sup |H(®) - HWler,  tuelo],
[t—ul<S
The scalar Bernstein operators are positive, preserve constants, and have absolute centered first mo-
ment at most (2+/N)™!. The vector-valued operators have the same nonnegative weights; they satisfy
the norm domination and constant-vector identities of [6, Theorem 3.10]. Hence [6, Theorem 3.12,
p- 219] gives

sup By (1) ~ H(Dle: < 201 (2VN)™) —o. (7.12)

Consequently h(tN) — Z; uniformly in spatial C!, and both endpoints agree. In the fixed comparison
(2.6), set

Tt =D AN,t = Dh(tN) - Tt.

&
These operators have common domain H!, and the coefficient formula gives sup, [AN ¢l g2 = 0.
If a contour is present, let Cy, be a uniform constant in (2.7) for T;, and put

Cy = su T, —z)7 ! Zr = max |z|.
2 Ogtgl ||( t ) ||L2—>L2 P T e T | |
ZEUij
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Lemma 3.1 and (2.7) give

sup ”(Tt — 2')71””_)H1 < Cgr(l +(1+ Zr)Cz) =: Cr < oo, (7.13)
ZOGSLjJSIle

Choose N with sup, |An ¢l;1_,;2 < (2Cr)™!. Then
_ 1
||sAN,t(Tt - z) 1“L2_)L2 < 2 (0<s,t<1, z€ Uj I')).

Bounded inverse stability [67, Chapter IV, Theorem 1.16] keeps every contour in the resolvent of
T; + sAn ;. Its Riesz projections depend continuously on (¢, s) and retain their finite ranks. With no
contours, there is no restriction on N.

For this fixed N, the polynomial By(t) has smooth spatial coefficients and is g-self-adjoint for
every real t. Thus h§N> is a metric for every real t and is analytic in every spatial C" norm. The
direct spinor comparison gives a locally holomorphic Dirac family on the common domain H! [61,
Definition A.0.15 and Lemma A.0.16, pp. 88—90]. Take h; = th). Since By(0) = 0, h; — g in every
smooth seminorm as t — 0. O

Proposition 7.5. For g and the contours of Lemma 7.3, there is an analytic metric path h;, 0 < t < 1,
with hy = g, such that the contours remain in the resolvent and every enclosed eigenvalue is simple for
all sufficiently small t > 0.

Proof. If every contour has rank zero, take h; = g. Otherwise fix a nonempty open set U C M and
apply Lemma 7.3. Around each distinct terminal eigenvalue choose a small positively oriented circle
Yje of rank d,. Choose them with pairwise disjoint closed disks contained in the corresponding
original interiors. Their ranks sum to the original ranks. Apply Theorem R with B = [0, 1], By = {0},
and

K= ([0, 1] x Ujrj> U ({1}>< Ui ij)-
This is a compact subset of the parameter-resolvent set. The potential vanishes near By, and its
supports lie in one compact subset of U. The realized metric equals g near t = 0. Write P,(¢) and

f’\y(t) for the original and realized contour projections. The contour estimate in Section 6 permits a
realization for which

sup l/J\rj(t) - Prj(t)H < % for every j,
0<t<1 (7.14)
Hﬁyﬂ,(l) - P,,j,(l)u < % for every j, £.

The rank assertion of Lemma 6.1 gives equality of the corresponding ranks. Each terminal circle has
rank d, and its real interval avoids zero. Since every nonzero eigenvalue has complex multiplicity
at least d,,, that circle encloses exactly one simple eigenvalue. The subcontour ranks exhaust the
original ranks, so no other eigenvalue lies inside an original contour.

Let g; be the realized smooth path. Lemma 7.4 gives an analytic metric path with the same
endpoints and original contour ranks. By compactness and openness of invertibility, the contours
remain in the resolvent on a connected open real interval containing [0, 1]. In the fixed comparison
with g, put

1 1
=5 [ G 0= / Az Dy (7.15)

As in Section 6, these finite-rank operators are locally analytic, and Q;(t) = Dp,IT;(t) = IT;(#)Q;(t).
Set m; = rankc I1;/d, and define the power sums

pik(t) = &, trc(Qi(D)"), 1<k <m,
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The projections admit local analytic frames [67, Chapter VII, Theorem 1.7 and equation (1.4), pp. 368—
369]. In these frames the power sums are traces of powers of finite analytic matrices, and hence are
analytic. Their definitions are independent of the frame. Define

r mj
go=1,  re, =Y (D e upi A<r<m), gt =Y (-1 e (D2 (7.16)
k=1 r=0
For real t, Newton’s identities identify the roots of this monic polynomial with the enclosed eigen-
values, repeated according to their F,-multiplicities: the complex trace repeats each such root d,
times.

For a monic polynomial g with roots &, ..., &,, repeated with multiplicity, define disc,q =
I1,<.(& — &)?, with empty product one. Set
A(t) = [ dise: g;(t, 2). (7.17)
J

The discriminant is a polynomial in the coeflicients, so this function is real analytic on a connected
neighborhood of [0, 1]. Moreover A(1) # 0. The identity theorem gives

A(t) = t"u(t), vV € Zsy, u(0) =0, (7.18)

with u real analytic near zero. Thus A(t) # 0 for all sufficiently small ¢t > 0. Every g;(t,-) has distinct
roots, so every enclosed eigenvalue has complex multiplicity d,. O

7.3. Genericity and prescribed volume density.

Proof of Theorem G. Fix an integer a > 2 and g € G,. By discreteness, there is a bounded open
neighborhood N of K, in R \ {0} such that Spec(Dy) N N = Spec(D,) n K,. Choose disjoint small
open intervals about these eigenvalues, with closures contained in N, and surround them by circles
of rank d,,. The complement in K, of the union of these intervals is compact and disjoint from the
spectrum; it is covered by the interiors of finitely many circles whose projections have rank zero. All
the ranks persist under sufficiently small spatial C' changes of metric. Every eigenvalue in K, is then
enclosed by a circle of rank d,, and hence is simple. This also includes an eigenvalue at an endpoint
of K,,. Thus G, is C'-open.

For an arbitrary metric g, enclose the two components of K, in larger bounded intervals whose
closures avoid zero and whose endpoints avoid Spec(D,). Proposition 7.5 gives metrics in G, con-
verging to g in C*. The space of smooth metrics is an open subset of the Fréchet space of smooth
symmetric two-tensors, hence a Baire space. Since the K, exhaust R \ {0},

S =(")Ca
a>2

is residual and dense in R(M).
Fix a positive smooth density y and g € R,(M). Choose h; € S(M) with h; — g in C*, and put

1/n
/Mll 2
0 <v1<Mh> K=k v=duy 1)

Then ¢; — 1, v; — p, and fM(v j— 1) = 0. Regard these densities as top forms via the fixed orientation.
Fix a reference metric, with codifferential d* and Green operator G, for its Hodge Laplacian on top
forms, zero on harmonic forms. Set

aj = d*Gn(vj—y), d(){j: Vi— H.

The second equality follows from the zero integral and Hodge decomposition [44, Theorem 18.15].
Elliptic regularity and the Fredholm inverse on the orthogonal complement of harmonic forms make
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d* G, continuous on smooth forms [44, Remark 16.2 and Theorems 16.7 and 16.13]. Thus a; — 0 in
C%. Define X, for 0 < s < 1, by

IX; (/1 +s(vj — ,u)) = —a;. (7.20)

The forms in parentheses are positive and have the same total volume. Moser’s theorem, with this
primitive and vector field, gives an isotopy ¢; s satisfying ¢;o = Id and ¢7,v; = p [74, Theorem 2,
Section 4, pp. 292-293]. The forms remain uniformly positive, and X;; — 0 in C* uniformly in s.
Smooth dependence of flows on a compact manifold gives ¢;; — Id in C*.

Constant rescaling multiplies each Dirac eigenvalue by cj_l. The isotopy lifts to the fixed spin
structure, so spin pullback preserves the spectrum. Hence ¢7,h} € S(M) n R, (M) and converges
smoothly to g. Each G, n R (M) is therefore open and dense. For h = g(ef,) with H g-self-adjoint,
dvy, = e H/2); Logarithmic coordinates identify R (M) with the Fréchet space of smooth trace-free
g-self-adjoint endomorphism fields. This space is Baire; the countable intersection of the restricted
sets gives the conclusion. g

A metric has index-minimal kernel, or is Dirac-minimal, if its complex nullity is the value corre-
sponding to r = 0 in (1.9).

Corollary 7.6. A residual dense set of smooth metrics has index-minimal kernel and simple nonzero
spectrum. The same holds among metrics with any prescribed positive smooth density.

Proof. The Dirac-minimal locus is C!-open and dense in every C” topology, for integers r > 1, by [4,
Theorem 1.1 and Corollary 1.2]. A C* neighborhood contains a neighborhood determined by finitely
many seminorms, so this locus is also C*-dense. Intersect it with the open dense sets G, and apply
the Baire property. For a prescribed density, apply (7.19)—(7.20) to a sequence in this intersection.
Scaling and spin pullback preserve the kernel dimension and the nonzero multiplicities. Openness
and the Baire property on R ,(M) give the conclusion. g

8. INVERTIBLE PAIRS AND THE REAL INDEX

Let M" be a closed connected spin manifold, n > 3, with a fixed orientation and spin structure,
and let p be a positive smooth density. Write R(M) for the space of smooth Riemannian metrics on
M. All spaces of metrics and sections carry the C* topology. Put

Ry(M)={g € RM) : dvg = p}, RI™(M) = {g € R(M) : ker Dg = 0}.
The operator Dy is the ordinary untwisted spin Dirac operator. Denote its bundle of compatible
endomorphisms (Definition 2.1) by .27,(g), and set
PM) ={(g. V) : g€ R(M), V € C™(M; ()},
Py =1{(g. V) e PM) : dvg = p}.
A superscript inv denotes the locus where D, + V is invertible; for metrics, it denotes the locus where
Dy is invertible. Thus RL“V(M ) =R, (M)n R™(M). The independent finite-dimensional blocks are

those of (2.4). With the real-index normalization below, the nonzero groups K O,.+1 have the following
representatives, where -1 <t < 1:

n mod 8 ‘ independent block ‘ KO,

0 tIg 7/2

1 t(03) Z/2 (8.1)
3 ty z

7 tlr Z.

The first row is chiral; the second is real skew-adjoint. In the remaining residues, KO,11 = 0.
Fix g. € R,(M). The comparison (2.6) identifies the L? spaces and H' domains and intertwines
charge conjugation and chirality. Its conjugation identifies .o7,(g) with 27,(g.). Write H*s for the
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adjoint of a tangent-bundle endomorphism with respect to g.. Every g € R,(M) has a unique
expression

g =g, H e C°(M;End(TM)), H** =H, trH=0.

Together with the transported potential, H gives a global smooth chart from P, onto a product of
two real Fréchet vector spaces. For P(M) the same chart has no trace condition. Both pair spaces are
therefore contractible. Multiplication perturbations preserve the principal symbol and the real index,
as in Section 2.

For an open set U C M, put

R, (U)={geR,M) : g=g.on M\ U},

PU)={(g.V)€P, : ge R, (U), V=0onM\U} (82)

In the preceding chart, the exterior conditions are H = 0 and V' = 0 on M\ U. They define closed linear
subspaces; hence both spaces are contractible. Write Riyy,,(U) = RL“V(U) and Piny ,(U) = PL“"(U).

Suppose n = 4 (mod 8), and set a = |indy D*|. If indg; D* < 0, let Ay y = (Dg + V)*; otherwise
let Agy = (Dg + V). These chiral restrictions have domain H' in the indicated source bundle, and
their quaternionic index is —a. At index zero the grading is that of Section 2. Write A, = A, ), and put

7)min,y(U) = {(g, V) € Pp(U) : ker Ag,V = 0},
Ruminu(U) ={g € R, (U) : ker Ay = 0}.

On these loci, dimy; ker A} , = a. Theorem R applies on M with the open set U; the choice U = M is
the one in Theorem C.

8.1. The geometric real index. Let C, 4 be the real graded Clifford algebra on p generators of square
+1 and g generators of square —1, with its standard involution. Thus the former generators are
self-adjoint and the latter are skew-adjoint. This is the convention of [28, §2.1]; the algebra is denoted
by Cl%? in [45, Definition 2.1]. Put Cl,, = Cy ,, and denote its standard generators by c;, ..., ¢,. For a
metric g, let Pspin ¢(M) be the spin double cover of its oriented orthonormal frame bundle. The real
graded spin bundle is

T = PSpin,g(M) XSpin(n) Cly,

where Spin(n) acts by left multiplication. Right multiplication R,(s) = sa, a € Cl,, is therefore
globally defined; it commutes with the Dirac operator and satisfies R,R, = Rp,. These are the real
spin bundle and operator of [65, §4.2, Proposition 4.2].

Write n = 8k +r, where k > 0and 0 < r < 7, and put w, = ¢; -- ¢,. Choose a primitive self-adjoint
idempotent e in Cl(,)l. For r = 0, 4, choose its simple factor so that

wne = (—1)"e.
The grading induced on Cl, e then agrees with T' = i"/2w,, on the complex spinors. Put
C, = eClye, Fred = Sre.

All Clifford algebras, corners, and tensor products in this subsection are real. The quaternion algebra
H is purely even. Let Eff denote the chiral spinor bundles with the scalar structures of Section 2. Thus
Eg =ker(J -1 )|2§ in residue zero, Ef; = 2§ as quaternionic bundles in residue four, and Ef = ZE in
residues two and six. In odd dimensions put

Wr=ker(J-I)CXy (r=17), W =%z (r=3,5),

with the quaternionic structure defined by J in the latter case. A subscript R outside parentheses
denotes the underlying real bundle.

For L = Dy + V, write A = L" in even dimension. In odd dimension put K = iL in residues one
and five, and T = L in residues three and seven, restricted to Wg or Wy as appropriate. In residues
two and six, let J, = J |2§ : Zg - Zg and define the formal transpose by

Al = JLA*..
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Here A and A* have domains H'(2}) and H'(Z;), respectively, as in Section 2. The identity JL = L]
gives J_ A = A*J,, hence AT = J2A. On an L-invariant finite-dimensional subspace preserved by J
and T, it is the transpose in (2.4). The subscripts on A, K, T indicate their scalar fields. The reduced
bundles and independent operators are

r C, Fred independent block | (KO, KOp41)

0 R Ef & Eg AR (z,7./2)

1 Coa WRr & Wr Kg = —Kr (Z2/2,2./2)

2| Cop |(EE@®EQR Al = -Ac (z/2,0)

3|H®Cipo | Wa® Wi T = Tn 0,72) (8.3)
4 H Ef; ® Eg Ay (Z,0)

5 H® Co1 | W ® Wi K];I = —Ky (0,0)

6 Coo | (B¢ ® EQ)r AL = Ac (0,0)

7 Cip Wr & WRr Tf{ =1TRr 0,72).

In the even rows the reduced operator is D(A) from (2.3); in the odd rows it is

F.(K)= <IO< _(f<> (r=1,5), F(T) = (g g) (r=13,7).

The grading on a doubled odd-dimensional bundle is diag(I, —I).

The corner algebras follow from the Clifford algebra table and CI% = Cl,_; [12, Table 1 and
Proposition 5.4]. Their actions are determined by (2.1). Write I¢ for multiplication by i. In residues
two and six, the odd generators are J and I¢J. They anticommute and have squares —I in residue two
and +I in residue six. In residue four, Ic and J generate the even quaternionic action. In residues three
and five this action is diagonal on the doubled bundle; the remaining odd generator is, respectively,

0 I 0 —I
U*‘(I o)’ U_<I o)'

By the odd-dimensional convention in Section 2, the action of w, on the complex spinors isil, I, —il, —I
in residues 1, 3, 5, 7, respectively. On the real doubled bundle, left Clifford multiplication by a covector
&is F_(ic(&)) in residues 1,5 and F.(c(¢)) in residues 3, 7. Since w, is central in odd dimension, its
left and right actions agree. Hence

nmod8| 1 3 5 7
R,, |-U- U, U. -U,.

Ordinary commutation with these Clifford actions, together with oddness and self-adjointness, gives
the operators in (8.3).

The idempotent e is full in Cl,. In residues three and seven its projection to each of the two
simple factors is nonzero. These are the primitive reductions associated with the Clifford algebra
decompositions in [12, Table 1 and §5]. In the odd rows the two summands form one module for the
residual Clifford algebra.

Let cf, denote left Clifford multiplication on .#4;, and let Dy, be its Dirac operator. By Lemma 2.2,
every compatible potential has a unique expression

V=c@)., ve @ CMATM).
3<tn
=3 (4)

The form v is real. Define
Vir = Cfr(v)> Lty = Dgr + Vir.

Then V, is odd, self-adjoint, and commutes with right Clifford multiplication. Spin-equivariance
makes this a global construction compatible with positive spinor comparison. Its restriction to -#;eq
is the reduced operator associated to V in (8.3).
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The Hilbert space 57 = L?(#%,) is ample in the sense of [45, Definition 2.3]: over a coordinate
ball the fibre is the regular graded Clifford module, and every irreducible graded module occurs with
infinite multiplicity in its space of sections. Let  be the grading of .7#’, and put

Ej=Re, @=1EE, f@®=tQ+)"%  F=f(Ly).

The operators E; satisfy Ebert’s CI"” relations. For r = 3,7, order reversal in right multiplication
gives E; - E, = —R,,,, and oddness gives wF1 = (E; --- E,)F. The corresponding primitive reductions
of wF1 are, respectively,

—diag(f(T), f(T)),  +diag(f(T), f(T)).

On a coordinate ball choose a real coordinate function s. The endomorphism ic(ds) on the complex-
ified bundle has both eigenvalues +|ds|: multiplication by any nonzero covector orthogonal to ds
interchanges the two eigenspaces. Choose nonzero compactly supported smooth sections a. in these
eigenbundles. Then, as N — o0,

(T(e™ar), eMoa.) , = +N / ds| s ? dvg + O(1).
M

Thus T has spectrum unbounded in both directions. Its resolvent is compact, so £1 belong to the
essential spectrum of f(T). The projection R, commutes with Lg, by right Clifford linearity, and with
the grading because e is even. It also commutes with R, , since w, is central. Thus L?(Seq) is a
reducing subspace for wFi, and these essential spectral values also occur for the full operator. It is
therefore neither essentially positive nor essentially negative, as required by [45, Definition 2.6].

Consequently the full operators define C1™*-Fredholm families of degree KO™™. Let I = [—1,1].
A smooth coefficient path on I, with invertible endpoints, can be reparametrized to be constant on
endpoint collars and extended constantly to R. Its operators are odd, symmetric, Clifford-linear, and
of Dirac type on the closed manifold M. They have common domain H' after positive comparison.
Their bounded transforms are norm-continuous by [45, Proposition 3.7]. The representing theorem
and the contractibility of the invertible subspace [45, Theorem 2.7, Lemma 2.8, and Theorem 2.21]
give a relative class in

KO™(I,0I) = KO~ " D(pt) = KOpy1.

More generally, let (B, By) be a compact CW pair. Suppose that (g s, V5 ;) depends continuously
on b in the smooth coefficient topology in (¢, x), is constant on fixed endpoint collars in ¢, and has
invertible endpoint operators. Suppose also that the coefficient path is independent of ¢ for b € By.
Constant extension in ¢ gives the data of [45, Assumption 3.11]. A Clifford-linear metric connection
preserving the grading and constant in the cylinder direction on the endpoint collars and over By,
satisfies Assumption 3.13. Such a connection is obtained from the fixed bundle by positive spinor
comparison. The family and suspension classes agree under Bott periodicity by [45, Lemma 3.16 and
Theorem 3.18].

The coefficient groups have the normalization of [12, Table 2 and Theorem 11.5]. For the local
crossings in (8.1), the real chiral line and the real skew two-plane both have value 1 modulo two
[28, §§4.2.1-4.2.2, Theorems 5.4-5.5]. In residues three and seven, orient R x M with the R-factor
first. Under the chiral identification cp (&) = —c(dt)crxp (&), the suspension has chiral representative
d; + T;. Thus a quaternionic line or a real line crossing from negative to positive contributes +1,
respectively. Complex spectral flow is twice this integer in residue three and equals it in residue
seven. These factors agree with the complexification homomorphisms in [12, §6, formula (6.11)].

If g. € RL“V(M) and (g, V) € P"V(M), define

5g*(g, V) € Kon+1

to be the relative real family index of a smooth coefficient path from (g.,0) to (g, V). Any two
such paths are homotopic relative to their endpoints by affine interpolation in the global metric
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and potential coordinates. Norm-continuity of the bounded transform and homotopy invariance of
the relative index therefore make this definition independent of the path. For g € R™™ (M), write
04,(g) = 0g,(g,0). The index is additive under concatenation [28, Remark 5.2 and §6.2].

Lemma 8.1. The subspace RL“V(M) is a strong deformation retract of R™ (M). The same assertion holds
for compatible pairs and for the chiral minimal loci defined above, also with a prescribed exterior of
density u. For an invertible base metric of density yu, these deformations preserve ordinary real index

difference.
Proof. For (g, V) e P(M)and 0 < t < 1, set

f

1 H 2t
:—1 -, = .
f . ogdvg gi=¢eg

Let §; : Xy — X, be the pointwise conformal spinor isometry, and put
Vt = eitfﬂtVﬁ;l.

The map f; intertwines charge conjugation and chirality; since e/ is real, V; is compatible. Conformal
covariance [65, Proposition 1.3], in the normalization of [37, Section 2], gives

(Dg, + V) (e DU2B,y) = D28, (D, 4+ V).

The two multiplication maps are bounded isomorphisms on the corresponding Sobolev spaces.
Hence they identify the kernels, including the two chiral kernels in even dimension. The map
(t,g, V) = (g V3) is continuous in the smooth topology, dvg, = y, and (g, V) = (g, V) whenever
dvg = p. It preserves V = 0. On a prescribed exterior of density y, one has f = 0 and f; = I. These
formulas give the asserted strong deformation retractions. The invertible base metric is fixed, so
homotopy invariance of the relative real family index proves the last assertion. g

8.2. Removal of multiplication potentials.

Proposition 8.2. The inclusions
Rinv,p(U) I inv,,u(U)s Rmin,u(U) I min,,u(U), g (g, 0);

are weak homotopy equivalences; the second inclusion concerns the chiral block of quaternionic index —a
in dimension n = 4 (mod 8). Let B be a compact smooth parameter manifold, possibly with boundary,
and let By C B be closed. Every smooth family in either pair space whose potential vanishes near By is
homotopic to a family with zero potential, relative to a neighborhood of By. In the invertible locus these
homotopies preserve ordinary index difference. The assertions include U = M.

Proof. Write L, = Dy, + V},. Direct positive spinor comparison with gj, puts the operators constructed
below on L*(Z, ), with domain H'(Z, ). Comparison with one fixed reference metric identifies the
parameter Hilbert spaces. Unless otherwise specified, operator norms are taken on L2. If V}, = 0 for
every b, the constant homotopy suffices.

First suppose that every V}, is supported in one compact subset of U. Choose s € C*([0, 1], [0, 1])
equal to zero and one on neighborhoods of the respective endpoints, and put

Api = Dg, + s(t)Vp, Cpr = (1= s(t)Vp.

Thus Ay + Cp; = Lp. Choose 7 > 2 sup,, | Vp|w, with 7 > 0. For n > 0, Theorem R applied to Ap ;
and K = B x [0, 1] x {ir} gives metrics gj ; whose compared Dirac operators Tj ; satisfy

S;lp”(Th,t —it) " = (Ap —in) | <.
it
Indeed, A, is self-adjoint, and s(t)V}, has common compact spatial support and vanishes near

(B x{0}) U (By x [0, 1]). The metrics have density y, agree with g, on M \ U, and equal g; near this
parameter subset. If B has boundary, extend the smooth coefficients across it in the logarithmic metric
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and fixed potential coordinates, and extend s constantly across its endpoint neighborhoods. The
extensions retain the linear exterior and support conditions; a parameter cutoff retains the vanishing
on a smaller neighborhood of By. Apply Theorem R on a compact smooth neighborhood of B x [0, 1]
with rounded corners in the extended parameter manifold, and restrict the resulting family to Bx [0, 1].

For bounded operators C, R put Fc(R) = R(I + CR)"! whenever the inverse exists. The resolvent
identity gives

Fo(A-in™H=(A+C—-in) ™, Fo(S)—Fo(R)=(I +SC)(S—R)YI + CR)™.

Since |Cyp 4| < 7/2 and the resolvents of the self-adjoint operators A; ;, Tp; at iz have norm at most
71, both inverse factors in the difference formula have norm at most two. Writing Ny ; = Ty, + Cpy,
we obtain

suph(Nb,t —ir) P —(Ly — ir)_1|| < 4n. (8.4)
bt
Suppose first that every Ly, is invertible. Its inverse is continuous in b as an operator from L? to
H! [67, Chapter IV, Theorem 1.16]; hence
Co = sup |I —itLy}| < 0.
b

The inverse of I +it(L, —it)~'is I —irL;". Choose  so that 47nCy < 1. By (8.4), I +it(Np, —it)™"
is invertible. The factorization on H'

Ny = [I+it(Np; —i7) | (Np, — i7)

therefore proves that Ny ; is invertible.
In the chiral minimal case, let Z}, be the chosen chiral block of L;,. Then ker Z, = 0, indyg Z;, = —a,
and dimy; ker L, = a. There is p > 0 such that

Spec(Ly) N [—2p, 2p] C {0} (b € B).

For each parameter, the spectral projection on a sufficiently small circle about zero has quaternionic
rank a. By spectral continuity [67, Chapter IV, Theorem 3.16], this rank remains a nearby. Since every
nearby kernel also has dimension a, the projection is onto the kernel. Compactness of B gives the
stated uniform gap. Let y = {z € C : |z| = p}, oriented counterclockwise, and set

Ry =(Ly —it)™",  Sps =Ny, —ir) ",

m = max|it — z|, K= sup ||[I + (it — z)Rb]_ln.
zey beB, zey

The number « is finite. If 8mkn < 1, then I + (it — z)Sp; is invertible with inverse norm at most 2.
Applying the same difference identity with C = (it — 2z)I gives

sup [(Nj,e = 2)™" = (Ly — 2)7'| < 8*n.
b,t, zey

Let P, and ﬁb,t be the corresponding spectral projections defined by (6.1). Contour integration yields
sup [Py.c — Py < 8pK*n.
it
Choose also 8pk?ny < 1. Both projections commute with J, being the spectral projections of J-

commuting self-adjoint operators on (—p, p). Lemma 6.1 therefore gives ranky Py ; = a. The chosen
block Zj, ; of Nj ; has index —a, so

a + 2 dimy ker 2;” = dimy ker N, ; < rankpy Igb,t =a.

Thus Zy; is injective.
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Transport Cp; to 3, by the direct unitary comparison. This preserves compatibility and the
pointwise norm. The resulting pair homotopy starts at (gp, V), ends at (g 1,0), and is stationary
near By. Its density and prescribed exterior remain fixed.

Now assume only the support condition in (8.2). For each ¢ > 0 there is y € C°(U), 0 < y < 1,
such that

SI;p 11— Vil < e.

Indeed, x = maxyp |V),(x)| is continuous and vanishes on M\ U. The set {x : maxpep|Vy(x)| > £/2}
is compact in U, and y may be chosen equal to one there. The interpolation V, — (1 — ¢t + ty)V} is
smooth and stationary near By. For invertible L,, choose ¢ sup,, |[L;'| < 1 and apply [67, Chapter IV,
Theorem 1.16]. For a chiral minimal family, take its uniform gap 2p as above. The source of Z; is
orthogonal to ker Ly, so the spectral theorem gives |Z, ul; > 2p|ul, for every u in its H! domain. If
Ey ;s is the chiral block of —#(1 — y)V, then |Ep ;| < €. Hence

I(Zb + Ep,)ulz > (2p — &)lul.

Taking ¢ < 2p keeps the chosen block injective. The preceding compact-support construction
applies to the endpoint (gp, y V). Reparametrization constant near the ends makes the concatenated
homotopy smooth.

In the logarithmic metric and fixed potential coordinates, each pair locus and its metric locus is
open in the corresponding real Fréchet space. Indeed, the operator map is continuous in L(H!, L?),
and invertibility and injectivity of a Fredholm block are open in this topology [67, Chapter IV,
Theorems 1.16 and 5.17]. Wockel’s relative approximation theorem [87, Theorem 11, p. 99], applied
componentwise to the trivial bundle over a compact smooth parameter manifold with one of these
open sets as fibre, deforms any continuous family to a smooth one. If the family is smooth near a
closed subset K, choose a closed neighborhood K’ of K inside that smooth region. In the theorem,
take the closed set to be B and the open set to be B\ K’; the resulting homotopy is fixed on K’. The
prescribed exterior is retained because it is part of the ambient Fréchet space.

For a based sphere, a based self-map homotopic to the identity and constant near the basepoint first
makes the family constant there. Relative smooth approximation and the preceding construction then
give a based metric representative. Thus the inclusions are surjective on all based homotopy groups.
If a based metric sphere bounds a pair disk, make the boundary map constant near its basepoint as
above and smooth it within the metric locus relative to that neighborhood. Attach these based metric
homotopies as an annulus, and reparametrize the disk radially so that its new boundary values are
constant in the normal collar coordinate. The disk is now smooth and metric on a boundary collar.
Smooth approximation relative to a smaller collar, followed by potential removal relative to that
collar, gives a metric filling of the smooth boundary sphere. Attaching the reverse metric annulus
gives a metric filling of the original sphere. Thus the inclusions are injective on the based homotopy
groups. The same argument for points and intervals gives the bijection on path components. All
deformations lie in the pair locus, so homotopy invariance preserves ordinary index difference on the
invertible locus. g

9. SUPPORTED COMPATIBLE POTENTIALS

Let (X, g) be a connected Riemannian spin manifold and let V be its spin connection. For every
smooth endomorphism V, there are differential operators P; and Py, of orders at most one and zero
and with smooth coefficients, such that

(Dg + V)* =V*V + P, + P,.

Aronszajn’s unique continuation theorem [9], in the bundle formulation [61, Theorem 6.2.8], therefore
implies that a solution of (Dg + V)¢ = 0 vanishing on a nonempty open subset is zero on X.

Proposition 9.1. Let (W", g) be a compact connected Riemannian spin manifold, n > 3. If oW # @,
suppose that g = dt? + h near W, that Dy, is invertible, and put X = Weo. IfOW = @, put X = W.
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Suppose a(W, h) = 0, with a(W, h) interpreted as a(W) in the closed case. For every nonempty open
set U € int W there is V € CZ°(U; .4,) such that Dg + V is invertible on X.

Proof. Choose a closed coordinate ball K € U with nonempty interior, and put
Vg ={V € C*(X; o) : suppV C K}.

Equip 7k with the C* topology. The operators D, + V, V € 7%, are self-adjoint Fredholm operators
with domain H'(2X), by Section 2. Their complex kernel dimensions have a minimum m. Choose
Vo € Yk attaining it, and put L = Dg + Vj and F = ker L. Elliptic regularity gives F C C*(ZX) [66,
Theorem 18.1.29 and pp. 91-93].

The elements of ¥k are bounded self-adjoint operators on the separable Hilbert space L>(£X), and
their inclusion in £(L?*(£X)) is continuous. By Section 2, they are compact from H*(2X) to L*(ZX),
and the graph norms of D, and L are equivalent to the H' norm. Anghel’s theorem [7, Theorem 1.2]
gives dime ker(Dg + V) = m for V in a neighborhood of Vj in 7. Let P be the orthogonal projection
onto F. Since Vy + ¥k = Yk, the operator L has minimal nullity in L + ¥%. By [7, Theorem 1.3],

PBP =0 (B € C’(int K;; 7). (9.1)
For x € X, let ex : F — X, X be evaluation. Lemma 6.5 gives
e;Qex =0 (x €intK, Q € ).

For every V in this neighborhood, the orthogonal projection onto ker(Dg + V') and the evaluation
maps on that kernel satisfy the same identities. The index remains (W, h) = 0 along D + tV;, by
Section 2.

Suppose n = 0 or 4 (mod 8), and put F = R or H, respectively. In residue zero take the real
fixed subspaces of J in the two chiral kernels; in residue four regard those kernels as quaternionic
spaces. Their F-dimensions are equal. If they are nonzero, choose nonzero kernel spinors ¢* and
¢~ of opposite chirality, fixed by J in residue zero. Their nonzero loci are open and dense by unique
continuation. Choose a common nonzero point x € intK and put u = ¢*(x), v = ¢~ (x). Write
(', )r for the real or quaternionic Hermitian product, linear in the second argument. Between the
corresponding real or quaternionic chiral fibres define the F-linear map

Z(w) = {u, W)
|ul?

Then Zu = v. In residue zero, extend Z complex-linearly from the real fixed space. By (2.3), D(Z) is
compatible. Its pairing on ¢* and ¢~ is (v, Zu) = |[v|> > 0, contrary to the pointwise identity.

If n = 3 or 7 (mod 8), the identity endomorphism is compatible. Thus eje, = 0 on intK, and
unique continuation gives F = 0.

If n = 5 (mod 8), then J2 = =T and JL = —LJ. If F # 0, choose ¢ € F and x € intK with
u = ¢(x) # 0. The endomorphism

Q=uu - (JwUuw'

is self-adjoint and satisfies JQ = —QJ. Antiunitarity and J? = —I give (u, Ju) = 0, hence (Qu, u) =
|u[* > 0, contradicting the pointwise identity.

If n =6 (mod 8), charge conjugation exchanges the chiral kernels. If ker L* # 0, choose ¢ € ker L*
and x € int K with u = ¢(x) # 0. In the charge coordinates of (2.3), pairing ¢ with J¢ gives

w'zZu=0 (2T =2).

Choose j with u; # 0, and let E;; be the matrix whose sole nonzero entry is 1 in position (j, j). The
permitted choice Z = Ej; gives u? = 0, a contradiction. Thus both chiral kernels vanish.

If n = 1 (mod 8), put Fr = F n FixJ. In real orthonormal fibre coordinates, iA is compatible
for every real skew-symmetric matrix A. For u,v € e.(Fg) the pointwise identity gives u” Av = 0

for every such A, hence ujv; — ujv; = 0 for all i, j. Thus dimg ex(Fr) < 1 on intK. If ¢, € Fg are
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independent, choose a connected ball O € int K on which ¢ # 0. On O one has ¢y = f¢, where
f=¢"y/I¢l* € C*(O;R). Consequently

0=L(f§) = fL$ = c(df)¢.

Since ¢(df)? = —|df[’I, one has df = 0. Unique continuation extends the resulting constant
proportionality to X, a contradiction. Hence dimgr Fg < 1. This dimension is even because the
mod-two index vanishes. Thus Fgr = 0 and, since F = Fr &R iFg, also F = 0.

If n = 2 (mod 8), then n > 10. The local constancy established above and Lemma 9.2 give
dime ker L* < 1. This dimension is even because the mod-two index vanishes. Charge conjugation
identifies the two chiral kernels, so F = 0.

Thus L is self-adjoint Fredholm with zero kernel, and its inverse L™ : L?(2X) — H'(2X) is
bounded. Since supp Vy, C K € U, the potential V; has the required support. g

Lemma 9.2. Let (X", g) be a connected Riemannian spin manifold, either closed or the cylindrical
completion of a compact spin manifold with invertible boundary Dirac operator. Let K € X be a closed
coordinate ball with nonempty interior, and let ¥k be the space of smooth compatible potentials supported
in K, with its C* topology. Suppose n = 2 (mod 8), n > 10, and Vy € Vkx. Put L = Dg + Vy. If
dime ker(Dg + V) is constant in a neighborhood of Vy in ¥k, then dimc ker Lt <1.

Proof. Set F = ker L, F* = ker L*, and let P be the orthogonal projection onto F in L(2X). Local
constancy and Lemma 6.4 give (9.1) at V; and at every sufficiently close potential in ¥%. In smooth
orthonormal chiral frames with J(u,v) = (-0, @), the block Z in (2.3) ranges over all complex skew-
symmetric matrices. Lemma 6.5, applied to positive kernel spinors and charge conjugates of positive
kernel spinors, gives, for ¢, € F* and x € intK,

Yy Zgx) =0  (Z"=-2).

Let A denote the complex exterior product in the spinor fibres. Then

()N P(x)=0 (¢, ¥ € F, x € intK). (9.2)

The same identity holds for positive-chiral kernel spinors of Dy + V whenever V is sufficiently close
to Vp in Yk.

Suppose that ¢, € F* are linearly independent. Choose a connected coordinate ball O € int K
on which ¢ is nowhere zero. By (9.2),

_#Y
|4l
If df = 0 throughout O, unique continuation applied to ¥ — f¢, with f constant, contradicts linear

independence. Choose x; € O with d f(x) # 0, and a cg)rdinate ball O’ € O containing xy. Extend
f to a function in C°(X; C) which agrees with it near O’. On O’ the product rule gives

c(df)p =L(fp)— fL$ = 0.

For B € CX(0’; o,) and sufficiently small real ¢, let P; be the orthogonal projection onto ker(L+¢B).
Local constancy and Section 6 give a C! family of projections in £(L?, H!). Let U, : F — im P; be the
polar frame (6.2), based at the inclusion of F. It intertwines chirality. A dot denotes differentiation at
t = 0. The identity PPyP = 0 and (6.2) give PU, = 0.

The restriction L : H'(2X) n F+ — F* is an isomorphism. Define the reduced inverse

V= fo, f € C*(0;0).

R= (Lipnp) (I—P) : IXEX) — H'(EX).

Then LR =I—-PonL? RL=1-PonH'!,andTR = —RI. Put ¢, = U,¢ and ¢/, = U, 1. Differentiation
of (L + tB)¢; = (L + tB)y; = 0 in the common domain yields

¢ = —RB¢, ) = —RBY. (9.3)
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The equations L¢) = —B¢ and Ly = —Bi imply that these derivatives are smooth by elliptic regularity
[66, Theorem 18.1.29 and pp. 91-93]. The exterior product is a continuous bilinear map L xLZ = — L} ,
since |u A v| < |ullp]. Thus (9.2) can be differentiated in L] ., giving ¢ A ( — f$) = 0. All terms are
smooth, so iy — f¢ € C¢ pointwise on 0’.

LetIT, : X — 37X /Céh(x) be the quotient map. Since By = fB¢ on X, (9.3) gives

N[R, fI(B$) =0 on O’, [R, f1=Rf - fR. (9.4)

Fix smooth charge-adapted chiral frames on O’, write u(x) = ¢(x) in these frames, and define the
hyperplane bundle

Hy={yeZ ;X : u(x)Ty = o}

For y € C°(0O’; Hy), set
u
w = W, Zy = wa - wyT.
Then ZyT =-Z, wlu =1, and yTu =0, hence Z,u = y. The endomorphism B = D(Z,) from (2.3),
extended by zero, belongs to C°(0’; «;,) and satisfies B¢ = y. Consequently (9.4) holds for every
compactly supported smooth section of Hy.

The operator R is locally pseudodifferential of order —1. Indeed, on a coordinate ball containing
0O/, choose a properly supported two-sided elliptic parametrix Q for L [66, Theorem 18.1.24 and
pp- 91-93]. Take Schwartz kernels relative to dvg, and let S be the difference of the kernels of R and
Q on the product of this ball with itself. The identities LR = RL = I — P give L,S € C* and L;S € C%;
here L; is the formal transpose on the dual spinor bundle with respect to dvg. The kernel of P is
smooth by elliptic regularity. The operator

LyLe + (L3)°L,

has principal symbol (|€]2 + |17|§,)I . Elliptic regularity therefore gives S € C*.

For a nonzero real covector &, the principal symbol of the negative-to-positive chiral component of
Risic(£)/|£|*. Write o_; for the principal symbol of order —2, and let { , ) denote the complex-bilinear
extension of g~!. The composition formula [66, Theorem 18.1.8, p. 71] gives

_cdf) (& df)ed)

7R f) = 555"~ 2 95)

The inclusion of 7 and the quotient IT are smooth bundle maps. Since their composition with [R, f]
vanishes on every test section by (9.4), its principal symbol vanishes:

df) (EADLDY|
”(mz e >‘H¢‘°

At xo, put n = df(x) # 0 and r = 2n/271 = dime ¥5X. Since c(n)¢(xp) = 0 and ¢(xp) # 0,
the Clifford relation gives g~'(, 1) = 0. Choose a maximal isotropic subspace containing 7. In the
exterior model [51, Lemma 20.9 and equation (20.11), pp. 304-305], c¢(n) is a nonzero multiple of
exterior multiplication by its first generator. Its rank on either parity is 2"/>72 = r/2. In particular,
A = c(n)ls; x has rank r/2. Choose a nonzero real covector { perpendicular to both Re 7 and Im .
Then (9.6), evaluated at (x, £), gives

(9.6)

0 = rank(TTy, Aly,, ) > rank A—2=r/2-2>8-2>0,

because restriction to a hyperplane and quotient by a line each lower rank by at most one. This
contradiction proves the lemma. O

Remark 9.3. Let (M", g) be a closed connected Riemannian Spin-manifold, 1 < n < 4, and let € be
the space of unitary connections on its determinant line bundle. Denote the corresponding Dirac
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operator by D, 4 for A € €. For every A € ¢ and nonempty open set U C M, there is A’ € €, equal
to A outside U, such that

dime ker Dy o = %161%)1 dimc ker Dy p;

see [71, Proposition 8.14, p. 430].

Let (X", g) now be a Riemannian spin manifold of arbitrary dimension. Regard its spin structure
as a Spin‘-structure with trivial determinant line and product connection Ay. For a smooth real
one-form f on X, put a = if. The change Ay — Aj + a gives

Dy agra = Dg + Vo, Vo =1c(a) = £c(B)

by [71, Section 2.3, p. 413]. Antiunitarity of J and (2.1) give JV, = —€,V,J. Since ] is invertible and
c(B)? = —|pI, (2.2) implies

{ic(®) : EeTIX)nlye = {0} (x€X).

Suppose that X is closed and connected, n = 4, and a(X) = 0, and let U C X be nonempty and
open. Then indec Dy = 0. Let ¢* denote the restriction of Clifford multiplication from £*X to 37 X.
By [71, Theorem 1.4 and Proposition 8.14], with prescribed nonempty open set U’ € U, there is
p € C2(U; T*X) for which

T=D; +3c"(f) : H'(E"X) — L*(37X)
is invertible. The operator Cg = ¢*(8)T ! is compact on L*($~X), and, for t € R,
D; +tc*(f) = (I+(t - £)Cp)T.

The spectrum of Cs has no nonzero accumulation point [67, Chapter III, Theorem 6.26, p. 185]. Hence
Dy + tc*(p) is invertible for all sufficiently small nonzero ¢ € R. For such ¢, put V; = —tI'c(). In
dimension four,

Vi=V, JVi=ViJ, vy =-viI, Vilsex = tct(B).
Thus V; € C°(U; &) and D, + V; is invertible.

10. PARAMETER FAMILIES AND KERNEL INCIDENCE

Throughout this section, M is closed and connected, and n = dim M. The spin structure and
the positive comparisons of Section 2 are fixed. All Sobolev spaces are taken on the resulting fixed
bundles. Fix a reference metric go. The logarithmic coordinate of a metric g is the smooth g;-self-
adjoint endomorphism H determined by g = gy(ef -,-). For a compatible potential W on % M, put
V=1U; 'WU,, where Uy is the comparison (2.6) with reference metric g. A coefficient pair is
p=(HV).

Separable Banach spaces of smooth sections also arise from weighted C* norms [41, Definition 2.2.3
and Proposition 2.2.4].

Lemma 10.1. Let Q be the real space of smooth compatible potential fields on I x M, where I = [0, 1],
vanishing on fixed endpoint collars, or its subspace defined by Q;y/; = 0 for a fixed smooth spinor family
. Put £ = £*(IN; R). There is a continuous linear map

q:{’z—>Q

with dense range. For every nonnegative integer k, it is bounded with values in C*(I x M). For every real
s, multiplication by q(p); depends smoothly on (p,t) in L(H?®). The same conclusions hold for smooth
potential fields on M, with or without the condition Qi = 0.

Let Z be a second-countable Banach manifold, and let F be a smooth Banach bundle section over
% x Z. At every zero, suppose that D, F is Fredholm of index d and that the composition of D,F with the
quotient onto coker D, F is surjective. Then F~1(0) is a smooth Banach submanifold, and the projection
7w+ F1(0) > &, n(p, z) = p, is Fredholm of index d.
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Proof. The stated constraints define a closed subspace of the separable Fréchet space of smooth fields.
Choose a dense sequence (Q;) and increasing C¥ norms, including time derivatives when present.
Choose 0 < a; <277(1 + Q)| )" and set

q(p) = Z ajp;Qj. (10.1)

Jj>1

For each k, Cauchy-Schwarz gives

1/2
lg()lex < (Z a’ UQszck) Iple < Crlple -

Jjz1

The series therefore converges in every smooth seminorm and preserves the constraints. Its range
contains each Q;. The multiplier estimate |Aulys < C|A|cx [ulys, for sufficiently large k, gives the
asserted smooth dependence; see [44, Propositions 12.9 and 12.13], applied in bundle charts.

At a zero, put L = D,F, C = D,F, and let [C] : £ — coker L be the induced map. A complement
of ker L, together with finitely many parameter directions mapped onto coker L, gives a bounded
right inverse for (C, L). The Banach implicit function theorem [50, Theorem 13.20, p. 71] gives the
zero submanifold. Its tangent projection satisfies

ker Drr = ker L, im D = ker[C], coker Drr = coker L.

Thus ind D = d. The zero manifold is second countable and has at most countably many connected
components. The regular-value conclusions of [82, Theorem 1.3 and Corollary 1.5, p. 862] apply to
these components and hence to their union. (|

Lemma 10.2. Let p;, t € I, be a smooth coefficient path in logarithmic metric and linear potential
coordinates, constant on fixed endpoint collars. Fix a finite-dimensional space of smooth potential direc-
tions. The path admits arbitrarily close approximations in any finite collection of spatial and parameter
seminorms by smooth curves in finite-dimensional coefficient families analytic in their coefficient vectors.
These families contain the fixed directions, and the approximations equal p; on the prescribed collars.

Suppose, moreover, that L, : H'(E) — L*(E) is the associated real skew-adjoint first-order elliptic
operator on a fixed Euclidean bundle E. Write H® = H(M;E), and let{ , )r denote the real L* inner
product. Choose a basis Wi, ..., Wy of the fixed potential space, and let Q; be the zeroth-order operator
direction induced by W;. If L = i(D + V), then Q; = iW,. Put Q(h) = ;1:1 h;jQ;j forh € R1. Let {; be a
smooth L*-unit family with L, ; = 0, and let P; be the real L* projection onto Y ®. Suppose that, for
every t € I, the map

RI& (yi* nHY) — yi* n L2,
(h, u) — P (Q(R) Y + Ly,u)

is surjective. Then the approximations may be chosen as pairs (p;, ;) with Ls,¢: = 0 and loel, = 1,
arbitrarily close to (py, ;) in the prescribed seminorms and equal to it on the collars.

