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Abstract. We show that the comparison principle holds for smooth sub- and super-
solutions of a class of degenerate sub-elliptic equations that includes the sub-elliptic ∞-
Laplacian, when the horizontal gradient does not vanish at the maximal points of their
difference. The equations are defined by an arbitrary family of smooth vector fields; in
particular, our results apply to equations defined with respect to a set of Hörmander
vector fields and in Carnot groups. The proofs have been formalized and verified in the
Lean proof assistant.

1. Introduction

Let Ω ⊂ Rn be a bounded open set and let X1, . . . , Xm, m ≤ n, be smooth vector fields
on Rn satisfying Hörmander’s rank condition

(1.1) dim
(
Lie(X1, . . . , Xm)(x)

)
= n

at every point x ∈ Rn. The main example we have in mind is that of a Carnot group
G = (Rn, ∗) of step r ≥ 1, that is, a connected and simply connected nilpotent Lie group
whose Lie algebra g of left-invariant vector fields admits a stratification g = g1 ⊕ · · · ⊕ gr
with [g1, gj ] = gj+1 for j < r and [g1, gr] = {0}, with {X1, . . . , Xm} a basis of the first layer
g1; these vector fields are left invariant with respect to G, homogeneous of degree one with
respect to its dilations, and satisfy (1.1). We refer to [9] for the structure and properties
of Carnot groups. The case m = n corresponds to the Euclidean setting Xi = ∂xi ; the
relevant case is m < n. The simplest non-abelian example is the Heisenberg group H1 = R3

with
X1 = ∂x1 − 1

2 x2 ∂x3 , X2 = ∂x2 + 1
2 x1 ∂x3 , [X1, X2] = ∂x3 .

However, no group structure is used in this note: our results hold, and are proved, for an
arbitrary Hörmander family of smooth vector fields, which we fix from now on.

We consider the equation

(1.2) Lu := −Tr
(
a(Xu)XXu

)
= −

m∑
i,j=1

ai,j(Xu)XjXiu = 0 in Ω,

where Xu = (X1u, . . . ,Xmu) is the sub-elliptic (horizontal) gradient, XXu = (XjXiu)i,j
is the sub-elliptic second derivative matrix, and ai,j ∈ C(Rm \ {0}) are such that the
(m×m) matrix a(ξ) = (ai,j(ξ))i,j is symmetric and positive semi-definite for every ξ ̸= 0
and satisfies the ellipticity condition

(1.3) E(ξ) :=
〈
a(ξ) ξ, ξ

〉
> 0 ∀ ξ ∈ Rm \ {0}.
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Furthermore, we assume that a is homogeneous, i.e. there exists a constant β ∈ R such
that

(1.4) a(tξ) = tβ a(ξ) ∀ t > 0, ξ ∈ Rm \ {0}.
Since a(ξ) is symmetric, the equation (1.2) can also be written as

Lu = −Tr
(
a(Xu)XX⋆u

)
= 0,

where XX⋆u is the symmetrized sub-elliptic second derivative; see Section 2. The matrix
a need not be defined at ξ = 0; this allows normalized operators such as the normalized
p-Laplacian. Condition (1.3) asks for ellipticity in one direction only: the matrix a(ξ) may
be degenerate in all the directions orthogonal to ξ, as it is for the ∞-Laplacian, for which
a(ξ) = ξ ⊗ ξ has rank one.

Remark 1.1. (a) By (1.4), a(ξ) = |ξ|βa(ξ/|ξ|) and E(ξ) = |ξ|2+βE(ξ/|ξ|) for ξ ̸= 0, so that
a is determined by its restriction to the unit sphere, and E(ξ) ≥ a0|ξ|2+β for some a0 > 0
(Lemma 2.1). The equation is degenerate when β > 0, since then a(ξ) → 0 as ξ → 0, and
singular when β < 0. If a extends continuously to ξ = 0, then β ≥ 0, and β = 0 only if
a is constant. Only t > 0 enters (1.4); in particular, (1.4) holds if a(tξ) = |t|βa(ξ) for all
t ∈ R \ {0}, but a need not be even (see the examples below).

(b) Only points at which the horizontal gradient does not vanish enter the notions of sub-
and super-solution used below (Definition 1.2), and at such points Lu = |Xu|β L0u, where
L0u := −Tr

(
a(Xu/|Xu|)XXu

)
is the operator of the 0-homogeneous matrix a(ξ/|ξ|).

