A NOTE ON THE COMPARISON PRINCIPLE
FOR DEGENERATE SUB-ELLIPTIC EQUATIONS

JUAN J. MANFREDI AND SHIRSHO MUKHERJEE

ABSTRACT. We show that the comparison principle holds for smooth sub- and super-
solutions of a class of degenerate sub-elliptic equations that includes the sub-elliptic co-
Laplacian, when the horizontal gradient does not vanish at the maximal points of their
difference. The equations are defined by an arbitrary family of smooth vector fields; in
particular, our results apply to equations defined with respect to a set of Héormander
vector fields and in Carnot groups. The proofs have been formalized and verified in the
Lean proof assistant.

1. INTRODUCTION

Let Q2 C R™ be a bounded open set and let X1,..., X,,, m <n, be smooth vector fields
on R” satisfying Héormander’s rank condition

(1.1) dim (Lie(X1,...,Xp)(z)) =n

at every point x € R™. The main example we have in mind is that of a Carnot group
G = (R™, *) of step r > 1, that is, a connected and simply connected nilpotent Lie group
whose Lie algebra g of left-invariant vector fields admits a stratification g =g ®--- & g»
with [g1, g;] = g;41 for j < rand [g1,9,] = {0}, with {X1,..., X}, } abasis of the first layer
g1; these vector fields are left invariant with respect to G, homogeneous of degree one with
respect to its dilations, and satisfy (1.1). We refer to [9] for the structure and properties
of Carnot groups. The case m = n corresponds to the Euclidean setting X; = 0y,; the
relevant case is m < n. The simplest non-abelian example is the Heisenberg group H! = R?
with
X1 :axl —%xgax:;, X2:8x2+%x1 8963, [Xl,XQ} :81»3.
However, no group structure is used in this note: our results hold, and are proved, for an
arbitrary Hormander family of smooth vector fields, which we fix from now on.
We consider the equation
m
(1.2) Lu = —Tr (a(Xu)XXu) = — Z a;j(Xu) X; X;u=0 in Q,
ij=1
where Xu = (Xju,..., Xpu) is the sub-elliptic (horizontal) gradient, XXu = (X;X;u); ;
is the sub-elliptic second derivative matrix, and a;; € C(R™ \ {0}) are such that the
(m x m) matrix a(§) = (a;,;()):,; is symmetric and positive semi-definite for every £ # 0
and satisfies the ellipticity condition

(1.3) E(€)=(a()&€) >0  VEER™\ {0}
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Furthermore, we assume that a is homogeneous, i.e. there exists a constant 8 € R such
that

(1.4) a(te) =tPa(€)  Yt>0, EcR™\ {0}
Since a(§) is symmetric, the equation (1.2) can also be written as
Lu = —Tr (a(Xu)XX*u) =0,

where XX*u is the symmetrized sub-elliptic second derivative; see Section 2. The matrix
a need not be defined at & = 0; this allows normalized operators such as the normalized
p-Laplacian. Condition (1.3) asks for ellipticity in one direction only: the matrix a(£) may
be degenerate in all the directions orthogonal to &, as it is for the co-Laplacian, for which
a(§) = £ ® £ has rank one.

Remark 1.1. (a) By (1.4), a(§) = [¢|°a(¢/|€]) and E(€) = [€]*TPE(&/[€]) for & # 0, so that
a is determined by its restriction to the unit sphere, and £(¢) > ao|&|?*? for some ag > 0
(Lemma 2.1). The equation is degenerate when 8 > 0, since then a(§) — 0 as £ — 0, and
singular when 8 < 0. If a extends continuously to £ = 0, then 8 > 0, and g = 0 only if
a is constant. Only t > 0 enters (1.4); in particular, (1.4) holds if a(t&) = |t|Pa(¢) for all
t € R\ {0}, but a need not be even (see the examples below).