Proof. Choose a smooth scalar function o, equal to zero and one on the two collars, and put b; =
(1= 0(t))po + o(t)p;. The remainder p; — b, is flat at the inner boundaries of the collars. Cutting it
off inside their complement changes any prescribed finite collection of seminorms by an arbitrarily
small amount. A finite partition of unity in ¢ and local Taylor polynomials of sufficiently high order
approximate this remainder by }’; fi(t)e;, with every f; supported off the collars. Adjoin py, p; and
the prescribed potential directions to the span of the e;.

Identify this coefficient space with RN. For every integer s > 1, the compared Dirac family is
real analytic in z with values in L(H(Z4,M), H*!(S4,M)). The same holds for its real skew-adjoint
realization L(z) in the second assertion. Indeed, the comparison formula [61, Theorem 2.3.6, p. 25]
involves matrix exponentials, inverses, positive square roots, their first spatial derivatives, and affine
potentials. These operations are analytic at each sufficiently high finite C* order.
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For the second assertion, let 1 : R? — RY be the inclusion of the fixed potential directions, so that
L(z + th) = L(z) + Q(h). Fix integers s > 1 and k > 0, and put

& =RI® (Y% nHY), Fi= ¢ nHL

These are the fibres of smooth real Hilbert bundles £, 7 — I. The maps T;(h, u) = P,(Q(h){; + L,,u)
from &; to F; are surjective. Indeed, for a target in H*™!, an H' solution satisfies Lpu=v—-Qh)y; +
cyy; elliptic regularity gives u € H® [44, Theorem 16.1 and Remark 16.2]. Choose a bounded right
inverse J;, of T;,. In smooth trivializations, J; (T;J;,)"" is a local right inverse. A partition of unity
gives a smooth family of bounded right inverses J; : F; — & with T;J; = I.

Let By be the Banach space of CK maps I — L(H?®, H*!) vanishing on the prescribed collars,
and let Wy be the Banach space of C* sections of F vanishing there. Fix smooth trivializations on a
finite cover of I and a subordinate partition of unity; the C* section norms are computed in these
trivializations. For A € By and w € W, write (h;, u;) = Jyw; and define

G(A, W) = Py(Lp, + Ar + Q(hy)) (e + uy).

This is a smooth map By x Wy — Wk. It satisfies G(0,0) = 0 and D,,G(0, 0) = I. The Banach implicit
function theorem [50, Theorem 13.20, p. 71] gives a solution w = w(A) near zero, with

||W(A)||Ck(1’r) —> 0 as ||A||Ck(I)E(Hs’Hs—1)) — 0.

Choose the coefficient approximation zy(t) so that A; = L(zo(t)) — L, lies in this neighborhood. For
smooth A, the pointwise derivative in w; remains uniformly close to the identity. The same implicit
function theorem, with parameter t, gives w smooth in t with values in H*"!. Thus h and u are
smooth in ¢, and they vanish on the collars.

Put L; = L(zo(t)+ th;). The projected equation is L~t(1//t +u;) = ¢y with ¢; € R. Skew-adjointness
and u; 1R ¢, give

0= <L~t(‘//t +up), Yr + U = C4

Moreover, |¢/; + utllg = 1+ |u|5. Normalize ¥; + u; in L? to obtain ¢;. The C¥(I; H®) corrections
tend to zero with A; choosing s large enough and applying Sobolev embedding [44, Theorem 12.16]
gives every prescribed spatial seminorm. The potential correction lies in the fixed finite span, so its
prescribed coefficient seminorms tend to zero as well.

Fix ty, and let IT;, be the real L? projection onto ker f,o. Its range consists of smooth spinors. The
orthogonal range and kernel decomposition of the skew-adjoint Fredholm operator, followed by
elliptic regularity, shows that

L+, : H™' — H"

is bijective for every integer r > 0. Its inverse remains smooth near t, [50, Theorems 11.7 and 11.17,
pp- 59-60]. Since

¢r = (ft + Hto)_lntofpt

and IT;, ¢; is smooth in the finite-dimensional space ker fto, the family ¢, is smooth with values in
every Sobolev space. It is therefore jointly smooth on I x M. U

Quaternionic Hermitian products are linear in the second argument; their real parts define Lg.
Lemma 10.3. ForO+ueH", r > 1,
{Qu : Q € sp(r} = u'*.
For y € u™*, a preimage depends smoothly on (u, y).

Proof. The equality is (7.4), whose fibre calculation holds in every quaternionic Hermitian space. For
y € u'®, put s = |u[? and b = u*y € ImH. Then

*—uy”  ubu*

O(u,y) = 2 (10.2)

52
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satisfies Q(u, y)* = —Q(u, y) and, since y*u = —b, Q(u, y)u = y + ub/s — ub/s = y. The formula is
smooth for u # 0. (]

Fix a nonempty open set U C M. In residue four let S, T be the fixed chiral spinor bundles, ordered
so that

Ag 2 H'(S) — L¥(T), indy A, = —a, a = |indyg D*|.

Thus Ay v = Ag + Vls, with the convention at a = 0 of Section 8. For a quaternionic Hermitian bundle
E, write sp(E) = {Q € Endy(E) : O = —Q}. Put

Agv, n=4 (mod 8),
Legv=1.
i(Dg+V), n=5 (mod8).

In residue five this is quaternionic-linear and skew-adjoint. The incidence equation is L,y = 0 for
¥/, = 1, modulo the free right action of the unit quaternions Sp(1). Its target is L*(T) in residue four
and y*® n L2(XM) in residue five.

Lemma 10.4. Let P be a compact smooth d-manifold with corners and finitely many embedded boundary
faces. The faces include P and all nonempty intersections of boundary faces. Let (g, V,) be a smooth
family, and put L, = L, v,. Supposeker L, = 0 near a closed subset Py C P. For n = 4,5 (mod 8), there
is an arbitrarily small smooth compatible potential family W, in the C*(P x M) topology, supported in
a common compact subset of U and zero near Py, such that, with L~p =Lg, v,+w,

S ={(p,): peP, £C kerfp, dimy £ = 1}
is a compact smooth manifold with corners of dimension
d-r, r=4(a+1)ifn=4(8), r=3ifn=5(8). (10.3)

Form : % — P, n(p,f) = p, one has 3.9 = w~*(dP). For every face F, 7~ (F) is a manifold with
corners of dimension dim F — r. An incidence with negative indicated dimension is empty.

The family W), may be zero on any prescribed closed collar contained in an open set on which the
original incidence equation is transverse to zero on every face, including all face intersections. In particular,
transverse endpoint families and their face restrictions admit unchanged collars.

Proof. A projective chart at the line of an L?-unit spinor 1/ is given near zero by
ur— [+ ul, ue 1,0““ nHY, lle ={u: (Y, wpy =0}

Normalization in L? is smooth on nonzero H! vectors. Changing a unit representative from i to ¢q,
with g € Sp(1), changes the target vector from v to vg. The incidence equation therefore defines a
smooth section of the corresponding Hilbert bundle.

At a zero in residue four, the vertical derivative is

Ly, : ¢ nH'(S) — LX(T).

The unrestricted quaternionic index is —a. Removing the kernel line ¢/IH from the domain leaves the
range unchanged and subtracts four from the real index. The resulting index is —4(a + 1). In residue
five the target is the real orthogonal complement of 1. In a local trivialization the equation is ITy L, v,
where I1 is the real orthogonal projection. At a zero, its derivative is

L, : ™M nH'(EM) — ¢ n LA(EM).

The unrestricted real index is zero. Restriction of the domain subtracts four, and restriction of the
target adds one; the vertical index is —3.

In either residue, let 7 in the target annihilate the vertical image, with respect to the real L% product.
The annihilator of % n H' is represented by /H. Hence Lyn = 1 qo distributionally for some g, € H.
For every q € H,

Re(y/g, L)z = Re{Lp(y/), M)z = 0.
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Taking q = qo gives gy = 0. Elliptic regularity makes 5 smooth [44, Theorem 16.1 and Remark 16.2].
In residue five, Ly = —Lj, so also L,n = 0. In residue four, adjoining a zero opposite chiral component
identifies sections of ker L, and ker L;, with kernel spinors of Dg, + V}. In residue five, ker L, =
ker(Dg, + V}). The unique continuation statement of Section 9 therefore applies to ¥ and 7.

Choose a closed coordinate ball Ky € U with nonempty interior. In residue four, suppose in
addition that n annihilates By for every B € C.°(int Ko; Homy(S, T)). These are precisely the chiral
blocks of the permitted potential directions, by (2.3). Unique continuation gives a connected ball
O & int Ky on which ¢ # 0. For y € C(O;R), the field

(¥, 0)m
Y2

extends by zero to a permitted direction and satisfies By = yn. Consequently Re(n, yn);2 = 0 for
every such y, whence 7|o = 0. Unique continuation for L}, gives n = 0 on M.

In residue five, multiplication by i identifies the compatible potential directions with sp(EZM).
Suppose 7 also annihilates Qi for every Q € C’(int Ky; sp(EM)). Multiplying local skew-adjoint
fields by real test functions gives

n(x) Lr {Q¢(x) : Q € sp(E M)} (x € int Ky).
On a connected ball O € int K, where ¢ # 0, Lemma 10.3 gives

B _ Re(y,m)
n=fv, f—imz

The operator L, is first-order elliptic on the underlying real bundle, Ly, = —L,, and n, { € ker L,. By
[41, proof of Remark 1.1.14(3), p. 8] and the weak unique continuation statement of Section 9, one has
n = cy on M for some ¢ € R. Since n € Y** in L? and | /|, = 1, one has ¢ = 0.

For a compact smooth coefficient family, the elliptic estimate [44, Theorem 16.7 and Remark 16.2]
gives

B() = xn

€ C°(O;R).

[l < Cs(|Lp ] + 101,), §>0, (10.4)

uniformly in p. Indeed, if Cs, ||Lp — Ly, || ey < 1 /2, the estimate at py holds with twice its
constant; a finite cover gives C;. Normalized kernel spinors therefore have uniform bounds at every
Sobolev order. Given (p;, ;) in the normalized incidence, pass to p; = p. The uniform H? bound
and the compact embedding H?> < H' [44, Theorem 16.10] give a subsequence converging in H' to
Y. Then

Lo, < |2 = ¥l +1@p = LpDYl, — 00 Yl = 1.

Thus the normalized incidence and its quotient by Sp(1) are compact.

The vertical operators are Fredholm. The preceding annihilator arguments therefore imply that
finitely many smooth potential directions supported in K make the vertical differential surjective at
any given zero. Surjectivity is open. A finite cover of the compact incidence gives finitely many such
collections. Multiply each collection by a smooth parameter cutoff equal to one on the corresponding
smaller parameter neighborhood and zero near Py. Such cutoffs exist because the original incidence
is disjoint from a neighborhood of Py. At every original zero, the spinor and potential variables alone
give a surjective differential, also after restriction to any face of P.

Let y € RN be the coefficients of these potential directions. For all sufficiently small y, every zero
lies in the neighborhood where that differential is surjective. Otherwise a sequence of zeros with
y;j — 0 outside it would have a subsequence converging to an original zero, by (10.4) for the compact
coefficient family |y| < 1, a contradiction. In a corner chart, extend the section smoothly to an open
neighborhood. The Banach implicit function theorem [50, Theorem 13.20] gives a universal zero
manifold with corners of dimension d + N — r. At a point of a face, a complement on which the
differential is invertible can be chosen among variables tangent to the smallest face, together with
spinor and coefficient variables. All boundary coordinates remain free. Thus the corner strata are the
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inverse images of those of P. Sard’s theorem [82, Theorem 1.2, p. 862], applied to the projection to
RY on the interiors of its restrictions over all faces of P, gives a common regular value arbitrarily
close to zero. There are finitely many such restrictions and each has a countable atlas, so the union of
the critical-value sets has measure zero. Its fibre and all face restrictions have the stated dimensions
and are compact by (10.4). A regular fibre of negative dimension is empty.

For the relative assertion, let C be the prescribed closed collar and O an open set of transversality
on every face. Choose

Cc0,CcO0,CcO,CcO,CcO

and a smooth function 6 equal to zero on O; and one on P \ O,. Multiply the parameter cutoffs above
by 6. Over O,, the differential in the original parameter and spinor variables is surjective on each
closed face. Compactness of the zero set over that closed face and openness of surjectivity preserve
this property for sufficiently small y. There are finitely many faces, so one coefficient neighborhood
suffices for all of them, including their intersections. On P\ O,, 8 = 1 and the potential directions give
surjectivity. The same argument with the smallest face and the same regular-value argument give the
relative assertion, with W, = 0 on C. Transversality of an endpoint family and all its face restrictions
persists on a sufficiently small collar by the same compactness and openness argument. (]

For a closed connected smooth hypersurface in a connected smooth manifold, both without
boundary, the following conclusion follows from [64, Chapter 4, Lemma 4.4, p. 107].

Lemma 10.5. Let X be path connected and locally path connected, and let S C X be nonempty, closed,
and path connected. Suppose that every point of S has an open product neighborhood

(N,NnS)=(Vx(-1,1),Vx{0}),
where V is path connected. Then X \ S has at most two path components.

Proof. Write dx A for the boundary of a subset A in X. Let A be a path component of X \ S. Since
X'\ S is locally path connected, A is both open and closed in X \'S. Thus A is open in X and dxA C S.
Connectedness of X and S # @ give dxA # @.

For s € dx A, take a product neighborhood N of s, and denote the two path components of N \ S
by N* and N™. The set A meets one of them and therefore contains it. Every point of N n S belongs to
the closure of that component, hence N NS C dxA. Thus dx A is open and closed in S. Connectedness
of S gives dxA = S.

Fix one product neighborhood Nj at a point of S. Every path component of X \ S meets N, and
contains one of the two path components of Ny \ S. Distinct path components are disjoint, so there
are at most two. U

11. INTEGER AND VANISHING INDEX DIFFERENCES

Let M" be a closed connected spin manifold, n > 3, with fixed spin structure and positive smooth
density p. The operators are untwisted. The fixed-domain comparisons and the spaces R (M) and
P, are those of Section 8, with their C* topologies. The potentials are arbitrary smooth compatible
endomorphisms. By Proposition 8.2, with U = M, the inclusion g — (g, 0) induces a bijection on
invertible path components and preserves ordinary index difference. If (M) = 0, then RL“V(M ), and
hence P:,nv, are nonempty by [3, Theorem 1.1] and Lemma 8.1.

11.1. The two self-adjoint cases. Suppose n = 3,7 (mod 8), and put
P H, n=3 (mod3),
IR, n=7 (mod 8).

Fix a reference metric in R ,(M). Let S be its spinor bundle, regarded as a right quaternionic bundle
in residue three and as the real fixed bundle of charge conjugation in residue seven. Put

H = LA(M; S, ), 9 = H'(M;S).
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All operators and potentials are represented on this bundle by the fixed-domain comparisons. The
Dirac operator is self-adjoint and F-linear. The compatible potentials are precisely the fibrewise
self-adjoint F-linear endomorphisms; in particular, real scalar multiplication is compatible. Real
analyticity of an operator family is understood in L(Z, 7).

Lemma 11.1. LetL = Dy + V, let A € R, and let E C ker(L — A) have F-dimension two. If Pg is the
orthogonal projection onto E, then

dimg{PrQ|r : Q is a smooth compatible potential} > 3.

Proof. Elliptic regularity gives E C C*(M; S). Denote the displayed real vector space by W. It contains
Ig. If dimg W < 2, the real or quaternionic spectral theorem gives an orthonormal basis ¢/, ¢ of E
in which every member of W is diagonal: W is spanned by Ir and at most one self-adjoint matrix.
Hence

/ (V,QP)ppp =0 for every smooth compatible Q. (11.1)
M

Apply Lemma 6.5 with both section spaces equal to E and with the bundle of self-adjoint F-linear
endomorphisms of S. It follows that

(Y(x), Ap(x))r =0 for every x € M and every self-adjoint A € Endg(Sy).

The weak unique continuation statement of Section 9, applied to D, + (V — AI), makes the nonzero
sets of 1 and ¢ open and dense. Choose x in their intersection. The union of /(x)* and ¢(x)* is a
proper subset of Sy. There is therefore v € Sy such that

(Y (x), v0” (x))F = (Y (x), v)E, $(x))F # 0.
The endomorphism vv* is self-adjoint, a contradiction. g

Lemma 11.2. Let (g, V), 0 < t < 1, be a real-analytic path in P,,, and put L} = Dg, + V. Suppose that
LY and LY are invertible. There is a smooth compatible potential W,, arbitrarily small in C'([0, 1]; L™)
and zero on endpoint collars, such that Ly = Dy, + V) + W, has the following properties. The two
consecutive ordered eigenvalues which bound zero on the initial collar remain in a fixed bounded spectral
interval. Every F-eigenvalue in this interval is simple on a compact middle interval, and L; is invertible
on the remaining parameter intervals.

Proof. Choose invertible endpoint collars for L? and a compact interval J € (0, 1) whose complement
lies in those collars. Let y € C*([0, 1]; R) be zero on smaller endpoint collars and one near J, with
transition regions inside the invertible collars.

For every smooth compatible perturbation satisfying

IWlergoge=) < 1, W = 0 on the smaller endpoint collars, (11.2)

the uniform estimate (2.7) gives, for every L?-unit eigenvector y of L? + W, with eigenvalue A,

19l < Co(ILY 1z + 1¥l2) < Ca(1 + D).

The norms of LY : H! — L? are uniformly bounded. The finite spectral reductions (6.1) and (6.2),
Lemma 6.4, and [67, Chapter II, Theorems 5.4 and 6.8] give locally Lipschitz ordered eigenvalues.
At almost every parameter their derivatives are eigenvalues of the compression of LY + W, to the
corresponding eigenspace. Thus

A< LYl + Wil < C2(1+ 12D (11.3)

for a suitable L2-unit eigenvector . In the quaternionic case apply the same results to the complex
representation, in which each eigenvalue occurs twice its quaternionic multiplicity. The constants
depend only on the reference path and the bound (11.2).
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The spectra are discrete and unbounded in both directions, as in Section 8. Number the eigenvalues
at t = 0, with multiplicity over F, so that 19(0) < 0 < A;(0) are consecutive. On every interval of
ordered continuation, Gronwall’s inequality gives

1+ 40 < (1 + [A(s)])eelsl,

Each continued eigenvalue is bounded and Lipschitz up to any finite endpoint of its interval of
definition, and finite spectral reduction extends it across that endpoint. The same argument backwards
from any parameter shows that every eigenvalue continues to t = 0. The local orderings therefore
give a Z-indexed ordering on [0, 1]. Choose

A> r_n%l)f(l + |)Lj(0)|)ecz.
=0,

Then |A;(t)| < A for j = 0,1, independently of the potential directions chosen below.

Let # be the set of tuples (t, A, ¢/, ¢) with t € J, |A| < A+1, and (¢, ¢) an orthonormal F-two-frame
in ker(L? — 1). Estimate (10.4), applied to the compact smooth family L — A, bounds these spinors in
H?. The eigen-equations and orthonormality are closed conditions in J x [-A — 1,A + 1] x H! x H'.
Rellich compactness therefore makes .#~ compact in this space and hence in the corresponding L
topology.

If # is empty, take W = 0. Otherwise Lemma 11.1 supplies three compatible potentials with
linearly independent compressions at each frame. Their matrix entries are continuous in the L?
topology. A finite subcover gives smooth compatible potentials Q;, ..., Qn on the fixed bundle whose
compressions span a real vector space of dimension at least three on every frame in Z". Put

N
Lip = L(t) + x(1) Z p;Qj, p=(p1,...,PN) € RN, (11.49)

J=1

There are an open interval I D J, on which y = 1, and p > 0 such that, for t € I, |p| < p, and every
two-plane E C ker(L;, — A) with [A| <A + 1

dimg span{PrQjlp : 1 < j < N} > 3.

Indeed, a contrary sequence with p — 0 and dist(¢, J) — 0 has a subsequence of orthonormal frames
converging in L? to a frame in .#". The compression matrices converge, and the locus of rank at most
two is closed, contrary to the selection of the Q;. The compactness follows from the same elliptic
estimates, since the Q; are fixed smooth endomorphisms.

Shrink p so that all perturbations in (11.4) with |p| < p satisfy (11.2), are as small as prescribed,
and preserve invertibility on the endpoint collars. The family is real analytic on I x{p : |p| < p}. The
set

C ={(t,p,A): te], pl<p/2, |A| <A, A €SpecL;y}

is compact by norm-resolvent continuity. On open parameter sets O, C I x{p : |p| < p} there are
analytic self-adjoint F-matrices B,(t, p) whose spectra are isolated clusters of the spectrum of L; ,,
contained in (—A — % A+ %) Finitely many such reductions suffice: for every (¢, p, 1) € €, some
o satisfies (t, p) € O, and A € Spec B,(t, p). The contour formulas (6.1) and the polar frames (6.2)
give these reductions; their analytic dependence follows from [67, Chapter VII, Theorem 1.7]. They
preserve the real or quaternionic structure. On each eigenspace, Lemma 6.4 identifies the compression
of dB, with that of dL;;; a change of spectral frame contributes a commutator whose compression
to an eigenspace is zero.

Suppose first that F = R. On every two-plane in a repeated eigenspace of B, the potential
derivatives span all of Sym,(RR). In an orthonormal basis, the difference of the two diagonal entries
and the off-diagonal entry are therefore independent real linear functionals of the parameter variation.
Thus B, satisfies condition SAH2 of [85, §1] at every repeated eigenvalue. By [85, Theorem Al], its
repeated-eigenvalue locus has meager codimension two in O,. The definition in [85, §2], applied to
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(t, p) = p, makes the image of this locus meager in RN. The union over the finitely many reductions
is meager.

Suppose now that F = H. The complex matrix representing B, (t, p) — A has twice its quaternionic
nullity. Hence the locus of quaternionic nullity at least two is a real-analytic determinantal set. On
compact semianalytic boxes contained in the reduction domains, take finite real-analytic stratifications
compatible with all nullity loci [24, Proposition 2.10 and Corollary 2.11]. Finitely many such boxes
cover 4. On each stratum 7 of nullity at least two, the kernels have constant rank and form a smooth
vector bundle. The spectral frames lift this bundle to Z. At a point of 7, put F = ker(L; , — A) and let
Pr be the orthogonal projection onto F. Differentiating a local kernel section along 7 gives

Ppd(Lip — V]| =0, EeTT. (11.5)

The ambient real-linear map on the left has rank at least three: its potential directions have this rank
after compression to any two-plane in F. Thus

dimg T < (N+2)-3=N—1.

Sard’s theorem [82, Theorem 1.2, p. 862], in local coordinates on each stratum, shows that the image
of its projection to RN has measure zero.

In either case choose p, arbitrarily close to zero, outside the projected repeated-eigenvalue loci, and
put W, = x(t) X; p;Q;. Every eigenvalue in [—A, A] is simple over F for ¢ € J. The two distinguished
eigenvalues remain in this interval by (11.3), and the endpoint collars remain invertible. g

Remark 11.3. For a fixed metric and any bounded spectral interval, an arbitrarily small smooth
compatible potential makes every eigenvalue in that interval simple over F. The finite-dimensional
construction above applies with ¢ omitted and the prescribed interval in place of [-A, A]. In the real
case the conclusion follows from [85, Theorem A]. In the quaternionic case, (11.5) gives dimg 7 <
(N +1)—3 =N — 2, and Sard’s theorem gives the conclusion.

Let (g1, V1), 0 < t < 1, be a smooth path in P, and put L; = Dg, + V;. If Ly and L, are invertible,
let sfp(L.) denote its spectral flow, counted positively from negative to positive and with multiplicity
over F. For qo, q1 € PL“V, write sfr(qo, q1) for the spectral flow of a smooth pair path from g, to ¢;.
The common-domain continuity of Section 8.1, the contractibility of 7, and homotopy invariance
[28, Remark 5.2(2) and Section 6.2] make it independent of the path. For pure metric endpoints, write

sfr(go, 81)-

Lemma 11.4. Ifqo, q1 € P},n" and sfr(qo, q1) = 0, there is a smooth invertible pair path from qq to q.
For pure metric endpoints its potential may vanish on endpoint collars.

Proof. Write q; = (gj, V;) and g1 = go(G-,-), where G is positive and gy-self-adjoint. Since dvg, = dvg,,
one has det G = 1. Transport both potentials to the fixed spinor bundle for gp, and put

H =logG, g = go(el) ), VY=(1-1t)Vy+tVi.

Then tr H = 0, and (g, V) is an analytic path in P,. Put L} = Dy, + V. Apply Lemma 11.2, and
put L, = LY + W,. Let (4(t))jez be its continuous ordered eigenvalue labels, counted over F and
numbered so that 1;(0) < 0 < 1;(0). These two labels are distinct on the compact middle interval.

Put v(t) = max{j € Z : 4;(t) < 0}. Choose a spectral-flow subdivision 0 = fp < - < ty =1
and numbers a; > 0 with +a; ¢ Spec L, for t € [t;_y, t;]. The integer k; = max{j € Z : 1;(t) < a;} is
constant on that interval. The spectral projection onto [0, a;] satisfies

dimp ran 1jg 4, (L;) = ki — v(1).

The spectral-projection formula [86, Section 3, equation (1)], with the multiplicities of Section 8.1,
gives
N

sfe(L) = ), (v(tia) = v(®)) = v(0) = v(1).

i=1
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The homotopy LY + sW;, 0 < s < 1, fixes the endpoints. Thus v(1) = v(0) = 0. On the final invertible
collar, as on the initial collar, Ao(t) < 0 < A;(#). Together with simplicity on the middle interval, this
gives Ao(t) < A1(t) for all t € [0, 1].

Choose p € C*([0,1];[0, 1]), supported in the invertible endpoint collars and equal to one near
the endpoints. The continuous function

Ao(8) + A1(2)
2

is zero near the endpoints and lies strictly between the two labels. Hence

co(t) = (1 = p(1))

&= tl’l’[lél'll] mil’l{Co(t) — Ao(2), Al(t) — Co(t)} > 0.

Relative smooth approximation [87, Corollary 12, p. 102], applied to [0, 1] — R, gives a smooth c,
equal to ¢y on smaller endpoint collars, with |¢ — ¢y|e < €/2. Then

Ao(1) < c(t) < A1(2), c(t) = 0 on the smaller endpoint collars.

The operator L; — c(t)I is invertible. Its compatible potential V + W, — c(t)I has the prescribed
endpoint values. If V) = V| = 0, it vanishes on the smaller endpoint collars. O

Lemma 11.5. Fix g, € RL’“’(M). For every m € Z. there is g, € RL“V(M) such that sfp(gs, gn) = m.

Proof. For m = 0, take g, = g.. Suppose m # 0. By the two-sided unboundedness in Section 8.1, there
is a bounded interval 7 whose boundary is disjoint from Spec D, and which contains at least |m| + 1
eigenvalues of each sign, counted over F. By Remark 11.3, choose a compatible potential Q such that
all eigenvalues of A = D,, + Q in T are simple and

100 < % min{ dist(0, Spec Dy, ), dist(9Z, Spec Dy, ) }

The path D,, + sQ, 0 < s < 1, has no eigenvalue at zero or at 7. Its spectral projections on the
negative and positive parts of T therefore have constant rank. In particular, A has at least |m| + 1
eigenvalues of each sign in 7.

Let y1; < -+ < Mymj11 be the first |m| + 1 positive eigenvalues of A, and let n; < -+ < 1j,11 be the
first m| + 1 positive eigenvalues of —A. They belong to 7 and —Z, respectively. Choose

ce (Um: Um+1)s m > 03
(=Hmj+1> —Hjm|), M <0.

The eigenvalues of A+ scI are A+ sc, with A € Spec A. If m > 0, precisely the eigenvalues —py, ..., —1p,
cross zero, all from negative to positive. If m < 0, precisely pj, ..., fij| cross zero, all from positive
to negative. Each has F-multiplicity one, and A + ¢! is invertible. Concatenation with the invertible
path Dg, + sQ, after stationary reparametrization, gives

gm = (g, Q+cl) € piov. sfr((g«, 0), gm) = m.

Proposition 8.2, with U = M, a one-point parameter space, and empty relative subset, joins g, through
invertible pairs to (gy, 0) for some gy, € RL“V(M). Additivity [28, Remark 5.2(3) and Section 6.2] and
path independence give sfp(gs, gn) = m. ]

Theorem 11.6. Ifn = 3,7 (mod 8) and g € RL“V(M), then
P —Z,  [g]— str((g-0). 9,

and
RN (M) — Z,  [g] — sfr(g.. g).

are bijections of pointed sets. With the ordinary real index normalization, both maps are &g, .
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Proof. Spectral flow vanishes on an invertible path. By additivity, two pairs have equal invariants
if and only if their relative spectral flow is zero. Lemma 11.4 then gives an invertible path between
them, so the pair map is injective. Lemma 11.5 gives surjectivity. Proposition 8.2 identifies the metric
and pair component sets. The normalization of Section 8.1, (8.1) and (8.3), gives

2sfy, n=3 (mod 8),

Oy, = sfp, fc =
g = SIF Sie {sf[R, n=7 (mod 8).

g

Remark 11.7. The scalar correction in Lemma 11.4 is spatially constant. Theorem 11.6 concerns the
full density slice R ,(M).

11.2. The two complex chiral cases. Suppose n =2,6 (mod 8). Let 3, be the bundle of independent
chiral blocks in (2.3). By (2.4), it is a complex vector subbundle of HomC(ng“M, 2gM): in charge
coordinates its matrices are alternating in residue two and symmetric in residue six. The compatible
potential with block Z is D(Z).

Lemma 11.8. In residues two and six, every nonempty fibre of the map
Py — RuM), (g V)— g,

is smoothly path connected. The paths may be stationary near their endpoints. If both endpoint potentials
are supported in a compact set K C M, the connecting path may be supported in K.

Proof. Fix g and invertible endpoint potentials with blocks Z,, Z; € C*(M; BB). For z € C, put
Z(2)=(1-2)Zy+ 221,  Alz) =Dy + Z(2) : H'(S{M) — L*(S;M).
The endpoint operators A(0) and A(1) are isomorphisms. Moreover,
A(2)A(0) ' =T+ 2T, T = (Z1 - Zo)A(0)™! € L(L*(Z,;M)).

The operator T is compact by the compact embedding H! < L? [44, Theorem 16.10]. Thus I + zT is
an entire Fredholm family, invertible at z = 0. The analytic Fredholm theorem [84, Theorem 1.1, p. 2]
implies that

S ={z € C : A(z) is not invertible}

is closed and discrete. Since 0,1 ¢ S, choose a smooth curve y : [0,1] - C\ S from zero to one,
constant near its endpoints. Then

%+D@wm»=( 0 Mﬂmv

A(y (1)) 0

is self-adjoint and invertible. Complex linearity of B, gives compatibility. If supp Z, U supp Z; C K,
then supp D(Z(y(t))) C K for every t. O

Proposition 11.9. Suppose n = 2,6 (mod 8) and a(M) = 0. Then PL‘“’ and RL“V(M) are nonempty and
smoothly path connected.

Proof. Proposition 9.1, applied to the closed manifold M and a nonempty coordinate ball, gives an
invertible potential over every metric. Let (g, Vo), (g1, V1) be invertible pairs. Join gy to g; by a
smooth path g, in the density slice, constant near its endpoints. Positive spinor comparison identifies
the potential bundles along this path.

For each s, choose a potential V(¥ for which Dy, + V() is invertible. Keeping its representative
fixed gives invertible operators for parameters in an interval about s, by continuity in £(H?, L?) and
[67, Chapter IV, Section 1.4, Theorem 1.16, p. 196]. Near zero and one choose V; and V7, respectively.
A Lebesgue subdivision 0 = sy < -+ < s = 1 subordinate to a finite such cover gives potentials
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Wi, ..., Wi in the common bundle, with W; = V,, Wy = Vi, such that Dy + W; is invertible for
s € [si—1, si]. At s;, the potentials W; and W, lie in the same invertible fibre. Join them by Lemma 11.8.

Concatenate the paths s — (gs, W;) with these fibre paths, after reparametrizing each piece to be
constant near its endpoints. The resulting pair path is smooth. For pure metric endpoints its potential
vanishes near zero and one. Proposition 8.2, with U = M, applied to this path with B = [0, 1] and
By = {0, 1}, gives smooth path connectedness of RL“V(M). O

11.3. The two quaternionic incidence cases. For n = 4,5 (mod 8), let Lg v be the chiral operator or
quaternionic skew-adjoint operator defined in Section 10. When n = 4 and a(M) = 0, connectedness
of RL“V(M ) follows from [2, Theorem 1.1] and Lemma 8.1.

Proposition 11.10. Suppose n = 4,5 (mod 8) and a(M) = 0. Then PL“V and RL“V(M) are nonempty
and smoothly path connected.

Proof. Join two invertible pairs by a smooth path in the global metric and potential coordinates of
Section 8, constant near its endpoints. Apply Lemma 10.4 with P = [0, 1], Py = {0, 1} and U = M. The
original incidence is empty near Py. In residue four, (M) = 0 gives a = |indyg D*| = 0 by (8.3). The
perturbed incidence has dimension 1 — 4 = —3 in residue four and 1 — 3 = —2 in residue five; hence
it is empty. The chiral operator in residue four is therefore injective of index zero, hence bijective.
In residue five the full kernel is zero. Thus the perturbed path is invertible and unchanged near its
endpoints. For pure metric endpoints its potential vanishes there. Proposition 8.2, with U = M,
applied to this path with B = [0, 1] and By = {0, 1}, gives smooth path connectedness of RL“V(M ). O

Theorem 11.11. Suppose n = 2,4,5,6 (mod 8) and a(M) = 0. Then Pli}“’ and RL“V(M) are nonempty
and path connected. For every g, € RL“V(M), ordinary index difference induces bijections of pointed sets

g,

: ]'[Oplilnv —> Kon+1 - {0}, (ng< : ﬂORan(M) e KOn+1 - {0},
with basepoints [(g«, 0)] and [g.], respectively.
Proof. Apply Propositions 11.9 and 11.10 and (8.3). O

12. REAL CHIRAL OPERATORS

Let M be a closed connected spin manifold of dimension n = 0 (mod 8), with n > 8 and a(M) = 0,
and fix a smooth positive density ; on M. Let g range over the metrics with volume density p. In this
section spinors, bundles, homomorphisms, and dimensions are real. The real half-spin bundles 2§
have rank

r=2"%"1
A compatible potential has the form
ve= (0 B B e C*(M;Homg(Z}, %))
B — B 0 > > R r g .

Here B” is the fibrewise adjoint. Put
Agp =D} +B: H'(Z)) — L*(Z,).
Multiplication by B is compact between these spaces [44, Proposition 12.9 and Theorem 16.10]. Hence
ind[R Ag,B = ind[R Dg = OC(M) =0,

with the normalization of (8.3). The operator D, + Vj is invertible if and only if A, g is an isomorphism.
For a fixed metric g write

Py =C" (M ; Hom]R(ZJr,Zg)), P}gnv ={B € Py : Agpis an isomorphism}.
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The map (g, B) — (g, V) identifies the total space of these potentials over metrics with density u
with P,. Positive spin comparison from Section 2 preserves the real structures, the grading, and the
L? inner products defined by p.

All coefficient spaces carry the C* topology. Potential variations are arbitrary smooth sections on
M; relative families agree on prescribed collars in the parameter manifold.

Theorem 12.1. For every metric g with density y, the space Pé“" has exactly two path components. The

space 7)}1“" also has exactly two path components. After the choice of an invertible basepoint, the ordinary
real index difference induces a bijection of pointed sets from either component set to

KOn+1 = KO, = Z/2

12.1. Incidence and smooth Banach parameters. Fix an integer s > n/2 + 1 and a reference metric
with density p. Write X* for its real half-spin bundles. Let P be a compact smooth manifold. After
positive spin comparison, a smooth family (g;, B;);ep gives a smooth family

A, s H'GEY — HY(E) (12.1)

of Fredholm operators of index zero. Here A; is the transported operator Ag, p,, and A} denotes its
formal L?(u) adjoint. We identify operators, potentials, and spinors with their transports to these
reference bundles. Elliptic regularity and the Fredholm alternative [44, Theorems 16.1 and 16.13;
Remark 16.2] give ker A; ¢ C*(Z7"), ker A} ¢ C*(27), and

ran A; = {f € H'(Z7) : (f,n)12 = 0 for every 5 € ker A7}

The L? orthogonal projection onto ker A} therefore induces an isomorphism coker A; = ker A}.

The unique continuation theorem in Section 9, applied to (¢/,0) and (0, n) for Dy + V3, applies
respectively to Agp and A} 5. Thus the nonzero locus of every nonzero solution is open and dense.
For every integer j > 0,

lulpin < Cj(”Atu"Hj + ||u||L2), u e HY(ZY), (12.2)

with C; uniform over the compact parameter manifold, by [44, Theorem 16.7 and Remark 16.2] and
the perturbation estimate following (10.4).

Lemma 12.2. Let A = Ay and let € ker A satisfy |/[;» = 1. Put
Ty ={ue H'E") : (u, )2 = 0}.
The differential of (B, /) — AgpV on the L* unit sphere is
(Q,u) — Au+ QY, Q€eP,, uceTy. (12.3)

There is a finite-dimensional subspace 2 C Py such that the restriction to 2 x Ty, is surjective and has a
bounded right inverse. The restriction to Ty is Fredholm of index —1.

Proof. Since Ay = 0, one has A(Ty) = ran A and dim ker(A|r,) = dimker A—1. Thus ind(A|r,) = —1.
Apply Lemma 6.5 with F = Ry, E = ker A*, ¥ = Homg(Z*,%7), and U = M. If € E satisfies
(1, QY2 = 0 for every Q € Py, then

(n(x), Qxy(x)) =0 (xeM, Q.€Homg(Z],%))).

For {/(x) # 0, choose Q, with Q,1/(x) = n(x). Then n(x) = 0. The nonzero locus of ¥ is dense,
so 1 = 0. Consequently the potential directions map onto coker A. Choose Qi, ..., On € P, whose
images span this cokernel, and put 2 = spang{Qs, ..., On}. The restriction of (12.3) to 2 x Ty is a
surjective bounded operator between Hilbert spaces and therefore has a bounded right inverse. [J

Lemma 10.1 supplies a separable Banach space of smooth potential variations, including variations
which vanish on prescribed endpoint collars of a parameter interval.



56 ANASS NIFA

12.2. Evaluation at a spinor zero. For nonzero Dirac eigenvalues of quaternionic multiplicity one
in dimensions two and three, surjectivity of the differential of evaluation at a zero under conformal
metric variation is proved in [61, Lemma 6.2.12].

Lemma 12.3. Let A = Agp, let y € C*(Z") satisfy Ay = 0 and |{/|;» = 1, and let x € M satisfy
¥(x) = 0. The map

(Q, u) — u(x)
from the pairs (Q, u) € Py x C*(Z*) satisfying

Au+QyY =0, (u, )2 =10

to 31 is surjective.
Proof. Put K = ker A and C = ker A%, and let Pk, Pc be the L? orthogonal projections onto these
spaces. Let
G:L*()— H'CHnK*
be the inverse of A : H'(3*) n K+ — C*, extended by zero on C. Then
AG =1-Pc, GA=1-PFg.

The first identity holds on L?(Z7) and the second on H!(Z"). Elliptic regularity gives bounded maps
G : H/(Z™) — H/*Y(Z") for every integer j > 0 [44, Theorems 16.1, 16.7, and 16.13; Remark 16.2].
Thus G is continuous on smooth sections. The fibre metrics and y identify distributional sections
with continuous linear functionals on smooth sections. The transposes of G and Px therefore act on
distributions; denote them by G* and Pk. They satisfy

A'G"=1-Px.

Choose an open ball U with U ¢ M \ {x} on which 1/ is nowhere zero. Write 1/* for its fibrewise
metric dual. For g € CZ°(U;X7) with ¢ L C, put
lﬁ*
17

on U, extending Q by zero. Then u is smooth, Au = ¢ = —Q¢, and u L K. The pairs (0, u) with
u € K n ¢t also satisfy the two equations of the lemma.

Let { € (Z})* annihilate every such value u(x). Define §,{ by (6,{, u) = {(u(x)). Since K =
Ry & (K n ¢*) and ¢(x) = 0,

u=Gq, Q=—4q9®

Pg(6:0) = 0.
Consequently n = G*(6,() satisfies
A'n=6,C. (12.4)

Choose an orthonormal basis ¢, ..., ¢, of C and set

Aq) = (D1, @r2s v (Pms O12), q € Co(U;Z7).

The functional g — (7, g) vanishes on ker A, since (1, q¢) = {((Gq)(x)). It is therefore a - A for some
a€R™ For ¢ =32, a;¢; € C this gives nly = flu.

By (12.4), 5 is smooth on M \ {x}. This manifold is connected, since M is connected and n > 2.
Unique continuation for A* gives n = ¢ there. Hence T = 1 — ¢ is supported at x and satisfies
A"T = 8,{. The principal symbol of A* is invertible at every nonzero real covector. Lemma 2.3 gives
T =0and ¢ = 0. Since X} is finite dimensional, the evaluation map is surjective. (]
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Lemma 12.4. Let By € Py and iy € C*(Z*) satisfy
Ag Vo =0, IYol2 =1, dimker Agp, = 1.

For every C* neighborhood U" of (By, ) in Py x C*(Z%), there is a smooth path (B, ¢,),0 < t < 1, in
U, beginning at (By, ), such that

Agp, Yt =0, 1l = 1, dimker Agp, =1,

and , is transverse to the zero section. The path is constant near both endpoints. For n > 16 the section
Y1 is nowhere zero; for n = 8 its zero set is finite.

Proof. Put Ay = Agp, and Z = y;'(0). If Z = @, the constant path suffices. For each x € Z,
Lemma 12.3 gives finitely many smooth pairs (Q, u) whose values u(x) span 3. These values still
span the fibres near x. Since Z is compact, finitely many pairs suffice for all x € Z. Let £ C P, be a
finite-dimensional space containing their potential components and the directions of Lemma 12.2.
Choose a basis Qy, ..., Oy of £, and put

N
Ay=Ag+ Y b0,  beRY, S ={eHE"): |l =1}
=

The differential of (b,v) = Apv on RN x $° at (0, 1) is split surjective, with Fredholm index N — 1.
The implicit function theorem [50, Theorem 13.20] therefore gives a smooth manifold

I={,v): Ayjv=0,veS}
near (0, /o), of dimension N — 1. Choose a chart

0: W —T1I, O(a) = (b(a), ¥,), ©(0) = (0, ¥o),

where W is an open ball about 0 in RN ™1,
Choose an L?-unit generator ¢, of ker AJ; this kernel has dimension one because ind Ay = 0. In
the decompositions

H'GEH=Rypo@ (H'E)nyy),  L*(E) =R &y,

Lemma 6.6 gives dim ker A, < 1 for b sufficiently small. The unit spinor at each point of 7 makes
this dimension equal to one.
Define

Tbu = Abu + (u, l//Q>L2¢0.

The operator Ty : H!(Z*) — L%(Z7) is bijective by the kernel and range decompositions of Ay. By
[50, Theorem 11.7], it remains bijective for b in an open neighborhood V of 0. Take V inside the
preceding neighborhood on which dimker A, < 1, and shrink W so that 5(W) C V. Let j > 0 be an
integer. If b € V, f € H/(37), and Tyu = f, then Ayu = f — (u, )12 ¢po. Elliptic regularity therefore
makes

T, : H'CY — HI(®)

bijective for every integer j > 0 on the same neighborhood V. Its inverse is smooth in b in each of
these operator norms [50, Theorem 11.17]. The identity

¢a = <¢a’ ¢0>L2 Tb_(la)(/ﬁo

therefore makes a — ¢/, smooth with values in every Sobolev space. Sobolev embedding gives a
smooth map

F: WxM—3, F(a,x) = $q(x).
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At (0,x), x € Z, the parameter derivative of F maps onto the fibre 3}. Compactness of Z and
openness of surjectivity give an open neighborhood O of Z and, after shrinking W, transversality of
F to the zero section on W x O. If M \ O is nonempty, shrink W further so that

1 .
1Va — Yol < Eg\lglsbol (aewW).

Thus F is transverse to the zero section on W x M. By continuity in the C* topology, take W
small enough that its image in P, x C*(Z") lies in U". Parametric transversality [64, Chapter 3, §2,
Theorem 2.7, pp. 79-80] gives parameters a, arbitrarily close to 0 for which ¢/, is transverse to zero.
Here W and M have no boundary, and F is smooth.

Choose a smooth p : [0,1] — [0, 1] equal to 0 near 0 and to 1 near 1. Set

N
(bi, Y1) = ©(p(as), B, =By+ Y. by;0;.

j=1

Convexity of W gives the required path. The zero set of a transverse section has codimension r. Since
r > n for n > 16, this zero set is empty in those dimensions. For n = 8, r = n, so it is a compact
zero-dimensional submanifold and is finite. O

12.3. Compatible first derivatives in dimension eight. Let V be an oriented Euclidean space of
dimension eight, let E* be its real half-spin modules, and let ¢ : V — Endr(E*™ @ E~) be Clifford
multiplication. Thus

c()e(w) + c(w)e(v) = —2(v, w)l, c@) =—clv) (@, weV).

For T € Homg(V, E") its Clifford contraction is

8

(1) =) c(e)T(er) € E7, (12.5)

i=1

where (¢;) is any orthonormal basis of V. If a spinor i vanishes at x, its derivative dy, = (Vi)
is independent of the connection. Identifying T, M and the spinor fibres with V and E* gives
(Dg+ ¥)(x) = C(d,). For every compatible multiplication potential B, the equation ((Dg++B) Y)(x)=0
is therefore equivalent to C(dy/,) = 0.

For a Euclidean space W, write

Symy(W) ={S € Endg(W) : S* =S, tr S =0}, s50(W) ={K € Endg(W) : K* = —K}.
Fix a unit ¢ € E~. The map
f:V—E,  f)=c0)¢

is an isomorphism, since dim E* = 8 and

(fQ@), f(w)) = —%(sﬁ, (c@)e(w) + c(w)e(v))$) = (v, w).

For A € Endr(V), write A;; = (e;, Aej). Write T = f o B, with B € Endg(V), and put S = (B + B*)/2
and K = (B — B*)/2. The infinitesimal spin action on E™ is

p(K) = % Z Kjic(e)c(e)).
i<j
The Clifford relations give
C(f < B) = —(tr B)p + ) (Bji — Bij)c(er)cle))d (12.6)

i<j

= —(tr B)¢ + 4p(K)¢.



DIRAC SPECTRA AND SPACES OF METRICS 59

Since p(K) is skew-adjoint, (p(K)¢, ¢) = 0. Therefore
L ={B € Endg(V) : C(f - B) = 0} = Sym,(V) @ sy,

sy ={K € 50(V) : p(K)¢ = 0}. (12.7)

The Lie algebra s is the infinitesimal stabilizer of ¢.

