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THE VARIATIONAL FORMULATION OF THE FOLLOW-THE-LEADER
MODEL

MAICOL CAPONI, MARCO DI FRANCESCO, AND EMANUELA RADICI

ABSTRACT. We provide a variational formulation of a finite-dimensional Follow-the-Leader system
through a minimizing-movement scheme based on a discrete transport distance with nonlinear
mobility. Despite the degeneracy of the kinetic action at maximal density, we prove finiteness of
the distance, C' regularity of geodesics, and suitable Euler-Lagrange relations. For a decreasing
external potential, we show that the JKO scheme yields an approximate implicit Euler discretization
of the Follow-the-Leader dynamics. Consequently, as 7 — 07, the piecewise affine interpolations
converge, up to a subsequence, to a C'* solution of the continuous Follow-the-Leader system. This
complements the many-particle convergence theory for the discrete nonlinear-mobility transport
distance by establishing the continuous-time limit at fixed number of particles.

1. INTRODUCTION

Systems of Follow-the-Leader (FTL) type are among the classic microscopic descriptions of
one-dimensional traffic flow. In their original form, the dynamics of each vehicle is determined by
the state of the vehicle immediately ahead. In formulas, having denoted with zo(t),...,zn(t) the
(time-dependent) positions of N + 1 vehicles, and assuming z;(¢) < x;41(t) for all i € {0,..., N — 1},
a prototype FTL system reads

(1) _9<N(xi+l(t)_$i(t))> c{0,..  N-1},
in(t) = 0(0). (1.1)

The map 6 computes the speed of vehicles and is a function of a quantity with physical dimension
of a one-dimensional density. Here, # is assumed to be decreasing, and the law for the right-most
vehicle x prescribes the maximal speed (as there is no vehicle ahead of xy). Nonlinear FTL
systems have been studied since the early developments of mathematical traffic theory; see, for
instance, [18].

The typical macroscopic counterpart of a FTL system is the classical Lighthill-Whitham—Richards
(LWR) model

Otp + Oy (pe(p)) =0, (1.2)
which describes the evolution of the vehicle density p through a scalar conservation law [23, 28]. The
connection between (1.1) and (1.2) has been extensively investigated. In particular, first-order FTL
systems such as (1.1) can be interpreted as discrete Lagrangian approximations of nonlinear scalar
conservation laws of the form (1.2), and rigorous many-particle limits were established in [12, 9]; see
also [20, 19] for an interpretation of the FTL dynamics as a numerical approximation of the LWR
model via classical monotone finite-difference schemes away from vacuum, and recent [8] for the
case in presence of vacuum. In these results, the main task is to solve the Cauchy problem for (1.2)
using a many-particle approximation (N — +o00) via a discrete density defined from (1.1). Said
approach has been extended to similar models in [10, 11, 13, 3, 27, 25, 5].
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A different perspective on a certain class of evolution equations is provided by the variational
theory of gradient flows. The seminal minimizing-movement construction of Jordan, Kinderlehrer
and Otto [21] showed that the linear Fokker—Planck equation can be recovered as the continuous-
time limit of an implicit variational scheme based on the quadratic Wasserstein distance, see
also [26]. This viewpoint has subsequently developed into a general metric theory of gradient flows
in spaces of probability measures; we refer to [2] and the references therein. In the classical geodesic
interpretation of the Wasserstein distance in [4], the transport cost corresponds to a linear mobility.
More precisely, computing the 2-Wasserstein distance between two probability densities p; and pg
consists in connecting them via a geodesic solving a linear continuity equation

Op + div(pv) =0, 0<t<l, (1.3)

and by minimizing, with respect to v, the kinetic action

1
/0 /]Rd plv|? dz dt. (1.4)

In (1.3) and in (1.4), the “mobility” is the p-depending function m(p) = p. Framing (1.2) in
this context requires m(p) = pf(p), that is, m is nonlinear and, as it turns out (most of the
times) in traffic flow theory, degenerate at some positive density, the most typical example being
m(p) = p(R— p) with R being some “maximal” density at which motion is inhibited. To incorporate
nonlinear or degenerate mobilities, several generalized dynamical transport distances have been
introduced, notably in [15, 24]. These distances, denoted by d,,, are computed by minimizing the

action )
/ / m(p)|v|? dz dt
0 Jrd

with a general mobility function p — m(p), to replace the standard kinetic action (1.4) used in [4],
and by solving the nonlinear continuity equation

Op + div(m(p)v) = 0, 0<t<l1,
instead of (1.3). Consequently, a whole class of nonlinear PDEs featuring the formal structure

Op + div <m(p)V(;1;> =0,

with F' a suitable functional and 6 F/dp being a formal functional derivative in the spirit of [26], has
the potential of being interpreted as a gradient flow of F' with respect to the “mobility-dependent”
distance defined in [15]. However, such a task is made complicated by the fact that the target
equation has the structure of a nonlinear conservation law, and it therefore needs a concept of
entropy solution in Kruzkov’s sense, see [22], in order to obtain uniqueness. Detecting a time-discrete
counterpart of Kruzkov’s entropy condition at the level of the JKO scheme is currently under study.

The relation between scalar conservation laws, FTL systems and gradient-flow structures has
already been observed from a discrete particle viewpoint. In [7], scalar conservation laws are
discussed from the perspective of gradient flows and the FTL system is interpreted as a gradient
flow on a non-flat metric at the discrete level. Related deterministic particle schemes have also
been used to construct solutions of transport and aggregation—diffusion equations with nonlinear
mobility; see, for example, [17, 6]. These works highlight that the geometry perceived by a particle
is naturally modified by the local discrete density and suggest that nonlinear-mobility transport
metrics are well suited to the Lagrangian description of such systems.

A systematic discrete optimal-transport formulation was introduced more recently by Di Marino,
Portinale and Radici in [14]. There, generalized Wasserstein distances with nonlinear mobility on
the real line are discretized by suitable finite-dimensional distances on cones of ordered particles.
The discrete metrics are proved to converge, as the number of particles N tends to infinity, to
the corresponding continuum transport distance. Moreover, for every fixed time step 7 > 0, the
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associated discrete minimizing-movement schemes converge to the continuum JKO scheme. Thus, [14]
rigorously develops the spatial, or many-particle, side of the relation between nonlinear-mobility
optimal transport and deterministic particle approximations.

The aim of this paper is to investigate the complementary time-continuous side of this picture. We
keep the number of particles fixed and ask whether the finite-dimensional JKO scheme generated by
the discrete transport distance defined in [14] converges, as 7 — 07, to the corresponding Follow-the-
Leader dynamics. In other words, instead of starting from the FTL ordinary differential equations
and using them to approximate a continuum equation, we start from the discrete variational
geometry and recover the FTL system itself as a minimizing movement. This provides a rigorous
finite-dimensional variational formulation of the dynamics and complements the limit N — 400
studied in [14].

More precisely, for a fixed integer N > 1 and a maximal density R > 0, we work with N + 1
particles on the closed cone

1
IC_{x_(mo,...,wN)GRNH::L‘Hl—xiZNRforalliE{O,...,N—l}}.

The discrete densities are given by the N + 1 maps R;: K — [0, R] defined by

1
Riz)= ————  ie{0,....,N—1},
l( ) N($i+1 _ sz) { }
Ry (z) =0.
Note that ;11 —x; = ﬁ is equivalent to the “congested” density R;(z) = R. In the linear mobility
case, given = = (xq,...,xn) and y = (yo, ..., yn) in K, minimizing the discrete action
1N
= > &l (1.5)
N+1:=

with respect to all vectors & = (£, ...,&En) € RVYT! such that
& (t) = &, 0<t<l1

easily provides Euclidean distance between x and y, which is somehow the discrete counterpart of
the 2-Wasserstein distance between the two empirical measures of z and y respectively. We now
sketch the same procedure in the nonlinear mobility framework. We consider a velocity function
6 € C'([0, R]) satisfying

0'(p) <0 forall p€|0,R], O(p) >0 forall p€0,R), 6(R) = 0. (1.6)
The discrete action (1.5) is replaced by

Loss L g
N +1 % 0(Ri(x)) ™"

and we still impose the set of ODEs 4;(t) = &;(t). Hence, the weight 1/0(R;) encodes a dependence
on the spatial configuration x(¢) in the metric structure. Such a metric structure is, in this case,
“one-sided”, because the velocity &; is only tempered by the proximity of the right-neighbor x;4; to
x;. When a pair of particles x; and x;+1 approaches the minimal admissible distance 1/(NR), the
velocity map 6 degenerates and, consequently, the weight 1/60(R;(x)) blows up. This degeneracy/blow
up of the action near the boundary of the convex cone K is precisely what encodes congestion, but
it also creates the main analytical difficulty: the associated variational distance dy, whose precise
expression is given in (2.4), is defined on a closed cone with a singular kinetic cost, and standard
smooth finite-dimensional Riemannian arguments cannot be applied directly.

Our first task is therefore to understand the geometry generated by this action. Although the
discrete distance was introduced in [14] as an extended pseudodistance, we show that it is finite
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between every pair of configurations in X, and hence it defines a genuine distance on the whole
closed cone. We then study constant-speed geodesics. By combining localized first variations on
the non-congested sets with one-dimensional BV arguments at the interfaces with the congested
region, we derive Euler—Lagrange relations for suitable normalized velocities and prove that every
minimizing geodesic is actually of class C'. The analysis also yields a sign-monotonicity principle
for these normalized velocities, which is crucial in the minimizing-movement argument.