(b) Only points at which the horizontal gradient does not vanish enter the notions of sub-
and super-solution used below (Definition 1.2), and at such points Lu = |¥u|? Lou, where
Lou := —Tr (a(Xu/|Xu|)XXu) is the operator of the 0-homogeneous matrix a(¢/[¢]).
Hence these notions do not change if a is multiplied by a positive function of &; for
instance, replacing a(§) by [£|7a(&) replaces 5 by 5 + 7, and one may always normalize
B = 0. Consequently, all the results below also hold for the matrices ¢(§)a(§), where
¢ € C(R™\ {0}) is positive and a satisfies (1.3) and (1.4); the value of § plays no role in
the statements.

(c) Condition (1.4) excludes matrices that change shape along rays. For instance, for the
mean curvature type matrix a(§) = I, —£®&/(1+|€]%), whose eigenvalues are 1/(1+|¢|?)
in the direction of £ and 1 in the orthogonal directions, a(t£) is not a multiple of a(&)
when m > 2 and t # 1, so that not even the normalization in (b) makes it homogeneous.

(d) In the Euclidean case, (1.3) is the ellipticity condition of Barles and Busca [6] in
the direction of the gradient, and (1.3), (1.4) imply their condition for small gradients,
E(&) > c|é? Tra(é) for all € # 0, since both sides are |£|>*# times a positive continuous
function of £/|£|. On the other hand, a is only assumed to be continuous away from the
origin, not locally Lipschitz continuous.

We consider smooth sub- and super-solutions in the following classical sense.

Definition 1.2. Let U C R” be open. A function u € C?(U) is a (classical) sub-solution
(resp. super-solution) of (1.2) in U if Lu(z) < 0 (resp. Lu(z) > 0) at every point x € U
such that Xu(z) # 0; we then write Lu <0 (resp. Lu > 0) in U.

No condition is imposed at the horizontal critical points of w, where a need not be
defined. When a extends continuously to & = 0, as for the sub-Laplacian and the oco-
Laplacian, Definition 1.2 is equivalent to requiring the inequality at every point of U.
Indeed, the inequality extends by continuity to the critical points which are limits of non-
critical points, and on the interior of the set of critical points w is locally constant, by
(1.1), so that Lu = 0 there.

The equation (1.2) encompasses a large class of degenerate equations. The sub-Laplacian
Axu = Tr(XXu) = Y."; X?u corresponds to a(¢) = I, and 8 = 0. Among non-linear
equations, one of the most important cases is the sub-elliptic co-Laplacian

Ax oot = (XX u Xu, Xu),
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which corresponds to a(§) = £ ® £ and § = 2; the uniqueness of viscosity solutions of its
Dirichlet problem was proved by Bieske [7] in the Heisenberg group and by Wang [16] in
Carnot groups, and it also follows from comparison with cones [12, 1]. More generally,
a(§) = Vf(&) @ Vf(&) gives the equation

(XX*uVf(Xu),Vf(Xu)) =0,

studied by C. Wang [16] in the context of absolute minimizers of || f(Xu)||ze for convex
functions f, positive and positively homogeneous of degree k > 1 (see [16] for the precise
hypotheses); here 5 = 2(k — 1), convexity plays no role in (1.3) and (1.4), and a is not
even if f is not. The normalized p-Laplacian

Ag’pu =Axu+ (p— 2)|%u\_2Ax,oou,

for 1 < p < oo, corresponds to a(&) = I, + (p — 2) £ ® /||, which is discontinuous at the
origin, and 8 = 0, while the p-Laplacian

m
- —2 AN

> X (1xulP 2 Xu) = |XufPTPARu,

j=1
with 8 = p—2, has the same sub- and super-solutions (Remark 1.1(b)). Further examples
are the tilted oco-Laplacian <%%*u TXu, T%u> = 0, where T is an m X m matrix with
positive definite symmetric part, which corresponds to a(§) = T¢ ® T¢ and = 2 and,
for non-symmetric 7', is an operator of rank one that is not of Aronsson type, since T¢ is
then not parallel to a gradient field; and the orthotropic p-Laplacian

