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Abstract. We consider the weighted p-Laplacian associated with a mea-
sure µ having a continuous positive density with respect to the Lebesgue
measure on an open convex subset X ⊂ RN . We prove that Talenti’s
weighted Pólya–Szegő inequality—originally established for Lipschitz func-
tions on X—extends to the weighted Sobolev space of functions vanishing
on the relative boundary of an open set Ω ⊂ X, defined as the closure
of Lipschitz functions supported away from it. This yields Faber–Krahn-
type inequalities for the first (p, q)-eigenvalue of the weighted Dirichlet p-
Laplacian. We present several examples fitting this abstract framework, in
which the isoperimetric sets are balls, half-spaces, or complements of balls.

1. Introduction

Let LN be the standard N -dimensional Lebesgue measure on RN and let
X ⊂ RN be an open and connected set. Given a continuous function W :

X → R, we consider the strictly positive measure

µ = eW (x)LN . (1.1)

This measure is mutually absolutely continuous with respect to the Lebesgue
measure and its Radon–Nikodym derivative is eW , which we shall call the
density or weight, while we shall refer to W as the potential. Measures of
this kind are Borel and encompass, for instance, log-convex and log-concave
measures that arise in connection with Witten Laplacians and Gaussian-type
diffusions.

The functional framework. For an open set Ω ⊂ X and p ∈ [1,+∞), we
define the space Lp

µ(Ω) as the collection of all µ-measurable functions u on Ω

such that
∥u∥pp,µ,Ω =

∫
Ω

|u(x)|p dµ < +∞.

This space, equipped with the norm ∥ · ∥p,µ,Ω, is a Banach space. Further, if
p ∈ (1,+∞), by Clarkson’s inequality it is uniformly convex, hence reflexive
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by the Milman–Pettis Theorem. From now on, unless otherwise stated, we
assume p ∈ (1,+∞).

Since W is continuous, the weight eW is bounded from above and from below
by positive constants on every compact subset of X. In particular,

e−W/(p−1) ∈ L1
loc(X), (1.2)

so that, by Hölder’s inequality, Lp
µ(Ω) ⊂ L1

loc(Ω), and distributional derivatives
of functions in Lp

µ(Ω) make sense. We define the weighted Sobolev space
W 1,p

µ (Ω) as the space of functions u ∈ Lp
µ(Ω) whose distributional derivatives

∂iu belong to Lp
µ(Ω). Thanks to (1.2), see [35], this space is a Banach space

when endowed with the norm

∥u∥W 1,p
µ (Ω) =

(
∥u∥pp,µ,Ω + ∥∇u∥pp,µ,Ω

) 1
p , (1.3)

where ∥∇u∥p,µ,Ω =
∥∥|∇u|∥∥

p,µ,Ω
and | · | denotes the Euclidean norm on RN .

Moreover, it is reflexive. Indeed, since all norms on RN are equivalent, the map
u 7→ (u, ∂1u, . . . , ∂Nu) is an isomorphism of W 1,p

µ (Ω) onto a closed subspace of
the reflexive space Lp

µ(Ω)× [Lp
µ(Ω)]

N , endowed with the ℓp-product norm, and
reflexivity is invariant under isomorphisms.

We denote by Lip0(Ω;X) the class of Lipschitz functions u on X such that

(i) suppX(u) ⊂ Ω is bounded;
(ii) dist(suppX(u); ∂Ω ∩X) > 0;
(iii) µ({u ̸= 0 }) < +∞;

where suppX(u) = { x ∈ X : u(x) ̸= 0 }
X

and dist( · ; · ) is the distance on RN .
Here and in the following, ΩA denotes the closure of Ω relative to the set A,
while Ω denotes its closure in RN . The last condition is automatically satisfied
if µ(Ω) < +∞, which is the case in our main results, or if µ is finite on bounded
subsets of X, that is, µ(X ∩BR) < +∞ for all R > 0, as in all the examples of
Section 6 but one. We stress that the latter does not follow from the continuity
of W , since the weight may blow up at ∂X, as it happens in Section 6.3.

Every u ∈ Lip0(Ω;X) is bounded, and both u and ∇u vanish a.e. outside
{u ̸= 0}, so that Lip0(Ω;X) ⊂ W 1,p

µ (Ω). We define the weighted Sobolev space
W 1,p

µ,0(Ω;X) as the closure, with respect to the norm (1.3), of (the restrictions
to Ω of the functions in) Lip0(Ω;X). Being a closed subspace of W 1,p

µ (Ω), it
inherits reflexivity. No condition is imposed on ∂Ω ∩ ∂X.

Shape optimization problems. The first Dirichlet eigenvalue of the weight-
ed p-Laplacian on the open set Ω is defined variationally by

λµ1,p(Ω) = inf

{
∥∇u∥pp,µ,Ω
∥u∥pp,µ,Ω

: u ∈ W 1,p
µ,0(Ω;X), u ̸= 0

}
.
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The admissible class is nonempty: given x0 ∈ Ω and r > 0 with Br(x0) ⊂ Ω,
it is easy to see that the function u(x) = (r−∥x−x0∥)+ belongs to Lip0(Ω;X).
Thus, λµ1,p(Ω) < +∞.

For a continuous potential W , the associated eigenvalue problem is under-
stood in the weak sense: u ∈ W 1,p

µ,0(Ω;X) \ {0} is an eigenfunction with eigen-
value λ if∫

Ω

|∇u|p−2⟨∇u,∇φ⟩ dµ = λ

∫
Ω

|u|p−2uφ dµ, ∀φ ∈ W 1,p
µ,0(Ω;X). (1.4)

This is the Euler–Lagrange equation of the Rayleigh quotient above, so that its
minimizers, when they exist, are eigenfunctions with eigenvalue λµ1,p(Ω). The
weak formulation (1.4) encodes a Dirichlet boundary condition on ∂Ω ∩ X,
through the space W 1,p

µ,0(Ω;X), and a natural boundary condition on ∂Ω∩∂X.
If, in addition, the potential W is of class C1, an integration by parts shows
that (1.4) is the weak form of the principal eigenvalue problem

−∆p,µu = λ |u|p−2u in Ω,

where the weighted (or Witten-type) p-Laplacian of u is given by the formal
expression

−∆p,µ(u) = −e−W div
(
eW |∇u|p−2∇u

)
= − div(|∇u|p−2∇u)− |∇u|p−2⟨∇W,∇u⟩,

that is, the usual p-Laplacian paired with a drift term, see, e.g., [25].
A classical problem in shape optimization is identifying sets Ω∗ ⊂ X such

that the Faber–Krahn inequality

λµ1,p(Ω
∗) ≤ λµ1,p(Ω), ∀ open sets Ω ⊂ X with µ(Ω) = µ(Ω∗), (1.5)

holds.
A similar shape optimization problem revolves around the p-torsional rigid-

ity of the weighted p-Laplacian on the open set Ω, variationally defined as

T µ
p (Ω) = sup

{
∥u∥p1,µ,Ω
∥∇u∥pp,µ,Ω

: u ∈ W 1,p
µ,0(Ω;X), ∇u ̸= 0

}
.

Two remarks on this definition are in order. First, different conventions exist:
in place of the p-th power of the ratio, some take its p′-th power, where p′

is the conjugate exponent of p. Second, usually one requires u ̸= 0 rather
than ∇u ̸= 0. For the Lebesgue measure on X = RN , the two requirements
are equivalent for functions in W 1,p

µ,0(Ω;X). For a general measure, instead,
nonzero constant functions may belong to W 1,p

µ,0(Ω;X), and for these the ratio
within the supremum would be ill-posed. This occurs, for instance, when
Ω = X = RN and µ is the Gaussian measure.
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The admissible class is nonempty, since, just as before, it contains u(x) =
(r−∥x−x0∥)+, so that T µ

p (Ω) ∈ (0,+∞]. The p-torsional rigidity is naturally
associated with the torsion problem, whose weak formulation reads∫

Ω

|∇u|p−2⟨∇u,∇φ⟩ dµ =

∫
Ω

φ dµ, ∀φ ∈W 1,p
µ,0(Ω;X),

and which, if W is of class C1, is the weak form of the PDE

−∆p,µu = 1 in Ω,

with the same boundary conditions as above. If it admits a solution uΩ, the
so-called torsion function, then T µ

p (Ω) =
(∫

Ω
uΩ dµ

)p−1, as follows by testing
the equation with uΩ and from the fact that uΩ minimizes the functional
v 7→ 1

p

∫
Ω
|∇v|p dµ−

∫
Ω
v dµ.

The p-torsional rigidity analog of the Faber–Krahn inequality (1.5) is the
Saint-Venant inequality, and one looks for sets Ω∗ ⊂ X, if they exist, such that

T µ
p (Ω

∗) ≥ T µ
p (Ω), ∀ open sets Ω ⊂ X with µ(Ω) = µ(Ω∗), (1.6)

holds. These two inequalities are particular instances of Faber–Krahn-type
inequalities for the first (p, q)-eigenvalue of the weighted p-Laplacian, see Re-
mark 5.4.

State of the art. We now give a short account, as complete as possible, of the
settings in which these inequalities, or the relevant isoperimetric inequalities,
have been established.

In the Euclidean setting, corresponding to X = RN and W ≡ c ∈ R, in-
equality (1.5) was proved independently by Faber [28] and Krahn [34], whereas
inequality (1.6) was proved by Pólya [42]. In both cases, Ω∗ = B is a Euclidean
ball, and the proof relies on the Schwarz symmetrization [30, 46], which entails
the (Euclidean) Pólya–Szegő principle [43].

In the Gaussian setting, corresponding to X = RN and W (x) = −∥x∥2/2,
the Faber–Krahn inequality (1.5) has been proved in [27] via a different sym-
metrization, known as Ehrhard symmetrization [26]. This analysis has been
extended in [4] to a broader class of elliptic operators associated with the
Gaussian measure, with refined estimates for the first eigenfunction. The same
symmetrization allows one to prove the Saint-Venant inequality (1.6) in this
setting [37, Sect. 5] for p = 2; see also [19] for general p.

While the Euclidean and Gaussian settings were the first to attract attention,
several other weighted settings have been addressed over the years, exploiting
the same strategy. The first key step is proving the relevant isoperimetric in-
equality. In convex cones, for the Lebesgue measure, the relative isoperimetric
inequality, with balls centered at the vertex as optimal sets, is due to Lions and
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Pacella [36]. It has been extended by Cabré, Ros-Oton, and Serra to homoge-
neous weights satisfying a suitable concavity condition [13, 14], see also [12] for
monomial weights. Nonhomogeneous weights have been addressed by Brock,
Chiacchio, and Mercaldo, in half-spaces [9], extending a two-dimensional result
of Maderna and Salsa [38], and in orthants [10]. Further, the same authors
derived necessary conditions on a weight for balls centered at the vertex of a
cone to be isoperimetric [9]. Balls centered at the origin are also isoperimetric
for smooth radial log-convex densities, as proved by Chambers [17]. We also
mention [24], where it is shown that, in planar convex sectors endowed with
the density ∥x∥−2−k, k > 0, which blows up at the vertex, the isoperimetric
sets are the complements of the balls centered at the vertex.

