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SINGULAR FLUX

STEFANO ALMI, RICCARDA ROSSI, AND GIUSEPPE SAVARE

ABSTRACT. Representation results for absolutely continuous curves p: [0,T] — Pp(R%), p > 1, with
values in the Wasserstein space (Pp(R%),W),) of Borel probability measures in R¢ with finite p-moment,
provide a crucial tool to study evolutionary PDEs in a measure-theoretic setting. They are strictly related
to the superposition principle for measure-valued solutions to the continuity equation.

This paper addresses the extension of these results to the case p =1, and to curves pu: [0,+00) —
P1(R?) that are only of bounded variation in time: in the corresponding continuity equation, the flux
measure v € Mo ([0, +00) x R4 RY) thus possesses a non-trivial singular part w.r.t. u in addition to
the absolutely continuous part featuring the velocity field.

Firstly, we carefully address the relation between curves in BV ([0, +00); P1(R%)) and solutions to
the associated continuity equation, among which we select those with minimal singular (contribution to
the) flux v. We show that, with those distinguished solutions it is possible to associate an ‘auxiliary’
continuity equation, in an augmented phase space, solely driven by its velocity field. For that continuity
equation, a standard version of the superposition principle can be thus obtained. In this way, we
derive a first probabilistic representation of the pair (u,v) solutions by projection over the time and
space marginals. This representation involves Lipschitz trajectories in the augmented phase space,
reparametrized in time and solving the characteristic system of ODEs. Finally, for the same pair (u,v)
we also prove a superposition principle in terms of BV curves on the actual time interval, providing a
fine description of their behaviour at jump points.
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MSC 2020: 35R05, 49Q22, 26A45.

CONTENTS

Introduction
Notation and preliminary results
Preliminaries of measure theory
Submeasures and minimality
Function spaces for the superposition principle
BV curves and the ‘relaxed’ continuity equation
Proof of Part (2) of Thm. 3.4
Proof of Part (1) of Thm. 3.4
The augmented continuity equation
Superposition results for the augmented continuity equation
A representation result by the augmented continuity equation
The parametrized superposition principle
Fine properties of the representing measure
Superposition by BV curves
Augmented reparametrized BV curves
Bridging the probabilistic representations, from Lipschitz to ABV curves
The BV probabilistic representation
Examples

Appendix A. Push forward of vector measures
Appendix B. Topological properties of functions spaces
Appendix C. Glueing properties



2 STEFANO ALMI, RICCARDA ROSSI, AND GIUSEPPE SAVARE

Appendix D. A measurability result 53
Appendix E. Proof of Lemma 6.2 54
Appendix F. Proof of Proposition 6.4 55
Appendix G. Auxiliary measure-theoretic tools 59
References 60

1. INTRODUCTION

Representation results for Lipschitz (or even absolutely continuous) curves u: [0,7] — P,(RY), p > 1,
with values in the Wasserstein space (P,(R?),W,) of Borel probability measures in R? with finite p-
moment, metrized by the LP-Kantorovich-Rubinstein-Wasserstein distance

W, (to, 1) := min { / lz—y||? dy(z,y) : v € P(R? x RY), mjy = po, mjy = ul}, (1.1)

provide a crucial tool to study evolutionary PDEs and geometric problems in a measure-theoretic setting.
Such results are strictly related to the corresponding representation formulae for measure-valued so-
lutions to the continuity equation

O+ dive =0 in 2/((0,T) x RY), v=wu<p, (1.2)
as a superposition of absolutely continuous curves v: [0,7] — R? solving the differential equation
A(t) = v(t,v(t)) a.e. in (0,T) (1.3)

in an integral sense. In fact, a curve (u¢)icjo, 7 in Tp(Rd) satisfies the p-absolute continuity property
t
Wy (s, i) < / L(r)dr forevery 0 <s <t <T, and some L € LP(0,T), (1.4)

if and only if [13, Sec. 8.1] the space-time measure p = L ®@u; = fOT 0; ® py dt solves the continuity

equation (1.2) for a vector measure v < u whose density v = g—: satisfies

/ llve(2)||P dpee () < LP(t)  for a.a. t € (0,T). (1.5)
Rd
The measure v and its density v comply with the minimality condition
1/p W.
(/ Hvt(x)deut(x)) = i Yol teen) g e 0., (1.6)
- h—0 |h]
and are also uniquely determined by (1.6) if the norm || - || is strictly convex. On the other hand, if

(11¢)tejo, 7] is a continuous family of probability measures in R? and (u,v) is a solution to the (1.2)
satisfying (1.5) for some L € LP(0,T), then by [13, Sec. 8.2] there exists a Radon probability measure
n in C([0,7T];R?), concentrated on the subset of absolutely continuous curves satisfying (1.3), such that
e = (er)ym for every ¢ € [0,T], where e;: v — (t) is the evaluation map. Equivalently,

1e(A) = n({’y € C([0,T];RY) : 7(t) € A}) for every t € [0,T], A Borel subset of R. (1.7)

The characterization of AC? curves in P,(R?) and the lifting result from [13] have been extended to
the case in which R? is endowed with a non-flat Riemannian distance [38], or replaced by a separable
complete metric space (X, d) [37]; cf. also [39] for the extension to spaces endowed with Wasserstein-Orlicz
distances.

A first typical application of the above results concerns curves of measures in P,(R?) arising from a
suitable approximation method, when a priori estimates provide the bound (1.4) (e.g. in gradient flows,
see [13], or in geometric problems, see [15]). In order to identify the PDE satisfied by the limit curve,
one can start from the continuity equation (1.2) and then try to characterize the velocity field v. In this
respect, the minimality property (1.6) provides a particularly useful information (see e.g. [16]).



Another important application stems from problems where one tries to extract finer information from
the continuity equation, using the representation given by the superposition principle. The latter in
fact establishes a link between the Eulerian representation of the flow of measures solving the continuity
equation, and its Lagrangian depiction that comes with the associated characteristic system of ODEs.
This connection is at the core of the Young-measure type technique pioneered in [7] for transport and
continuity equations featuring velocitiy fields with low regularity (see, e.g., [9, 8, 10, 18]). The recent [47]
(see also [17]) has thoroughly investigated the correlation between these two facets of the superposition
principle, i.e. as a bridge between the Eulerian and the Lagrangian standpoints, and as a tool to gain
insight into the structure of curves of measures absolutely continuous to some Wasserstein distances, de-
composed in simpler ones associated with rectifiable curves, cf. the cornerstone paper [46]. The approach
from [47] has in particular led to an extension of the probabilistic representations previously obtained in
[37, 39].

Eventually, let us mention that the superposition principle has also turned out to be a key tool for the
well-posedness of mean-field particle systems, see, e.g., [11, 43, 5], as well as for the analysis and finite-
particle approximation of mean-field optimal control problems [2, 3, 4, 6, 31, 35], where, compared to
previous literature (see, for instance, [21, 36]), a priori regularity assumptions on the control variable can
be dropped. Further applications include the formulation and convergence analysis of gradient methods
for dynamic inverse problems [28, 29], which build upon an extension of the superposition principle to
inhomogeneous continuity equations and on the characterization of extremal points of the Benamou-
Brenier or Hellinger-Kantorovich type of energies [26, 27]. We also mention [19], where the superposition
principle for absolutely continuous curves of measures has been leveraged to obtain uniqueness results
for a transport equation. Finally, we recall that in [25] two counterexamples to the validity of the
superposition principle have been exhibited in the case of signed measures.

The continuity equation with singular flux. The main aim of this paper is to investigate the validity
and the appropriate formulation of the

e characterization of solutions to the continuity equation

e superposition principle
in the case p = 1, for the space of probability measures with finite moment P;(R%), endowed with
the metric Wi. Indeed, we will address curves of measures that have bounded variation as functions
of time, and, above all, with respect to the Wj-metric. A crucial feature of this setting, that makes
the interpretation of the differential equation (1.3) much more delicate, is the fact that the vector flux
measure v in (1.2) may have a singular part with respect to . Consider, e.g., the simplest example (cf.
[1, Ex. 1.1]) of the curves (i):e[o,1]

e = (1 —1)0g, + 10, xo<z €R, te€]0,1]. (1.8)
It is immediate to check that
WE (s, pe) = [t—8|WE (o, 01) = [t—s] for s, t € [0,1], p€E[l,00).

Hence, while p ¢ AC([0,1];P,(R9)) if p > 1, we have p € Lip([0, 1]; P1(R%)). Now, it can be calculated
(see Example 1.1 ahead), that p satisfies the continuity equation together with the flux measure

v=(L'L[0,1])) ® (L' L [0, 21]) (1.9)

The metric superposition principle for BV curves in (P1(X),W;) with X a (complete, separable)
metric space, has been tackled in the recent [1], by a constructive argument carefully adapting the line
of proof of [37, Thm. 5] to the BV setup. Therein, the superposition principle has indeed been obtained
by lifting absolutely continuous curves to Cadlag (i.e., right-continuous, left-limited) BV curves on (0,7)
with values in X by means of a probability measure n. Additionally, in [1] it has been proved that the
total variation of the measure p can be reconstructed by averaging the variation of the BV curves via
the path measure 7.
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Overview of our results. In this paper, while confining our analysis to the Euclidean setup X = R?,
we will adopt a different approach. Indeed, we will primarily focus on the structure of the superposition
measure and its link with the flux measure v. In this way, we will shed more light into the properties of
the continuity equation in the BV setup. More precisely,

(1) We will carefully address the relation between BV curves in (P;(R%), W;) and the continuity
equation

Op +dive =0 in 2/((0,+00) x RY), |v|([0,T] x R?) < 0o for every T > 0, (1.10)

where the Lebesgue decomposition v = v® + v+ of the flux measure v with respect to p may
feature a nontrivial singular part v+.

(2) Among solutions to (1.10) we will enucleate a particular class of flux measures, which we will
call minimal, and we will show that starting from a non-minimal measure, it is always possible
to replace the singular part v+ by a minimal one » such that = v® + - satisfies

op+dive =0, ot = vt for a Borel scalar map A: (0, +00) x RY — [0, 1]. (1.11)

(3) We will represent minimal solutions to (1.11) as marginals of solutions to an auxiliary continuity
equation in the augmented phase space, driven by an autonomous bounded vector field.

(4) By applying the known superposition principle to the augmented equation we will obtain a first
representation of the solutions to (1.10) by a measure on reparametrized 1-Lipschitz curves in
the augmented phase space [0, +00) x RY.

(5) Eventually, we will derive a superposition principle in the original space by a measure on a class
of agumented BV curves, providing finer information on their jump transitions.

Let us explain some of the above points in more detail.

Absolutely continuous and BV curves in (P1(R%), W}). Dealing with p = 1, a first natural choice
is to include the space BVioe ([0, +00); P1(RY)) of BV curves with values in P;(RY) in the analysis, i.e.
the curves p: [0,4+00) — P1(RY) satisfying Vary, (11;[0,T]) < co for every T > 0, where

Varw, (14; [a, b]) := sup {ZWl(/"Ltil7:u’ti) ra=tp<ti1 <...<t, = b} . (1.12)

i=1
To avoid ambiguities at the jump points of p and simplify this introductory exposition, we will also
assume that g is right continuous in [0,+o00). With every map p € BVioe([0, +00); P1(RY)) we will
associate the increasing map V,(t) := Varw, (u; [0,t]) and its distributional derivative

P V., a positive locally finite measure in [0, 4+00). (1.13)

T

First of all, in Theorem 3.4 we will show that it is possible to associate with every curve pu €
BViec ([0, +00); P1 (R?)) a “minimal” vector measure v € Mo ([0, +00) x R%; R?) | with local-in-time finite
total variation, such that the pair (u,r) fulfills (1.10) and the push forward of the variation measure |v|
(associated with the norm ||| in R?), with respect to the time projection map t: [0, +00) xR? > (¢, ) — ¢
satisfies

tyv| =v, ie [v[((a,b] x R?) =V, (b) = V,(a) forevery 0 <a<b. (1.14)

It is worth noticing that the disintegration (p;);>0 of a solution g of (1.10) w.r.t. a vector measure v of
local-in-time finite total variation admits a BV representation satisfying the further condition

v < tylv). (1.15)

Therefore, condition (1.14) provides a variational characterization of v similar to (1.6) in the case p > 1.



The augmented continuity equation. A more difficult task is to establish the superposition principle
for solutions to (1.10), also dealing with the case when the variational condition (1.14) is not satisfied.
For this, we have drawn inspiration from the results by SMIRNOV on the representation of solenoidal (i.e.,
null-divergence) charges (currents) in terms of simpler ones associated with rectifiable curves, [46]. In
fact, a pair (u,v) solving the continuity equation (1.10) can be viewed as a “solenoidal charge”, too, in
the sense that (1.10) rewrites as

Div(y ) (p,v) =0 in 2'((0,+00) x RY), (1.16)

with the overall divergence operator Div; ,)(x,®) := 0;(x) + div(e). This observation is, in fact, also at
the core of the approach in [22, §3.1], where an alternative proof of the superposition principle from [7]
has been developed, based on Smirnov’s decomposition theorem in [46].

In the present BV setup, we have developed a self-contained approach, independent of Smirnov’s
result, which exploits the nonnegativity of u and the irreversible direction of time. We have also been
guided by the reparametrization technique that has been quite successful in the variational theory of
rate-independent evolution (cf., e.g., [34, 40, 41, 42, 32]), where solution curves incorporate further
information about jump transitions (not necessarily segments) and take values in the augmented phase
space Rf’l := [0, +00)xR?, including time.