D Xi(IXuf T Xu) = (p— 1) Y | XulP 2 X Xu,
i

()

for p > 2, which corresponds to a(¢) = diag(|€1|P72, ..., |&n|P2) and B = p — 2, and for
p =4 is, up to a factor, the diagonal oo-Laplacian >_,(X;u)2X;X;u. Finally, first-order
terms H(Xu), with H € C(R™ \ {0}) positively homogeneous of degree § + 1, can be
added with obvious changes in the statements and proofs below, as for the biased oc-
Laplacian Ax oo + v|Xul?> = 0 of the biased tug-of-war [15] and the oo-Laplacian with
drift Ax oou + <b, %u>]%u\2 = 0; for simplicity, we restrict ourselves to (1.2).

Our main result is the comparison principle for smooth sub- and super-solutions in the
non-degenerate case.

Theorem 1.3. Let Q C R™ be a bounded open set and let L be as in (1.2), with a;; €
C(R™\{0}), a(&) symmetric and positive semi-definite, satisfying (1.3) and (1.4) for some
B €R. Let u,v € C2Q)NC(Q) be such that Lu < 0 < Ly in Q and u < v on IN. If
Xu(x) # 0 for every x € argmaxq(u — v), then u < v in Q.

At every point of argmaxg(u —v) we have Vu = Vv, hence Xu = Xv; so the hypothesis
of Theorem 1.3 can equivalently be imposed on v. In particular, we obtain the following.

Corollary 1.4. Let 2 and L be as in Theorem 1.8, and let u,v € C%(Q) N C(Q) with
Lu <0< Lyin Q and u < v on 0. If v, or u, has no horizontal critical points in 2,
then u < v in Q. Consequently, the Dirichlet problem for (1.2) has at most one solution
u € C%(Q)NC(Q) without horizontal critical points, and no other solution in C%(Q)NC(£)
with the same boundary values.

For instance, any function v with Xv = A for some constant A € R™\ {0} and XXv =0
is a solution of (1.2) without horizontal critical points; in a Carnot group, in exponential
coordinates, these are the horizontal affine functions v(z) = <)\,x1> + ¢, where 1 € R™
denotes the first-layer coordinates and ¢ € R. Hence every sub-solution (resp. super-
solution) u € C%(2) NC () which lies below (resp. above) such a v on 95 lies below (resp.
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above) v in Q. In the absence of comparison with cones, this is the natural replacement
of comparison with affine functions.

We remark that the comparison principle is non-trivial even in the Euclidean case,
since we need to overcome the case where the gradient vanishes. We follow the first step
of the argument of Barles and Busca [6] (see also [2]): a small perturbation u — hy(u)
together with (1.3) turns the sub-solution into a strict sub-solution at the points where
its horizontal gradient does not vanish, and this gives the comparison principle when the
gradient does not vanish at the maximal points of u — v, which is Theorem 1.3. The
homogeneity (1.4) makes the effect of the perturbation an exact identity (Lemma 3.2),
which is why continuity of a away from the origin suffices. Remarkably, this step uses no
structure of the vector fields beyond the chain rule and the identity (2.4) below: this is
why Theorem 1.3 holds for an arbitrary smooth Hérmander family, and in fact condition
(1.1) itself enters the proof only through the discussion of Definition 1.2.

In the Euclidean case, Barles and Busca remove the non-degeneracy assumption of
Theorem 1.3 by a second step: one considers the translates u(- + h) — v, and either the
gradient of u(- + h) does not vanish at the maximal points for some small h, so that
the first step applies to the sub-solution u(- + h), or the maximum of u(- + h) — v does
not depend on h near some hg, and then the strong maximum principle forces u and v
to be constant near the maximal points, contradicting the boundary inequality. On a
non-abelian Carnot group this second step does not go through as it stands, because the
two properties of the Euclidean translation that it uses are split between two different
operations: left translations x +— h * x preserve the equation, since the vector fields are
left-invariant, but admit no first-order expansion in terms of the horizontal gradient, while
right translations z — @ « h, for which u(z * h) = u(z) + (Xu(z), m1(h)) + o(||h|)) with m
the projection onto the first-layer coordinates, do not preserve sub-solutions in general.
The following question is therefore left open.