Transitioning to settings where the isoperimetric sets are half-spaces, beyond
the usual Gaussian, we mention that Brock, Chiacchio, and Mercaldo also gave
necessary conditions on a weight for coordinate half-spaces of a product domain
to be isoperimetric, and proved that they are indeed isoperimetric for a broad
class of Gauss-like product measures [11], see also [8]. Half-spaces also are the
isoperimetric sets for anisotropic Gaussian measures [50] and for log-concave
one-dimensional perturbations of the Gaussian measure [45].

In several of these settings, the isoperimetric inequality has then been com-
bined with suitable rearrangements to derive Pólya–Szegő principles, compar-
ison results for degenerate elliptic equations and, in some cases, Faber–Krahn
or Saint-Venant inequalities, mostly for p = 2, see [8, 9, 11, 18, 38, 41].

Abstract Talenti symmetrization. As the above overview shows, a com-
mon tool behind these results is a symmetrization tailored to the isoperimetric
sets of the measure, which entails a Pólya–Szegő principle: a competitor u on
Ω is transformed into a competitor u♯ on a set Ω♯, decreasing the Lp-norm of
the gradient while keeping unchanged the Lp-norm of the function. Roughly
speaking, superlevel sets of u♯ at a given height are isoperimetric sets having
the same measure as the corresponding superlevel set of u.

In this note we revisit the Faber–Krahn and Saint-Venant inequalities in
the weighted setting of measures of the form (1.1) by exploiting an abstract
symmetrization, first introduced by Talenti in [48], which, again, replaces each
superlevel set of u with the set having the same measure in a fixed nested family
of isoperimetric sets. Namely, it is driven by an underlying smooth function
f : X → [0, 1] without critical points in {0 < f < 1}, see Definition 3.4: the
Talenti symmetrization u♯ of u is the function whose superlevel sets are the
superlevel sets of f having the same µ-measure as the corresponding superlevel
sets of |u|, see (3.4). Talenti’s weighted Pólya–Szegő principle [48, Main Thm.]
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states that ∫
X

|∇u♯|p dµ ≤
∫
X

|∇u|p dµ

for Lipschitz functions u on X with µ({u ̸= 0}) < +∞, provided the level sets
of f are connected, the superlevel sets of f saturate a suitable weighted relative
isoperimetric inequality, and the lines of steepest ascent of f are straight;
see Section 2, Theorem 3.10, and the subsequent discussion. The advantage
of Talenti’s approach is that, once such an f is available, the Pólya–Szegő
principle, the Faber–Krahn and Saint-Venant inequalities follow in a unified
way, without having to construct an ad hoc rearrangement for each measure.

Description of results. Our first main result, Theorem 5.1, shows that Tal-
enti’s principle, originally formulated for Lipschitz functions on the whole of
X, extends to the space W 1,p

µ,0(Ω;X) of Sobolev functions vanishing on ∂Ω∩X,
for open subsets Ω ⊂ X of finite measure, provided the ambient space X is
convex. The extension is obtained via a density argument in weighted Sobolev
spaces, and immediately yields as corollaries the corresponding Faber–Krahn
and Saint-Venant inequalities, see Corollaries 5.2 and 5.3, as well as Faber–
Krahn-type inequalities for the first (p, q)-eigenvalue, see Remark 5.4. In Re-
mark 5.5, we point out that it is enough to know that the superlevel sets of f
are isoperimetric for volumes below a given threshold, at the price of restrict-
ing the Faber–Krahn and Saint-Venant inequalities to sets whose measure lies
below the same threshold.

Our second result, Theorem 4.1, concerns the structure of the functions f
satisfying the assumptions of Talenti’s theorem; it does not involve the isoperi-
metric properties of µ, but only the geometry of f .

In Theorem 4.1, we prove that |∇f | = g(f) for a continuous profile g, that
is, |∇f | is constant on each level set of f , and that the level sets of f are
quantitatively separated: if G is a primitive of 1/g, then

dist
(
{f ≤ t1}; {f ≥ t2}

)
≥ G(t2)−G(t1) > 0, 0 < t1 < t2 < 1.

This separation is the key ingredient in the proof of Theorem 5.1: it guarantees
that the symmetrization of a Lipschitz function supported away from ∂Ω ∩
X is supported away from ∂Ω♯ ∩ X, so that it can be approximated within
W 1,p

µ,0(Ω
♯;X).

The assumptions of Talenti’s theorem are actually much more rigid than
they may appear. In the forthcoming paper [1], we show that the level sets
of f are parallel hypersurfaces, f being a transnormal function, and that the
isoperimetric property of its superlevel sets forces them to be either parallel
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half-spaces, or concentric balls, or complements of tubes around an affine sub-
space of codimension at least two, the last two alternatives being possible only
if µ(X) = +∞.

Summing up, our framework covers all the settings recalled above at once,
whether the isoperimetric sets are balls or half-spaces, by a single argument
whose only input is the relative isoperimetric inequality, and it yields the
Faber–Krahn, Saint-Venant, and (p, q)-eigenvalue inequalities for every p ∈
(1,+∞); several of them, in particular for p ̸= 2, appear not to have been
stated before. A precise account of the known results and of the novelties is
given in Section 6, setting by setting, where we also discuss convex polytopes, in
which the isoperimetric sets are known only for small volumes, see Section 6.4,
and planar convex sectors with a density blowing up at the vertex, in which
the isoperimetric sets are complements of balls, see Section 6.3.

Organization of the paper. In Section 2, we fix the setting and collect all
the assumptions on µ and f used in the paper. In Section 3, we recall Talenti
symmetrization in the present setting, introduce the associated symmetrized
sets, prove some basic properties, and recall Talenti’s weighted Pólya–Szegő
inequality for Lipschitz functions. In Section 4, we prove the separation of the
level sets of the admissible functions f . In Section 5, we extend the Pólya–
Szegő principle from Lipschitz functions to W 1,p

µ,0(Ω;X), thereby deriving the
corresponding Faber–Krahn inequality (1.5) and Saint-Venant inequality (1.6),
and we discuss the case of isoperimetric sets known only for small volumes. In
Section 6, we exhibit several classes of measures for which the hypotheses of
Talenti’s theorem are satisfied, at least for small volumes. Finally, in Section 7,
we describe two further developments, namely the Kohler-Jobin inequality and
quantitative versions of the Saint-Venant and Faber–Krahn inequalities, which
will appear in forthcoming works.

Acknowledgments. The present note stems from G.B.’s Master’s Thesis. It
has been written up while G.S. visited G.B. at the Goethe-Universität Frank-
furt, whose hospitality is kindly acknowledged. Both authors are members
of INdAM–GNAMPA. G.B. is supported by the Deutsche Forschungsgemein-
schaft (DFG, German Research Foundation), Project No. 555837013.

2. Setting and assumptions

Throughout the paper, X ⊂ RN is an open and connected set, and µ =

eWLN is as in (1.1), with W continuous on X; the convexity of X is explicitly
assumed whenever it is needed, namely from Theorem 4.1 on. The µ-perimeter
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of a Borel set Ω ⊂ X relative to X is

Perµ(Ω;X) =

∫
∂∗Ω∩X

eW (x) dHN−1(x), (2.1)

where ∂∗Ω is the reduced boundary of Ω, refer to [39]; in particular, ∂X is not
counted.

Throughout the paper, f : X → [0, 1] is a smooth function, and, for t ∈ [0, 1],
we let Φf (t) = µ({ x ∈ X : f(x) > t }), see also (3.1) below. We collect here
all the assumptions on f and µ that we shall use; each statement below recalls
the ones it needs.

The first three are normalization and nondegeneracy conditions, under which
the Talenti symmetrization is defined, see Definition 3.4:

(N1) inf f = 0 and sup f = 1, with µ
(
f−1(0)

)
= µ

(
f−1(1)

)
= 0;

(N2) ∇f(x) ̸= 0 for all x ∈ X with 0 < f(x) < 1;
(N3) Φf (t) < +∞ for all t ∈ (0, 1), or µ(X) < +∞.

We let Xreg = { x ∈ X : 0 < f(x) < 1 } and, for t ∈ (0, 1), we denote by
Mt = { x ∈ X : f(x) = t } the level sets of f , which, under (N2), are smooth
hypersurfaces. Further, the unit normal

N(x) =
∇f(x)

∥∇f(x)∥
, x ∈ Xreg, (2.2)

is smooth on Xreg, and the lines of steepest ascent of f are the maximal integral
curves of N in Xreg, that is, the maximal solutions of ẋ(s) = N(x(s)), where
s is the arclength parameter.

The next four are the assumptions of Talenti’s theorem, see Theorem 3.10:

(T1) isoperimetric inequality: there exists a continuous function I ≥ 0 on
[0, µ(X)), positive on (0, µ(X)), such that

I(µ(E)) ≤ Perµ(E;X), ∀ Borel sets E ⊂ X with µ(E) < µ(X);

(T2) saturation: Perµ({f > t};X) = I(Φf (t)) for all t ∈ (0, 1);
(T3) connectedness: the level sets Mt, t ∈ (0, 1), are connected;
(T4) straightness: the lines of steepest ascent of f are segments, that is,

d2x/ds2 = 0 along each of them.

When the isoperimetric sets are only known for small volumes, see Re-
mark 5.5, (T1)–(T3) are replaced by the following ones, where m ∈ (0, µ(X))

is a given threshold:

(T1′) there exists a continuous function I : [0,m] → [0,+∞), positive on
(0,m], such that I(µ(E)) ≤ Perµ(E;X) for all Borel sets E ⊂ X with
µ(E) ≤ m;

(T2′) Perµ({f > t};X) = I(Φf (t)) for all t ∈ (0, 1) with Φf (t) ≤ m;
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(T3′) the level sets Mt are connected for all t ∈ (0, 1) with Φf (t) < m.

3. Talenti symmetrization

In this section we recall the symmetrization defined in [48]. The continuity of
W can be considerably weakened regarding the results of this section preceding
Section 3.1, as the next remark explains.

Remark 3.1. The constructions and the results of this section, up to Propo-
sition 3.9, only use two properties of µ: µ-negligible and LN -negligible sets co-
incide, and nonempty open subsets of X have positive µ-measure. Thus, they
hold, with the same proofs, for every σ-finite measure µ on X mutually abso-
lutely continuous with LN . Any such measure can be written as µ = eWLN ,
where W = lnw and w > 0 is its Radon–Nikodym derivative, but then W

is merely measurable and defined LN -a.e.; in particular, no integrability of
negative powers of the weight, such as (1.2), can be expected. The continuity
of W is used in a critical way from Section 3.1 on: it gives a meaning to the
weighted perimeter (2.1), which integrates eW over an LN -negligible set, and
it ensures, via (1.2), that the weighted Sobolev spaces of the introduction have
the usual properties.