Hence these notions do not change if a is multiplied by a positive function of ξ; for
instance, replacing a(ξ) by |ξ|γa(ξ) replaces β by β + γ, and one may always normalize
β = 0. Consequently, all the results below also hold for the matrices ϕ(ξ) a(ξ), where
ϕ ∈ C(Rm \ {0}) is positive and a satisfies (1.3) and (1.4); the value of β plays no role in
the statements.

(c) Condition (1.4) excludes matrices that change shape along rays. For instance, for the
mean curvature type matrix a(ξ) = Im−ξ⊗ξ/(1+ |ξ|2), whose eigenvalues are 1/(1+ |ξ|2)
in the direction of ξ and 1 in the orthogonal directions, a(tξ) is not a multiple of a(ξ)
when m ≥ 2 and t ̸= 1, so that not even the normalization in (b) makes it homogeneous.

(d) In the Euclidean case, (1.3) is the ellipticity condition of Barles and Busca [6] in
the direction of the gradient, and (1.3), (1.4) imply their condition for small gradients,
E(ξ) ≥ c |ξ|2 Tr a(ξ) for all ξ ̸= 0, since both sides are |ξ|2+β times a positive continuous
function of ξ/|ξ|. On the other hand, a is only assumed to be continuous away from the
origin, not locally Lipschitz continuous.

We consider smooth sub- and super-solutions in the following classical sense.

Definition 1.2. Let U ⊂ Rn be open. A function u ∈ C2(U) is a (classical) sub-solution
(resp. super-solution) of (1.2) in U if Lu(x) ≤ 0 (resp. Lu(x) ≥ 0) at every point x ∈ U
such that Xu(x) ̸= 0; we then write Lu ≤ 0 (resp. Lu ≥ 0) in U .

No condition is imposed at the horizontal critical points of u, where a need not be
defined. When a extends continuously to ξ = 0, as for the sub-Laplacian and the ∞-
Laplacian, Definition 1.2 is equivalent to requiring the inequality at every point of U .
Indeed, the inequality extends by continuity to the critical points which are limits of non-
critical points, and on the interior of the set of critical points u is locally constant, by
(1.1), so that Lu = 0 there.

The equation (1.2) encompasses a large class of degenerate equations. The sub-Laplacian
∆Xu = Tr(XXu) =

∑m
i=1X

2
i u corresponds to a(ξ) ≡ Im and β = 0. Among non-linear

equations, one of the most important cases is the sub-elliptic ∞-Laplacian

∆X,∞u =
〈
XX⋆uXu,Xu

〉
,
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which corresponds to a(ξ) = ξ ⊗ ξ and β = 2; the uniqueness of viscosity solutions of its
Dirichlet problem was proved by Bieske [7] in the Heisenberg group and by Wang [16] in
Carnot groups, and it also follows from comparison with cones [12, 1]. More generally,
a(ξ) = ∇f(ξ) ⊗∇f(ξ) gives the equation〈

XX⋆u∇f(Xu),∇f(Xu)
〉

= 0,

studied by C. Wang [16] in the context of absolute minimizers of ∥f(Xu)∥L∞ for convex
functions f , positive and positively homogeneous of degree k ≥ 1 (see [16] for the precise
hypotheses); here β = 2(k − 1), convexity plays no role in (1.3) and (1.4), and a is not
even if f is not. The normalized p-Laplacian

∆N
X,pu = ∆Xu + (p− 2)|Xu|−2∆X,∞u,

for 1 < p < ∞, corresponds to a(ξ) = Im + (p− 2) ξ⊗ ξ/|ξ|2, which is discontinuous at the
origin, and β = 0, while the p-Laplacian

m∑
j=1

Xj

(
|Xu|p−2Xju

)
= |Xu|p−2∆N

X,pu,

with β = p−2, has the same sub- and super-solutions (Remark 1.1(b)). Further examples
are the tilted ∞-Laplacian

〈
XX⋆uTXu, TXu

〉
= 0, where T is an m × m matrix with

positive definite symmetric part, which corresponds to a(ξ) = Tξ ⊗ Tξ and β = 2 and,
for non-symmetric T , is an operator of rank one that is not of Aronsson type, since Tξ is
then not parallel to a gradient field; and the orthotropic p-Laplacian∑

i

Xi

(
|Xiu|p−2Xiu

)
= (p− 1)