Accordingly, our idea (cf. Theorem 4.7 ahead), is to represent a minimal solution to (1.10) as the
marginals (u,v) = wy(0°, o) (with 7 the projection, m(s,t,z) := (t,x)), of a distinguished solution to
the auxiliary continuity equation in the augmented phase space R‘frl 3 (t,z), namely

050 +010° +dive =0 in 2'((0, +o0) xR 5,67 >0, 0,20 = do @ po. (1.17)

In (1.17), s is an artificial time-like parameter, the flux pair (¢°, o) is absolutely continuous w.r.t. o

(6%, 0) = (1,v)0, and the autonomous velocity field (7,v) is related to the original solution pair (u,v)
via
d dv
T = 7” 5 V= - . (1'18)
d(p, vl d(p, v)|

In particular, the augmented norm of (7,v) is 1 and o = |(¢°,0)|. A simple modification (cf. Proposition
4.5) of the standard superposition principle can then be applied to the augmented continuity equation
(1.17). It guarantees a representation of any solution o in terms of a probability measure 1 supported
on 1-Lipschitz curves y of the form

[0, 400) 3 s y(s) = (t(s),x(s)) € [0, +-00) xR, (1.19)
solving the associated characteristic system

t(s) = 7(t(s), x(s)),  *(s) = v(t(s),x(s))-
We will then derive a probabilistic representation for the pair (u,r) in terms of the trajectories 7.
Specifically, in Theorem 5.1 we will show that

(mv) =y @m), ()l = eIyl @m), (1.20)

where £! denotes the Lebesgue measure in [0, +00), and e: [0, +00)xLip([0, +00); RE™) is the evaluation
map defined as e(s,y) := y(s).

Superposition by augmented BV curves. Our final contribution is to recover a superposition result
for the original continuity equation (1.10) by a measure on the space of time dependent BV curves. If
v does not satisfy the variational condition (1.14), one can expect the singular part v+ of v to carry
crucial information about the jump transition of the curves (not necessarily along segments). Seemingly,
such information cannot be fully captured by the usual descrition of a BV curve, which only characterizes
the left and right limit of the curve at each jump point, but not the actual trajectory described along the
jump.

To overcome this difficulty, we introduce the notion of augmented BV curves: they are maps u: Z — R?
defined in the augmented parameter space Z := [0, +00) X [0, 1] such that
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(1) the functions u_(t) := u(t,0) (resp. uy(t) := u(¢,1)) are left- (resp. right-) continuous (local)
BV maps which coincide in the complement of their countable jump set Jy;

(2) for every t ¢ J, the function [0,1] 5 r — u(¢,r) is constant and coincides with u_(¢) = u4 (t);

(3) for every t € J, the function [0,1] 3 r — u(t,r) is a Lipschitz (transition) map connecting u_ (¥)
with u. (¢) with constant (and strictly positive) velocity, thus equal to the length £,(t) of the
transition path.

(4) For every finite time interval [0,7] we have

Var(u; [0, 7] % [0,1]) = Var(us; [0,7)) + Y ((u(t) —lus (8) — u,(t)||) <. (1.21)
tEJy

We will denote such space by ABV(Z;R?) and endow it with a Lusin topology, for which the evaluation
maps e(t,r,u) ;= u(t,r) are Borel.

In Theorem 6.5, we will represent a minimal solution (u,r) to (1.10) by means of a probability
measure 1 on ABV(Z;R?) concentrated on curves u satisfying a suitable differential equation formulated
in a BV sense. More precisely, we can write the Lebesgue decomposition v® + v+ of v as v* = vu,
vt = vt|vt|, and we observe that the curves t +— u(t,r) coincide £!-a.e. on (0,+00), so that their
distributional time derivative d;u(t,r) does not depend on r and can be decomposed in the sum of an
absolutely continuous part dFu L', a Cantor part d°u and a jump part dju concentrated on J,:

du=0Ful' +0Fu+9lu. (1.22)
Thus, 7j-a.e. curve u satisfy
ofu(t) = v*(u(t,-)) for Ll-a.a. t € (0,+o0), (1.23a)
OCu = vt (u(t, )0, (1.23b)
and
deu(t,r) = vt (u(t,r))lu(t) for a.a. r € (0,1) and every t € J,. (1.24)

We then have

:u?— = (et,l)ﬁﬁv :U’t_ = (et,O)ﬁﬁ,
where the evaluation maps e;o,e;1: ABV(Z;RY) — R? are defined by e;o(u) := u(2,0) and e;1(u) :=
u(t, 1) for every u € ABV(Z;R%). Whenever v is minimal, we can recover v by superimposing integration

along u.

To conclude this introduction, we illustrate our results by reinterpreting [1, Ex. 1.1] (cf. (1.8)—(1.9))
in our setting and providing a probabilistic representation of the curve p in (1.8), both in terms of
reparametrized 1-Lipschitz curves and of curves in ABV(Z;R).

Example 1.1. Let u; and v be as in (1.8)—(1.9), let us extend p; to the whole [0,+00) by setting
g =y for t > 1, and let us set pu:= L' ® g . It is straightforward to check that the pair (u,v) solves
the continuity equation dyu + dive = 0 in distributional sense in [0, +00) x R, with initial condition
o = 8z, (cf. Definition 3.1).

We start by illustrating the superposition principle from Theorem 5.1. For simplicity of notation, let
us set dg := x1 —xp > 0. To define the fields 7: [0,4+00) xR — R and v: [0,400) xR — R asin (1.18),
notice that by the mutual singularity of ;1 and v we have

()| = (L1L[0,1]) ® (pe+L" L [z0, 21]) + (L1 L (1, +00)) @ p -

Hence,

1 ifte[0,1) and z € {xg,21},
= 711(7,‘,33) =<1 iftel,+o0) and z =21, (1.25a)

0 otherwise,



d 1 iftel0,1 dxe

wita) = — Wy =L el ) anda € (@o,z), (1.25b)

d|(p,v)| 0 otherwise,
for £1-almost all t € (0, +00). )
For every t € [0,1] we define the curves y': [0, +00) — R? by

(s,20) for s € [0,1),

£ _t+do— —t o

y'(s) == t, tdo -8 T + 5 x1 | for s € [t,t+ do], (1.26)

do do

(s — do,x1) for s € (t + do, +0).

Loosely speaking, each curve y* moves time till ¢, then it ‘fills in’ the jump from zy to z1, and then
moves time again. Furthermore, notice that y' solves the Cauchy system

y(s) = (1(y(5)), v(y(s))), s € [0, +00),
y(0) = (0,2), 2 € spt(uo) = {wo} .

The measure 1 involved in the representation (1.20) of (u,v) is defined as follows. We consider the
mapping Y: [0,1] — Lip([0, +00); R?) that with each £ € [0, 1] associates the curve y*. We set

n = Ty(L'L[0,1]). (1.27)
Then, n is a probability measure over Lip([0, +00); R?) that concentrates over curves that have a non-
decreasing first component having image in [0, +00), are 1-Lipschitz continuous and have modulus of
velocity constantly equal 1 (see (1.25)). We now check that 1 provides the probabilistic representation
(1.20) of the pair (u,v). For convenience, for y € Lip([0, +00); R?) let us use the notation y = (t,x) ,

where t and x stand for the time and the space component of y, respectively. For every g, € Cp,(R?)
there holds

+o0o +o0
(es(y'L @m), (o, / / 5) ds dn(y / / ‘(s)dsdn(y)  (1.28)
Lip Lip
+o00 B
:/ / ®o(s, l’o)d5+/ wo(s —do,x1)ds | dt
0 t+do
t+dy—s s—1 _
/ / < d(; xo + do 1'1> dsdt
(2) +oo
900(3 xo)ds + ©wo(s,x1) dt + p(t,z)dz dt
3) +o00 min{s, 1}
//gposzo dtds+/ / o(s, x1 dtds+// (t,z)dxdt

/(1 s)o(s, fﬂo)ds‘f‘/ 5‘P0(5a$1)d3+/ po(s, 1) ds

1
// (t,z)dxdt

~[[ etodu@as [[ o).
[0,400) xR [0,400) xR

where (1) follows from the fact that t'(s) =0 in ({,¢ + dp) and x'(s) =0 for s ¢ [¢,t + dp], (2) from a
change of variable in the last integral, and (3) from the Fubini theorem.

—
—
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We now recast the above representation in terms of curves in ABV(Z;R). For ¢t € [0,1] we define
t
u:Z —R as

Tg for ¢ € [0,%) and r € [0, 1],
u'(t,r):==Qrazy + (1 —r)zg fort =% and r € [0,1],
71 for t € (t,+o0)and r € [0, 1].

We remark that the curves in ABV(Z;R) only track movement in space, differently from the reparametrised
curves in (1.26). On the other hand, in agreement with (1.26), each curve u’ remains constant up to
time ¢, then performs a constant-speed transition between zy and x;, and finally sits in z; after ¢t =¢.
Namely, we are squeezing the (parametric) interval [¢,# + do] in a jump transition for the BV-map
t — u(t,0). In order to properly represent v we must keep track of how curves transition from zy to ;.
Using the curves uf, we may rewrite (1.28) as

/[0+ )xR((po(t’x)’go(t’:E))d(M’V)(t’x) (1.29)
1 +o0 ~ B 1 1 ) 7
= A A SOO(t,u (t,o))dtdt"'/(; /(; QO(t,Tl’l —+ (1 —'r')xo) (xl —l’o) drdt
1 +oo - B 1 1 : . )
=[] eedwoaars [F30 et e ot nara,

teGuf,

where in the second equality we have used the fact that the jump set J,s = {f} and that 9,u*(f,r) =
(1 — o) for r € ]0,1]. To give a compact representation, we define the map =: [0,1] — ABV(Z;R) by
E(t) := u’ and the measure 7) := Z4(£'L[0,1]). For u € ABV(Z;R) we denote by ¥, the integration over
the graph of u, that is (see also (6.25))

(D, (w0, ¥)) =/O+oo wo(t,u(t,0))dt + /O+Oo @(t,u(t,0)) dLu(t,0)dt

c 1
+/[07+00) e(t,u(t,0))do; u(t) + Z/O o(t,u(t,r)) dru(t,r)dr.

tEJu

Postponing any discussion concerning measurability to Section 6.2, we set

o = / ?y dn(u) .
ABV

In view of (1.29) we conclude that

(/u'a V) = 9777
which provides the probabilistic representation in ABV(Z;R). Notice that (1.29) does not involve any
absolutely continuous or Cantor part dFu’ and d°u’, as the are both zero for the special curves u’. In
particular, the absence of the absolutely continuous part is in agreement with (1.23a), since p and v are
mutually singular. Finally, (1.24) is satisfied along the transition at time ¢ = ¢.

Plan of the paper. Our analysis is carried out as follows:

- In Section 2, after settling some notation and preliminary results from measure theory, we intro-
duce an order relation between Radon measures and delve into the induced minimality concept,
which will play a key role in the selection of distinguished solutions to the continuity equation
with singular flux. We also lay the ground for the superposition principle by defining the function
spaces that will come into play, and fixing their properties.

- Section 3 revolves around the relation between curves u € BVi.([0, +00); P1(R9)) and the con-
tinuity equation (1.10).

- In the main result of Section 4 we associate with (1.10) a new continuity equation in an augmented
phase space, driven by a non-singular flux measure with bounded velocity field. Their relation
is such that suitable marginals of the solutions to the augmented continuity equation provide,
indeed, solutions to the continuity equation with minimal singular flux.



- Based on this, in Section 5 we derive our first, ‘parametrized’ version of the superposition prin-
ciple. In fact, by leveraging the probabilistic representation for the solutions to the augmented
continuity equation, we obtain a representation of the solutions to the original continuity equa-
tion, in terms of trajectories that are Lipschitz w.r.t. an artificial time-like parameter and solve
the characteristic system in the extended phase space.

- Section 6 is devoted to establishing a probabilistic representation for solutions of the continuity
equation in terms of BV curves depending on the ‘true’ process time. For this, we preliminarily
carry out a thorough analysis of a distinguished class of BV curves that are ‘attached’ with their
transitions at jump points. We use them as a bridge between the probabilistic representation in
terms of reparametrized trajectories, and that involving BV curves.

- In Section 7 we discuss our assumptions, and illustrate our results (mostly focusing on the
‘parametrized version’ of the superposition principle) in a series of examples.

- Finally, in the Appendix we prove some technical results that have been employed at scattered
spots in the paper.

2. NOTATION AND PRELIMINARY RESULTS

The following table contains the main notation that we shall use throughout the paper:

II-l (generic) norm in R"

Br, Br open/closed ball of center 0 and radius R > 0 in R" (w.r.t. the norm ||-||)
B(R"), By (R") Borel (resp. bounded Borel) subsets of R"
1 the positive half-line [0, +00)
Lt Lebesgue measure on I
P(R") Borel probability measures in R"
P1 (Rh) probability measures in R” with finite first moment, endowed with the
441 Wasserstein distance
M(A), Mioe(A) finite (resp. Radon) Borel measures on A € B(R")
Mt (A), Mt (A) finite (resp. Radon) nonnegative Borel measures on A

M(A;R™), Mioc(A; R™) R™-valued Borel measures with finite total variation,

(resp. R™-valued Radon meas.), on A

[A| total variation of A € Miee(A4; RY)
C.(A),CE(4) continuous (C*, k > 1, resp.) real functions on A with compact support
Ch(A), CE(A) continuous (C*, k > 1, resp.) and bounded real functions on A
I 1lp norm on LP(A;R™) for some p > 1

LE(R"; R¥), LP

Ioc, o (R RF)  LP-spaces w.r.t. 0 € MT(R")
]Rd+1
+

the space-time domain I x RY.

2.1. Preliminaries of measure theory.
Finite and Radon vector measures. We denote by M(R"; R™) the space of Borel measures p: B(R") —
R™ with finite total variation ||p|/rv := |p|(R?) < 400, where for every B € B(R")

+oo
|| (B) := sup {Z lw(By)|| : B; € B(R"), B; pairwise disjoint, B = U Bl} ,
i=0
and ||| is a norm in R™. (M(R";R™);|-||rv) is a Banach space. We recall that a Radon vector

measure in M(R"; R™) is a set function A: By(R") — R™ such that for every compact subset K € R"
its restriction to B(K) is a (vector) measure with finite total variation.