Definition 3.2 (µ-distribution function). Let v : X → R be a real-valued µ-
measurable function. Assume either that the superlevel sets { |v(x)| > t } have
finite µ-measure for all t > 0 or that µ(X) < +∞. The µ-distribution function
of v, denoted by Φµ

v , is the map that associates to any t > 0 the µ-measure of
the superlevel set { |v| > t }, i.e., the map from [0,+∞) into [0,+∞] defined
by

Φµ
v (t) = µ

(
{ x ∈ X : |v(x)| > t }

)
. (3.1)

If no confusion can arise, we will drop the superscript µ and denote it simply
by Φv and refer to it simply as the distribution function. It is clear that Φv:
decreases monotonically; is right continuous1. Moreover, one has

Φv(0) = µ
(
{ x ∈ X : v(x) ̸= 0 }

)
and

{ t ≥ 0 : Φv(t) = 0 } = [∥v∥∞,+∞),

where the essential supremum is with respect to the measure µ.

Definition 3.3 (µ-decreasing rearrangement). Let v : X → R be a real-valued
µ-measurable function. Assume either that the superlevel sets { |v(x)| > t }

1If, for all t > 0, µ({x ∈ X : |v(x)| = t }) = 0, it improves to continuity.
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have finite µ-measure for all t > 0 or that µ(X) < +∞. The µ-decreasing
rearrangement of v is defined by

vµ,∗(s) = inf{ t ≥ 0 : Φµ
v (t) ≤ s }, (3.2)

that is, vµ,∗ is the (right-continuous) generalized inverse of the nonincreasing
function Φµ

v .

As for the distribution function, if no confusion can arise, we will drop the
superscript µ and denote the µ-decreasing rearrangement of v with v∗ and refer
to it simply as the decreasing rearrangement.

The decreasing rearrangement v∗ can also be interpreted as the distribution
function of Φv with respect to the Lebesgue measure. Hence, the function
v∗ is a decreasing, right-continuous map from [0,+∞) into [0,+∞], satisfying
v∗(0) = ∥v∥∞ and

{ s ≥ 0 : v∗(s) = 0 } =
[
µ
(
{ x ∈ X : v(x) ̸= 0 }

)
,+∞

)
.

Moreover, for every y > 0 we have

{ s ≥ 0 : v∗(s) > y } = [ 0,Φv(y)). (3.3)

Definition 3.4 ((µ, f)-Talenti symmetrization). Assume (N1)–(N3). Given a
nonempty, proper open subset Ω ⊊ X and a µ-measurable function u : Ω → R
such that either the superlevel sets { |u(x)| > t } have finite µ-measure for all
t > 0 or µ(X) < +∞, the (µ, f)-Talenti symmetrization of u is the function
uµ,♯ : X → [0,+∞] given by

uµ,♯(x) = ũµ,∗(Φµ
f (f(x))), (3.4)

where ũ is the extension to zero of u to X \ Ω.

Notice that u♯ may take the value +∞ only on the µ-negligible set {f = 1}
(see Lemma 3.5 below), where u♯ = ũ∗(0) = ∥u∥∞. If no confusion can arise,
we will drop the superscript µ and denote it simply by u♯, and also drop
the tilde on ũ and simply write u. For the sake of ease, we will say Talenti
symmetrization, without making explicit the dependence on the measure µ and
on the function f . We start collecting the basic properties of the distribution
function of f .

Lemma 3.5. Assume (N1)–(N3). Then, Φf is continuous and strictly de-
creasing on [0, 1], with Φf (0) = µ(X) and Φf (1) = 0.

In other words, the above lemma says that Φf is a homeomorphism of [0, 1]
onto [0, µ(X)] (onto [0,+∞], if µ(X) = +∞), and its inverse is the restriction
of f ∗ to [0, µ(X)].
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Proof. First, by (N1), Φf (0) = µ({f > 0}) = µ(X) and Φf (1) = µ(∅) = 0.
Second, the function Φf is right-continuous and, owing to (N3), its jump

at t ∈ (0, 1] equals µ({f = t}). This quantity vanishes: for t = 1 by (N1);
for t ∈ (0, 1) because, by (N2), {f = t} is a smooth hypersurface, hence it is
LN -negligible, thus µ-negligible.

Third, let 0 ≤ t1 < t2 ≤ 1. Since f is continuous on the connected set X
with inf f = 0 and sup f = 1, one has f(X) ⊃ (0, 1), so that {t1 < f < t2} is
a nonempty open set. Since µ is strictly positive,

Φf (t1)− Φf (t2) = µ({t1 < f ≤ t2}) ≥ µ({t1 < f < t2}) > 0,

with the obvious meaning if Φf (t1) = +∞.
Finally, for a continuous, strictly decreasing function, the generalized in-

verse (3.2) coincides with the inverse. □

Definition 3.6 (Symmetrization of a set). Assume (N1)–(N3), and let Ω ⊊ X

be a nonempty open set with µ(Ω) < +∞. We define the Talenti-symmetrized
set of Ω as Ω♯ = {x ∈ X : χ♯

Ω(x) > 0}.

We now prove the following lemma, which characterizes the symmetrized
set Ω♯ as the union of the positivity sets of the Talenti symmetrizations of all
µ-measurable functions defined on Ω. In view of it, given a µ-measurable u
defined on such an open set Ω, we can treat its Talenti symmetrization u♯ as
defined on Ω♯.

Lemma 3.7. Assume (N1)–(N3), and let Ω ⊊ X be a nonempty open set with
µ(Ω) < +∞. Then, ⋃

{x : u♯(x) > 0} = Ω♯,

where the union is taken among all µ-measurable functions u defined on Ω.

Proof. Let us show the two opposite inclusions. On the one hand, since χΩ is
µ-measurable, one inclusion is trivial, by definition of Ω♯.

On the other hand, let us start writing down the positivity set of χ♯
Ω. By

definition (3.4), setting σ = σ(x) = Φf (f(x)), we have

χ♯
Ω(x) = χ∗

Ω(σ(x)).

Recall that by definition (3.2)

χ∗
Ω(s) = inf{t ≥ 0 : ΦχΩ

(t) ≤ s},

where the distribution function of χΩ, refer to (3.1), is

ΦχΩ
(t) = µ

(
{z ∈ X : χΩ(z) > t}

)
.
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Thus, we have

ΦχΩ
(t) =

{
µ(Ω), if t ∈ [0, 1),

0, otherwise.

Therefore, we get

χ∗
Ω(s) =

{
0, if s ≥ µ(Ω),

1, otherwise.
(3.5)

Let now u be any µ-measurable function defined on Ω, let x ∈ {u♯ > 0},
and σ(x) = Φf (f(x)) as before. By definition of u♯ and the characterization of
u∗ given in (3.3), σ(x) ∈ [0,Φu(0)). Therefore, we have σ(x) < Φu(0) ≤ µ(Ω).
Hence, by (3.5), x ∈ Ω♯. □

Further, the symmetrized set Ω♯ is a superlevel set of f with the same
measure as Ω and, whenever µ(Ω) ̸= µ(X), its boundary relative toX coincides
with the corresponding level set of f .

Lemma 3.8. Assume (N1)–(N3), let Ω ⊊ X be a nonempty open set with
µ(Ω) < +∞, and let tΩ = Φ−1

f (µ(Ω)). Then, tΩ ∈ [0, 1),

Ω♯ = {f > tΩ}, X \ Ω♯ = {f ≤ tΩ}, µ(Ω♯) = µ(Ω).

In particular, Ω♯ is open and it depends on Ω only through µ(Ω). If, moreover,
µ(Ω) < µ(X), then tΩ ∈ (0, 1) and ∂Ω♯ ∩X = {f = tΩ}.

Proof. Since Ω is a nonempty open set and µ is strictly positive, we have
0 < µ(Ω) ≤ µ(X). Thus, by Lemma 3.5, tΩ is well-defined and tΩ < 1.
By (3.5), recalling that in the proof of Lemma 3.7 we set σ(x) = Φf (f(x)), we
have χ♯

Ω(x) > 0 if and only if Φf (f(x)) < µ(Ω) = Φf (tΩ). By Lemma 3.5, Φf

is strictly decreasing, thus this is equivalent to f(x) > tΩ. This proves the first
two equalities, and gives µ(Ω♯) = Φf (tΩ) = µ(Ω).

If moreover µ(Ω) < µ(X) = Φf (0), then tΩ > 0. By continuity of f , one
has the set inclusion ∂Ω♯ ∩ X ⊂ {f = tΩ}. Conversely, let x ∈ X with
f(x) = tΩ ∈ (0, 1), so that by the first part of the proof x /∈ Ω♯. Recall that
by assumption (N2), we have ∇f(x) ̸= 0. Since X is open, the function

ϕ(ε) = f(x+ ε∇f(x))

is well-defined for ε small enough. Moreover, it satisfies

ϕ(0) = tΩ and ϕ′(0) = |∇f(x)|2 > 0.

Hence, for all 0 < ε≪ 1, we have ϕ(ε) > tΩ, that is, x+ ε∇f(x) ∈ Ω♯. Letting
ε→ 0+, we get x ∈ Ω♯

X
\ Ω♯ = ∂Ω♯ ∩X. □
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Proposition 3.9 (Continuity of the symmetrization). Assume (N1)–(N3), and
let Ω ⊊ X be a nonempty open set with µ(Ω) < +∞. For every u ∈ Lp

µ(Ω), its
Talenti symmetrization u♯ belongs to Lp

µ(Ω
♯) and

∥u∥p,µ,Ω = ∥u♯∥p,µ,Ω♯ . (3.6)

Moreover, the Talenti symmetrization map T : u 7→ u♯ is an Lp-nonexpansive
map on the cone of nonnegative functions in Lp

µ(Ω), i.e.,

∥u♯ − v♯∥p,µ,Ω♯ ≤ ∥u− v∥p,µ,Ω, ∀u, v ≥ 0, µ-a.e. (3.7)

Therefore, it is continuous on such cone.

Proof. The construction of the Talenti symmetrization ensures that every su-
perlevel set of u♯ coincides with a superlevel set of f . Indeed, for every t > 0,

{ x ∈ X : u♯(x) > t } = {x ∈ X : f(x) > f ∗(Φu(t)) },

also owing to the fact that, by Lemma 3.5, Φf is a homeomorphism of [0, 1]
onto [0, µ(X)], whose inverse is the restriction of f ∗ to [0, µ(X)]. Moreover,
Φu♯(t) = Φu(t). Then, by the layer-cake formula (see [39, Ex. 1.13]), the
definition (3.1) of µ-distribution of u, the previous equality, the layer-cake
formula once again, and Lemma 3.7, we have

∥u∥pp,µ,Ω = ∥u∥pp,µ,X = p

∫ +∞

0

tp−1 µ
(
{ x ∈ X : |u(x)| > t }

)
dt

= p

∫ +∞

0

tp−1Φu(t) dt = p

∫ +∞

0

tp−1Φu♯(t) dt

= ∥u♯∥pp,µ,X = ∥u♯∥p
p,µ,Ω♯ .