∑
i

|Xiu|p−2XiXiu,

for p ≥ 2, which corresponds to a(ξ) = diag(|ξ1|p−2, . . . , |ξm|p−2) and β = p − 2, and for
p = 4 is, up to a factor, the diagonal ∞-Laplacian

∑
i(Xiu)2XiXiu. Finally, first-order

terms H(Xu), with H ∈ C(Rm \ {0}) positively homogeneous of degree β + 1, can be
added with obvious changes in the statements and proofs below, as for the biased ∞-
Laplacian ∆X,∞u + γ|Xu|3 = 0 of the biased tug-of-war [15] and the ∞-Laplacian with
drift ∆X,∞u +

〈
b,Xu

〉
|Xu|2 = 0; for simplicity, we restrict ourselves to (1.2).

Our main result is the comparison principle for smooth sub- and super-solutions in the
non-degenerate case.

Theorem 1.3. Let Ω ⊂ Rn be a bounded open set and let L be as in (1.2), with ai,j ∈
C(Rm\{0}), a(ξ) symmetric and positive semi-definite, satisfying (1.3) and (1.4) for some
β ∈ R. Let u, v ∈ C2(Ω) ∩ C(Ω̄) be such that Lu ≤ 0 ≤ Lv in Ω and u ≤ v on ∂Ω. If
Xu(x) ̸= 0 for every x ∈ argmaxΩ(u− v), then u ≤ v in Ω.

At every point of argmaxΩ(u− v) we have ∇u = ∇v, hence Xu = Xv; so the hypothesis
of Theorem 1.3 can equivalently be imposed on v. In particular, we obtain the following.

Corollary 1.4. Let Ω and L be as in Theorem 1.3, and let u, v ∈ C2(Ω) ∩ C(Ω̄) with
Lu ≤ 0 ≤ Lv in Ω and u ≤ v on ∂Ω. If v, or u, has no horizontal critical points in Ω,
then u ≤ v in Ω. Consequently, the Dirichlet problem for (1.2) has at most one solution
u ∈ C2(Ω)∩C(Ω̄) without horizontal critical points, and no other solution in C2(Ω)∩C(Ω̄)
with the same boundary values.

For instance, any function v with Xv ≡ λ for some constant λ ∈ Rm \ {0} and XXv ≡ 0
is a solution of (1.2) without horizontal critical points; in a Carnot group, in exponential
coordinates, these are the horizontal affine functions v(x) =

〈
λ, x1

〉
+ c, where x1 ∈ Rm

denotes the first-layer coordinates and c ∈ R. Hence every sub-solution (resp. super-
solution) u ∈ C2(Ω)∩C(Ω̄) which lies below (resp. above) such a v on ∂Ω lies below (resp.
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above) v in Ω. In the absence of comparison with cones, this is the natural replacement
of comparison with affine functions.

We remark that the comparison principle is non-trivial even in the Euclidean case,
since we need to overcome the case where the gradient vanishes. We follow the first step
of the argument of Barles and Busca [6] (see also [2]): a small perturbation u 7→ hλ(u)
together with (1.3) turns the sub-solution into a strict sub-solution at the points where
its horizontal gradient does not vanish, and this gives the comparison principle when the
gradient does not vanish at the maximal points of u − v, which is Theorem 1.3. The
homogeneity (1.4) makes the effect of the perturbation an exact identity (Lemma 3.2),
which is why continuity of a away from the origin suffices. Remarkably, this step uses no
structure of the vector fields beyond the chain rule and the identity (2.4) below: this is
why Theorem 1.3 holds for an arbitrary smooth Hörmander family, and in fact condition
(1.1) itself enters the proof only through the discussion of Definition 1.2.