We fix a potential V € C(R) satisfying

V'(z) <0 forall x € R, (1.7)
and assume that there exist constants C, D > 0 and s € (0,2) such that
V(z) > —Clz|° = D forall z € R. (1.8)

For a given starting point « € K and a time step 7 > 0, we consider the discrete JKO problem

1
7 € argmin {dg(w, y)+ VN(@/)} :
ye]C 27_

with
Vnly N+1ZV i)

A key result of our analysis is that the minimizing geodesic associated with one JKO step immediately
leaves the congested boundary: even if the initial configuration belongs to 9K, for every positive
geodesic time the discrete densities R; are strictly smaller than R. This interior property allows us
to use the full Euler-Lagrange system and to identify the terminal optimality condition

0(Ra(ur))

The monotonicity assumption V' < 0 then implies positivity of the normalized velocities and
provides the estimates needed to iterate the construction.
We can now state our main result. Fix an initial configuration z° € K. For every 7 > 0, set

22 := 20 and choose recursively

ari(l) = —TV/(’LLT’Z'(l)), Qri =

1
' € argmin {dg(xin17y) + VN(y)} for all m > 1. (1.9)
yeK 2T

Define the piecewise affine interpolation z: [0, +0c0) — K by

=Xt —mr) (™t — g Txm
()= 3 e )

T 1[m7,(m+1) )(t) for all t € [0, +00). (1.10)

m=0

Theorem 1.1. Let N > 1 be an integer and let R > 0. Assume that 6 € C1([0, R]) satisfies (1.6)
and that V € CY(R) satisfies (1.7)~(1.8). Let 2° € K and let z, be the affine interpolations defined
by (1.9)—(1.10). Then, there exists a function x € C1([0,+00); K) such that, for all T > 0,

Ty — X strongly in C°([0,T];K) as T — 0T,
Ty — & weakly* in L=°((0,T); RV 1Y) as 7 — 0F.
Moreover, x satisfies the Follow-the-Leader system

{xz(t) —0(R;(z(t)))V'(xi(t)) forte[0,400) and i€ {0,...,N},
(

0 (1.11)

xT
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The proof does not rely only on an abstract minimizing-movement theorem. Instead, the regularity
and Fuler—Lagrange equations of the discrete geodesics allow us to show that every JKO step
satisfies the implicit Euler discretization of the FTL system up to a defect of order O(7). Uniform
estimates on finite time intervals then yield compactness, and every vanishing sequence of time
steps admits a subsequence whose piecewise affine interpolations converge to a C'* solution of (1.11).
Since such a solution is unique (see Lemma 4.4), the whole family converges as 7 — 0%. In the
particular case V(z) = —z, this reduces exactly to the standard FTL (1.1) with the leading particle
moving at the free velocity 6(0).

The result therefore completes, at fixed IV, the time-continuous part of the discrete variational
picture initiated in [14]: the latter establishes convergence of the discrete transport geometry and
of the JKO steps in the many-particle limit N — +oo for fixed 7, whereas here we keep IV fixed
and let 7 — 07, recovering the microscopic FTL dynamics. This identifies the FTL system as
the continuous-time minimizing movement associated with a discrete nonlinear-mobility transport
geometry and clarifies the variational mechanism underlying the particle model.

discrete JKO (N, 7 fixed) N JKO scheme (7 fixed)
+oo
. 1 1
2" € argmin {2d3(3:”, y) + VN(y)} [14] p"t € argmin {d%n(p", p) + V(p)}
yeK T p 2T
7\,01 | this paper under investigation i N\OT
FTL system 1 N /oo ( LWR-type conservation law
i = —0(R;(2)) V' (1) J [12, 9, 13] L A — 0 (pO(p) V'(2)) =0

The paper is organized as follows. In Section 2 we introduce the discrete variational distance dy
and study the regularity and the Euler-Lagrange equations of its geodesics. In Section 3 we analyze
a single minimizing-movement step, prove the strict interior property, and derive the terminal
optimality conditions. Finally, in Section 4 we iterate the JKO scheme, establish uniform estimates
and an approximate implicit Euler relation, and prove Theorem 1.1 by passing to the continuous-time
limit.

2. FRAMEWORK AND PRELIMINARY RESULTS

2.1. A discrete variational distance. We begin by recalling the framework for the discrete
variational distance introduced in [14, Section 2.2]. Let N € N and R > 0 be fixed. We define the
closed cone I C RNT! of admissible particle configurations as

1
K= {x:(xo,...,x]v)ERNJFI:@H—JU,-2NRforalliG{O,...,N—l}}.

Here N + 1 is the number of particles, while R represents the maximum discrete density. From now
on, we omit the explicit dependence on N and R from the notation, as both parameters remain
fixed throughout the paper.
For all i € {0,..., N} we define the discrete densities R;: K — [0, R] as
Ri(a:):—m forall z € L and i € {0,...,N — 1},
Ry(z) =0 for all z € K.
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For future reference, we note that a direct computation yields

OiR;(z) = NRy(x)? forallz € L and i € {0,...,N — 1},
dit1Ri(z) = —NR;(z)? for all z € K and i € {0,...,N — 1}.
In particular, the following uniform bounds follow
|0iR; (z)| < NR? forall z € K and i € {0,...,N — 1},
|0i41R;i(z)| < NR? for all 2 € K and i € {0,...,N — 1}.
We fix a velocity function 0 € C1([0, R]) satisfying
0'(p) <0 forall p €0, R], O(p) >0 forall pe0,R), 6(R) = 0. (2.1)

These assumptions on @ are satisfied throughout the paper. Note that 6 attains its maximum at
p =0, that is,
101l o< ((0,r)) = 6(0).
Therefore, the convention Ry (z) = 0 reflects the Follow-the-Leader dynamics: the velocity of the
leading particle is unaffected by the particles behind it.
We then define the function ¢g: [0, R] x R — [0, +0o0] for all (p,7) € [0, R] x R as
i
—— if p <R,
bo(p.f) = 0(p)
0\ 1) =00 if p= R and j =0,

400 otherwise,

and the discrete action functional ®g: I x RN — [0, +00] as

N
By, €) = N1+1 S Go(Ri(x).€) for all (,€) € K x RNFL, (2.2)
1=0

By construction, the function ®: K x RN+t — [0, +00] is lower semicontinuous, convex in the
second variable, and satisfies

€7 N+1
> . .
Dy(z, &) > N+ 1)6(0) for all (z,§) e L xR (2.3)
Finally, we define the discrete variational distance dg: K? — [0, +00] for all z,y € K as
L 2
dg(z,y) = inf {/ g(v(t),v(t))dt : v e WH((0,1);K), v(0) = z, v(1) = y} ) (2.4)
0
From (2.3) we obtain the lower bound
2
25 [z =yl . .
do(z,y)° > N £1)00) for all x,y € K (2.5)

dp is introduced in [14] as a pseudo-distance that may attain the value +o00. The following lemma
shows that dyp(z,y) < +oo for all z,y € K, and hence dy is a genuine distance. The proof relies on
the construction of an explicit curve v € WH2((0,1); K) satisfying v(0) = x and v(1) = y for which
the action has finite integral, namely

/01 By (v(t), (1)) dt < +o0.

Since ®y may only blow up when 6(R;(v(t))) = 0 for some i € {0,..., N}, which occurs if two
consecutive components of v(t) differ exactly by 1/(N R), our strategy is to increasingly add positive
integer terms to each component of x and y, suitably interpolate the resulting two vectors on the
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interval ¢ € [1/3,2/3], and then progressively reconnect to the initial and final points = and y on
the intervals [0,1/3] and [2/3, 1], respectively, via piecewise linear interpolation.

Lemma 2.1. For all z,y € K we have

dg(fE,y) < +oo.
Proof. Let x,y € K be fixed. For all i € {1,..., N} we define
' i—1 ‘ i—1
' Z:$+Z(N—k)e]v_k, yl ::y—i—Z(N—k:)eN_k.
k=0 k=0
In the above expressions, e; denotes a vector of the canonical basis of RN+ for j € {0,...,N}. By
convention, for i = 0 we set 2° := x and y° := y. We consider the curve
(3N's — i) (zit! — 1) + 2 s€ ﬁ,%},ie{O,...,N—l},
— N _ N N 12
o(s) = ¢ (Bs — DY — V) +a se (s3],
(8Ns—3N +i+1)(y' -y +y 1 s =l 3] e {o,...,N—1}.
By construction, v(0) = x, v(1) =y, and v € Lip([0, 1]; ). Moreover,
Ry—i(v(s)) < 27 for all 5 € |5, 55|, i € {0,...,N 1},
Ry_i(v(s)) < 1+1]%VR for all s € [3N3_]\’}_1, 32\[]\7’} ,1€{0,...,N —1},
Ri(v(s))gHiNR for all s € [%,%},ie{O,...,N—l}.
Then, by recalling that
N-1 N
. , N(N +1)(2N +1)
N — )2 = 2 _
> (N —1) Z] s :
=0 j=1

we deduce the following estimate

do(z,y)* < [ ®g(v(t),d(t))dt

i=0 3N
N—-1 ,3N—i
]' 3N
TN /N Go(Ry—i(v(t)),3N(N —i)) dt
1=0 3N
N2(2N +1) + 3|y — z|?
(2N +1) + 3|y — | <4
0 1+}12VR)
which concludes the proof. _

As a consequence of Lemma 2.1, we obtain that dy is a distance on K. For the reader’s convenience,
we briefly recall the proof below.

Proposition 2.2. The function dy is a distance on K.

Proof. By Lemma 2.1, the discrete variational distance dg(z,y) is well-defined for all z,y € K.
Moreover, it is straightforward to see that dg(z,y) > 0 for all z,y € K and dy(x,y) = 0 if and only
if x = y. Indeed, the fact that ¢g(R,0) = 0 by definition ensures that constant curves are admissible
n (2.4). Symmetry follows by defining, for every v € W2((0,1); K) with v(0) = z and v(1) = y,
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the curve w(t) = v(1 —t). Clearly, w has the same regularity as v and satisfies w(0) =y, w(1) = =,
and

1 1
/ Bo(uw(t), i(t)) dt = / y(u(t), (1)) dt,
0 0

which implies dy(z,y) = dg(y, x).