The nonexpansivity of the Talenti symmetrization from Lp
µ(Ω) to Lp

µ(Ω
♯) is

an immediate consequence of [23]. The cited results are stated for maps from
an Lp

µ(Ω) space into itself, with µ a nonnegative measure, but proofs can be
repeated verbatim for maps Lp

µ(Ωµ) → Lp
ν(Ων), where the spaces are taken

with respect to different nonnegative measures, up to additionally requiring
µ(Ωµ) = ν(Ων), which in our case holds by Lemma 3.8. We also refer to [23,
Ex. 2] where rearrangements are explicitly considered.

Since the Talenti symmetrization T : u 7→ u♯ is integral preserving and order
preserving for nonnegative functions, by [23, Prop. 1(a) and (c)], it is an L1-
nonexpansive map between the cone of nonnegative functions in L1

µ(Ω) and
L1
µ(Ω

♯).
Further, the symmetrization commutes with the addition of nonnegative

constants on the cone of nonnegative functions: if u ≥ 0 and c ≥ 0, where
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u+ c is understood on Ω and extended by zero outside, then (u+ c)∗ = u∗ + c

on [0, µ(Ω)), so that

T (u+ c) = T (u) + c on Ω♯.

Hence, given u, v ≥ 0 and k = ess supΩ |u − v|, from u ≤ v + k and the order
preservation we get T (u) ≤ T (v + k) = T (v) + k on Ω♯. Exchanging the roles
of u and v, the symmetrization is an L∞-nonexpansive map between the cone
of nonnegative functions in L∞

µ (Ω) and L∞
µ (Ω♯), see also [23, Prop. 2].

By standard nonlinear interpolation, it is an Lp-nonexpansive map between
the cone of nonnegative functions in Lp

µ(Ω) and Lp
µ(Ω

♯), refer to [23, Ex. 2,
Eqs. (9)–(10)] or to [49], so that (3.7) follows. □

3.1. Talenti’s Pólya–Szegő principle. Pólya–Szegő principles arising from
symmetrizations ensure that integrals of Young functions F ( · ), depending
only on |∇u|, decrease when evaluated on |∇u♯|, and we refer the interested
reader to [43] for its first appearance, in the Euclidean context. The usual
symmetrizations rely on transforming level sets into isoperimetric sets. Talenti
showed in [48] that this principle stays true for Lipschitz functions also for his
symmetrization provided that: the measure space (X,µ) possesses a relative
isoperimetric inequality with respect to the notions of weighted volume and
perimeter, see (T1); f is chosen so that its superlevel sets are isoperimetric sets
and its level sets are connected, see (T2) and (T3), and it satisfies a suitable
steepest ascent condition, see (T4).

We recall below the theorem, tailored to the case of our interest, F (z) = |z|p.

Theorem 3.10 (Pólya–Szegő principle of [48]). Assume (N1)–(N3) and (T1)–
(T4). Then, given any bounded Lipschitz function u : X → R such that
µ({u ̸= 0}) < +∞, the Talenti symmetrization u♯ of u (defined by (3.4) with
ũ = u) is locally Lipschitz and, for every p ∈ (1,+∞), it holds∫

X

|∇u|p dµ ≥
∫
X

|∇u♯|p dµ. (3.8)

We remark that Talenti does not explicitly mention that the symmetrized
function is locally Lipschitz, but this can be derived by closely inspecting his
proof. A global Lipschitz bound, which is what is needed in the sequel, is a
consequence of (3.8), see Lemma 3.11 below.

Further, he does not use as perimeter the weighted (N − 1)-dimensional
Hausdorff measure (2.1) but rather the relative dual-sided Minkowski con-
tent [48, Eq. (1.7)]. Nevertheless, in the proof he uses the weighted variational
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relative perimeter to exploit coarea formula. This is well-known to be equiva-
lent to (2.1), which coincides with the relative dual-sided Minkowski content
for almost every superlevel set of a Lipschitz function.

Moreover, in [48, Main Thm.] the function I (denoted there by q) is required
to be smooth on [0, µ(X)). However, only its continuity and positivity on
(0, µ(X)) are used in the proof, see [48, Eqs. (3.4) and (3.10)], while smoothness
at 0 fails already for the Euclidean isoperimetric profile I(s) = cNs

1−1/N ,
considered in [48, Ex. 1]. We have also made explicit the requirement (T3)
that the level sets of f are connected. Talenti’s argument uses the fact that
|∇f | is constant on each level set of f , where, in its proof, this is derived
from (T4) by means of [40]. As shown in the proof of Theorem 4.1(a) below,
condition (T4) only yields that |∇f | is constant on each connected component
of the level sets of f , whence the need of the connectedness assumption.

As a consequence of (3.8) holding for every p, the Talenti symmetrization
does not increase the Lipschitz constant, provided X is convex.

Lemma 3.11 (Global Lipschitz bound). Assume (N1)–(N3) and (T1)–(T4),
and let u : X → R be a bounded Lipschitz function with µ({u ̸= 0}) < +∞.
Then,

∥∇u♯∥L∞(X) ≤ ∥∇u∥L∞(X).

In particular, if X is convex, then u♯ is Lipschitz on X, and its Lipschitz
constant does not exceed that of u.

Proof. Let m = µ({u ̸= 0}). If m = 0, then u♯ ≡ 0 and there is nothing to
prove. Let then m ̸= 0. By (3.8), and since ∇u = 0 a.e. on {u = 0}, for every
p ∈ (1,+∞), we have

∥∇u♯∥p,µ,X ≤ ∥∇u∥p,µ,X ≤ ∥∇u∥L∞(X)m
1
p . (3.9)

Let now s < ∥∇u♯∥L∞(X), where the essential supremum is equivalently taken
with respect to µ or LN , these measures being mutually absolutely continuous.
Then, by definition of essential supremum, S = {|∇u♯| > s} has positive µ-
measure, so that by (3.9) and by trivial lower estimates, for all p ∈ (1,+∞),
we get

∥∇u∥L∞(X)m
1
p ≥ ∥∇u♯∥p,µ,X ≥ sµ(S)

1
p .

In particular, µ(S) < +∞ whenever s > 0. Letting now p → +∞, we get
s ≤ ∥∇u∥L∞(X), and the claimed bound follows by arbitrariness of s.

Assume now that X is convex, and let x, y ∈ X. The segment [x, y] is a
compact subset of the open set X, thus it has positive distance from ∂X. Since
u♯ is locally Lipschitz by Theorem 3.10, its distributional gradient coincides
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with its a.e. gradient, and, for ε small enough, the mollifications u♯ ∗ ρε are
well-defined and smooth in a neighborhood of [x, y], where they satisfy

|∇(u♯ ∗ ρε)| = |(∇u♯) ∗ ρε| ≤ ∥∇u♯∥L∞(X) ≤ ∥∇u∥L∞(X),

by the first part of the statement. Moreover, u♯ ∗ ρε → u♯ uniformly on [x, y].
Hence,

|u♯(x)− u♯(y)| = lim
ε→0+

|u♯ ∗ ρε(x)− u♯ ∗ ρε(y)| ≤ ∥∇u∥L∞(X) |x− y|. □

4. Structure of admissible f

In this section, assuming convexity of the ambient space X, we estab-
lish some structural properties of the functions f satisfying (N1)–(N3), (T3),
and (T4). Specifically, in Theorem 4.1 we prove a quantitative separation of
their level sets, which is the key ingredient in the proof of the Pólya–Szegő
principle below, see Theorem 5.1. Further structural properties of f , which
are not needed here, are studied in our follow-up paper [1].

Theorem 4.1. Let X be convex, and assume (N1)–(N3), (T3), and (T4).
Then, the following hold.

(a) There exists a continuous function g : (0, 1) → (0,+∞) such that
∥∇f(x)∥ = g(f(x)) for all x ∈ Xreg.

(b) Let c0 ∈ (0, 1) and

G(c) =

∫ c

c0

dt

g(t)
, for c ∈ (0, 1).

If y1, y2 ∈ X and 0 < τ1 < τ2 < 1 are such that f(y1) ≤ τ1 and
f(y2) ≥ τ2, then

∥y1 − y2∥ ≥ G(τ2)−G(τ1) > 0. (4.1)

In particular,

dist({f ≤ t1}; {f ≥ t2}) > 0 whenever 0 ≤ t1 < t2 ≤ 1.

Proof. We divide the proof into several steps. By (N2), ∇f ̸= 0 on Xreg, thus
each level set Mc, c ∈ (0, 1), is a smooth hypersurface, connected by (T3).

Proof of (a). This is mentioned en passant in [48, Property (viii)]; though,
the key request of level sets being connected is missing there. We give here
the proof. Let N be the unit normal vector field to the level sets of f in
Xreg, defined in (2.2). A trajectory of steepest ascent γ(s) parameterized
by arclength s satisfies the ODE γ′(s) = N(γ(s)). Since, by (T4), these
trajectories are straight lines, N(γ(s)) is constant along each of them, giving
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γ(s) = x0 + sN(x0), where x0 = γ(0) is the initial datum. By constancy of N,
differentiating we get

(DN)N = 0. (4.2)

For x ∈ Xreg, we let w(x) = ∥∇f(x)∥ > 0. Thus, by definition,

N(x) =
∇f(x)
w(x)

. (4.3)

Differentiating the above equality, we find

DN(x) =
1

w
D∇f(x)− ∇f(x)⊗∇w(x)

w2
=

1

w
D2f(x)− 1

w
N(x)⊗∇w(x).

Applying the above to N(x), using (4.2), rearranging, and owing to tensor
algebra rules ((a⊗ b)c = (b · c)a), we find

D2f N = (N⊗∇w)N = (∇w ·N)N.

On the other hand, differentiating the equality w2 = ∥∇f∥2, rearranging, and
using the relation (4.3), we get ∇w = D2f N. Putting these two last equalities
together and recalling the definition of w and of N, we have

∇∥∇f∥ =

(
∇∥∇f∥ · ∇f

∥∇f∥

)
∇f

∥∇f∥
,

that is, ∇∥∇f∥ is parallel to ∇f . Hence, the tangential gradient of ∥∇f∥
along each level set Mc, c ∈ (0, 1), vanishes, so that ∥∇f∥ is constant on each
connected component of Mc. Since the level sets are connected by (T3), one
has

∥∇f(x)∥ = g(f(x)), ∀ x ∈ Xreg, (4.4)

for some function g : (0, 1) → (0,+∞). To see that g is continuous, we
first notice that f maps the open set Xreg onto (0, 1), since X is connected,
inf f = 0, and sup f = 1. Moreover, f is an open map on Xreg. Indeed, given
x ∈ Xreg and r > 0 with Br(x) ⊂ Xreg, the continuous function

ϕ(ε) = f(x+ ε∇f(x))

satisfies ϕ′(0) = |∇f(x)|2 > 0, so that it is strictly increasing on [−δ, δ] for some
0 < δ ≪ 1. Up to choosing a smaller δ, the segment {x + ε∇f(x) : |ε| ≤ δ}
is contained in Br(x). Then, by the intermediate value theorem, we get

f(Br(x)) ⊃ {f(x+ ε∇f(x)) : |ε| ≤ δ} = [ϕ(−δ), ϕ(δ)] ⊃ (ϕ(−δ), ϕ(δ)).