We identify A € Mioe(R"; R™) with a vector (A, Az, ..., A\, ) of m measures in Mio.(R"), so that its
integral with a continuous R™-valued function with compact support ¢ € C.(R";R™) is given by

C(x Z Ni(z). (2.1)

RA Rh
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By the above duality pairing, M,.(R"; R™) can be identified with the dual of C.(R";R™) and is thus
endowed with the corresponding weak™ topology; for the associated convergence notion we will use the
symbol —*.

For every A € MlOC(Rh; R™) and every open subset O C R" we have that

N©) = sup{ [ Clalad) + €€ CRMEM), spr(&) € 0, sup o). < 1

Clearly, the choice of the norm ||-|| on R™ (and its dual ||| ) affects the definition of the total variation
measure | - |, which depends on ||-||. The set function |A|: Myee(R"; R™) — [0, +00] is a positive Radon
measure and every A € M(R";R™) admits the polar decomposition A = w|A| for some Borel map
w: R" - R™ with ||w| =1 |A|-a.e. in R". It is trivial to check that the integral of (2.1) can also be
written as

C(x)dA(x) = / () - w(z)dA|(z) (2.2)
RA RA

and the previous formula can also be used to define a vector integral for a scalar function.
Weak* and narrow convergence. Every sequence (Ag)i C MlOC(Rh;Rm) such that

sup |[Ax|(Br) < +o0 for every R > 0
k

admits a subsequence (Ag;); weakly*-converging to some X € Mo (R?; R™); furthermore, the sequence
(IAk,); weakly* converges to some A € M5 (R") such that A > [A]. If sup [Ax|(R") < +o0, then up
to a subsequence the measures (Ag) weakly* converge to some A € M(R";R™).

We recall that a sequence ()i € M(R") narrowly converges to u € M(R") if

lim o(x)dpg(x) = / o(x)dp(x) for all ¢ € C,(R").

k—o0 RR Rk

Prokhorov’s Theorem [33, I11-59] asserts that a subset M C M(R") has compact closure in this topology
if and only if it is bounded in the total variation norm |-| and equally tight, namely

Ve>0 3K e R : suj\%|,u|(Rh\K) <e.
pe

On P(R") the narrow topology coincides with the weak* topology.
Restriction and push-forward of measures. For every g € Mj,.(R";R™) and A € B(R") we denote
by plL A € Mjoc(R?;R™) the restriction of u to A, i.e. pl A(B) := pu(BNA) for every B € By(R").
We shall use that, whenever p,, —* p in Mjo.(R";R™) and A C R" is open, then p, LA —* pl_ A in
Mloc (Aﬂ Rm) .

Let p: R” — R* be a Borel map. For every p € M(R";R™) we define the push-forward measure [o1y7}
in M(R*;R™) via

psi(B) := p(p~H(B)) for all B € B(R").

In general, the above definition can be extended to define a measure in MIOC(R’“;RM) from a measure
in Moe(R?;R™) if, in addition, the mapping p: R" — RF is continuous and proper, namely for every
compact subset K € R* we have that p~!(K) is a compact subset of R". Under this condition, we
have that (cf., e.g., [12, Rmk. 1.7]) if p,, —=* p in Mioc (R R™), then pyp,, —* pypr in Mioe(RF;R™).
We further notice that if (u,,)n, r € M(R";R™), (u,), converges narrow to g, and p: RF — R" is
continuous, then (pyu,,)n converges narrow to pgpt.
The Wasserstein distance on P, (Rh). We recall that the distance W; on P; (Rh) is defined by

Wi (g1, p2) := min {/R’ N lz—yldy(z,y) : v € P(R"xR"), ﬂ'éfy =, 1€ {1,2}} . (2.3)
L>< 3

Again, notice that the above definition depends on the choice of the norm ||-|| on R”. For a given curve
w: I — P1(R") we will denote by Vary, its total variation w.r.t. Wi, defined on every [a,b] C I by

Varw, (14; [a, b]) := sup {Z Wi, ysph;) ta=1tg<t1 <...<t,= b} . (2.4)

=1
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We will denote by BViee(I; P1(R")) the space of curves pu: I — P1(R") such that Vary, (y; [a,b]) < +o0
for every [a,b] C I. Finally, we recall (cf. [13, Thm. 1.1.2]) that for any p € AC),.(I; P1(R”?)) the limit

1
| lw, = }lllg% EWl(ut,uHh) exists for a.a.t € (0, +00).

Metrizable spaces. Following [33, ITII-16] A topological space (X, 7) is called

- Polish if it can be endowed with a metric d inducing the topology 7 such that (X, d) is a complete
separable metric space;
- Lusin if it is the injective and continuous image of a Polish space.

2.2. Submeasures and minimality. In the spirit of the definition of subcurrent from [45, Def. 3.1], we
introduce the concept of ‘submeasure’ and the induced order relation on M,.(O; R?), where O is some
locally compact topological space.

Definition 2.1. Let 8,¢ € Mjo.(O;R*). We say that ¢ is a submeasure of 8 and write ¢ < 6 if
JX € Lig (O;]0,1]) such that ¢ = A6. (2.5)
It can be immediately checked that < is an order relation, and that it fulfills
(¢ <0 and |0](0) <[€](0) < +0) = ¢=86. (2.6)
The relation < can also be characterized by the following result.

Lemma 2.2. Let 0,¢ € Mioc(O;R¥) and let w be the Lebesque density of the polar decomposition of 6,
i.e. @ =wl0|. The following properties are equivalent:

(1) €<,
(i) [¢] < 16] and ¢ = w(],
(iii) (assuming the norm ||| in R¥ is strictly convex) there exists (o € Mioc(O;R¥) such that 6 =

¢+ and |6] = [¢]+ |Ccl-

Proof. The implications (i) = (i7), (iii) are obvious.

In order to prove (ii) = (i) we observe that |¢| = A[f] for some A € Ljg (O, [0,1]) since [¢] < (6], so
that ¢ = wA|0] = \6.

As for (iii) = (i) let (o € Mioc(O,R¥) be such that @ = ¢ + (- and [0 = |¢| + |¢s|. Then,
¢, < |0|. Denoting by v:= % we may write ¢ = v|0] and (- = (w — v)|0|. Now, the function
v E Llle‘(O;Rk) satisfies 1 = ||w|| = [|w —v| +||v]| |0]-a.e. in O. Since ||-|| is strictly convex, we deduce
v = Aw for some A € L5 (0;[0,1]), i.e. (2.5) holds. O

We now consider the previous order relation in the particular case when O is an open subset of space-
time Euclidean space R¥*! = R x R? (whose elements will be denoted by (t,7)), and measures have
the same x-distributional divergence. The operator div is to be understood with respect to the ‘spatial’
variable x € R?. This gives rise to the following definition.

Definition 2.3 (Minimal vector measures). Let O be an open subset of R x R? and let 8 € Mo.(O; R?).
We say that 0 is minimal if the following property holds:

whenever ¢ € Mioe(O; R?) fulfills  div¢ =dive and ¢ <0, then ¢=86. (2.7)

We illustrate this concept with the following example, where a minimal measure is constructed by
juxtaposing the measures carried by finitely many regular and injective curves.

Example 2.4. Let (9;)"_, be a family of regular injective curves in R?, with disjoint image sets. Let
to.s i =1,...,n be their tangent vector fields, and r,,: [0,L,,] — R? their arclength parametrizations.
Let (a,b) C R be an arbitrary interval and A\ € M((a,b)). Then, the measure 8 € Moc((a,b)xR%;RY)
defined by

=AQm, with m, := Ztgiﬂ-fl L os

i=1
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is minimal.
Indeed, let ¢ € Me((a,b)xR%RY) fulfill { < @ and div¢ = div@. Then, there exists { €
Lig ((a, b)xR%[0,1]) such that ¢ = 8. Moreover, for every ¢ € Cl((a,b)xR?) we have that

/ab)Z/ "l () ds N /(ab) > /]R Dap(t, ) - t,, (2) d(H L 0i)(x) dA(H) (2.8)

KAWWDMGMMtI [LWWDwa@@u@

/( D3y NICL wo(t, ) -ty () d(H L 0y) (@) dA(E)

/ / ) Ut,roi(s jw(t T0,(5)) dsdA(t) .
(a,b)

Taking o(t,x) = ¥1(t)2(x) for ¢ € Ci((a,b)) and 1y € CL(R?), we deduce from (2.8) that for
A-a.a. t € (a,b)

Z/& wD®=i/%MmU)%mxﬂs

Since each g; is regular and injective, and their image sets are disjoint, we infer that for every 1 €
CY([0,L,,]), for A-a.a. t € (a,b) and every i =1,...,n it holds

b L= bty (5))) Lap(s) ds = 0. (2.9)
0 ds

Choosing a countable set of test functions strongly dense in C1([0, L)), with L := max; L,,, then for
every ¢ = 1,...,n we have that 1 — £(¢,7,,(-)) = 0 a.e. in [0,L,,] for A-a.a. t € (a,b). Thus, £ =1
|0]-a.e., hence ¢ = 0.

In the next two statements we discuss the existence of minimal submeasures. We start with the case
of bounded Radon measures.

Proposition 2.5. Let O be an open subset of R and 8 € M(O;R?). Then, the problem
min {|[¢](O) : ¢ < 0 and div{ = dive} (2.10)
admits a solution. Moreover, every solution to (2.10) is minimal.

We point out for later use that, by Lemma 2.2, the minimum problem (2.10) can be reformulated in
terms of densities:

min { / Ad[f]: A € LG (0:[0,1]), / (1 —A)D,pd@ = 0 for every ¢ € CL(O) } . (2.11)
o

Proof. A solution to the minimum problem (2.11), and thus to (2.10), exists, since the constraint is
convex and weakly " -compact and the functional is weakly * -continuous.

Let ¢ € M(O R?) be a solution of (2 10) and let Ce M(O;R?) be such that div¢ = - div¢ and <.
Then, div¢ = divé and ¢ < 6, and ¢ is a competitor for (2.10), so that [¢[(O) < ||(O). Hence, by
(2.6) we conclude that c=¢. O

With our following result we show that the existence of minimal submeasures extends to the case in
which € is just a Radon measure in a cylindrical open set (a,b) x R? (we again emphasize that the
divergence operator is only considered w.r.t. the variable » € R%).

Corollary 2.6. Let 8 € Myo.((a,b)xR%RY) be such that |0|([c, d]xR?) < +oco for every [c,d] C (a,b).
Then there exists ¢ € Mioe((a, b) xR RY) minimal such that ¢ < 0 and div¢ = div .
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Proof. We consider two sequences (a;);, (b;); C (a,b) with a; N\, @ and b; /b as j — oo, and set
O; = (aj,b;) x R%. By assumption, for every j € N the restriction 8;:= 8L O; belongs to M(O;; R?);
we denote by div|p, the divergence operator relative to the open set Oj, i.e., restricted to test functions
with a compact support in O;, and observe that div|p,(8;) = div|o,(#). We can apply Proposition 2.5
and find, for every j € N, a minimal measure

¢; € M(O;;R?) such that ¢; < 8; and div|o,(¢;) = div|o,(8;) .
We now show that it is not restrictive to assume that
¢;LOe=¢, ife<y. (2.12)
Indeed, since ; < 0; and ¢, < Oy, there exist A; € Lig (Oy; [0,1]) and A, € Ljg,(Or; 0,1]) such that
¢; =Aj0; and ¢, = A\¢B;. Recall that A; and A, solve the minimum problem (2.11) on O; and on Oy,
respectively. Define now \;: O; — [0,1] via

(. x) = Aoty x) if (¢, 2) € O,
Ai(t,z) = {Aj(t,x) if (t,z) € 0;\ O

Then, Xj € Lfgjl(Oj; [0,1]) and the measure Zj = X]Hj clearly fulfills Ej < 0;, div|o, (Ej) = div|o,(0;),
and Ej L O¢ = ¢,. By minimality of {, on O,, we have that

1C1(05) = 1&;1(00) +1E;1(05\ O0) = [€,1(0e) + 1¢,1(05 \ O¢) < 1¢;1(0;) -

Hence, Zj solves the minimum problem (2.11) on O; and is minimal. This implies that, up to replacing ¢ j
with Zj, we may assume (2.12).

Let us trivially extend each ¢; to O = (a,b) x R?. Since I¢;| < |0;] for every j € N, we find that there
exists ¢ € Mioe(O; R?) such that, up to a subsequence, ¢; =" ¢ in Mioe(O;R?). Thus, div¢ = divé.
By the lower semicontinuity of the total variation and by the relation ¢; < 8; we deduce that ¢ < 6.

Let us now show that ¢ is minimal. Indeed, let & € Mjoc(O;RY) be such that div€ = div¢ and
€ < ¢. In particular, {LO; satisfies div o, (§L0;) = div]o,(¢;) and {LO;¢; < ¢;. Thus, ELO; = ¢
for every j € N and & = (.

O

A crucial step in the proof of Theorem 4.7 ahead will consist in relating the weak™ limits of the
projections of (weakly* converging) sequences of positive and vector-valued measures, with the push
forward of their weak* limits through the projection (s, ¢, z) := (t,2), R x R x R? — R x R?, which is
not proper.

Now, the last result of this section addresses this issue in general, for the push forward through a
generic continuous map. It provides sufficient conditions under which the push forward of a weakly*
converging sequence of measures is a submeasure of the weak*-limits of their push forwards.