Finally, let us show the triangle inequality. Fix z,y, 2z € K. Foralle > 0, let u.,v. € W12((0,1); K)
be almost optimal curves for the distances dy(z,y) and dy(y, z), respectively, that is, satisfying
ue(0) =z, uc(1) = v:(0) =y, v=(1) = 2z, and

[ @atet6), 1)t < ol + 2Py [ olantt) () 0t < (doly,2) + <)

We set
d@(l‘a y) +e€

d@(SU, y) + d@(ya Z) +2¢
and we define w. € W5H2((0,1);K) as
{uE (i) if s € [0, A],

Ve (‘;::\\z) if s € [A,1].
Then w.(0) = x and w:(1) = z. Moreover, by the change of variables formula,

do(z,2)? < 01 Dg(we(t), we(t)) dt

)\a = S (07 1)5

we(s) =

i)t (-3 [ @0 (w00

< (d9($,y) +5)2 + (dQ(yaz) + 5)2
Ae 1— A

Sending £ — 0%, we deduce the triangle inequality. ([l

)\ 1 1
- (b Ue t s N

= (dg(z,y) + do(y, ) + 2¢)°.

We now recall the following result, proved in [14, Lemma 2.12], which establishes the existence of
constant-speed geodesics for the distance dy.

Lemma 2.3. For all z,y € K there exists u € W12((0,1); K), with u(0) = 2 and u(1) =y, such
that

dofa)? = [ Bofu(t), i) v

Moreover, if

u € argmin {/01 g(v(t),v(t))dt : v e WH((0,1);K), v(0) = z, v(1) = y} ,

then
Og(u(s),w(s)) = dg(z,y)* for a.e. s € (0,1). (2.6)

2.2. Regularity of geodesics. In this section, we prove two further properties of geodesics:
e geodesics are in C1([0, 1]; K);
e geodesics satisfy a suitable system of Euler-Lagrange equations.

Fix z,y € K and a minimizing curve

u € argmin {/01 By (v(t), 5(t)) dt - v € W2((0,1): K), v(0) = , v(1) = y} .
For all i € {0,..., N} we define the sets
A= (e (0,1): Ry(u(t) < R}, Ci={te(0,1): Ri(u() = R} = (0, )\ 4. (2.7)



THE VARIATIONAL FORMULATION OF THE FOLLOW-THE-LEADER MODEL 9

Since u € C°([0, 1]; K), the sets A; C (0,1) are open for all i € {0, ..., N}. Moreover, we note that
An = (0,1), Cn = 0.

To prove that u € C1([0,1]; K), our strategy relies on splitting (0,1) into 4; and C;. On each
open set A;, we derive the Euler-Lagrange equations associated with the minimality of u to deduce
local C! regularity. Conversely, on the sets C;, we show that the i-th and (i + 1)-th components of
u have zero velocity. By showing that these two pieces of information match continuously at the
interface 9(g,1)A; = 0(0,1)Ci, we conclude the global C' regularity of u. We begin with the following
lemma.

Lemma 2.4. We have u € Lip([0,1]; K) and
U;i(s) = Uir1(s) =0 for a.e. s € Cy and alli € {0,...,N —1}.
Proof. From (2.6) in Lemma 2.3 we obtain
|;(s)]? < (N 4+ 1)0(Ri(u(s)))dg(z,y)* for a.e. s € (0,1) and all s € {0,..., N}.
Hence, u € Lip([0, 1]; K) and
ui(s) =0 forae seCjandallic{0,...,N—1}.

For all ¢ € {0,..., N — 1} we define the functions v;: [0,1] — R as

vi(s) == Ri(u(s)) for all s € [0,1].
Then ; € Lip([0,1]) and 7; = R on C;. Thus

0 =(s) = NR*(1;(s) — wi41(s)) = —NR%*0;,1(s) for a.e. s € Cyand all i € {0,...,N — 1},

which implies 4,11 = 0 almost everywhere on C; for all i € {0,..., N — 1}. O

We now proceed to derive the Euler—Lagrange equations for the geodesic v on the sets A;. To
this end, it is convenient to introduce the following auxiliary functions. For all i € {0,..., N} we
define the functions «;: A; - R and 5;: [0,1] = R

a;(s) = Q(}SZ(S()S))) for a.e. s € A;, (2.8)
Bi(s) = —%6’/(Ri(u(s)))Ri(u(s))2 for all s € [0, 1]. (2.9)

In view of Lemma 2.4, for all i € {0,..., N} we have a; € L{°.(A;) and §; € C°([0,1]). Moreover,
we point out that

ay = Q‘E’OV) € L¥((0,1)), By =0 in[0,1] (2.10)

Before deriving the Euler-Lagrange equations satisfied by the geodesic u, we recall two preliminary
results concerning one-dimensional BV functions that will be needed later. We begin with the
following lemma.

Lemma 2.5. Let A C R be an open set and let f,g € L (A) satisfy
/ f(t)p(t)dt +/ g(t)p(t)dt >0  for all non-negative functions ¢ € C°(A).
A A
Then, f € BVio.(A) and there exists a non-negative Radon measure p € M™(A) such that
Df =gL' —u in M(A).

Proof. The conclusion follows immediately from the Riesz representation theorem for non-negative
linear functionals (see, e.g., [16, Theorem 1.39]) and from the definition of BV functions. O
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The next result concerns the existence of left-continuous and right-continuous representatives of
one-dimensional BV}, functions. A proof can be found in [1, Theorem 3.28], where it is shown for
the case of an interval. This can be easily extended to a general open set A C R by recalling that
any open subset of R can be written as a countable union of pairwise disjoint open intervals.

Lemma 2.6. Let A C R be an open set and let f € BVioc(A). Then, there exist two functions
fr: A= R, with f~ left-continuous in A and f+ right-continuous in A, satisfying

f(s) = fE(s) fora.e. sc A, fr(s)— f(s)=Df({s}) forallse A.
In particular,

f(s) = lim 1r f(&)dt forall s € A, fT(s) = lim ;[L/erh f(t)dt  forall s € A.

h—0+ h Js—n h—0+

Remark 2.7. As a consequence of Lemma 2.6, we deduce that f € BVj,.(A) admits a continuous
representative in A if and only if Df({s}) = 0 for all s € A. For this representative, for every
interval (s1,s2) with s1 < s9 compactly contained in A, we have

f(s2) = f(s1) = Df([s1, s2])-

We are now in a position to state the Euler—Lagrange equations satisfied by the geodesic u on
the open sets A;.

Proposition 2.8. We have
g € Lipjo.(Ao),
a; € Lip.(Ai—1 N A;)) NBVoe(4;) forallie{l,...,N},

and the following Fuler—Lagrange equations hold

& = alfo a.e. in Ag, (2.11)

& = afﬁi - a?_lﬁi,l a.e. in Ai_1 NA; forallie{l,... N} (2.12)

Moreover, there exists a non-negative Radon measure p; € M (A;) for alli € {1,..., N} such that
Da; = aiBiLY — i in M(A;) for alli € {1,...,N}. (2.13)

Proof. The proof is divided into two steps: we first derive the Euler-Lagrange equation (2.11) for
ap. Then, we consider «; for a generic i € {1,..., N} and we deduce (2.12) and (2.13).

Step 1: Case ¢ = 0.
Let ¢ € C°(Ap) be fixed. We observe that g is uniformly bounded on supp(y). Moreover, still
due to the compactness of supp(y), there exists ¢, > 0 such that for all € € (—¢,,€,) we have

R;(u(s) +ep(s)ep) <R forall s €[0,1] and j € {0,...,N}.
Thus, v = u + epey € W2((0,1); K) and satisfies v(0) = u(0) and v(1) = u(1). Hence, the

minimality condition on u implies

/01 Dy (u(t),u(t))dt < /01 Qg (u(t) +ep(t)eg, u(t) +ep(t)eg) dt  for all € € (—ey,€,).

We also observe that ®g(u(t) + ep(t)eo, u(t) + ep(t)eg) perturbs Py(u(t),u(t)) only on the term
i =0 in the sum (2.2), and only on the set Ay. Thus
faoP ., [ lio(®) +ep(t)P
49 O(Ro(u(t))) = Jag O(Ro(u(t) + ep(t)eo))
By dividing by € and sending ¢ — 0 for a positive and a negative €, respectively, thanks to the
dominated convergence theorem we conclude that for all ¢ € C2°(Ay)

[ aoetyat+ [ ao®?s(0e(de=o.
Ao Ao

dt forall € € (—ey, ).
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Since a3y € L2.(Ap), we obtain ag € Lipj.(A4o) and that (2.11) holds.

Step 2: Case i € {1,...,N}.
Let p € C2°(A;—1 N A;) be fixed. As in Step 1, there exists €, > 0 such that for all € € (—¢,,¢,)
we have

R;(u(s) +ep(s)e;)) <R forall se[0,1] and j € {0,...,N}.
Hence, the minimality condition on u implies

/ Dy (u(t),u(t))dt < / Pp(u(t) + ep(t)e;, u(t) +ep(t)e;)dt  for all € € (—ey, ey).