Question 1.5. Let G be a Carnot group of step r > 2, let Xy,...,X,, be a basis of the
first layer of its Lie algebra, and let £ be as in Theorem 1.3. Is it true that « < v in Q for
all u,v € C*(Q)NC(Q) with Lu <0 < Lvin Q and v < v on I, without any assumption
on argmaxq(u — v)?

For some particular equations of the class, such as the oco-Laplacian, the p-Laplacian
and the Aronsson equations of convex functions, uniqueness results on Carnot groups are
known by other methods [7, 16, 12, 8]; our argument does not rely on approximation by
solutions of p-Laplace equations nor on a variational structure. For linear equations defined
by arbitrary Hormander vector fields, the comparison principle follows from the maximum
principle of Bony [10]. The strong maximum principle, which enters the Euclidean second
step above, was proved for quasilinear degenerate elliptic equations defined by Hérmander
vector fields by Capogna and Zhou [11], and for fully nonlinear equations by Bardi and
Goffi [3]; we also refer to [5] and [4] for related results.

Our results are limited to smooth sub- and super-solutions. In the Euclidean case
and in the case of Carnot groups, arbitrary viscosity sub-solutions and super-solutions
can be approximated, respectively, by semi-convex sub-solutions and semi-concave super-
solutions (see [13, 2, 16, 8]), which suggests that the arguments can be extended to viscosity
solutions. This extension will be addressed in a forthcoming paper.

Theorem 1.3 and Corollary 1.4, both the comparison and the uniqueness assertion of
the corollary, have been formalized in Lean 4 on top of the Mathlib library, precisely in
the general setting of this note: the Lean statements are for an arbitrary family of smooth
vector fields satisfying (1.1), with no group structure. The formal proofs follow Section 3
step by step and are checked by the Lean kernel using only the standard axioms. A
companion note describes the formalization and states every Lean definition and theorem,
so that they can be compared with the statements of this paper. See [14].
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The paper is organized as follows. Section 2 contains notation and the consequences of
(1.3) and (1.4) that we use. In Section 3 we prove Theorem 1.3 and Corollary 1.4.

2. NOTATIONS AND PRELIMINARIES

For a function u : 2 — R, we denote the sub-elliptic gradient and second derivative by
Xu = (Xlu, . ,Xmu) and XXu = (X]XZU)Z,]

The second derivative matrix is not symmetric in general, hence we denote the symmetrized
second derivative by
1 mo 1

The standard Euclidean scalar product on R* is denoted by <', o>, the Euclidean vector
fields by 0y, Vu = (O, u, . .., 03, u) is the Euclidean gradient, DF' is the Jacobian matrix
of a vector function F : © — R" and D?*u = D(Vu) = (8,,0,,u);; is the Euclidean
Hessian. For z € R™ and E C R", dist(z, F) = inf{|z — y| : y € E'} denotes the Euclidean
distance.

For symmetric matrices 4, B € R*¥** we write A < B if <A§,£>

<
¢ €RE and |A| = \/Tr(ATA). If A, Z > 0, then Tr(AZ) = |VZVA]?> >
(2.1) Tr(AY) < Tr(AX) VY A>0,Y < X.
We record the consequences of (1.3) and (1.4) that we use.
Lemma 2.1. Assume (1.3) and (1.4). Then for allt >0, £ # 0 and every X € R™*™,

<B§,§> for every
0; hence

(2.2) Ete) =P ) and  Tr(a(t&)X) =1t Tr(a(6)X).
Moreover,
(2.3) (&) >aglé|*P ¥V eEeR™\ {0}, where ag 1= CeIrgl}ﬂn_1 (a(¢)¢,¢) > 0.