In the Euclidean case, Barles and Busca remove the non-degeneracy assumption of
Theorem 1.3 by a second step: one considers the translates u(· + h) − v, and either the
gradient of u(· + h) does not vanish at the maximal points for some small h, so that
the first step applies to the sub-solution u(· + h), or the maximum of u(· + h) − v does
not depend on h near some h0, and then the strong maximum principle forces u and v
to be constant near the maximal points, contradicting the boundary inequality. On a
non-abelian Carnot group this second step does not go through as it stands, because the
two properties of the Euclidean translation that it uses are split between two different
operations: left translations x 7→ h ∗ x preserve the equation, since the vector fields are
left-invariant, but admit no first-order expansion in terms of the horizontal gradient, while
right translations x 7→ x ∗ h, for which u(x ∗ h) = u(x) +

〈
Xu(x), π1(h)

〉
+ o(∥h∥) with π1

the projection onto the first-layer coordinates, do not preserve sub-solutions in general.
The following question is therefore left open.

Question 1.5. Let G be a Carnot group of step r ≥ 2, let X1, . . . , Xm be a basis of the
first layer of its Lie algebra, and let L be as in Theorem 1.3. Is it true that u ≤ v in Ω for
all u, v ∈ C2(Ω)∩C(Ω̄) with Lu ≤ 0 ≤ Lv in Ω and u ≤ v on ∂Ω, without any assumption
on argmaxΩ(u− v)?

For some particular equations of the class, such as the ∞-Laplacian, the p-Laplacian
and the Aronsson equations of convex functions, uniqueness results on Carnot groups are
known by other methods [7, 16, 12, 8]; our argument does not rely on approximation by
solutions of p-Laplace equations nor on a variational structure. For linear equations defined
by arbitrary Hörmander vector fields, the comparison principle follows from the maximum
principle of Bony [10]. The strong maximum principle, which enters the Euclidean second
step above, was proved for quasilinear degenerate elliptic equations defined by Hörmander
vector fields by Capogna and Zhou [11], and for fully nonlinear equations by Bardi and
Goffi [3]; we also refer to [5] and [4] for related results.

Our results are limited to smooth sub- and super-solutions. In the Euclidean case
and in the case of Carnot groups, arbitrary viscosity sub-solutions and super-solutions
can be approximated, respectively, by semi-convex sub-solutions and semi-concave super-
solutions (see [13, 2, 16, 8]), which suggests that the arguments can be extended to viscosity
solutions. This extension will be addressed in a forthcoming paper.

Theorem 1.3 and Corollary 1.4, both the comparison and the uniqueness assertion of
the corollary, have been formalized in Lean 4 on top of the Mathlib library, precisely in
the general setting of this note: the Lean statements are for an arbitrary family of smooth
vector fields satisfying (1.1), with no group structure. The formal proofs follow Section 3
step by step and are checked by the Lean kernel using only the standard axioms. A
companion note describes the formalization and states every Lean definition and theorem,
so that they can be compared with the statements of this paper. See [14].
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The paper is organized as follows. Section 2 contains notation and the consequences of
(1.3) and (1.4) that we use. In Section 3 we prove Theorem 1.3 and Corollary 1.4.

2. Notations and Preliminaries

For a function u : Ω → R, we denote the sub-elliptic gradient and second derivative by

Xu = (X1u, . . . ,Xmu) and XXu = (XjXiu)i,j .

The second derivative matrix is not symmetric in general, hence we denote the symmetrized
second derivative by

XX⋆u =
1

2

(
XXu + (XXu)T

)
=

1

2

(
XiXju + XjXiu

)
i,j
.

The standard Euclidean scalar product on Rk is denoted by
〈
·, ·
〉
, the Euclidean vector

fields by ∂xi , ∇u = (∂x1u, . . . , ∂xnu) is the Euclidean gradient, DF is the Jacobian matrix
of a vector function F : Ω → Rn and D2u = D(∇u) = (∂xi∂xju)i,j is the Euclidean
Hessian. For x ∈ Rn and E ⊂ Rn, dist(x,E) = inf{|x− y| : y ∈ E} denotes the Euclidean
distance.

For symmetric matrices A,B ∈ Rk×k, we write A ≤ B if
〈
Aξ, ξ

〉
≤

〈
Bξ, ξ

〉
for every

ξ ∈ Rk, and |A| =
√

Tr(ATA). If A,Z ≥ 0, then Tr(AZ) = |
√
Z
√
A|2 ≥ 0; hence

(2.1) Tr(AY ) ≤ Tr(AX) ∀ A ≥ 0, Y ≤ X.

We record the consequences of (1.3) and (1.4) that we use.