In this case, ®gp(u(t) + cp(t)e;, u(t) + ep(t)e;) perturbs Py(u(t),u(t)) only on the terms i — 1 and 4
in the sum ( 2), and only on the set A;—1 N A4;. Thus,

i1 ()]? | ()]
/AimAi O(Ri—1(u(t))) * G(Ri(“(t)))) «

s (1) alt) + e(0)
Séim&<ﬂ&1@@HfW@%»+9GMWﬂ+WﬁFm>& forall e € (=g )

As in Step 1, by dividing by ¢ and letting ¢ — 0 for a positive and a negative ¢, respectively, thanks
to the dominated convergence theorem we conclude that for all ¢ € C°(A;—1 N A;)

/ ai(t)p(t) dt + / ai(t)?Bi(t)p(t) dt — / ai_1(t)%Bi_1(t)p(t) dt = 0.
Ai—1NA; Ai—1NA; Ai—1NA;

Since a?B; — a? 1 Bi—1 € L.(A;—1 N A;), we deduce that o; € Lipy,.(A;—1 N A4;) and that (2.12)
holds.

Let us prove (2.13). We now fix a non-negative function ¢ € C°(A;). Then, there exists £, > 0
such that for all € € (0,¢,) we have

Rj(u(s) +ep(s)e;) < R forall s€[0,1] and j € {0,...,N}.

Hence, the minimality condition on u implies

/Ol%(u(t dt</ By (u(t) + ep(t)er, a(t) + ep(t)e;) At for all € € (0, 2,).

In this case, ®g(u(t) + ep(t)e;, u(t) + ep(t)e;) perturbs ®g(u(t),w(t)) only on the terms i — 1 and ¢
in the sum (2.2), and only on the set A4;. Thus,

i1 (2)? | (t) ]2
/Ai (9(Ri—1(u(t))) - e(R,-(u(t)))> d
?A(ag i1 (1) () + () )“1ﬂﬂu€®£ﬁ
i 1—1

—1(u(t) +ep(t)er)  O(Ri(ult) +ep(t)es))
Since ¢ > 0 and € > 0, we have §(R;—1(u(t))) < O(R;—1(u(t) + ep(t)e;)). Hence,

‘uz ’2 \uz —i—g(p( )’2
/ 0(R / 8(Ri(ult) + co(t)e)) dt forall e € (0,e,).

By dividing by € and lettlng e — 0T, thanks to the dominated convergence theorem we conclude
that for all non-negative functions ¢ € C2°(A4;) we have

[ aiewyat+ [ ai®seemde>o.
A; A;

In view of the fact that o?3; € L (A;), we can apply Lemma 2.5 to deduce that a; € BViee(4;)
and that there exists a non-negative Radon measure u; € M1 (4;) such that (2.13) holds. O
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Remark 2.9. In view of (2.10), we deduce that an € Lipyo(An—1) N BViee((0,1)) and that it
satisfies the following Euler—Lagrange equations

dN = _a?V_LBNfl a.e. in AN,1, DaN = —UN in /\/l((07 1))

By combining Lemma 2.4 and Proposition 2.8, we can finally deduce that every geodesic u belongs
to C1([0,1]; K).

Proposition 2.10. We have that u € C1([0,1];K). Moreover
Ui(s) = iy1(s) =0 forall s € C; and alli € {0,...,N — 1}, (2.14)

and
Dy(u(s),u(s)) < dg(z,y)* for all s € [0,1]. (2.15)

Proof. The proof of the regularity of u proceeds by induction on i € {0,..., N}.

We begin by showing the regularity of the first component, ug. Since g is already regular on
Ap, we extend this function by setting @y = 0 outside Ag. This extension defines the same geodesic
curve by virtue of Lemma 2.4, and we prove that it is continuous in [0, 1].

Then, for all i € {1,..., N}, we proceed inductively: assuming the continuity of the velocity
of the (i — 1)-th component, we use the Euler-Lagrange equations to deduce the continuity of
the velocity of the i-th component. Specifically, we utilize the Euler-Lagrange equation (2.12) to
establish regularity of #; on the sets A;_1 N A;. Then, we extend this function by setting @; = 0
outside A;_1 N A;. This extension defines the same geodesic curve in virtue of Lemma 2.4, and we
employ the Euler-Lagrange equation (2.13) to show that it is continuous in [0, 1]. By repeating this
argument through all components, we conclude that the geodesic u belongs to C1([0, 1]; K).

Step 1: Case ¢ = 0.

Lemma 2.4 implies ug € Lip([0, 1]) and

to(s) =0 for a.e. s € Cp.

Moreover, since

to(s) = 0(Ro(u(s)))ao(s) for a.e. s € Ay,
Proposition 2.8 implies 19 € C%(4p) and

to(s) = 0(Ro(u(s)))ao(s) for all s € Ay.
Consequently, Lemma 2.3 implies

lio(s)]? < (N + 1)8(Ro(u(s)))dg(z,y)* for all s € Ag. (2.16)

Let us define vg: (0,1) — R as

0 if s € Cy.

We have that vy = g a.e. in (0,1). Moreover, we claim that vg € C°((0,1)). Indeed, due to (2.16),
for all sg € 0AgN (0, 1) there exists

vo(s) = {uo(s) if s € A,

li ] =0.
sGAol,I?—wo UO(S)

Thus, 19 € C°((0,1)) and from Lemma 2.3 we obtain
|io(s)|? < (N 4 1)8(Ro(u(s)))dg(z,y)? for all s € (0,1). (2.17)
Finally, we claim that g € C°([0,1]). At s = 0, if Ro(u(0)) = R, then (2.17) implies

lim = 0.
g 1ol

If, on the other hand, Ry(u(0)) < R, then there exists ¢ € (0,1) such that g € Lip,.((0,2¢)) and
do(s) = ap(s)?Bo(s) for ae. s € (0,2¢).
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Thus, for all s € (0,c¢) we have

ao(c) — ap(s) = / " a0 (t)2Bo(t) dt.
Since 2By € L>=((0,c)), there exists

C
lim ag(s) = ag(c) / ao(t)2Bo(t) dt,
s—0+ 0

which implies the existence of the following limit

lim ug(s) = SE%L O(Ro(u(s)))ao(s) = 8(Ro(u(0))) (ao(c) _ /OC ao(t)?Bo(t) dt) .

s—0t
We can argue in a similar way for s = 1, and thus 19 € CY([0, 1]).
Step 2: Case i€ {1,...,N}.
By induction, we assume that ;1 € C°([0,1]). By Lemma 2.4 we have that u; € Lip([0,1]) and
t;(s) =0 fora.e. se€ Ci_1 UC;.
Moreover, since
i (s) = O(R;(u(s)))a;(s) for ae. s € A,
Proposition 2.8 gives 11; € CY(A4;_1 N A;) N BViee(A;). Let a;t: A; — R be the left-continuous and
right-continuous representatives of «; given by Lemma 2.6 and define u;t A; = R as

uE(s) = O(R;(u(s)))ai(s) for all s € A;. (2.18)

We have that
W (s) = i(s) forall s € A;—1 N A;, (2.19)
a; (s) —ui (s) = O(Ri(u(s)))pi({s}) >0 for all s € A, (2.20)

where p; comes from the statement of Proposition 2.8. Let us fix
so € A; \ A, _1=C;_1NA,.

Since sg € C;_1, the distance u;(sg) — u;—1(so) is the least possible. Hence, for h > 0 sufficiently
small we have
0 < Yilso + 1) —uiso) = ui—1(s0 + h) + ui-1(s0)
- h
1 [soth i h) — u;_
_ ! i(s) ds — im1 (0 F ) ~ uiza(s0)
h Jsg h

and similarly

u;i(so — h) —u;(so) — ui—1(s0 — h) + ui—1(s0)
—h

1 [so i— —h) —u;—

a(s) ds — =130 = ) = uim1(s0)

—h

By sending A — 07 and using that u;_1 € C1([0,1]) and @;_1(sg) = 0, we obtain

;i (so) >0 > 1 (so).

0>

h so—h

Hence, by (2.19)—(2.20) we have
uf(s) =1, (s)=0 forall seCi_1NA,,

which implies 4; € CY(4;). In particular, Lemma 2.3 implies

|2;(s))? < (N 4+ 1)8(Ri(u(s)))dg(z,y)? for all s € A;. (2.21)
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Similarly to Step 1, we define v;: (0,1) — R as

vils) = U;(s) %f s €A,
0 if s € Cj.

We have v; = 1; a.e. on (0,1) and by arguing as for vg and using (2.21) we obtain v; € C°((0,1)).
Hence u; € C1((0,1)) and
[4(s)|? < (N + 1)0(R;i(u(s)))dg(z,y)? for all s € (0,1). (2.22)
Moreover,
ﬂi(s) =0 forall se (Cifl N Al) ucC; =C;1 Ud;.

Finally, we claim that u; € C1([0,1]). At s =0, if R;(u(0)) = R, by (2.22) we have

lim a;(s) = 0.

g )

On the other hand, if R;(u(0)) < R, then there exists ¢ € (0,1) such that a; € BV}o.((0,2¢)) N
C°((0,2c¢)) and there exists a non-negative Radon measure p; € MT((0,2¢)) such that

Doy = o2B;.L" — i in M((0,2¢)).
Thus, for all s € (0,c¢) we have

ail) — ails) = [ as(®)*6i(t) dt = (s, ).

s

Since ?f3; € L°°((0,¢)) and p; € MT((0,2¢)), we deduce that there exists

lim ag(s) = au(c) — /0 i(8)28:(1) At + i ((0, d]) € (—o0, +od],

s—0F

which implies the existence of the following limit

lim 115(s) = O(Rs(u(0))) (ozi(c) —/c as(26:(1) dt+ui((0,c])> € (=00, +00].

s—0+ 0

On the other hand, we have that u; € L*°((0,1)), and so
lim 7;(s) € R.
i, (9

We can argue in a similar way for s = 1, and recover 1; € CY([0,1]).
Finally, for each s € [0, 1], choose s,, — s from the full-measure set in (2.6). The C! regularity of
u and the lower semicontinuity of ®y give (2.15). O

Remark 2.11. Since u € C*([0,1];K), we can improve the regularity of a; established in Proposi-
tion 2.8. Indeed, in view of (2.18), we deduce that o;; € CY(4;) for all i € {1,..., N}. In particular,
anN = uN/G(O) S CO([O, 1])

We conclude this section by showing some additional properties of a; € BViee(4;) N C(A;),
which follow from the Euler-Lagrange equations (2.13). In particular, we prove that any function
a; € BVie(A;) N C°(A;) satisfying (2.13) exhibits a sign monotonicity property on every connected
component of A;. More precisely, within each connected component, the zero set of «; is an interval,
and «; can change sign only from positive to negative across this set, with either sign region possibly
empty.