Lemma 2.7. Let O,G be open subsets of some Fuclidean spaces, let p: O — G be a continuous map,
let R* be endowed with a strictly convex norm |||, and let (¢,)n C Mioc(O; RF) satisfy

sup [¢,|(p H(K)) < 400 for every compact subset K C G,
neN

so that X, = psC,, is a well defined measure in Mioe(G; Rk). Let us assume that
¢, =" ¢ in Mioe(O; R¥), An = piC, = X in Mioe(G; RF), (2.13)
for some ¢ € Mioe(O;RY), and A € Myoo(G;RF). If
pelCal = (Al in MG

loc

(G), (2.14)

then
pi¢ < A (2.15)



14 STEFANO ALMI, RICCARDA ROSSI, AND GIUSEPPE SAVARE

Proof. Let 77 € C.(O) form an increasing sequence such that 0 <7/ <1 for all j € N and 7’(z) 11 as
j — oo for every z € O. For every n € N and j > 1 we set

; . ~j : . . ~j ~j
Cri=wCn Gi=0=1)C0 An=psCns AL i=pgCh, Ay =Pl
so that . ‘
o Y
¢, =¢CL+¢,, A=A+, (2.16)
Since the functions 1/ have compact support, if we pass to the limit as n — oo while keeping j > 1
fixed, we get
G = N TN = () as o oo, (2.17)
. ~J N4 ~J N4 .
and we correspondingly deduce the convergence of ¢, and A, to measures ¢ and A" respectively,
satisfying the decomposition
C=¢+¢, A=XN+X. (2.18)
(Notice, however, that in general N does not coincide with pﬁcj ). We can now consider similar decom-
positions on the level of the total variations

Qp = |Cn|a agz = 77]|Cn|7 aﬁl = (1 - 77])|Cn‘7 5” ‘= PtQn, 5% = PuOé{u 5% = Pnaiu
which satisfy
S S . . ~ g .
an:a%‘f'agw 5n=5£+53m BnZ‘An‘v B%Z‘Aiz‘7 ﬂZLZ|An|7 B — 5:‘A| as n — o0.
(2.19)

By a possible extraction of a (not relabeled) subsequence, it is not restrictive to assume that there exists
a € M;f_(O) such that a,, —* o as n — oo, so that

loc

o =*al =nla, @l —~*al =(1-nl)a, BL =B =pad, BBl =p3-p. (2.20)
By Cantor’s diagonal argument, it is possible to extract an increasing subsequence m +— n(m) and to
find limit measures M, M € MEC(G) such that for every j € N

XLy =X = N A | = N > (X as m— oo (2.21)
Since 4
Aal < X1+ X,
we deduce
A <N+ N (2.22)
On the other hand, the inequalities
X< M<B

yield
N<pl, N<pP, (2.23)
and since 87 + 37 = B = |A| we conclude that
A= N + N, (2.24)

Similarly, the inequalities A > [A’], M > |/A\J| and |A| < |N| + |3\]| yield
N=N, M=X), A= N+ N, a=xN+X (2.25)
We deduce that XY < X. For every ¢ € C, (G;R*) we easily check that

Lo-av = [ wep)-ac@ — [ o) e = [ ¢-dpg) o

fe. A —* ps¢. We eventually conclude that py¢ < A by (iii) of Lemma 2.2. |
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2.3. Function spaces for the superposition principle. Recall that I denotes the interval [0, +00);
if (X,d) is a complete and separable metric space, we will endow the pathspace C(I;X) with the Polish
topology of uniform convergence on the compact subsets of I (see Lemma B.1). We introduce the spaces
- Lip,(I; X), of k-Lipschitz paths, & > 0 which is a (closed, thus Polish) subset of C(I;X);
- Lip(I; X) of Lipschitz paths; since Lip(I;X) = [J,cyLipg(I; X), Lip(I;X) is a F, (namely, a
countable union of closed sets), thus a Borel subset of C(I;X).
We introduce a few more subsets of C(I;R¥*!): first of all, the set

CHL; R .= {y = (t,x) € C(L,R™) : £(0) = 0, t is non-decreasing, liTm t(s) = —l—oo}. (2.26)

CT(I; RI*1) is a Polish space, in particular a Borel subset of C(I;R%*1). In fact, it can be written as the
intersection AN B where

A= m {y € C(LRY) : supt(s) > n},

neN s€l

B := {y = (t,x) € C(LRY) @ t(0) =0, tis non—decreasing}.

Since the map y ~ sup,crt(s) is lower semicontinuous in C(L;R*1) A is a Gs set (namely, the
countable intersection of open sets). Since B is closed, CT(I;R*1) is a G5 as well, and thus also Polish.
We further set

Lip}, (LR := Lip, (LR™) n CYLRY),  Lip" (R o= | J Lip(GR™), (2.27)
keN
which are respectively a Polish and a F, subset of C(I;R%!). Finally, we define
ArcLip(I; R .= {y € Lip; (I;Rd"'l) 2 ly'(s)]| =1 for a.e. s €1}.
We notice that
m 1
ArcLip(L; RH) = € Li Rd“:/ '(s)||ds > m — —
reLip(I () () {y € Lipi( )i | Iy @)llds>m =T,
meNneN

so that ArcLip(I; R%*1) is a Gy, thus Polish and Borel, subset of C(I;R*1).

3. BV CURVES AND THE ‘RELAXED’ CONTINUITY EQUATION

The main result of this section, Theorem 3.4 below, will unveil the relation between bounded-variation
curves with values in P;(R?), and the continuity equation (3.1), which, throughout the paper, will be
formulated as in Definition 3.1 below. Recall that we denote by R‘f‘l the space-time domain I x R,
which we can consider as a subset or R*t1.

Definition 3.1 (Distributional and P;-solutions to the continuity equation). We call a pair (u,v) €
M (R‘Hl) X Mloc(Rf'l; R?) a (forward, distributional) solution to the continuity equation

loc
Oip+dive =0 in R‘fl, p >0, with initial datum g € M (RY), (3.1)

loc

//RM Op(t, ) du(t, =) + //RM Do(t, x) dv(t,z) = — /Rd ¢(0,2) dpo(z) (3.2)

for every ¢ € CL(R*!). We say that (u,v) is a P-solution if

o € P1(RY), lv|([0,T] x RY) < +00  for every T > 0. (3.3)
R‘fl, we could restrict the integrals in (3.2) to R‘fl. We
have integrated on R%*! and thus considered test functions in C.(R91), to be consistent with the usual
distributional formulation in &’ (R9+1).

In this paper we will mainly focus on P;-solutions; we will also consider an important subclass char-
acterized by a minimality condition.

Observe that, since u,v are supported in
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Definition 3.2 (Minimal P;-solutions). Let (u,v) be a P;-solution to the continuity equation (3.1)
and let us consider the Lebesgue decomposition of v as

v=v"+uvt v, vt (3.4)
We say that (u,v) is a minimal Pq-solution if v+ is minimal in the sense of Definition 2.3.
Let now o € Mloc(Riﬂng). We say that (u, ) is a minimal pair induced by (p,v) if

v=v'+pt, ot <vt, &t is minimal according to Definition 2.3, (3.5)

so that in particular (u,) is a Pp-solution of (3.1) as well.

Remark 3.3. The existence of a minimal pair induced by (u,v) is guaranteed by Corollary 2.6. Notice
that the pair (u, ) in (3.5) satisfies

(1, 2) = 0l(, )|, (1, 2) = O(p,v) < (p,v)  for 0:RET —[0,1] Borel, =1 p-ae.  (3.6)
We will see that minimality can also be characterized directly in terms of v.
We now establish the analogue of [13, Thm. 8.3.1].

Theorem 3.4. (1) Let p € BVioe(I; P1(RY)) and let u* be the left- and right-continuous represen-
tatives of w, respectively. Then, there exists a Borel measure v € MlOC(RT'l;Rd) such that for
every T € [0, 400)

v[((0,T) x RY) = Varw, (u=3[0, 7)), [v[((0,T] x RY) = Varw, (u"3[0,T)), (3.7)

and the pair (p,v) is a minimal Pq-solution to the continuity equation (3.1) in the sense of
Definition 3.2. 2.3.
(2) Conversely, if (u,v) is a Py-solution to the continuity equation in the sense of Definition 3.1

with initial datum po € P1(RY), then

(a) Wj?,u =LY (with 7°: ]Rﬁ'f_Jrl — I the projection (t,z) — t), in particular u([0,T) x RY) =T
for every T € [0, +00) ;

(b) there exists a curve t +— py € BVioe(I; P1(R?)) such that = L' @ puy. The curve admits
a narrowly left-continuous representative u= (a right-continuous representative u™ , respec-
tively), such that = (0) := po , the functions t — p belong to BViee(I; P1(RY)), and there
holds

Varw, (1”3 [a, b)) < [v|([a,b) x RY),  Varw, ("5 [a,b]) < |[v|((a,8] x RY) for all [a,b] CT.  (3.8)
Furthermore, for every 0 < a <b < 400 and ¢ € Cl(Rd'H) there holds

/ (b, x)dp, (x) — / o(a, ) dut (x) :/ Opp(t, x) dps(x dt—i—// Do(t,x) dv(t,x), (3.9a)
R R R4 (

a,b) xR2

/apbx )dpy, (z) — / ©(0,x) duo(z //Btgotxd,ut dt—i—//Dcptxdl/tx) (3.9b)
R R4 [0,b) xR

In particular, for every p € CL(R?) and b € I there holds

/]Rf(””) du?(m)—/w x)dpy (2 //{b}x]R'i )dv(t, ). (3.10)

In fact, a partial analogue of part (1) of the statement has been established for BV curves of currents in
[24, Thm. 6.1, Prop. 6.4] (see also [23, Theorems 6.1 and 6.2]). We will develop the proof of Theorem
3.4 in the ensuing subsections, starting from the second part of the statement.

Remark 3.5. The definition g~ (0) := po for the left-continuous representative of the curve t — p;
associated with a solution to the continuity equation, reflects the fact that, if [v|({0} xR?) > 0 the curve
t — p¢ has a jump at ¢t = 0. Hence, u"(0) # p~(0) and it is meaningful to set p=(0) := po.
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Remark 3.6 (Continuity equation in [a,b] xR%). Let 0 < a < b, 4, p € P1(RY), and (pu,v) € M*([a, b] x
R?) x M([a,b] x R%RY) (recall that M(A;R™) denotes the space of R™-valued Borel measures with
finite total variation) satisfy

//[a,b]x]Rd Orp(t, ) dp(t,z) + //[a,b]de Do(t,z)dv(t, z) = /Rd o(b, x) duy(z) — /Rd o(a, x) dpg ()

for every ¢ € Cl([a,b] x R?). It can be immediately checked that the extensions ji, defined for every
Borel set A C R‘f‘l by

fi(A) = ,L(A A ([a, b] x Rd)) n (Ll®ua)(A A ([0, a) x Rd)) n (L1®ub)(A M (b, +00) x Rd)>,
p(4) = v (AN (0,5 x RY))

solve (3.2) in the sense of Definition 3.1.

3.1. Proof of Part (2) of Thm. 3.4. The proof is carried out in several steps. First of all, we show that,
if u solves (3.1), then its marginal w.r.t. the time variable coincides with the 1-dimensional Lebesgue
measure on I. We also provide a useful chain-rule formula.

Lemma 3.7 (Time marginals and distributional chain rule for P;-solutions). Let py € P1(R?) and let
(u,v) be a Py -solution of the continuity equation in the sense of Definition 3.1. Then, u([0,T)xR%) =T
forallT >0, wgu =LY and p = L '@y for a family of probability measures (ut)er in P1(R?T) with finite
first moment. Purthermore, for every Lipschitz function ¢ € CHRE™) the map t — /Rd o(t, x) dpe(z)
(trivially extended to O for t < 0) has distributional derivative

d )

G [etrau= [ o )du+mimev) 6 [ p0)du D@, (311

R R

(where the scalar product Do-v has to be understood in the sense of (2.1)), and in particular it has
essential bounded variation in every bounded interval (0,T), T > 0.

Proof. Let us first observe that selecting ¢ € CL(I) and ¢. € C*(R%!) with support in I x Bg(0) for
some R > 0, (3.2) yields

// (e + COrpe) du+// (Dp.dv = — / €(0)c(0, ) dpo (). (3.12)

In order to evaluate pu([0,7) x R?), we consider a regularization of the function ¢(t) := ¢~ = max(—t,0),
for instance
t+5 ift<—e,
()= - if —e<t<0,

0 ift>0
and we set (. r(t) := (.(t —T). We also take a function § € C°(R?) fulfilling
0<0<1, 0=1inBy(0), 6=0inR%\ By(0), [DI~ <2,

and for ¢ € C1(R?) we set
Or(x) :==0(x/R), vr(z):=¢(x)0r ().
Choosing 0 < e < T and ¢, = ¥r, (3.12) yields

T-—- €
I/ Rdu+// Lypdy = <T)/ vrdio— [[ | caDindv.
[0,T—¢]xR? T—e,T)xR4 2 Rd Ri—%—l

(3.13)
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We first take ¢ = 1, so that ¢ = 0r. Since (v — (r = ((- —T) as ¢ | 0, uniformly in I, and
ICerlloo <T +€/2, |DOg|loo < %, and |v[([0,T] x R?) < 400, we find that

lim / / Cor ()DO(w) du(t, ) = / / (T — ), Dln(z) dv(t, )
40 J Jrd+? [0,T] xR

lim// x) du(t, z) // x) du(t, z) .

el0 J Jjo,1—¢] de 0,T) de

T—1t
/] Or(2) dp(t, 2)
(T—e,T)xRd €

Passing to the limit as € | 0 in (3.13) we get

// x) du(t, x) / Or(x)dpo(x // T —t):DOg(x)dv(t, x) .
[0, T)><]Rd [0,T] ><]Rd

We now take the limit as R — oo in both sides of the above equality, recalling that 6 — 1 and that
IDOr||so — 0. Hence, we conclude that u([0,T) x R?) = Tug(R?) =T, i.e. wgu([(), T)) =T and therefore
WE/L([G, b)) = b—a for every 0 < a < b. This implies that wé),u is the Lebesgue measure (1.