Lemma 2.1. Assume (1.3) and (1.4). Then for all t > 0, ξ ̸= 0 and every X ∈ Rm×m,

(2.2) E(tξ) = t2+β E(ξ) and Tr
(
a(tξ)X

)
= tβ Tr

(
a(ξ)X

)
.

Moreover,

(2.3) E(ξ) ≥ a0 |ξ|2+β ∀ ξ ∈ Rm \ {0}, where a0 := min
ζ∈Sm−1

〈
a(ζ)ζ, ζ

〉
> 0.

Proof. The identities (2.2) follow at once from (1.4). The function E is continuous, and
positive on the compact set Sm−1 by (1.3), so that a0 > 0. Finally, applying (2.2) to ξ/|ξ|
with t = |ξ|, we get E(ξ) = |ξ|2+βE(ξ/|ξ|) ≥ a0|ξ|2+β. □

There is a matrix σ : Rn → Rn×m, σ(x) = [σ1(x), . . . , σm(x)] with σj : Rn → Rn

smooth, such that Xj = σj(x) · ∇; since the vector fields are non-zero, σ(x) ̸= 0 for every
x. Hence, for any u ∈ C2,

(2.4) Xu = σ(x)T∇u and XX⋆u = σ(x)TD2uσ(x) + M(x,∇u),

where M(x, ζ) ∈ Rm×m is the matrix with entries

(2.5) M(x, ζ)i,j =
1

2

(〈
Dσj(x)σi(x), ζ

〉
+
〈
Dσi(x)σj(x), ζ

〉)
;

note that the map ζ 7→ M(x, ζ) is linear. Indeed XjXiu =
〈
D2uσi, σj

〉
+

〈
Dσi σj ,∇u

〉
.

In particular, if u,w ∈ C2 satisfy ∇u(x) = ∇w(x) and D2u(x) ≤ D2w(x) at a point x,
then Xu(x) = Xw(x) and XX⋆u(x) ≤ XX⋆w(x).

For any function f : Ω → R, we denote the set of maximal points by

(2.6) argmaxΩ(f) =
{
x ∈ Ω : f(x) = supΩ f

}
,

which may be empty. If fk, f are continuous, fk → f uniformly, and xk → x ∈ Ω for
some xk ∈ argmaxΩ(fk), then x ∈ argmaxΩ(f). Also, argmaxΩ(f + c) = argmaxΩ(f) if c
is constant.
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3. Comparison principle

In this section we prove Theorem 1.3 and Corollary 1.4. Throughout, L is as in (1.2)
with ai,j ∈ C(Rm \ {0}), a(ξ) symmetric and positive semi-definite, satisfying (1.3) and
(1.4) for some β ∈ R, and Ω ⊂ Rn is a bounded open set, not necessarily connected. We
follow the first step of the approach of Barles and Busca [6], who studied the Euclidean
case.

We begin with the following elementary observation.

Lemma 3.1. Let U ⊂ Rn be open, let u, v ∈ C2(U), and let x0 ∈ U be a local maximum
point of u − v with Xu(x0) ̸= 0. Then Xv(x0) = Xu(x0) =: ξ0, XX⋆u(x0) ≤ XX⋆v(x0)
and Lu(x0) ≥ Lv(x0). In particular, it is impossible that Lu(x0) < 0 ≤ Lv(x0) or
Lu(x0) ≤ 0 < Lv(x0).

Consequently, if u, v ∈ C2(Ω) ∩ C(Ω̄) satisfy Lu < 0 ≤ Lv (resp. Lu ≤ 0 < Lv) in Ω,
u ≤ v on ∂Ω, and Xu ̸= 0 on argmaxΩ(u− v), then u ≤ v in Ω.

Proof. The interior maximality at x0 implies ∇u(x0) = ∇v(x0) and D2u(x0) ≤ D2v(x0),
which together with (2.4) yields Xu(x0) = Xv(x0) = ξ0 and XX⋆u(x0) ≤ XX⋆v(x0). Using
(2.1) with a(ξ0) ≥ 0, we have

0 ≤ Tr
(
a(ξ0)

(
XX⋆v(x0) − XX⋆u(x0)

))
= −Lv(x0) + Lu(x0).