Therefore, for every open set U ⊂ (0,+∞), owing to (4.4) and to the surjec-
tivity of f , we have

g−1(U) = f
(
{ x ∈ Xreg : ∥∇f(x)∥ ∈ U }

)
,
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which is open, being the image under the open map f of an open set, as
x 7→ ∥∇f(x)∥ is continuous. Thus, g is continuous.

Proof of (b). Let y1, y2, τ1, and τ2 be as in (b). Clearly y1 ̸= y2; let

ℓ = ∥y2 − y1∥ and e =
y2 − y1

ℓ
.

Since X is convex, the function ϕ(τ) = f(y1 + τe) is well-defined; since f is
smooth it also is continuous on [0, ℓ]. Since, by assumption,

ϕ(0) = f(y1) ≤ τ1 < τ2 ≤ f(y2) = ϕ(ℓ),

the numbers

σ2 = min{ τ ∈ [0, ℓ] : ϕ(τ) = τ2 }, σ1 = max{ τ ∈ [0, σ2] : ϕ(τ) = τ1 },

are well-defined, and by the intermediate value theorem τ1 < ϕ < τ2 on (σ1, σ2).
Hence, the segment {y1+τe : τ ∈ [σ1, σ2]} lies in Xreg. Moreover, the function
ϕ is C1 on [σ1, σ2] and, by (4.4),

|ϕ′(τ)| ≤ ∥∇f(y1 + τe)∥ = g(ϕ(τ)).

Therefore, by definition of ℓ, by definition of σi, by definition of G, the above
inequality, and the chain rule on (G ◦ ϕ)′ which shows that (G ◦ ϕ)′ ≤ 1 on
[σ1, σ2], once again by definition of σi, and finally by definition of G and the
positivity of g, we have

∥y2 − y1∥ = ℓ ≥ σ2 − σ1 ≥
∫ σ2

σ1

(G ◦ ϕ)′(τ) dτ

= G(τ2)−G(τ1) =

∫ τ2

τ1

1

g(t)
dt > 0,

which proves (4.1).
Let now 0 ≤ t1 < t2 ≤ 1 be fixed and let y1, y2 be any two points in,

respectively, {f ≤ t1} and {f ≥ t2}. Let us define

τ1 =
2t1 + t2

3
and τ2 =

t1 + 2t2
3

,

which satisfy 0 ≤ t1 < τ1 < τ2 < t2 ≤ 1. Applying (4.1) with τ1, τ2 as above,
and by the arbitrariness of y1, y2, we get the quantitative separation of the
level sets. □

5. Pólya–Szegő principle in W 1,p
µ,0(Ω;X)

We here prove that (3.8) extends from Lipschitz functions on X to the
Sobolev space W 1,p

µ,0(Ω;X), via a standard density argument.
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Theorem 5.1 (Pólya–Szegő principle in W 1,p
µ,0(Ω;X)). Let X be convex, as-

sume (N1)–(N3) and (T1)–(T4), let Ω ⊊ X be a nonempty open set with
µ(Ω) < +∞, and let p ∈ (1,+∞). Then, for every u ∈ W 1,p

µ,0(Ω;X), the
Talenti symmetrization u♯ belongs to W 1,p

µ,0(Ω
♯;X) and∫

Ω

|∇u|p dµ ≥
∫
Ω♯

|∇u♯|p dµ. (5.1)

Proof. For the sake of notation, we write v in place of u, as the letter u is
booked below for auxiliary functions. Let v ∈ W 1,p

µ,0(Ω;X). If v ≡ 0, there
is nothing to prove, thus we assume v ̸≡ 0. Recall that v♯ = |v|♯ is defined
on the whole X; by Lemma 3.7, it vanishes outside Ω♯; and by Lemma 3.8,
Ω♯ = {f > tΩ}, with tΩ ∈ [0, 1) and µ(Ω♯) = µ(Ω).

Step 1: Approximation via Lipschitz functions. By definition, there exists a
sequence (vn)n∈N ⊂ Lip0(Ω;X) such that vn → v in the norm (1.3); without
loss of generality, vn ̸≡ 0 for all n. Each vn is Lipschitz on X, vanishes on
X \ Ω, has bounded support, and

dn = dist(suppX(vn); ∂Ω ∩X) > 0.

Step 2: Symmetrization of the sequence. Since µ({vn ̸= 0}) ≤ µ(Ω) < +∞,
Theorem 3.10 applies to vn, and ∇vn = 0 a.e. on X \ Ω, so that∫

Ω

|∇vn|p dµ =

∫
X

|∇vn|p dµ ≥
∫
X

|∇v♯n|p dµ ≥
∫
Ω♯

|∇v♯n|p dµ. (5.2)

Together with (3.6), this gives v♯n ∈ W 1,p
µ (Ω♯). Moreover, since X is convex,

by Lemma 3.11, v♯n is Lipschitz on X.

Step 3: Boundary buffer layer. We claim that

d♯n = dist(suppX(v
♯
n);X \ Ω♯) > 0. (5.3)

Since Ω is a nonempty proper open subset of the connected set X, there exists
b ∈ ∂Ω∩X. Let rn ∈ (0, dn) be such that Brn(b) ⊂ X. The set Un = Brn(b)∩Ω
is open and nonempty, since b ∈ ∂Ω, and it is disjoint from suppX(vn), since
its points have distance less than dn from ∂Ω∩X. Since µ is strictly positive,
µ(Un) > 0, and therefore

mn = µ({x : vn(x) ̸= 0 }) ≤ µ(Ω \ Un) = µ(Ω)− µ(Un) < µ(Ω).

By Lemma 3.5, τn = Φ−1
f (mn) satisfies τn > tΩ, because Φf is strictly decreas-

ing and Φf (tΩ) = µ(Ω) > mn. By the characterization of the zero set of v∗n
given after Definition 3.3, v∗n(s) > 0 if and only if s < mn; hence,

{ v♯n ̸= 0 } = { x ∈ X : Φf (f(x)) < mn } = { f > τn },
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so that suppX(v
♯
n) ⊂ {f ≥ τn}, by continuity of f . Since X \ Ω♯ = {f ≤ tΩ}

and tΩ < τn, Theorem 4.1(b) gives (5.3). In particular, suppX(v
♯
n) ⊂ Ω♯ and,

as Ω♯ is open, so that ∂Ω♯ ∩X ⊂ X \ Ω♯, we have

dist(suppX(v
♯
n); ∂Ω

♯ ∩X) ≥ d♯n > 0.

Step 4: The symmetrized functions belong to W 1,p
µ,0(Ω

♯;X). Let χ be a smooth
cutoff function on the half-line [0,+∞), with 0 ≤ χ ≤ 1, χ(t) = 1 on [0, 1],
χ(t) = 0 for t ≥ 2, and |χ′(t)| ≤ 2, and let χR(x) = χ(∥x∥/R). The functions

unR = v♯nχR

are Lipschitz on X, as v♯n is Lipschitz and bounded, have bounded support as
χR has, and suppX(u

n
R) ⊂ suppX(v

♯
n). By Step 3, also owing to the fact that

µ({unR ̸= 0}) ≤ µ({v♯n ̸= 0}) = mn < +∞, unR ∈ Lip0(Ω
♯;X). Moreover,

|unR − v♯n| ≤ (1− χR)|v♯n|, |∇unR −∇v♯n| ≤ (1− χR)|∇v♯n|+
2

R
|v♯n|,

so that, by the Dominated Convergence Theorem, unR → v♯n in W 1,p
µ (Ω♯), as

R → +∞. Hence, v♯n ∈ W 1,p
µ,0(Ω

♯;X).

Step 5: Passing to the limit. By (3.7), applied to the nonnegative functions
|vn| and |v|, and since

∣∣|vn| − |v|
∣∣ ≤ |vn − v|, we have

∥v♯n − v♯∥p,µ,Ω♯ =
∥∥|vn|♯ − |v|♯

∥∥
p,µ,Ω♯ ≤

∥∥|vn| − |v|
∥∥
p,µ,Ω

≤ ∥vn − v∥p,µ,Ω → 0.

Moreover, the gradients ∇v♯n are uniformly bounded in Lp
µ(Ω

♯), as a conse-
quence of (5.2) together with the convergence of (vn)n in the norm (1.3). Hence,
(v♯n)n∈N is bounded in W 1,p

µ,0(Ω
♯;X).

Since W 1,p
µ,0(Ω

♯;X) is reflexive, by the Eberlein–Šmulian Theorem there exist
a subsequence (v♯nk

)k∈N and a limit function V ∈ W 1,p
µ,0(Ω

♯;X) (which is weakly
closed, being a closed subspace) such that

v♯nk
⇀ V weakly in Lp

µ(Ω
♯) and ∇v♯nk

⇀ ∇V weakly in Lp
µ(Ω

♯).

From the uniqueness of the limit, V = v♯, µ-almost everywhere; therefore,
v♯ ∈ W 1,p

µ,0(Ω
♯;X). Further, by the weak convergence of the gradients, by

inequality (5.2), and by the convergence of (vn)n∈N in W 1,p
µ (Ω), one has

∥∇v♯∥p,µ,Ω♯ ≤ lim inf
k→∞

∥∇v♯nk
∥p,µ,Ω♯ ≤ lim inf

k→∞
∥∇vnk

∥p,µ,Ω = ∥∇v∥p,µ,Ω. □

As usual, the Pólya–Szegő principle on Sobolev spaces implies the corre-
sponding Faber–Krahn and Saint-Venant inequalities.
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Corollary 5.2 (Faber–Krahn inequality). Let X be convex, assume (N1)–(N3)
and (T1)–(T4), let Ω ⊊ X be a nonempty open set with µ(Ω) < +∞, and let
p ∈ (1,+∞). Then,

λµ1,p(Ω
♯) ≤ λµ1,p(Ω).

Proof. Let u ∈ W 1,p
µ,0(Ω;X). By Theorem 5.1, the Talenti symmetrization u♯

belongs to W 1,p
µ,0(Ω

♯;X). Moreover, by (3.6) and (5.1), we have

λµ1,p(Ω
♯) ≤

∫
Ω♯

|∇u♯|p dµ∫
Ω♯

|u♯|p dµ
≤

∫
Ω

|∇u|p dµ∫
Ω

|u|p dµ
.