Lemma 12.5. Let m > 3, and let E be a real linear subspace of sl,,(R) = {A € Endg(R™) : tr A = 0}
containing Sym,(R™). Every invertible A € E can be joined by a straight segment in E n GL,,(R) to an
invertible symmetric trace-free matrix.

Proof. By the real Schur theorem [54, Theorem 7.4.1], there is an orthogonal matrix Q such that
Q*AQ is block upper triangular. Its diagonal blocks are nonzero real numbers A, ..., 4, and real
two-by-two matrices with eigenvalues a, +if,, where f; # 0 and 1 < £ < gq. Thus p +2q = m. Choose
real numbers bj, r; such that

P q
sign b; = sign A;, re# 0, ij+22r(=0. (12.8)
j=1 =1
If g =0, take b; = A;. If ¢ = 1, then p > 1; choose the b; with the indicated signs and nonzero sum,
and put r; = —% Zj bj. If ¢ > 2, choose the b; with the indicated signs and choose nonzero r4, ..., r4s.
With

1 (s
O':—Eij—Z}’[,
j =1

take ry 1 ¢ {0,0tand ry = 0 — ry_1.
Let B’ be the block diagonal matrix whose blocks, in the Schur ordering, are b ; and r¢l,, and put
B = QB’Q*. Then B is symmetric and trace-free, so B € E. For 0 < t < 1, the matrix

O*(1-1)A+tB)Q=(1-1)Q"AQ + tB’

is block upper triangular. Its real diagonal blocks have the nonzero values (1 — t)A; + tb;. The
eigenvalues of its two-by-two diagonal blocks are

(1 - t)(a( + lﬂ() + try.

They are nonreal for t < 1 and nonzero at t = 1. Thus (1 — ¢)A + tB is invertible. It belongs to E by
linearity. g

Proposition 12.6. Write GLZ(R) = {B € GLs(R) : +det B > 0}. Both sets
L"={B€L:detB>0}, L ={BeL :detB<0}

are nonempty and path connected. For either sign and every basepoint By € L*, inclusion induces a
surjection

m(L*, By) — 71 (GLE(R), By) = Z/2.

The paths and loops can be chosen smooth and constant near each of finitely many prescribed concatenation
points.

Proof. Choose orthonormal ey, e;, es, put ¢; = c(e;) for 1 < j < 3, and define e, by
f(es) = c3c1029.
Since the c; are orthogonal and f is an isometry, |es| = 1. Moreover,
(e1, 1) = (§, c203¢) = 0,

(€2, e4) = —(¢, c1c3¢) = 0,
(e3, e4) = (¢, cic2¢p) = 0,
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because each cic;, i # j, is skew-adjoint. Thus ey, ey, e3, e4 are orthonormal, and
c(es)c(es)p = —c(er)c(e2) .
Define K € so(V) by
Kei=e,, Key=—e, Kes=e;, Kes=—es, Kl(e, 60,0560t = 0.
Then
PG = (cle)eler) + cles)e(en)) = 0.

Extend to an oriented orthonormal basis of V. In this basis, K = ] & J & 04, where

J=((1) ‘01).

For 1 < k <7, let Dy be the convex set of diagonal trace-free matrices whose first k entries are
positive and whose remaining entries are negative. By the spectral theorem [54, Theorem 8.1.1], the
symmetric trace-free matrices with k positive eigenvalues are exactly

{ODQ™' : Q € SO(8), D € D}

An orthogonal diagonalizing matrix can be chosen with determinant one by changing the sign of one
eigenvector. Since SO(8) is smoothly path connected [58, Section 1.3.2], this set is path connected.
For 1 < k <5, choose ds, ..., ds € {1, —1} with k — 1 positive entries and 5 — k negative entries. Put

8
co = Z dj =2k—6, a(t)=—cos(rt), b(t)=sin(xt), h(t)=—a(t)—co/2 (<t

B(t) = diag(a(t), a(t), 5 + h(t), =5 + h(t), ds, ds, d7, ds) + b(H)K (12.9)

belongs to L, since its symmetric part has trace 2a(t) + 2h(t) + ¢y = 0 and K € s4. Its two-by-two
blocks have determinants

a(t)? + b(1)? =1, h(t)? — 25 + b(t)* < —15,

because |h(t)| < 3 and |b(t)] < 1. The other diagonal entries are +1, so B(¢) is invertible. The
endpoints are symmetric. At t = 0 the first pair is negative, the second pair has one positive entry,
and the last four entries contain k — 1 positive entries. At ¢ = 1 the first pair is positive and the other
signs are unchanged. Hence the endpoints have k and k + 2 positive eigenvalues.

It follows that the symmetric signatures are joined in the chains

1> 3«57, 2 «—> 4 «— 6.

The determinant sign for signature (k, 8 — k) is (—=1). Every invertible symmetric trace-free matrix
has 1 < k < 7. Lemma 12.5, applied to L, therefore proves that L™ and L™ are path connected. Their
respective elements

S, = diag(1,1,1,1,-1,-1,-1,-1), S_ = diag(7,-1,-1,-1,-1,-1,—1,-1)

prove nonemptiness.
For S € {S;, S_}, choose, in this order, one positive and one negative coordinate. Let R(t) rotate
their plane through 7t and fix its orthogonal complement. Then

S(t) = R(t)SR(t)™! (0<t<)
is a loop of symmetric trace-free invertible matrices, since R(1) commutes with S. Put P = S(5?)71/2,
The real polar deformation retraction [58, Theorem 2.17 and Proposition 2.19(1)] sends S(t) to
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R(t)PR(t)"!. Right multiplication by P is a homeomorphism from the component of P in O(8)
onto SO(8); it sends this loop to rotation through 27t on the chosen plane and the identity on its
complement. By [58, Proposition 13.10 and the following paragraph], this is the nonzero element
of 1;SO(8) = Z /2. Thus the inclusion of L* induces a surjection at S.. Changing basepoint along a
path in L* proves the assertion at every B, € L*.

Each path above is a finite concatenation of smooth paths. Composing each piece with a smooth
nondecreasing map [0, 1] — [0, 1] which equals 0 near 0 and 1 near 1 makes the concatenation smooth
and constant near its junctions. g

12.4. Paths with a selected harmonic spinor.

Proposition 12.7. Let g; € R (M) and B; € Py, j = 0,1, and let {; € Cm(Zgj) satisfy

ker(D;j + B;) =Ry, 1. =1

There is a smooth path (g, B;, Y1), 0 < t < 1, constant near both endpoints and with the prescribed
endpoint values, such that

gt € Ru(M), (D; + By =0, el = 1.
If go = g1, the path can be chosen with g, = gy for every t.

Proof. PutI = [0, 1]. Lemma 12.4 joins each endpoint pair to a pair whose spinor is transverse to zero,
through normalized solutions with one-dimensional kernels and with the metric fixed. These paths
are constant near their endpoints. It suffices to join the resulting pairs and concatenate; thus assume
that /¢ and i are transverse to zero.

Choose a smooth path g; € R (M), constant near its endpoints, by the coordinates of Section 8.
If g0 = g1, choose the constant path. Let W = M x I, and let E¥* — W have fibre Z;x at (x, t).
Positive spin comparison identifies these bundles with pullbacks of the reference bundles. In these
identifications, choose a smooth section ¥° of E* equal to §/; on the endpoint collars.

The section ¥° is transverse to zero on those collars. Choose finitely many sections of E*,
supported away from smaller collars, whose values span every fibre over the compact complement of
the original collars. The family obtained by adding their real linear combinations to ¥° is transverse
to zero for sufficiently small parameters: the parameter derivative is surjective on that complement,
and transversality persists on the remaining compact collar regions. Parametric transversality [64,
Chapter 3, §2, Theorem 2.7, pp. 79-80], applied on M x (0, 1), gives a smooth section ¥ transverse to
zero and equal to 1; on smaller endpoint collars.

Nowhere vanishing sections. For n > 16, the rank r = 21/2-1 exceeds n + 1 = dim W, so ¥ has no
zeros. More generally, whenever ¥ is nowhere zero, write ¥; = ¥y, and let ¥7 denote its fibrewise
metric dual. Set

¥
i
Then (Dy, + Bf*")¥; = 0. Let 0; : I — [0, 1] be smooth, supported in the respective endpoint collars
and equal to one on smaller collars. There ¥; = ¢/; and g; = gj, so (B; — B{*")¥; = 0. Hence

B = -D} ¥, ®

t

(12.10)

1
By = B{*™ + ) 0;(t)(B; — Bf™)
Jj=0
has the required endpoint values and satisfies (Dgt + B;)¥; = 0. The spinors ¥,/ |¥,|;> give the
required path.

The zero curve in dimension eight. Suppose now that n = 8 and Z = ¥1(0) is nonempty. It is a
compact one-dimensional submanifold of W, with boundary in 0 W, and is the product of the finite
endpoint zero sets with the endpoint collars. Write ¢ : W — I for the second projection. The function
t|z has nonzero differential on those collars. By the density of Morse functions [64, Chapter 6, §1,
Theorem 1.2, p. 147], applied on Z \ 9Z, there is an arbitrarily small smooth function h : Z — R, zero
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near dZ, such that t|z + h is Morse. Indeed, multiply the difference between a Morse approximation
and t|z by a cutoff equal to one off the collars; sufficiently small C! error preserves d(t|z + h) = 0 on
the transition regions.

Choose h small enough that

iy : Z— W, iy(x,t) = (x, t + uh(x, 1)), 0<u<i,

is an isotopy of embeddings fixed on the collars. This follows from openness of embeddings in the C!
topology [64, Chapter 2, §1, Theorem 1.4, p. 37]; the support of h is a compact subset of the interior
of W. Double W and Z across their product collars and extend the isotopy by the identity on the
second copy. The isotopy extension theorem [64, Chapter 8, §1, Theorem 1.3, p. 180] applies to the
doubled closed submanifold. Its extending vector field can be multiplied by a cutoff equal to one
on the support of the prescribed velocity and supported in the interior of the first copy. Thus the
ambient isotopy is the identity near 9 W. Parallel transport for any smooth connection on E* lifts it to
a bundle isotopy. Transporting ¥ by this lift gives a transverse section with zero set i;(Z), unchanged
on the endpoint collars. Retain the notation ¥, Z for this section and its zero set. The function ¢ is
now Morse.
Let

NZ=TW|z/TZ, gq:TW|;— NZ

be the normal quotient bundle and its quotient map. The derivative of ¥ at its zeros induces an
isomorphism

Fy : NZ — E*|,. (12.11)

Fix an orientation of the real positive half-spin module. Since Spin(8) is connected, it induces an
orientation on E*. Orient NZ so that F, preserves orientation. For any bundle homomorphism
F : NZ — E*|z, and any local parametrization s — z(s) = (x(s), t(s)) of Z, put

AF(S) = FZ(S)q|Tx(S)M’ bF(S) = Fz(s)CI(at)
Since q annihilates TZ,

Ap(s)x’(s) + bp(s)t'(s) = 0. (12.12)
Let Cg denote the Clifford contraction of (12.5) for the metric g. Call F compatible if
Cgyy (Ar(s)) =0 (12.13)

at every point of Z.
Compatible normal isomorphisms. Where t’(s) # 0, vertical inclusion induces an isomorphism

[ Tx(s)M —> NZ(S)Z.

Thus an invertible vertical map A(s) determines the normal isomorphism F; = A(s):; !, with bp(s) =
—A(s)x"(s)/t'(s). In a spin frame on a regular arc, let ¢ be the fixed unit negative half-spinor in (12.7),
and identify R® with the positive half-spin module by v + c(v)@. In these source and target bases, the
compatible vertical matrices form the fixed space L in (12.7). The determinant sign of ¢, is constant
on that arc; hence normal isomorphisms of the same orientation have vertical matrices in the same
component L* or L™.

At a critical point of t|z, the Morse lemma [64, Chapter 6, §1, Theorem 1.1] gives a parameter
s with t(s) = to + s% or t(s) = ty — s?. The vector x’(s) is nonzero on a sufficiently small interval.
Choose an oriented orthonormal frame with e;(s) = x’(s)/|x’(s)] gi(s» & Smooth unit section ¢~ (s) of

E~|z, and the isometry f;(v) = cgt(s)(v)qﬁ_(s). For nonzero constants A,, ..., Ag with Z§:2 Aj =0, set

() L
a(s) = EZO b(s) = —fs(e1(s)),

A(s)ei(s) = a(s)fs(ei(s)), A(s)ex(s) = (A2 — a(s))fs(ez(s)),
A(s)ej(s) = A, fs(ej(s)) 3<j<3).

(12.14)
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The matrix f; ' A(s) is symmetric and trace-free, so Cgy,, (A(5)) = 0 by (12.6). Moreover, A(s)x’(s) +
b(s)t’(s) = 0. Shrink the interval so that A, — a(s) and As, ..., Ag are nonzero. At its critical point
A(s) has rank seven and b(s) spans the missing image direction. At its other points A(s) is invertible.
Consequently (A(s), b(s)) is surjective and has kernel T,,)Z throughout the interval. It induces a
compatible normal isomorphism.

At the critical point, its matrix in the quotient basis q(d;), g(ez), ..., q(es) and the target basis
fs(er), ..., fs(eg) is diag(—1, As, ..., Ag). The choices

(6,-1,-1,—-1,—-1,-1,-1), (5/2,5/2,-1,-1,-1,-1,-1)

have zero sum and opposite product signs. One therefore gives the orientation of F,. The same
orientation persists on the whole interval. This construction applies to both signs in t(s) = ty + s%.

On endpoint collars retain Fy: there it is compatible because D"gtj Y; = —B;y; = 0 at every zero
of i/;. Choose the preceding normal isomorphisms on disjoint neighborhoods of the finitely many
critical points. The complementary pieces of Z are regular arcs. Their prescribed endpoint matrices
lie in the same L* by the determinant comparison above. In a spin trivialization, each prescribed end
germ can be joined to a constant germ inside a convex ball contained in L*. For an end germ A(s),
choose s in its domain and a smooth [0, 1]-valued function y, zero on the prescribed smaller collar
and one near the other end. After restricting the germ, (1 — y(s))A(s) + x(s)A(sy) stays in that ball.
Proposition 12.6 then joins the two constant matrices by a smooth path constant near its endpoints.
This gives a smooth compatible normal isomorphism F; with the orientation of Fy, equal to Fy on the
endpoint collars.

The homotopy class of the normal isomorphism. Every component of Z is an interval or a circle.
The oriented bundle NZ is trivial on each component, by [64, Chapter 4, §1, Corollary 1.2, p. 89] for
intervals and [60, §1.2, p. 25] for circles. In a trivialization, Fy 1F, is a map into GLZ(R), equal to the
identity on the endpoint collars. On an interval its relative homotopy class belongs to 71 GL{ (R) = Z /2.
On a circle its free homotopy class belongs to the same group, because this group is abelian; see [59,
Proposition 4A.2 and Example 4A.3, p. 422].

Each component of Z contains a regular arc. On a small subarc, make the vertical matrix of F;
constant, say A., by a homotopy in a convex ball of L*, fixed outside that subarc. Choose a still
smaller interval J on which the matrix is A.. In its spin trivialization, let J; : R® — N,(5)Z be vertical
inclusion followed by q. If y : J — L* is a loop based at A, and constant near the ends of J, replacing
the constant vertical matrix by y changes the normal isomorphism from F; to F;, with

'R = LAy (sed).

This is the identity near the ends of J. After trivializing NZ, the path of conjugating matrices J;
contracts to a constant path. Conjugation acts trivially on Z /2. Proposition 12.6 therefore permits
either change of the relative normal-isomorphism class. Choose y to cancel the class of F;'F; on
each component. The resulting compatible F; is homotopic to F, through orientation-preserving
isomorphisms relative to the endpoint collars.

Make this homotopy constant in its parameter near 0 and 1. Relative smoothing [87, Theorem 11,
p. 99], applied to the bundle of oriented isomorphisms on each connected component of Z x [0, 1],
gives a smooth homotopy F,, 0 < u < 1, with the same endpoints and fixed on smaller endpoint
collars. Each base component is a connected compact manifold with corners, and the fibre is the
finite-dimensional Lie group GL{ (R).

Tubular coordinates. Choose a tubular neighborhood of Z which is a product on the endpoint
collars [64, Chapter 4, §6, Theorems 6.3-6.4, pp. 114-116], and identify E* on it with the pullback of
E*|z. Choose bundle metrics on NZ and E*|;. In normal coordinates (z, y), Taylor’s formula gives

¥(z,y) = F(2)y +R(z.y),  [R(zy) < ClyP,
with C independent of z € Z. Compactness gives
= min . |F,(z)v] > 0.

z€Z, 0<u<
veN, Z, |v|=1
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Shrink the tube so that |R(z, y)| < 8|y|/2. Let y : [0,00) — [0, 1] be smooth, equal to one near zero
and zero near the squared radius of the tube. Set

¥(z,y) = Fyqy»(2)y + R(z,y) (12.15)

inside the tube, and ¥’ = ¥ outside it. These definitions agree near the tube boundary. On the
endpoint collars F, = Fy, so ¥ = ¥. For y = 0,

¥’ (z, y)| > 6|yl = [R(z, y)| > 36|yl > 0. (12.16)

Thus (¥7)71(0) = Z and its normal derivative is F;. In particular it is transverse to zero. Write
¥} = ¥/|p1xgsy- Since Fy is compatible,

D} ¥i(x) =0 ((x,t) € Z). (12.17)

Division by the spinor. Put G(x,t) = —D;‘I’;(x); this is a smooth section of E~ vanishing on
Z. Near an interior point of Z, choose bundle trivializations. Transversality implies that the eight
components of ¥/, denoted zj, ..., zs, together with one coordinate o, are local coordinates on W.
Restrict to a product of an interval in ¢ and a ball about 0 in z. Write Gy, ..., Gg for the components
of G in the target trivialization. Since G;(o,0) = 0, Hadamard’s formula is

S L oG,
Gi(o,z) = Z zj/ —(o,12) dr. (12.18)
j=1 0 9%j

The integrals are jointly smooth in (o, z) and define a homomorphism B : E* — E~ with B¥' = G
on this neighborhood. On W \ Z, let ¥"* denote the fibrewise metric dual of ¥’. The homomorphism
G®Y’* /|¥’|* has the same property. On the endpoint collars the prescribed B; also satisfies B;¥ = G.
A smooth partition of unity subordinate to these neighborhoods gives a global solution of B¥’ = G.
Choose it so that only the prescribed endpoint solution occurs on each smaller endpoint collar. Then
B; = B|py is jointly smooth, has the prescribed endpoint values, and

(D}, + B)Y; = 0.

The coordinates in (12.18) are coordinates on W, including at a critical point of #|.

No slice ¥} is identically zero. Otherwise its spatial derivative would vanish on that slice and its
total derivative would have rank at most one, contrary to transversality to a bundle of rank eight.
Therefore N(t) = [¥];. is smooth and positive. Set ; = N(¢)"'¥/. Since N depends only on ¢, the
spinor equation and the normalized endpoint values are preserved. Concatenating with the endpoint
paths from Lemma 12.4 gives the stated path. All pieces are constant on their endpoint collars. [J

12.5. Removing the additional kernel.

Lemma 12.8. Let A = Ay g, and let {, & € ker A be linearly independent over R. Their values are linearly
independent over R on an open dense subset of M.

Proof. The operators A and its formal adjoint are real first-order elliptic operators with smooth kernel
sections and weak unique continuation, by Subsection 12.1. The pointwise-independence argument
in the proof of [41, Remark 1.1.14(3)] therefore applies. O

Proposition 12.9. Let I = [0, 1], and let (g;, By, Y+)ie1 be a smooth family, constant on fixed closed
endpoint collars I, C I, with

A= D; + By, Ay =0, ||¢t||L2 =1L
Suppose ker A; = Ry, for t € I. For every C* neighborhood U" of zero in
C*(I x M; Homg(Z*",27)),
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there is Q € U such that
Qlxm =0, QY =0, ker(A; + Q1) =Ry, (tel).

Here the bundles are identified by positive spin comparison. For one fixed operator Ag g and any nonzero
Y € ker Agp, every C* neighborhood of zero in Py contains a potential Q satisfying QY = 0 and

ker(Agp + Q) = Ry.

Proof. Let Q be the closed linear subspace of smooth potential fields satisfying Q|;,«» = 0 and
Q:Y; = 0. Under Q = V), these are compatible potential fields annihilating (¢/;,0). Lemma 10.1
gives a continuous linear map ¢ : £ — Q with dense range, bounded in every C* norm. Put

J=1I\1, H=HGY), Y =H"1(Z)), Lyy=Ar+q(p) : H— Y.
If J is empty, take Q = 0. Otherwise J is an open interval. The space
S={t.)eJxH : (¢ =0, £l =1}

is a smooth second-countable Hilbert submanifold. Indeed, the differentials in £ of its two defining
functionals are independent, as their values on ¥/; and ¢ show. Define the smooth map

F:f#xS—Y, F(p,t,&) = Lp,&. (12.19)

At a zero of F, the spinors ¢/; and & are smooth orthonormal kernel vectors. The differential in the
sphere fibre is the restriction of L, ; to

Erg={ueH : (u e = (u, ) =0}

Since H = E; s ® Ry/; ® R¢ and indg L;,; = 0, this restriction has the same range as L, ; and has index
—2. The tangent space of S is parametrized by

(r,u) — (T, u—1(E 0112 1//t), T€R, u€E;.
In these coordinates,
DapyF(r,u) = Ly u+ 7(9:Ly)E.
Thus D 4)F is Fredholm of index —1.
Let L}, , denote the formal L?(y) adjoint and put C,; = ker L} ;. This finite-dimensional space

represents the cokernel of L, |, . For 0 # 1 € Cp;, Lemma 12.8 and unique continuation give a ball
U € M on whose closure ¥, £ are pointwise independent and 7 is nonzero. On U put

C(E)
172G

Thenv # 0and v L ¢, pointwise. Let v* denote the fibrewise metric dual of v. Choose 0 < y € C°(U),
x # 0, and define

=¢ Ut

*

R=yne —
=XN®
v

extended by zero outside U. Thus R°y; = 0 and R°¢ = yn.

Choose an open interval J; € J containing ¢ such that i, is nonzero on U for 7 € J;, and choose
B € CZ(J:) equal to one near t. Let ¢} denote the fibrewise metric dual of ;. Using the fixed bundle
identifications, set on J; x U

Ve ® Yy

P =idy -2 5
T

and extend R by zero. Then R € Q and

(n,Ri&)p2 = /M)(Inlzu > 0.
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Consequently the map R ~ [R;£] from Q to the cokernel of L, [, is surjective. Its composition with
q has dense image, hence is surjective in that finite-dimensional space. The potential differential D,F
therefore maps onto the cokernel of D(; ¢)F.

By Lemma 10.1, F~1(0) is a second-countable Banach manifold and the projection

7 FY0) — £, x(p,t,&) = p,

is Fredholm of index —1. Theorem 1.3 and Corollary 1.5 of [82, p. 862], applied to its countably many
connected components, give a dense residual set of regular values of 7. Every regular fibre is empty,
since the index is negative.

Continuity of ¢ gives ¢ > 0 such that gq(p) € U whenever |p|. < . Choose a regular value with
this norm bound and put Q = g(p). No nonzero kernel vector orthogonal to i, exists for ¢ € J. On I,
Q; = 0 and the kernel is already Ri/;. Since Q;{/; = 0, the stated equality of kernels follows for every
tel.

For a fixed operator, first replace ¥ by ¢/ |{/[;2. The fixed-operator part of Lemma 10.1 applies to
Q ={Q : Q¢ = 0} and the sphere in H*(Z") n ¢/*. The spatial fields R® above give the same cokernel
surjectivity. The incidence projection now has index —2, so the same regular-value theorem gives
empty fibres for parameters arbitrarily close to zero. Rescaling i/ does not change its span or the
equation Q¢ = 0. ]

12.6. The simple-kernel hypersurface and transverse paths. Let P denote either Pg, for a fixed
metric g, or P,. Write A, for the corresponding real chiral operator. Put

X ={peP :dimkerA, <1}, S={peP :dimkerA, =1}
Since every A, has index zero, X \ § = PV,

Proposition 12.10. The set S is nonempty and path connected, both with the metric fixed and in the
total density slice.

Proof. Fix a metric g. Choose finitely many smooth sections of Z; whose values span every fibre.
Parametric transversality [64, Chapter 3, §2, Theorem 2.7, pp. 79-80], applied to their real linear
combinations, gives a smooth section 1 transverse to zero. Put Z = 1/ ~1(0). If n > 16, then r > n, so
Z is empty. Whenever Z is empty, (12.10) gives a smooth potential B with (D + B)y = 0.

Suppose Z # @. Then n = 8 and Z is finite. For x € Z, the derivative T,y : T,M — Eg’x is an
isomorphism. Let Cy denote the Clifford contraction of (12.5). In a spin frame, Proposition 12.6 gives
an isomorphism Ty ; of the same determinant sign with C4(T, ;) = 0. Two matrices in GLg(R) lie in
the same path component if and only if their determinants have the same sign [60, §1.2, p. 24]. Choose
a smooth path T ,, 0 < u < 1, of isomorphisms between these derivatives. Apply (12.15) on disjoint
coordinate balls about the points of Z, with these paths and the zero-dimensional submanifold Z.
Estimate (12.16) gives a smooth section ¢/’ with zero set Z and derivative T, ; at each x € Z. Thus
Dgy’=00nZ.

At each point of Z, the eight components of ¢/’ in a local trivialization are coordinates. For-
mula (12.18), with no tangential coordinate, gives a smooth local homomorphism B satisfying
By’ = —Dgy’. On M\ Z, (12.10) gives the same equation. A smooth partition of unity gives a
global solution. Replace ¢ by ¢’ in this case.

The section ¢ is not identically zero. Normalize it in L? and apply the fixed-operator assertion of
Proposition 12.9. The resulting operator has kernel Ry. This gives a point of S over every metric g.

Given two points of S, choose L?-unit generators of their kernels. Proposition 12.7 gives a smooth
family of normalized solutions, constant on endpoint collars, with the prescribed endpoint operators.
Proposition 12.9 gives a potential perturbation vanishing on those collars for which every kernel is
the selected line. The resulting path lies in S. Both propositions allow the metric to remain fixed
when the endpoint metrics coincide. (]
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Lemma 12.11. The set X is open in P, and S is closed in X. Near every point of S there is a local product
chart in which S is the zero set of one real coordinate and its two local sides consist of invertible operators.
The coordinate neighborhood and both sides can be chosen path connected. A smooth potential direction
is transverse to S at the given point.

Proof. Let py € S and put Ay = A,, K = ker Ay, and C = ker Aj, where the adjoint is taken with
respect to L2(u). These are real lines. Let Pc be the L? orthogonal projection onto C, and put

Ey = HS(CY) n K1, Fy=H"'(Z7) n Cche.

Thus H¥(Z") = K @ Ey and H 1(Z7) = C @ Fy. The Fredholm alternative gives an isomorphism
dy = Aolg, : E¢ — Fy. For p near p,, write the blocks of A, in these decompositions as

A :<a(p) b(p)>
P \elp) dp))”

Then d(p) : Ey — F, is invertible. Choose L?-unit generators 1/ € K and 7y € C. Define

s(p) = a(p) — b(p)d(p)'e(p) : K — C, o(p) = (no,s(p) Vo) 2. (12.20)

Lemma 6.6, applied with the invertible block dy, gives ker A, = ker s(p) and coker A, = coker s(p).
Consequently dimker A, < 1, and A, is invertible exactly when o(p) # 0. Together with openness
of invertibility at the remaining points, this proves that X is open and that S is closed in X.

At pg the blocks a, b, ¢ vanish. For a smooth potential direction Q,

Dsp,(Q) = PcQlx, Do, (Q) = (10, Qo) 2.

Lemma 12.2 gives such a Q with Do, (Q) # 0. Rescale Q so that Do, (Q) = 1.

Take the affine potential coordinates and, in the total space, the logarithmic metric coordinates of
Section 8, centered at py. Write £ for their space of smooth coefficients and £ for its C* completion,
with k > s + 1. In these coordinates write py + z for the point represented by z. The comparison
formula [61, Theorem 2.3.6, p. 25] and the integer Sobolev product estimate imply that

z+—> Apysz € L(H(ZH),HTI(Z))

is smooth on a neighborhood of zero in £ k Indeed, the coefficients involve smooth matrix functions
and at most one spatial derivative of the metric coefficients; multiplication by a C’ coefficient is
bounded on H’ for every integer 0 < j < s, by the integer Sobolev norm and the Leibniz rule [44,
§12.1.2(3) and §12.1.4]. Thus o extends smoothly to this neighborhood. Put

U(z) = Doy, (2), 8&‘ = ker ¢.

Since #(Q) = 1, one has £ k= Eé‘ ® RQ. The Banach inverse and implicit function theorems [50,
Theorem 11.22 and Corollary 13.29, pp. 61-63, 72] give a convex neighborhood V C é}f of zero, ¢ > 0,
and a smooth real function « : V x (—¢, £€) — R such that

O(h, u) = po + h + a(h, u)Q, o(Oh,u)) = u
is a product chart, with ©(0,0) = po. Its inverse is

po+z+—> (z —U2)Q, a(po + z))

Since Q is smooth, both maps restrict to the smooth coefficient spaces. These restrictions are
continuous in the C* topology: the scalar functions ¢, ¢ and « are continuous in the C* topology,
and the terms involving Q are scalar multiples of a fixed smooth field. Put V= = V' n £*. In this
neighborhood the restriction identifies S with V* x {0} and the two invertible sides with V> x (0, ¢)
and V= x(—¢,0). These sets are path connected because V* is convex. Finally, %|azo o(po+aQ)=1;
for sufficiently small § > 0, the segment |a| < § meets S only at a = 0 and is transverse there. g
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Proposition 12.12. Any two points of P™ can be joined by a smooth coefficient path which is stationary
on endpoint collars, has a one-dimensional kernel at finitely many interior times, and is invertible at
every other time. Each singular time is a transverse simple crossing. In the total space, a prescribed
smooth metric path, stationary on endpoint collars, may be retained. Consequently X is path connected.

Proof. Put I = [0, 1]. Choose a smooth coefficient path p; joining the given endpoints. In the fixed-
metric space, compose affine interpolation of the potentials with a smooth map I — I equal to zero
and one near the respective endpoints. In the total space, choose the prescribed metric path, or any
smooth path given by the coordinates of Section 8, and interpolate the transported potentials in the
same way. Choose 0 < § < 1/2 so that p; is constant on

I, =[0,6]u[1-6,1], J=(5,1-9).
Write A; = Ap, and put
H=H'E"), Y=H"(),
Q ={Q € C™(I x M; Homg(2",%7)) : Qli,xm = 0}.

Lemma 10.1 gives a continuous linear map ¢ : # — Q with dense range and bounds in every CF
norm. For a € £, set L,y = A; + q(a); : H — Y. The L? unit sphere $ = {yy € H : |¢|,. = 1}isa
smooth second-countable Hilbert submanifold, with Ty$ = {u € H : (u, /);> = 0}. Define the smooth
map

F:Px]x$—Y, F(a,t,¥) = Lo, . (12.21)
At a zero, Lemma 12.2 gives ind(La,t|Tw$) = —1. The differential
D(t,(//)F(T, u) =Losu+ 7(9¢La) V¥

therefore has index zero. The same lemma gives smooth spatial potential directions onto coker L, ;.
Multiplication by a smooth time cutoff supported in J and equal to one near ¢ extends these directions
to Q. The image of g in this finite-dimensional cokernel is dense, hence surjective. Thus D,F maps
onto the cokernel of D(; y)F. By Lemma 10.1, F ~1(0) is a second-countable Banach manifold and its
projection to £ is Fredholm of index zero. Theorem 1.3 and Corollary 1.5 of [82, p. 862], applied to its
countably many connected components, give a regular value a.

The fixed-parameter incidence

No={t.y)eJxS : Lo,y =0}

is a zero-dimensional manifold. At every one of its points, D(; yF is an isomorphism. If dimker L, ; >
2, there is a nonzero u € ker L, ; orthogonal to ¢/; then (0, u) belongs to the kernel of this differential.
Consequently every singular L, ; has a one-dimensional kernel.

For this fixed a, the family L,; is smooth on the compact interval I. Elliptic regularity and
(12.2), with j = s, give a uniform bound on /] ;. for (¢, ) € N,. Given a sequence in N, take
a subsequence of times converging in I and, by the compact inclusion H¥*!(Z*) & HS(Z*') [44,
Theorem 16.10], a subsequence of spinors converging in H*. The limit has L> norm one and satisfies
the limiting equation, by operator-norm continuity in (12.1). Its time lies in J, since all operators
on I are the prescribed invertible operators. Thus N, is compact, hence finite. Each singular time
contributes precisely the two normalized vectors of its real kernel line.

Let t, be a singular time, and choose L?-unit generators i € ker L, ;, and 5 € ker L} ;.- The spinor
part of D(; y)F has range ran L, ;,, whose cokernel is the line Ry. Surjectivity of D(; y)F therefore
implies

{n,(0:Latli=t, ¥ 2 # 0. (12.22)

By (12.20), this is the nonvanishing derivative of a local defining function for S. The path with
operators L, ; has all the asserted properties and retains the chosen metric path.

Any point of S can be joined to an invertible point by the segment in Lemma 12.11, contained in
X. Concatenation with the paths just constructed joins any two points of X in X. (]
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12.7. The two components and the real index. The coefficient space P is contractible and metrizable:
Pg is affine, and the coordinates of Section 8 identify 7, with a product of real Fréchet spaces.
For a finite-dimensional real vector space E, put det E = AY™EE with det{0} = R. The family
A, : H'(2*) - H*!(Z7) is continuous in operator norm and consists of bounded real Fredholm
operators of index zero, by (12.1). Its determinant line bundle has fibres

Ap = detker A, ® (det coker Ap) (12.23)

This is a continuous real line bundle on all of P [88, Theorem 1]. The base is metrizable, hence
paracompact; the bundle is therefore trivial by [60, Corollary 1.8]. Fix an orientation of it. At an
invertible point p, the zero kernel and cokernel identify 1, canonically with R. Let £(p) € {1, —1} be
the sign of 1 in the chosen orientation. The function ¢ is locally constant on P™".

Lemma 12.13. The two local sides of S have opposite signs of €. These signs define a coorientation of S,
and & changes sign at every transverse simple crossing.

Proof. Take a product chart as in Lemma 12.11. Each of its two sides is path connected, so ¢ is constant
there. A short segment normal to S has invertible endpoints, exactly one singular point, real kernel
and cokernel of dimension one, and a scalar Schur complement changing sign. By [88, Proposition 5.9,
pp- 62-63], the canonical determinant orientations at its endpoints are opposite relative to the chosen
orientation. Thus the signs on the two sides differ. They agree on overlaps because ¢ is defined on all
of P, The same argument applies at any transverse simple crossing. g

Proposition 12.14. The invertible locus P'™ has exactly two path components, distinguished by ¢ €

(1,1}

Proof. Proposition 12.12 makes X path connected. It is open in the Fréchet coefficient space by
Lemma 12.11, hence locally path connected. The set S is closed in X, nonempty, and path connected
by Lemma 12.11 and Proposition 12.10; its product charts have path-connected factors. Lemma 10.5
therefore gives at most two path components of X \ S = P, Both signs occur in every product
chart by Lemma 12.13. They cannot be joined in the invertible locus, since ¢ is locally constant. There
are consequently exactly two path components. U

For pg, p1 € P™, let 5(po, p1) € KO,41 be the relative real family index of a smooth coefficient
path from py to py, as in Section 8.1. Contractibility in the coefficient coordinates and homotopy
invariance make this independent of the path. On metric endpoints it is the ordinary index difference.

Proposition 12.15. For py, p; € P, the element §(po, p1) € KOny1 = Z/2 is zero if e(py) = e(p1)
and is nonzero otherwise.

Proof. Choose a path py, t € I = [0, 1], as in Proposition 12.12, and let N be its number of singular
parameters. Put A; = A,,, regarded as a closed operator from L*(2") to L*(2") with domain H'(Z"),
and let A} be its L? adjoint. Define

R =(1+AfA) V2, G; = AR,.

By Section 8.1 and (8.3), G; is the norm-continuous real chiral bounded transform representing
8(po, p1). Functional calculus gives R, = (1 — G*G;)'/?, so R; is norm-continuous on L?. Each
R, : L*(Z) —» H(Z") is an isomorphism, and (12.2) gives

sup |Rell 2 < co.
tel

Fort,r €1,
Ar(Rt - Rr) =G -G + (Ar - At)Rt~

The same elliptic estimate therefore proves continuity of R; in £(L?, H'). The maps A;R,;,0 < u, t < 1,
give a norm-continuous homotopy of bounded real Fredholm paths from A;Ry to G;, with invertible
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endpoints. Thus §(p, p1) is the relative class of A; : H!(Z') — L?(Z7) after the fixed source
identification Ry.

Choose disjoint closed intervals about the singular parameters, each contained in one Schur chart
and with invertible endpoints. On each interval, take the L? orthogonal splittings at its singular
parameter, with kernel K and adjoint kernel C, and the same L?-unit generators as in (12.20). The
complementary block d; : H!(Z") n K+ — C* of A, is invertible after shrinking the interval. If
diu = f and f is smooth, then A;u — f € C is smooth, so elliptic regularity makes u smooth.
Uniqueness therefore identifies this inverse on smooth right-hand sides with the inverse in (12.20).
The resulting scalar Schur complements are equal, since A;(K) consists of smooth sections.

The triangular factors in (6.7) are homotopic to the identity by scaling their off-diagonal blocks.
This homotopy preserves Fredholmness and invertibility at the endpoints. The relative class thus
reduces to the scalar Schur family and an invertible summand. The latter has zero relative class.
The scalar changes sign once, so its class is 1 € KO; = Z/2, with the normalization of (8.1) [28,
Proposition 4.9 and Theorem 5.5(3)]. The intervening invertible paths also have zero class. Additivity
under concatenation gives d(po, p1) = N (mod 2) [28, Remark 5.2(2)-(7)]. Lemma 12.13 gives

e(p1) = (—1)Ne(po),
and the assertion follows. O

Proof of Theorem 12.1. Proposition 12.14 applies to both P and 7. Choose an invertible basepoint
P+« and orient the determinant bundle so that ¢(p.) = 1. The function (1 — ¢)/2 takes the values zero
and one on the two path components. By Proposition 12.15, it equals §(p., -) in KO,41 = Z /2. This
proves the asserted bijections of pointed sets. O

Remark 12.16. By Proposition 8.2, with U = M, the inclusion g — (g, 0) induces a bijection
ﬂoRan(M) —> Jl'()plilnv

preserving ordinary index difference. The target has two elements by Proposition 12.14; in particular,
RL“"(M ) is nonempty. For any g, € RE‘"(M ), it follows that

inddiff,, : 7Ry (M) —> KOpy1 = Z/2
is a bijection of pointed sets.
13. REAL SKEW-ADJOINT OPERATORS
Throughout this section, M is a closed connected spin manifold,
n=1 (mod 8), n>9, a(M) = 0.

Fix the spin structure and a positive smooth density p. Metrics belong to R ,(M). Write C for the
charge conjugation J of Section 2. By (2.1),

C*=1,  CDy=-D,C.
Its fixed bundle ZE = ker(C — 1) has real rank
r=20V2=2¢ =202

The Hermitian spinor metric restricts to a Euclidean metric on this bundle. Write (, ) for the resulting
fibre inner product and {, );2 for its integral against . Orthogonality of sections refers to this real L2
inner product.

For a compatible potential V, in the sense of Definition 2.1, and £ € T*M, put

Kg=iDg, Q=iV, Lgo=Ke+0Q,  ag(&) = icg(). (13.1)
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These operators preserve ng. Transpose in a real spinor fibre is taken with respect to its Euclidean
metric. For x e M and &, 5 € T M,

ag(§)T = ag(&), ag(&)ag(n) + ag(n)ag(é) = 2g (&, L. (13.2)
Tangent and cotangent vectors are identified by g in Clifford expressions. The identities CV = -V C
and V* =V give
CGV) =iVC, @v)  =-iv.
Conversely, the complex-linear extension of a real skew-adjoint endomorphism Q gives a compatible
potential V = —iQ. Let 50(Z[gR) denote the bundle of these real skew-adjoint endomorphisms, and put

Q= C”(M;so(Z[g)), Qg“’ ={Q € Qg : K, + Q is invertible}.

The map (g, V) = (g,iV) identifies P, with the space of pairs (g, Q), where g € R,(M) and Q € Q,.
Write L, = Kg + Q, whether p = Q at a fixed metric or p = (g, Q). Let P denote either Qg or Py,
with its C* topology, and let P'" denote the invertible locus. Write sf, for the real mod-two spectral
flow [28, Theorem 5.5(2) and §6.2].

Theorem 13.1. The space P™™ is nonempty and has exactly two path components. For p. € P, the
map

mo(P™) — KOy =Z/2,  [p] —> sfa(L,., L) (13.3)

is a bijection. The spectral flow is computed along any smooth path in P from p. to p. For P = P,,
P+ = (8, 0), and p = (g,iV), its value is 54,(g, V) € KOpy1 = KO,, with the convention of Section 8.1.

13.1. Fixed domains and the universal incidence. For fixed g, put E = ZE. For P = P,, positive
spinor comparison with a fixed gy € R, (M) identifies the real spinor bundles with E = Zlgo, preserving
their fibre metrics and L? inner products. Write H? = H4(M; E). In these identifications each Ly is
a real skew-adjoint elliptic operator on L?, with domain H' and compact resolvent. Its coefficients
depend smoothly on the metric and its first derivatives [61, Theorem 2.3.6, p. 25]; the domain and
graph-norm assertions are those of Section 2. Its kernel consists of smooth sections, and

dimgker L, = a(M) =0 (mod 2).

For Q = 0, this is [16, Theorem 3.1, p. 147]. The real skew index is kernel parity and is invariant
under Fredholm homotopies [15, Proposition 5.1, pp. 22-23]. The bounded transforms of K, + tQ,
0 < t £ 1, are norm-continuous by Section 8.1, so the same parity formula holds for every Q.

The logarithmic metric and linear potential coordinates of Section 8 identify 7, with a real Fréchet
vector space. Thus both choices of P are contractible. For an integer s > n/2 + 1, complete the
coeflicients in C™, where m > s+ 1. In these coordinates the spinor equation is a smooth Banach-space
equation with values in H*~! and spinor variable in H*. The integers m and s may be increased to
prescribe any finite collection of smooth seminorms. In every finite parameter family below, the
coeflicients are smooth in the spatial and parameter variables. Kernel spinors which depend smoothly
on the parameters in H*® are then jointly smooth, by the elliptic argument at the end of the proof of
Lemma 10.2. Unique continuation for L = i(Dy + V) follows from Section 9 and [61, Theorem 6.2.8].

For a nonzero spinor ¥/, write [/] = Ry/. Define

IP)={(p,[¢¥] : 0# ¢ ekerL,}. (13.4)
At an incidence point choose an L?-unit representative ¥, and put L = L,,
Xy=H°ny*,  Y,=H"'ny"

In local unit representatives, X is the spinor tangent space and Yy, is the equation target: skew-
adjointness gives (L, 1, {);2 = 0. The differential in potential and spinor directions is

Ty : Qs ® Xy — Yy, Ty(R,u) = Lu+ Ry. (13.5)
It extends to a bounded map with potential space C™(M; so(E)).
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Lemma 13.2. The map (13.5) is surjective, even with R € C;°(U;s0(E)) for any fixed nonempty open set
U C M. A finite-dimensional subspace of these potential directions suffices, and remains sufficient at
nearby smooth incidence points.

For a subspace F C ker L, let Pr be the real L* orthogonal projection onto F, and put

Wr = {PFR|F :Re Qg} - EO(F).
Then
Ww=vinF  (0+#vePF). (13.6)

Proof. Put K = ker L. The Fredholm alternative and elliptic regularity [44, Theorems 16.1 and 16.13;
Remark 16.2] give

ker(Llx,) = K ny, L(Xy)=YynK".

In particular, L : X, — Y, has closed range and kernel and cokernel of dimension dim K — 1.
Let n € K n ¢+ satisfy

(n,RY)2 =0 forevery R € C;(U;s0(E)).

Unique continuation gives a ball Uy € U on which ¢ is nowhere zero. At every point of U,
{Ry : RT = —R} = y* in the spinor fibre. Localization of R therefore gives n = fi on Uy, with f a
smooth real function. Hence

0=Ln=L(fy) = ag(df)y.
By (13.2), ag(df)* = |df[tI, so df = 0; cf. [41, Remark 1.1.14(3)]. Unique continuation on the
connected manifold M gives n = cy. Since n L ¢, one has n = 0.

The images of the supported potential directions thus span the finite-dimensional cokernel of L]y, .
Choose a finite span £ with this property. The surjection

T¢28€BX¢—>Y¢,

has a bounded right inverse G, since its domain and target are Hilbert spaces. After identifying nearby
orthogonal complements, G(TG) ™! is a right inverse for every sufficiently close differential T. This
proves the local assertion.

Skew-adjointness gives Wrv C F nv*. If n € F n v is orthogonal to Wy, then (5, Rv);2 = 0 for
every R € Q,. The preceding proportionality argument, applied to v, n € ker L, gives = cv, hence
n = 0. Since F is finite dimensional, (13.6) follows. [l

The vertical differential has Fredholm index zero. Hence, for a smooth coefficient family of
dimension N whose incidence differential is surjective, the incidence is locally a smooth manifold of
dimension N, by the Banach implicit function theorem [50, Theorem 13.20]. The fibre over a point
with k-dimensional kernel is the space of real lines in ker L,, hence isomorphic to RPF1,

Lemma 13.3. At every incidence point and every x € M,
{u(x) : (R,u) eker Ty, R € Qp, u € C*(M;E)} + Ry/(x) = Ex. (13.7)

Consequently, near any incidence point, finitely many smooth potential directions give an incidence
manifold on which evaluation in local unit representatives is transverse to the zero section and to every
smooth submanifold invariant under positive scalar multiplication in the spinor fibres.

Let B be a compact smooth d-manifold, possibly with boundary, and let b — (py, [ ]) be a smooth
incidence family. In the fixed spinor comparisons, let Z C B x E be a smooth submanifold of codimension
¢, with 0Z = Z n (9B x E), whose projection to B x M is a submersion and whose fibres are invariant
under multiplication by every nonzero real number. Suppose the given family avoids Z on a neighborhood
of a closed subset A C B. There are arbitrarily close smooth incidence families, with the same metrics
and unchanged on a neighborhood of A, whose evaluations are transverse to Z on the interior and the
boundary of B. The potential perturbations lie in one finite span of smooth skew-adjoint multiplication
endomorphisms. If ¢ > n + d, these families avoid Z.
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Proof. First allow R € C™(M;s0(E)) and u € Xy. Let w € E, satisfy
(w, ¥(x))=0 (13.8)

and suppose that A(R, u) = (w, u(x)) vanishes on ker T;. Sobolev embedding makes A continuous.
Choose the bounded right inverse G from Lemma 13.2; then A = AGTy. Let IT;, : H 1 > Yy be the
L? orthogonal projection, and define n € H'™ by

(n.f)=-Mcyf),  feH .
Since L* = —L, there is b € R such that
Lp=346w+ by, (n,RY) =0 for every smooth skew R. (13.9)

Here 5, w is the distribution (6, w, u) = (w, u(x)). Pairing the first equation with ¢, and applying
(13.8), gives b = 0.