For the second assertion, we proceed by contradiction: if u(x) > v(x) for some x ∈ Ω,
then, since u−v ≤ 0 on ∂Ω, the maximum of u−v over Ω̄ is positive and attained at some
x0 ∈ argmaxΩ(u−v); there Xu(x0) = Xv(x0) ̸= 0, so the inequalities Lu(x0) < 0 ≤ Lv(x0)
(resp. Lu(x0) ≤ 0 < Lv(x0)) hold, which contradicts the first part. □

The next goal is to relax the strict inequality in Lemma 3.1 to Lu ≤ 0 ≤ Lv. This is
difficult due to the degeneracy of the equation. Given a sub-solution u, the strategy is
to construct small perturbations uλ = hλ(u), with hλ ∈ C2(R) and λ > 0 small, which
are strict sub-solutions at the points where Xu does not vanish. The construction uses
the ellipticity (1.3) and the homogeneity condition (1.4); we have the following technical
lemma.

Lemma 3.2. Let β ∈ R be as in (1.4), let h ∈ C2(R), let w ∈ C2(U) for an open set U ,
and let x ∈ U with Xw(x) ̸= 0 and h′(w(x)) > 0. Then

(3.1) L(h ◦ w)(x) = −h′(w(x))β
[
h′′(w(x)) E

(
Xw(x)

)
− h′(w(x))Lw(x)

]
.

Proof. We have X(h◦w) = h′(w)Xw and XX(h◦w) = h′(w)XXw+h′′(w)Xw⊗Xw. Hence,
with t = h′(w(x)) > 0 and ξ = Xw(x), using (1.4) we have, at x,

L(h ◦ w)(x) = −tTr
(
a(tξ)XXw(x)

)
− h′′(w(x))

〈
a(tξ)ξ, ξ

〉
= −tβ

[
h′′(w(x))

〈
a(ξ)ξ, ξ

〉
+ tTr

(
a(ξ)XXw(x)

)]
,

which is (3.1). □

If a(tξ) = |t|βa(ξ) for all t ̸= 0, the same computation shows that (3.1) holds, with
|h′(w(x))|β in place of h′(w(x))β, whenever h′(w(x)) ̸= 0. Using Lemma 3.2 together with
the ellipticity (1.3), we show the following.

Proposition 3.3. Let u, v ∈ C2(Ω) ∩C(Ω̄) be such that Lu ≤ 0 ≤ Lv in Ω and u ≤ v on
∂Ω. If Xu (equivalently, Xv) does not vanish at any point of argmaxΩ(u− v), then u ≤ v
in Ω.

Proof. We proceed by contradiction and assume that M0 := maxΩ̄(u − v) > 0. Since
u − v ≤ 0 on ∂Ω, the set E := argmaxΩ(u − v) is a non-empty compact subset of Ω. By
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assumption and continuity of Xu, θ := minE |Xu| > 0, and there is an open set U with
E ⊂ U ⊂⊂ Ω and |Xu| ≥ θ/2 on U .

For λ > 0 let

hλ(s) = s + λ(s− u0)
2, u0 = min

Ω̄
u, uλ := hλ ◦ u ∈ C2(Ω) ∩ C(Ω̄).

(Any hλ ∈ C2(R) with hλ(s) ≥ s, h′λ(s) > 0 and h′′λ(s) > 0 for s in the range of u, and
hλ → id uniformly there as λ → 0+, would do.) On the range of u we have h′λ ≥ 1 and
h′′λ = 2λ; moreover u ≤ uλ and

(3.2) ∥uλ − u∥L∞(Ω) ≤ 4λ∥u∥2L∞(Ω).

Let Eλ := argmaxΩ̄(uλ − v). Since maxΩ̄(uλ − v) ≥ M0, while uλ − v ≤ 4λ∥u∥2L∞ on ∂Ω,
we have Eλ ⊂ Ω whenever 4λ∥u∥2L∞ < M0. Moreover supx∈Eλ

dist(x,E) → 0 as λ → 0+:
otherwise there are λk → 0 and xk ∈ Eλk

with dist(xk, E) ≥ ε0 > 0, and a subsequence
converges to some x̄ ∈ Ω̄ with (u− v)(x̄) = limk(uλk

− v)(xk) ≥ M0 by (3.2); thus x̄ ∈ E,
a contradiction. Fix λ > 0 so small that Eλ ⊂ U , and let xλ ∈ Eλ.