Taking now the infimum on the right-hand side among non identically zero
functions in W 1,p

µ,0(Ω;X), the claim follows. □

By Lemma 3.8, Ω♯ = {f > tΩ} depends on Ω only through µ(Ω), and
µ(Ω♯) = µ(Ω). Hence, Corollary 5.2 is precisely the Faber–Krahn inequal-
ity (1.5), with Ω∗ the superlevel set of f having measure µ(Ω); analogously,
Corollary 5.3 below is the Saint-Venant inequality (1.6).

Corollary 5.3 (Saint-Venant inequality). Let X be convex, assume (N1)–(N3)
and (T1)–(T4), let Ω ⊊ X be a nonempty open set with µ(Ω) < +∞, and let
p ∈ (1,+∞). Then,

T µ
p (Ω

♯) ≥ T µ
p (Ω).

Proof. Let u ∈ W 1,p
µ,0(Ω;X) with ∇u ̸= 0; since we are assuming µ(Ω) < +∞,

we have u ∈ L1
µ(Ω). By Theorem 5.1, u♯ ∈ W 1,p

µ,0(Ω
♯;X) and, by the proof of

Proposition 3.9, which holds verbatim for p = 1, ∥u♯∥1,µ,Ω♯ = ∥u∥1,µ,Ω > 0.
If ∇u♯ = 0, then T µ

p (Ω
♯) = +∞: indeed, picking any ψ ∈ Lip0(Ω

♯;X) with
∇ψ ̸= 0, the functions u♯+εψ are admissible and their ratios diverge as ε→ 0+.
Otherwise, by (5.1),

T µ
p (Ω

♯) ≥

(∫
Ω♯

|u♯| dµ
)p

∫
Ω♯

|∇u♯|p dµ
≥

(∫
Ω

|u| dµ
)p

∫
Ω

|∇u|p dµ
.

Taking the supremum over all such u, the claim follows. □

Remark 5.4. Corollaries 5.2 and 5.3 are particular cases of the more general
Faber–Krahn-type inequality that one can prove on the first Dirichlet (p, q)-
eigenvalue of the weighted p-Laplacian on Ω, λµ1,p,q(Ω). This is defined as

λµ1,p,q(Ω) = inf

{
∥∇u∥pp,µ,Ω
∥u∥pq,µ,Ω

: u ∈ W 1,p
µ,0(Ω;X), u ̸= 0

}
,
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where q is chosen so that the continuous embedding W 1,p
µ,0(Ω;X) ↪→ Lq

µ(Ω)

holds. These first (p, q)-eigenvalues are linked to the optimal Poincaré–Sobolev
constant in the above-mentioned embedding, refer to [6] in the Euclidean case.

The Talenti symmetrization keeps unchanged not only the Lp
µ-norm of u, but

rather all of its Lq
µ-norms, as can be seen by following exactly the same proof

as that of Proposition 3.9. Then, the Pólya–Szegő principle of Theorem 5.1
entails, as in the proof of Corollary 5.2, that

λµ1,p,q(Ω) ≥ λµ1,p,q(Ω
♯).

In particular, Corollary 5.2 corresponds to the case q = p, whereas Corol-
lary 5.3 corresponds to the case q = 1, since T µ

p (Ω) = 1/λµ1,p,1(Ω), provided
that nonzero constants do not belong to W 1,p

µ,0(Ω;X), so that the admissible
classes in the two definitions coincide.

Remark 5.5 (Isoperimetric sets known only for small volumes). In several sit-
uations, isoperimetric sets are known only for volumes below a certain thresh-
old. The previous results are robust with respect to this restriction. Pre-
cisely, let m ∈ (0, µ(X)), assume (N1)–(N3), (T1′)–(T3′), and (T4), and let
t̄ = Φ−1

f (m) ∈ (0, 1), so that, by Lemma 3.5, (T2′) and (T3′) concern the levels
t ∈ [t̄, 1) and t ∈ (t̄, 1), respectively. Then, (3.8) holds for every bounded
Lipschitz function u : X → R satisfying the request µ({u ̸= 0}) ≤ m. In-
deed, in the proof of [48], the isoperimetric inequality and its saturation only
enter through the comparison, for a.e. t > 0, between Perµ({|u| > t};X)

and Perµ({u♯ > t};X) = Perµ({f > Φ−1
f (Φu(t))};X). Since, by assumption,

Φu(t) ≤ µ({u ̸= 0}) ≤ m for all t > 0, only sets of measure at most m and
superlevel sets {f > τ} with τ ≥ t̄ are involved. Similarly, the connectedness
of the level sets of f is only needed for t ∈ (t̄, 1). Indeed, it only enters through
Theorem 4.1, whose proof works level by level: under (T3′), the proof of The-
orem 4.1(a) yields (4.4) on {f > t̄}, with g continuous on (t̄, 1), and the proof
of Theorem 4.1(b), with c0 ∈ (t̄, 1), only involves the values of g on (τ1, τ2), so
that (4.1) holds for t̄ < τ1 < τ2 < 1, whence dist({f ≤ t1}; {f ≥ t2}) > 0 for
t̄ ≤ t1 < t2 ≤ 1. This is all that is needed: in Talenti’s argument, |∇f | has
to be constant only on the level sets of f on which u♯ is not constant, and u♯

vanishes on {f ≤ Φ−1
f (µ({u ̸= 0}))} ⊃ {f ≤ t̄}, while, in Step 3 of the proof

of Theorem 5.1, Theorem 4.1(b) is applied with t̄ ≤ tΩ < τn, as µ(Ω) ≤ m.
Consequently, Lemma 3.11 holds for such functions u, and Theorem 5.1,

Corollaries 5.2 and 5.3, and Remark 5.4 hold, with the same proofs, for every
open set Ω as therein with µ(Ω) ≤ m, since the approximating functions vn in
the proof of Theorem 5.1 satisfy µ({vn ̸= 0}) < µ(Ω) ≤ m. In other words,
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one obtains Faber–Krahn and Saint-Venant inequalities among sets of small
measure:

λµ1,p(Ω
♯) ≤ λµ1,p(Ω) and T µ

p (Ω
♯) ≥ T µ

p (Ω),

for all open sets Ω ⊊ X with µ(Ω) ≤ m, where Ω♯ is the isoperimetric superlevel
set of f with µ(Ω♯) = µ(Ω).

6. Examples

In this section we collect several examples that fall within the general frame-
work presented, thus obtaining the corresponding Faber–Krahn and Saint-
Venant inequalities. Actually, in all of the following settings, the more general
inequality for the first (p, q)-eigenvalue of the weighted p-Laplacian mentioned
in Remark 5.4 holds. Whenever no reference is given for one of these inequal-
ities, it is, to the best of our knowledge, new.

In all the examples below the isoperimetric sets are: either balls, see Sec-
tion 6.1, possibly known only for small volumes as in Section 6.4; or half-spaces,
see Section 6.2; or complements of balls, see Section 6.3. As shown in the forth-
coming paper [1], this is essentially unavoidable.

6.1. Isoperimetric sets are concentric balls. Let X ⊂ RN with N ≥ 2

be an open convex cone centered in the origin and let µ be a locally finite
measure, that is, such that µ(Br(0) ∩ X) < +∞ for all r > 0. Assume that
the one-parameter family of concentric balls {Br(0) : r > 0 } is such that the
family

{Br(0) ∩X }r, (6.1)

is a complete family of isoperimetric sets, that is, for all m ∈ (0, µ(X)) there
exists r = r(m) > 0 such that µ(Br(0) ∩X) = m and

Perµ(Br(0) ∩X;X) ≤ Perµ(Ω;X), ∀Ω ⊂ X with µ(Ω) = m, (6.2)

that is, condition (T1) holds with

I(m) = Perµ(Br(m)(0) ∩X;X), m ∈ (0, µ(X)), I(0) = 0,

provided I is continuous on [0, µ(X)); its positivity on (0, µ(X)) is automatic,
as ∂Br(0) ∩X is a nonempty relatively open subset of the sphere ∂Br(0) and
eW > 0. In all the examples below, I is explicit and its continuity can be
checked directly.

We now let

f(x) =
1

1 + ∥x∥2
, ∀x ∈ X.
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Trivially (N1) holds: inf f = 0; sup f = 1; and LN
(
f−1(0)

)
= LN

(
f−1(1)

)
= 0.

Further, this function can be thought of as the composition f = h(g), where

h(t) =
1

1 + t
and g(x) = ∥x∥2.

Therefore, it is smooth and its gradient never vanishes since ∇f = h′(g)∇g,
with h′ < 0 on (0,+∞) and ∇g ̸= 0 outside the origin. Hence, (N2) is met.
Moreover, it is immediate that all superlevel sets of f are of the form in (6.1) so
that: condition (N3) holds, having asked µ(Br(0)∩X) < +∞; condition (T2)
holds, having assumed the one-parameter family {Br(0) ∩X }r to be isoperi-
metric; and condition (T3) holds, since the level sets {f = t} = ∂Br(0) ∩ X
are connected, as N ≥ 2 and X is convex. Additionally, condition (T4) is met,
since the lines of steepest ascent are rays pointing toward the origin and they
sweep the whole interval (0, 1), as f is radial and decreasing in ∥x∥.

6.1.1. Standard Lebesgue measure. The standard Lebesgue measure falls under
the above assumptions. It corresponds, up to a multiplicative prefactor, to the
choices

X = RN and W (x) ≡ c with c ∈ R.

The classic isoperimetric inequality has been the object of extensive studies in
the 20th century, eventually fully solved by De Giorgi, refer for instance to the
book [39] for a proof of (6.2) in this setting.

The corresponding Faber–Krahn inequality had been proved independently
by Faber [28] and Krahn [34], whereas the corresponding Saint-Venant in-
equality was proved by Pólya [42], both relying on the Schwarz symmetriza-
tion [30, 46]. Such a symmetrization is a special case of the one of Section 3.

6.1.2. Radial log-convex measures. A measure µ = eWLN is said to be log-
convex if the potential W is convex. A long-standing conjecture asserted that
if W , besides being convex, is smooth and radial, then balls centered at the
origin are isoperimetric sets, that is, (6.2) holds with X = RN . This has
been positively settled in [17]. Choosing then X = RN and W (x) satisfying
the above properties yields the corresponding Faber–Krahn and Saint-Venant
inequalities. The former has been recently proved in [18, Thm. 1.1] and [41,
Sect. 7.1].

6.1.3. Convex cones and homogeneous densities. Let X ⊂ RN be an open and
convex cone with vertex at the origin. If the potential W is constant, i.e., the
measure µ is the Lebesgue measure up to a prefactor, the relative isoperimetric
inequality (6.2) was first proved in [36]. Thus, the Faber–Krahn and Saint-
Venant inequalities follow in this case.
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Relative weighted isoperimetric inequalities in open and convex cones with
vertex at the origin have also been proved by Cabré, Ros-Oton, and Serra,
see [13] and [14, Thm. 1.3], under suitable assumptions on the density function
w = eW . Specifically, the density needs to be: continuous up to the boundary
of X; positively homogeneous of degree α ≥ 0; and such that w1/α is concave,
if α > 0. Hence, the Faber–Krahn and Saint-Venant inequalities follow when
the above assumptions are met.