Proof. The identities (2.2) follow at once from (1.4). The function £ is continuous, and
positive on the compact set S™~! by (1.3), so that ag > 0. Finally, applying (2.2) to £/|¢|
with ¢ = [€], we get £(€) = [E[PTPE(E/IE]) > aolé*HP. O

There is a matrix o : R" — R™™, o(z) = [0'(x),...,0™(x)] with ¢/ : R®* — R"”
smooth, such that X; = ¢7(z) - V; since the vector fields are non-zero, o(z) # 0 for every
x. Hence, for any u € C?,

(2.4) Xu=o0(x)'Vu and XX*u=o0(z)" D*uo(z)+ M(z,Vu),
where M(z, () € R™*™ is the matrix with entries
(25) Mz, Q)i = 5 ((Do? () 7' (2),¢) + (D' () 7). ) )

note that the map ¢ — M(z,() is linear. Indeed X;X;u = <D2u o, aj> + <Dai o, Vu>.
In particular, if u,w € C? satisfy Vu(r) = Vw(x) and D?*u(z) < D*w(x) at a point x,
then Xu(x) = Xw(x) and XX u(zr) < XX w(z).

For any function f : 2 — R, we denote the set of maximal points by

(2.6) argmaxq(f) = {z € Q: f(z) =supgq f},
which may be empty. If f, f are continuous, fr — f uniformly, and zp — = € Q for

some zy € argmaxq(fx), then z € argmaxq(f). Also, argmaxq(f + ¢) = argmaxq(f) if ¢
is constant.
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3. COMPARISON PRINCIPLE

In this section we prove Theorem 1.3 and Corollary 1.4. Throughout, £ is as in (1.2)
with a;; € C(R™ \ {0}), a(§) symmetric and positive semi-definite, satisfying (1.3) and
(1.4) for some g € R, and 2 C R™ is a bounded open set, not necessarily connected. We
follow the first step of the approach of Barles and Busca [6], who studied the Euclidean
case.

We begin with the following elementary observation.

Lemma 3.1. Let U C R" be open, let u,v € C?(U), and let zo € U be a local mazimum
point of u — v with Xu(xg) # 0. Then Xv(zo) = Xu(zg) =: &, XX u(z0) < XX*0(20)
and Lu(xg) > Lo(xg). In particular, it is impossible that Lu(zg) < 0 < Lv(zg) or
Lu(xo) <0< Lo(zp).

Consequently, if u,v € C?(Q) N C(Q) satisfy Lu < 0 < Lo (resp. Lu <0 < Lv) in Q,
u<wv on d, and Xu # 0 on argmaxqg(u — v), then u < v in Q.

Proof. The interior maximality at xq implies Vu(zo) = Vo(zo) and D?u(zo) < D?*v(z),
which together with (2.4) yields Xu(zg) = Xv(zg) = & and XX*u(zg) < XX*v(xp). Using
(2.1) with a(§) > 0, we have

0 <Tr (a(fo)(%%*v(xo) - %Z{*u(xo))) = —Lv(zo) + Lu(xo).

For the second assertion, we proceed by contradiction: if u(z) > v(z) for some z € €,
then, since u—v < 0 on 052, the maximum of u — v over  is positive and attained at some
xo € argmaxq(u—v); there Xu(zo) = Xv(zo) # 0, so the inequalities Lu(xg) < 0 < Lou(zo)
(resp. Lu(xp) < 0 < Lv(xp)) hold, which contradicts the first part. O

The next goal is to relax the strict inequality in Lemma 3.1 to Lu < 0 < Lv. This is
difficult due to the degeneracy of the equation. Given a sub-solution u, the strategy is
to construct small perturbations uy = hy(u), with hy € C%(R) and A > 0 small, which
are strict sub-solutions at the points where Xu does not vanish. The construction uses
the ellipticity (1.3) and the homogeneity condition (1.4); we have the following technical
lemma.