On M \ {x}, elliptic regularity makes 1 smooth. There Ly = Ly = 0, and the second identity
in (13.9) holds for all potential directions supported in that punctured manifold. Since M \ {x} is
connected, the proportionality argument in Lemma 13.2 gives n = ¢y there. Thus T = n — ¢y is
supported at x and satisfies LT = d,w. The symbol ag(x, £) is invertible for every nonzero real &, by
(13.2). Lemma 2.3 therefore gives T = 0 and w = 0. This proves (13.7) at the Sobolev level.

The coefficient component of G lies in a finite span of smooth potentials. If its argument is smooth,
its spinor component is smooth by elliptic regularity. For v € ker T;, choose smooth ambient pairs
v; = v. Then

vi — GTyv; € ker Ty,

are smooth and converge to v. Their evaluations converge in the finite-dimensional space E,. The
image of the smooth tangent pairs is a linear subspace, hence closed; this proves (13.7) as stated. If
a target is invariant under positive fibre dilation, its tangent space contains the radial vector y(x).
Equation (13.7) supplies all remaining vertical directions, while evaluation covers the identity on M.
This proves the first transversality assertion.

For the family over B, choose at every (b, x) both potential directions spanning the equation
cokernel and the potential components of smooth tangent pairs satisfying (13.7). Surjectivity is open.
Compactness of B x M therefore gives finitely many smooth reference-bundle potentials Ry, ..., Ry
which suffice at all these points. Near the original section, put

N
J = {(b,z,W]) : <Lpb +, ZjRj> @ = 0}, a(b) =(,0,[¥p ).
=

The differential in (z,[¢]) is surjective and Fredholm of index N. The Banach implicit function
theorem makes .J a smooth manifold of dimension N + d near o(B). The projection 7 : J — Bisa
submersion: for each b, its equation in the vertical variables is

Ty(R,u) = —(a,L)(D) Y,

and the right-hand side is orthogonal to i by skew-adjointness. The selected directions solve this
equation. Its fibres have dimension N. Equation (13.7), restricted to ker drg, holds near o(B) x M.
Taking B to be a point gives the local finite-dimensional transversality assertion.

Choose finitely many smooth sections vy, ..., v, spanning ¢* ker dzg, by local frames and a partition
of unity. A vertical Riemannian metric gives fibrewise exponential maps ®; on a neighborhood of
the zero section. Choose an open neighborhood O of A on which the given family avoids Z, and
choose y € C*(B; [0, 1]) which vanishes on a neighborhood of A and is positive on B\ O. For ¢ in a
sufficiently small ball in R?, put

o:(b) =0, <)((b) > e,v,-(b)) :
j=1



74 ANASS NIFA

These are sections of 5. Where y > 0, their parameter derivatives span the vertical tangent space. At
an intersection with Z, radiality and (13.7) give every vertical normal direction. The full evaluation
covers the identity on B x M, so it is transverse to Z. Where y = 0, the original family is unchanged
and disjoint from Z.

The unit representatives form a double cover of B. The homotopy t — o4, 0 < t < 1, identifies
the nearby unit covers with this one [59, Proposition 1.30]. These identifications are smooth in local
covering charts. Evaluation is therefore a smooth map on a fixed double cover, and invariance of Z
under multiplication by —1 makes transversality and avoidance descend to the projective family. The
submersion Z — B x M implies that its restriction over dB x M has the same codimension c. Apply
parametric transversality [64, Chapter 3, §2, Theorem 2.7, pp. 79-80] separately over the interior and
the boundary. A residual dense set of sufficiently small ¢ gives transversality on both. If ¢ > n + d,
both inverse images are empty.

The perturbed potentials are Qp + ), iz (b, €)R;, and the metrics are gj,. Parameter-dependent
elliptic regularity, as above, makes the local unit spinors jointly smooth. Their dependence on ¢ is
continuous in every smooth seminorm. Taking ¢ sufficiently small gives the asserted approximation.

O

13.2. Currents and connectedness of the full incidence. Put I = [0, 1]. For g € R,(M) and a smooth
real spinor 1, define its current j;(/) and squared length p() by

gUs(). X) = (ag(X)Y.¥),  p(Y) =y’  XeTM. (13.10)

At fixed g, put j = jg. Let ()5 be a local orthonormal frame, let (¢)/= be its dual coframe, and
put a; = ag(e'). By (13.2), the vectors a; 1/ are orthogonal and have length |/|. Bessel’s inequality and
compatibility of the spin connection give

U< p(y),  divg j() = 2{Kg ¥, ). (13.11)

For the second identity, a normal orthonormal frame at a point gives
n—1
divg j() =2 ) (aiVe ¥, ¥) = 2Ky, ).
i=0

If (Kg + Q)¢ = 0 with QT = —Q, then div, j(y) = 0. Conversely, suppose  is nowhere zero and
div, j(¢) = 0. Put y = —K,/, so that (y, ) = 0 pointwise. With ¢/7(v) = (¢, v), the endomorphism
vy —yy!

Qg(¢) = T (13.12)

is smooth and skew-adjoint, and satisfies Qz(1/)y = y. Hence (K, + Q4(¢/))¢ = 0.
In an orthonormal spin frame, the real spinor fibre is A, = R%, and (ay, ..., an—1) is a symmetric
Clifford system. Write j(v) = ((av,v))!=; for its fibre current. The corresponding polynomial is

n—1
F@) = pl* =2 ) (aw,v)* = pl* - 2[j0),  ve A
i=0

The parameters in [49, §4] are m=n—1and my, = { — n.

Lemma 13.4. Suppose n > 17. Every incidence point can be joined, in any prescribed neighborhood and
with its metric fixed, to an incidence point whose spinor is nowhere zero and satisfies

il < 1yl

everywhere. The incidence path can be chosen smooth. Every nowhere-zero spinor with this strict
inequality and divergence-free current admits a smooth deformation, at the same metric, through
nowhere-zero spinors with divergence-free current to a spinor with zero current.
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Proof. Since my = £— n > 0, the unit locus |j(v)| = 1 is the focal manifold M_ = F~!(=1) n $?"! of
[49, §4.2, Theorem (i)]. It is a smooth S !-bundle over S*"!. For x € M, the cone

Ce ={v €35 N {0} : |y = o’}
has codimension
20— (b+n—1)=f—n+1>n+1. (13.13)

The current is Spin(n)-equivariant. Consequently C = | J,y; Cx is a smooth subbundle of Z[g \ {0},
invariant under every nonzero real dilation. Its projection to M is a submersion. The zero section
has codimension 2¢ > n + 1. In the finite-dimensional incidence manifold of Lemma 13.3, apply
transversality first to the zero section and then to C. Nonvanishing is preserved by the second
perturbation if it is sufficiently small. The perturbed spinor section is transverse to both targets and
avoids them, since their codimensions exceed dim M. A sufficiently small convex coordinate ball
in this incidence manifold lies in the prescribed neighborhood and joins the original point to the
perturbed one. The metric remains fixed.

Let 1o be nowhere zero, with divergence-free current and |j(1/o)| < |[%. Put jo = j(1/o), write
(jo)i = g(jos &), and solve

oY _ _ag(jg)ws
as 2yl

¥s=0 = Yo. (13.14)

The Clifford relation gives

Jd
£<ai¢sa Y5y = —(oli» i) = (1 = 9)jo.
For ps = |/s/?, it follows that

dps _ (1=l :
TSS = —T, pf = P(2) —(2s = sl

As long as the solution exists with s € I,
0 <min(p; —io*) < pf < max pf.
The solution therefore extends smoothly over M x I. Moreover,
divg j(s) = (1 = s)divg jo = 0, j(¥y) = 0.
Formula (13.12) supplies smooth incidence potentials Qg(l//g) along this deformation. O
Lemma 13.5. For n > 17, the unit zero-current fibre
Z={velh,:pl=1, jl)=0}

is (£ — n — 1)-connected, and hence is n-connected. The associated bundle of pointwise unit zero-current
spinors admits a smooth section over M. Any two prescribed sections at the endpoint metrics extend to a
smooth section along a prescribed smooth metric path on M x I that is stationary on endpoint collars.
The extension can equal the prescribed sections on smaller endpoint collars.

Proof. The equations defining Z identify it with M, = F~1(1) n $?*"!, the smooth compact focal
manifold of [49, §4.2, Theorem (ii)], with m = n — 1 and my, = £— n > 0. Its sphere-bundle description
(80, §1, p. 2] is

st — 7 — st (13.15)

The homotopy exact sequence [59, Theorem 4.41] implies that Z is (£ — n — 1)-connected. Since n = 1
(mod 8),n > 17,and ¢ = 2(n=3)/2 one has £ — n — 1 > n. The current equations are Spin(n)-invariant,
so Z defines an associated smooth bundle, also along a varying metric.
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The fibre is nonempty and path connected, and 74_1(Z) = 0 for 2 < ¢ < n + 1. The bases M and
(M x1,M x 9I) have dimension at most n + 1. Relative obstruction theory [59, §4.3, pp. 416-419] gives
a continuous section and the prescribed relative extension, respectively. In the second case prescribe
the endpoint sections on stationary collars before extending over the remaining cylinder. Relative
smooth approximation [87, Theorem 11, p. 99], fixing smaller closed collars, gives smooth sections
with the same collar values. For positive functions f, j(f) = f2j(); hence positive amplitudes can
be joined independently within the zero-current sections. ]

For n = 9, one has £ = 8 and my = —1. By [49, §4.2, Theorem (i)], F|gis = —1, so |j(v)| = |v|* for
every v € Ag. On unit spinors the current is the smooth Spin(9)-equivariant octonionic Hopf fibration
(78, §4]:

J

§7T— P = S8, (13.16)

The fibre over v € $® is the unit sphere in the eight-dimensional positive eigenspace of ay(v"*).

Lemma 13.6. Let n = 9. Given two nowhere-zero incidence spinors and a smooth path between their
metrics that is stationary on endpoint collars, there is a smooth nowhere-zero spinor path along these
metrics with divergence-free current and the prescribed endpoint spinors. It can be stationary on endpoint
collars. For each fixed metric there also exists a nowhere-zero spinor with divergence-free current.

Proof. Let g, t € I, be the prescribed metric path. The unit-spinor fibre S** is 14-connected, whereas
dim(M x I') = 10. Relative obstruction theory [59, §4.3, pp. 416-419] and smooth approximation [87,
Theorem 11, p. 99] give a smooth unit-spinor path with the prescribed normalized endpoint values
on smaller stationary collars. Interpolation of the logarithms of the endpoint lengths gives a smooth
nowhere-zero spinor path /¥ with the prescribed endpoint values on these collars.

Let dvg, be the volume form for the spin orientation, and put

0 _
4 = by () Vg
These eight-forms are nowhere zero, and their endpoint values are closed by (13.11). Write d, for

exterior differentiation on M. Choose y € C*(I; [0, 1]), equal to zero near 0 and one near 1, with its
transition outside the stationary collars, and set

ve = (1= x(0)ag + x(Dar.
Then d,y; = 0 and y; = @ on the collars. Extend the data constantly to t < 0 and ¢ > 1.

Let pry, : M xR — M be the projection, put B = prj; A’T*M, and let J' 3 be its first-jet bundle.
For local sections f of /3, consider the open relation

Yi +df £ 0 (13.17)

in J!B. For a nonzero principal covector £ = & + & dt, a derivative variation £ ® 5, with n € A7 T} M,
changes d,ff by & A . If & # 0, the latter map has rank (3) = 8. The forbidden set in the principal
affine slice is therefore empty or an affine subspace of codimension eight. Its complement is connected
and has convex hull equal to the whole slice. If &, = 0, every principal slice through an admissible jet
is entirely admissible. Thus (13.17) is ample in every principal direction of M x R.

Spatial alternation

8
A T"MRNT'M — A T'M,  AL) =) € AL(e),
i=0

has the smooth right inverse

S(w)(X) = élxa), we€ANT'M, XeTM.

The jet with value zero, spatial derivative S(a? — y;), and time derivative zero is a smooth formal
solution of (13.17). These derivative components are taken relative to the zero-section jet j'0. On the
stationary collars this formal solution equals j*0.
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Choose 0 < € < 1/2 so that this equality holds on a neighborhood of the closed set
A=Mx ((—00,5] ul1- 5,00)).

The relative open-ample theorem [47, Theorem 18.4.1 and Remark 1, p. 171], also in the formulation
[72, Theorem 3.5], gives a homotopy through the relation to j'B, with g € C*(M x R; B), fixed near
A. In particular, § = 0 there. Put §; = (-, t). The resulting homotopy of nowhere-zero eight-forms
on M, restricted to t € I, joins a? to

ay = }/t + dxﬁta dxoct =0.

After a reparametrization constant near the endpoints of the homotopy parameter s € I, relative
smooth approximation [87, Theorem 11, p. 99] in the bundle of nonzero eight-forms over M x I x I
gives a smooth homotopy a;; with

— 0 —
aO,t - a[s al,t = O,

unchanged on the time collars. Both endpoint families and the collar values are smooth and are fixed
by this approximation.
Define Y;; and v;; by

le,szg: = st Vst = Ys,t/|Ys,t|gt-

Along gy, the equivariant fibration (13.16) defines a smooth bundle from unit spinors to unit tangent
vectors. Choose a smooth connection on it. Horizontal lifting in s, starting at ¥/?/|1/?|, gives unit
spinors (,/b\s’t with jgt(l/ﬁ\s,t) = ;. The lifts exist for s € I because the fibre is compact. They are smooth
and constant in s on the time collars. Set

¢t = \/|Yl,t|g; ¢1,t~

Then jg, (Y1) = Y11, s0 divg, jg, (1) = 0. On the time collars, Y1, = jg,(¥/}) and Yy |g, = [¢/}[?; hence
¥y = ¢ there.

For a fixed metric, the same obstruction argument on M gives a smooth nowhere-zero spinor.
Its current eight-form is homotopic through nowhere-zero eight-forms to a nowhere-zero exact
eight-form by [47, Corollary 20.3.2], with n = 9 and p = 8. The same relative smoothing, Hopf lift,
and length rescaling give a nowhere-zero spinor with divergence-free current. O

Proposition 13.7. For P = Q, and for P = Py, the full projective incidence I(P) is nonempty and path
connected. The connecting paths may be chosen smooth and stationary on endpoint collars.

Proof. For n > 17, Lemma 13.5 gives a smooth unit zero-current spinor at any fixed metric. For n = 9,
apply the existence assertion of Lemma 13.6. Formula (13.12) gives an incidence point in either case.
Kernel parity gives a kernel of dimension at least two.

Let (p;, [n:]), i = 0,1, be two incidence points, with metrics g;. At these fixed metrics, join them by
smooth incidence paths to points (p/, [/;]) with nowhere-zero spinors: for n > 17, apply Lemma 13.4,
so that the strict current inequality also holds; for n = 9, apply Lemma 13.3 to the zero section, of
codimension 16 > 9. Let Q! be the potentials at these new points.

The logarithmic metric coordinates of Section 8 give a smooth path in R,(M) from g, to g.
Compose it with a smooth map I — I equal to the respective endpoints on endpoint collars. For
P = Qy, take the constant path g, = g. If n > 17, deform each ¢/; to a nowhere-zero zero-current
spinor by Lemma 13.4, and join the resulting spinors along this metric path by Lemma 13.5. Reverse
the second deformation. If n = 9, apply Lemma 13.6. Stationary reparametrizations and concatenation
give a smooth path (g;, ;) of nowhere-zero spinors with divergence-free current, equal to (g;, ;) on
endpoint collars.

Fori=0,1, put

B, = Qzl - Qgi(lﬁi)'
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Then B = —B; and B;y/; = 0. Choose 6; € C*(I;[0, 1]), equal to one near i and supported in the
corresponding stationary collar. Extend 0;B; by zero outside that collar, and set

Qr = Qg (Y1) + 0p(£)By + 01(1)B;.

This is a smooth skew-adjoint potential path satisfying
(Kg + Q)Y =0, Qi=i=0Q (=0,1).

It joins (p}, [¥o]) to (p7, [#/1]). Concatenate it with the first preliminary incidence path and the reverse
of the second, after stationary reparametrization. The resulting path joins the original incidence
points. All metrics are constant in the fixed-metric case. (]

13.3. Compression on arbitrary kernel subspaces. Fix g € R,(M), Q € Q,, and put L = K + Q. Let
F C ker L be a real subspace, with its L? inner product. This inner product identifies F with F*, and
hence A’F with A?F*. We identify these spaces with s0(F) by

UAD <> w! —vul, ul(w) = (u, w2, u,v,w € F.

Thus a skew endomorphism A represents the alternating form (u,v) — (u, Av);2. On so(F) the inner
product is (A, B) = —1 tr(AB). Let

ex 1 F—35,  ey)=y(K), Ug=im(e)CF.

The adjoint is taken with respect to the L? inner product on F and the Euclidean inner product in the
spinor fibre. Retain the notation Wy of Lemma 13.2.

Lemma 13.8. For every real subspace F C ker L,
Wr = span_; A*U. (13.18)

In particular, Wr is spanned by decomposable skew endomorphisms. If k = dimg F > 2, then rank e, > 2
on a dense open subset of M. For even k > 2,

1, k=2,
dim Wr > {4, k=4, (13.19)
k+1, k>6.

Proof. For a, b € Elg’x, the exterior-square identity is

e;(abT —bale, = (e;a)(e;b)T —(eb)(eta)T.

Since e} maps onto Uy, Lemma 6.5, with the real skew endomorphism bundle, gives (13.18).

The real proportionality argument in the proof of Lemma 13.2 shows that independent elements
of ker L cannot be pointwise proportional on a nonempty open set. Hence, if k > 2, the open set
{x : rank e, > 2} is dense. In particular, W contains a nonzero decomposable endomorphism.

For 0 # v € F, equation (13.6) gives a surjection

& : Wp— v nF, &, (A) = Av.

Thus dim Wr > k — 1, which proves the assertion for k = 2. If k = 4 and dim Wy = 3, every ¢, is an
isomorphism. A nonzero decomposable A € Wr has rank two and therefore has a nonzero kernel
vector v, a contradiction. Hence dim Wr > 4.

For even k > 6, (13.18) and dim Wy > k — 1 give two independent decomposable endomorphisms
A, B € Wg. Since

dim(ker AnkerB) > k—4>0,
there is 0 # v € ker Anker B. Then dimkere¢, > 2, and dim W > (k—1)+2 =k + 1. ([
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13.4. Compression on a four-dimensional real kernel.

Lemma 13.9. Suppose F = ker L, dimg F = 4, and dim Wy = 4. Put A = W¢ C A*F*. There are
symplectic forms a, f € A and a complex structure ] = a~ ' on F such that

aNB=0, ana=pAB=0, J'=-L
The set
M, ={x € M : ranke, = 2}
is dense and open. Over M, the spaces U form a smooth J-complex line subbundle of M, x F. For every

nonempty open O C M, and every 6 > 0, there are distinct x, y € O with dy(x, y) < 8 such that a|yxu,
is nondegenerate.

Proof. The two-plane A has no nonzero decomposable member. Indeed, let v A w € A, withv # 0
and w L v. For every B € WE,
0 = (v A w,B) = —(w, Bv)ja.

Equation (13.6) gives w = 0.
Choose 0 # volr € A*F*, and define the symmetric bilinear form q on A2F* by

nA &= q(n, Hvolp.

It has signature (3, 3), and its null cone consists of the decomposable forms. Thus q|4 is definite.
Replace volr by its negative if necessary so that this restriction is positive, and choose a g-orthonormal
basis @, f of A. The linear-algebra correspondence of [42, §1] gives a complex structure J on F for
which Q = a —if is a nondegenerate complex bilinear alternating form. Its complex bilinearity gives

a(Ju,v) = a(u, Jv) = f(u,v), u,v € F.

Consequently J = a™!.

By (13.18), Uy is isotropic for both « and f. Since « is symplectic, dim U, < 2. If dim U, = 2,
then{v € F : a(v,u) = 0 for all u € U} = Uy. Hence a(JUy, Uy) = p(Uy, Uy) = 0 gives JU, = Uy.
Lemma 13.8 makes M; dense and open. The constant-rank theorem gives the asserted smooth
subbundle.

The map x — Uy is not constant on any nonempty open subset of M,. Otherwise, if its value were
U, a nonzero v € F n U* would satisfy e,v = 0 throughout that subset. Unique continuation would
give v = 0. Given O and §, choose a coordinate ball in O of diameter less than §, and then x, y in that
ball with U, # U,,. The form Q pairs these distinct complex lines nontrivially. If its value on complex
bases is a + ib # 0, the matrix of Re Q = « in the corresponding real bases is

(_ab :Z) , det = —(a® + b?) = 0.
O
For F = ker L, let P be its L? orthogonal projection, put IT = I — P, and define the reduced inverse
G = (Llgpop) T : L2 — H',

As a bounded operator on L?, GT = —G. Moreover, LG = T on L%, and GL = ITon H!. For T € Q,
sufficiently small in C°, the operator

Cr=TI(L+ Dlginp : H'nF* — L*nFt
is invertible. Lemma 6.6 defines the Schur map
®(T) = PT|p — PTCF'TIT|F € s50(F),

with dimker ®(T) = dimker(L + T). Compressions below are regarded as endomorphisms of F.
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Lemma 13.10. Let F, o be as in Lemma 13.9. There are smooth skew potentials R, S € Q 4, supported in
disjoint coordinate balls in M, such that

d®dy(R) = d®y(S) = 0, (a, d*®y(R, S)) = 0. (13.20)
Proof. Differentiation at T = 0 gives
d®o(R) = PRP, d’®y(R, S) = —P(RGS + SGR)P. (13.21)

The two factors PT and IIT| vanish at zero, and C; Tl = G, which gives the second identity.

Let G(x, y) : Z[‘g’y — ng be the Schwartz kernel relative to du(y) = dvg(y). The parametrix
argument in the proof of Lemma 9.2, applied to LG = GL = I — P, shows that G is a classical
pseudodifferential operator of order —1. The kernel of P is smooth. With Fourier phase ¢/*~%£) the
principal symbols are

o1(L)(x, &) = iag(¥), e 1(G)(x, £) = —i aé('f)'
g

Put w,—; = vol(S"™!) for the Euclidean unit sphere, and write d = dg(x, ). For sufficiently close
distinct x, y, let v, be the terminal unit covector of the unique short minimizing geodesic from y
to x, and let 7, , be spin parallel transport along that geodesic. The Euclidean kernel formula [61,
Corollary 5.3.4, p. 55], with spectral parameter zero and K = iD, gives

1-n

d —n
G(x, .V) = w ag(Vx,y)Ty,x + O(dz ). (13.22)

n—1

Indeed, in normal coordinates centred at y, the symbol after subtraction of its principal homogeneous
part, cut off near £ = 0, has order at most —2. The low-frequency terms have smooth kernels. Freezing
the principal part at y adds terms of the form (x; — y;)b;(x, y, &), with b; of order —1. Lemma 2.4,
with m = 2 and m = 1, respectively, bounds the resulting kernels by Cd*™". The density and frame
comparison factors are normalized to the identity on the diagonal. Their differences from the identity
have the same coordinate-difference factorization and contribute O(d>™"). On a smaller relatively
compact coordinate ball these estimates are uniform in x, y.

Choose such a ball with closure in M,. Since ag(vy,y)7y,x is an isometry, (13.22) gives, for u € >R

&y
|G(x, y)u| > dl_”(w;ll - Cd)|u|.

Thus G(x, y) is invertible for all sufficiently close distinct x, y in this ball. Lemma 13.9 supplies such
a pair with nondegenerate a|y,xu,-

For z € My, put E;, =ime, C ZEZ and let 7, be the orthogonal projection onto E,. These spaces
form a smooth rank-two subbundle. The map

Ey — E;,  q— (I-m)G(x,y)q

has rank at least r — 4 > 0: restriction of the invertible map G(x, y) to a codimension-two subspace
and projection with a two-dimensional kernel each lower its rank by at most two. Choose p € E;,
q € Ey such that

¢ =(p,G(x,y)q) # 0.

The maps e}|g, : E; — U, are isomorphisms. Hence there are a € Ey, b € E, with
ro = eya, So = e;b, rOTaso # 0.

Choose coordinate balls B, B, € M,, with disjoint closures, about x, y. Extend a, p smoothly on
B, with a, € E, p, € EL, and extend b, g smoothly on B, with b,, € E,, qy, € EL. Put

RO=p.al —ap! (z€By),  S%=qubl—buql (weB,).
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They map the respective evaluation images into their orthogonal complements. For sufficiently
small ¢ > 0, choose nonnegative smooth functions p,, o., with integrals one against y, supported
in By(x, €) € By and B,(y, ¢) € B,, respectively. Extend R, = peR® and S, = ¢.S° by zero to M. For
every z € M,

e;R.(2)e, = e;S.(z)e, = 0.

Integration gives PR,P = PS.P = 0.
On B, x By, put K(z, w) = e;R2G(z, w)S",e,,. The supports are disjoint, and this kernel is smooth.
In the operator norm on F,

H /A @ (W2, ) du(E) di) ~ K. y)

< sup  |[K(z,w)— K(x,y)| — 0.

ZESUpp p;
WESupp o
Since e;R) = —rop” and She, = gs;,
PR,GS.P — €;R\G(x, y)Sey = —cros; - (13.23)

All three operators R,, G, S, are skew-adjoint, so
(PR,GS.P)T = —PS,GR,P.
Equations (13.21) and (13.23) now give
<a, d’®y(R,, Sg)> —c rOTaso # 0.
For sufficiently small positive ¢, the choices R = R, S = S, satisfy (13.20). 0

13.5. Finite analytic families and avoidance. In the logarithmic metric and linear potential coordi-
nates of Section 8, a finite coefficient family is an open subset of a finite-dimensional affine subspace
of P. Write its injective affine parametrization as p : V" — P, where U" C RY is open, and put
L(z) = Ly(z). The family contains a potential direction if that constant vector belongs to its translation
space. Thus the direction is tangent to the family at every parameter. By Lemma 10.2, z — L(z) is
real analytic in £(H?, L?).

Lemma 13.11. Let py, t € I = [0, 1], be a smooth path in P, stationary on prescribed endpoint collars.
There are a finite-dimensional space V of smooth potential directions and a C™-open neighborhood N of
p(I) with the following properties. For every p € N and every L*-unit vector { € ker L, the map

Yo H'nyh) — L0y, (R,u)— Ry +Lyu
is surjective. For every subspace F C ker L, of even dimension at least four, let Wp(V) = {PrR|r : R € V},
where Pr is the L*-orthogonal projection onto F. Then

4, dim F = 4,

dim Wrg(V) > 1 = .
dimF+1, dimF > 6.

The path admits arbitrarily close C* approximations in finite coefficient families contained in N and
containing V, with the prescribed collars fixed. For a smooth incidence path (p;, [;]) stationary on these
collars, the approximation can be chosen in the incidence of the finite family, with the same collars.

Proof. On a sufficiently small C"™-open neighborhood N of the compact path, the elliptic estimate
gives

[l < ClYlL (p € No, ¥ €kerLy).
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A finite cover by spectral neighborhoods also gives an upper bound K > 2 for dimker L,, on Ny. For
1< k<K, let

Fre={(t,v1,...,v) s vy €kerLy,, (v, vj)p2 = O}

This set is compact in I x (L?). Indeed, Rellich compactness gives, after passage to a subsequence,
t; — t, strong L* convergence and weak H' convergence of each frame vector. Continuity in £(H', L?)
preserves the kernel equation, and strong L? convergence preserves orthonormality.

For every (t,v, w) € F,, equation (13.6) gives a potential R with (w, Rv);2 # 0. These pairings are
continuous on F5, so a finite set of potentials has a nonzero pairing at every such pair. Its span maps
onto ker L, N v by R Prer 1,, Rv: a nonzero vector orthogonal to this image would contradict the
preceding pairings. Since

coker(Lpt : H'nvt — L*n UJ'> =ker L, nv™,

this is the required surjectivity for the incidence differential.

For each even 4 < k < K, apply Lemma 13.8 to the span of a frame in 7. The required
compression rank is expressed by a nonzero minor for finitely many potential directions. These
minors are continuous on Fy. Finite covers of the finitely many sets F give finitely many such
potentials. Let V be their span together with the potentials chosen on 7. It satisfies the surjectivity
and compression inequalities along the path.

They persist on a C™-open neighborhood N C N of the path. Otherwise, after passage to a
subsequence, there are coefficients g; — p; in C™ and either orthonormal kernel pairs (v;, w;) with
(wj,Rvj)2 = 0 for every R € V, or orthonormal kernel k-frames for a fixed even k > 4 whose
compression rank is below the stated bound. The uniform H'! estimate gives a strong L? limit frame
in ker Ly, . Every selected pairing or compressed entry converges, since the multiplication operators
are bounded on L%, The vanishing pairings or minors contradict the corresponding nonzero pairing
or minor at the limit. The limiting kernel may have larger dimension; the selection included all its
subspaces of the given dimension.

A smooth incidence path has a smooth L?-unit lift over I, stationary on its prescribed collars, since
a real line bundle over I is trivial. Lemma 10.2 applies with V; its surjectivity hypothesis is the one
established above. It gives the coefficient approximation and its incidence correction, with the collars
fixed. Sufficiently close approximations have image in N O

Let p : U — N be a finite coefficient family containing V as in Lemma 13.11. Its incidence is
Iy ={(z[¢]) : ze U, 0% ¢ € ker L(2)}.

It is a smooth N-dimensional manifold by Lemma 13.2. Fix zy € U" and put Fy = ker L(zp). In the
orthogonal splitting L> = Fy & Fy, the complementary block is an isomorphism H' n Fy — L n F-
near zo. Lemma 6.6 gives a real analytic skew Schur map ® : Uj — so(F,) on a neighborhood U}
of zy, together with a graph isomorphism ker ®(z) = ker L(z). The kernel-dimension loci in U} are
therefore semianalytic, being defined by finitely many minors. They admit a compatible locally finite
stratification by real analytic submanifolds, by [24, Proposition 2.10 and Corollary 2.11]. Over a
stratum T of positive kernel dimension k, the kernels form a smooth vector bundle. Its projectivization
is a smooth submanifold of I;,, of dimension dim T + k — 1. A countable Schur-chart cover gives a
countable collection of coefficient strata and their projective lifts.

For any countable subcollection of these submanifolds, simultaneous transversality is residual
in the space of smooth maps from a point or an interval, by [64, Chapter 3, §2, Theorem 2.1]. If
prescribed endpoint collars avoid the submanifolds, the same assertion holds for paths fixed on those
collars: the local perturbations in the proof of that theorem are supported off the collars. A transverse
map whose source dimension is smaller than their codimensions misses every submanifold in the
subcollection.

Lemma 13.12. Letp : U — N, U C RY, be a finite coefficient family containing V as in Lemma 13.11.
A smooth stratum of constant kernel dimension k has codimension at least four for k = 4, and at least
k + 1 for even k > 6. Its projective lift in Iy has codimension at least two for k > 6.
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Proof. At z € U, put F = ker L(z). Skew-adjointness identifies coker L(z) with F by the L? pairing.
The reduced derivative is

A, : T,U — so(F), v+ PrdL,(v)|r;

see [41, Lemma 1.1.4]. By [41, Remark 1.1.14(1)], the constant-kernel locus near z is contained in a
submanifold of codimension rank A,. The image of A, contains Wg(V), whose dimension has the
lower bounds of Lemma 13.11. For k > 6, the projective lift has dimension at most

N-(k+1D)+(k-1)=N-2,
whereas dim Iy = N. [l

Lemma 13.13. At a four-dimensional kernel there are a C™-open coefficient neighborhood and finitely
many smooth potential directions such that, in every finite coefficient family containing these directions,
each smooth stratum of constant kernel dimension four in that neighborhood has codimension at least
five.
Proof. Let po be the given coefficient and put Fy = ker L,,,. On a C™-open neighborhood of p,, take the
Schur map ® : Ny — so(F) for the fixed splitting L? = F, & Fy-. Here ®(py) = 0, the complementary
block is invertible, and the four-kernel locus is ®1(0). If dim Wy, > 5, choose five potentials whose
differentials under @ are independent at p,. They remain independent on a smaller neighborhood.
The tangent space of any smooth stratum in ®~1(0) lies in the kernel of the restricted derivative, so
its codimension is at least five.

It remains to consider dim Wy, = 4, by Lemma 13.8. Choose potentials By, ..., By with indepen-
dent compressions, a form « € Wﬁ) from Lemma 13.9, and the corresponding potentials R, S from
Lemma 13.10. For p near p,, put

Ci(p) = d®,(By), W, = span{Cy(p), ..., Co(p)}-

The Ci(p) remain independent. On s0(F), let (A, B) = —% tr(AB), and let IT, be the orthogonal
projection onto W,. Define the Gram matrix and the projection coefficients by

Gij(p) =(Ci(p). Ci(p)), 4 (p)=(Ci(p),d®p(V)),  b"(p)=G(p)'d"(p) (V=R.5).
Put
4 4
R(p)=R=3 b S(p)=5-3 b}(p)B.,  @(p)=a~T,a.
i=1 i=1
Thus d@;,(?(p)) = (I —-1I,)d®,(V) for V = R, S. These quantities depend smoothly on p. At p,, one
has bR = b5 = 0 and @ = a. Lemma 13.10 and continuity give, on a smaller neighborhood,

<a(p), &0, (R(p), §(p))> 0, (13.24)

The second differential is taken in the fixed affine coefficient coordinates, with its two arguments
held fixed at p.

Restrict now to any finite coefficient family containing By, ..., Bs, R, S, and denote the restriction
of ® by ¥. Let T be a smooth four-kernel stratum and p € T. Since ¥|r = 0, T,T C ker d¥,.
If rank d¥, > 5, this gives the required bound. Otherwise imd¥, = W,, since it contains this
four-dimensional space. Consequently

d¥,(R(p)) = d¥,(S(p)) =0,  @(p) Limd¥,.

The image here includes all metric directions of the family. If T had codimension four at p, equality
of dimensions would give T, T = ker d'¥,. For a local parametrization f of T, choose vectors u, v with

df(u) = I/?\(p) and df(v) = §(p) The identity ¥ - f = 0 gives
4% ,(R(p), S(p)) + d¥, (d?f(u,v)) = 0.

The affine inclusion of the family identifies the first term with dzcbp(ﬁ(p), §(p)) Pairing with a(p)
contradicts (13.24). Thus the codimension is at least five. O
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Proposition 13.14. The simple incidence
L(P) ={(p.[y]) € I(P) : dimg ker L, = 2}

is nonempty and path connected. A connecting path between prescribed simple incidence points can be
chosen smooth and stationary on endpoint collars.

Proof. Let B be either a point or I. For B a point, choose an element of Z(P), which is nonempty
by Proposition 13.7. For B = I, that proposition gives a smooth incidence path between any two
prescribed simple incidence points, stationary on endpoint collars. Apply Lemma 13.11 to this path,
or to the constant path through the chosen point. It gives a finite family p : U" — N containing V,
and a smooth map y : B — I, with the prescribed collars fixed in the interval case.

By Lemma 13.12, the projective lifts of the strata with kernel dimension at least six have codimen-
sion at least two. The preceding transversality statement gives an arbitrarily close perturbation of y
avoiding all of them, since dim B < 1. In the interval case the perturbation is relative to the simple
endpoint collars. For the perturbed map, again denoted by y, the kernels have dimension two or four.

Let C4 be the four-kernel subset of its coeflicient image. It is compact by upper semicontinuity
and the absence of larger kernels. A finite cover of C, by the neighborhoods of Lemma 13.13 gives
finitely many additional potential directions. Adjoin them to the affine coeflicient space. The map y
still lies in this enlarged family. If C, is empty, no additional directions are needed. Choose an open
neighborhood O C N of the compact coefficient image on which every kernel has dimension at most
four. If O, is the union of the selected four-kernel neighborhoods, replace O by

on ({p : dimg ker L, < 4} u 04).

It still contains the image. Every four-kernel point in it belongs to a neighborhood of Lemma 13.13,
and the enlarged family contains the corresponding directions. Since O C N/, the original space V
gives incidence surjectivity throughout O.

Restrict the enlarged family to O, and let N’ be its dimension. Its incidence is a smooth N’-
manifold. Every four-kernel stratum has codimension at least five; its projective lift has dimension
at most N’ — 5+ 3 = N’ — 2. A second perturbation, relative to the endpoint collars when B = I,
avoids all these lifts. No larger kernel occurs in O. Incidence and even kernel parity therefore give
kernel dimension exactly two. For B a point this proves nonemptiness; for B = I it gives the required
connecting path. (]

13.6. The simple-kernel hypersurface and the ordinary real index. Write
Zy={p €P : dimgkerL, > 4}, X =P\ Zy, S={peX :dimgkerL, = 2}.

Lemma 13.15. The space X is path connected. The subset S is a nonempty path-connected embedded
hypersurface, closed in X. The complement X \ S = P™ has at most two path components.

Proof. Upper semicontinuity of kernel dimension makes X open in the locally convex Fréchet coef-
ficient space. Hence X is locally path connected. The global linear coordinates of P join any two
points of X by a smooth coefficient path stationary on endpoint collars. Lemma 13.11 gives a nearby
path in a finite family with the same collars and the stated compression bounds. Every coefficient
stratum of kernel dimension at least four has codimension at least four, by Lemma 13.12. Relative
transversality of the coefficient path therefore gives a path in X between the prescribed endpoints.
At p € S, choose an ordered L-orthonormal basis of F = ker L,,. The Schur map then has the form

o) = f( Dl Jo= <(1) _01)

Equation (13.6) gives a smooth potential R with d f,(R) # 0. The scalar product-chart construction in
the proof of Lemma 12.11 applies to f on the C™ completion and restricts to smooth coefficients. The
hypersurface factor is convex. The sets f = 0, f > 0 and f < 0 are respectively the local two-kernel
locus and its two path-connected invertible sides, since the complementary block remains invertible.
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Noninvertibility is closed, so S is closed in X. The continuous surjection Z,(P) — S and Proposi-
tion 13.14 make S nonempty and path connected. Lemma 10.5 now applies to (X, S) and gives the
asserted bound. O

In the fixed spinor comparisons, coefficient paths and homotopies give continuous families in
L(H, L?). Their graph norms are uniformly equivalent to the H! norm on compact parameter sets, by
Section 2. They are therefore Riesz continuous, and hence gap continuous, by [28, §6.1, equation (6.1)].
For such a path with invertible endpoints, let

sfo(L;) € KOy = Z,/2

denote the real spectral flow of [28, §6.2]. It is homotopy invariant, additive under concatenation
and direct sums, and zero on invertible paths; see [28, Remark 5.2 and §6.2]. The bounded transform
L,(I — L?)"'/? has the same kernel and phase as L;, with identical choices of complex structures
on their kernels. The phase formulas of [28, Theorems 5.4 and 6.4] give equal spectral flows. By
[28, Theorem 5.5(2)], this value is the Z/2-valued spectral flow of [32]. The two-plane crossing
formula [28, Remark 5.2(5), equation (5.1), and §6.2] gives the class of (R?, Jy). Under [28, §2.4.4,
equation (2.20)],

[(R?, Jo)] — dimc(R?%, J;) (mod 2) =1 € KO,. (13.25)
Thus every transverse real skew two-plane crossing has spectral flow one.

Proof of Theorem 13.1. Choose py € S, and let R be a transverse potential direction in the scalar Schur
chart of Lemma 13.15. For sufficiently small ¢ > 0, the curve p(t) = po+tR, —e < t < ¢, has invertible
endpoints on opposite local sides. Put F = ker L,,. A smooth orthogonal trivialization of the rank-two
spectral cluster, equal at ¢ = 0 to the chosen basis of F, gives a matrix b(t)Jy. Its derivative satisfies

b(0) =0, b’(0)Jo = PrRIF = d®,,(R) # 0.

The complementary operator remains invertible. The spectral reduction of [28, Lemma 6.3], direct-sum
additivity and (13.25) give spectral flow one.

An invertible path from p(¢) to p(—¢) would give, by concatenation, a loop of spectral flow
one. The global linear coefficient coordinates contract this loop with its invertible base point fixed.
Homotopy invariance would give spectral flow zero, a contradiction. Thus the two local sides lie in
different path components. Lemma 13.15 gives the upper bound two. There are exactly two nonempty
components.

For p., p € P, two coefficient paths from p, to p differ by a loop in the contractible coefficient
space and therefore have equal spectral flows. This defines (13.3). The invariant is constant on invert-
ible paths, and the local crossing gives both values in Z /2. The map on components is consequently
a bijection.

For n =1 (mod 8), the real skew family in (8.3) is L = i(Dg + V). Section 8.1 identifies its spectral
flow with the ordinary relative family index in KO,; = KO,, with normalization (8.1). For a path
from (g, 0) to (g,iV) in the real skew coefficient coordinates, its value is &g, (g, V). O

The inequality #NORLHV(M ) > 2, when this space is nonempty, follows from [39, Theorem 3.3 and
Corollary 2.4] and Lemma 8.1. Proposition 8.2, with U = M, identifies its components with those of
Plilnv and preserves the ordinary index difference. Theorem 13.1 therefore proves the n = 1 (mod 8)
case of Theorem C, with two components.

14. COMPONENTS AND POSITIVE SCALAR CURVATURE

Proof of Theorem C. Since Dy, is invertible, a(M) = 0. For n = 3,7 (mod 8), the bijection is Theo-
rem 11.6; for n = 2,4,5,6 (mod 8), it is Theorem 11.11. For n = 0,1 (mod 8), Theorems 12.1 and 13.1,
respectively, give the bijections for invertible pairs. Proposition 8.2, with U = M, identifies these pair
components with the metric components of density p and preserves index difference. The component
counts are the cardinalities of KO,,1. O
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Write R*(M) for the space of smooth metrics of positive scalar curvature and put R;(M) =
R* (M) n R, (M).

Lemma 14.1. Let M" be a closed connected oriented manifold of positive dimension, and let u be a
positive smooth density. Every h € R*(M) can be joined in R*(M) to a metric h,, with dvp,, = p. If M is
spin with fixed spin structure, then h and hy, lie in the same path component of R™ (M).

2/n
a= /Mll , KW = ah.
Jyy dvn

Then fM doy = fM . Identify positive densities with positive n-forms by the orientation of M. The
forms w; = (1 — )u + tdvy, 0 < t < 1, have constant cohomology class. Moser’s theorem [74,
Theorem 2, Section 4, pp. 292-293] gives a smooth isotopy ¢; with ¢¢ = idy and ¢; w; = p. Write
scal(k) for the scalar curvature of a metric k. For

Proof. Set

h, = ¢;(a'h), 0<t<1,

one has
scal(h;) = aft(scal(h) ° gbt) > 0.

Moreover, hy = h and dvy,, = ¢7dvy = pi. Take hy, = hy. In the spin case, Dy, is invertible for every t
by the Schrédinger—Lichnerowicz formula [61, Theorem 2.1.3]. O

Proof of Corollary 1.1. By Lemma 14.1, choose g € R;(M). The restriction of dg, to R*(M) is the
index difference of [26, Section 3.3.1], with g, as first endpoint. For even n > 6, [26, Theorem D],
with homotopy degree zero, gives the surjectivity of

Og, ToR (M) — KOp1.

For n =2m+ 1> 7, put d = 2m. Let y; — BSpin(d) be the universal real spin d-plane bundle, and let
MTSpin(d) be the Thom spectrum of —y,. Write ko for the connective real K-theory spectrum and
ko; = nj(ko) for j € Z. Taking components in the map of [26, Theorem C] gives

5 +
M TSpin(2m) — moR (M) —> K Ogmy2,

whose composite is induced by the spin Thom homomorphism. By [26, Theorem 5.3.1], with d = 2m
and k = 2 < 2m + 1, this homomorphism is onto kozm12 = KOzpyz. Thus §,, is surjective also in odd
dimensions n > 7. For n = 5, its target is KOg = 0 and its domain is nonempty.

Let g € RL“V(M). Choose h € R*(M) with g, (h) = &4, (g). Lemma 14.1 gives h,, € R;(M) joined
to h through invertible metrics. Hence

5g+(hl1) = 5g+(h) = 5g+(g)
Theorem C gives [h,] = [g] in JT()RLnV(M). O
If M is simply connected and n > 5, then a(M) = 0 implies R*(M) # @ by [83, Theorem A]. If
a(M) # 0, both R ;(M) and RL“V(M ) are empty.
15. INVERTIBLE BOUNDARY EXTENSIONS
15.1. The relative index and the bordism group.

Proof of Theorem L The relative index is independent of the product extension [40, Section 5.4] and
vanishes for an invertible extension. Conversely, suppose that a(W,h) = 0. Let g be a product
extension of h, and let U € int W be nonempty and open. Put X = W, if oW = @, and X = W
otherwise. Extend all product metrics to X by the fixed metric dt* + h on the cylindrical ends.
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Choose a nonempty open set Uy € U and put K = Uj. Proposition 9.1 gives a compatible potential
V € CZ(Uy; o7,) such that D,y + V is invertible on X. Corollary 5.2, with the same open set, gives an
invertible metric g with dv; = dvg and g = g on X \ Uj.

The positive g-self-adjoint endomorphism S = g~'g has a smooth g-self-adjoint logarithm H =
log S. Since dvg/dvg = (det Sz =1,

suppHCK e U, tr H = logdetS = 0.

For g; = g(etH','), 0 <t <1,onehas

2 =g g1 =g dvg, = ettrH/zdvg = duy, g =g onX\U.

Put 7 = H'(3gX) and ¢ = L*(34X). With reference metric g in (2.6), set
Ly = U;DgtUgt YD — .

~tH/2 and the density factor is one. In fixed local frames, the coefficients in [61,
Theorem 2.3.6] are finite sums of products of entries of ettH/2 gt 8 !, their first spatial derivatives,
and fixed smooth coefficients. For every integer r > 0, the map C 3 z > e is entire in the spatial
C™! norm on K. Substituting z € C for t in the coefficient formulas therefore gives coefficients
holomorphic in the spatial C" norm on K. The coefficients of L, — D, are supported in K, so the
resulting family L, : & — ¢ is holomorphic in operator norm near [0, 1]. For real ¢, it is Fredholm
by Section 2. The openness of the Fredholm set gives a connected complex neighborhood Q of [0, 1]
on which every L, is Fredholm. Since L, is invertible, L;! : J# — & is bounded, and

The frame map is e

A(z) = L, L € L(), A(1) =1,

is a holomorphic Fredholm family on Q. By the analytic Fredholm theorem [84, Theorem 1.1, p. 2],
the noninvertible parameters form a discrete subset of Q. As 0 € Q, there is an ¢ € (0, 1) such that D,
is invertible for 0 < t < ¢. Since H is smooth and compactly supported, gy - gin C* ast — 0. [J

Let RI™ be the relative spin bordism group of [40, Section 5.2], and let 6§, : R™ — KO, be its
Dirac index homomorphism [40, Section 5.4].