Lemma 2.12. Let aj,az € R with a1 < az. Let f € BVie((a1,az2)) N C%(ay,az)) and g €
Llloc((ala a2)) Satisfy

Df < f2gL' in M((a1,a2)).
Assume that

{t € (ay,a2) : f(t) =0} # 0.
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Then, there exist by, by € R with
a1 <by <by<ap
such that
f(s) >0 forallse (ar,br), f(s) =0 forallse (b1,b2), f(s) <0  forall s € (ba,az).
Proof. We define
by = inf{t € (a1,az2) : f(t) =0} € [a1,a2), by == sup{t € (a1,a2) : f(t) =0} € (a1, az].
We start by showing that
f(s)=0 forall se (by,bs).

By contradiction, assume that there exists sg € (b1, b2) such that
f(s0) #0.

Since f is continuous in (aj, az), we can consider the biggest interval (c1,c2) C (b1, b2) such that
S0 € (c1,¢2) and f(s) # 0 for all s € (¢1,c2). Then

a; < c <cg<ag, f(Cl) = f(CQ) =0.
By assumptions, we have
1 :
FDf < gL' in M((c1,¢2)). (2.23)
Note that the function 1/f € BViec((c1,¢2)) and
1 1
D() :—fo in M Cc1,C2)).
7 72 (1, ¢2))
Thus, by (2.23) and Remark 2.7,

1 1 52
—7+7§/ t)dt for all s1,s92 € (c1,c2) with s1 < s9,
eSOV N 1o € e ea) with s <

which implies

52
f(s2) = f(s1) < f(Sl)f(Sz)/ g(t)dt for all s, 82 € (c1,c2) with s1 < sg,
S1
since f has constant sign in (¢1,c2). By sending s; — cf' we get
f(SQ) <0 for all So € (61,02),
while by sending so — ¢; we deduce
—f(sl) <0 for all S1 € (61,02).

Thus f(s) =0 for all s € (c1,¢2), which contradicts f(sg) # 0. This proves the claim.
Assume now that by > a;. Then f(b;) = 0 and by arguing as before we have

52
F(s2) — f(s1) < f(sl)f(SQ)/ g(t)dt for all 51,5 € (a1, by) with 51 < o.
S1
By sending so — b] and using that f(s) # 0 for all s € (a1,b1) we get
—f(s1) <0 forall s; € (ar,b1).
Similarly, if by < ag, then f(b2) = 0 and we deduce
52
f(s2) — f(s1) < f(Sl)f(SQ)/ g(t)dt for all s1,s9 € (be,az) with s1 < sa.
S1
By sending s; — b and using that f(s) # 0 for all s € (b2, az) we obtain
f(s2) <0 for all sp € (ba,a2),

which concludes the proof. O
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As a consequence, we derive the following result, which can be applied to «p.
Corollary 2.13. Let aj, a2 € R with a1 < ag. Let f € ACpc((a1,a2)) and g € Llloc((al,ag)) satisfy

f=rf%g ae in(ay,as).
Then, either
f(s) =0 foralls e (a1,a2)

or

f(s) #0  forall s € (a1,a2).

Proof. Assume that {t € (a1,a2) : f(t) = 0} # 0. Applying Lemma 2.12 to both pairs (f,g) and
(—f,—g), we deduce that f(s) =0 for all s € (a1,as). O

3. THE MINIMIZATION PROBLEM FOR THE DISCRETE JKO SCHEME

In this section, we analyze a single step of the discrete JKO scheme associated with a decreasing
potential V and the discrete variational distance dg. The limiting dynamics are given by the
continuous Follow-the-Leader system

{:@-(t) = —O(R;(x(t)))V'(x4(t)) for t € [0,+00) and i € {0,..., N},

o(0) — 2 (3.1)

where 20 € K is a fixed initial state. We recall the assumptions on the potential V and investigate
the properties of a single JKO step for a fixed time step 7 > 0 and a given initial point x € .
We fix a potential V € C(R) satisfying

V'(z) <0 forall z € R, (3.2)
and assume that there exist constants C, D > 0 and s € (0, 2) such that
V(z) > —Clz|° = D forall z € R. (3.3)

These assumptions on V are satisfied throughout this paper. Let us fix a starting point x € K and a
time step T > 0. A single JKO step consists of finding a target point z, € K that minimizes

N

Nl 2 V(yi)- (34)

1
K>y —dg(z,y)?
yr o -do(z,y)” +
The lower bound (3.3) ensures that the quantity in (3.4) is bounded from below, allowing for the
existence of minimizers. The next lemma, which is proved in [14, Proposition 2.17(i)], establishes
the well-posedness of this minimization problem.

Lemma 3.1. There exists a solution x, € KC of the JKO step
:(:Teargmin{dg(:c y) N+1ZV Yi) yEIC}. (3.5)

Observe that the JKO step (3.5) involves a double minimization: one with respect to the target
configuration y € IC, and the other associated with the definition (2.4) of the discrete distance dg(x, y).
In the next result, we show that the minimum problem (3.5) can be equivalently reformulated as a
single joint minimization over curves v € W12((0,1); ) with fixed initial datum v(0) = x and a
free endpoint v(1) penalized by the potential V.

Lemma 3.2. Let 2, € K be a solution of the JKO step (3.5) and let u, € W2((0,1);K) be a
solution of

ur; € argmin {/Ol‘bg(v(t),i)(t)) dt v e WH2((0,1);K), v(0) = z, v(1) = xT} . (3.6)
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Then u, is a solution of the joint minimization problem

ur € argmin{ / Dy(v ) dt + m ZV (v;(1)) : v € WH2((0,1); K), v(0) = a;} . (3.7)

Conversely, if ur is a solution of the joint minimization problem (3.7), then x, = u,(1) is a solution
of the JKO step (3.5).

Proof. Let x, € K be a solution of (3.5) and let u, € W12((0,1); K) be a solution of (3.6). Fix
v € WH2((0,1); K) with v(0) = = and consider

w € argmin {/01 By (u(t), u(t)) dt : u € W2((0,1): K), u(0) = , u(1) = 0(1)} |

Then, (2.6) in Lemma 2.3 implies
1 N

7/ B (ur (1), i (1 ))dt+m§‘/u” 1))
_ 1 d 1 S %
=5 o(x,x7)" + m; (@ri)
2 1 al

< —dg(z,v(1))* + N1 ;V(Uz(l))

1/t . 1 &
=57 | @olw(®), @(®) dt + ;V(vi(l))

N

< op ) B0 50+ g SV

and the assertion follows by taking the inf on the right hand side with respect to v € W12((0,1); K)
with v(0) = =.
Let u; be a solution of (3.7). Fix y € K and consider

1
w € argmin {/ Bo(ult), a(t)) dt : u € WY2((0,1);K), u(0) = , u(1) = y} |
0
Then, Lemma 2.3 implies
Ly ( >V (
o Ox)ur N+1Z UTz
1 N
< 27/ ol (0, (D) + 1= DSV (urs(1)

N

Py =
fQT/ o(w dt+N+1;0le
1 N
= _—d 2, - V(u:
and the assertion follows by taking the inf with respect to y on the right hand side. O

In view of Lemma 3.2, studying the properties of a solution z, of the JKO step (3.5) reduces to
investigating the properties of a geodesic u, of the joint minimization problem (3.7). Therefore, we
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fix a geodesic

: 1,2 . _
uTeargmln{ / Dy (v dt—l—mzv vi(1):veW ((0,1),/C),v(0)—$}.

Since Lemma 3.2 implies that u, is also a geodesic for the distance dy(x,u-(1)), Proposition 2.10
ensures that u, € C1([0,1];K).

Associated with the geodesic u,, for all i € {0,...,N} let A;;,C-; C (0,1) be the sets defined
n (2.7), and let a;;: Ar; — R and f-;: [0,1] — R be the functions defined in (2.8) and (2.9),
respectively. Our next goal is to show that, under the monotonicity assumption (3.2) on the potential
V, the path u,(s) lies in the interior of the cone K for all s € (0, 1], namely

Ri(ur(s)) < R forall se€ (0,1] and all i € {0,...,N —1}.

Consequently, the Euler-Lagrange equations (2.11)—(2.12) hold on the entire interval (0, 1]. Moreover,
we derive a Neumann-type boundary condition at s = 1 for the functions a,;. These two facts
will be crucial for obtaining uniform estimates in 7 for the JKO scheme, allowing us to pass to the
time-continuous limit as 7 — 0.

Proposition 3.3. We have

Ri(ur(s)) < R forall s € (0,1] andi€{0,...,N —1}. (3.8)
In particular, o, ; € Lip,.((0,1)) for alli € {0,..., N} and the following limit exists
ari(l) = lir? ari(s) = —1V'(ur;(1)) forallie€{0,...,N}. (3.9)
s—1—

Moreover, we have
ari(s) >0 forallse (0,1 and all i € {0,...,N}. (3.10)

Proof. We proceed by backward induction on %, starting from the last component ¢ = N and moving
down to ¢ = 0.