Lemma 3.2. Let 8 € R be as in (1.4), let h € C%(R), let w € C*(U) for an open set U,
and let © € U with Xw(z) # 0 and W' (w(x)) > 0. Then

(3.1) L(how)(x) = —1 (w(z))? [h'/(w(x)) £ (Xw(x)) — W (w()) ﬁw(x)} .
Proof. We have X(how) = h/(w)Xw and XX(how) = W' (w)XXw+h" (w)Xw® Xw. Hence,
with ¢t = /(w(z)) > 0 and £ = Xw(z), using (1.4) we have, at x,
L(how)(z)=—tTr (a(tf).’{.’{w(x)) — h”(w(x))<a(t§)£, §>
= 1 |1 (w(@)){a(€)¢, €) + ¢ Tr (a(§) XXu(@)) |,
which is (3.1). O

If a(t&) = [t|Pa(€) for all t # 0, the same computation shows that (3.1) holds, with
|W (w(x))|? in place of &' (w(z))?, whenever b’ (w(zx)) # 0. Using Lemma 3.2 together with
the ellipticity (1.3), we show the following.

Proposition 3.3. Let u,v € C%(Q) N C(Q) be such that Lu <0 < Lv in Q and u < v on
00. If Xu (equivalently, Xv) does not vanish at any point of argmaxqg(u —v), then u < v
in Q.

Proof. We proceed by contradiction and assume that My := maxg(u — v) > 0. Since
u—v < 0 on 9, the set E := argmaxq(u — v) is a non-empty compact subset of Q. By
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assumption and continuity of Xu, 6 := ming |Xu| > 0, and there is an open set U with
EcUccQand |Xu|>6/20onU.
For A > 0 let

ha(s) = s+ A(s — ug)?, up = min u, uy :=hyou € C*(Q)NC(Q).
Q

(Any hy € C*(R) with hy(s) > s, hi(s) > 0 and h{(s) > 0 for s in the range of u, and
hy — id uniformly there as A — 07, would do.) On the range of u we have k) > 1 and
N = 2); moreover u < uy and

(3.2) lux = ull oo () < 4X[u]| 700 (-

Let E) := argmaxg(uy — v). Since maxg(uy —v) > My, while uy — v < 4\||ul/2 on 9,
we have E) C Q whenever 4A||ul|7. < My. Moreover sup,¢p, dist(z, E) — 0 as A — 07
otherwise there are Ay — 0 and zj, € E), with dist(zg, £) > €9 > 0, and a subsequence
converges to some Z € Q with (u —v)(Z) = limg(uy, — v)(2x) > Mo by (3.2); thus z € E,
a contradiction. Fix A > 0 so small that E\ C U, and let x) € E).

Since ) € U, we have [Xu(xy)| > 0/2, hence Xuy(xy) = b\ (u(zy))Xu(zy) # 0. As )
is an interior maximum point of uy — v, Lemma 3.1 gives Xv(x)) = Xuy(x)) # 0 and

(3.3) Luy(xy) > Lo(zy) >0,

where the last inequality holds because v is a super-solution and Xv(zy) # 0. On the
other hand, u is a sub-solution and Xu(x)) # 0, so that Lu(z)) < 0, and Lemma 3.2 with
t:=h)(u(zy)) > 1 and & := Xu(x)) gives

(3.4)  Luy(zy) = —t° [m E(E) —t Lu(zy)| < —2MP () < —2hap 18 ¢]*F < 0,

by (2.3). This contradicts (3.3), and the proof is complete. (Since Xu = Xv on E, the
hypothesis on Xv is the same; alternatively, one can perturb v by vy = v — A(v — v1)?,
v = maxq v, for which A} > 1 and hY = —2X on the range of v, so that Lvy > 0 at the
points where Xv # 0, by Lemma 3.2.) O

Proof of Theorem 1.3 and Corollary 1.4. Theorem 1.3 is a restatement of Propo-
sition 3.3. As for Corollary 1.4, if v (resp. uw) has no horizontal critical points, then
Xu = Xv # 0 at every point of argmaxq(u—v), and Proposition 3.3 applies. If u and v are
solutions with © = v on 02 and v has no horizontal critical points, then v < v; exchanging
the roles of u and v, so that v is now the sub-solution and Xv # 0 on argmaxq (v — u), we
also get v < . O
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