Corollary 15.1. Forn >3, 0, : R — KO, is an isomorphism.

Proof. Surjectivity is proved in [40, Section 5.4]. Let [M, h] € ker 0,,. The empty representative is zero.
IfM = @, write M = |_|;=1 M; for its connected components. Attach r — 1 one-handles to M x [0, 1],
joining M; x{1} to M1 x{1} for 1 < j < r, along pairwise disjoint interior n-discs. The spin structures
on the attaching discs extend over each handle after a choice of attaching spin identifications. Denote
the trace by T, its connected upper face by N, and its side face by C = dM x [0, 1]. The inherited
collars identify N with oM, including their spin structures. With the induced orientations, rounding
the corners gives

oT = (—M) Uam C Ugn N.

If C # @, its cylindrical completion is Coo = M x R, with metric h + dt2. Put A;, = dist(0, spec D) > 0.
The product formula [40, proof of Proposition 2.1(3)] gives

IDhvae ¥l = MYl ¢ € COECw).

Thus h + dt? € R'™(C). For C = @ the side metric is empty. The defining relation [40, Section 5.2]
therefore gives [M, h] = [N, h], and

a(N, h) = 0,(IN, h]) = 0.(IM, h]) = 0.

Theorem I gives an invertible product extension of h over N. By [40, Corollary 5.6], [N, h] = 0. Hence
ker 0,, = 0. O
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16. SPECTRAL MATRICES ON BERGER PRODUCTS

16.1. The orbit of a middle-weight projector. For a € 3Zs, let V, = Sym?®* C?, with an SU(2)-
invariant Hermitian inner product. Fix an integer k > 1 and put j = k — % Write p for the action
on V;. Choose self-adjoint generators J;, 5, Js with [J;, Jz] = i} and cyclic permutations. Choose an
orthonormal basis v,,,, m = —j,—j + 1,..., j, such that

Jsvm =mopm, Ui+ iR)om = NG =m)G+m+ Doger (m < ),
and (J; +iJ;)v; = 0. Let P,, be orthogonal projection onto Cvy,.

Lemma 16.1. For k > 1 and every nonempty open O C SU(2),
spang{p(x)P; ;,p(x)" : x € O} = Herme(V)). (16.1)
The same equality holds with P_, ;.

Proof. For the conjugation representation, the Clebsch—Gordan decomposition [51, Exercise 11.11,
p. 151] is
2k—1

Endc(V)) = P Ve.

=0

The summands are the eigenspaces of C(A) = Y. _, [Ju, [Ja» A]], with respective eigenvalues £(¢ + 1)
[10, Section 2.1, equations (2.4)—(2.5)]. Since C(A*) = C(A)*, adjoint preserves each summand. Its
one-dimensional weight-zero subspace therefore contains a nonzero Hermitian vector T. Write Tv,, =
GmVm, With g € R. In V;, = Sym? C?, the weight-zero monomial is z‘w’. The Weyl transformation
(z, w) = (w, —z) gives

Gm = (=1)gn. (16.2)
The diagonal entries of C(T) = #(¢+ 1)T are

L+ 1)gm = (—m)( +m+1)(gm — Gm+1) (16.3)
+G+m(j-—m+ 1)(% - Qm—l)'
Terms with indices outside [~J, j] are omitted. If tr(P; ,T) = 0, then g;/, = g_;/2 = 0 by (16.2). For
Jj > 1/2, the coefficient (j —m)(j+m+ 1) is positive for m = 1/2,3/2, ..., j— 1; successive substitution
in (16.3) gives g3/, = - = q; = 0. Equation (16.2) gives g, = 0 also for m < 0. For j = 1/2, the two
initial entries are all the entries. In either case T = 0, a contradiction.
Thus P, /; has nonzero projection onto every irreducible summand. Since the decomposition is
multiplicity free, [36, Section 3, equations (12)-(13)] implies that its orbit has complex span End¢(V)).
Every orbit element is Hermitian, so its real span is Herme(V;). For H € Herme(V;), the function

X —> tf(HP(x)Pl/Zp(x)*)

is real analytic on connected SU(2). If it vanishes on O, it vanishes everywhere, whence H = 0. The
trace pairing is nondegenerate on Herme(V)), so (16.1) follows. A Weyl representative w, exchanges
Py /5 and P_y ,; the equality for P; /, on Owy gives the equality for P_;/, on O. O

16.2. The Berger kernel and its evaluation. Identify S*> with SU(2). Choose left-invariant fields
X3, Xz, X3 with [ X7, X;] = 2X5 and cyclic permutations, and let w; be the dual coframe. For ¢ > 0, put

g =trol+os+ol, S =(SUQ)g). (16.4)

The oriented orthonormal frame is E; = t 7' Xy, E; = X5, Es = X3. Let

0 1 0 —i 1 0
9=\ o) %27 i o) BT\ \o 1)



DIRAC SPECTRA AND SPACES OF METRICS 89

In the corresponding spin frame take ¢, = ¢(E;), with ¢; = io3, ¢; = ioq, and ¢3 = ioy; then ¢jcpe3 = 1.
Hitchin’s formulas [65, Propositions 3.1-3.2], in these conventions, give

D; = t_lchl + o Xo + 3 X5 + (t/2 + t_l)I. (165)

Besides the positive eigenvalues t/2 + p/t, p € Z>1, the eigenvalues are

t _ 2
5 + 4pq + %, p,qE€ Zz]. (166)

The matrix-coefficient map
{Quv+— [x — {’(p(x)v)]
identifies V; ® V; with its Peter-Weyl summand. Left-invariant fields act on the second factor; thus V;
is the multiplicity space in V;' ® V; ® C?. Take dp(X;) = —2i)5, dp(Xz) = —2i};, and dp(X3) = —2i,.

On the pair
1 0 . .
vm®<0>, vm+1®<1), —j<m<y,

2m/t 2JG-m)(+m+1)
2JG-m(@+m+1) —2(m+ 1)/t '
This block corresponds to p = j+ m+ 1and g = j — m in (16.6).

Let vy, be the basis of V" dual to vy, and let P, be orthogonal projection onto Cv,,. Write p"(x)¢ =

the operator matrix is

(16.7)

(t/2+ DI + (

o p(x)~! for the contragredient representation; its matrix in this basis is p(x). Denote the total
volume of g; by Vol(g;).

Lemma 16.2. Ifk is prime, k = 3 (mod 4), and t = 4k, then
ker D; = Vl:—1/z’ dim¢ ker D; = 2k.
Let e,(x) : ker D; — C be evaluation at x followed by the a-th spinor coordinate, a = 1,2. Under a

unitary identification ker D; = V', each family {e,(x)"e,(x) : x € SU(2)} is the conjugation orbit of
kVol(gt)*lPlv/z under p".

Proof. For t = 4k with k prime and k = 3 (mod 4), the only zero in (16.6) has p = q = k; this is the
observation of Chowla recorded in [65, p. 32, Remarks (1)(a)].
Thus j = k—1/2 and m = —1/2. The block (16.7) is ( tz/kz tz/kz ) whose zero eigenvector at t = 4k

is (1,—1)/+/2. For £ € V; the corresponding spinor is

[k ()
F) =\ [Vol(g) (—r(p<x>v1/z>>' (168)

For Haar measure dx of total mass one, Schur orthogonality [36, Section 3, equation (9)] gives

I
(x)Prp(x)* dx = —.
/5U(z) P P 2k

Since dvg, = Vol(g;) dx,

Vol(g:) , .2
[6(p(x)vm)* dvg, = Il
/SU(Z) p & 2k

Thus (16.8) is an L? isometry on V7. Under this identification,

er(x)"er(x) =

k
Vol(g) p ()P, jpp" (x)". (16.9)

The formula for e;(x)*ez(x) has P/ /5 in place of PY, /o- A unitary intertwiner Vi = V; sends Cuy, to
Cu_,. The two middle-weight projectors are conjugate by a Weyl representative, and Lemma 16.1
applies to each. g
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16.3. Flat factors and compatible compression. In the rest of this section, k is prime and k = 3
(mod 4). Let n > 3 and put d = n—3. Give T¢ = R? /(27 Z) its flat metric and its spin structure with
constant spinors. For d = 0, take T° to be a point, with volume one, spinor space C, and Dyo = 0. Set

Xok = Sap x T"2, (16.10)

Hitchin gives the product formula for harmonic spinors [65, p. 12, Remark (4)]. In the product spinor
identification, with an extra factor C? when d is odd,

D%, = Dgﬁik ®I+1® D%, (16.11)

where identity on the extra factor is understood. The torus kernel consists of parallel spinors. Set

_ ker Da, d even,
| kerD ® €%, dodd.

In particular, W3 = C. The product formula and Lemma 16.2 give
Enk=kerDx, =V, ,®W,  dimc W, =2"?", (16.12)

Evaluation identifies parallel torus spinors with the full torus spinor fibre. For the L? inner product on
parallel sections, multiplication of evaluation by Vol(T%)'/? makes this identification unitary. Thus
the product spinor fibre is identified with C*> ® W,. Let Q be projection onto the first coordinate line
in C2. Then Q ® T is a Hermitian fibre endomorphism for every T € Hermc(W,). Put E = E, x, and
let P be the L? orthogonal projection onto E.

Theorem 16.3. For every nonempty open U C X, ., the map
Co(Us o) — Ay(E), Vi— PVg (16.13)

is onto. It has a linear right inverse whose image is supported in one compact subset of U. There is a full
potential section at D, , with the same support property.

Proof. Put j = k —1/2, and let e(x,y) : E — X ,)Xp« be evaluation. For unrestricted Hermitian
multiplication endomorphisms, Lemma 6.5 identifies the compression image with the real span of
e(x,y)*Q’e(x, y), where (x, y) € U and Q’ ranges over Hermitian fibre endomorphisms. Choose a
nonempty product neighbourhood U; x Ur € U. Equation (16.9) and the torus normalization give,
for x € Us, y € Ur, and T € Herm¢(W,,),

k
Vol(gsx) Vol(T?)

e(x, )" (Q ® Te(x,y) = p (P pp ' (x) @ T.

By Lemma 16.1, these matrices span
Herme(V}") ®r Herme(W,) = Herme(E).

Thus unrestricted compression is onto.
On Hermitian endomorphisms put J(A) = JAJ ! and, in even dimension, G(A) = T AT These are
commuting real-linear involutions, since J? = +I,T? = I, and JT = +I'J. The projection onto (2.2) is

I+ ed _I+enJI—Q
- T2 2

Since P commutes with J and, in even dimension, with I', compression intertwines these projections
on the bundle and on E. For A € A,(E), an unrestricted preimage V therefore gives a compatible
preimage I1V, with supp(ITV) C supp V.

Choose compatible preimages V1, ..., Vy of a real basis of A ,(E). Their supports lie in one compact
subset of U, and they define a linear right inverse s of compression. Choose a circle y centered at zero
in the resolvent set of Dy ., enclosing no other eigenvalue. For A near zero, y remains in the resolvent

nk’

IT

(n odd), I1

(n even).
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set of Dy, , + s(A). The enclosed spectral projection commutes with J and, in even dimension, with T.
Let U4 be the polar frame of Lemma 6.1, based at the inclusion of E. It intertwines these structures,
and

F(A) = Uj(Dx, , + S(A))Ua € An(E)

is smooth. By Lemma 6.4, F(0) = 0 and dFy = I. The inverse function theorem [50, Theorem 11.22
and Corollary 11.35] gives the full potential section A — s(F~'(A)) near zero. The complementary
spectrum lies outside y. g

Corollary 16.4. For every n > 3 and every nonempty open U C S* x T""3, there are full metric sections
A — g(A) with balanced zero modules of arbitrarily large complex dimension, such that

dvgay = dvgo),  supp(g(A) - g(0)) € U.
Every smaller balanced zero module occurs after fixing an invertible complementary block.

Proof. Choose a nonempty open Uy € U and apply Proposition 6.3 to the potential section of
Theorem 16.3 supported in Up. The metric family has fixed volume density and equals the product
metric outside Up; hence its differences have support in Uy C U. There are arbitrarily large primes 3
(mod 4) [8, Theorem 7.1, p. 147], and (16.12) gives dimg E, x = k 21%/2].

For even n, the grading on the extra C? factor gives equal chiral ranks. In residues one and two,
the skew matrix sizes are respectively

faln/2l  goln/2lt,

both are even, since the least dimensions in these residues are nine and ten. The other cases of (2.4)
impose no further restriction. Hence E,, ;. is balanced.

By (2.4), every balanced zero module E’ of smaller complex dimension admits a J-invariant and,
in even dimension, T-invariant orthogonal embedding in E,, ;. Write E,, = E’ @ E” for the resulting
decomposition. The complement is balanced: in the chiral cases subtract equal ranks, and in the skew
cases subtract even sizes. Fix a sufficiently small invertible B € A,(E”) and restrict the full metric
section to matrices A® B, A € A,(E’). Its value at 0 & B has zero module E’. Choose a radius smaller
than both dist(0, spec B) and the original spectral radius. For A @ B in the original parameter domain
and |A| below this radius, the enclosed spectral subspace is the image of E’ under the original frame,
and its restriction matrix is A. The density and support conditions remain valid relative to the metric
at 0 ® B. g

17. KERNEL DIMENSIONS AND THE REAL INDEX

The bases B of the parameter disk bundles below are compact smooth manifolds without boundary.
Vector bundles carry fixed smooth Euclidean, Hermitian, or quaternionic Hermitian metrics. Matrix
bundles have the associated Hilbert-Schmidt inner products, and direct sums have the product inner
product. Write | - |¢j, for these fibre norms. For a real vector bundle N — B and 1 > 0, put

Dy(N) ={(b,A) : b e B, Ae Ny, |Alsip < 1.

This is a compact smooth manifold with possibly empty boundary. The norm of a section is its
supremum fibre norm. Operator norms between orthogonal summands are denoted by | - [op. For each
of the smooth matrix decompositions below, compactness and finite rank give a constant Cg;, > 1
such that

|(T1, e Ts)|fib < Cfib"T”op

for every matrix T with components (T, ..., T;). For an individual matrix, its Hilbert—-Schmidt norm
dominates its operator norm.

Let P be a compact parameter space and E a fixed zero module as in Definition 2.1. A structural
perturbation of Ty : P — A,(E) is a continuous family T : P — A,(E); its size is SUP ep IT(p) —
To(p)lop- Such perturbations may mix the index-minimal and auxiliary summands of E.
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Lemma 17.1. Let B be a compact smooth manifold without boundary, let n > 0, and let N, E — B be real
vector bundles with rank E = dim B. Suppose that E admits a smooth section with exactly one transverse
zero. On Dy(N) let sy(b, A) = (A, 0) be the section of the pullback of N ® E. Every continuous section s
satisfying |s — so| < n/2 has a zero in the interior of D,(N).

Proof. For m : N — B,let £ = 7*(N @ E) over the full total space N. Its rank equals dim D,(N). Let
o be a section of E with unique transverse zero by. For ¢ > 0, the section

Sé‘(ba A) = (A9 EO'(b))
has its unique zero at (b, 0). At this point its vertical differential is
Ty, B ® Ny, — Ny, ® Ey,, (&,0) — (v, ed oy, ),

where doy, : Tp,B — Ej, is the vertical differential of ¢ at its zero. This map is an isomorphism.
Suppose that s has no zero. Compactness and smooth approximation give a smooth nowhere-zero
section s” with |s" — so]| < 7/2. In the homotopy H; = (1 — t)s, + ts’, the N-component on 9D, (N)
has norm at least n — |s" — so| > 1/2. Let W be obtained by rounding the corners of D,(N) x [0, 1]
in a collar on which H has no zero. The map H|yy into the full total space of £ is transverse to
its closed zero section and meets it exactly once. It extends over the compact manifold W, so its
mod-two intersection number is zero by the Boundary Theorem [57, Chapter I, Section 4, p. 80], a
contradiction. Finally, [slgp > 7 — ||s — so| > /2 on aD,(N). O

17.1. Integer indices. Let F = R or H, and put dr = dimg F. Suppose that the fixed index-minimal
module has chiral parts F* and 0, with a > 0, in domain and range order. If the nonzero minimal
chiral part lies in the range, take adjoints throughout. Fix r > 1, ¢ > 0, and 0 < n < ¢/4. Put

B = Gr(F**"), L — B, (17.1)
where L is the tautological bundle. The auxiliary domain and range are both the fixed space F**". For
(L, A) € Dy(Endg(L)), define

Zia = cPp + APy (17.2)
After adjoining the minimal domain summand, the full chiral map is
Z\L’A : F*" @ F* — F*'7, 2L,A(z, u) =Zpaz.
Its complementary block is ¢I : L+ — L*. Its Schur complement is (A, 0) in
Homg(L & F%, L) = Endr(L) ® Homg(F4, L). (17.3)

Proposition 17.2. Every sufficiently small continuous F-linear perturbation of the family ZH)A has a
parameter at which the full chiral kernel and cokernel have dimensions r + a and r overF.

Proof. Choose an injective map By : F? — F**", and put Ly = (im By)*. The bundle E = Homg(F?, L)
has real rank dpar = dimg B. Its section s(L) = P.B, vanishes exactly at Ly: the equality PLBy = 0 is
equivalent to L C (im By)*, and both spaces have dimension r.

For X € Homg(Ly,im By), the map jx = ()I()(I + X*X) % is an isometry from Ly onto L =
graph(X). In this local trivialization,

jiBo = (I + X*X)"/2X*B,.

Its derivative at zero is X — X*By. Since By : F* — im By is an isomorphism, this is a real-linear
isomorphism onto Homg(F?, Ly). Thus s has one transverse zero.
Let § bound the perturbation in operator norm, and choose

252
d<c/2, Cap | 6+ — ) < n/2.
C
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Lemma 6.6 gives a section of (17.3) whose distance from (A, 0) is less than 1/2 in the fibre norm.
Lemma 17.1, with N = Endg(L) and the bundle E above, gives a zero of this section. Its domain has
dimension r + a and its range dimension r. The complementary map is invertible, so these are exactly
the full chiral kernel and cokernel dimensions. For a = 0, the base B is a point and E = 0. O

In residue zero a = |A\(M )|, and the complex nullity is |A\(M )| + 2r. In residue four a = |A\(M)| /2,
and the complex nullity is |[A(M)| + 4r.

17.2. The nonzero index in residue one. Fix r > 1, ¢ > 0, and 0 < 5 < ¢/4. On the real forms
of the modules, the index-minimal summand is R and the auxiliary space is (C"*!)g. Let B = CP’
parameterize the complex hyperplanes L ¢ C'*!, and let J, be multiplication by i. For (L, A) €
D,(so(Lr)), take the real skew map

A®c/y®0 on Lpg®(LYHr®R.

Multiplication by i on the complexification gives a compatible family. After eliminating (L*)g, the
residual matrix bundle is

s50(Lg ® R) = s0(LR) @ Lg. (17.4)

Here the second component is the map R — Lg in the off-diagonal block; its negative adjoint is the
opposite block.

The real bundle Lg has rank 2r = dimg CP". Fix v € €' \ {0}. The section L — P;v vanishes
exactly at Ly = v'. For X € Homc(Ly, Cv), the graph formula in the preceding proof gives the
derivative X — X™v. Its inverse sends w € Ly to

v{w, u)
U/

with the Hermitian product linear in its second argument. Thus the zero is transverse over R.

The complementary block has inverse norm 1/c. For a structural perturbation with the bounds in
the proof of Proposition 17.2, Lemmas 6.6 and 17.1, with N = so(Lr) and E = Lg, give a zero residual
matrix on a real space of dimension 2r + 1. The complex nullity is exactly 2r + 1.

X (u) = ue€lL,

17.3. The nonzero index in residue two. Fix r > 1, ¢ > 0,and 0 < < ¢/4. Let W = H""!, viewed
as a complex Hermitian space, and let K : W — W be its quaternionic antiunitary, with K* = —I.
Put U = W & C, and let

R:U— U, Rx =(x, -),
be the Riesz antiunitary. On U @ U* define
I'(x,A) = (x,-4), J(x,2) = (=R'A,Rx).

Then J* = —I and JT = —TJ. For f € AZU*, put Zgx = f(x,). The operator D(Zp) of (2.3) satisfies
(2.2). The fixed index-minimal summand is C @ C*, and the auxiliary summand is W & W*.

Let B = HP" parameterize the quaternionic hyperplanes L C W, and put Q = L*. Thus dim¢ L =
2r and dim¢ Q = 2. The form

w(u,v) = (Ku,v)c, u,v e w,

is complex bilinear and skew. Its associated map W — W™ is the composition of two antiunitaries
and is therefore unitary. Since Q is K-invariant, the form cw|g has inverse norm 1/c. In particular,
W @& W* is balanced. For (L, A) € D,(A%L*), define the reference formon U = (L @ C) @ Q by

Pra=AB0 culp.

Take the dual decomposition U* = (L @ C)* & Q*, extending each functional by zero on the other
summand. In U @ U~ the retained and complementary summands are

LeC)a (L), oO® Q.
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Both are invariant under J and I'. The complementary block of D(Zg, ,) is self-adjoint and has
inverse norm 1/c. Lemma 6.6 preserves the identities (2.2); hence, for a sufficiently small structural
perturbation, its Schur complement has the form D(Zs), where S is a complex skew form in

AL(LeC) = AAL" @ L*. (17.5)

Here the second component of a form y is u — y(u, 1), for u € L. The constants Cf;, include the
norm factors of the off-diagonal blocks in (17.4) and (17.5).

The real rank of L* is 4r = dimg HP". Fix v € W \ {0}, and put #(w) = (v, w)¢ and vH =
spanc{v, Kv}. The section L — ¢, vanishes exactly at Ly = (vH)"*: for a K-invariant subspace,
orthogonality to v implies orthogonality to Kv. In quaternionic graph coordinates its derivative is

X ftoX, X € Homy(Lg, vH).

If £o X = 0, then for every w € Ly both #(Xw) and {KXw) = #(XKw) vanish. In the complex basis
(v, Kv) of vH, these two equalities imply Xw = 0. Thus X = 0. The domain and range both have real
dimension 4r, so the derivative is an isomorphism.

For a structural perturbation with the bounds in the proof of Proposition 17.2, the identity
ID(Zs)lop = 1Zsllop and Lemma 6.6 give a residual section within 1/2 of (A, 0). Lemma 17.1, with
N = ALL* and E = L* regarded as real bundles, gives a zero skew form on L @ C. Both chiral kernels
then have dimension 2r + 1, and the total complex nullity is 4r + 2.

17.4. Zero index and the index minimum. If the fixed index-minimal module is zero, let E, be
a balanced zero module of the prescribed dimension in (2.4). Fix n > 0. On the ball D,(A,(E))),
regarded as a disk over a point, take the reference matrix A. Lemma 17.1, with B a point, N = A, (Ey),
and E = 0, gives a zero after every sufficiently small structural perturbation. A fixed invertible
complement may be eliminated by Lemma 6.6.

If the prescribed nullity is the index minimum, no auxiliary zero block is needed. After elimination
of the invertible complement, the residual matrix space is respectively Homp(F¢, 0) or its adjoint,
50(1), Skew;(C), or the zero space. Each is {0}. The kernel therefore has exactly the prescribed
dimension, including nullity zero.

Proposition 17.3. For each admissible nullity in (1.9), there exist a fixed balanced zero module E,y, a real
vector bundle N — B over a compact manifold, a number n > 0, and a family Ty : Dy(N) = Au(Eaux)
such that, after adjoining the fixed index-minimal module, every sufficiently small structural perturbation
has a parameter with exactly that nullity. Let V be a finite-dimensional real inner product space, and
putV.=Bx V. OnD,(N & V) the same conclusion holds simultaneously with continuous V-valued
equations whose reference map is (b, A, X) — X, provided the combined perturbation is sufficiently
small.

Proof. The preceding constructions give every nullity in (1.9). For the additional equations, let
S = (SN, Sg) be the residual section in N @ E, and let F be the continuous V-valued map. On the
round disk bundle

D,(N®V)={(b,AX) : |AE, +IXP < n’},

the section s = (Sn,F, Sg) takes values in the pullback of N @ V @ E. Its reference section is
so(b, A, X) = (A, X,0). If |s — so|] < n/2, Lemma 17.1 gives a common zero. The complementary
inverse bounds and the fibre norm comparison constants are fixed before the perturbation size is
chosen. O

18. SPECTRAL SUBSPACES UNDER SURGERY

Spectral surgery for compact families is given in [77, Theorem 4.24], extending [21, Theorem 1.2]
and [38, Theorem 6, third arXiv version]. An eigenbundle isomorphism is obtained in [77, Theo-
rem 4.26 and Remark 4.27]. The proposition below gives a uniform norm estimate for the compressed
operators and preserves the spinor structures. For smooth families over compact parameter domains,
the connected-sum construction in odd dimensions also appears in [18, Section 7, Remark 4].
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Proposition 18.1. Let B be a compact topological space, let b — g, be a C*-continuous family of smooth
metrics on a closed spin manifold N", and fix a spin surgery of codimension q > 3, with resulting
manifold N. Write D, = Dg,. Leta,  : B — R be continuous, with ay, < fj, and ay, f, & Spec(Dy).
Suppose that

Ep = (g, ,)(Dp)L*(Zg,)

has fixed rank. For every n > 0 and every neighborhood V of the surgery sphere there is a C?-
continuous family of smooth metrics T, on N, equal to gy outside V, such that, with D, = Dy

ap, Py ¢ Spec(Db) and the space

z,> one has

Ep = 1(4,,5)(Dp)L*(S3,)
has the same rank as Ej,. There is a continuous bundle isometry W : E — E such that

sup H W;IN)Z, Wy, — Dy, |Eb
beB

<.

If E is invariant under the spinor structures, W intertwines their restrictions. If a, > 0 and there is a
sign-reversing spinor structure, the same conclusion holds on the direct sum of the bands (ay, f) and
(—Bp, —ap): W preserves each summand and intertwines all the spinor structures.

Proof. Put k = rankc E and A = sup,zmax(|ap|,|Bs]). For k = 0, the spectral surgery theorem
gives the assertion. Assume k > 0. The spectral bundles are continuous by [77, Theorems 3.3-3.4].
Norm-resolvent continuity and compactness give

d:= })n}fa dist({ab,ﬁb}, Spec(Db)) > 0.
€

The constants C below are independent of b and of the surgery radius.
For Dy = Ay with A € (ap, Bp), the square formula and Kato’s inequality give, for u, =
(P +7¥)Y2and r >0,

5 1
Apu, < Coug, Co = A"+ —sup ||scalgb “00
4 beB

With the nonnegative Laplacian convention, this is

8(a F! jur) + dpur >0, a'g = /det g géj, dp = Co+/det gp.

On a fixed finite atlas, compactness in C? gives common ellipticity and boundedness constants. The
local boundedness estimate [52, Theorem 8.17, p. 194], with p = 2 and zero right-hand side, applies on
nested coordinate balls. Uniform equivalence of the coordinate and metric measures and 7 — 0 give

¥l < Cilyl, . (18.1)
For an orthonormal eigenbasis 1, ..., ¥, of Ej and ay, ..., ax € C, Cauchy-Schwarz gives, pointwise,
k k 12 ; 1/2 k
D vy < (Z Iajlz) <Z |¢j|2) < CiVk|Y aiy;
j=1 j=1 j=1 j=1 5

Fix tubular neighborhoods T, of the surgery sphere with respect to a background metric. Choose
a smooth function 0 < y, < 1 equal to zero on T, and to one outside T5,, with |dx,|s, < C/p. Take
0 < p < 1 small enough that T, C V. Theorem 4.24 of [77], with a sufficiently small spectral error
0 < £ < d/3, gives a C?-continuous family &, equal to g; outside T, /2, with the same band ranks and
with ap, B, outside the new spectra. On the common exterior, identify the spinor bundles by the spin
structure of the surgery. Set

Ap = Dplg,, Cpp : By — L*Cg),  Con¥ = xp¥,
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extending by zero across the modified region. The extension is smooth, since y, vanishes on a
neighborhood of that region. The map C,;, is continuous in b, has norm at most one, and takes values

in D(Dy). The volume of T,, is O(p?) uniformly. Hence
0<T-C,,Cpp < Cpil,

~ 18.2
Ry :=DpCpp — CopAp =dyp- |E, » IRyl < CPq/Zfl- (182

Let P}, be the orthogonal projection onto E,. We have Spec(Ap) C [ay + d, B — d], whereas the
spectrum of Dy, on im(I — P}) lies outside (a3, f3). For an orthonormal eigenbasis e; of Ay, with
eigenvalues A, the spectral theorem gives

(= P)Cppes] < d7 (B = AU = Po)Cppef| < a7 [Roey].
Consequently ||(I - Pb)Cp,b“ < Jkd'|Rp|. Put G, = C;’be C,p- Since

Gy = CyCpp — (I = Py)Cpp) (= Pp)Cpyp).
we have |G, — I| < C(p? + p?~?2). For small p, %I < Gy < I Set
Wy = P,C,, G,/
Then Wy W, = I, and equality of ranks makes W} onto Ej. Continuity of the factors gives continuity
of W. The identity
w;Dy W, = G*A4,G,'* + G,V/*C Py R, G, (18.3)
and the bounds
62 ~1|<lG,-11. |6, ~1|< V216, -1
give
| Wiy Wy - Ay < 301G, — 11 + 2Ryl < Cp7/* .

Since g > 3, decreasing p gives the prescribed 7.

Suppose a spinor structure preserves E;. If it reverses the sign of Dy, each old band eigenvalue A
has —A in the same band. Every new band eigenvalue y satisfies | — A| < ¢ for an old band eigenvalue
A. As —A has distance at least d from the endpoints and ¢ < d, also —p € (@, fp). The new band
is therefore invariant. The common exterior spin identification, the real cutoff, and the spectral
projections intertwine the structures. The real functional calculus in the proof of Lemma 6.1 gives
the same property for G;l/ “and W,

For the two nonzero bands, put

Iy + = (ap, 1), Iy = (=Pp,—ap), Ep. =15, (Dp)L*(Z,).

Define Eb,:l: in the same way with Dy, and let Py, .. be the corresponding orthogonal projections. Let
Sp be a sign-reversing spinor structure and Sy, its counterpart. Spectral symmetry gives

SvEp+ = Ep SpEp+ = Ep_.

Thus the negative endpoints avoid both spectra and both negative bands have rank k. For o € {+, -},
set

Cb,O' = Xp|EbJa Gb,a = CZ,O-Pb,O'Cb,O'-

Let T}, and Tb be corresponding spinor structures on the old and new L? spaces, with T, (Ep ) = Ep .
for o, 7 € {+, —}. Naturality on the common exterior gives

Cp:Tp = Ty Chos Pb,TTb = Tbe,m
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Hence Gy . Tp = Ty Gy 5. In particular, G, - = Sy, Gby+S;1 > 51. We may therefore set

1
2
Wpo = PpoCp.oeGy . (18.4)

The real functional calculus in the proof of Lemma 6.1 gives W, T}, = Tb W+, including antiunitary
Tp. Taking T, = Sp, gives

Wp— = §b Wb,+5};1. (18.5)
Put Aj . = Dylg,, and Zb,:l: =D, |Eb,i' Then

Wy _Ap Wy — Ay =Sy (W}, Ap+ Wi i — Ap1)Sy .

The two errors have the same norm. Thus W}, . @ W), _ preserves both summands, intertwines all the
spinor structures, and satisfies the required estimate. g

18.1. Spin bordisms. Let X, be the underlying spin manifold of X,, s in Section 16; thus X,, = $*xT"3
with the product spin structure specified there. The unique spin structure on S* extends over D*.
Hence X, bounds D*x T"~3 with the same torus spin structure and is spin bordant to S™. For n > 5, the
spin-bordism surgery theorem [55, proof of Theorem B, pp. 431-432], applied to the simply connected
target S”, gives a finite sequence of spin surgeries of codimension at least three from X, to S"; see
also [38, proof of Proposition 7, p. 7, third arXiv version]. Disconnected intermediate manifolds are
permitted in [77, Theorem 4.24 and Section 5].

For n = 4, fix p € $°. Surgery on S! x {p} C S! x S with the prescribed spin structure gives S*
[38, proof of Proposition 7, p. 6, third arXiv version]. Choose the normal framing so that the spin
structure induced on the surgery circle relative to this framing is bounding; it then extends over the
attached handle [21, Section 1].

For n = 3, X3 = $°. Connected-sum surgery on MUS" has codimension n > 3 and gives M#S" = M
with its original spin structure. The attachments are independent of the parameters. For a sequence
of m > 1 surgeries, let E; be the successive spectral bundles and A; the corresponding compressed
Dirac operators, 0 < j<m. Let W; : E; 1 > E;, 1< j<m, be the isometries of Proposition 18.1. Put
U=LU =W W for1<j<m,and W = U,. Then

m
W*AuW — Ay = Y. Ur (W7 A; W) — AUy,
J=1

SO

m
[W*AnW — Al < D IW;A;W; = Ajal.
j=1

At each stage the family remains compact and C?-continuous, with the band endpoints outside every
spectrum. The proposition therefore applies successively. Choosing each error less than n/m gives
total error less than 1, uniformly on B. For m = 0, take W = I; the error is zero.

19. FINITE SPECTRAL PRESCRIPTION

19.1. Nonzero matrix blocks. By (2.1), the multiplicity field for a nonzero eigenvalue is

H, n=234 (mod3),
F,=4C, n=1,5 (mod3), (19.1)
R, n=0,6,7 (mod 8).

ForF =R,C,H and m > 1, write
Herm,,,(F) = {H € Mat,,(F) : H" = H},

regarded as a real vector space.
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Lemma 19.1. Let H € Herm,,(F,). If n # 3,7 (mod 8), assume H positive definite. Then H is the
restriction of a compatible matrix on a balanced zero module. The module and the isometric inclusion of
the selected subspace can be chosen independently of H, compatibly with its multiplicity field. If charge
conjugation or chirality changes the spectral sign, its image subspace carries the block determined by
that identity.

Proof. For n = 3,7 (mod 8), take H itself. For n = 0,4 (mod 8), put Z = H. The F,-linear isometries
fi(u) = (u, £u)/ 2 satisfy
D(H)f: = £f:H.

The same formula applies in residue six, since a real symmetric H is complex symmetric. Here
J(x,y) = (3, %) induces conjugation on the positive subspace: J fi(u) = f(@).
In residue two, represent the quaternionic Hermitian matrix H on C*™ and put

0 I
Jo=(_1 0), Z =Hj.

The identities H* = H and HJ, = JoH give ZT = —JyH = ~HJy = —Z. For f.(u) = (=Jou, u)/ 2 and
f—(u) = (Jou, u)/ \/E,
D(2)f(u) = (~JoHu, Hu)/N2 = f,(Hu),

D(2)f-(u) = (~hHu,—Hu)/ 2 = - f (Hu).

The charge conjugation J(x, y) = (—7, x) satisfies J f1(u) = fi(—Jo@). Thus the positive subspace has
its quaternionic structure, commuting with H.
In residue five, take T = diag(H,—H) and J(u,v) = (=0, @). Then T* = T, J? = —I, and

JT(u,v) = (Ho,H@t) = —=TJ(u,v).

The two coordinate inclusions give H and —H.
In residue one write H = A + iB, where A, B € Mat,,(R), AT = A, and BT = —B. Set

A -B 0 —I
=y ) w=(0 )
Then R(H)" = R(H) and R(H)Jy = JyR(H), so J,R(H) is real skew. On the complexification, the
isometries fi(u) = (u, —iu)/ 2 and f-(u) = (u,iu)/ V2 satisfy
—ihR(H)fy = fH,  —i)RH)f- =—fH.

Every displayed inclusion is independent of H. The underlying modules satisfy the balance conditions
of (2.4). O

19.2. Separation of spectral intervals.

Proof of Theorem P. Let A4,...,As be the distinct prescribed nonzero values, with multiplicities
my, ..., mg over F,. In the symmetric classes list only the positive values. The case s = 0 is allowed.
Put

N
V =(PHerm,,(F,), Hy=MI+X;, X=(X)L €V (19.2)
j=1

Choose pairwise disjoint closed intervals Iy, Iy, ..., I; contained in (—A, A), with Iy = —I, 0 € int I,
and A; € intJ; for 1 < j < s. In the symmetric classes include I_; = —I; and require all these intervals
to be disjoint. Let T = {0, 1,..., s}, with —1,..., —s adjoined in the symmetric classes. For £ € T, let y,
be the positively oriented circle with diameter I,.
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Fix My > A + 3. By [4, Theorem 1.1], the prescribed spin manifold admits a metric g, whose
complex nullity is

IA(M), n=0,4 (mod8),
(M) = a(M), n=1 (mod 8), (19.3)
20(M), n=2 (mod ),

0, n=3,56,7 (modS38).

Under the constant spinor comparison, D;2, = t‘ng for t > 0. Rescale gy, so that its nonzero
eigenvalues have absolute value greater than 3M,, and put Ky, = ker Dy, . .

For h > a(M), take the zero family constructed in Section 17 for Proposition 17.3, with ¢ = M,
in the nonzero-index cases. Write B for its base, N for its normal bundle, and E for the remaining
residual matrix bundle. If a(M) = 0, then B is a point and E = 0. For h = a(M), take B to be a point
and N = E = 0. In residues zero and four, when the nonzero minimal chiral summand lies in the
range, take the adjoint chiral matrices throughout, as in Section 17. This interchanges kernel and
cokernel and preserves their sum.

Put V = BxV, with the product Hilbert-Schmidt norm on V. Choose n > 0 so small that n < M, /4
and the spectrum of every variable block is contained in the interior of its chosen interval. Let

Y=D,N&V), y=(bAX), 7x:Y—B

be the round disk bundle and its projection. Combine the auxiliary zero family with the nonzero
blocks of Lemma 19.1. Each summand is balanced. Choose a strictly larger balanced module F,;x
from Corollary 16.4 containing their structural orthogonal direct sum. Its complement is balanced by
(2.4); on that complement fix an allowed matrix whose singular values are M. The resulting matrices
B, € A,(Faux) depend smoothly on y € Y and satisfy |B, | < M.

Let Q — g(Q) be the full metric section on F,,x given by Corollary 16.4. On a sufficiently small
closed matrix ball its complementary spectrum has distance at least d,,x > 0 from zero. Choose a
fixed € > 0 such that eB,, lies in that ball for every y and daux/€ > 3M,. Set

gy = €°g(eB,). (19.4)

Its selected matrix is By, and every eigenvalue outside this cluster has absolute value greater than
3My. On the disjoint union with (M, gmin), the full spectral subspace for (—2M,, 2M,) is identified
with

F = Faux ® Kmin, Ty = By ® Ok, ”Ty” < M.

The spectral subspace inside y; is a smooth subbundle Fy C B x F, independent of A and X, of complex
rank h. It is the residual module of Section 17, including Ky;,. For h = a(M), it is B x Kpy,. Put
F; = Fy". Both summands are invariant under charge conjugation and, in even dimensions, under
chirality.

For ¢ € T, write |y,| for the contour length and set

_Ird

d; = E%?gey[ dist(z, Spec(T;)) > 0, Ke = ok

y
The spectra lie in the interiors of the selected intervals or at £M,; compactness of Y gives the strict
lower bounds.

Apply the finite spin-surgery sequence of Section 18 to the auxiliary manifold, and then form its
connected sum with (M, guin). The parameter space Y is compact, the initial metric family is smooth,
and the endpoints £2M, avoid its spectrum. Proposition 18.1 and the finite composition estimate
identify the entire resulting band with F. For any sufficiently small § > 0, the resulting matrix Ty
satisfies

sup [T, — T,| < &.
yey
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These matrices are continuous and retain all the spinor identities. The metrics are smooth and depend
continuously on y in C2.
Set

U= min({Mo} U{dist(0,1;) : 1< j < s}) > 0.

The block Ty|f,, is invertible, with inverse norm at most y~'. For § < /2, let §y be the Schur
complement of Ty on Fy , relative to F = Fyj, ® F; ;. Lemma 6.6 gives

S. 3 26°
Sy € An(FO,b)a "Sy - Ty|F0,b|| <5+ 7 < 26.

The identifications of Section 17 give smooth real-linear isomorphisms
@y 2 An(Fop) — Np @ Ep, @y(Tylg,,) = (A,0).

For h > a(M) and nonzero index, these are (17.3), (17.4), and (17.5): take the independent chiral block
in even dimensions and multiply by —i in residue one. Take the adjoint in the opposite integer-index
case. At zero index, N = A,(Fyp), Ep = 0, and @y, is the identity. For h = a(M), the residual matrix

space is {0}. For S € N}, ® Ep, put [Slop = [®,'S]. Thus Sy(y) = <I>b(§y) is a section of 7*(N & E)
satisfying

1So(y) — (A, 0)lop < 28.

Let P/(y) and P(y) be the orthogonal Riesz projections of T, and Ty for y;. For § < d;/2, the
resolvent identity gives

26

I(z - Ty)_l —(z - Ty)_ln < a2
4

Z €Yy

Integration yields

qe := sup |P(y) — Pi(y)| < k8.
yeyY

Put polar = mingz(2k,)"!. For § < Opolar> the projections have the same ranks by [67, Chapter I,
Theorem 6.32].
For 1 < j < s, let U; be the fixed isometric inclusion from Lemma 19.1, extended into F. Then

Pj = U;U;. Put G; = U; P;U;. Since |G; — I| < q; < 1/2,
(1-g)I<G;<I
The polar formula (6.2) therefore defines the continuous isometry
0, = UG,

onto im IN’J The spectral theorem gives

67 1< V2, 67~ 1l <2q 1T, - Ul < 4g;
Thus H ;= LNIJ* Ty ﬁj satisfies

|H; — Hj| < 8 +2M,|U; — Uj| < C;8, Cj =1+ 8Myk;. (19.5)

The polar isometry intertwines the sign-preserving spinor structures, as in the proof of Lemma 6.1.
Consequently H; € Hermy, (F,); the sign-reversing structures determine the negative partners.
Choose Cyjp > 1 so that, for every b € B, S = (Sn,Sg) € Ny, ® Ep,and W = (Wj)j=1 eV,

s 1/2
|(Sns W, SE)lib < Cib (||5||<2)p + Z ||Wj||gp) -
=1
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Such a uniform constant exists because the bundles have finite rank over the compact base. Put
Ko=(4+Xi, C]2~)1/ 2, Choose the total surgery error so that

. H 1 . n M()—A
0< d<min4 —, —mind,, , , 0 .
{2 2%l " 2Ky 2 polar

The continuous section with components Sy and (H j — AjI)j=;, ordered in 7*(N @ V @ E), differs
from (A, X, 0) by less than CgpKod < n/2. The constructions of Section 17 give a compact smooth
base B without boundary, rank E = dim B, and a section of E with one transverse zero. Lemma 17.1,
applied with N @ V, therefore gives a parameter with S, = 0 and

Hi=X4I (1<j<s). (19.6)

For h = a(M) this is the same lemma with B a point and N = E = 0. If also V = 0, the parameter
space is a point.
At this parameter, Sy = 0 implies S, = 0. Lemma 6.6 gives

ker Ty = ker §y =Fp, dim¢ ker Ty = h.

Every kernel vector of the Dirac operator belongs to the full band and to the spectral subspace inside
Yo- The latter has rank A, so it is exactly the kernel.

Each nonzero projection retains its reference rank. Equation (19.6) makes its compressed operator
the prescribed scalar matrix. A block of size m; contributes complex multiplicity 2m; over H and m;
over R or C. In the symmetric classes the negative partners have the same multiplicities. The spectrum
on the direct sum of all prescribed nonzero spectral subspaces is =, with complex multiplicities.

Put r = dimg F. At this parameter, let v; < -+ < v, and V] < -+ < 7, be the eigenvalues of
T, and Ty, counted with complex multiplicity. The ordered-eigenvalue inequality [67, Chapter II,
Theorem 6.10, p. 126] gives

[V — vi] < 6 1<k<r).
The remaining reference eigenvalues equal M, or —M,. The corresponding ordered entries therefore
have absolute value greater than M, — § > A. Their number, together with the ranks of the zero
projection and all the prescribed nonzero projections, equals r. Proposition 18.1 preserves the full
spectral subspace of dimension r, so these eigenvalues exhaust the spectrum in (—2My, 2M,). There
is no further eigenvalue in (—A, A). The final spin manifold is M#S" = M with its prescribed spin
structure. This proves (1.10). O

Corollary 19.2. For every closed connected spin manifold M of dimension at least three,

sup dimg ker Dy = oo.
g
Here g ranges over the smooth Riemannian metrics on M.
Proof. Each row of (1.9) contains arbitrarily large integers. Apply Theorem P with an empty nonzero
multiset. O

20. LOCAL HARMONIC SPINORS IN DIMENSION FOUR

Let (M*, g) be a closed, connected Riemannian spin manifold, and let U C M be a nonempty open
set. Order the chiral spinor bundles S, T as in Section 8, so that
Ag : H'(S) — L¥(D), indy Ay = —a, a€Zs.

Both bundles are right quaternionic line bundles. Their Hermitian products are linear in the second
argument; adjoints and orthogonal projections refer to these products and the corresponding L?
products. When the metric varies, the bundles are identified by (2.6). By Lemma 2.2 and (2.3), the
real-linear bundle map

A3T*M — Homy(S, T), T+ cg(7)ls (20.1)

is an isomorphism. A section B of Homy(S, T) corresponds to the compatible self-adjoint potential

(5% )
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20.1. A flat ball with prescribed density.

Lemma 20.1. For every p € U, the metric g can be approximated in C' by smooth metrics g; which
are flat on a neighborhood of p, equal g outside U, and satisfy dvg, = dvg. If A, is injective, g1 can be
chosen so that Ag, is injective.

Proof. Take oriented normal coordinates x at p on a coordinate box with closure in U, and write
dvg = J(x) dx. Then J = 1+ O(|x|*) and dJ = O(|x]). On a smaller box put

X1
yl = / ](t’ X2, X3, x4) dt, yi = Xj (l > 1)
0

The Jacobian determinant is J > 0, and
y-x=0(x), Dy-I=0(xP, Dy =0(x).
Thus y is a coordinate system with dv, = dy. The matrix G(y) of g satisfies
detG =1, G—1=0(y, dG = O(ly)).

For sufficiently small r > 0, choose a smooth function y, with values in [0, 1], equal to zero on
|yl < r/3 and to one on |y| > 2r/3, with |dy,| < C/r. Put

G, = exp(y, log G).

This matrix is positive symmetric, equals G near the boundary of the box, and equals I near p. Since
trlog G = logdet G = 0, one has det G, = 1. Lemma 3.4 gives

|G = Gllew < Cr?, |G = Glo < Cr,

with C independent of r. Extension by g defines the required metrics g;.