For a fixed index ¢ € {0, ..., N}, the idea is to combine the regularity obtained in Proposition 2.10
with the monotonicity condition (3.2) on the potential V' to deduce (3.10) for ¢ via the sign
monotonicity condition established in Lemma 2.12. Consequently, we obtain that %, ;(s) > 0 for all
s € (0,1] and, in view of (2.14) in Proposition 2.10, for ¢ > 1 we conclude that C;;_1 = (), which
yields (3.8) for i — 1. This last condition allows us to iterate the procedure and proceed by backward
induction to the case ¢ — 1.

To carry out this strategy, we proceed by perturbing the minimization problem (3.7) with a
suitable test function in order to derive the Neumann-type condition (3.9) at the endpoint of the
geodesic u,. To this end, for each n € (0,1), we define ¢, : [0,1] — [0,1] as

{O for s € [0,1 —n),

= -1
enls) =2 lbn o e n—n)

n
Step 1: Case i = N.
For clarity, we divide this step into three substeps.

Step 1.1: Proof of (3.10) fori= N.
Proposition 2.10 implies that o, y = i, n/0(0) € C°([0,1]). By exploiting the non-negativity of ¢y,
for all € > 0 we have

Rj(ur(s) +epy(s)ey) < R forall s €[0,1] and j € {0,...,N}.
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Thus, v = u, + epyen € WH2((0,1);K) and satisfies v(0) = u,(0). Hence, for all ¢ > 0 the
minimality condition on w, implies

217/01 g (ur(t), ur(t))dt
<3 /o Bolusr (1) + (D)o i (1) + ey (Do) i 4 L r LD =V tm L))

We observe that ®q(ur(t) + oy (t)en, ir(t) + ey (t)en) perturbs ®g(ur(t), @, (t)) only in the terms
i=N —1andi= N in the sum (2.2), and only on the set (1 —n,1). Thus, we obtain

1ot N1 (O ()
21 )iy, (9(RN_1(UT(t))) T 00) ) @
1t Jter N1 () [t v (£) + £ (1) |2
S8 <9<RN_1<uT<t> Fem®en) T 60) ) @
+ V(urn(l) +¢) = V(urn(1)).
We have 0(Rn—_1(u-(t))) < (Rn—1(ur(t) + epn(t)en)), since ¢, > 0 and € > 0. Therefore,

1 /1 Jtir, v (1) 1 /1 [ir, N (1) + (D))

— dt < —
21 Ji—y  6(0) T 27 J1y 6(0)

Expanding the square, cancelling common terms, and dividing by € > 0, we obtain

1 /1 ar N (8)pn(t) dt < V(urn(l) +€) = Viurn(1) | e /1 |y ()] "

i dt + V(UﬂN(l) + E) — V(uﬂN(l)).

Passing to the limit as ¢ — 07 and multiplying by 7 > 0, we get

1 1 1
[ dt== [ arn®@®)dt <V (unn(1).
nJ1-n 1-n
Since o,y € C°([0,1]), we deduce that
1 1
arn(1) = lim f/ arn(t)dt > 7V (urn (1)) > 0. (3.11)
n—0t 1 J1—n

In view of Proposition 2.8, see also Remark 2.9, the function «a; y satisfies
DaT,N = —Hr N in M((07 1))7

where u; v € M7((0,1)) is a non-negative Radon measure. Consequently, o y is non-increasing
and the inequality (3.11) implies

arn(s) >0 forall se(0,1]. (3.12)
Step 1.2: Proof of (3.8) for i =N — 1. In view of (3.12), we have

Urn(s) >0 forall se(0,1].

Therefore, (2.14) in Proposition 2.10 implies
Ry_1(ur(s)) <R forall s € (0,1).
It remains to show that Ry_1(u,(1)) < R. By contradiction, assume that
Rn_1(u-(1)) = R.

Thus, (2.15) implies that u, y—1(1) = 0. Moreover

1
ur,N(S) — ur N—1(5) > NE - urn(1) —urn—1(1) forall s e (0,1).
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In particular,

urN-1(1) —urn-1(s) _ urn(l) —urn(s)
>
1-s 1-s
Since u, € C1([0,1]; K), passing to the limit as s — 1~ yields
0=1rn-1(1) > 1irn(1) >0,
which leads to a contradiction. Consequently,

Ry_1(ur(s)) < R forall s € (0,1]. (3.13)

for all s € (0,1).

Step 1.83: Proof of the Neumann-type condition (3.9) fori = N.
In view of (3.13), there exists e, > 0 such that for all € € (0,¢,) we have

Rj(ur(s) —epy(s)eny) < R forall s €[0,1] and j € {0,...,N}.
Therefore, arguing as before, for all € € (0,¢,) the minimality of w, implies
1 /1 : I Jirn—1 (1) Jirn—1 (1)
— o' t t)dt + 7/ : — ’ dt
Py G ORIt 5 1_n<e<RN_1oh«w>> OB 1 (- (1) — iy )en)
< Vs = = Viea) | = Bl
- € 2T 1-n (9(0) '
Thanks to the dominated convergence theorem, we can pass to the limit as € — 0 in the above
inequality, and after multiplying by 7 > 0, we obtain

1 1 1
S an®dr— [ a2y @B (pn(0) dt < 1V (ur (1)
nJi-n 1-n

By (3.13), the function aZ’NflﬁT,N_l is locally bounded near s = 1. Hence, since o,y € C°([0,1]),
taking the limit as n — 0T yields

arn(1) < =7V’ (urn(1)).
Combining this inequality with (3.11), we conclude that
arn(1) = =7V (urn(1)).

Step 2: Case i € {1,...,N —1}.
As before, we divide this step into three substeps.
Step 2.1: Proof of (3.10) for i.
By backward induction (starting from Step 1.2), we have
Ri(ur(s)) < R forall s € (0,1]. (3.14)

In particular, A;; = (0,1) and a,; = .;/0(Ri(u,)) € C°((0,1)) by Proposition 2.10. Moreover,
in view of Proposition 2.8, a;; € BVi((0,1)) and there exists a non-negative Radon measure
pri € M*((0,1)) such that

Doy = of iBriL" — pri in M((0,1)).

Let ¢ € (0,1) be fixed. As observed in Remark 2.7, since a;; € BVio.((0,1)), for all s € (c,1) we
can write

ara(s) = amilc) + / T i (02Brs(t) dt — (e, 5)).

Since ozz’iﬁm- is locally bounded near s = 1 by (3.14), the following limit exists

1
ari(1) = lim ani(s) = ari(c) + / ri(H)2Brs(t) dt — piri([es 1)) € [—o00, +00).

s—1—
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Moreover, such a limit is finite since o ; is locally bounded near s = 1. Thus, we have

ari(1) = sligl* ari(s) € R. (3.15)

In particular, o, ; € C°((0, 1]).
By (3.14) and the fact that ¢, is non-negative, we can find e, > 0 such that for all € € (0,¢,)

R;(ur(s) +epy(s)e;) <R forall se[0,1] and j € {0,...,N}.
Arguing as in Step 1.1, for all € € (0,¢,) the minimality of u, implies

217/1 By (- (1), - (1)) dlt

= 27/ Bo(ur(t) + epn(t)es, e (£) + e (t)er) e + L Lzt J;\fz:l Viurs(),

We observe that ®g(u,(t ) —|— ey (t)ei, ur(t) + epy(t)e;) perturbs ®g(ur(t), @, (t)) only in the terms
i — 1 and 7 in the sum (2.2), and only on the set (1 —n,1). Thus, we obtain

|UTZ 1( |117,i(t)’2
( Ri(ur(t *wmw¢m>“

/ ( \um 1)) L i) +egy ()1 )
=27 )iy \ R (0 (0) + epn(t)ei)  O(Riur(t) +epp(t)e:))
+ V(uri(1) +¢) = V(uri(1)).
Since ¢, > 0 and € > 0, we have 0(R;_1(u-(t))) < 0(Ri—1(ur(t) + epy(t)e;)). Therefore,
Lot Jan () e Uri(t) + £pp(t)]?
o L TRl = 57 77 iy ¥ 0+ )= Vi)
By expanding the square |t ;(t) + epn(t)|?

and dividing by € > 0, we obtain

21 ! Ui (t) L ! i ( )2 _ |7 (1)
T /1—77 O(R;(ur(t) + sgon(t)ei))gp nlt)dt+ 27¢e /1_77 (9(Ri(u7-(t))) O(R;(ur(t) + ecpn(t)ei))> d

< Viuri(l) +2) = V(uri(1)) s/l (1)
= € 27 J1-n O(R;i(ur(t) + epp(t)e;))

Passing to the limit as ¢ — 0" and multiplying by 7 > 0, the dominated convergence theorem yields

_717 /11_77 OCTZ( )dt — ,/11_7, aT’i(t)QBT,i(t)SDn(t) dt < TV/(Uq—J‘(l)),

Since a.; € C°((0,1]) by (3.15), taking the limit as n — 0% yields
ari(l) > —7V'(ur (1)) > 0. (3.16)
By Proposition 2.8, the function a;; € BViec((0, 1)) satisfies
Do = o2 B L' — pr; in M((0,1)),

where 11, ; is a non-negative Radon measure. Hence, we can apply Lemma 2.12 to the pair (o i, 87,i).
In particular, in view of (3.16), the sign monotonicity condition implies

ari(s) >0 forallse(0,1]. (3.17)

dt.