By the disintegration theorem (cf., e.g., [48, Cor. A.5]), we can disintegrate the measure p with respect
to the projection 7°: R‘iﬂ — I, so that there exists a Borel family {u;}ser of probability measures on R?
such that u = L' ® py.

We now use (3.13) by choosing 9 (x) := y/14]z||?; since

IDYRr(x)| < [DOg(2)¢(z)| + |0r(x) E‘/ +(2R)?2+1<5 ifR>2,

we obtain the uniform estimate for R > 2

/ Undn < T [ dndgo +5TIw|(0.7) x Y.
[0,T—e] xR Rd

Clearly,

Finally,

< |u|((T =&, T)xRY) — 0 ase 0.

Passing to the limit as R 1T 400 we deduce that

T
//\/1+Hx||2dutdt§CT, c::/ VIFT2IE duo + 5lv]([0, ] x RY), (3.14)
0 R4 R4

so that p; € P1(RY) for Ll-a.a. t>0.
Eventually, we write (3.12) for an arbitrary ¢ € CL(I) and ¢. = 0 (with ¢ € C'(RE™) Lipschitz)
and we get

Rd

ER = // C(,ODQRCII/
REH

Choosing constants a,L,T such that |((t)] < a, supp(¢) C [0,T], |¢(t,z)] < L(1+|z|]) whenever
0 <t<T, we obtain

(1+ R)

//RM(CQP + COrp)0r dp + //Rd+1 (Dpbhpdv = 7/ C(0)(0, )0r dpo — En, (3.15)

where

1Br| < 201" | ([0,T] x (Bsr(0)\ Br(0))) < 6aLlw|([0,T] x (Bar(0)\ Br(0))).

Now, since v is a finite measure on [0,7] x R?, it is immediate to check that |I/|([0,T] x (Bagr(0) \

BR(O))) — 0 as R — oo, and thus limg_, |Fr| = 0. Passing to the limit in (3.15) as R 1 400 using
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the fact that ¢ has linear growth and d;p is bounded, we get

/I{C’(/Rd @tdut) +<(/Rd atcptdut)] dt+//Rd+l ¢(Dydv = _/RdC(O)‘pOd“O’ (3.16)

which in particular yields (3.11). O

We now show the existence of the left- and right-continuous representatives. The following result
extends [13, Lemma 8.1.2] and concludes the proof of Part 2. of Thm. 3.4.

Lemma 3.8 (Left- and right- continuous representatives). Let pg € P1(R?) and let (u,v) be a Py -
solution to the continuity equation in the sense of Definition 3.1. Then, there exists a narrowly left-
(resp. narrowly right-)continuous representative 13 t +— py € P(RY) (resp. 1> t v i € P(R?)) of the
curve t — iz, such that, setting p, := po, for every 0 < a < b < +oo the following estimates hold

Wi(ug iy ) < [v|(la,b) x RY), (3.17)
Wi(pd, 1) < |v]((a,b] x RY), (3.18)
as well as estimates (3.8) and relations (3.9) and (3.10).

Proof. We combine the argument of [13, Lemma 8.1.2] with the duality characterization of the Kantorovich-
Rubinstein-Wasserstein metric.

We set v := ﬂg(|u|) and D, := {t € I: v({t}) = 0}, whose complement is at most countable; we also
select a Borel set D), such that £'(I\ D,) = 0 and [, |z du(z) < +oo for every t € D, . Finally,
recall the duality representation formula for W, in terms of 1-Lipschitz functions on R?

Wi (', p") = sup { /Rd fa( —u"): f e Lipl(Rd)}

and let Z C CL(R?) be a countable set, dense in C!(R%) w.r.t. the C!-norm || f||c1 := max{||f||sc, |V f]lsc}-
Then, the countable set Z := ZNLip, (R?) is dense in Lip, (R%) and provides the representation

Wiy, 1) = sup { /Rd pd(p' —p") e Z}- (3.19)

For such v, let us still denote by u:(¢) a good representative [12, Theorem 3.28] of the map ¢ +— f]Rd ¥ dpy,

and let us denote with D, the set of continuity points of the function t — p:(1)). We eventually set

D :=D,ND,NNyez Dy Then, LYI\ D) =0 and t ~ p(¢)) is continuous at t € D for every ¢ € Z.
For every r < s € D and every ¥ € Z we have

) =@ < [ D) < o] X B = () (320)

so that (3.19) yields
Wi (pr, pts) < v((r,s]) =v((r,s)) forevery r,se€ D, r <s. (3.21)

Thus, the map D > r — p, has pointwise bounded variation in every bounded subset of D. Since
(P1(R?), W7) is complete, by a standard density argument we deduce that the limits

;= 1 s = 0 .22

po = M pe,op = dm g (3.22)

exist in (Pq (]Rd), W1) for every t € I and define a left-continuous and a right continuous map respectively

satisfying (3.8).

Then, relations (3.9) and (3.10) immediately follow from (3.11) by observing that for every Lipschitz

function ¢ € C'(R%) the map  — pu~ (p;) (vesp. t — put(p;)) is left- (vesp. right-)continuous and thus

provides the unique left- (resp. right-) continuous representative of ¢ — u:(¢¢). O
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3.2. Proof of Part (1) of Thm. 3.4.
Let i € BVige(I; P1(RY)) and let puF be the left- and right-continuous representatives of y, respectively.
We define
Vi(t) = Varw, (1”3 0,]) = Varw, (75 [0,1)) (3.23)

We prove the following claim: there exists a Borel measure v € Mloc(Riﬂ;Rd) such that for every
T € [0,400) relations (3.7) hold, and the pair (u,v) satisfies the continuity equation (3.1) in the sense
of Definition 3.1. Moreover, writing v = v%u + v+ with v < p and v+ L p, we have that v* is
minimal in the sense of Definition 2.3.

Indeed, let us consider two continuity points a < b for V}, (and thus for 1) and let us define the linear
functional 4 p: CL([a,b] x RY) — R by

b
lap(C) == —/ » OeC dpe(x dt+/ C(b,x) dup(x / C(a,z) dug (). (3.24)

Observe that, by continuity of u at a,b, and continuity of (, we have

lop(¢) = —lim — /b h/ C(t+h,x) ((t,x)) dpe () de
Rd

hl0 h
a+h
—lim — / C(t, ) dpg(x )dtJrhm C(t,x) dpy(x) dt
hi0 h Ré b— h Rd
=1 n — i) (z) ds = li — ) (@) ds.
}}fgh/wh [ ¢(sv2) e — ) o)ds = i ] maes — )@ as

The duality formula for the Wasserstein metric yields

1 _ _ 1 _ _ 1
i LG = i) < E W) sup DG < (Vi) = Vals = ) sup DG |
h Rd Rd h Rd

P

1 b 1 a+h
Vs - < pd( [ vias— [T Vi),
hJarn Jra h a

Therefore, taking the limit as A | 0 we obtain

10O < IDC oo (Via(b) = V()

Therefore, the linear functional L,; defined on the space V,; = {D¢ : ¢ € Cl([a,b] x R?)} by
Lo (&) :=44(¢) whenever & = D¢ is well defined and it satisfies

[Lapll = sup  Lap(§) < Viu(b) = Vila).
€€V, €l <1

<

so that

By the Hahn-Banach and Riesz representation theorems, we can find a vector measure v, on [a, b] X R4,
which satisfies

// DC dya,b = <Va,b7 D<> = ga,b(()a (325)
la,b]xR?

vapl(fa, 8] x RY) = || Lol < Viu(b) = Viula) - (3.26)

Now, from (3.25) we deduce that the pair (u,v,) satisfies the continuity equation on [a,b] x R? in the
sense of Remark 3.6. Estimate (3.8) then yields

Vu(B) = Viu(a) < vep|([e, B) x Rd) for every a < a < 3 <b, (3.27)
so that we derive
wapl({a} x RY) = [vap|({b} x RY) =0, [vap|([e, ) x RY) = Vi, (8) = Vu(@). (3.28)

Possibly extending p to (—o00,0) by setting p; := po and selecting a diverging sequence (ap)nen of
continuity points for V,, with agp < 0, we can now apply the above results to a sequence of intervals
[an,ani1], n € N, and we consider a vector measure v whose restriction to [a,,a,+1] X RY coincides
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with v, q,., . By (3.28) such a gluing process is well defined and it is easy to check that (u,v) satisfies
the continuity equation and (3.7).

Finally, we decompose v = v® + v into its absolutely continuous part v* and singular part v+
w.r.t. o, and show that v+ is minimal. Let p € MlOC(RiH;]Rd) fulfill divp = divet and p < v+.
Setting 8 = v + p, the pair (u,0) satisfies the continuity equation

Oipu+dive =0 in (0,+00) x R?

with initial datum pg, in the sense of Definition 3.1. In particular, by (3.7) and (3.8) we have that for
T € [0,400)

([0, T) x RY) + [w[([0,T) x RY) < Varw, (1, [0,T))

3.29
<161([0,T) x RY) = [p°|([0,T) x R) + |p|([0,T) x RY). 329

Thus, [v1|([0,7) x R?) < |p|([0,T) x RY). Combining this with the fact that p < v and recalling
property (2.6), we conclude that v+ = p. Thus, v+ is minimal. ]

4. THE AUGMENTED CONTINUITY EQUATION

This section revolves around the result at the core of our approach to the superposition principle for
the continuity equation (3.1). The main idea is to lift a pair (u,r) solving (3.1), to a solution of an
augmented continuity equation in Rf‘Q =1 x R¥! exhibiting distinguished properties.

Throughout this section we will denote by

(t,x) any element in R =R x RY, 7 : R x R — R n(s;t,2) := (¢, ). (4.1)

and indicate by the symbol ||| a norm in R?*! whose restriction on {0} x R? induces a norm on R?
which will be denoted by the same symbol. As previously observed, a choice of the norm in R4t! affects
the W;-distance on Pq(RI+1) | cf. (2.3).

Theorem 4.7 ahead associates with a solution (i, ) to the continuity equation (in the sense of Defini-
tion 3.1), a curve of measures (05)se1r C P1(R4T1) and a vector measure (00, 0) € Mo (I x R4FH RIHL)
that turn out to solve the ‘augmented’ continuity equation in Rf‘Q =1Ix R,

050 + 00’ +dive =0 in Rf‘g,
o,0° >0 in R4T2, (4.2)

(o) :(50@/10 in Rd+1.
In this connection, we mention that, hereafter, with slight abuse of notation we shall denote by the same
symbol both the curve o: I — P;(R4T!) and the measure o = L! ® o, € M (I x R¥1). In equation
(4.2), the ‘augmented’ operator (J¢, div) plays the role that the ‘spatial divergence’ had for the continuity
equation (3.1). Thanks to the construction carried out in the proof of Theorem 4.7 ahead, the vector

measure (0%, o) will be induced by an autonomous (i.e. independent of s) velocity field given by a pair
of bounded Borel maps (7,v) : R4tt — RI*+1 that satisfy

o' =(rom)o, o= (vomo, T>0. (4.3)

We formalize the above properties in the next Definition 4.2, after recalling an equivalence relation
between positive measures.

Definition 4.1 (Uniformly equivalent measures). We say that two measures o,v € Ml‘gc( hy are k-
uniformly equivalent (for some k > 1), and we write g ~ ¢, if

k7o <9 < ko. (4.4)

We write o ~ ¢ if there exists k > 1 such that o ~; ¢.
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Clearly, two uniformly equivalent measures are mutually absolutely continuous (and thus equivalent,
sharing the same collection of null sets). Moreover, their mutual Lebesgue densities are bounded and
uniformly bounded away from 0.

With this notion at hand, we can introduce ‘qualified’ solutions (o, 0", o) of the augmented continuity
equation. In particular, the second and third properties below establish a relation between o and the

pair (¢°,0).

0

Definition 4.2 (Solutions of the augmented continuity equation). Let uo € P1(R?) and let 0 = L ®0, €
M (RE2), 60 € M (RE?), and o € Mioe(RT?;R?) be such that (0,00, ) is a P;-solution to the

augmented continuity equation (4.2) according to Definition 3.1. We say that

(1) (0,0% 0) has locally finite w-marginals if
[(0,0°, )] (I x [0, T] x ]Rd) < 400 for every T > 0, (4.5)

so that, in particular, my(o, 0", o) is a Radon vector measure in Rf‘l.

(2) (0,0% 0) is k-adapted if o ~;, |(0°,0)| and normalized if o = |(0°,0)| (ie. k=1).

(3) (0,0° 0) is mw-autonomous if there exists a pair of Borel maps (7,v) : ]Rf'l — Ri‘“ such that
the autonomous density condition (4.3) holds.

An adapted (resp. normalized) solution (o,0°, o) which has locally finite w -marginals and is 7 -autonomous

will be called 7 -adapted (resp. m-normalized).

Lemma 4.3 (Elementary properties of augmented solutions). Let (o,0° ) be a Pi-solution to the
augmented continuity equation (4.2) with po € P1(RY) and locally finite time marginals.

(1) If (0,0° &) is k-adapted, then the disintegration (os)s>0 of o w.r.t. the Lebesque measure in I
admits a representation which belongs to the space Lip,(I; P1(RIT1Y)) (it is in fact Lipschitz with
values in Pp(RL) if pg € Pp,(RY), p>1).

(2) If (0,0° o) is m-autonomous, then

(@ o) = (1 v)|o <o, (0", 0) = (1,0)m0, (4.6
ml(0%, o) = m(|(7,v)l|o) = [[(, ) |7y = |m4(0”, o).
(3) If (0,0°, 0) is w-normalized then ||(T,v)|| =1 o-a.e. and
o=10%0)|, mo=|(mo myo)l. (4.8)

Moreover, the map s — o, belongs to Lip, (I; P (RI*1)).
(4) Conversely, if ||-|| is a strictly convex norm of R¥*! and (0,0°,0) satisfies (4.8) then it is a
7 -normalized solution.