The operator Ag : H'(S) — L*(T) has closed range and finite-dimensional kernel [66, Theo-
rem 19.5.1]; the density dv, identifies sections with half-density-valued sections. Under (2.6), the
local formula for the Dirac operator [61, Theorem 2.3.6] gives

|Ag, — Aglerorz < C'llgr — gler — 0.

If Ag is injective, [66, Theorem 19.1.5, pp. 182-183] implies that A, is injective for all sufficiently
small r. (]

20.2. Cokernel-orthogonal point sources.

Lemma 20.2. Suppose that A, is injective and that g is flat on a ball contained in U. There is
B € CZ(U;Homy(S, T)) such that ker(Ag, + B) # 0.

Proof. Put A = Ay, and let A* be its formal L? adjoint. The space E = ker A* consists of smooth
sections and has quaternionic dimension a. Let Py denote the L? orthogonal projection onto E. For
p € M, write ev, : E — T, for evaluation at p. Select m > a distinct points py, ..., pn in the flat ball.
The quaternionic-linear map

m m
@ T, — E, (v) — Z eV;i v;
i=1 i=1
has a nonzero kernel. Choose a nonzero vector (v;) in this kernel and put 7 = {i : v; # 0}. Then

n= Z Opi % 0, Pgp=0.
i€l

The positive self-adjoint operator A*A on L?(S) has domain H%(S) and is invertible. Set
R=(A"A)1A",
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The elliptic calculus [66, Theorems 18.1.8 and 18.1.24, pp. 71 and 87; bundle calculus, pp. 91-93] gives
R of order —1. On smooth sections, RA = I and AR = I — Pg. These identities extend to distributions:
A and R act continuously on distributions, and Pg has a smooth kernel. Hence

Y = Rn, Ay =n. (20.2)

In particular, ¥ is smooth away from the p;,i € T.

Choose oriented Euclidean coordinates (xg, x1, x2, x3) and parallel quaternionic unit frames on the
flat ball. Write x = xo + x1i + x2j + x3k € H, where i, ],k are the standard quaternionic units. The
frames may be chosen so that A is one of the operators

D = 9y + 101 +jo, + ko, D = 9y —i01 — jO; — kas,
acting by left multiplication on quaternion-valued functions. Suppose first that A = . For Ags =

Z?:o 8?, the fundamental solution is ®y(x) = —1/(42|x[?) [52, Section 2.4, equation (2.12), p. 17].
Since 29 = Ags,

E()(x) = @@0(@ = @Eo = 5().

22|x|*’
For each i € 7, elliptic regularity gives yy = Eo(x — p;)v; + h; near p;, where h; is smooth and Zh; = 0.
Choose disjoint balls about these points, with closures in the flat ball, such that

|vi]

lhi(x)| < 1

7%x — pif

(x # pi).
Put
u(x) = xo + x11 + x2j — x3k, Yu=1-1—-1+1=0. (20.3)
For 0 € S c Hand s € [0, 1], define
Qs(0) = By + (cos(rs)f; — sin(rs)0s)i
+ (sin(7rs)0; + cos(rs)0,)j — Osk.

Then |Q;(0)| = 1, Qo(9) = u(), and Q;(8) = 0. In one of the chosen balls write x — p; = p@ and take
0 < r; < r; < r3 smaller than its radius. Choose smooth y, { : [0,00) — [0, 1] with

x=0(p<rn), x=1(p=r), {=0(p<r), (=1(p=rs).
For p > 0, set

x(p)

277-'2P3 ’

b(p) =(1— x(p)p + ¢i(pi + p0) = b(p)Qy(p)(Dvi + {(pP)hi(p: + pO).
For p < ry this is u(x — p;)v;, so it extends smoothly across p;. For p > r3 it equals . If { = 0, then
|pil = b(p)lvs] > 0. If { # 0, then y =1 and

il > [Eo(x — pi)vil — [hi(x)| > 3|Eo(x — pi)vil > 0.

For A = 9, the fundamental solution is x /(272|x|*). Replace Q,(6) by Qy(0); the inner map is u(x)
and Z2(u(x))=1-1—-1+1=0.

Set ¢ = ¢; in these balls and ¢ = i outside them. This is a smooth section, and A¢p = 0
near the centers, near the ball boundaries, and outside the balls. For a fibre vector w € S,, put

¢*(w) = (p(x), wypr. On each punctured ball define

(Ag)¢"
B=-— . (20.4)
|l
This is a quaternionic-linear homomorphism and B¢ = —Ag, since ¢*(¢) = |$|. It vanishes near

the centers and ball boundaries. Its extension by zero therefore belongs to C¢°(U; Homg(S, T)) and
satisfies (A + B)¢ = 0. Since ¢; is nonzero on a punctured ball, ¢ # 0. g
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20.3. A chiral kernel of quaternionic dimension one.

Proposition 20.3. Let By € C;°(U; Homy(S, T)), and suppose that L = Ag + By has nonzero kernel.
There is a By € C(U;Homy(S, T)) for which the spaces Fy = ker(Ag + By) and E; = ker(A; + By)*
satisfy

dlm]H F1 =1, dlm]H El =a+ 1

There is a finite-dimensional real subspace V" C C;’(U; Homy(S, T)) such that
¥ — Hompy(F,, Ey), V +— P, V|p,

is an isomorphism, where Py, is the L? orthogonal projection. The associated compatible self-adjoint
operator admits a full potential section whose potentials have a common compact support in U.

Proof. Multiplication by By is compact from H!(S) to L?(T), so indy L = —a [66, Corollary 19.1.8,
p- 183]. Put F = kerL, E = ker L*, and k = dimy F; then dimy E = k + a. Both spaces consist of
smooth sections. The operators L*L and LL* have smooth coefficients and scalar principal symbol
|E |§I . By the unique continuation theorem for systems [9, Remark 3, p. 248], an element of F or E
vanishing on a nonempty open set vanishes identically. Compression defines the real-linear map

C : C2(U;Homy(S, T)) — Hompy(F, E), C(B) = PgBJF, (20.5)

where Pg is the L? orthogonal projection onto E. Let ep(x) : F — Sy and eg(x) : E — Ty be
evaluation. In local quaternionic unit frames put vy = ep(x)*(1) and u, = eg(x)*(1). Lemma 6.5 gives
uxquy € im C for every x € U and q € H.

If k = 1, put My = 0. If k > 2, choose distinct x1, ..., x,—1 € U such that the vectors v; = Ux; and
uj = uy, are independent in their respective spaces. Indeed, suppose that the previous spans are
V ¢ Fand W C E. The condition v,H ¢ V defines an open subset of U. If its complement contained
a nonempty open set, every element of V+ would vanish there, contrary to unique continuation. Thus
this subset is dense. The condition u,H ¢ W is open and dense for the same reason, applied to L*.
The intersection of these sets contains a point distinct from the previous choices. Set

k-1
Mo= Y up;  (k>2). (20.6)
j=1

The map M, lies in im C and has rank k — 1: both column maps are injective, and the adjoint of the
source column map is surjective. In either case put £ = ker My and C = (im My)*. Then dimy £ = 1
and dimyg C = a+ 1.
The real-linear map
B+— PcC(B)|g (S HOI’I’I]H({’, C) (20.7)

is surjective. Indeed, for an L?-unit generator ¢ of ¢, the residue-four argument in the proof of
Lemma 10.4, applied to L and the compatible potential ( 120 %0 ), gives
{Pe(ByY) : Be C;(U;Homy(S, 7))} = E.
Projecting this equality onto C and identifying Homg(#, C) with C by E — Zy proves the surjectivity
of (20.7). If k = 1, take B; = By.
Suppose k > 2. Choose B, with C(B,) = My and V1, ..., V4 € C°(U; Homy(S, T)) whose images
under (20.7) form a real basis, where d = 4(a+1). For ¢ = (g1, ..., g4) € R?, put B(q) = B*+Z€:1 'V,

Give H'(S) the graph inner product of L. Since LF = 0, its orthogonal decomposition is F&(F-nH(S)),
with F* taken in L?(S). The restriction

Le = Lipipnesy © FEnH'Y(S) — EX c LX(T)

is bijective with bounded inverse. Write B(q) = (B;;(q)) in these domain and range decompositions.
For small (¢, ¢), Lemma 6.6 gives the finite-dimensional Schur complement

(1, q) = tC(B(q)) — t*B1a(q)(Le + tB32(q)) ™ Bar(g). (20.8)
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Define
N(t, q) = C(B(q)) — tB12(q)(Lc + tB22(q)) ' Ba1(q).

This is smooth and equals .7 (t, q)/t for t # 0.

Write N = (N;;) relative to F = £&® ¢~ and E = C & im M,. At (¢, q) = (0,0), one has N = M;
hence Nj; is invertible and the other three blocks vanish. On a neighborhood of (0, 0) the second
Schur complement is

S(t, CI) =Ni1 — N12N2_21N21 € HOIIl]H(f, C)

Consequently

d
s0,00=0,  dys(0,0)[q] = PCC<Z @ VV)|€.
v=1

This derivative is an isomorphism. The implicit function theorem [50, Theorem 13.20, p. 71] gives a
smooth q(t) with g(0) = 0 and s(¢, g(t)) = 0. For sufficiently small ¢ # 0, both complementary blocks
are invertible. Lemma 6.6, applied twice, gives

dimy ker(L + tB(q(1))) =1, dimy coker(L + ¢tB(q(t))) = a+ 1.

Fix such a t and put B; = By + tB(q(t)).
In either case, for the resulting B, the same application of Lemma 10.4 shows that B — P Blp, is
onto Homy (Fi, E1). Apply Lemma 6.4 to the self-adjoint family

D(Ag +B) = <AgO+B (Ag;rB)*).

Its kernel at B = By is F; ® E;. A circle centered at zero separates this kernel from the remaining
spectrum. The polar frame of Lemma 6.1 preserves the chiral quaternionic structures, and the
derivative of the chiral restriction matrix is B — Pg, B|r,. Choose d = 4(a + 1) potential directions
on which this derivative is an isomorphism. The inverse function theorem [50, Theorem 11.22 and
Corollary 11.35, pp. 61-63] gives a full potential section with chiral column g — g near zero in H**!,
after choosing quaternionic unitary coordinates on F; and E;. The chiral block of every potential in
this section lies in By plus the real span of the chosen directions, so all have support in one compact
subset of U. g

Proof of the four-dimensional assertion of Theorem L. Fix ¢ > 0. If ker A, # 0, put g’ = g and apply
Proposition 20.3 with By = 0. Otherwise, Lemma 20.1 gives a metric g’ with Ay injective, flat on a
ball in U, and

”g, - g”cg < 8/2’ dvg' = dvg; g/ =g on M\ U.

Lemma 20.2 and Proposition 20.3 then apply to g’.

In either case there is a full potential section with chiral column g — g, of quaternionic ranks 1
and a + 1, whose potentials have a common compact support in U. Restrict the parameter domain
to a small closed ball on which one circle centered at zero separates this spectral subspace from the
remaining spectrum. Apply Proposition 6.3. In its application of Theorem R, choose the error small
enough that

suplhg = ey < /2
q
The resulting metric section has chiral column g ~ ¢, dvp, = dvg, and hy = g on M \ U. Thus

lhg — g”cg < ¢ throughout its parameter domain. At g = 0, the spectral subspace is the whole kernel,
whence

dimpy ker Ay, = 1, dimp ker Ay = a+1, dime ker Dy, = 2a + 4.

The derivative of the normal column is the identity. This proves (1.11) and (1.12). O
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21. LOCAL HARMONIC SPINORS IN DIMENSION FIVE

Fix a closed connected spin five-manifold (M, g) and write XM = X M. This is a right quaternionic
bundle of rank two. Hermitian products are linear in the second variable. The symbol * denotes
the complex adjoint, fibrewise or in L?; for a quaternionic-linear map it also equals the quaternionic
adjoint. For a closed complex subspace V' C L*(2M), let Py be the orthogonal projection onto V. Write
dvg for the volume form of the spin orientation. The symbol i denotes complex scalar multiplication,
whereas i € ImH is a fixed unit quaternion. By (2.1), charge conjugation satisfies J2 = —I and
JDg = —D,]. Put

K =iDy,, y(X) = icg(X).
Then K is quaternionic-linear and skew-adjoint; y(X) is quaternionic Hermitian, with y(X)? = |X|?I.
21.1. The spinor current.

Lemma 21.1. For a smooth spinor field ¢, define the real vector field js by

g(ig, X) = Re(¢, y(X)¢). (21.1)
It satisfies
ligl = 1817, div j, = 2Re(¢,iD, ). (21.2)

At a point x with ¢(x) # 0, the equation (DgP)(x) + cg(7x)P(x) = 0 has a real three-form solution
Ty € A*T;M if and only if div js(x) = 0. On an open set where ¢ is nowhere zero and the divergence
vanishes, T can be chosen smoothly.

Proof. In a quaternionic orthonormal spin frame and an orthogonal identification TxM = H & R, the
endomorphisms y(z, t) have the form

y(z,t) = <; _Zt> , (z,t) eH® R.

Consequently the map in (21.1) is
(u,v) — ub, |ul* —*) e HOR.

Its squared norm is 4|ul?|v]* + (Jul?> — [v]*)? = (Jul® + |[v]*)?. At a point choose a normal orthonormal
frame ey, ..., es. Since Vy = 0 and the y(e J-) are Hermitian, differentiation gives

div j, = 2 Z Re(¢, y(ej)Ve;¢) = 2Re(d,iDg ).
J

For a unit spinor 7, the one-form a; of [23, Definition 4.8 and Lemma 4.11] satisfies j, = —a; when
its complex structure j is identified with —iI.

By Lemma 2.2 and (2.4), 7 + icy(7) identifies A3T*M with sp(E2M). By Lemma 10.3, a nonzero
u € H? admits a skew-adjoint solution of Qu = y precisely when Re(u*y) = 0; the displayed solution
in that lemma is smooth in (%, y) and vanishes when y = 0. Apply it with u = ¢ and y = —iD;¢. The
compatibility condition is the second equality in (21.2). O

21.2. A nonzero spinor with divergence-free current.

Proposition 21.2. For every nonempty open U C M, there is t € CX(U; A*T*M) such that ker(Dg +
cg(1)) # 0.

Proof. If Dg has a kernel, take 7 = 0. Otherwise choose p € U and 0 # v € X, M. Let 6,v denote
the spinor-valued point mass at p with coefficient v, relative to dv,. The inverse of D, extends to
distributions, and ¢ = D§1(5pv) is smooth and harmonic away from p. In normal coordinates centered
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at p and the Bourguignon-Gauduchon trivialization, Hermann’s expansion [61, Corollary 5.3.4 and
Theorem 5.3.10, pp. 55 and 58-60], with n = 5 and A = 0, gives

1 (x)v

e +0(x™), w4 = vol(Sh). (21.3)

Yx) = -

Since |c,(x)v| = |x| |v], there is ry > 0 such that

ol |~
Yl > —x[>0  (0<|x|<r).
20)4
Choose a closed coordinate ball B € U about p, of radius less than rj, and a boundary collar on
which ¢ # 0. On the compact exterior M \ int B the current is divergence-free. Stokes’ theorem gives

/ tj, dvg = 0. (21.4)
oB

Choose a quaternionic orthonormal trivialization on B. Since 74(S87) = 0 [59, Corollary 4.9, p- 3491,
the normalized collar spinor extends continuously to B, with its prescribed values on a smaller collar.
Relative smooth approximation [87, Theorem 11, p. 99] gives a smooth such extension. Extend log |/
smoothly from that collar to B and exponentiate. The resulting smooth nowhere-zero spinor ¢, equals
¥ near 0B. Put

ap = 1j, dug € Q*(B).

This form is nowhere zero and is closed near dB. On a collar C = S* x [0, 1) its de Rham class is
determined by the integral over dB. This integral vanishes by (21.4). Hence oy = df; on C for a
smooth three-form f3. Extend a cutoff multiple of 8, by zero to obtain f, € Q*(B) with dfy = a on
a smaller collar.

The Levi-Civita connection identifies a first jet of a three-form with its value and covariant

derivative. For a local orthonormal frame ey, ..., es with dual €', ..., €, set
5 .
A: T*"B® A’T*B — A*T*B, AL) =) ¢/ AL(ey),
j=1

S : A'T*B— T*BA’T*B, S(a)(X) = ixa.
Then A(Vf) = df and AS = I. Thus the value fy and formal derivative
Lo = Vo + S(ao — dpo) (21.5)

define a section of J1(A®T*B) with A(Lgy) = ap # 0. It equals j' By on the fixed collar.

The first-order relation .A(L) # 0 is open and ample. Indeed, in a principal affine subspace with
covector & € Ty B\ {0}, the derivative varies by & ® {, where { € A3T}B, and its alternating part by
& A (. The latter map has rank (‘31) = 4. The excluded set is therefore empty or an affine subspace of
codimension four. Its complement is connected and its convex hull is the whole principal subspace
[47, Theorem 20.3.1 and Corollary 20.3.2].

Apply the relative form of the open-ample theorem [47, Theorem 18.4.1 and Remark 1] on int B,
fixing an outer annulus that is relatively closed in int B and has a neighborhood on which (21.5)
is holonomic. It gives a continuous homotopy of formal solutions from (o, Ly) to j'B;, with B
smooth on int B, fixed on that annulus. There f; = fo, so f; extends smoothly to B. The alternating
parts form a continuous homotopy through nonzero four-forms from a, to df, fixed on a boundary
collar. Reparameterize this homotopy to be constant near its endpoints. Apply relative smooth
approximation [87, Theorem 11, p. 99] to the pullback of A*T*B\ 0 over B x [0, 1], relative to smaller
closed endpoint collars and a smaller closed spatial collar. The section is smooth near these fixed sets.
The resulting smooth family a;, 0 < t < 1, is fixed on the spatial collar and satisfies

ay # 0, ai=0 = Ao, =1 = dp. (21.6)
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Write a; = ty,dvg. The normalized currents Y;/|Y;| define a homotopy in the unit tangent sphere
bundle. On B the map ¢ +— js on unit spheres is the quaternionic Hopf bundle §7 — $* [59,
Example 4.46, p. 378]. Choose a smooth connection on this sphere bundle. Horizontal lifting from

¢0/|po| gives a smooth unit-spinor family g?)\t with g = Y;/|Y:|. The lifts exist for 0 < ¢ < 1 because

the fibre S° is compact. Their time derivative is zero on the fixed collar, so g/b\t = /|| there. Put
¢ = M$1 Since jiy = t*jg for t > 0, j, = Y1. On the fixed collar, || = |jy| = [¢* and g;S\l =¢/|yl
Thus ¢ is nowhere zero on B, equals ¢ on the collar, and satisfies d(1,dvg) = d*B, = 0.

Extend ¢ by  outside B. Lemma 21.1, with y = —iD¢, gives Q = icy(7) on Band (iDg + Q)¢ = 0.
On the boundary collar Dy¢ = 0, so the solution in Lemma 10.3 gives Q = 0. Extension by zero
yields 7 € CX(U; A*T*M) and (Dg + ¢g(7))¢ = 0 on M. Since ¢ is nowhere zero on B, it is a nonzero
element of this kernel. O

21.3. Exact quaternionic nullity.

Proposition 21.3. Let U C M be nonempty and open. The potential in Proposition 21.2 can be chosen so
that dime ker(Dg + c4(7)) = 2. At this potential three real variations supported in U, after a smooth
change of parameters, give the complete zero-cluster matrix q = q € sp(1) fori(Dg + c4(7)).

Proof. Choose 1 as in Proposition 21.2. Put Ly = Dy + cg(79), K = iLg, and F = ker K, with
dimy F = k > 1. These operators have domain H!, and K* = —K. Their kernels consist of smooth
sections. Unique continuation holds for every Dy + c,(7) with 7 smooth: its square has scalar principal
symbol |€ |§I , and its smooth lower-order coeflicients satisfy the local inequalities of [9, Remark 3,
p- 248] for a system with a common scalar principal operator.

For

C : CZ(U;s5p(EM)) — sp(F), Q — PrQlF,
Lemma 6.5 gives
vgu* € imC, v=Gyu, xeU, ue3M, qelmH,

where G, : F — XM is evaluation. Indeed, uqu” is skew-adjoint. The vectors G u span F: an
element orthogonal to all of them vanishes on U, hence on M.

Ifk=1,put = F.If k > 2, choose k — 1 quaternionically independent vectors of this form and
put

k-1
M,y = Z vjivj, £ = ker Mj. (21.7)
j=1

If W : H*! > F has columns vj, then My = W diag(i, ...,i) W*. The map W is injective and W* is
surjective. Thus My has rank k — 1, dimyg £ = 1, and M| : £ — £ is invertible.

In either case let { be an L?-unit generator of £. Unique continuation gives a ball O € U on which
¥ # 0. Choose a real p € C;°(0O) with fM pdvg =1.For g € ImH, set

Qq(x) = p(x)M (x € 0), Q=0 onM\O. (21.8)

[y Col*

These are smooth skew-adjoint multipliers, and

(¥, Qq¢>L2,H = /Mpq dvg =dq.

Hence P;C(Qy)|; = g in the frame .
Suppose k > 2. Choose Q° € C°(U; sp(EM)) with C(Q°) = My, and put Q(q) = Q° + Q4. Equip
H' with the graph norm

lul = lul; + IKul.
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By (2.7) this norm is equivalent to the H! norm, and H' = F®&(F-nH") is an orthogonal decomposition
for it. The complementary operator

K. : FFnH' — F*

is bijective and has a bounded inverse. Write Q;;(q) for the blocks of Q(g) relative to F & F*. For
small (¢, ), Lemma 6.6, with these fixed graph domains, gives the skew-adjoint Schur matrix

S(t, q) = tC(Q(q)) — t*Qua(q)(Ke + tQ22(9)) ™ Qa1(g).

The smooth skew-adjoint matrix

N(t, q) = C(Q(q)) — tQ12(q)(Kc + tQ22(q)) " Q21(q)

satisfies S(¢, q) = tN(t, g) and N(0,0) = M.
Write Nj;(t, q) for its blocks in F = ¢@ £-. At (0, 0) the blocks Nj1, Niz, Ny vanish, and Npy = Mol
is invertible. Lemma 6.6 gives the residual matrix

s(t,q) = Ni1(t, @) — Nia(t, @ Naa(t, )" Naa(2, q) € 5p(0).
It satisfies
$(0,0) = 0, Dgs(0,0)g = P,C(Qg)le = q.

The derivative of the Schur product is zero at (0, 0), since both off-diagonal blocks of M, vanish. The
implicit function theorem on the real spaces R x ImH and sp(¢) [50, Theorem 13.20, p. 71] gives a
smooth g(t) with q(0) = 0 and s(t, q(¢)) = 0. For a sufficiently small fixed ¢t # 0, both complementary
operators remain invertible. The two kernel isomorphisms of Lemma 6.6 give

ker(K + tQ(q(t))) = ¢.

By Lemma 2.2, this operator is K; = i(Dg + c¢(71)) for a smooth three-form 7, compactly supported
in U. If k = 1, take 71 = 79 and K; = K. In both cases E = ker K is a quaternionic line.

Define Ry, n € ImH, by (21.8) with an L?-unit generator of E, and identify E with H through that
generator. Consider the self-adjoint family

T,7 = —i(Kl + R’7) = Dg + Cg(‘['l) — lR,]

on the common domain H!. A small symmetric spectral circle separates the entire zero eigenspace E
of Ty from the remaining spectrum. It remains in the resolvent for small 7. Since /T, = —T,J, the
cluster projection commutes with J. Lemma 6.1 gives a smooth quaternionic isometric frame U,
based on E. Put

f(n) = iU, T, Uy € sp(E).
Lemma 6.4, applied to T,, gives
f0)=o, Df(0)1) = iPe(—iRy)lg = PpRylp = 1.

The inverse function theorem [50, Theorem 11.22 and Corollary 11.35, pp. 61-63] gives a smooth
change of parameters for which the complete matrix of i(Dg + cg(7(g))) is q. The corresponding self-
adjoint matrix is —iq € As(E). Choose a real basis 171, 172, 73 of InH and define o; € C2(U; A>T*M)
by ¢g(0;) = —iRy,. Since n — Ry is real-linear,

7(q) € 71 + spang{oy, 02, 03}
The union of the supports of 71, 01, 03, 03 is a compact subset of U containing every supp 7(q). O

Proof of the five-dimensional assertion of Theorem L. Let U C M be nonempty and open, and let ¢ > 0.
Propositions 21.2 and 21.3 give a full potential section on the fixed metric g, with self-adjoint matrix
—ig, where q € sp(1) = ImH. Restrict its parameter domain to a small closed ball on which one
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symmetric circle separates the full zero cluster from the remaining spectrum. The entire potential
family has one common compact support in U.

Apply Proposition 6.3, with the self-adjoint coordinate A = —iq. In its application of Theorem R
require also

sup [hg — gley <&
q

The resulting smooth metric family satisfies
hg=gon M\ U, dvhq = dvy,

and its complete matrix for iDp_ is q. At g = 0 the whole kernel is the selected quaternionic line, so
dimc ker Dy, = 2. The derivative of its normal matrix is the identity. ]

22. SPACES OF DIRAC-MINIMAL METRICS

Let M, g, p = dvg,, and the nonempty open set U be as in (8.2). All spaces carry the C* topology.
In the first three subsections, n = dim M € {4,5}. For n = 4, put a = |indy D*| and let Ay y be the
chosen chiral block of quaternionic index —a. Put

) [(Rmin,,,(U), 4a+4), n=4 {Ag,v, n =4,

Lev=1.
(Rinv,,u(U): 3), n =5, l(Dg +V), n=5.

22.1. Relative incidence families.

Lemma 22.1. The space Z is nonempty. Every smooth map S’ — Z,0 < j < r — 2, extends to a smooth
map DV — Z.

Proof. Logarithmic metric coordinates extend the sphere to a smooth family in R ,(U) over D/*!,
constant in the normal coordinate on a boundary collar. Since j + 1 < r, Lemma 10.4 gives supported
potentials, zero on that collar, for which every Ly v is injective. Proposition 8.2, relative to the collar,
gives the required metric family. The same argument with a one-point parameter space proves
nonemptiness. For continuous sphere maps, relative smooth approximation in the open set Z, as
in Proposition 8.2, gives a homotopy to a smooth map. Attaching this homotopy to a filling of the
smooth map gives a continuous filling with the original boundary. ]

22.2. Oriented incidence.

Lemma 22.2. Let p = (g, V,) be a family as in Lemma 10.4, transverse on every face of its oriented
parameter manifold P, with diim P € {r,r + 1}. Put L, = Ly, v,. At every incident parameter, ker L,,
is a quaternionic line. The incidence manifold has a canonical orientation compatible with boundary
restriction.

Proof. Let T be the incidence manifold of pairs (p, £), where £ C ker L, is a quaternionic line, and let
n : I — P be the projection. If dimg; ker L, > 2, the fibre over p contains a smoothly embedded HP'
of real dimension four. This contradicts dim7 = dimP —r < 1.

At (p,£) € T one has ¢ = ker L. In dimension four put C, = ker L;, so that dimy C, = a + 1.
Define

3 Hompy (4, Cp), n=4,
P sp(o), n=>5.

Here sp(?) is the real space of skew-adjoint quaternionic endomorphisms of ¢. In the fixed positive
spinor identifications let Lp(v) denote the parameter derivative in the direction v € T, P, and let Pc,
and P, denote the orthogonal projections. The vertical derivative on a projective slice is injective,
with cokernel N, by the calculation in Lemma 10.4. Its parameter derivative on this cokernel is

V(o) = Pe, L, n=4,
P PL,(0)e, n=5.
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Transversality gives the exact sequence

dr
0 — TppI ~ T,P —5 N, — 0.

Thus 7 is an injective immersion. Since 7 is compact, 7 identifies it with an embedded submanifold
of P, with normal bundle N having fibres N,,.

For n = 4, orthonormal quaternionic frames identify N, with the oriented real space H*"!. The
frame changes belong to the connected group Sp(1) x Sp(a + 1) and preserve this orientation. A global
right quaternionic structure on N is unnecessary. For n = 5, unit frames of ¢ identify N, with ImH,
oriented by (i, j, k). Frame changes act by the adjoint representation of Sp(1) in SO(3) and preserve
this orientation. Orient 7 by

or(TP) = or(TT) ® or(N).

The incidence is empty on parameter faces of codimension at least two, since their expected
dimensions are negative. At a boundary point, face transversality gives the same exact sequence with
ToT and ToP. If w € T,P points outward, choose z € T,dP with v,(z) = v,(w). Then w — z lies in
TT and still points outward. With this common outward vector, the outward-normal-first boundary
conventions give

or(ToP) = or(TAT) ® or(N).
No factor is moved past N; this formula holds for both values of r. g

22.3. Local integer classes.

Proposition 22.3. For every basepoint gy in the indicated space there are homomorphisms

Ayt 7T4a+3(Rmin,p(U)a gb) — Z,
/15 : HZ(Rinv,,u(U)a gb) — Z. (22.1)

They are defined by the signed number of kernel lines in a transverse disk filling with supported compatible
potentials.

Proof. Give D" its standard orientation and S"! its boundary orientation. For a smooth based map
f 81 > Z, choose a smooth filling g, p € D, in R,(U), equal to the boundary family on a collar.
Lemma 10.4 gives supported compatible potentials, zero on that collar, with transverse incidence.
The incidence is a compact zero-manifold, oriented by Lemma 22.2. Let A(f) be its signed cardinality;
here A = A,.

For two such fillings write g;(,i) = g*(eHg)-, -), i = 0,1. Their logarithms agree on a common
boundary collar. The interpolation

Hpe=(1-DHY +tH,  0<t<1,

preserves self-adjointness, zero trace, and vanishing on M \ U. Interpolate the potentials in the
fixed positive spinor identifications. Compatibility is real-linear. Reparametrize in t to make this
family constant near its ends, and orient D" x [0, 1] by dt A or(D"). The relative part of Lemma 10.4
leaves the transverse endpoint families and the side collar fixed. Its incidence is a compact oriented
one-manifold whose boundary is the final zero-manifold minus the initial one. Hence the signed
counts agree.

Let f; : S — Z be a smooth homotopy, stationary near t = 0, 1. Extend it in logarithmic
coordinates over D" x [0, 1], keeping the side collar fixed, and take zero potential on that collar.
There ker Ly o = 0. Relative transversality on all faces gives a compact oriented one-dimensional
incidence with boundary only at ¢t = 0, 1. Its endpoint counts equal the previously defined values, by
independence of filling. Thus A(fy) = A(f1). This also holds when the basepoint moves.

For addition, choose representatives constant near the basepoint by the based approximation
in Proposition 8.2. Form the oriented boundary connected sum of two collared fillings, attaching a
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one-handle in the regions where both families are (g, 0). Extend by (g, 0) on the handle. Smoothing
its corners adds no incidence. The boundary represents the sum in 7,_1(Z, g3 ), and its signed count
is the sum of the two counts. Thus A is a homomorphism. Relative smooth approximation as in
Proposition 8.2 extends the definition and homotopy invariance to continuous maps. ]

Proposition 22.4. The homomorphisms in (22.1) are split-surjective. Every C° neighborhood of every
metric in R ,(U) contains a sphere map with signed count one, based at one of its own points.

Proof. Theorem L gives a transverse metric disk arbitrarily C°-close to the prescribed metric, with the
same density and exterior. After restriction and the inverse function theorem, its entire small chiral
matrix in dimension four is the quaternionic column g € H%"!, of source rank one and target rank
a + 1. In dimension five its entire small iD matrix is g € sp(1). The complementary spectral family
is invertible throughout the disk. Hence kerLg o = 0 for g # 0. Orient the disk by these normal
coordinates. Its single incidence has sign +1.

Write the parameter disk as DY, of radius § > 0. Choose a smooth radial map R : D§ — D} equal
to the identity near zero, with R™(0) = {0} and R(q) = &q/|q| near the boundary. The family gg(q)
has a constant boundary collar and the same single transverse incidence, with the same sign. With
zero potential it is therefore an admissible filling in Proposition 22.3. Its boundary sphere has A = 1
and lies in the prescribed C° neighborhood.

Choose a boundary metric as basepoint. By Lemma 22.1, it can be joined to any prescribed g3 by a
path in Z. Homotopy invariance with moving basepoint preserves the signed count, even if this path
leaves the chosen neighborhood. For the transported class x one has A(x) = 1. Since r — 1 > 2, the
map Z — n,-1(Z, g), m — mx, is a homomorphism and splits A. (]

Proposition 22.5. At index zero, the normal disks of Theorem L in dimensions four and five represent
primitive ordinary real index-difference classes.

Proof. At index zero, the normal disks have parameter dimensions r = 4 forn =4 and r =3 forn = 5.
Restrict each disk so that one spectral circle separates its complete normal block from the remaining
spectrum. The complementary family is invertible on the whole disk and represents the zero relative
class [45, Definition 2.18]. Thus the full real Dirac family, with the identifications of Section 8.1, and
its normal block represent the same class

xp € KOT(D', 81 = KO~ (pt) = KO3 (pt).
Complexification preserves the Morita reductions in (8.3). In particular,
H ®g C = My (C), My(C)e = C?, e = diag(1,0).

For a right quaternionic multiplicity space V with underlying real space Vg, its complexification
is a right M,(C)-module, and the primitive corner (Vg ®g C)e has complex dimension 2 dimy V.
Quaternionic-linear operators preserve this corner. Left multiplication L, : x = gx on H therefore
gives one defining complex block.

In dimension four the normal chiral map is A(q) = L, : H — H, g € D*. On $® its complex
clutching map is the defining representation Sp(1) = SU(2) — U(2). The associated complex rank-
two Hopf bundle has second Chern number +1 [60, Proposition 3.13(c), p. 91, and §3.2, p. 93]. Its
reduced complex class is therefore primitive.

In dimension five put K(v) = L, for v € ImH. Let S be an irreducible real Cly-Hilbert module
with a commuting left H-action, and let V' = H be the right quaternionic multiplicity line. On
E =V ®pu S, the four Clifford generators ci, ..., ¢4 act on S, and K acts on V; these actions commute.
Put y = cic2¢3¢4. Then

v'=L  y'=y.  yg=-gy (1<j<a).

¢c;i 0 y O .
= = <j<
© (0 CJ)’ ’ (0 —Y)’ et

On E @ E put
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(0 -K (0 -y
FK—(K O), 65—<y O).

The generators Cy, ..., C4, €5 square to —I and anticommute with each other and with . The operator Fx
is odd, self-adjoint, and commutes with these generators. They define a CI*°-cycle in the convention
of [45, Definition 2.1]. On the positive y-corner, the grading is diag(I, —I), the fifth generator is U_,
and the operator is F_(K), as in (8.3).

Take e5 as the first generator in Ebert’s Bott map [45, §2.4, (2.23)] and then forget it. The resulting
family is

0 sI - K
B(s,v) = Fx + s(est) = (sI+K 0

). B =G e

On [—1, 1]x D? this family is invertible away from (0, 0), so excision reduces its relative class to a small
four-ball. For ¢ € {1,—1} put p, = (I + ¢y)/2. This is a primitive idempotent in the corresponding
simple summand of C1}, and p, S is a quaternionic line. On its doubled corner the grading is diag(e, —¢).
With the positive grading summand first, the chiral map is

sI + eK(v) = Lgygp.

For the dimension-four corner of Section 8.1, ¢ = —1. The two choices differ by the coordinate map
(s,v) = (s,—v), of degree —1. Each therefore gives the four-dimensional clutching generator up to
sign. Both local classes have primitive complex images in total degree eight.

Let § € K ?(pt) be the complex Bott generator and bg € KO 8(pt) the real Bott generator.
Complexification satisfies c(br) = * [12, (6.11) and Theorem 11.5]. Thus ¢ : KO 3(pt) - K~ ¥(pt) is
an isomorphism, and both x4 and x5 are primitive, up to sign. The factor two for complexification of
the degree-four coefficient generator does not occur in this total degree.

Choose a basepoint zy € S""! for the boundary family f : "' — Z, and put g, = f(z,). Put
H, =log(g; " f(2)). Each H, is g,-self-adjoint and trace-free, vanishes on M\ U, and H,, = 0. Choose
asmooth y : R — [0, 1] with y(#) = 0 for t < —1/2 and y(¢) = 1 for ¢t > 1/2. The paths

8zt = (X))

have fixed density and exterior. They are constant for |t| > 1/2 and for z = z,, and their endpoint
operators are invertible. Contractibility of R,(U) identifies their relative path class with x,. The
pair (8”71, {z}) is finite CW, M is closed, and the full real Dirac family is odd, Clifford-linear, and of
Dirac type. The positive spinor identifications and compatible connection of Section 8.1 are constant
in the cylinder direction on the ends and over z;. Thus Ebert’s Assumptions 3.11 and 3.13 apply;
his Lemma 3.16 and Theorem 3.18 identify the path and cylinder classes under Bott periodicity [45].
These are the ordinary based real index-difference classes. g

22.4. The comparison maps. Let n =4 or 5 (mod 8) and let y = (g, V) belong to the supported pair
space of (8.2); the pair agrees with the prescribed data on M \ U. In residue four put j = indy D*
and a = |j|. Take ¢ = +if j < 0 and ¢ = — otherwise. Thus A, = (D, + V)* has quaternionic index
—a. Set Yo(U) = Piny(U) in this case and Y5(U) = Py, ,(U) in residue five. Fix b = (g, V) in the
indicated locus; its existence follows from Lemma 10.4 with parameter space a point.

Identify the spinor bundles by the positive comparison with g3, including the density factor. Write
g = gp(efl,-), where H is gj,-self-adjoint and tr H = 0. In these coordinates the path from b to y is

c(y)=(H,(1-t)Vy +tV), 0<t<1. (22.2)

It is constant at b when y = b and preserves the prescribed data on M \ U. Without the density
constraint the same formula applies to all g;-self-adjoint H.

Write Sp = colim,, Sp(m) and U = colim,, U(m) for the standard block inclusions, with the direct
limit topologies and U(m) C Sp(m) by C ¢ H. In H"*% = H® @ H'" take the last r coordinate vectors
as the standard frame. Its stabilizer is Sp(a) on the first summand. Thus Sp(r + a)/ Sp(a) is the
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space of ordered orthonormal r-frames. Appending a unit coordinate vector gives the inclusions in
Sp / Sp(a) = colim, Sp(r + a)/ Sp(a). Here = denotes an equivalence of weak homotopy types.

In residue four let S = 35, and T = X, be the source and target spinor bundles. Let .#_, be the
space of bounded quaternionic Fredholm operators H!(S) — L%(T) of index —a, with the operator
norm, and let .#; be its injective locus. The coefficients of A, depend continuously on y in these fixed
spaces; thus y = A, is norm-continuous. Let %, be the homotopy fibre of .7, — .7_, over A;. Its
points are pairs (L, y) with L € .#, and a path y in .Z_, from L to Ap; its basepoint is the constant
path at Aj paired with Aj. Then

4, = BSp(a), F_q = BSp, 1 = Sp / Sp(a). (22.3)

Indeed polar decomposition identifies the first space, up to homotopy, with the isometric embeddings
of codimension a. The orthogonal complement map to the Grassmannian of quaternionic a-planes is a
locally trivial bundle with contractible Hilbert isometry fibres [75, Theorem I1.6(i)—(ii)]. For the middle
identification take the negative of the reduced quaternionic Fredholm index [15, Theorem A(k)
and §5, p. 23]. On the injective locus its value is [C] — a, where C is the cokernel bundle and a
denotes the trivial quaternionic bundle of rank a. The inclusion therefore corresponds to stabilization
BSp(a) — BSp, whose homotopy fibre is Sp / Sp(a).

The based map Y,(U) — 7} sends y to (A, t = A.,_,(y)). In the weak homotopy types of (22.3)
it is denoted by

kg : Yo(U) — Sp /Sp(a). (22.4)

The path gives a nullhomotopy of the stabilized cokernel class; no frame of C is required. For a = 0 the
sign is that of the ordinary quaternionic index difference: reversal of the ambient path and negation of
the reduced index each negate the suspended class. On the unit disk of H the scalar family Lyv = quv
has boundary frame g > L, the clutching map of Proposition 22.5. Orient this disk by the positive
generator for the ordinary relative index.

In residue five set H = L*(Z,,) and A, = i(Dy + V) as in Section 2. This is a quaternionic
skew-adjoint operator on H with domain H'(Sg,). Its Cayley transform is

wWA)=(Ay+ DA, - D' =D+ V-i)(Dg + V+i) " (22.5)

Let Sp. be the norm-topological group of quaternionic unitaries on H which differ from I by a compact
operator. Then u(A,) € Sp, since u(A;)—1I = 2(A, —I)~" and the resolvent is compact. The resolvent
identity on the fixed domain gives norm continuity in y. Choose an orthonormal quaternionic basis of
H. The finite block inclusion Sp — Sp_ is a weak equivalence by [75, Theorem II.14(i), pp. 109-110]:
take the ground field H and the compact ideal (p = o0); polar retraction commutes with the inclusions.

Let V = {u € Sp, : u + I is invertible}. The principal logarithm maps this open set homeomorphi-
cally onto the compact quaternionic skew-adjoint operators Z on H with |Z| < 7. Write u, = u(A,).
For y € Y5(U) both u, and u;, belong to V, since A, and A, are invertible. Let 7, be the concatenation
of the paths

t — u(Ac,3); s> exp((l - s)log uy + slog ub) (0<t,s<1).
It starts and ends at u;. Left translation by u! gives the based map
ks + Ys(U) — QSp, = QSp =Sp /Uy,  ks(y) = ;' 1y (22.6)

Here the loops are based at I and the last equivalence is Bott periodicity [25, Theorems I-1II, (1.3)
and (1.6)]. The relative Fredholm class in (22.34) identifies the induced map on 7z} with real index
difference in KO,4k+1; (22.5) is the Cayley convention of Proposition 22.23.

Lemma 22.6. Let a continuous family of chiral pairs over a disk D%, d > 1, be minimal on 9D®. Suppose
continuous families of bounded quaternionic-linear isomorphisms of source and target over D¢ put
its operator at p in the form F, ® G,, where F, : H" — H'™"* and G, is invertible between fixed
Hilbert spaces. The free homotopy class of the boundary map under (22.4) is represented by the frame
P Fp(F;Fp)_l/2 in Sp(r + a)/ Sp(a).
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Proof. The given disk and the cone (22.2) on its boundary are homotopic relative to the boundary in
the contractible pair space. After fixed Hilbert isometries, the coordinate changes are homotopic over
the disk to the identity by [75, Theorem IL.6]. Left and right multiplication by these isomorphisms
preserve Fredholmness and injectivity. The same argument reduces G, to the identity. On the
boundary F, is injective, and C, = ker F}, represents its quotient cokernel. In the Stiefel model of
(22.3) the corresponding trivialization is

H &C, — H™, (v, w) —> FP(F;FP)_I/ZU + w.

Its first summand is the stated frame. For a based boundary class, choose a boundary point and send
its frame to the standard frame by a constant element of Sp(r + a). 0

22.5. Boundary domains and supported perturbations. Let W be a compact connected spin manifold
of dimension n with a product metric on a boundary collar. Denote the inward unit normal by v.
In residue four take E = ¥¢, F = X7¢ for either chirality ¢, andlet A = D* + RwithR : E - F
quaternionic linear. In residue five take E = F = ¥ and A = i(D + V) with V a compatible potential.
This differential expression is quaternionic linear and formally skew-adjoint. Write A" for the formal
adjoint in either case.

Fix a quaternionic self-adjoint adapted tangential operator B for A and v [20, §3.2]. Write K = ker B
and Hiéz(B) for the closed span in H'/2(a W E) of the eigensections of B with negative eigenvalue.
Lety : HY(W;E) —» H'/2(dW;E) be the trace. The low and full APS realizations Ay, A in L2
have domains

Diow = fv € H'(WZE) : yv € H*(B)},
Dty = {v € H(W;E) : yv € HY*(B) ® K}.

These are elliptic spectral boundary conditions: the cuts are zero and a sufficiently small positive
number. Since W is compact, the realizations are Fredholm; the adjoint boundary conditions are the
Green annihilators of the trace spaces. The kernels of these realizations and of their adjoints are smooth
up to the boundary [20, Theorems 4.6, 4.9, 5.3 and Example 4.21]. Trace induces Dgy/Diow = K.
Hence indy Ay — indy Ajow = dimyg K by [20, Corollary 6.2]; the complex indices and dimensions
there are twice their quaternionic values here.

In residue five assume in addition the following product form on the collar, with ¢ the inward
normal coordinate:

A=0(8; +B), o =ic(v), c*=0, o*=I1, oB=-Bo. (22.7)

Suppose ok has quaternionic signature (N, N). Since o interchanges the positive and negative spectral
subspaces, the Green annihilator of Hiéz(B) is Hiéz(B) ® K. Thus AT = —A and dimy K = 2N give

Afow = —Atull, indg Ajow = —N, indyg Agg1 = N. (22.8)

Indeed the two indices are opposite and their difference is 2N.

Let P be a compact smooth manifold of dimension d, possibly with boundary, andlet @ = O €
int W be open. Choose the fixed collar disjoint from O, shrinking it if necessary. Suppose the metric
and coeflicients of a smooth family parametrized by P are fixed on this collar, and keep B fixed.
Positive spinor comparison then identifies the domains above for all parameters.

Lemma 22.7. Let the potential vary by quaternionic-linear multiplication operators in the chiral case and
by quaternionic skew-adjoint multiplication operators for A in residue five. The following perturbations
may be taken arbitrarily small in C* with support in a common compact subset of O. They may vanish
near any closed subset of P on a neighborhood of which the required conclusion holds.

For a chiral family with a fixed elliptic APS domain and index —r, r > 0, injectivity can be attained
if d < 4(r + 1). For index r the same bound gives surjectivity. [f m = dimy K and the low index is —r,
low injectivity and full surjectivity can be attained by the same perturbation when

0<r<m, d<4a(r+1), d<4m-—-r+1). (22.9)
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For (22.7), low injectivity and full surjectivity can be attained if d < 4N + 3. On a closed manifold the
bounds are d < 4(r + 1) in the chiral case and d < 3 in the skew case.

Proof. Let D be the domain of the realization. At a unit kernel vector 1, a slice for right Sp(1) on the
L%-unit sphere in D has tangent space D n yH. Orthogonality is in L?; the subscripts H and R refer
to the quaternionic inner product and its real part. Since yH C ker A,

A(D n y*H) = A(D).

Consequently a real annihilator ¢ of the vertical image belongs to the kernel of the Hilbert adjoint.
The spinors i and ¢ are smooth. In the interior the equations are Ay = 0, AT¢ = 0. Since ATA and
AAT are connection Laplacians plus terms of order at most one, Aronszajn’s unique continuation
theorem applies on the connected interior [61, Theorem 6.2.8]. In particular ¢ is nowhere zero on
some ball in O.

For chiral index —r the vertical real index is —4r — 4, since the slice removes one quaternionic line
from the domain. Suppose that ¢ also annihilates Qi for every smooth quaternionic homomorphism
Q : E — F supported in O. On the ball just chosen, Q(x)¥/(x) ranges over F,. Multiplication by
scalar test functions gives ¢ = 0 there, hence ¢ = 0 on W.