Step 2.2: Proof of (3.8) fori—1.
Thanks to (3.17), we know that

Uri(s) >0 forallse(0,1],
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which yields
Ri_i(us(s)) <R forall s € (0,1), (3.18)
in view of (2.14) in Proposition 2.10. To show that (3.18) holds also at s = 1, we can argue
exactly as in Step 1.2. By contradiction, assuming that R;_i(u-(1)) = R, identity (2.15) implies
Uri—1(1) = 0. Then, adapting the argument of Step 1.2, we have
uric1(1) = uric1(s) _ uri(l) — uri(s)
>
1-s 1-s
Since u, € C1([0,1];K), passing to the limit as s — 1~ gives
0=1tr;—1(1) > ar;(1) >0,

for all s € (0,1).

which leads to a contradiction. Consequently,

Ri_1(us(s)) < R forall s € (0,1]. (3.19)

Step 2.83: Proof of the Neumann condition (3.9) for i.
In view of (3.19), there exists e, > 0 such that for all € € (0,¢,) we have

Rj(ur(s) —epy(s)e;) < R forall s €[0,1] and j € {0,...,N}.

Therefore, arguing as in Step 1.3, for all € € (0,¢,) the minimality of u, implies

Ur;(1) 1 ! |u‘r,i(t)|2 B ‘uT,i(t)F
/ (Riur(t) — cn(B)e:) " Al det 5 /1—77 (9(Rz'(ur(t))) O(Ri(u-(t) SSOn(t)ei))) &

1 1 |u” 1(75)2 7 i1 ()] )dt
TE 1 0 \O(Ric1(ur (1)) O(Ri—1(ur(t) — e (t)e;))
< V(um(l) —€ V(Um(l)) o (1)) dat.

- € tar 2T / n O(R;i(ur(t) —epy(t)e;))

Passing to the limit as ¢ — 0™ by the dominated convergence theorem, and multiplying by 7 > 0
we obtain

1 1 1 9 ,

o om0t [ [02,00804(0) — 022 ()81 (n(8)at <~V (1),
Since 2 ;f;; — a2, 1f-i-1 is locally bounded near s = 1 by (3.14) and (3.19), and a,; € C°((0,1])
by (3.15), taking the limit as n — 07 yields

ari(l) < —7V'(ur;(1)).
Combining this inequality with (3.16), we conclude that
ari(1) = =7V'(ur;(1)).

Step 3: Case ¢ = 0.
We only need to prove (3.9) and (3.10) for ¢ = 0. Indeed, in view of Step 2.2 (or Step 1.2 when
N =1), we have

Ro(ur(s)) < R forall s € (0,1]. (3.20)
In particular, A, = (0,1) and a; o = tr0/0(Ro(us)) € C°((0,1)). Moreover, (2.11) implies
0 = aZoBro in (0,1). (3.21)

Let ¢ € (0,1) be fixed. For all s € (¢, 1), we can write

aro(s) = arolc) + / "o (1) Bro(t) di
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Therefore, since 04370/37,0 is locally bounded near s = 1 by (3.20), the following limit exists
1
aro(1) = lm arg(s) = arole) + / aro(£)2Br0(t) dt € R, (3.22)
which yields a,o € CY((0, 1]).
By (3.20), there exists €, > 0 such that for all € € (—¢,,¢,) we have
Rj(ur(s) +epy(s)eg) < R forall s € [0,1] and j € {0,...,N}.

Thus, as in the previous steps, for all € € (—¢,,&,) the minimality of u, yields

1 1
o | @alur(t). (1)) dt
27 Jo

1t _ . V(urp(1) +€) = V(urp(1))
< ;/0 Qg (ur(t) + epn(t)eo, tr(t) + ey (t)eo) dt + Nl .
Note that ®g(u-(t) + vy (t)eo, ir(t) + ey (t)eo) perturbs ®g(ur(t), 4, (t)) only on the term i = 0 in
the sum (2.2), and only on the set (1 —n,1). Hence,

ot @ 1t Jiro(t) +egn(B)

27 J1n O(Ro(u-(1))) = 27 Jiy O(Ro(ur(t) + ey (t)eo))
By dividing by ¢ and sending € — 0 for a positive and a negative e, respectively, thanks to the
dominated convergence theorem, we conclude that

717 / 177 aro(t)dt — [ 117 0 ()2 B0 () o (1) dt = TV (17 9(1).
Since a9 € CY((0,1]) by (3.22), taking the limit as  — 0", we derive

aro(l) = =7V'(uro(1)) > 0.
Finally, since a satisfies (3.21), by Corollary 2.13 we deduce that

aro(s) >0 forall s e (0,1],

At + V(uro(1) +€) — V(uro(1)).

which concludes the proof. ]

Remark 3.4. Since the starting point « € K is arbitrary, we may have
Ri(u-(0)) = Ri(x) = R for some i € {0,...,N —1}.

Hence, the statement of Proposition 3.3 cannot be extended to s = 0 in a straightforward manner.
Nevertheless, it is worth pointing out that, even if the starting point lies on the boundary, the target
point z; = u-(1) always belongs to the interior of the cone K, in view of (3.8).

4. CONVERGENCE OF THE JKO SCHEME TO THE CONTINUOUS FOLLOW-THE-LEADER SYSTEM

In this section, we introduce the JKO scheme. We fix an initial state 2° € K and a time step
7> 0. Setting 2¥ := 20, for every m € N we recursively define

m : 1 ! 1,2 . _ ,.m—1
ul' € argmln{%/o Dy(v(t),v(t))dt + WZV vi(1)) :v e WH2((0,1); K), v(0) = 27 ,

o= ul'(1).

We note that, in view of Lemma 3.2, for all m € N the point 27" is a solution to the JKO step with

starting point 27"~ L.,

1
x' € argmin {%d(;(:z;”l N 1 - ZV (yi) 1y € IC} . (4.1)
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The piecewise affine interpolation . : [0,4+00) — K defined in (1.10) is given by

400 m+1
t_
() = Y Em - T T i) forall e [0, 400),  (4.2)
m=0

and the piecewise constant interpolation Z,: [0, +00) — K is defined by

+o0
T-(t) = Z $T+11[m7,(m+1)r) (t) forallt e [0,+400).
m=0

We begin by establishing the uniform estimates that will allow us to pass to the continuous-time
limit in the JKO scheme and prove Theorem 1.1.

For all i € {0,...,N}, 7 > 0, and m € N, let o7, and 3] be the functions defined in (2.8)
and (2.9), respectlvely, associated with the geodesic u?". As a consequence of Proposition 3.3, for
all i € {0,..., N} and m € N we have o™, € C°((0, 1]). Thus, applying Proposition 2.8 as well, we
deduce that a™ € C1((0,1]) and that the following Euler-Lagrange system holds:

Po(s) = (o)A for all s € (0,1),
= (all(s))2B1(s) — (a1 (s))?B,_1(s) forall s € (0,1] and i € {1,..., N},

>0 for all s € (0,1] and i € {0,..., N},
(1) = =71V (u]h(1)) for all € {0,...,N}.

(4.3)

Moreover, for all i € {0,..., N} and m € N we have

10| Lo ((0.)) N R?
174 e 0,17 < ((gR)) : (4.4)

To pass to the limit as 7 — 0%, we must show that the functions o for i € {0,..., N} admit a
uniform bound with respect to 7. To this end, for all time horizons T > 0, we deﬁne

My = |7

T

We begin by establishing a uniform bound for zI" for all 0 < 7 <1 and m € {0,..., Mr}.
Lemma 4.1. Let T > 0. There exists a constant Cr > 0 such that
|z < Cr  forall0 <7 <1andme{0,...,Mrp}. (4.5)

Proof. The case m = 0 is immediate. Fix 0 <7 <1 and m € {1,..., Mr}. By (2.5) and (4.1), it
follows that

N
‘x;n—l _xm’2 (N+ )9(0)@@;;”—1’ < 29 TZ (mTz)]
1=0
Hence,
2 N
_m2 o k=1 k) < S (hl 2 < 26(0 Ty
’3? xl ’ Z‘m ;L'T’ _mZ!xT | Z T,i)]a
k=1 =0
since

m7 < Mpr < T + 1.
In view of (3.3), it follows that

|20 — 2™ |? < 26(0) T+1<ZV +C’Z\$”]S N+1)>
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By Jensen’s inequality
2

1 N s N 5 m‘Q
m' S
<N+1§‘xT7Z‘> = 7'7,’ N+1
Thus
Z [ ]* < (N + 1) 22
Moreover, by Young’s inequality
1
20 — 2 = 2O+ o — 200 2 > S — 2O,

Therefore,
2™ < 2|2°% 4 40(0)(T + 1) <Z V(@) + C(N + 1)1 73 [2* + (N + 1)D> .
Since s € (0,2), the above inequality implies the existence of a constant Cp > 0, independent of

0<7<1landme€{0,...,Mp}, such that the uniform bound (4.5) holds. O

For all T' > 0, let C'1 > 0 be the constant provided by Lemma 4.1. To obtain a uniform estimate
with respect to 7 for the functions o for all i € {0,..., N} and m € {1,..., My}, we require 7 to
satisfy the bound

1
0 <7 <min<1, . (4.6)
{ 2H0/|L°°((O,R))HV/HLOO((—CT,CT))NRQ}

In the following lemma, using the Euler-Lagrange system (4.3), we show that the functions ol are

also well-defined at s = 0 (even if the initial point z° lies on the boundary 9K), and we establish a
uniform estimate for oJf; for all i € {0,..., N} and m € {1,..., Mr}.

Lemma 4.2. Let T > 0 and assume (4.6). For alli € {0,...,N} and m € {1,..., Mp} we have
o, € C1([0,1]) and

0 < al(s) <2V oo ((—op,conT  for all s € [0,1]. (4.7)
Proof. We fix m € {1,..., Mr} and we proceed by induction on i € {0,...,N}.

Step 1: Case i = 0.
In view of the Euler-Lagrange system (4.3), the function o) satisfies
&y = (aT,O) 70=0 in (0,1]. (4.8)
Thus, oY is non-decreasing in (0, 1], which, together with (3.10) in Proposition 3.3, implies
0 < aly(s) < aly(l) = =7V (@) < 2|V || oo ((—cp,cppT  forall s € (0,1],

thanks to (4.5) in Lemma 4.1. In particular, oy € L>°((0,1)). Hence, by exploiting (4.8), the
function ol can be extended to s = 0, yielding oy € C*([0,1]) and (4.7) for i = 0.