In particular, we refer to [14, Sect. 2] for several choices of X and of w which
fall within these hypotheses. We here only recall the case [14, Sect. 2(iv)], i.e.,

W (x) = log

(
k∏

i=1

xαi
i

)
,

with αi > 0 and X = { x ∈ RN : xi > 0, ∀i = 1, . . . , k }, which leads to the
density

w = eW =
k∏

i=1

xαi
i .

When k = N , such a density is usually called a monomial weight.
For monomial weights in the orthant, the isoperimetric inequality (6.2) was

obtained simultaneously also by Brock, Chiacchio, and Mercaldo [10] (as the
case c = 0 of the weights of Section 6.1.4). The theorem of [13, 14] is substan-
tially more general for homogeneous weights in convex cones, but it does not
contain the full result of [10], which also covers the nonhomogeneous weights
which we discuss in Section 6.1.4. We also mention that a Faber–Krahn in-
equality was first proved in the case N = 2 and k = 1, for the standard
Laplacian (p = 2) in [38]. To the best of our knowledge, neither the Faber–
Krahn nor the Saint-Venant inequality is stated in [10, 13, 14, 12]. However,
combining their isoperimetric inequalities with [48] gives the Pólya–Szegő prin-
ciple for Lipschitz functions with compact support in X, which is stated in [12,
Prop. 4.2] for monomial weights, and is used in [14, Sect. 1] to obtain sharp
weighted Sobolev inequalities in convex cones. For k = 1, up to relabeling the
coordinates, the Pólya–Szegő principle for p = 2 among functions vanishing on
∂Ω ∩X is proved in [9, Thm. 4.1], and the Faber–Krahn inequality for p = 2

can be deduced from it.

6.1.4. Monomial and anti-Gaussian weights. Consider the open orthant X =

{ x ∈ RN : xi > 0, i = 1, . . . , N } and the weights

w(x) = eW (x) = ec∥x∥
2

N∏
i=1

xkii , c ≥ 0, k1, . . . , kN ≥ 0, (6.3)
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so that

W (x) = c∥x∥2 +
N∑
i=1

ki log xi

is continuous on X. For c = 0, these are the monomial weights of Section 6.1.3;
for c > 0, the factor ec∥x∥2 is anti-Gaussian, homogeneity and scaling are lost,
and µ(X) = +∞, while µ(Br(0) ∩X) < +∞ for all r > 0.

The sharp isoperimetric inequality (6.2) in this setting has been proved
in [10]. We also refer to [9] for the case

w(x) = xkNe
c∥x∥2 ,

with c, k ≥ 0, with X the half-space {xN > 0}.
In all these cases, X is an open convex cone with vertex at the origin, µ is

finite on bounded sets, and the intersections of X with the balls centered at the
origin are isoperimetric. Hence, the framework of this section applies, and, for
every p ∈ (1,+∞), Theorem 5.1, Corollaries 5.2 and 5.3, and Remark 5.4 hold,
among open sets Ω ⊂ X with µ(Ω) < +∞, the optimal sets being Br(0) ∩X.
As for the spectral consequences, the Faber–Krahn inequality for p = 2 in the
half-plane with c = 0 was proved in [38], see Section 6.1.3. In the half-space
case, the Pólya–Szegő principle for p = 2 is proved in [9, Thm. 4.1], from which
the Faber–Krahn inequality for p = 2 can be deduced, and the Saint-Venant
inequality for p = 2 can be deduced from the comparison result [9, Thm. 1.2],
choosing a constant datum. To the best of our knowledge, the other cases of
the Faber–Krahn and Saint-Venant inequalities, of the Pólya–Szegő principle
in W 1,p

µ,0(Ω;X), and the inequalities for the (p, q)-eigenvalues have not been
stated before.

6.2. Isoperimetric sets are half-spaces. Suppose the ambient space X is
a product of nonempty open intervals (ai, bi) with ai, bi ∈ [−∞,+∞]. This
covers, for instance, open slabs, open half-spaces, or all of RN . Let µ be
a finite measure on X so that (N3) is satisfied, independently of f . Given
a direction ν ∈ SN−1 we consider the one-parameter family of half-spaces
{Hr(ν) : r ∈ R }, where

Hr(ν) = {x ∈ RN : ⟨x, ν⟩ > r }.

Assume there exists a direction θ such that the family {Hr(θ) ∩ X}r is such
that for all m ∈ (0, µ(X)), there exists r = r(m) with µ(Hr(θ)∩X) = m such
that

Perµ(Hr(θ) ∩X;X) ≤ Perµ(Ω;X), ∀Ω ⊂ X with µ(Ω) = m, (6.4)
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that is, condition (T1) holds with

I(m) = Perµ(Hr(m)(θ) ∩X;X), m ∈ (0, µ(X)), I(0) = 0,

provided I is continuous on [0, µ(X)) and positive on (0, µ(X)), which, again,
can be checked directly in all the examples below, where I is explicit or the
measure has a product structure. We further require that ⟨x, θ⟩ takes all real
values as x ranges inX; this is automatic ifX = RN , while, ifX = RN−1×(a, b)

is a slab or a half-space, it holds if and only if θ ̸= ±eN , and in particular if
⟨θ, eN⟩ = 0.

Given h : R → (0, 1) any smooth map with h′ > 0 on R, inf h = 0, and
suph = 1, we let

fθ(x) = h(⟨x, θ⟩), ∀x ∈ X. (6.5)

Trivially: fθ is smooth; inf fθ = 0; sup fθ = 1 (owing to the assumption on θ);
and ∇fθ ̸= 0, since we have ∇fθ = h′(⟨x, θ⟩)θ with h′ > 0 in R. Therefore,
assumptions (N1) and (N2) are met.

By construction, the superlevel sets of fθ are precisely half-spaces orthogonal
to θ, intersected with X:

{ x ∈ X : fθ(x) > t } = {x ∈ X : ⟨x, θ⟩ > h−1(t) } = Hh−1(t)(θ) ∩X.

This, combined with our hypothesis on {Hr(θ) ∩X}r, guarantees that condi-
tion (T2) is satisfied. The lines of steepest ascent are straight lines parallel
to θ, oriented as θ, hence also condition (T4) holds. In each of the examples
below, we specify the direction θ, which is the inner unit normal of the bound-
ary hyperplane {⟨x, θ⟩ = r} of the minimizing half-spaces Hr(θ). Finally, X
is convex, and the level sets of fθ, being intersections of X with hyperplanes,
are connected, so that (T3) holds.

6.2.1. Standard Gaussian measure. The Gaussian setting is the first instance
that comes to mind where half-spaces are the isoperimetric sets. It corresponds,
up to a multiplicative prefactor, to the choices

X = RN and W (x) = −∥x∥2

2
, (6.6)

that is, the Euclidean space weighted by e−∥x∥2/2.
The celebrated Gaussian isoperimetric inequality, independently proved by

Borell [5] and Sudakov–Cirel’son [47], guarantees the validity of (6.4) for any
choice of θ.

The associated Faber–Krahn inequality has been proved in [27, Thm. 4.7],
and extended in [4] to a broader class of elliptic operators associated with
the Gaussian measure, whereas the Saint-Venant inequality is proved in [37,
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Prop. 5.6] for p = 2 (for general p it is mentioned in [19, Thm. 2.3]). Their
proofs rely on the Ehrhard symmetrization [26]. In our framework, Ehrhard’s
construction is exactly equivalent to the (µ, fθ)-Talenti symmetrization on
X = RN , provided fθ is defined according to (6.5) for an arbitrary unit direc-
tion θ. For completeness, we mention that in [21, Cor. 1.5] (for p = 2) and [22,
Cor. 1.4] (for general p), a Faber–Krahn inequality under a mean width con-
straint (rather than a measure constraint) has been proved in the Gaussian
setting: balls centered at the origin are optimal. While seemingly surprising,
note that the mean width is measure-independent (and that half-spaces have
infinite mean width!).

6.2.2. Gauss-like product measures. Gauss-like product measures are pertur-
bations of the Gaussian measure on product domains, which have been studied
in [11]. The ambient space is

X = S ′ × R, S ′ = (a1, b1)× · · · × (aN−1, bN−1), −∞ ≤ ai < bi ≤ +∞,

and the measure is of type (1.1) with potential

W (x) = −∥x∥2

2
−

N−1∑
i=1

Bi(xi),

where each Bi ∈ C2(ai, bi) is convex, so that µ is finite. Clearly, if S ′ = RN−1

and Bi ≡ 0 for all i, we recover the standard Gaussian measure.
In [11, Cor. 4.1], it is proved that the coordinate half-spaces

Hr(eN) ∩X = S ′ × (r,+∞), r ∈ R,

are the unique isoperimetric sets of their measure, that is, (6.4) holds with
θ = eN , the direction carrying the Gaussian factor. Actually, this is proved for
a more general class of finite measures with continuous, positive, and factorized
densities, see [11, Thm. 1.1], to which the following discussion applies verbatim.
In [11, Sect. 2], necessary conditions, of stationarity and stability type, on a
density for the coordinate half-spaces to be isoperimetric are also given.

Up to a rigid motion and a dilation, which rescale measures, perimeters, and
Dirichlet energies by constant factors, this class contains two further families
of measures, for which the isoperimetric property of half-spaces has also been
proved directly.

Anisotropic Gaussian measures. Let X = RN and W (x) = −⟨Ax, x⟩/2,
where A is a symmetric and positive-definite matrix, with eigenvalues ordered
as α1 ≥ · · · ≥ αN > 0. By [50, Thm. 1.1], (6.4) holds for every unit vector θ
in the eigenspace of αN , that is, the boundary hyperplanes of the minimizing
half-spaces are orthogonal to a direction of largest variance of µ. This also
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follows from [11]: in an orthonormal basis of eigenvectors of A whose last
element is θ, the dilation x 7→ √

αN x turns W into

W = −∥x∥2

2
−
∑
i<N

(
αi

αN

− 1

)
x2i
2
.

Log-concave one-dimensional perturbations of the Gaussian measure. Let
X = RN , or X = RN−1 × (a, b), and W (x) = φ(xN) − c∥x∥2, where c > 0

and φ is concave. By [45, Thm. 5.10], if X = RN and φ is smooth, the
isoperimetric sets are the vertical half-spaces Hr(θ), with ⟨θ, eN⟩ = 0, if φ is
not affine, and all the half-spaces if φ is affine, in which case µ is, up to a
multiplicative constant, a translated Gaussian measure. Vertical half-spaces
are still isoperimetric if φ is not smooth [45, Thm. 5.13], and, in slabs and
half-spaces X = RN−1 × (a, b), they are precisely the isoperimetric sets [45,
Thm. 5.12]. If φ ∈ C2, the isoperimetric property of vertical half-spaces also
follows from [11]: choosing coordinates in which the vertical direction is the
first one and θ is the last one, the dilation x 7→

√
2c x turns W into

W = −∥x∥2

2
−B1(x1), where B1(t) = −φ

(
t√
2c

)
,

which is convex. For X = RN−1 × (0,+∞) and φ(t) = k log t, with k ≥ 0, a
Pólya–Szegő principle has been proved in [8, Thm. 3.1].