Proof. Claim (1) immediately follows from Theorem 3.4 since the Lebesgue density of (¢°,0) w.r.t. o is
uniformly bounded.

Claim (2) is an immediate consequence of the autonomous property. Claim (3) follows from Claim (2)
and the normalization condition.

Concerning the last Claim (4), the normalized property is obious since o = |(¢, o)|. The autonomous
condition is a consequence of Lemma A.1 ahead and the strict convexity of the norm. O

Let us now establish a first easy link between the solutions to the continuity equation (3.1) and those
to its augmented counterpart (4.2).

Lemma 4.4 (Marginals of sutonomous solutions). Let (o,0°, o) be an adapted solution to the augmented
continuity equation (4.2) with locally finite ™ -marginals according to Definition 4.2, and an initial datum
po € P1(RY). Then, setting

p=myo?, V=m0,
the pair (p,v) is a Py -solution to the continuity equation (3.1), with initial datum po, in the sense of
Definition 3.1.
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Proof. Recall that u,v are well defined Radon measures thanks to (4.5). As in Theorem 3.4(2), we have
that 0 = £! ® o5, where o, € T(R‘frl) for s € I thanks to the next Theorem 4.5.

Let us fix ¢ € CL([0,2)) such that 0 < ¢ < 1 and ¢ = 1 in [0,1], and let us define the sequence
¢n € CHI) by Cu(s ) = ((s/n), so that (,(s) — 1 for every s € I as n — o0, 0 < (, < 1, and

1€ oo < [[SITES H"" . For every n and every ¢ € Cl(Rde) it holds (,p € CLIxRxR?). Since the triple
(0,0% o) solves the Cauchy problem (4.2) and spt(c?), spt(a) C Ix[0,+00)xR?, we have that

/C //Rd+1 (t,2)do,(t,x ds+///lxw+1 5)0pp(t, z) do(s, t, x)
// (D(t.)do(s.t3) = = [ o(0.) dole).

Since ¢ has compact support, there exists T, < +oo such that spt(¢) C [-T,,T,] X R?. Hence, the
first integral in (4.9) can be estimated by

/IQ’L(S) //]RdJrl o(t,x)dos(t, ) ds

and therefore it tends to 0 as n — co. By dominated convergence, we can take the limit in the second
and third integrals of (4.9), thus obtaining

—/ ©(0,z) dpo(z /// Opp(t, ) do (s, t, ) /// o(t,x)do(s,t,x)
Rd IxREH! Ide“
/[, oot dutea)+ [[ | Dottin) duit, o)
Ri+l Ri+l

for every o € CL(RxR?), which concludes the proof. O

(4.9)

< M o ([n, +00) x[0, T,]xRY),

4.1. Superposition results for the augmented continuity equation. Since mw-adapted solutions
of the augmented continuity equations are driven by a bounded Borel velocity field, it is easy to state a
superposition principle in the spirit of [13, Theorem 8.2.1].

In order to formulate the probabilistic representation of the curve o, we introduce the evaluation and
the augmented evaluation maps

e: Ix C(LR™!) — R, ¢(s,y) :==y(s) = (t(s),x(s)),
¢s: C(L;RITY) — RIFL es(y) == y(s) = (t(s),x(s)), (4.10)
a: ITx C(LRYTY) S Ix R a(s,y) := (s,y(s)) = (s,t(s),x(s))

Clearly, a, ¢ and ez, s > 0, are continuous maps.
We also introduce the Borel maps y’: I x Lip(I; R%*!) — Rt defined by

W(sy) =y/(0), where (y)i(s) = limsup YO TPV Y]
h—0

i=0,-,d. (4.11)

Clearly, p’'(s,y) coincides with the usual pointwise derivative of y(s) for L£l-a.a. s € I. We will also
denote by t' (resp ') the first (corresponding to the index ¢ = 0) component (resp. the vector of the
last d components) of y', vy’ = (t',2):

t: I x Lip(LR™) - R t(s,y) :=t(s),

4.12
¢ Ix Lip(LRYY 5 RY, 2/ (s,y) :=x/(s). (4.12)

Notice that the restriction of y’ to LipZ(I; R?*1) is a bounded Borel vector field whose image is contained
s mdtl
in R ++ .
Now, for every y = (t,x) € CT(I;R4*1) the set
{s>0:t(s) €[0,T]} =y '([0,T] x Rd) is a compact interval.
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For every time interval [0,7] we consider the domain

E(T) := {(s,y) cIx CHIL; R 1 t(s) € [O,T]} = LI x[0,T] xRY). (4.13)
If 1 is a probability measure on Lip (I; R%+1) we set
ne = L' ®@n e M (I xLip"(L;R)) (4.14)
and we observe that
/ t(s,y)dne(s,y) =T, (4.15)
E(T)
so that
[ eyl < [ weyldneey <T+ [ @eyldgsy. (@0
E(T) E(T) E(T)

We are now in a position to state our result on the probabilistic representation of the solutions to the
augmented continuity equation.
Theorem 4.5 (Superposition principle for solutions to the augmented continuity equation).
(1) Let k>0 and 1 be a probability measure in LipZ (L, R*Y) such that

/||e0|| dn < +oo, / || dn, < oo for every T > 0. (4.17)
E(T)

Setting

o5 = (es)gm, Oi=mng, 00 =04 (t/ 775)7 o= (;’ 775) (4.18)
then the curve s — o4 1s k-Lipschitz with values in Py (R‘f‘l), (0,0%, ) is a Py -solution to the

augmented continuity equation with locally finite 7 -marginals, and

|(6°, 0)| < ko. (4.19)
If moreover there exists a Borel vector field w: Rf‘l — Rf‘l such that ||w| >k~ and
' =w(e) ng-ae., (4.20)
then (o,0°, ) is a m-adapted solution (with constant k; it is w-normalized if k= 1) and
(00,0) = wo. (4.21)

(2) Conversely, let (o,0°,0) be a m-adapted solution (with constant k > 1) to the augmented con-
tinuity equation (4.2) according to Definition 4.2, and let it be driven by the (autonomous) Borel
vector field w := (1,v). Then, the support of (o,0°,a) is contained in I x R‘fl and there exists
n e T(Lipl(I;R’fl)) that satisfies (4.17), (4.18), and is concentrated on the curves solving the
Cauchy problem

{y<s> = w(y(s)), s € (0,0), (4.22)

y(0) = (0,2), € spt(uo)-

If moreover (o,0°,a) is w-normalized, then 1 € fP(LipI(I;IRiH)).

Proof. The first claim is well known (see e.g. the second part of [13, Theorem 8.2.1] and can be easily
checked by a direct computation. Condition (4.17) ensures that (o,0°, o) has locally finite 7w-marginals.
Property (4.21) easily follows from Lemma A.1.

In order to prove the second claim, we can still rely on [13, Theorem 8.2.1] (which corresponds to the
case of a finite interval), applied to the restrictions of (o,0", o) to the intervals [i,i + 1]. We find mea-
sures 1° concentrated on Lipy([i, i+ 1]; R‘f‘l) and corresponding measures 7' = L1 ®@n® satisfying (4.18)
in [i,9+ 1] together with

/ 11 a7 = lor|(liyi + 1) x [0,T] x R, (4.23)
B, i) (T
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where
Bloi)(T) = { (5,y) € [i,i +1] x (LR 1 t(s) € 0,71} = e~ (i +1] x [0, 7] x BY).
We can then apply the glueing Lemma C.1: it is sufficient to use
X = CLREY), X':=C([i,i +1;RTY), Y7 =R,

and choose p’: X — X' as the operators mapping a continuous curve defined in I into its restriction
to the interval [i,i + 1]. We eventually set R? = L'*! := ¢;,; and we thus find a measure i such that
pin =n' for every i € N. It is easy to check that 7 satisfies all the properties stated in Claim (2). The
second estimate in (4.17) can be derived from (4.23). O

We can now state a useful rescaling property, which is strongly related to the fact that the velocity
vector field is autonomous according to (4.3).

Lemma 4.6 (Rescaling). Let (0,0, 0) be a m-adapted solution to the augmented continuity equa-
tion (4.2) driven by the (autonomous) Borel vector field w = (1,v): RE™T — R fet

0: R’f‘l — (0, +00) be a Borel map satisfying ¢c* <0 < c < 400 in Rf‘l for some constant ¢ > 1,

(4.24)
and let
Fi=0r, v:=0v, w=(7,0)="0w. (4.25)
There exists an autonomous solution (G,0°, ) satisfying
°=75, 6=v0, m(3°&)=m(c" o). (4.26)

Proof. By Theorem 4.5 there exists n € T(Lipi(I;Riﬂ)) providing the representation formulae (5.6)
and supported on solutions of the Cauchy problem (4.22), with autonomous velocity field w = (7,v)
satisfying k~! < ||w|| < k. For every Lipschitz curve y: I — Rf‘l we consider the solution ¢, to the
differential equation

by(r) = (Boy)(ty(r)), £(0) =0. (4.27)
Indeed, ¢y can be easily obtained as the inverse of the bi-Lipschitz map
|
O,(s ::/ — dr, ¢'<0O <ec 4.28
S CT0) =% = 42%)

Thus, we may define the function R : LipE(I; R+ — Lip%(I; RI+L) k= ck, that associates with every
Lipschitz curve y the rescaled curve

R(y) :==yoly. (4.29)

Notice that y := R(y) satisfies the system
¥ (r) = 0(3(r)w(y(r)) = w(y(r), ¥(0)=y(0). (4.30)
By Lemma D.2 in Appendix D ahead, R is a Borel map. Let us set 7 := $;(n) € fP(LipT(I;RiH)). A
further application of Theorem 4.5 yields the thesis. O

4.2. A representation result by the augmented continuity equation. We can now apply the
previous results to get a first representation for P;-solutions to the continuity equation (3.1).
Theorem 4.7 (Augmented representations of P;-solutions). Let (u,v) € M (RE) x Moo (RET; RY)
be a Py -solution to the continuity equation in the sense of Definition 3.1, with initial condition g €
P1(RY), let (u,2) = O(p,v) be a minimal pair induced by (u,v) according to Definition 3.2 and fulfill-
ing (3.6), let o ~ |(u,v)|, and let (1,v) be bounded Borel vector field representing the density of (u,V)
w.r.t. o, i.e.

= To, V=19 o-a.e. in Rff_“. (4.31)

Then, there exists a Lipschitz continuous curve o € Lip(I; P, (Rf’l)) satisfying the following properties:
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(1) the associated measure o = L' @ oy € M} (I x Ri+1) has marginal

o = 0 = bp. (4.32)
(2) The measures
0¥ = (1 om)o, o:=(vom)o (4.33)
have marginals
myo’ = u, o = D. (4.34)

(3) The triple (0,0°, ) is a w-adapted solution to the augmented continuity equation (4.2), in the
sense of Definition 4.2.

In particular, when o = |(u,v)| then (o,0°

,0) 1s also a w-normalized solution.

Remark 4.8. When (u,v) is a minimal P;-solution, then v+ = &1 is minimal and (4.32) holds for
v=u.

Proof. Thanks to Lemma 4.6 it is not restrictive to assume that ¢ = |(u, V)|, ||| is the Euclidean norm
(so that it is strictly convex), and § = 1. Therefore, in the remainder of the proof we shall use that
v =v. We will split the proof in the following steps:

(1) Regularization of the pair (u,v) via convolution;
(2) Analysis of the ‘augmented’, regularized system;

(3) Passage to the limit in the regularization parameter;
(4) Proof of property (4.31).

Step 1: regularization. It follows from Theorem 3.4 that p admits a left-continuous representative
w.r.t. narrow convergence. Therefore, from now on, without loss of generality we shall suppose that
t + py is (narrowly) left-continuous. We now extend the measures p and v to the whole R4! by
setting

if t <0
W = Ho 1 ’ and v =0 on (—o0,0) x R%.
ue ift >0,
Let us now consider convolution kernels x° € C*(R) x! € C*(R%) satisfying
1
k>0, spt(s°) C[0,1], / KOdt =1, (4.35)
0
0<k' <1, rhdz =1, / ||| &' (z) dz = M < oo. (4.36)
R? RY
Let us set
k(1) == e Yh(t/)e), Kl(z):=e xl(x/e)dx, r.(t,x):=r2(t)K](z). (4.37)

For (t,z) € R¥*! we define

pE(tw) = () (t) = [ et = = )dutr),

(4.38)
Ve (t,x) = (vxke)(t,x) = / ke(t — 1,2 —y)dv(T,y) .