Step 2: Caseic {1,...,N}.
By induction, we may assume
0<al 1(s) <2|V'||peo((—cpcpnT forall s €[0,1].
Then, by exploiting (4.3), (4.4), and (4.6) we have
- m

2
&y > — (1) B

> =4\ V|7 (oo lBriill L 017
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> =201 e (0.0 IV 120 ((— 0 o NBET* 2 =Vl oo (0,027 1 (0,1].
Integrating the above inequality over [s, 1] for all s € (0,1), we get
(1) —al(s) > —HV’HLOQ((,CT’CT))T for all s € (0,1],
which yields
0 < aZi(s) < =V @) + IVl —cr.om™ < 2Vl crcp)r forall s € (0,1],

thanks to (3.10) and (4.5). In particular, o, € L>°((0,1)). Hence, by exploiting the Euler-Lagrange
equation

0'42,11' = (042?2‘)2 :'nz - (O‘Z,lifl)Q 773,11‘71 in (0, 1],
the function o can be extended to s = 0, yielding aI?; € C'([0,1]) and (4.7) for i. O

To pass to the limit as 7 — 071 in the interpolations z, of the JKO scheme defined in (4.2), we

would ideally want the sequence (z]),,en to satisfy an implicit Euler scheme of the form
M. xmfl
T, T, m ! m .
————— = —0(Ri(x"))V'(2F) forallie{0,...,N} and m € N, (4.9)
T b

which is the time-discrete approximation of the Follow-the-Leader system (3.1). Unfortunately,
this is not exactly the case. However, we can use the uniform estimates from Lemma 4.2 to show
that (4.9) holds up to an error term that vanishes as 7 — 0.

Lemma 4.3. Let T > 0 and assume (4.6). For alli € {0,...,N} and m € {1,..., My} we have

m m—1
Lri— Lrg m 1/ om m
% = _Q(RZ(xT ))V (‘TT,i) + CT,iv (410)
where the remainder ) 0 )
u™ (1) —u™(0) — o™
(i = rall) — u7il0) — Wl (4.11)
satisfies
I¢ral < 29<0)H0/HL°°((0,R))HV/H%OO((—CT,CT))NR2T' (4.12)
Proof. We fix i € {0,...,N} and m € {1,...,Mr}. Since u'(1) = 27", we can rephrase the
Neumann-type boundary condition o7;(1) = —7V'(27";) as

i (1) = —70(Ri(27))V' (275).

T,0 T,

Thus, by using also u™(0) = 2™}, we can write
. — gmol
— = RV (27) + (s

where

It remains to prove (4.12). For ¢ = N we have
uy'y = 0(0)ary  in [0, 1],
and since o'y € C*([0,1]), we conclude that @y € C*([0,1]) and, by exploiting (4.3),
iy = 0(0)ay = —0(0)(aly_1)Briy—1 in [0,1].
From (4.4) and (4.7), it follows that
i oo 0,1) < 200006l oo 0, |V F e (o N BT

For ¢ € {0,..., N — 1}, since
aly = 0(Ri(ul"))al; in [0,1],
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and o7 € C'([0,1]), we conclude that @"; € C'([0,1]) and, in view of (4.3),
iy = NH,(Rz(UT))Rz(UT)z[UTZ =)ol + O(Ri(u))aly

— (R (u)) ()2 + 20( R (u))alhas B — O(Ry(u)) (0282, in [0, 1],

where the terms involving ¢ — 1 are omitted when ¢ = 0. From (4.4) and (4.7), it follows that
i > —O(Ry (™)) (020 — O(Ry(u™)) (001280
> =40(0) 10" (0.1 IV 7 (-, ey NEET® i [0.1],

and

i < 20(Rig (w01 A7 < 400) 10l 0,00 IV 3w gy NEPT® i 0,1
Thus, for all i € {0,..., N} we get the estimate

7% 2o 0,1y < 4016l Lo 0,00 IV | F o0 (o N RO
Therefore, by Taylor’s formula, we infer
: @75 oo (0,1
(1) — s (0) — ity (V)] < 2O < 20(0) 10l o, IV W e .oy N BT,
which implies (4.12). O
We are now in a position to prove Theorem 1.1, the main result of this paper: as 7 — 0T, the
interpolations z,; of the JKO scheme defined in (4.2) converge to a solution z € C*(]0, +00); K) of

the Follow-the-Leader system (3.1). Before that, we need the following lemma proving uniqueness
of solutions for (3.1).

Lemma 4.4. Let N > 1 be an integer and let R > 0. Assume that 6 € C1([0, R]) satisfies (2.1) and
that V € CY(R) satisfies (3.2)~(3.3). For a given initial condition 2° € K, the Follow-the-Leader
system (3.1) has at most one solution x € C*(]0, +00); K).

Proof. In the particular case in which V/ € W2 (R), the statement follows from [13, Proposition 2.2].
However, the set of assumptions (3.2)—-(3.3) may allow for lower regularity for V. We then define

a(z) = -V'(z) forz €R,
and

z 1
H(x) .—/0 @dy for z € R.

The assumption (3.2) implies H € C*(R). Moreover, H is strictly increasing and therefore invertible
on its image and there holds, for all z € R,

(H™)(H(2)) = a(z).
Let # € C([0, +00); K) be a solution to (3.1). For all i € {0,..., N}, we set
2i(t) == H(x;(t)) for t € [0,+00).

Clearly, z; is differentiable in time and satisfies, for all ¢ € [0, c0),

() = H'aa@0R60) = (srme—m— ) @9

for all i € {0,...,N — 1} and

Zn(t) = 6(0). (4.14)
Since H~!is C1, the system (4.13)—(4.14) for a given initial datum has a unique solution on [0, T") for
some maximal time 7" > 0, due to classical Cauchy-Lipschitz theory. Now let 2!, 22 € C1([0, +00); K)
be two solutions of (3.1) with the same initial condition 2°. Then, z} = H(z}) and 2? = H(z?)

[ 7 7

are both defined on [0, +00) and solve the transformed system (4.13)—(4.14) with the same initial
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conditions H(z¥). By uniqueness, they coincide on [0,+00). Since H is invertible, this yields
ol =22, O
Proof of Theorem 1.1. Let T > 0 and take 7 > 0 satisfying (4.6). We note that x, € Lip([0,T]; K).

Moreover, by (4.5), we have

27l oryiy < sup |2 < Cr,
mE{O,...,MT}

while, by (4.7) and the identity
Wl = 0(Ri(ul*)al; forallie{0,...,N}and m e {1,...,Mp},

T, T T,

we get

%7, ) =  sup
(1) mefl,....Mr}

= sup
mE{l,...,MT}

uri(1) — u7’(0)
T
- 7% N oo ((0,1)) <9 , A
< sup ———— <2000) |V || Loo (—op,0m)) - (4.15)
me{l,...,MT} T

Hence, by the Ascoli-Arzela theorem and a diagonal argument, there is a sequence (7%)ren C (0, 1)
with 7, — 07 as k — 400 and a function x € Lip,,.([0, +o0); K) such that, for all T' > 0,

Ty — X strongly in C°([0,T]; K) as k — 400,
Er, — & weakly* in L°°((0,T); RV *1) as k — +oo.

In particular, z(0) = 29, since z,(0) = 2° for all k € N.
Let us define ¢, : [0, +00) — RY¥*+! as

Crailt) ZC;”Z Lr,(me1yr)(t) foralli € {0,..., N} and ¢ € [0, +00),

where ¢ is the remainder term defined in (4.11). Fix ¢ € C2°((0,+00)) and T, > 0 such that

T,

supp(p) C (0,T,). For all k € N sufficiently large, we can rephrase (4.10) in Lemma 4.3 as
ri(t) = =0(Ri(Tr, (1)) V' (Tr, (L) + (i) foralli e {0,...,N} and a.e. t € (0,T,,),
which yields
/ liny i(8) + O(Ri(Er, (0)V (T a(1))] (1) dt = / ¢ (et dt forallie{0,... N},
0
By (4.15), for all k € N sufficiently large we have
T (t) = 2, ()] < TllBr, |l oo 0,1)) < 2VN +10(0) IVl Lo ((—Cpy 0, )T For all € [0, Ty
Thus, for all i € {0,..., N} and k € N sufficiently large

O(R;(Z-, (1)) — 0(Ri(z(t))) for all ¢ € [0,T,] as k — +oo,
V(T (1) = V' (2i(t)) for all t € [0,T,,] as k — 400,
and
|0(Ri(Tr, ()] < 1101l Lo ((0,R)) for all t € 0, T,],

V' @i O] < IV 2o ((~0m, 0m, ) for all ¢ € [0, T,).
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Moreover, in view of (4.12), for all i € {0,..., N} and k € N sufficiently large
o i (O] < 2000) 0l 0,200 [V ey e NEZ for all £ € [0, T,

Hence, the dominated convergence theorem yields
/ [4(t) + 0(Ry(2())V' (@i(8)] o(t) dt =0 for all i € {0,...,N}.
0

Since ¢ € C°((0,400)) is arbitrary, we deduce that
ii(t) = —0(R;(x(t)))V'(24(t)) for a.e. t € (0,+00).

Finally, observing that 0(R;(z))V'(z;) € C°(]0,+0c0)) for all i € {0,...,N}, we conclude that
x € CY([0,+00); K) and it is a solution to the Follow-the-Leader system (3.1). From Lemma 4.4 we
know that (3.1) has at most one solution in said space. Therefore, the whole family =, satisfies, as
7 — 0T, the same convergence properties as z,, as k — 4o00. ]
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