In all these cases, the (µ, fθ)-Talenti symmetrization, with fθ as in (6.5) and
θ as above, yields the Faber–Krahn and Saint-Venant inequalities, the optimal
sets being the half-spaces Hr(θ) ∩ X. For p = 2, a weighted Pólya–Szegő
principle for the Dirichlet integral, which relies on Talenti’s result [48], and
comparison results for linear degenerate elliptic equations have been derived
in [11, Sect. 5]. Hence, for p = 2 and for the measures of [11], including
anisotropic Gaussian measures and log-concave perturbations with φ ∈ C2,
the Faber–Krahn inequality and the inequalities for the (2, q)-eigenvalues follow
from [11], and so does the Saint-Venant inequality, choosing a constant datum
in the comparison results. To the best of our knowledge, the remaining cases,
in particular p ̸= 2, have not been stated before.

6.3. Isoperimetric sets are complements of concentric balls. Let X ⊂
R2 be an open convex sector with vertex at the origin and opening angle
θ0 ∈ (0, π], so that 0 ∈ ∂X, and, for k > 0, let

W (x) = −(2 + k) log ∥x∥, that is, eW (x) = ∥x∥−2−k, x ∈ X.

The potential W is smooth in X, as required, while the density blows up at
the vertex, which lies on ∂X. Integrating in polar coordinates, for all r > 0,
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we have

µ(X \Br(0)) =
θ0
k
r−k, Perµ(X \Br(0);X) = θ0 r

−k−1, (6.7)

whereas µ(Br(0) ∩X) = +∞. In particular, µ(X) = +∞, and µ is not finite
on bounded subsets of X.

By [24, Remark after Thm. 4.17], which extends [16, Prop. 4.3] from the
plane to sectors of any angle, the sets X \Br(0), r > 0, are isoperimetric in X,
the perimeter not counting ∂X, as in (2.1). Hence, by (6.7), condition (T1)
holds with

I(m) = k
k+1
k θ

− 1
k

0 m
k+1
k , m ≥ 0,

which is continuous on [0,+∞) = [0, µ(X)) and positive on (0,+∞).
We now let

f(x) =
∥x∥2

1 + ∥x∥2
, ∀ x ∈ X,

that is, 1− f is the function of Section 6.1. As in Section 6.1, (N1) and (N2)
hold, as 0 /∈ X, the level sets {f = t} = ∂Br(0) ∩ X, with r =

√
t/(1− t),

are connected, so that (T3) holds, and the lines of steepest ascent are rays
emanating from the vertex, so that (T4) holds. Moreover, the superlevel sets
{f > t} = X \Br(0) have finite measure by (6.7), so that (N3) holds, and they
saturate the isoperimetric inequality, so that (T2) holds as well. Therefore,
Theorem 5.1, Corollaries 5.2 and 5.3, and Remark 5.4 hold, among open sets
Ω ⊂ X with µ(Ω) < +∞, the optimal sets being X \BR(0).

We point out that λµ1,p(X \ BR(0)) = 0 for all R > 0, so that the Faber–
Krahn inequality is trivial in this setting, whereas T µ

p (X \BR(0)) is finite, and
the Saint-Venant inequality is meaningful, if and only if k > p/(p− 1).

In the forthcoming paper [1, Sect. 5], we extend the isoperimetric inequality
above from planar sectors to the products X × (0, 1)ℓ, ℓ ≥ 1, endowed with
the same density ∥y∥−2−k, which only depends on the variable y ∈ X, and
we show that the complements of the cylinders Br(0) × (0, 1)ℓ, namely the
sets (X \ Br(0)) × (0, 1)ℓ, r > 0, are isoperimetric. Hence, Theorem 5.1,
Corollaries 5.2 and 5.3, and Remark 5.4 also hold in this setting, the optimal
sets being complements of cylinders.

6.4. Isoperimetric sets known only for small volumes. Let X ⊂ RN ,
with N ≥ 2, be a bounded open convex set, let µ be such that µ(X) < +∞,
and let v ∈ ∂X. Assume that there exists m ∈ (0, µ(X)) such that, for all
m ∈ (0,m], there exists r = r(m) > 0 with µ(Br(v) ∩X) = m and

Perµ(Br(v) ∩X;X) ≤ Perµ(Ω;X), ∀Ω ⊂ X with µ(Ω) = m, (6.8)
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that is, (T1′) holds with

I(m) = Perµ(Br(m)(v) ∩X;X), m ∈ (0,m], I(0) = 0,

provided I is continuous. Since X is bounded, the function of Section 6.1 has
positive infimum on X, and we replace it by another decreasing function of
∥x− v∥, namely

f(x) = 1− ∥x− v∥2

D2
, ∀x ∈ X, where D = sup

x∈X
∥x− v∥.

This does not affect the symmetrization, which only depends on the family of
superlevel sets of f . Conditions (N1)–(N3) hold, since inf f = 0 and sup f =

1 are not attained in X, ∇f ̸= 0 in X, and µ(X) < +∞. The lines of
steepest ascent are segments pointing toward the center v, and the superlevel
sets {f > t} = Br(v)∩X, with r = D

√
1− t, are isoperimetric for t close to 1.

Hence, (T2′) and (T4) hold, and, provided (T3′) holds, that is, the level sets
{f = t} = ∂Br(v) ∩X are connected for all r ∈ (0, r(m)), all the assumptions
of Remark 5.5 are met, and the Faber–Krahn and Saint-Venant inequalities
hold among open sets Ω ⊂ X with µ(Ω) ≤ m, the optimal sets being Br(v)∩X.

6.4.1. Convex polytopes. Let X be the interior of a convex polytope, endowed
with the Lebesgue measure, and let v be a vertex of X whose tangent cone
has the smallest solid angle. By [44, Thm. 6.8], (6.8) holds for some m > 0.
We claim that, up to reducing m, all the assumptions of Remark 5.5 are met.
Write X =

⋂k
i=1Hi, where Hi are open half-spaces, with v ∈ ∂Hi for i ≤ j

and v ∈ Hi for i > j, and let

δ = min
i>j

dist(v; ∂Hi) > 0, C =
⋂
i≤j

Hi − v, Σ = C ∩ ∂B1(0),

so that C is an open convex cone with vertex at the origin, and Σ is connected,
being the image of the convex set C under the continuous map y 7→ y/∥y∥. For
r ∈ (0, δ), we have Br(v) ⊂ Hi for all i > j, whence Br(v)∩X = Br(v)∩(v+C),
so that

∂Br(v) ∩X = v + rΣ

is connected, and

LN(Br(v) ∩X) =
|Σ|
N

rN , Per(Br(v) ∩X;X) = |Σ| rN−1,

where |Σ| is the HN−1-measure of Σ. Therefore, choosing m sufficiently small
so that r(m) < δ, (T3′) holds, and I(m) = N

N−1
N |Σ| 1

Nm
N−1
N is continuous on

[0,m].
Hence, in every convex polytope, the first eigenvalue of the p-Laplacian on

an open set Ω ⊂ X with LN(Ω) ≤ m, with Dirichlet conditions on ∂Ω∩X and
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Neumann conditions on ∂Ω∩∂X, is not smaller than that of the corner region
Br(v) ∩X of the same measure, and analogously for the p-torsional rigidity.

7. Further developments

We conclude by describing two further consequences of the framework of
this paper, which will appear in forthcoming works.

7.1. Kohler-Jobin inequality. In the Euclidean setting of Section 6.1.1,
Pólya conjectured that the ball minimizes the first eigenvalue of the Dirichlet
p-Laplacian among sets of given p-torsional rigidity, that is,

λ1,p(B) ≤ λ1,p(Ω), ∀Ω ⊂ RN with Tp(Ω) = Tp(B). (7.1)

This inequality is named after Kohler-Jobin, who first proved it for p = 2 in [32,
33], whereas for general p it was proved much later in [6]. It can be thought of
as a strengthening of the Faber–Krahn inequality, as the measure constraint
is weaker than the torsional one. Indeed, due to the rescaling properties of
the first Dirichlet p-eigenvalue and of the p-torsional rigidity, one can relax the
constraint in (7.1) to Tp(Ω) ≤ Tp(B). Then, the Faber–Krahn inequality easily
follows from the Saint-Venant and Kohler-Jobin inequalities.

The proofs of (7.1) given in [6, 32, 33] exploit a sophisticated rearrange-
ment, called Dirichlet transplantation, which ports to the anisotropic setting [6,
Sect. 6]. The only other setting where the weighted analog of (7.1) has been
proved is the standard Gaussian one of Section 6.2.1. This has been recently
settled in [31] for p = 2, among convex sets, by adapting the rearrangement of
Kohler-Jobin to the Gauss space with the help of some special functions. The
inequality has then been extended to general p in [19], with a more general
method—still tailored to the Gaussian space though—which lacks the ability
to completely characterize cases of the equality.

In the forthcoming note [2], we show that the rearrangement of Kohler-Jobin
can be carried out in the abstract framework of this paper.

7.2. Quantitative inequalities. The abstract framework presented here nat-
urally lends itself to stability questions. Suppose that, in place of the classical
(relative) isoperimetric inequality required in (T1), one has a quantitative ver-
sion, i.e.,

I(µ(Ω))
(
1 + c(µ(Ω))αβ

µ(Ω)
)
≤ Perµ(Ω;X),

for all Borel subsets Ω ⊂ X with µ(Ω) < µ(X), where αµ( · ) is the µ-Fraenkel
asymmetry index (with respect to the measure µ and the corresponding isoperi-
metric sets), β a positive constant, and c a positive function, depending on,
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at most, µ(Ω). A natural question is whether one can prove a boosted Pólya–
Szegő principle as in [7, Lem. 7.10], which deals with the Euclidean case, and
then, following ideas from Hansen–Nadirashvili [29], a (non-sharp) quantitative
Faber–Krahn inequality as in [7, Thm. 7.11]. Apart from the Euclidean case,
this route has been successfully followed in the standard Gaussian case [15].

In the forthcoming paper [3], we positively answer this question, for every p ∈
(1,+∞), showing that the above quantitative isoperimetric inequality yields
a boosted Pólya–Szegő principle and, in turn, quantitative Saint-Venant and
Faber–Krahn inequalities with exponent β+1, up to a nondegeneracy condition
on I. These results apply, in particular, to the convex cones with homogeneous
weights of Section 6.1.3, by the quantitative isoperimetric inequality of [20].
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