Since xλ ∈ U , we have |Xu(xλ)| ≥ θ/2, hence Xuλ(xλ) = h′λ(u(xλ))Xu(xλ) ̸= 0. As xλ
is an interior maximum point of uλ − v, Lemma 3.1 gives Xv(xλ) = Xuλ(xλ) ̸= 0 and

(3.3) Luλ(xλ) ≥ Lv(xλ) ≥ 0,

where the last inequality holds because v is a super-solution and Xv(xλ) ̸= 0. On the
other hand, u is a sub-solution and Xu(xλ) ̸= 0, so that Lu(xλ) ≤ 0, and Lemma 3.2 with
t := h′λ(u(xλ)) ≥ 1 and ξ := Xu(xλ) gives

(3.4) Luλ(xλ) = −tβ
[
2λ E(ξ) − tLu(xλ)

]
≤ −2λ tβ E(ξ) ≤ −2λ a0 t

β |ξ|2+β < 0,

by (2.3). This contradicts (3.3), and the proof is complete. (Since Xu = Xv on E, the
hypothesis on Xv is the same; alternatively, one can perturb v by vλ = v − λ(v − v1)

2,
v1 = maxΩ̄ v, for which h′λ ≥ 1 and h′′λ = −2λ on the range of v, so that Lvλ > 0 at the
points where Xv ̸= 0, by Lemma 3.2.) □

Proof of Theorem 1.3 and Corollary 1.4. Theorem 1.3 is a restatement of Propo-
sition 3.3. As for Corollary 1.4, if v (resp. u) has no horizontal critical points, then
Xu = Xv ̸= 0 at every point of argmaxΩ(u−v), and Proposition 3.3 applies. If u and v are
solutions with u = v on ∂Ω and v has no horizontal critical points, then u ≤ v; exchanging
the roles of u and v, so that v is now the sub-solution and Xv ̸= 0 on argmaxΩ(v− u), we
also get v ≤ u. □

Acknowledgements

The authors thank Thomas Bieske and Luca Capogna for their comments and sugges-
tions on a previous version of this paper.

S. Mukherjee had been supported by European Union’s Horizon 2020 research and inno-
vation program under the (GHAIA) Marie Sk lodowska-Curie grant agreement No. 777822.
He thanks the Department of Mathematics at the University of Pittsburgh for their hos-
pitality. J. Manfredi has been supported by the Simons collaboration grant 962828.

References

[1] Scott N. Armstrong and Charles K. Smart. An easy proof of Jensen’s theorem on the uniqueness of
infinity harmonic functions. Calc. Var. Partial Differential Equations, 37(3-4):381–384, 2010.

[2] Gunnar Aronsson, Michael G. Crandall, and Petri Juutinen. A tour of the theory of absolutely mini-
mizing functions. Bull. Amer. Math. Soc. (N.S.), 41(4):439–505, 2004.

[3] Martino Bardi and Alessandro Goffi. New strong maximum and comparison principles for fully non-
linear degenerate elliptic PDEs. Calc. Var. Partial Differential Equations, 58(6):Paper No. 184, 20,
2019.



COMPARISON PRINCIPLE FOR SUB-ELLIPTIC EQUATIONS 8

[4] Martino Bardi and Alessandro Goffi. Liouville results for fully nonlinear equations modeled on
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pour les opérateurs elliptiques dégénérés. Ann. Inst. Fourier (Grenoble), 19(fasc. 1):277–304 xii, 1969.

[11] Luca Capogna and Xiaodan Zhou. Strong comparison principle for p-harmonic functions in Carnot-
Caratheodory spaces. Proc. Amer. Math. Soc., 146(10):4265–4274, 2018.

[12] Federica Dragoni, Juan J. Manfredi, and Davide Vittone. Weak Fubini property and infinity harmonic
functions in Riemannian and sub-Riemannian manifolds. Trans. Amer. Math. Soc., 365(2):837–859,
2013.

[13] Robert Jensen. The maximum principle for viscosity solutions of fully nonlinear second order partial
differential equations. Arch. Rational Mech. Anal., 101(1):1–27, 1988.

[14] Juan J. Manfredi and Shirsho Mukherjee. Lean 4 formalization of: A note on the comparison principle
for degenerate sub-elliptic equations. GitHub repository, https://github.com/na0b/c2compnd-lean,
2026. Apache-2.0 license. Accessed 2026-11-03.
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