For the low skew realization the trace space is Green-isotropic. Hence Re(v, Av);z = 0 for v € Doy,
and the incidence equation at v takes values in v*. Ata zero its vertical real index is 4 indy Ajpw—4+1 =
—4N — 3. An annihilator ¢ € *® belongs to ker A} = ker Agy by (22.8). If it also annihilates every
supported skew variation Q1, Lemma 10.3 and scalar test functions give ¢ = f on the ball, with
f smooth and real. The two interior equations now give ic(d )y = 0. Clifford multiplication by a
nonzero covector is invertible; hence f is constant, say c. Unique continuation gives ¢ = ¢y on W,
and real orthogonality gives ¢ = 0.

For normalized kernel vectors the elliptic boundary estimate gives a uniform H? bound on compact
parameter sets. Thus the kernel incidence is compact in P x H! before passage to Sp(1)-orbits. By
the argument of Lemma 10.4 there is a finite-dimensional real space of smooth potentials compactly
supported in O and a ball about zero in this space on which the universal differential is onto at
every zero, also over dP. The incidence projection to the ball has index d — 4(r + 1) or d — 4N — 3,
respectively; on 9P replace d by d — 1. A common regular value arbitrarily close to zero has empty
fibre when the indicated indices are negative. The relative assertion follows by the parameter cutoff
of that lemma, since injectivity and surjectivity are open on these fixed Fredholm domains.

For chiral surjectivity apply the same argument to the adjoint with its elliptic Green-annihilator
domain. The full index is m — r. Add the perturbation space for the low operator to the adjoints of
the perturbations for Af, ;. In this sum a common regular value gives both conclusions under (22.9).
For the skew pair full surjectivity is equivalent to low injectivity by (22.8). The closed assertions are
Lemma 10.4 and its chiral adjoint form. O

22.6. Auxiliary spin domains with large boundary kernel.

Lemma 22.8. Let n =4 or5 (mod 8). There is a connected separating hypersurface 3. in the spin sphere
S™ with the following properties. The metric is a product on a collar of 2. On the closures Wy, W of the
complementary components there are compatible potentials supported in the interiors. On either side let
B denote the tangential Dirac operator for the product collar and the inward normal.

In residue four fix one chirality. Then dimy ker B = 2r, the two low APS operators are injective
of quaternionic index —r, and the two full APS operators are surjective of index r. In residue five the
involution o of (22.7) has signature (N, N) on ker B; the corresponding low operators are injective of
index —N and the full operators are surjective of index N. The construction gives arbitrarily large r,
respectively N. In each example the nonzero spectrum of B is separated from zero. An interior ball of W;
has Euclidean metric and zero potential.

Proof. Putm = n—3 and T™ = (R/27Z)™. Embed T™ as an oriented hypersurface in R™*!: starting
with S! € R?, pass from T/ C R/*! to the boundary T/ x S! of its tube in R/*2. The oriented normal
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line and two constant normal vectors frame the normal bundle of T™ in R™*>. Place its framed tube
T™ x D? in a ball of S". Changing the framing by a map T™ — SO(3) changes the induced torus spin
structure by the pullback of the spin double cover. For ¢; € {0, 1}, rotation in a fixed plane through
the angle S‘n=1 ¢;0;, in angular coordinates 6;, has monodromy (—1)% on the jth circle. We may thus
choose the periodic spin structure on every circle. Restriction to the core identifies spin structures on
the tube with those on the framed core, since T™ x D3 retracts onto T™.

For an integer b > 1 embed a handlebody H, of genus g = 4b — 1 in int D°. Take

Wo=T"xH,,  S=T"x0H, W =S5"\intW,.

The common boundary is connected; its exterior collar meets every component of Wi, so W is
connected. The spin structure on dH, bounds. On a hyperelliptic curve C of genus g, Hitchin’s
Proposition 2.4 gives a square root k of the canonical bundle with h°(C, k) = (g + 1)/2 = 2b [65]. Its
spin structure bounds by [11, Proposition 4.1]. The two spin structures are therefore equivalent under
an orientation-preserving diffeomorphism 0H; — C [30, Lemma 2.15, r = 2]. Pull back a metric
in the conformal class of C. The two chiral surface kernels have complex dimensions h°(C, k) and
h'(C, k) = h°(C, k) by [65, Theorem 2.2] and Serre duality. Extend this metric over H, ¢ as a product
near its boundary. Give W, the product of this metric and the flat torus metric. Extend it across >
over Wy, with the same product collar and a Euclidean metric on an interior ball.

Let D, D¢ be the Dirac operators of the torus and the surface, and let I'c denote surface chirality.
The periodic flat torus has precisely its parallel spinors in the kernel. In residue four, m is odd and the
boundary operator, up to sign and unitary identification, is Dr ® I'c + I ® Dc. For a torus eigenvalue
u and a unit surface eigenspinor v of eigenvalue A > 0, the surface plane spanned by v,T'cv gives the

matrix <i A ) On ker D¢ the eigenvalues p, —p occur with equal multiplicity. Thus (B) = 0. The

complex torus kernel has dimension 20"~V/2; the product formula [65, p. 12, Remark (4)] gives
dimy ker B = %2(’"_1)/2(4b) =2r, r=b2n9/2, (22.10)

The positive-degree Pontryagin forms on W vanish: its curvature is pulled back from Hg, of dimension

three. The integrals of the top component of A over W, and W, add to A\(S”) = 0, since TS" is stably
trivial. Thus both integrals vanish. For the positive chiral operator the product APS formula [13,
Theorem 4.2] gives on each side

indc Dy, = / A- 1(n(B) + dime ker B) = —2r.
W

Reversing the normal changes B to —B under the boundary identification. Changing chirality likewise
reverses the tangential sign and negates the interior index density. Neither change affects the value
—2r. The quaternionic low index is —r and adjoining ker B to the trace space gives full index r.

In residue five m is even. Each torus half-spinor kernel has complex dimension 2"/2~!, Let B* be
the chiral parts of the intrinsic boundary Dirac operator. In each total chirality the product formula has
two summands of complex dimension 2/2-1(2b). Both chiral kernels are quaternionic in boundary
dimension 4 (mod 8); hence

dimy; ker BY = dimyg ker B~ = 2™/%71(2b) =: N. (22.11)

The involution ic(v) for the inward normal v is boundary chirality up to sign. The indices now follow
from (22.8).

Start with zero potentials. Apply Lemma 22.7 on each side with parameter space a point and
perturbations supported in an interior ball, disjoint in W; from the prescribed Euclidean ball. This
gives the asserted injectivity and surjectivity without changing B. The gap off ker B follows from
compact resolvent on the closed hypersurface . 0
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22.7. Connected sums with a fixed APS boundary condition. For an elliptic realization Ap on a
compact manifold, with the boundary conditions of Section 22.5, its self-adjoint double is

9p = ( 0 AD) , dom Zp = dom Ap & dom A}, (22.12)
Ap 0
Both summands of the domain, with their graph norms, embed continuously in H' by elliptic regularity.
Thus the double has compact resolvent. Its grading is +I on the source of Ap and —I on the target.
Let P be compact. On compact n-manifolds My, Mz, n > 3, let D;,, p € P, be continuous families
of smooth, self-adjoint first-order elliptic differential realizations with fixed elliptic boundary trace
conditions and fixed collar data; an empty boundary is allowed. Continuity is in the operator norm
from the fixed H! domain to L? after bundle and density identification. Fix an interior Euclidean ball
of radius R > 0 in each piece and spinor identifications in which the local operators are the same
fixed sum of signed Euclidean spin Dirac operators. Fix oriented gluing charts and compatible spin
lifts on the annuli. Match corresponding summands and take the same signed spin Dirac operators
on the neck. The boundary trace condition on the sum is the direct sum of the original conditions.
For0 < p <min(R,2"*) put t, = p, = p*/2,t.1 = t1/2 and s, = t_, = 27 p'°. Fix a smooth
even function h > 0 with h(s) = |s| for |s| > 1, h < 1 on [-1,1] and |W’| < 1. Replace the balls of
radius s, by the cylinder [—s,, s,] x "' with metric d* + slz)h(t /) gsn-1, where ggi1 has sectional
curvature one. Denote the glued realization by D, , and the disjoint sum by Dg =Dy, ® Dy p. The
Green form and the elliptic boundary conditions are unchanged, so D, ;, is self-adjoint with compact
resolvent. For a self-adjoint operator D and a Borel set I C R write E;(D) = ran 1;(D).

Proposition 22.9. Let A, e > 0, let k be a nonnegative integer and suppose dimg E(_A)A)(Dg) < k for
every p € P. There is a py > 0, depending only on R, A, €, k, such that, for0 < p < py and |A| < A — 2¢,

dimg Eyyy(D) < dimg Ejp—e 1¢](Dp.p)- (22.13)
dime E[/l—e,l+e](Dp,p) < dime E[A—Ze,)HZe](Dg)' (22.14)

For positive radii the family is norm-resolvent continuous in (p, p), and its resolvent is smooth for
smooth coefficient families. If the realizations and the gluing identifications are quaternionic-linear, the
inequalities hold in quaternionic dimension.

Proof. These are the two inequalities in the proof of Bar’s closed gluing theorem [19, Theorem 2.1,
pp- 7-13]. On the ith piece take its scalar cutoff y;, zero for r < t_y, one for r > t;, with 0 < y; < 1
and |dy;| < 4/t;; here r is the Euclidean radius. Extend the cut sections by zero and put

Tu= yjus + youz, u = (uy, uz), Jv = (v, yav).

The supports on the connected sum are disjoint. Each transplant leaves the trace on its own original
boundary unchanged. Thus T and J map the respective operator domains into one another, also for
nonlocal APS conditions.

Take py at most the minimum of R, 274, (100A?)71, (2A) 71, (2(k + 1)) ! and 277 €% /(k + 1)*. Bir’s
annular and neck estimates [19, Propositions 3.2 (Corollaries 1-2) and 3.3; (2.2)-(2.7)] apply on each
signed summand with spectral parameter p or —p for an eigenvalue p € (—A, A). The annuli are
Euclidean, the spherical Dirac eigenvalues have absolute value at least (n —1)/2 > 1, and the warping
function on |t| < p is at most p with derivative of absolute value at most one. No boundary trace
enters these estimates. Suppress p in the operator notation. For u € E; ;L}(DO) they give

ITul? > Jlul®, (D, = DTul? < 2% plul®. (22.15)
For v in the span of at most k + 1 orthogonal eigenspinors of D, in [A — €, 1 + €], they give
Vol? > 3o, 1(D° = A)Jvl < elvl. (22.16)

Indeed, Proposition 3.3 of [19] gives [v]<;; < p(k + Dlv| < [v]/2; outside this region X+ xk=
1. Moreover J is a contraction and each of the two cutoff commutators has norm on v at most
21212 (ke + 1ol < elol/8.
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By (22.15) the spectral projection of Tu onto the interval of radius € about A is injective as a map of
u: the squared residual quotient is at most 2!?p < €. This proves (22.13). Put [ = dim¢ E[A,ZG,MZG](DO);
then [ < k. If the glued spectral space in (22.13) contained [+ 1 orthogonal eigenspinors, the projection
of their cutoffs by J onto that [-dimensional space would be injective on their span by (22.16), since
25€%/8 < (2¢€)?%. This proves (22.14).

Locally about each positive radius, radial diffeomorphisms identify the necks smoothly and are the
identity outside the gluing balls. After the corresponding bundle and density identifications the H'
trace domain is fixed. The coefficients on the neck depend smoothly on p; elsewhere the family has
the prescribed dependence on p. Inversion of D, , —i : dom D, , — L? gives the asserted resolvent
regularity. In the quaternionic case each spectral space has twice its quaternionic dimension over

C. O

Let X have a fixed boundary collar, an interior Euclidean ball with zero potential, and an injective
low APS operator of quaternionic index —r. Let (A,),cp be a continuous family of closed chiral
operators on a spin manifold M, of the same chirality as on X, with quaternionic index —a, zero
kernel and a common Euclidean ball with zero potential. In the skew case take an invertible closed
family over P with the same local gluing data and put a = 0. In each case glue the underlying spin
operators and take the double (22.12) on the resulting source and target bundles.

Corollary 22.10. For all sufficiently small common radii p > 0 the low APS operator on X #, M is
injective of quaternionic index —(r + a). The nonzero spectrum of its double is bounded away from zero
uniformly in p and p.

Proof. The kernel of the disjoint double lies in the target summand and has quaternionic dimension
r + a. Its rank is constant; by norm-resolvent continuity, the local spectral projections about zero
and compactness of P give § > 0 such that E[_45,45](Dg) = ker Dg for every p. The chiral double has
the spin Dirac model on the gluing balls. For a skew operator A = iD there, the double is ( H ) ® D,
unitarily equivalent over C to D & (—D). Thus Proposition 22.9 applies with A = 0, e = §, A = 46 and
k=2(r+a).

Let IT, = 1|_5 5(Dp,)- By the lower inequality and its proof, IT, T : ker Dg — ranll, is injective;
by the upper inequality it is onto. The transplant T preserves the source and target summands.
The double anticommutes with its grading, so IT, commutes with it. Hence ranIl,, lies in the target
summand. The double preserves this spectral space and sends the target to the source; it therefore
vanishes on the spectral space. Thus the glued source kernel is zero, the adjoint kernel has quaternionic
dimension r + g, and there is no other spectrum in [, §]. O

22.8. Low APS coordinates and their uniform bounds. Let A : H{(W;E) — L>(W;F) and B be as
in Section 22.5. Put = = 0W and X = H'2(3; Ely), with norm |x|x = |(I + B*)*x|;2. Denote the
negative, zero and positive spectral projections of B by Qaiiow, P> Qtorb, respectively, and their ranges
in X by Xallow> K, Xforb- Let y denote the trace. Suppose that Aoy is injective. Its range is C*, where
C = ker Aj, € L*(W;F). Let P¢ be orthogonal projection onto C and put Gf = A+ (f — Pcf),
where Al : C* — Dioy. The domain Dy, carries its H' norm.

Lemma 22.11. There are bounded quaternionic-linear maps
W:K@Xforb_’Hl(WQE): ﬁ K- C, n: Xiorb = C,
H: K ® Xtorp = Xallows  J : LW F) = Xallow

with the following properties. For f € LX(W;F), k € K and b € Xio, the equations Au = f, Pyu =k
and Qforbyu = b are equivalent to

u=Gf+wkb), Pk+nb=Pcf. (22.17)
In this case Qauowyu = Jf + H(k, b). The map
HYW;E) — C* ® K @ Xiorbs ur— ((I = Pc)Au, Pyu, Qsorby 1) (22.18)
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is a bounded isomorphism with inverse (h,k,b) — Gh + w(k, b). In these coordinates A(h, k,b) =
(h, Bk + nb) in C+ & C.

On fixed manifolds and bundles with fixed collar and domain, these maps depend continuously on
A in the H' — L? operator norm, and smoothly for smooth families of coefficients. Over fillings with
the same collar data, the norms of B, n, H, ] are uniformly bounded if the nonzero spectrum of the low
double (22.12) stays outside (=5, &) for some § > 0.

Proof. Take a bounded quaternionic-linear right inverse of the H! trace on the collar, multiply by a
fixed collar cutoff equal to one near ¥, and restrict to K @ Xorp- Denote the resulting lift by £, so that
yL(k,b) = k + b. The elliptic estimate for the low domain [20, Theorem 4.9 and Example 4.21] and
the bounded inverse theorem give G : L*(W;F) — Dy, bounded. Define

w=(I-GA)L, Pk+nb=PcAL(k, D),
H= Qallow Yyw, J= Qallow}/G-

For k = Pyu, b = Qtorpyu one has u — L(k,b) € Dioyw. Thus u = GAu + w(k,b). Conversely
Gh + w(k, b) has the prescribed zero and positive traces and its image under A is h + fk + nb for
h € C*. This proves both formulas.

For fixed domains regard S = Ay as a bounded operator from Dy, with a fixed H' inner
product to L?(W; F), and denote its bounded adjoint by S*. Since S is injective with closed range,
G = (58'S)71S* and Pc = I — SG. Bounded inversion gives the stated parameter dependence, with C
and C* the ranges of the corresponding projections.

For the last assertion the spectral theorem for the low double gives |G f];z2 < §7!| f|;2. Fix a cutoff
{ on the common collar C, equal to one near ¥ and zero near its inner edge. For v € Doy, extend (v by
zero to one fixed filling of this collar. Applying its elliptic estimate to A({v) = {Av+[A, {]v and taking
traces gives [yv|x < c(|Av]i2c) + [vli2(c)), With ¢ independent of the filling on which v was given.
For the adjoint domain the same estimate holds with trace in H 1/2(3; Fl5) and the Green-annihilator
boundary condition. In particular,

lyGflx < e(1+ 8Dl flizw.p)- (22.19)

Since AL is fixed on C and vanishes elsewhere, the formulas for §, , H, J give the asserted bounds. [J

The full domain is b = 0 in (22.18). Its kernel and cokernel therefore fit into the exact sequence

P
0 — ker Aran Lk i C — coker Agqp — 0, (22.20)

where the last map sends c to its class modulo the range. Suppose Agy is surjective. Put Ey = ker f C K,
and let e = —(ﬁ|Eé)_117 ¢ Xtorp — Ef. For x = xaow + k + b in Xyj10w ® K @ Xgorp, there is a solution
of Au = 0 with trace x if and only if

k—ebeEy  Xaow=H(b). (22.21)

Indeed (22.17) then gives u = w(k, b). In the skew case (22.7), Green’s formula on two elements
of ker Agyj reduces to their o-pairing on K, since ¢ exchanges the positive and negative spectral
subspaces. Thus Ey = Py ker Agy is null. By (22.8) and (22.20) it has quaternionic dimension N, so it
is maximal null.

Lemma 22.12. In Corollary 22.10 denote the original cap by Y, the glued manifold by Y, ,, and their
low adjoint kernels by Cy and C,, ,. For all sufficiently small p > 0 there are quaternionic isometries
Jpp © Cy = Cpp, continuous in (p, p), such that

j;,p:BP,p - ﬁY’ j;,pﬂp,p — Ny (2222)

in operator norm, uniformly in p as p | 0. On the common boundary, yj,, — Y|c, in operator norm
from Cy to HY/2(3; Flz).
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Proof. Use the cutoff on Y in Proposition 22.9, obtained by scaling one fixed radial cutoff by t; = p*/2.
Write T, ¢ for the extension by zero of y,¢ to Y, ,. It has the original adjoint boundary condition.
Let S = Ay, ,1ow and P, , be the L? projection onto ker S*. In the target summand of the double,
Corollary 22.10 gives |(I — P, ,)v] < 67'[S*v] on dom S*, with § > 0 independent of p, p. Here the
norms are L. On the cap modes ¢ € Cy, smoothness and finite dimension give a common pointwise
bound c|#| on the gluing ball. The cutoff derivative is O(t;!) on an annulus of volume O(t!"), and
A;r,gb = 0. Hence

IS* T, 81 < 221, 0 < I — IT,¢l% < ctll I’

Put Jy = P, ,T,. Orthogonality gives |[I — JiJol < c(t] + §2¢72) = o(1). Thus j,, = Jo(UsJo) /2
is an isometry. The cutoff and the spectral projection are continuous for positive small radii by
Proposition 22.9 and the common gap; hence so is jj, ,.

OnC, T,¢ = ¢ and S*(T,¢ — Jo¢) = 0. The adjoint collar estimate in the proof of (22.19) therefore
bounds the H'/? trace of this difference by its L? norm times a fixed constant. This norm is o(1)|4],
uniformly in p. Since (Jj Jo) Y2 = I + 0(1) on Cy, the asserted trace convergence follows, as does
ljp.p® = Plr2ey = o(D)]@l. For d = (k, b) € K @ Xiorp, the difference of the pairings of S, ,k + n,,,b
with j, ,¢ and of fyk + nyb with ¢ is bounded by

lip.p® = Plrzccy AL Al L2(c) = oDl Id].
This proves (22.22). O

22.9. Boundary evolution operators. Let X be closed and connected, S — ¥ a quaternionic Hermitian
bundle and B a self-adjoint Dirac-type operator on S, linear over H. Fix a nonempty open set O C X
and put ¥V = CZ(0; Endy S). For a quaternionic subspace D of a finite sum of eigenspaces of B, let
Pp be L? orthogonal projection onto D, and put 7p(V) = PpV|p. Denote evaluation by e, : D — S,.
For a set of matrices A, let Lier(A) denote the real Lie algebra it generates.

Lemma 22.13. (i) Lieg (ﬂD(V)) = Endy D.
(ii) Let o on D and oy on S, be quaternionic self-adjoint involutions, the latter smooth in x, with
ex0 = 0xex. Put Vo ={V eV : V(x)ox + 0, V(x) = 0}. Then

Lieg (nD(VG)) =g, :={Z €EndyD : Z%¢ + 0cZ = 0}.
In particular, for D = ker B and signature (N, N), this is sp(N, N) in an orthonormal eigenbasis of 0.

Proof. The assertions are immediate for D = 0. Every nonzero element of D has dense nonzero locus
in O: the containing spectral sum is B-invariant with bounded spectrum, so Bar’s unique continuation
theorem for semibounded spectral subspaces applies. Consequently the union R = | o im € spans
D over H: a section orthogonal to it vanishes on O.

We first prove (ii). The intertwining identity gives zp(V)*c + onp(V) = 0 for V € V,. Write
[ = Lier(np(V5)). For eachv = efz € R and p € ImH,

X,(p) :=vpv o el

Indeed extend z € Sy to a smooth local section s and multiply sps*o () by smooth nonnegative bumps
of integral one supported in O and shrinking to x. These multipliers are in V,. Their compressions
converge to ex(zpz*oy)ex = X,(p), and [ is closed in the finite-dimensional matrix space.

Forv,w € R put a = v ow. If p, q are imaginary quaternions, then

[X(p), Xu(@)] = (vew” —wev)o, ¢ = paq.

For a # 0 these ¢ span H over R: conjugation by a preserves ImH, and products of imaginary
quaternions span H. The same matrices therefore belong to [ for all ¢ € H even if a = 0. In fact we
may suppose v # 0 and write w = e}z with y € O. Since ov is a nonzero element of D, take y; — y

*

y

1C. Bér, Localization and semibounded energy—a weak unique continuation theorem, J. Geom. Phys. 34 (2000), 155-161.
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in O with e, ov # 0. In a local frame take z; — z with z; ¢ (ey,0v)". Then w; = e;jzj — wand
v'ow; # 0, giving the assertion by passage to the limit. Choose a quaternionic basis from R and let
U be its column matrix in an orthonormal basis. The real span of the displayed matrices contains
UCU" o for every C* = —C (take diagonal and off-diagonal entries in turn). Since U is invertible and
g, = {Ho : H* = —H}, this proves (ii).

In (i) take o = I and o = I: the generated algebra contains all skew-adjoint matrices. Localization
of ss* as above also gives vv™ for every v € R. Conjugation by quaternionic unitaries preserves the
algebra, since the connected compact symplectic group is generated by exponentials of its Lie algebra.
Its action is transitive on the unit sphere. Thus the algebra contains every orthogonal projection onto
a quaternionic line. The spectral theorem gives all self-adjoint matrices, and (i) follows. O

Write K for the chosen space D and m = dimy K. In case (i) put G = GLyg(K) and in case (ii)
put G = {T € GLy(K) : T*oT = o}. Write g for its Lie algebra. For the chiral spin operator, a
multiplier V in normal Clifford coordinates corresponds to the off-diagonal block ¢(v)V and its
adjoint in the opposite block. For (22.7) the added block is oV, which is skew-adjoint precisely when
V*o + oV = 0 on the fibres. For a smooth time-dependent multiplier V(t) in the corresponding class
let £(V) = U(1), where U’ = —ng(V(£))U, U(0) = I. This equation preserves G.

Lemma 22.14. Fix a nonempty open interval Iy € (0, 1). On a neighborhood of the identity in G, the map
& has a continuous right inverse T — Vp with Vi = 0, taking values in smooth multipliers supported in
a fixed compact subset of Iy x O. Continuity is for the C* topology.

The neighborhood may be taken uniform for data over a compact Hausdorff parameter space, provided
the controlled spaces form a continuous finite-rank bundle with local frames continuous in C*(Z; S),
and the volume density, fibre metrics and any prescribed involutions vary continuously in C*. The right
inverse then depends continuously on both the parameter and the endpoint in the corresponding group

bundle.

Proof. The assertion for K = 0 follows with V; = 0. For fixed data choose multipliers V7, ..., V; such
that some iterated brackets Y; of the —mx(V/) span g over R (Lemma 22.13). Write ¢; for the length
of Y;. The commutator words of Boarotto-Lerario” for a system without drift give products W;(s) of
exponentials of the generators with arguments +s, analytic in s and equal to I + s%Y; + O(s"*!) at
zero. Define

Dy(z) = | Wi, 220,
=Y w0y, z<o.

Analyticity gives D;-(z) =Y+ O0(|z|"/%) for z # 0, and D;-(O) = Y;. On an ordered list of disjoint
subintervals of I, a fixed smooth bump of integral one times a multiplier of amplitude a has endpoint
exp(—ank(V/)). Place the factors in reverse product order. Separate lists for the positive and negative
words, with amplitudes of absolute values (max{z, 0})!/% and (max{~z, 0})!/%, realize D;(z) by controls
continuous in every C* seminorm and zero at z = 0.

For the family assertion choose such a list locally at each parameter. The same smooth multipliers
extend nearby: in the second case apply the fibrewise projection V - (V — 0,V*0,)/2 with the
varying involution. The spanning property is open. A finite cover and parameter cutoffs equal to one
on smaller sets covering the base give a single finite list of global bracket words Y, 1, ..., Y, 4. This
includes fixed data by taking the base to be a point. The real linear map L, : RY — g, with these
columns is onto; put R, = L;,(LPL;;)*1 using continuous fibre inner products. For z = R, x, the map

x +— ®,(x) = log(Dp,a(z4) - Dp1(z1))

has derivative I at x = 0. Its derivative in x is continuous in (p, x) by the word expansions, whose
coeflicients are continuous in p. On a uniform ball |x| < r one has [d®, —I| < 1/2. For |y| < r/2, the

%F. Boarotto and A. Lerario, Homotopy properties of horizontal path spaces and a theorem of Serre in subriemannian
geometry, Comm. Anal. Geom. 25 (2017), 269-301, proof of Proposition 2, formula (2).
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contraction x = y + x — ®,(x) of this ball has a unique fixed point x,(y) continuous in (p, y). Taking
y =log T and placing the controls of the words in successive intervals gives Vr. Their supports lie
in a fixed finite union of compact sets in I x O. Since |x,(y)| < 2|y|, each C* seminorm of V7 is
O(|T = I|/%) for £ = max; ¢;, uniformly in p. O

Lemma 22.15. Let P be compact Hausdorff, A C P closed, and VI? a continuous C* family of permitted
multipliers with endpoints Hy,. Suppose V;,) vanishes on a common final interval of positive length. Let
Ty, 0 < s < 1, be a continuous homotopy in G with T,y = Hp, and T, s = H), on A. There are continuous
C* controls Vy s with E(Vy ) = Ty, Vyo = V,) and Vs = V) on A.

Proof. Put Q) s = Tp,st;l and choose a subdivision 0 = sy < -+ < sg = 1 so fine that Qp,tQ;’ls}_fl
belongs to the neighborhood of Lemma 22.14 for every p and s;_; < t < s;. Such a subdivision exists
by compactness. Set 7;(s) = min(s, s;). In successive subintervals of the reserved interval add section
controls for Qp)fj(s)Q;,lfjfl(s), j =1,...,d. Affine rescaling of a pulse multiplies its amplitude by the
inverse time scale and preserves its endpoint. The ordered endpoint product telescopes to Qj s, so the
new endpoint is Q, H,. All added controls vanish at s = 0 and on A, since the section at the identity

is zero. O

The groups GL,,(IH) and Sp(N, N) are connected; their polar decompositions retract them onto
Sp(m) and Sp(N) x Sp(N), respectively. Thus every individual endpoint in either group is attained
from the identity. Now take K = ker B. For two fillings satisfying the hypotheses of Proposition 22.17,
let Bip : K — Cjp be as in Lemma 22.11. For a compact family of controls with endpoints T},
put Fyk = (Bopk, By Tpk). If |[Fpyk| > [k| for every p, k and some § > 0, the reduction M, of
Proposition 22.17 satisfies |[M,, — F,| < §/2 for all sufficiently large cylinder lengths L, uniformly in
p. In particular the glued operators are injective.

To reserve a final interval for a family vanishing near both endpoints, choose a smooth nonde-
creasing ¢ : [0,1] — [0, 1] with ¢(0) = 0 and ¢ = 1 on that interval. Put ¢s(¢) = (1 — s)t + s¢(t) and
replace V(1) by ¢;(1)V,(¢s(1)). Its fundamental matrix at t is U,(¢(t)), where Uj, is that of V,,. This
gives a compact continuous homotopy of smooth controls with the same endpoints. At s = 1 the final
interval is free. Under the preceding lower bound a single sufficiently large L gives injective operators
throughout this homotopy. Its final control may thus serve as the initial family Vg in Lemma 22.15.

22.10. The inhomogeneous problem on a long cylinder. Let B be the fixed self-adjoint quaternionic
tangential Dirac-type operator on the closed hypersurface X. Write K = ker B, P = 14)(B), Q = I — P,
Qs = 1(e)(B) and Q_ = 1(_w0)(B). Give X = HY%(Z) the norm |x|x = (I + B*)"*x]; and put
X: = Q:X. Fix yp > 0 with |B| > y, on K*. Let z = V, be a continuous map from a compact space
Z to the smooth quaternionic multipliers on [0, 1] x X, with the C* topology. On K let U, be the
solution of

U,+PV,PU, =0, U,(0) =1, T, = U,(1).

In the skew case let o be the normal involution of (22.7) and assume Vo + oV, = 0. For smooth
gluing take V, zero near both ends. The mixed problem itself requires no endpoint vanishing.

In normal Clifford coordinates the physical operator is d; + B+ L™ V,(s/L,x) on [0, L] x =. Set
t = s/Land € = L™!. A physical right-hand side g(s) in these coordinates becomes f(t) = Lg(Lt);
hence | fl2¢ar) = JL|g| 12(ds)» With the same spatial L* norm. All time norms below are taken with
respect to dt. Control derivatives are taken at fixed L in smooth finite-dimensional parameters, with
uniform coefficient bounds through the prescribed order.

Lemma 22.16. For all sufficiently small € > 0 the map
Ce. : H'([0,1]x32) — L*([0,1]x2) 0 K& X, & X_,

B (22.23)
w > ((9¢ + € B + Vz)w, Pw(0), 0+ w(0), Q-w(1))
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is a bounded isomorphism. For data (f,k, a, d) its remaining traces k' = Pw(1), b = Q_-w(0), ¢ =
Q,w(1) are

k' = T,k + Ec .(k,a,d) + Fc . f, (22.24)

(b,c) = Beo(k,a,d) + Jeof, (22.25)

where the low outputs lie in K and the ordered high outputs in X_ @ X,. The operator norms satisfy
|Eezl + 1Bl < Ce,  IFel C0 el < Ce.
For f =0, write u = Pw,v = Qw. Then

lu = Uzkllcoxe < Ce([k] + [lallx + [d]x). (22.26)
lolcox < Cllalx + ldlx + elkD, lolx < Ce(lkl + lalx + [dlx)- (22.27)

These bounds are uniform over the family and hold for the indicated control derivatives. The norm of the
inverse into H' may depend on €. The same estimates hold on each fixed subinterval of positive length,
with its own propagator.

Proof. Write B.. for the restrictions of B to the positive and negative spectral spaces. Extend the high
source by zero beyond t = 1. With tangential operator B/e, the half-cylinder formula of Atiyah,
Patodi and Singer [13, Proposition 2.5, (2.6)—(2.11)] restricts to [0, 1]. The free incoming solution and
the zero-incoming Green operator are, respectively,

vin(t) = e tBi/eq 4 g (-DIB/e g

1
(Geh)(t) = /0 L IBle (s ds - l e GOBVe0 p(s) ds.

Put A = |a|x + |d|x. The gap bounds ||Uin||c?X by A, |vin ||L}X by €A/ yo, and its two outgoing traces by

e 1/€ A in sum. Convolution with the exponential kernels gives
IGelcox—cox + 1Gelpixorix < Ce, |Gelzzrz 1212 < €/ 10, (22.28)

using orthogonality of the two signs in L?.

For A # 0 let h) be the component of h in the A-eigenspace and y; = (G.h),. The one-sided
exponential has L! norm €/|A| and squared L? norm €/(2|4]) on the half-line. Thus [(1/€)y:l2 < |22
and [Ally(1)* < (e/2)|hyl3. Since y; = hy — (A/€)y; and (1 + A)1/2 < C|A|, summation gives

[0:Gehllie + € [BGehle < Clhlpz, |Gehlcox < CVelhlpe. (22.29)

The same bound on spectral tails gives convergence in C?X. The graph norm of B is equivalent to the
spatial H! norm. For an incoming mode of absolute eigenvalue y, its squared L? norm is its squared
amplitude times e(1 — e2#/€)/(2); the squared norms after applying 9, or B have the additional
factors p?/e? or p?, respectively. Thus vy, € H! exactly for incoming data in X; & X_ at fixed e.
Already a single nonzero incoming mode can have H! norm of order /2,

Let R g(t) = U,(t) fot U,(s)"'g(s) ds. The uniform bounds on U,, U; ! give R, : LIK — CK
bounded uniformly. The low and high equations are

u=Uk+R,(Pf—PV,), v =vin + G O{f — V(u+0)}
Substitution gives
(I + ]Ce,z)v = Ujn + GeQ{f - Vz(Uzk + Rzpf)};
Ke, = GQV,(I - R,PV}).

Multiplication by V; is uniformly bounded on X and on L?. Consequently (22.28) gives | K. .| < Ce
on each of C?X, L1 X, L2L%. For small € the inverses of I + K., on these spaces are given by the same
Neumann series.
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When f = 0, the L} X inverse and the incoming estimate give [v] nix < Ce(A + [k[); the low
equation then gives (22.26). The C?X inverse gives the remaining bound in (22.27). The high integrals
at the outgoing ends are bounded by Ce|u + v]cox, in addition to the exponentially small free traces.
This proves the estimate for B ,; evaluating —R,PV,v at 1 proves the one for E ,.

For data (f,0,0,0) the L? inverse gives [v];2 < Ce|f|;2, and the low equation gives lul cox < Clflze.
Apply (22.29) to Q{f — V,(u + v)}. It gives v € H! and the C /€ estimate for J. ,; the low equation
gives u € H! and the estimate for F. ,. For homogeneous data the high solution is the sum of vy, € H'
and a Green term with L? source, and the low equation again gives u € H'. Superposition constructs a
bounded inverse for fixed €; the L? Neumann equation gives uniqueness. The forward map is bounded
by the H! trace theorem.

Derivatives of U,, R, are uniformly bounded to the given order. Every derivative of K. , retains
the left factor G.. Differentiating the inverse by 9S™! = —571(9S)S™! and using the same three
norms proves the differentiated bounds, including the C?X bound for the differentiated source Green
terms by (22.29). On [to, ty + h], h > 0 fixed, affine rescaling replaces €, V, f by €/h, hV(t, + h-) and
hf(to + h-); the low transfer is U,(t, + h)U,(t,)™". O

Join compact fillings W;, W; to the ends of the cylinder. In the common boundary identification
the low APS domains allow X, on Wj and X_ on W;. Assume the two low realizations are injective.
For a parameter p let A; ;10w denote these realizations, i = 0, 1. Write C;, = ker Al’f lows and denote
by Bip. nip, Hip,Jip the boundary maps of Lemma 22.11. Assume the exterior coefficients vary
continuously in fixed collar and bundle charts, and these maps have uniformly bounded norms.

For the matching of low modes without a prescribed transfer on the cylinder, see Cappell-Lee—
Miller, Self-adjoint elliptic operators and manifold decompositions I, Theorem A, and Nicolaescu, On the

Cappell-Lee—Miller gluing theorem, §2 and Corollary 5.3.

Proposition 22.17. For all sufficiently large finite L, bounded quaternionic source and target isomorphisms
put the glued operator H' — L? in the direct sum of an identity and the finite block

Mp,, : K — Cop @ Cip, My = (Bop, frpTo) + OLTH). (22.30)

The error and its control derivatives to the specified order are uniform, including for the thin families of
Corollary 22.10. The index is dimy K — dimg Co, — dimp Cy .

The reduction preserves the Fredholm pair with its injective locus and identifies the actual cokernel
bundles there. On a compact subset where the limiting map is injective, the straight homotopy to it
remains injective for large L. In the skew case these are statements about the underlying quaternionic
Fredholm operators; Proposition 22.23 computes the skew class.

Proof. Write A; for the exterior operators, C; = C;, and Pc, for orthogonal projection onto C;. On
the cylinder take f = (9; + € !B + V,)w; in the skew case the normal identification first multiplies
the physical expression by o. The closed H! domain is the space of triples (uo, w, u;) with matching
traces at both seams: equal traces cancel the jump terms in the distributional first derivatives. The L?
target is the direct sum on the three pieces. Use the coordinates

e = (ho, f,h1) € H, := Cy ® L*([0,1] xZ) & Cy, hi = (I — Pc)Au;, k = Pw(0).

The map (ug, w, u1) = (e, k) is a bounded isomorphism, as follows.
Write h = (a,d) € X; @ X_ for the incoming high traces. Combine (22.24)-(22.25) into

(k,b,c) = (T;k,0,0) + Rk + Rgh+ Sf inK & X_ & X,.

Here (Rk, Ry) are the columns of (E ;, Be ;) under the splitting into k and h, and S = (F¢ ,, J. ;) with
its high output split into two components. In particular |Rk| + |Rg| < Ce. The allowed exterior traces
are a = Johg + Ho(k,b) and d = J1hy + H (K, c), by (22.18). Define

D6, b, c) = (Hy(0,b), Hy(£,¢)),  Hk = (Ho(k, 0), Hy(T;k,0)).


https://webhomes.maths.ed.ac.uk/~v1ranick/papers/clm1.pdf
https://doi.org/10.2140/pjm.2002.206.159
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Then both matching conditions reduce to the single equation
(I — DRy)h = (H° + DRx)k + (Joho, Jih1) + DSF.

The boundary bounds make D, H® uniformly bounded. Thus I — DRy has a uniformly bounded
inverse for small €. For arbitrary (e, k) this determines h; the mixed cylinder inverse gives w and
(K’, b, ¢). The exterior inverses at (hg, k, b) and (hy, k’, ¢) then give ug, u; with matching traces. These
bounded operations give its inverse for each finite L.

Split the target into H,, and Cy & C;. In the new coordinates the glued operator takes the form

(e,k) — (e,Ne + Mk),

where the last component is (Bok + nob, f1k” + n1c) and N, M are its two columns. The target shear
(e,y) — (e,y — Ne) gives Iy, ® M. When e = 0 the matching equation gives h = (I — DRy) Y(H® +
DRg)k, so |h| < C|k| and (K’ — Tk, b, ¢)| < Celk|. This gives (22.30). Differentiation of this equation
and the bounded inverse formula preserves the O(e) error at fixed L. Exterior derivatives have the
same property if the corresponding exterior maps and their derivatives are uniformly bounded in local
bundle charts. For shrinking positive radii only uniform boundary bounds, supplied by Lemma 22.11
and Corollary 22.10, enter the estimate.

For varying L > 1, take a fixed cylinder coordinate r € [0, 1] and write s = ¢/.(r) = r+(L— 1) x(r),
with y smooth nondecreasing, zero near 0 and one near 1. These charts are translations on fixed
end collars. After normal identification the pulled-back expression is (/7)7'9, + B+ L™V, (¢1(r)/L).
As amap H! — L? on fixed spaces it is norm-continuous at each finite L; the mixed map in these
coordinates has the same endpoint traces and is invertible by the lemma and the pointwise change of
variables. Inverting it gives continuous solution and trace maps in the fixed chart. Thus one can use
its source coordinate instead of f throughout the matching equation. The homogeneous columns,
hence M, are unchanged. The exterior projections and maps are norm-continuous in local bundle
charts by Lemma 22.11. This proves continuity of the reduction without choosing global frames of
Cy, C; or passing to an exterior at radius zero.

The kernel is ker M in these coordinates; the quotient cokernel is carried isomorphically onto
coker M by [(e, y)] — [y — Ne], with inverse [y] — [(0,y)]. This proves the index formula and
identifies the cokernel bundles on the injective locus. The shear contracts by scaling N; after Hilbert
trivializations the other infinite-dimensional coordinate isomorphisms do not change the class of the
Fredholm pair by contractibility of the quaternionic Hilbert general linear group, as in Lemma 22.6.
Finally, write F = (S, 1 T;). On the indicated compact subset let |Fk| > S| k[, > 0. For [M—F| < §/2
every point of the straight homotopy has the same lower bound §/2. (]

For K # 0, let k € K be a unit vector and fix 0 = ¢ € C°(0,1). On the physical cylinder put
wr(s) = ¢(s/L)k and extend by zero to both fillings. For the glued operator Az, in the physical L2

norms,
lALwelz _ 1 (19l
lwela = L\ 4l

Thus a lower bound for the finite matching maps need not give a uniform lower bound for A;.

22.11. Insertion inside a prescribed ball. Let U be a nonempty open subset of a closed connected spin
n-manifold M and fix a coordinate ball D € U. Let a, = (g, Qp), p € P, be a family of compatible
pairs continuous in the smooth coeflicient topology, with P compact Hausdorff. In dimension 4
(mod 8) assume the chosen chiral operator is injective of quaternionic index —a; in dimension 5
(mod 8) assume the skew operator is invertible.

Take the caps Wy, W; of Lemma 22.8, with dimp; K = 2r in residue four and 2N in residue five.
Their full APS operators are surjective, so (22.20) gives surjections f; : K — C;. Choose a control V.,
supported away from both ends of [0, 1], whose endpoint T. makes

F. = (o, p1T) : K— Cy® C; an isomorphism. (22.31)
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Indeed E; = ker f8; have half the dimension of K. In the chiral case choose T. carrying E, to a
complement of E;. In the skew case write the maximal null planes as graphs of unitaries U; : K* — K~,
where K* = ker(o|x FI): projection of a null plane to K* is injective and both have dimension N. The
isometry diag(I, —U, U, !) takes E to a complement of E;. Lemmas 22.14-22.15 and connectedness of
the two control groups realize the chosen endpoint, leaving a final interval free.

For connected sums of closed Dirac operators see Bar [19, Theorem 2.1 and proof of Theorem 4.1];
for compact families of metrics see [77, Theorem 4.24]. Local deformations through metrics with
invertible Dirac operator are given in [56, Lemma 18 and Corollary 19].

Proposition 22.18. There are a finite Ly and a radius p > 0 such that a, is homotopic in its injective or
invertible locus, by changes supported in D, to the family

Wy U ([0, L()] x 2, V*) U (W1 #p Mp)

Here M,, carries the locally prepared pair, the product collars and B are fixed, and at length L the normal-
coordinate multiplier is L™*V.(s/L). The last piece has injective low APS operator of index —(r + a)
in the chiral case and —N in the skew case. With this same p, every L > Ly stays in the stated locus.
This remains true under sufficiently small compatible perturbations of the exterior coefficients and the
controls on [0, 1], with the product collars fixed and the controls zero near both ends. The neighborhood
is independent of L. If the perturbations agree with the original data off D, the perturbed endpoint can
also be reached through pairs agreeing with a, off D.

Proof. A common Euclidean ball. In oriented coordinates centered at 0 € D write G, = g,(0). For a
cutoff y supported in D and equal to one near zero, the flow of —3 y(x)(log G,,)x equals G;t/ ’x ona
smaller common ball for 0 < t < 1, by compactness. Pull back the pairs with the spin lift starting at
the identity, and keep the notation g, Q, for their endpoint coefficients. The resulting homotopy
is continuous in p, preserves kernels, and gives g,(0) = I at its endpoint. In the fixed comparison
(2.6) the operators A, of the pulled-back pairs satisfy |A,ul, > c|ulg1, ¢ > 0, by closed range and
operator-norm continuity.

Let B, denote the coordinate ball of radius s about zero and let g. be its Euclidean metric. For
Bys € D take a rescaled cutoff 0 < y; < 1 equal to one on B and zero off B,;. In the same spinor
comparison interpolate by the pairs (1 — txs)gp + txs8e, (1 — txs)Qp), 0 < t < 1. The metric change
is O(s) in supremum norm and its first derivatives are O(1), since |g,(x) — I| < C|x| and the cutoff
derivative is O(s™!). The local Dirac formula [61, Theorem 2.3.6] therefore gives a leading coefficient
change of size O(s) and a bounded zeroth-order change supported in B,;, including the potential.
Since n > 2, Holder and the Sobolev inequality give |15, ul, < Cs|ufg:. Thus the whole interpolation
changes A, by O(s) : H' — L% uniformly in p. Choose s so the change is less than ¢/2. The
operators remain injective, hence invertible in the skew case. Write a;, = (g}, Qp,) for the prepared
pairs.

The length of the cylinder. On W, #, M, Corollary 22.10 gives the asserted low index, injectivity
and uniform gap for all sufficiently small positive radii. Lemma 22.11 then bounds the boundary
maps uniformly. For the isometries j,, : C; = Cyp, of Lemma 22.12, put F, , = (B0, f1,p,, T+). Set
5h= IF7Y~! > 0. Since (I ® j;’p)Fp,p — F, uniformly and I & j; , is a contraction, there is p; > 0 such
that

By okl > L61kl,  0<p<pr.

The chiral target has quaternionic dimension dimy; K + a. Choose Ly so the uniform reduction error
of Proposition 22.17 is less than & /4 for all L > Lo, both for these fillings and for the original pair of
caps. The first reduction is injective; the second, being square, is invertible. The first is also invertible
in the skew case by index zero. The two original caps at Ly thus give an invertible pair b on the
standard spin sphere: lengthening its separating collar does not change the underlying spin manifold
or the gluing chart in W;.

A path on the sphere. On a smaller closed disk identify that chart with an equally oriented
stereographic chart by a fixed sphere diffeomorphism [64, Chapter 8, §3, Theorem 3.1]. In stereographic
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coordinates multiply the round metric by a smooth positive radial factor that makes it Euclidean
on the disk and is one near the opposite pole. The resulting zero-potential pair b,q is invertible by
round positive scalar curvature and conformal covariance [65, Proposition 1.3]. Interpolate the pairs
byd, b in metric and compatible potential coordinates relative to the disk, stationary near the time
endpoints. The closed case of Lemma 22.7, with perturbations in a ball disjoint from the disk, makes
this sphere path b, invertible relative to those endpoints: its parameter dimension is 1 < 4 in the
index-zero chiral case and 1 < 3 in the skew case.