Rd+1

Since (u,v) is a P;-solution to the continuity equation, the functions p® € C®(R*!) and v® €
C*(R¥*1;R?) are smooth solutions to the continuity equation

Oppf +dive® =0 in R4 (4.39)
with
pe(t,x) = /d ki(x —y)duo(y) = a5(x)  for every t < 0. (4.40)
It is easy to check that :
/Rd pe(t,z)de =1 for every t € R. (4.41)
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Moreover

[ el = [ ] el = nduds < [ (e =ol+ ol )bl — v)duots) da
<eat+ [ ol ot

With slight abuse of notation, we shall denote by p® = (u$). and v* = (v§) (where v§ := ve(t,-)) also
the measures with densities pu® and v®, respectively. Due to [12, Thm. 2.2] and the previous estimate,
we have the following convergences as ¢ | 0:

ps =% in M (Ri"'l), v°—=*v in MlOC(Rf‘l;Rd), A5 — o in Py (RY),

loc

(4.42a)
pf L0, T) x R — pL[0,T] x R narrowly in M*([0,T] x R?) for every T > 0.
We also have by [12, Thm. 2.2] that
00 =" L), 5 =" o] i MG (RE), (1.42b)
In a similar way, we can show that
(1%, ) 1([0, ] x RY) < [(, )|([0,T] x RY),  [w°]([0, 7] x RY) < |v]([0,T] x RY), (4.43)
which implies that
fIL[0,T] x RY — |v|L[0,T] x RY
|10, T] x |;j| [0, 7] x R, J narrowly in M([0, T] x R?) (4.44)
| (1=, v5) L [0, T] x R — |(p, )| L [0, T] x R
for every T € [0,400) such that |v|({T} x R%) = 0.
Since pf(t,x) > 0 (see [13, Lemma 8.1.9]) we may introduce the velocity field
13
we(t,z) = 2 (z) for all (t,z) € R (4.45)

pi ()
The velocity field w*® fulfills the local regularity conditions of [13, Prop. 8.1.8], which we may therefore
apply to the continuity equation (4.39). We can introduce the characteristic system

X7 = wi(X7), (4.46)
X5==, .

and we denote by D¢ the subset of # € R? for which the unique maximal solution is globally defined. We
know that R?\ D¢ is fi§-negligible (equivalently £4(R%\ D) = 0)) and (4.46) defines a flow X§: D® —
D®, t > 0, inducing the representation formula

pi = (X7)sho- (4.47)
We finally notice that by (4.45), (4.47), and (4.43), we get for every T € [0, +00) the bound

T
[ [ 1wt Xzl dedgi(a) < 710, 7% R < ol [0, 7] <), (4.48)
R Jo
Step 2: Analysis of the augmented system. We define
1
75 R S R, T (t,x) = -, (4.49a)
1(1, we (£, )|
e(t, )
ve: R 5 RY, Ve (b 2) = 75 (2wt (b 2) = — b8 (4.49D)
(L, we(t, )
By construction we have that

(75 (¢, z), v (t,x))|| = 1 for every (t,z) € R4TL (4.50)

For each ¢ > 0 the functions 7 and v® are locally Lipschitz and globally bounded.
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We now consider the following ‘augmented’ characteristic system, in the unknowns 7: 1 — R and
Y:I— R? '
T, = 7°(Ts,Ys),
Y, = v (T3, Y5),
To =t,
Yo==2x.
For every (t,x) € R¥*! the Cauchy problem possesses a unique solution s +— (T5(t,x),YE(t,z)) which
is globally defined. Clearly, s~ T¥ is an increasing map and in particular T¢(¢,z) > 0 if (t,z) € RG™.
The following result relates the flow map (T¢,Y%): I x R4+t — RI+! defined by T¢(s,t,z) := T5(t, z),
Ye(s,t,x) :=YE(t,x), with the flow map X¢: I x D¢ — D¢ of the ODE system (4.46).

(4.51)

Lemma 4.9. For every x € D%, let ( ))sex solve the Cauchy problem

{T’ (T, X*(Ts, 7)),

S

7 (4.52)

)

and thus define a map T¢: Ix D° — 1. Define Y<: Ix D¢ — D¢ via Y<(s,z) := X*(T%(s,x),2). Then,
T(s,z) = T%(s,0,z), Ye(s,x) =Y*(s,0,2) for all (s,z) € I x D%, (4.53)
and T\E(', x) is a (strictly increasing and surjective) diffeomorphism of 1 for every x € D®. In particular,
Ye(s,0,2) = X°(T%(s,0,2),2)  for all (s,2) € I x R, (4.54)

Furthermore, if S®: 1 x D® — 1 is defined by

S (t,3) = /0’||(1,w8(7, Xe(r,2)))| dr, (4.55)

then
g S(T,x) djig(z) < [(u, v)|([0,T] x RY) (4.56)

and
Se(-,x) = (fa)_1(~7m) for every x € D°. (4.57)

Proof. We observe that the functions T¢ and Y© satisfy

3sf5(s7x) (452) Ts(fa(s, :L‘),XE(TE(S,QC), x)) = Tg(fa(s, x),?e(&x)),
as well as
0.Y(s,2) = 9, X°(T°(s,2), 2)0,T° (s, )

20wt (T (s, 2), X° (T (s,),2)) 7° (T (s,0), X*(T%(5,2),2))

L) e (T2 (s, 2), Y (s, ) .

Since we also have that XA’E(O7 x) =X°(T°(0,0,2),2) = X°(0,z) = =, we conclude that the pair (f‘g7 ?5)
solves system (4.51) for ¢t = 0. By uniqueness, (4.53) follows.

The function S° defined in (4.55) is finite (since the integrand is a continuous function w.r.t. 7) and
it is clearly strictly increasing. Estimate (4.56) follows immediately by

T (4.48)
s raaise = [ 10wt e X o) < 1n|(0.7]x R <+
Finally, we observe that for every x € D¢
8,(S°0T*) (s, x) = 0,5°(T° (s, z), ) 0T (s, )

D (1, we (T5(s, 2), X (T (s, 2), )| - 7 (T (5, 2), X (T (s, 2),2)) 2 1,
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where (1) is due to (4.55) and (4.52), while (2) is a consequence of (4.49). Hence, (4.57) follows, whence
we conclude that T¢(-, x) is a strictly increasing diffeomorphism of I for every = € D¢. O

Let us now consider the continuity equation with the vector field (7¢,v°) and initial datum of =
do®ng . Since of is supported in Ri“ then the family of measures

= (T:,Ys )3 (60®0¢) for all s €1, (4.58)
are supported in Riﬂ as well. Moreover, (4.53) shows that

= (T¢ YE)WS for all s € IL. (4.59)

s S

It follows from [13, Lemma 8.1.6, Prop. 8.1.8] that the curve o€ belongs to Lip(I; Py (Rj_“)) (it is in fact
1-Lipschitz) and fulfills

050° + 0(10°) + div(vso®) =0  in I x R+ (4.60)
05 = 0 @ [i§ - ’
From now on, we will use the short-hand notation
o0 .= 750° o = v°0°.
Observe that, in view of (4.50), the measures 05° and o€ satisfy
(050, 0%)| = o° in Mfgc(IdeH) (4.61)

In the following lemma the relation between u, v°, and o° is established in terms of the projection
operator m: R x R x R? = R x R4, 7(s,t,x) := (t,x) from (4.1).

Lemma 4.10. There holds
ue = myo0, Ve =myo°, |(p5,v°)| = myo° in ITxRY. (4.62)
Moreover for every S, T > 0

o0((S, +00) x [0,T] x RY) < — |(,v)|([0, T] x RY). (4.63)

0l

Proof. For every ¢o € C.(R%1) we have

/ wo(t,z) dus(t, x) 2// wo(t, X°(t,x)) dpg(x) dt
Rd+1 Rd

(2

(2) / /gpo Te(s, @), X°(T°(s,2), %)) 0:T° (s, x) ds dji (z)
3)

B / /1“00 (T%(s,2), Y*(5,2)) (T (s, 2), Y* (5,2)) ds djz ()
= [ ([ ool (s.2), 70 20) 75T (5,2), V(0. 2)) i) s

@ /I</Rd+1 ©o(t, o)T°(t, 1) dai(t,x)) ds = /Ri” vo(t, ) do=0(s, t, )

where (1) follows from (4.47), (2) and (3) from the change of variables ¢t = T¢(s, z) (sec Lemma 4.9), (4)
from (4.59), and we have repeatedly applied Fubini’s Theorem.

=

-
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The second of (4.62) follows from the fact that v = w*u® and v = 7°w*<, so that for all test
functions ¢ € C.(R*1;R?)

| etaaia = [ [ ot x5m) w6 X400 di(oar

- /Rd /190@6(8’ ), X5(T%(s,x), @) - w (T (s, ), X5 (T% (5, ), 2)) 8, T% (s, x) ds dji ()

~ ~

:/ /Igo(fa(s,x),f/a(s,m))-TE(TE(S,x)7Y5(s7x))wa(f8(s,m),?f(sw))dsdﬂé(x)
Rd

= [ ([ o). 770 075, P s i) ) s
I R4
= [( [ et vowian)as= [ oo,
1 Rd+1 R4*2
Finally, for every open subset A of R4 we have that

()| (A) = /A (L w0t (¢, 2) | dps (2, 2) 2 / 11, w7 (¢, 2) | do=0(s,t, z)
(2)

IxA
= / (1, w®) (¢, x)|| 75(t, ) do® (s, t, x) ® / do®(s,t,x) = wyo(A),
IXA IXA

where (1) follows from the previously proved fact that u° = mw0; for (2) we have used that 00 = 7°0°,
while (3) is a consequence of (4.49a). This concludes the proof of (4.62).

In order to check the tightness estimate (4.63), let us denote by tsr the characteristic function of
(8, +00) x [0,T] and by j§ (s, z) the characteristic function of (5, S°(T, )] (which is identically 0 if
S > 5¢(T,z)). We first observe that

LS,T(safa(Sax)) = jg,T(va)

so that

o=9((8, +o0) x [0,T] x Rd) = / tsr(s,t)m(t, x) do (s, t, )
Rd+2

~

_ /Rd/ILS,T(S,TE(S,z))TS(TS(s,x),?S(s,z))dsdﬂg(x)
= [ 55,000,752 ds (o)
Rd JI
_ /R (T - T4(8,2)),, d(e) < T {w € R : T(8,0) < T}
= Tﬁg{z € D*: S°(T,z) > S} .

Estimate (4.63) then follows by (4.56) and by the Chebyschev inequality. O

Step 3: Passage to the limit as ¢ | 0. As previously observed, the curves of measures (0¢). C
Lip(I; P1 (R4*+1)) are 1-Lipschitz continuous for every ¢ > 0. From the estimate Wi(oS,0§) < s for
all s € I, recalling that of = dp ® G5 with a5 from (4.40) we deduce that the curves (o¢). lie in
a bounded set of P;(RI*!), narrowly compact in P(R¥*!). Moreover, the uniform bound on their
Lipschitz constant provides an ‘equicontinuity’ estimate that allows us to apply, e.g., the metric version
of the Ascoli-Arzela Theorem proved in [14, Prop. 3.3.1]. We thus conclude that there exists a limit curve
o € Lip(I; P4 (Rd‘*‘l))7 1-Lipschitz and supported in R‘ﬁl, and a vanishing subsequence (gx); such that
ok — o, narrowly in P;(RI*1) for every s € I. As usual we will also denote by o the Radon measure
L@, in MiE (I x R4 satisfying

loc
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o* L [0, 5] x Ri“ — oL [0,5] x Ri“ narrowly in M (R%2)  for every S > 0. (4.64)

Clearly, the above convergence also yields o —* ¢ in M ([0, +00) x R‘f‘l) as k 1 oo. Moreover, we
deduce from (4.44) and from (4.62) that

o < |(mw)]. (4.65)
From (4.61) and the projection relations (4.62) it follows that the restrictions to [0, S] x RZ*! of the

families of measures (0°°). and (o¢). are uniformly tight, so that there exist 0 € M (R%?) and
o € Mioe (RT'Q; R?) such that up to a further (not relabeled) subsequence

(050, ) [0, 8] x RE! — (6%, )L [0, 8] x REFT in M(RF2; R for every S > 0. (4.66)

Therefore, also thanks to the third of (4.42a) and (4.64) we gather that the triple (0,0, o) satisfies
the Cauchy problem (4.2) in the sense of Definition 3.1, with the operator (9, div) playing the role of
the ‘spatial divergence’ in (3.2). Moreover, it follows from (4.50), (4.64), and the lower semicontinuity of
the total variation functional that

(6% 0)| <o in R4T2, (4.67)

so that in particular ¢°,0 <« o. Hence, since o is concentrated in I x Ri+17 the Radon-Nikodym
derivatives can be represented by bounded Borel fields

do® d
= IR ST o= D Ix R S R
satisfying
[(#,9)| <1  o-ae. in IXRET (4.68)

In terms of 7 and ¥, we rewrite the continuity equation (4.2) as

050 + 0y(70) + div(po) =0  in I x RIH! (4.69)
o0 = 0o @ po -
It remains to prove the projection properties (4.34). We start by showing that
p=mya. (4.70)

For this, the tightness estimate (4.63) implies that %L I x [0, 7] x R? narrowly converge to o® L I x
[0,T] x R? for every T > 0. This shows that p([0,7] x RY) = ¢(Ix [0,T] x R?) for every T > 0. Since
myo? < p, the above equality yields (4.70).
Let us now show that
V=my0o. (4.71)
With this aim, we set := myo . In order to show that & = v, we argue in the following way. On the one
hand, it follows from the previously proved Lemma 4.4 that the pair (i, ) solves the continuity equation

Op+divi=0  inRE, (4.72)
with initial condition pg, in the sense of Definition 3.1. On the other hand, applying Lemma 2.7 with the
choices p=m: Rx RxRY = R xR?, ¢, = (050, 0°), ( = (6%, 0), Ay = wy(0°%0, 0%F) = (u+, %),
A = (p,v), we show that

.\ (4.70) 0
(h,w) =" (myo", myo) < (V).
Then, by Lemma 2.2 there exists A € Lf(ou,u)‘(R‘f'l; [0,1]) such that (u,) = A(u,v). Since the first
components coincide, from that equality we infer that o = Av and A =1 p-a.e., as well. We decompose v
and v into their absolutely continuous and singular part w.r.t. p, namely,
v=v'+vt v=0"+0t with v, 0b L p.

Since v = Av, we have
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As A =1 p-ae. in Riﬂ, we have that % = v%, b+ = L. Therefore, b+ < v1. Moreover, by
Lemma 4.4 it holds div® = dive’. By hypothesis, v+ is minimal. Therefore, we conclude that
ot = vt and, since ¥%u = vy, we ultimately have © = v. Then, (4.71) follows.

Lastly, we may conclude (4.32) by observing that

(4.65) (4.67) 0 0
(wv)l = myo > myl(o”,0)] 2 |my(o”, o) = [(1, V)]

This finishes the proof.

5. THE PARAMETRIZED SUPERPOSITION PRINCIPLE

The main result of this section, Theorem 5.1, provides a probabilistic representation of the solutions
of the continuity equation, which in fact extends the representation obtained in [13, Thm. 8.2.1] for
absolutely continuous solutions. We will derive it from the probabilistic representation (4.18), provided
by Theorem 4.5, for the solutions to the ‘augmented’ system (4.2). For that, we will need to take into
account that o and the measures p and v are related via (4.34). Fine properties of our probabilistic
representation will be proved in Proposition 5.2 and in Theorem 5.3.