Use the standard orthogonal reflection on the angular spheres and a fixed spin lift of the oriented
neck identification. The disjoint doubles for (a;,, b;) have a common gap off zero by compactness and
constant kernel rank. Apply Proposition 22.9 at zero, uniformly over P x [0, 1]. In the chiral case the a
old zero modes lie in the target. As in the proof of Corollary 22.10, cutoff followed by projection onto
the small symmetric spectral interval injects them into the glued double; the upper bound makes this
map onto. The cutoff preserves the grading and the symmetric projection commutes with it, so the
whole small spectral space lies in the target. In particular the glued chiral operator is injective. In the
skew case the upper bound excludes zero. Fix one p > 0 below this pathwise threshold and p;, small
enough for the common gluing disks. At fixed radius the neck and charts are constant, so the glued
coefficients vary continuously in (p, t). The b endpoint has precisely the displayed decomposition;
the choice of L, still applies for every L > L.

The round attachment. Include a Euclidean annulus from M,, in the replacement disk. For b.q this
disk, including the neck, has metric ds? + f(s)?ggn-1, with arclength s measured from its smooth
pole, f > 0 off the pole, and f” = 1 on the outer Euclidean collar. Solve dr/r = ds/f, with r = f
on that collar. Near zero f(s) = sF(s®), F smooth with F(0) = 1; hence 1/f — 1/s is smooth odd
and r/s extends to a positive smooth even function. Thus r is a radial diffeomorphism onto the
original disk and u = log(f/r) is smooth, zero on its outer collar. This gives one spin identification
with M, equal to the identity off the disk, for the entire glued path. At its round endpoint the new

metric is e** g;, with u extended by zero. The potential is zero wherever u can be nonzero. Conformal

covariance for pairs (Lemma 8.1) therefore joins aj, to this endpoint through e?hu 8y, 0 < h <1, fixing
the exterior. The preparation, this conformal path, and the glued sphere path now concatenate in that
order, starting from a,.

For perturbation stability keep this positive p fixed. Low injectivity is open on the fixed exterior
domains, their boundary maps vary continuously by Lemma 22.11, and the finite endpoint T varies
continuously by its ODE. In the C* coeflicient topology a neighborhood of the compact data therefore
retains a positive lower bound for the limiting matching maps and common bounds on the boundary
maps and control multiplier norms. The estimates proving Proposition 22.17 give one C/L error bound
there, hence injectivity for every L beyond a common L; > Lg. For Ly < L < L; ordinary openness on
the compact parameter set P x [L, L] gives the same conclusion after shrinking the neighborhood.
Interpolate to a sufficiently close perturbation at Ly in compatible coefficient coordinates; this fixes
the exterior of D whenever the perturbation does. (]

For a filling with a parameter collar, the homotopy gives an annulus with the original family on
its outer boundary. If that family has prescribed density p, complete the cylinder construction first
and then normalize the assembled family by Lemma 8.1, including the potential rescaling. This fixes
both the normalized outer boundary and its unchanged spatial exterior; the normalized metric need
not retain the displayed product cylinder.

22.12. Rectangular completion and cancellation. For m > 1 the standard inclusion induces a map
7; Sp(m) — m; Sp  bijective for 0 <i < 4m + 1, surjective for i = 4m + 2 (22.32)

by [75, Theorem I1.12 and its proof, pp. 108—-109]. Here Sp has the direct limit topology. For integers
a > 0 and r > max(1,a) put V = Sp(r + a)/ Sp(a) and V., = Sp /Sp(a). In each stage Sp(a) acts
on the first a coordinates; the last r coordinate vectors form the standard ordered frame in V. The
inclusion V — Vi is (4(r + a) + 2)-connected: compare the homotopy sequences of the finite-stage
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bundles with common fibre Sp(a) [59, Theorem 4.41] and apply (22.32). Passage to the limit is valid
since compact subsets of this increasing union of compact manifolds lie in finite stages.

Let K = H?,let 0 < k < 4r + 1, and put d = k + 1. Suppose that E,, E; are subbundles of D¢ x K
of ranks r, r — a, respectively. Each subbundle and its orthogonal complement are trivial over the
disk. Choose independent orthonormal frames in the source and target so that Ey, E; become fixed
subspaces of K. These changes of coordinates carry extensions and homotopies relative to S* = aD?
to extensions and homotopies relative to the same boundary. Let g be the orthogonal projection of K
onto E7, identified with the quotient by E;. Put

G = GL,,(H), U, ={T € G : qT]|g, is injective}.
For an injection F : Ey — Ef write v(F) = F(F*F)~'/? € V, in the chosen frames.

Lemma 22.19. (a) Suppose Ty : S* — Uy, and H : D* — G satisfy H|gc = To. If v(qTylg,) : SK - V
extends over the disk after inclusion in V., then Ty has an extension T : D? — U, homotopic to H in G
relative to S.

(b) Fix T.. € U, and use v(qT.|g,) as basepoint in V and Veo. If 1 < k < 4r + 1, every class in x(Veo)
is represented by v(qT|g,) foramap T : (Sk,%) = (U, T..) based homotopic in G to the constant T..

Proof. Let J be the space of quaternionic-linear injections E, — K. Polar normalization retracts J
onto the Stiefel manifold of r-frames in K, which is (4r + 2)-connected [59, Examples 4.53-4.54].
Restriction defines a locally trivial bundle 7 : G — J, n(T) = T|g,. Indeed, fix Ly € J and choose
W : E; — K so that [Ly, W] is invertible. For L near L, the matrix [L, W] is invertible, and every
element of 7~ (L) has the unique form

I ¢C
0 Q

The two coordinates are continuous by matrix inversion. We apply the homotopy lifting property for
CW pairs [59, Proposition 4.48] to this bundle.

(a) Put Ly = Ty|g, on sk, By the connectivity of V' — V,, the frame v(qL¢) extends over D% in
V; for k = 0 this follows from path connectedness. Write qLy = v(qLo)Py with Py > 0. In the radial
coordinate s € [0, 1] on the disk, extend Py by (1 — s)I + sPy and (I — q)Lo by s(I — q)Ly. Multiplying
the extended frame by the positive factor and adding the E; component gives a map L : D¢ - J
with L|g« = Lo and gL injective. Put 7H and L on the two ends of D¢ x [0,1] and Ly on S x [0, 1].
This map on the boundary sphere S extends to the whole cylinder since d < 4r + 2 and 74J = 0.
Lift the resulting homotopy from H, prescribing Ty on S* x [0, 1]. Its endpoint T satisfies 7T = L,
hence T(D%) c U,,.

(b) Put L. = Ti|g, and P, = ((qL.)*(qL.))"/?. Choose a based representative F : S — V of the
given stable class by the connectivity of V. — V. Then

[L,LC+ WQ] =[L, W] ( ) , C: Ey - Ey, Q¢€GL(Ey). (22.33)

L=FP,+(I-¢q)L.:S—J

satisfies L(*) = L, and v(qL) = F. Since nx.J = 0, there is a based homotopy from the constant L. to
L. Lift it from the constant T, relative to the basepoint. Its endpoint T belongs to U, at every point
of $¥ and has the required quotient frame. g

22.13. Quaternionic isotropic subspaces. Let N > 0 and give K = HY @ H" the Hermitian form
with matrix o = diag(I, —I). Let E, E; be maximal totally isotropic subspaces. Write

Gy =Sp(N,N) ={T € GLoy(H) : T*6T =0}, Un={T€Gy : TE,nE, =0}

Stabilization adjoins a copy of H @ H with the same split form, extends T by the identity, and adjoins
the lines {(x, x) : x € H} and {(x, —x) : x € H} to E; and E, respectively.
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Lemma 22.20. Up to homotopy, the inclusion Uy < Gy is the diagonal Sp(N) < Sp(N)?. Its homotopy
fibre has the homotopy type of Q Sp(N), the loop space at 1. For d > 2 there is an isomorphism

74(Gn, Un) = 7aSp(N)

under which the image of an absolute class (a, ) is f — a. Stabilization is an isomorphism for2 < d <
4N + 1; the relative pointed set in degree one is trivial.

Letd > 1 andlet H : D — Gy have boundary restriction Ty : S*' — Uy. Ifd < 4N + 1 and the
relative class of H vanishes after stabilization, there is a homotopy in Gy, fixed on S, from H to a
map D¢ — Uy.

Proof. For N = 0 both spaces are points. Suppose N > 1 and write S = Sp(N). A maximal totally
isotropic subspace is the graph of an element of S, as in Section 22.11: on an isotropic subspace the
projections to the two summands induce an isometry of their images, which extends to a unitary.
Write E; = graph R;. With Dy = diag(I, Ry) and D; = diag(I, —R;), the change T — D' TD, reduces
Ey, E; to graph I, graph(—1I), respectively. The basepoint D; D' € Uy becomes I.

In these coordinates let #(T) € S have graph TE,. For block entries T;; it is (Ty; + T22)(T11 + Ti2)™ Y
the denominator is invertible since the positive projection on TE, is an isomorphism. Thus T € Uy
precisely when I + £(T) is invertible. Write T = uP for its polar decomposition and put T; = uP'™,
0 <t < 1. Since cPo = P~! and uoc = ou by the polar decomposition following Lemma 22.15,
T; € Gy and u € S x S. The path

T+ diag(L A T)XT)™") T;

has constant image plane TE,, fixes S x S pointwise, and ends in S x S. It therefore retracts the pair
onto its intersection with S x S.
On Sx S, #(a,b) = ba™!. The coordinates (a, b) — (a, ba™!) identify the resulting pair of spaces
with
(§xS,Sx0C), C=4{L €S : I+ Lisinvertible}.

The Cayley chart L — (I — L)(I + L)™' identifies C with the vector space of quaternionic skew-adjoint
matrices (Macias-Virgos, Pereira-Saez and Tanré, Introduction, (1)). It sends I to zero. Hence S x {I}
is a deformation retract of S x C; in the original compact coordinates it is the diagonal. The second
projection gives the asserted homotopy fibre and relative groups. On absolute groups it sends («, §) to
B — a. The initial change of coordinates, after right translation by the inverse basepoint, is conjugation
by D7!; this has no effect on homotopy groups since S x S is connected. Other basepoints of Uy give
the same identifications by transport, since Uy is homotopy equivalent to the connected, simply
connected group S.

The second projection commutes with L = L @ I, so (22.32) gives the stated range. If the stable
class of H vanishes in that range, its finite relative class is zero; this also holds for d = 1, since 7,5 = 0.
The compression criterion for (D¢, $%71) [59, §4.1, p. 343] gives the required homotopy relative to
s, O

22.14. Quaternionic skew operators and finite boundary relations. On a separable infinite-
dimensional quaternionic Hilbert space .77, let Sp_ be the group of unitaries U for which U — I is
compact, with the norm topology. Put Sp, =V ={U € Sp, : U + [ is invertible}. As in (22.5), write
Cay(A) = (A+ I)(A — I)"! for a skew-adjoint operator A. Let (P, Py) be a compact CW pair and
(Ap)pep a norm-resolvent continuous family of skew-adjoint operators with compact resolvent,
invertible on Py. Its Cayley transform takes (P, Py) to (Sp, V), since Cay(A,) — I = 2(A, —I)"! and
ker(Cay(A,) + I) = ker A;,. Quaternionic clutching and real Bott periodicity give

[Cay(A.)] € K Sp~'(P,P,) = KO™°(P, P,). (22.34)

Here V is contractible and Sp — Sp, is a weak equivalence, as in (22.6). In the degree-five Fredholm
model [15, Theorem A(k), k = 5] the first four Clifford generators act through Cly4 = Mat,(IH)
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[12, §4, Table 1]. Their product w is a self-adjoint involution anticommuting with each generator.
Multiplication by w identifies the skew-adjoint operators anticommuting with these generators with
the skew-adjoint operators in their commutant: an operator anticommuting with all four commutes
with their product. Restriction to the range of a diagonal matrix unit e;; identifies the commutant
with the quaternionic-linear operators on one multiplicity space.

In dimension n = 5 (mod 8), take A = i(D + V) as in (22.5). For the exponential convention of
[15, §2, (2.7)], the signs agree as follows. For x €e Rand 0 < ¢t < 1, put

¢i(x) = (1 — t)2arctan x + trx(1 + X312, v(ix) = —e'® ™),

Then vy(A) = Cay(A) and v;(A) = —exp(rA(1 — A*)~1/2). The functions v; — 1 vanish at infinity
uniformly in ¢, vary continuously in the uniform norm on C,(iR), and satisfy v,(—ix) = v;(ix). The
continuous functional calculus therefore gives a norm-continuous homotopy in Sp, for norm-resolvent
continuous families. Since |¢;| < 7 and ¢, vanishes only at 0, the —1 eigenspace throughout is ker A.

Let S be a densely defined closed quaternionic skew-symmetric operator with closed range.
Suppose that C = ker S is finite dimensional and that S has an invertible skew-adjoint extension
Ao with compact inverse R. Write K : C < ¢ for the inclusion and S,x = —S*. For u € dom Spax
there are unique f € % and x € C such that

f = Smaxt, u=Rf+Kx.

Indeed SyaxR = I, s0 u—Rf € ker Spax = C. PutTyu = x andTyu = K* f. On C® C take the Hermitian
form h((x, y),(x",y")) = (y,x") + (x, y’). For a maximal null subspace B let Ap be the restriction
of Smax to the vectors with (Tyu,I'1u) € B. Denote by Wi = Cay(/3) the unitary y — x — y + x for
(x,y) € B, and put ker B = {x : (x,0) € B}. Indeed (x, y) = (y — x, y + x)/ /2 takes B to the graph
of a unitary, as in the proof of Lemma 22.20. These definitions include the vertical subspace {0} ® C.

On the underlying complex space, the boundary maps (T, —iT';) for —iS and its reference extension
—iAy are those of Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, Example 14.6, at
u = 0. For the equality of the complex family indices of an extension and its boundary relation, see
Ivanov, Theorem 5.4, and Prokhorova, (16.3)—(16.4) and Theorem 16.3.

Lemma 22.21. The operator Ap is skew-adjoint with compact resolvent. Its Cayley transform is homotopic
inSp, to W =1+ K(Wp — )K", with —1 eigenspace K ker B throughout. For a family this equality
holds at each parameter. The homotopy is norm-continuous in K, R and the orthogonal projection onto B
in local quaternionic Hilbert bundle charts.

Proof. Since R* = —R, for u,v € dom Sy,
(Smaxth, U) + (U, Smaxv) = (C1u, Tov) + (Tou, I'1v). (22.35)

The trace (I'y,T;) sends RKy + Kx to (x, ). Its kernel is dom S: x = 0 and K*f = 0 mean u = Rf
and f € C* = ranS. Hence the skew-adjoint extension criterion of Schubert, Seifert, Voigt and
Waurick (Proposition 1.9 and Theorem 2.5) applies to —S on the underlying real Hilbert space: the
trace (y + x, y — x)/ /2 takes the real Green form in (22.35) to the positive-minus-negative form,
and takes B to the graph of W;'. Thus Ap is real skew-adjoint and, since its domain and action are
quaternionic-linear, quaternionic skew-adjoint.

For a linear relation write B~! = {(y,x) : (x,y) € B}. The domain formula gives, as an equality
of relations,

Az =R+ Qy, Qo = KB 'K*; (22.36)
thus (f, q¢) € Qp means ¢ = Kx and (x, K*f) € B.For0 < t < 1put Q; = tR+ Qpand Ey = (I+ W)/2.
For (f, q0) € Qo, W(f — qo) = f + qo; conversely every z € S occurs as z = f — qo, since Wp has
domain C and W is the identity on C*. Thus f = Eyz. For ¢ = qo+tR f one obtains f—q = (I—tREy)z.
If the latter vanishes, f = ¢; Re(f, q¢) = 0 by skewness of R and nullity of B,so f = ¢ =0and z = 0.
Compactness of RE; and the Fredholm alternative now give

E;=(I-0Q) ' =EoI - tRE)™.. (22.37)
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The operator V; = 2E; —I sends f —q to f + g on Q,. These vectors have equal norm. Since Ey — I has
finite rank and RE, is compact, V; — I is compact. The isometry V; is therefore onto by the Fredholm
alternative. Its —1 eigenspace is ker E; = ker E; = K ker B, since I — tRE, fixes ker E, pointwise.
Att =0onehas V; = W. At t = 1, (22.36) gives Vi = Cay(Ap), whence (A — 1)} = (V; —I)/2
is compact. In the coordinates (y — x, y + x)/ /2 the orthogonal projection onto B has lower left
block Wp/2. Thus W and (22.37) vary continuously in the stated topologies. Unitary changes of
frame on C do not alter W. O

22.15. A fixed midpoint restriction. Let W, W; be compact caps with common boundary X. Insert
[0, L] x 3 between them and denote the resulting closed manifold by M;. Let p range over a compact
CW complex P. Consider the quaternionic formally skew-adjoint Dirac-type operators Ay , of (22.7).
On the caps the coeflicients are independent of L and vary continuously with p in the C* topology,
in fixed bundle coordinates and with fixed product collars. On the cylinder let

Arp=0(ds+B+L7"Vy(s/L)), o*=0, o’=I B*=B, Bo=-0B V,o+0V,=0.
(22.38)

Here B and o are fixed and the smooth quaternionic endomorphisms V, vary continuously in the C*
topology, with support away from the two ends. Write K = ker B, Pk for its orthogonal projection,
and Q = I — Pk. Suppose that ok, has quaternionic signature (N, N) and both low APS realizations
are injective. By (22.8) the full realizations A; ;a1 on W are surjective. By (22.20) and the Green
formula following (22.21), the spaces E; , = Px yi(ker A; 1), where y; is the trace on W, are maximal
null N-planes in K.

Let T_, T, be the propagators of u’+Px V,Pxu = 0on [0,1/2],[1/2, 1], in the direction of increasing
time, and put T = T, T_. Since Pxo = 0Pk, differentiation of the o-pairing along solutions gives
T;oT. = 0. Put m = L/2 and denote by y,, the trace at s = m. Set

dom Sy, ={u € H'(My) : Pgymu = 0}, Sppu=Appu. (22.39)
On the cut manifold denote the left and right midpoint traces by y;, y,. Put
Q = Ky & Ko, ho(x,y) = (ox1, y1) — (0 %r, yr), A={(z,2) : z€Kp},

where x = (x;, x,) and y = (y,, y,). For piecewise H! sections put T'u = (Pxy,u, Pk y,u), and denote
the orthogonal projection onto F C Q by IIf.

For limits of Cauchy data under unperturbed cylindrical extension, see Nicolaescu, The Maslov
index, the spectral flow, and decompositions of manifolds, Theorem 4.9 and Corollary 4.12.

Proposition 22.22. For all sufficiently large L and all p € P, Sy, is injective and Fredholm of quaternionic
index —2N. The domain of Smax1,p = —Sz)p consists of the piecewise H! sections with Qyju = Qy,u. On
this domainT induces an isometry of the quotient by dom Sy ,, with its Green form, onto (Q, hg). The
domain of AL, corresponds to A.

For fixed such L, the kernels Cr,, = ker Smax1,p form a continuous quaternionic bundle of rank 2N.
The restriction of T maps Cr, isomorphically onto a maximal null plane Ar . There is a constant c,
independent of L, p, such that

[Ta., = Tz g, ecrsiE, )| < /L (22.40)

Proof. Suppress L, p. On the cut manifold the domain of S has trace space {(v,v) : v € QH 12()}.
This is the transmission condition of [20, Example 4.23] on the nonzero spectral subspace of the
doubled tangential operator: the two copies have opposite tangential operators. In the notation
of [20, Definition 4.7], retain the interchange of the two copies on the nonzero modes and take
W, =0, W_ = K; ® Ky. The resulting condition for the underlying complex operator —iA is elliptic.
For full transmission the added trace space is A. The closed operator on M is skew-adjoint with
compact resolvent by [20, Theorems 4.9, 4.11 and Remark 5.7]; its index is zero. Corollary 6.2 of the
same reference gives indy S = — dimy A = —2N, since the complex indices and dimensions are twice
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the quaternionic ones. The domain of S is dense in L?, as it contains smooth sections supported off
the cut.

By [20, Theorems 4.6, 4.9 and Remark 4.8(3)] the adjoint condition is the Green annihilator of
this trace space and has piecewise H! domain. The high part of the Green pairing against (v,v) is
(o(yju — yru),v). Since o preserves K;", the annihilator is precisely Qy;u = Qy,u, with both low
traces free. Thus Syax acts by A on each side. Independent smooth collar lifts of the two low values
give surjectivity of . Its kernel is dom S, and Green’s formula descends to hg; equality of the two
full traces amounts to T'u € A. The graph norm of Sy, and the piecewise H! norm are equivalent by
the bounded inverse theorem.

Let X, and X_ be the strictly positive and strictly negative spectral subspaces of B in H/2(). In
the common cylinder coordinates the allowed high trace spaces are X, on Wj and X_ on Wy, as in
Section 22.10. Write Hj, e; for the cap maps in (22.21). Their norms are bounded on P by Lemma 22.11
and surjectivity of the finite maps f; in (22.20). The planes E; = ker f; vary continuously.

Putx = (k,?) € KOZ, where k is the low value at s = 0 and ¢ the right low value at m. On the left half
prescribe the incoming high traces ap € X, at 0 and d; € X_ at m; on the right half prescribe a, € X,
atmand d; € X_atL. Put h = (ao, d, a,, d1). Denote the outgoing high traces by (bo, ¢;) € X_® X, on
the left and (b,, ¢;) € X_ @ X on the right, and the final low traces by kj, ki, respectively. Lemma 22.16
on the two half-intervals gives the unique homogeneous solutions and

Cc
1CBo, €1, br, el + I(ks, ko) = (T-k, T O < (] + JAD.

Here and below finite products carry their Hilbert norms, and the high trace norm is that of H'/2,
The two cap equations for the allowed traces and the midpoint high matching equations are

h = (H()(k, bO)’ br’ cl, Hl(kh Cl))'

Their right side is Gy x + Dph, with |G| < c and |Dy| < ¢/L. Thus h = (I — D1)"'Gpx is uniquely
determined and |A| < ¢/|x|.

Let p; be orthogonal projection of Ky onto E;-. After substitution of this h, the remaining cap
equations (22.21) are

Fix= (p()(k - eobo), pl(kl - 6101)) =0, Fox = (p()k, P T+f), ”FL - Foo” < C/L (2241)

Both maps have target E; @ Ei. By Lemmas 22.11 and 22.16, restriction to the two specified low
values is a linear isomorphism Cr , — ker F: the half-cylinder solutions and the cap solutions are
unique and all remaining traces match. Its inverse varies continuously in p, in piecewise H' for fixed
L, by the cap formulas and bounded inversion in (22.23).

The right inverse Reo(u,v) = (u, T} 'v) of F is uniformly bounded on P. Hence R}, = Reo(F;Rw) ™
is a uniformly bounded right inverse of F;, for large L. The map

DY = (I = RyF)lkerr, : ker Foy —> ker Fy

differs from the inclusion by O(L™!) in norm. It is injective for large L, hence bijective since both
kernels have dimension 2N. Consequently C; , is a continuous bundle of rank 2N.

In the coordinates x, I is the restriction of Jix = (kj, £). The half-cylinder bounds give |J, —
Jo| < ¢/L, where Jo(k,€) = (T-k, ¢) has uniformly bounded inverse. Thus J; is injective, and
kerS = {u € Crp, : Tu = 0} = 0. The Green pairing vanishes on Cr,. Its image under I has
half the dimension of Q, hence is maximal null. Finally J;D? and Ju|ke; £, differ by O(L™!) and are
uniformly bounded below. For each of these maps Z the projection onto its image is Z(Z*Z)"1Z*.
Since ker F, = Ey @ T;'Ey, the projection formula gives (22.40). O

22.16. The relative Cayley class. Let Q. be the eigenspaces of ¢ @ (—o) for £1 on the midpoint
space Q, and . their orthogonal projections. For a maximal null plane B C Q let Ug : Q, — Q_ be
the unitary with graph B. For a domain plane A and a Cauchy plane A put

C(A,A) = —Uy'Uy € Sp(Q4). (22.42)
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Then .. identifies A n A with ker(I + C(A, A)). For the real family index in terms of full Cauchy data,
including relative disk families, see Nicolaescu, Generalized symplectic geometries and the index of
families of elliptic problems, Theorems 6.2 and 6.10. For the complex analogue of (22.42) with ordered
pair (A, A), see Prokhorova, (12.4)—(12.5).

Proposition 22.23. Under the hypotheses of Proposition 22.22, let Py C P be a closed subcomplex and
suppose TpEy , N Ey, = 0 for p € Py. For all sufficiently large L, the closed operator Ay, is invertible on
Py. Its relative class (22.34) is represented by the stabilization of (22.42) for

(A, (TpEO,p) ® El,p) in (K() @ K(), o (—O')). (2243)

For fixed Ey, E1, let T vary over Gy = Sp(N, N) in this formula and put Uy ={T : TEy n E; = 0}. The
resulting map of pairs to (Sp,, V) induces

7a(Gn, Un) — KOsy,

an isomorphism for 1 < d < 4N + 1. The image of an absolute class (a, ) € m4(Sp(N)?) is the
stabilization of f — a.

Proof. Fix a sufficiently large L. Write D for the maximal piecewise H' domain of Proposition 22.22,
with low trace T : D — Q. Write J# for the quaternionic L? space in fixed unitary bundle coordinates.
On the closed manifold A; , —I : H'(M;) — ¢ is a continuous family of bounded isomorphisms. Its
inverses are continuous in norm. Put Ag =T pEy, ® T;},ELP. For a graph unitary Ug, the lower left
block of the orthogonal projection onto B is Up/2. Thus (22.40) gives Uy, , — Upy | < ¢/L uniformly
in p. The graphs of the unitaries

Uno exp(tlog(UXg1 UAL,p)> , 0<t<1,

stay O(L™1) from Ag in projection norm; the logarithm is the principal one near I. A vector in
An Ag is (z,z) with T, ,z € T,Ey, N E1,. If N > 0 and Py # @, the least singular value of Upy = Un
consequently has positive minimum on P,. For large L the path stays transverse to A there. The low
trace identifies ker Az , with Az, N A, by Proposition 22.22; compact resolvent and skew-adjointness
give invertibility on Py. When N = 0 this holds on P and both relative classes are zero.

The stabilized class of (22.42) is invariant under a continuous simultaneous change of Green
coordinates. Indeed, in orthonormal bases let g = kH be the polar decomposition of an isometry of
the signed form. The path kH' consists of such isometries by the polar decomposition in Lemma 22.20.
It preserves intersections of the two planes up to isomorphism. For the compact factor k = diag(a, b)
the graph formula becomes aCa™'. Extend a by the identity to the ambient infinite-dimensional
quaternionic Hilbert space. Its full unitary group is norm-contractible [75, Theorem IL.6(ii)]; conju-
gating by a contraction to I preserves compact perturbations of I and the spectrum. This gives a
homotopy of pairs.

Write Smaxp = —Sj , for the maximal operator and U, = Uy, . The reference plane graph(—Up) is
maximal null. The extension with this trace is skew-adjoint by the boundary form and the extension
criterion in the proof of Lemma 22.21. Consider the continuous family of bounded maps

D— o0, U +—> (Smaxptt, 7-Tu+ UpmTu).

Since Sy, is injective with closed range, Smay p is onto. On its kernel the second component is 2U, 7, T,

an isomorphism by Proposition 22.22. Thus the map is bijective. Write B, for its bounded inverse.

Then R, f = B,(f,0) is the inverse of the reference extension; it depends norm-continuously on p as

amap to D and is compact as a map to . Set F = Q, and Z,¢ = B,(0,2U,¢). Then n,I'Z, = I,

and K, = Z},(Z;Zp)_l/2 : F — JZ is an isometry onto ker Spayx », with the adjoint of Z, taken in 7.
For u € D put f = Smaxpu and set x = Kj(u — Ry f), y = K, f. The map

ur— (G + /32, (x = y)/V2)
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and the low trace I' are surjective, have the same kernel dom Sy ,, and induce the same signed Green
form by (22.35). They therefore differ by a Green isometry on the boundary quotient; it is continuous
in p, since it is given by the displayed map composed with a fixed right inverse of T. In the (x, y)
coordinates write B, for the closed extension plane. It varies continuously by this isometry. The
Cauchy plane y = 0 has graph unitary I in the signed coordinates. For the domain plane its graph
unitary U takes x + y to x —y. Thus —U~" takes y — x to y + x, and equals W, = Cay(J3,), including
for multivalued relations. Lemma 22.21 identifies the actual Cayley class with I + K,(W, — DKj.
After adjoining F, the isometries & — (cos 6 K,¢,sin 6 £), 0 < 0 < 7/2, move this representative to
I & W, without changing its spectrum away from 1. By the invariance just proved, the resulting
relative class is represented in the original coordinates by C(A, A ).

The path of graphs above replaces Ay , by Ag. The Green isometry T, , & T, , fixes A and takes

~1 fixes A

Ag to the plane in (22.43). Likewise, if E; , = g; ,E; for continuous g;, € Gy, then gfil, ® g,

and replaces (Tp, Eo p, E1,p) by (&1, Tp&0.p Eg» E7)-

For fixed end planes make the two constant unitary changes of Lemma 22.20, so Ey = graph I
and E; = graph(~I) in K, = HY @ HN. Write TE, = graph Lt. In the doubled space take positive
coordinates (x;", x;) and negative coordinates (x; , x;). For A = (TE,) @ E; one obtains

0 I . 0 I
UA = (I 0) s UA = dlag(LT,—I), C= <_LT 0) . (22.44)
For0< 0 < n/2puts=sinb, c = cos 6 and
. sI
Cp = diag(I, Lt) (—CI sI) .
This unitary path joins C to diag(I, L7), and

ker(I + Cg) = {(—c(1+s)'y,y) : y e ker(I + L1)}k

Hence this homotopy stays in V on Ul. At the normalized basepoint T = I this path lies in the
contractible space V; basepoint transport there is unique. In the coordinates of Lemma 22.20, T +— Lt
induces its relative isomorphism to 74 Sp(N) for d > 2: on compact blocks (a, b) it is ba™?!, and the
transverse chart contracts to I. Thus our map is that isomorphism followed by stabilization. The
range is (22.32); in degree one both pointed sets are trivial. Finally (22.34) on (D%, %) gives KOs, 4,
equal by periodicity to KOp;+; when n =5 (mod 8) and d = k + 1. O

22.17. Homotopy groups of compatible pairs. For an ample Clifford Hilbert space and a fixed in-
vertible pseudo-Dirac operator, Ebert treats paths of pseudo-Dirac operators with the same principal
symbol, starting at the fixed operator and ending at an invertible one [45, Definition 4.2 and Propo-
sitions 4.3, 4.6]. In the following proposition the potentials are multiplication operators and the
coefficients are prescribed outside the given open set.

Proposition 22.24. Let M be a closed connected spin manifold of dimension n and let U C M be nonempty
and open. If n = 4 (mod 8), put a = |indy D*|. Then Y,(U) is nonempty and (22.4) is a weak homotopy
equivalence. If n = 5 (mod 8), then Y;(U) is nonempty and (22.6) is a weak homotopy equivalence.

Proof. First omit the density condition, keeping the prescribed exterior. Denote the resulting minimal
or invertible locus by Y and its comparison map by k. By [4, Theorem 1.1], a D-minimal metric
agreeing with the prescribed metric outside a ball in U exists; with zero potential it belongs to Y.
Any two points can be joined by a smooth coefficient path stationary near its endpoints. The closed
case of Lemma 22.7, with perturbations in the ball, deforms this path into Y relative to its endpoints,
since 1 < 4(a + 1) in residue four and 1 < 3 in residue five. Both targets are path connected and
simply connected: for Sp /Sp(a) this follows from the finite Stiefel fibrations, and for Q Sp from
71 Sp = 72 Sp = 0 by (22.32) and Sp(1) = S°. Thus changes of target basepoint along paths with given
endpoints induce the same identifications on homotopy groups.
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Fix k> 1,setd = k+ 1,and let f : S¥ — Y be based at a chosen pair. Choose disjoint coordinate
balls Dy, D; € U. By Lemma 22.8 choose caps with tangential operator B. Put K = ker B; its
quaternionic dimension is 2r in residue four and its signature is (N, N) in residue five. Choose the
caps so that

(22.45)

r>max(l,a), d<4r—a+1), k<4r+1, n=4 (mod 8),
d<4N+3, d<4N +1, n=5 (mod 8).

Proposition 22.18, applied in Dy, joins f in Y to a sphere of pairs with fixed first cap, tangential
operator B, cylinder length L, and control V... Write T, = £(V,) for its endpoint. The exterior cap is
connected and contains Dy; its low realization is injective. For i = 0, 1, let C; denote the cokernel of
the low operator on the ith cap and let ; : K — C; be the boundary map in (22.20). The limiting
matching map (o, 1 T:) is uniformly bounded below by the estimate in the proof of Proposition 22.18.
The control vanishes on a common final interval.

On the exterior cap take logarithmic metric and linear multiplier coordinates relative to one
member of the sphere. The fixed spatial collar and the prescribed exterior of U amount to closed linear
conditions on the coordinate differences. Smooth approximation in these coordinates [87, Theorem 11]
gives a smooth parameter family arbitrarily close to the given one. The straight interpolation preserves
low injectivity and the matching lower bound by Proposition 22.18 and Lemma 22.11. In residue four
the full exterior index is r — a. Lemma 22.7, with parameter space S* and perturbations in D;, makes
the full problem surjective, since k < 4(r — a + 1). Take the perturbation small enough for the same
interpolation to preserve the two lower bounds. In residue five full surjectivity follows from (22.8).
All these interpolations stay in Y at every sufficiently large length, by Proposition 22.17; the original
inserted sphere may first be lengthened from Ly by Proposition 22.18.

Extend the smooth exterior family over D? in the same coefficient coordinates: multiply its
coordinate difference from a fixed family member by a smooth radial function equal to zero near
the centre and to one on a boundary collar. Apply Lemma 22.7 in Dy, relative to a smaller boundary
collar. In residue four the low index is —(r + a) and the full index is r — a; the two inequalities in
(22.9) follow from r > a and d < 4(r — a + 1). In residue five the relevant inequality is d < 4N + 3.
The cap families on the disk now have injective low and surjective full realizations. Thus the two
maps f; are surjective by (22.20); put E; = ker ;.

Injectivity. The exterior disk with the fixed control V. is a coefficient filling with boundary in Y
at every sufficiently large length. Its boundary represents f up to the paths just constructed. Since
the ambient coefficient space is contractible by (22.2), this filling computes the comparison of its
boundary. Suppose k.[f] = 0.

In residue four dimg; K = 2r, and E,, E; have ranks r, r—a. Choose unitary maps g; : D? — Sp(2r)
taking fixed planes E; to E;; frames of E; and E}- exist over the disk. Put H = g; ! T, gy and let q denote
the orthogonal projection onto Ei. The boundary frame of qH| £, represents k.| f]. Indeed, the finite
block of Proposition 22.17 is homotopic to (B, f1 T.) by straight interpolation, through injections on
S at sufficiently large length. Put B; = f;g| o E} — Cj; these are isomorphisms. In the source

1

coordinates gy(E¢ @ Ey) and the target coordinates B, ! @ B! the limiting block is

I 0
qHlg: qHlg, )

Subtracting gH| £+ times the first row from the second splits off the identity over the disk. Lemma 22.6
gives the stable class of the polar frame of gH|z on S¥. By Lemma 22.19(a), H is homotopic in GLg;(K)
relative to S¥ to a map H’ with gH’| £, injective everywhere.

In residue five dimyy K = 2N and Ey, E; are maximal null planes. In the fixed positive and
negative splitting of K, write E;(p) = graph Ui(p) and E; = graph U; for fixed reference planes.
The isometries g = diag(I, U;U;!) satisfy giE; = Ei(p). Put H = g/ 'T.go. In these coordinates
H : (D% 5%) - (Gn, Uy), with Gy, Uk as in Lemma 22.20 for Ey, E;. Proposition 22.23 identifies its
stabilized relative class with k. [ f]: the simultaneous change g;! @ g;! fixes the diagonal and takes
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(T.Ey) ® E; to (HE,) @ E;. Since d < 4N + 1, Lemma 22.20 supplies a homotopy relative to S¥ from
HtoH : D > Uy.

In either case multiply this homotopy by g; on the left and g;! on the right. It starts at T,, is
stationary on S¥, and ends at T = gH’g,"! with TEy n E; = 0 on D. Lemma 22.15, applied to V;
relative to S, gives controls with endpoint T and boundary value V.. On the compact disk there is a
d > 0 such that [(Bou, f1 Tu)| > O|u| for all u € K. At a sufficiently large finite length the error in
(22.30) is less than & /2. The disk therefore lies in Y. Its boundary is the prescribed inserted sphere at
this length. The preceding length changes and homotopies give an annulus in Y from that boundary
to f; attaching it gives a filling of f.

Surjectivity. Apply the insertion and the small exterior perturbation above to one base pair, with
ranks as in (22.45). Keep both caps fixed. The reference control V, then has transverse endpoint T..
Fix b € S¥ = 9D In residue four choose orthonormal frames of E, and E;- and let g : K — E; be
orthogonal projection. Then Lemma 22.19(b) represents any prescribed stable frame class by the
boundary frame of qH|g, for a disk map H : D¢ — GLy(K) with H(b) = T. and H(p)Eo N E; = 0 on
S*: the based nullhomotopy in the lemma extends its sphere of endpoints to the disk.

In residue five take the normalized end-plane coordinates of Lemma 22.20; transport endpoints
back by the inverse constant changes of coordinates before lifting them. By (22.32), a prescribed class
in 7,Q Sp = 14 Sp has a representative g : (D%, 5%) — (Sp(N),I). Put H(p) = diag(I, g(p))T.. Then
H = T. on S*. Writing T.E, = graph L. gives H(p)E, = graph(g(p)L.). Join L. to I by a path A; in
the contractible chart {A € Sp(N) : I + A is invertible} of that lemma. The disks g(p)A; then have
boundary A; throughout. Proposition 22.23 gives the prescribed relative class with coefficient +1.

Regard D? as the closed unit ball. In either residue apply Lemma 22.15 to the fixed V, with
parameter space D%, closed subset {b} and endpoint homotopy (p, s) — H((1 — s)b + sp). The
resulting controls have endpoint H(p) and equal V, at b. In residue five H = T. on S¥; the controls
on S¥ need agree with V, only at b. Over S* the limiting matching map is uniformly bounded below,
so a common finite length gives a sphere in Y based at the lengthened reference pair. The disk of
coefficients has this sphere as its actual boundary. In residue four the reduction above and Lemma 22.6
give its prescribed frame class, and in residue five Proposition 22.23 gives its prescribed relative class.
Transport along the insertion, perturbation and lengthening paths gives surjectivity at the original
basepoint.

Finally, the strong deformation retraction of Lemma 8.1 preserves the prescribed exterior. For a
normalized base pair, (22.2) restricts to the same path on the density slice since its metric logarithm is
trace free there. Thus (22.4) and (22.6) on the slice are the restrictions of the unrestricted maps. The
isomorphisms just proved descend to the density slice. g

22.18. Naturality of localization.

Corollary 22.25. Fix a metric g on the closed connected spin manifold M" and put p = dvg,. For
nonempty open sets Uy C Uy C M, with the exterior data (g.,0) of (8.2), the following inclusions are
weak homotopy equivalences:

Ya(UO) i Ya(UI)s Rmin,y(UO) i Rmin,,u(Ul): n=4 (mOd 8): a= |1nd]H D+|;
Y5(Up) — Y5(U1), Rinvu(Uo) — Rinvyu(U1), n=5 (mod 8).

Proof. In either residue write Y; and X; for the indicated pair and metric spaces on U;, and j : Yy = Y1,
1+ Xop < Xj for their inclusions. Fix b € Y, by Proposition 22.24. Use the positive spinor comparison
with the metric of b on both spaces. If y € Y, the ambient path c¢;(y) in (22.2) agrees with (g, 0) on
M\ U for every t. Hence its operator path is the same for both open sets. In residue four this gives
the same point of .77 in (22.4); in residue five the endpoints and their principal logarithms agree,
giving the same based loop in (22.6). Thus the two maps «, k; into the common operator model
satisfy k1 j = k. Both are weak homotopy equivalences by Proposition 22.24, and so is j.

For h = 0,1 put e, : Xp — Yp, en(g) = (g,0). Then e;1 = jey. Both e, are weak homotopy
equivalences by Proposition 8.2; hence i is one as well. g
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22.19. Homotopy groups of metric spaces.

Proof of Theorem T. By Proposition 22.24 the supported pair spaces are nonempty. Proposition 8.2
gives a bijection on components, so the corresponding metric spaces are nonempty. Fix a base metric
gp in the indicated locus and take (gp, 0) as base pair. The inclusion g — (g, 0) of Proposition 8.2
followed by the comparison of Proposition 22.24 is a weak homotopy equivalence. The two operator
targets are the homotopy fibre /%, of (22.3) in residue four and Q Sp_ in (22.6) in residue five.

In the logarithmic coordinates about g, the metric locus is open in the Fréchet space of smooth
trace-free gp-self-adjoint endomorphisms of TM vanishing on M \ U. It is covered by convex open
subsets of this space; hence it has CW type [59, Corollary 4G.3]. The inclusion of g is a cofibration,
by radial contraction in a convex chart with a continuous cutoff supported in the chart. Thus the
weak identifications of the operator targets in (22.3) and (22.6) give based maps from the metric locus
to the indicated stable spaces [59, Proposition 4.22]. This proves (1.14) and (1.15); for nested open
sets the assertion is Corollary 22.25.

With Sp(0) = {I}, compare the homogeneous fibrations with common fibre Sp(a) and total spaces
Sp(a+1) and Sp(m), m > a+ 1. By their homotopy exact sequences and (22.32), the map from the first
base Sp(a + 1)/ Sp(a) = $***3 to Sp / Sp(a) induces isomorphisms through degree 4a + 5; the direct
limit has the homotopy groups of the finite stages in this range, since compact subsets of the quotient
lie in finite stages. Thus Sp / Sp(a) is (4a + 2)-connected and its homotopy group in degree 4a + 3 is
Z. For a = 0 the same range gives m; Sp = 7, Sp = 0 and 73 Sp = Z since Sp(1) = S°. Consequently
Q Sp is simply connected and 7,(Q Sp) = Z.

For a k-sphere of invertible metrics, k > 1, the path (22.2) from g, has zero potential. At chiral
index zero, (22.4) gives its ordinary index difference in KSp®(D¥*!, S¥) = K Oy,s; in residue five (22.6)
and (22.34) give it in KSp~'(D*1, S¥) = KOk 1. Bott periodicity identifies the respective groups with
KOpik+1, proving (1.16).

In dimensions four and five the signed counts (22.1) now have infinite cyclic source. They are
onto by Proposition 22.4, hence are isomorphisms. The sphere of count one given there lies in the
prescribed C° neighborhood. Based at one of its points, it represents a generator of the full locus. Its
class at any other base metric is obtained by transport along a path in that locus. At index zero its
ordinary index difference is primitive in K Og by Proposition 22.5. |

22.20. Positive scalar curvature and the ordinary Dirac operator. Let M be a closed spin manifold.
The Lichnerowicz formula gives the inclusion i : R*(M) = R™(M). Both spaces carry the C®
topology, with no restriction on the density or the exterior metric. For gy € R*(M) put

Fg,(M) = hofiby, (i),
based at (gy, constg, ), and let p : Fy (M) — R*(M) be the projection.

Proposition 22.26. Let M = S' x S' with either spin structure on S*, and let gy € R*(M). For every
integer j > 1, the group m4j(Fg,(M)) has an infinite cyclic direct summand.

Proof. Put r = 4j,m =12+ r + 1 and C = Cy Z, the reduced real group C*-algebra of Z. Projection
M — S' = BZ is an isomorphism on fundamental groups. The discrete group Z is torsion free, has
rational homological dimension one and acts properly by isometric translations on R. Its real Baum-
Connes assembly map is an isomorphism by [63, Theorem 1.1] and [81, Corollary 2.13]. Choosing a
basepoint of S' and using suspension in reduced K O-homology gives

KOwm(C) = KOW(SY) = KO, ® KOpy_1.

Here KO,,—; = Z and 2KO,, = 0 by real Bott periodicity, since m = 1 or 5 (mod 8). Let G =
m(R*(M), g) and let A : G — Z be the higher real index difference based at g, for M — BZ,
followed by projection onto KO,,_; = Z. By Ebert—-Randal-Williams [46, Theorem C], the higher
index differences span KO,,(C) ® Q: the dimension is even and at least six, the map on fundamental
groups is split surjective, and r > 1 — 12 — 1. Thus A(G) # 0.
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Since Dy, is invertible, indgy D* = 0. Apply (1.16) with U = M and p = dvyg,, and then Lemma 8.1.
This gives 7,(R™ (M), go) = KOp. By exactness of the homotopy fibre sequence [59, Theorem 4.41],
P« (Fg,(M)) = keri, D 2G. In particular Ap, has nonzero image dZ for some d > 0. Choose
y € 1,(Fg,(M)) with Ap.(y) = d. The homomorphism z + (Ap.(z)/d)y retracts this abelian group
onto Zy. U

APPENDIX A. THE OBSTRUCTION GROUPS IN DEGREES AT MOST TWO

Let Q)" be the bordism group of closed spin n-manifolds and RI™ the group of Dahl-Grof}e
[40, §5.2]. For0 < n < 2 let j, : P R send the class of a closed spin manifold X to [X, —].
Its composite with the relative index 6, : R™ — KO, is the ordinary real spin index a,, which
is surjective [40, §§5.2, 5.4]. In these degrees a, is an isomorphism: the spin bordism groups are
7,7.]2,7.]2, respectively [73, p. 201]; real Bott periodicity gives the same groups for KOy, KOy, K O,.

It remains to show that each j, is surjective. A compact zero-manifold is closed. A nonempty
zero-manifold has zero Dirac operator on a nonzero spinor space, so the boundary of a representative
of RI™ must be empty.

Let[W, h] € RI"™. On each component S of 9 W the Dirac operator of h|s is invertible, so a;([S]) = 0.
Since «; is injective, S has the spin structure induced from the disk [73, p. 201]. Write L for its length.
A torpedo metric gio; on R? as in [56, Appendix A, p. 29] has invertible Dirac operator and equals
dt® + d¢? on its cylindrical end, with ¢ € R/27Z. Truncating (L/27)? gio; in this end gives a spin disk
whose cylindrical completion is the scaled plane. Constant rescaling multiplies the Dirac operator
by 27 /L under the spinor identification. Since the boundary has length L and the bounding spin
structure, it is spin isometric to —S.

Let C be the disjoint union of these disks and put W=WuUyy C.IfOW is empty, then W=w.
Otherwise C = W \ int W has invertible cylindrical completion and induces h on dW. Thus [40,
Lemma 5.5] gives [W,h] = [W\ -] = jz([W\]). It follows that j, is surjective for 0 < n < 2; since
0njn = @y is an isomorphism, so is 0,,.
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