In the spirit of [13, Thm. 8.2.1], the statement of Theorem 5.1 below consists of two parts:

(1) First of all, starting from a measure n € (P(LipT(I;]Rff_'H))7 we construct the measures t'£l®@n
and 1'£'®n (recall the definition (4.12) of ' and '), and show that their push-forwards through
the evaluation map ¢ from (4.10), cf. (5.2) below, solve the Cauchy problem (5.3). In fact, the
Cauchy condition is expressed in terms of the push-forward (eo)ym (where ¢o stands for ¢(0,-)):
in this respect, let us specify that, while ¢ is evaluated along curves y € CT(I; R%*!)  so that
eo(y) = (£(0),x(0)) = (0,x(0)), in (5.3) with slight abuse of notation we will consider ¢q as valued
in RZ.

(2) Conversely, we prove that any solution of the continuity equation admits the probabilistic repre-
sentation (5.2) below in terms of a probability measure ) on the space Lip] (I; RYM) from (2.27).
In addition, we show that for n-a.a. curve y, the velocity y’(r) at a given time r € I does not
depend explicitly on r but only on the position y(r), see (5.7) ahead.

Theorem 5.1. The following facts hold:
(1) Let m € ‘P(Lipl(I;Rfrl)) and n, =LY @n fulfill

/||eo|| dn < +o0, /E(T) 'l dn, < oo for every T > 0. (5.1)
Then, the pair (11,v) € M (RET) x Mioe(RERY) defined by
pi=rey(t'n.) vi=re(x'ng) (5.2)
18 a Py -solution to the continuity equation,
O+ dive = py in (0, +00) x RY, with po = (¢0)sm € P1(RY), (5.3)
in the sense of Definition 3.1. Moreover,
()] < s lIme) (5.4)

(2) Conversely, let (p,v) € M;C(Riﬂ) X MIOC(RiH; R?) be a Py -solution to the continuity equation
in the sense of Definition 3.1, with initial condition pg € P1(R?); let (u,v) = 0(u,v) be a
minimal pair induced by (u,v) according to Definition 3.2 and (3.6), let o ~y |(u,v)| for some
k >0, and let (7,v) be a bounded Borel vector field representing the density of (u,v) w.r.t. o,
namely

pw=To, v =uvp 0-a.e. in Rf‘l. (5.5)
Then, there exists a measure m € T(Lipl (I;Ri+1)) such that the representation
p=etng)  v=e@E n), w2l =u(lyling, e=emne (5.6)
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holds, and m is supported on curves solving the Cauchy problem

{y/@ = (r(y(s)), v(y(s))) for a.a.s € (0, +00)

y(O) = (0737)’ T e Spt(uo). (57)

Choosing in particular o = |(p, V)| we get m € (P(LipI(I;RiH)) is concentrated on ArcLip(I;RiH) and

(1, )| = es([0'llme) = ez - (5-8)
Proof. Recalling the definitions of the evaluation maps (4.10), we observe that
e=moa. (5.9)

Claim (1) follows by Claim (1) of Theorem 4.5 and Lemma 4.4.
Claim (2) follows by the augmented representation of (u,v) given in Theorem 4.7, and by Claim (2)
of Theorem 4.5. O

5.1. Fine properties of the representing measure. With the upcoming Proposition 5.2 we unveil
some refined properties of the probabilistic representation provided by Theorem 5.1 for the solutions of
the continuity equation. Namely, we give a finer representation formula for p and specify the probabilistic
representation of the measures v® < pu and v+ featuring in the decomposition v = v + v+, cf. (5.11)

below. To this purpose, we need to introduce some further notation. For every y = (t,x) € Lip'(I; Rflﬁl)
we define the sets D [y], Doly], Dc[y] €I as

Dilyli= {s € I: ¥(s) > 0},
Doly]:={sel: t'(s) =0}, (5.10)
D.[y]:={s €I: t(-) is constant in a neighborhood of s},

where t’ denotes the upper derivative defined in (4.11)—(4.12). Its usage is motivated by the fact that t’
exists at every s € I and it is a bounded nonnegative Borel map. We further set

Di:={(s,y) € IxLip"(LR{M) : s € Dy[y]},
Do:={(s,y) € Ix Lip"(LRE™) : s € Dolyl},
D.:={(s,y) € Ix Lip"(LR{™) : s € D [y]}.

Since we have D.[y] C Dqly] for every y, there holds D. C Dy.
We are now in a position to provide the probabilistic representation of »® and v in terms of the
measure 1 € P(Lip" (I, R%)) featuring in (5.6) and (5.8).

Proposition 5.2 (Decomposition property of the probabilistic representation). Let (u,v) be a Py so-
lution to the continuity equation (3.1) in the sense of Definition 3.1, let (u,U) be a minimal solution
induced by (p,v) with Lebesgue decomposition 0 = v® + v+ . Suppose that the representation formulae
(5.6) and (5.8) hold with n € P(Lip"(L;RE™)) and g = L' ®@n. Then, we have that

N:eﬁ(t/nLI—D+)v Va:eﬁ(;/nLl—DJr)a DL:eﬁ(x/nLI—DO)v (5.11)
(v = (' llme L D1), o] = es([la’l| me L Do) (5.12)

Proof. Since p1 = e;(t'n.), the first equality in (5.11) holds. Being v* <« p and Do N Dy = O, the
second and the third equalities in (5.11) follow.
Concerning (5.12), we have

()| = () + [ < eIyl me L D) + ex(ly' | L Do) = ex(lly'llme) = (1, v)]
so that all inequalities are in fact equalities and (5.12) follows. a
With the next result, we use the representation formulae (5.11) provided by Proposition 5.2, to show

that the superposition measure 1 € P(Lip' (I;R%t1)) is supported on injective curves. In the proof, we
will identify the pair (u,v) with an associated mininimal solution (u, 7).
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Theorem 5.3. Let (u,v) be a minimal Py -solution to the continuity equation (3.1) and let the measure
n e T(Lipl(I;R‘ﬁl)) provide the representation formulae (5.6). Then, n-a.e. curve y € Lip' (I, RE™)
18 1njective.

Proof. We prove the theorem by contradiction. Let us assume that there exist S > 0 and a set

A C Lip"(I;REH) with m(A) > 0 s.t. every y € A is not injective in the interval [0, S]. (5.13)

Since m is a Radon measure, it is not restrictive to assume that A is compact.
For y € Lip"(I;R4™) and s € [0, 5] we define
7"(57y) ‘= max {0 € [07 S] : y(O’) = y(S)} ) Tb(S, y) = T<S7y) - S, t(y) = sg}(a))é] T‘b(S,y),
and we notice that the maps (s,y) — 7,(s,y) and y — t(y) are upper semicontinuous in [0, S] x A and in

A respectively. Since t(y) > 0 for every y € A, we may find A € N such that the (closed, thus compact)
set

A’::{yEA:t(y)z%}

satisfies (A’) > 0. For every y € A’ we now define

E(y) := {S €10,5]: r(s,y) > l/h}7 s1(y) := min Z(y),

where 1 stands for ‘lower’. Notice that s is well defined since E(y) is a closed nonempty subset of [0, 5];
one can easily check that is lower semicontinuous: if (y,), C A’ converges to y and s, = s(y,,) is
converging (up to the extraction of a subsequence) to s, we know that r,(s,y) > 1/h (by the upper
semicontinuity of r,) so that s € Z(y) and si(y) < s.

We set s,(y) := r(si(y),y) (with u for ‘upper’); the function y — (si(y),s,(y)) is Borel measurable
and for every y € A’ we have by construction

y(si(y)) = y(suly)),  suly) —sily) = (si(y),y) = % (5.14)

Since t is non-decreasing we conclude that t is constant in (s1(y), s, (y)), hence for the interval (si(y), su(y))
we have

(s1(y), su(y)) € Dely] € Doly].- (5.15)
We introduce the function T: Lip"(I;RT™) — Lip" (I; RT™) defined by T(y) =y for y ¢ A’ and

~f y(s) for s < s1(y),
T(y)(s) = { y(s+ 7, (s1(y),y)) for s> si(y)

for y € A’. Now, as previously mentioned, the mapping y — s;(y) is Borel. Since (s,y) — r,(s,y) is itself
upper semicontinuous, the mapping y — R(y) with R(y)(s) := y(s + r,(s1(y),y)) is Borel. Rewriting T
in terms of R and of the characteristic functions of the intervals (0,s,(y)] and (s(y), +o0), i.e.,

T = Lo,sY + Lsiy),+00)R(Y),

reveals that the map 7 is Borel measurable, too. Moreover, we readily check that T(y) € Lipl(I; RI+1)
for every y € Lipz(I; R4*1) | s0 that the push-forward 7, := Tyn belongs to fP(LipZ (I, Riﬂ)).

After these preliminary definitions, we are in a position to carry out the contradiction, which will
be essentially based on the fact that the measure 7, also provides a probabilistic representation of the
pair (p,v), cf. the upcoming Claims 1, 2, and 3. For later use, let us set v, := ¢4(r'L* ® m,). Let us
write v = v* + v and v, = vy +Vbl7 where v, v} < 1 and I/L,I/bL 1 p.

Claim 1: we have

= (YL @m,). (5.16)
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This follows from the finer representation of u provided by (5.11), and by the definition of T. Indeed,
using the place-holder p, := ¢;(Y L' @ m,), for every ¢y € Co(RE) we have

L. potrdln = )it
»

///% s)dsdn(y / /900 s) dsdn,(y)

& / | / 5) dsdn(y / | / (y (s (51(y), Y)Y (547, (s1(y), y) ds dn(y)

(2)// s)dsdn(y // ) () drdn(y) = 0.
4 411()’) ! ~’U(Y)

In the above chain of equalities, (1) follows from the fact that T is the identity in the complement of
A’ and modifies a curve y € A’ only on (si(y),+00), while (2) ensues from the fact that t' = 0 on
(s1(y),5u(y)) and from a change of variable in the second integral.

Claim 2: we have

(5.17)

vt =vf. (5.18)
With the very same arguments as in (5.17) we check that
Su(y) ,
[, ettndw-w)eo = [ ([ elys)x(ds) dniy) (5.19)
RYT! ! s1(y)

for every ¢ € CC(R‘fl;Rd). By (5.11) and by (5.15) we therefore have that (v—v},) L p and v* = vy,
Thus, v, =v® + V,f.
Claim 3: we have

divvyd = divet. (5.20)
Denoting 0:= v+ —v;- = v —v,, it follows from (5.19) and Theorem 5.1(2), that for every test function
p e CC(]Ri“; R?) there holds

/R(m (t,2) dO(t, z) = ///J‘](y) -x'(s) dsdn(y), (5.21)

0=1e;(2'n,LO), O:= {(s,y) cy €N, s(y)<s gsu(y)}. (5.22)

It is sufficient to select ¢ = Dy for ¢ € CL(R%™) in (5.21) and to observe that for every y € A’ the
inner integral

1

i.e.

su(y) su(y)
/ De(y(s)) - x'(s)ds = / Do(t,x(s)) - X () ds = o(t, x(su(y))) — ¢(t, x(s1(y))) =0
si(y) s1(y)

since t(s) =t is constant in the interval (si(y),si(y)). Plugging this formula in (5.21), with ¢ = Dy for
an arbitrary ¢ € Ci(Rf‘l), and we get divl = 0.
Claim 4: we have

vy <vt. (5.23)
Let us define 778 =n,LDg, 9 =12 77b (voe)nb ; let us consider the Borel function

A(s,y) = {0 if (s,y) € O,

1 otherwise.

and the measure ¢ = AJ. The representation formula (5.11) yields v+ = ¢4, whereas (5.21) yields
vy = es¢. Since ¢ <9 and ¥ satisfies (A.2) (w.r.t. the measure o :=n{ and the map p :=¢), we infer
from Lemma A.1 ahead that Vﬁ- < vt
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Conclusion of the proof: Since v is minimal, we deduce that vy = v+; since ||v]| > 1/k n-a.c., we

have A=1 a.e. in O, i.e. n,(0) = 0. This implies the for n,-a.e. y si1(y) = s,(y), a contradiction.
O

The next result provides another property for any measure n € fP(LipI(I;RiH)) representing the
solutions to the continuity equation, when the pair (u,v) satisfies condition (3.7) (in which case, v is
minimal, ¢f. Theorem 3.4). In this situation, we show that the measure 1 is concentrated on curves y =
(t,x) € LipI(I; R*1) given by segments on intervals where t' = 0. The proof mimics the contradiction
argument carried out for Theorem 5.3.

Theorem 5.4. Let (p,v) € M (RE) x Mipe(RET;RY) be a minimal Py -solution of the continuity
equation (3.1) with initial datum po € P1(RY), in the sense of Definition 3.2. Suppose that (u,v) comply
with (3.7).
Let m € T(LipI(I;RiH)) satisfy the representation formulae (5.2) and (5.8). Then, m-almost every
curve y € LipI(I;RiH) enjoys the following property:
if 51 < s2 € [0,4+00) are such that t' =0 in (s1,s2), then

) ~x(s1) o
HX(SQ) — x(sl)” for all s € [51, 82].

Proof of Theorem 5.4. Assume by contradiction that the thesis is false. Then, there exist S > 0 and
AC LipI(I;R‘_frl) such that n(A) > 0 and for every y = (t,x) € A there exist s1 < s2 € [0, 5] such that
t(s1) = t(s2) and the the restriction of x to the interval [s1, s2] is not of the form (5.24). In particular,
since y is 1-Lipschitz continuous, we have that ||x(s1) — x(s2)|| < s2 — s1. Arguing similarly as in the
proof of Theorem 5.3, for y € LipI(I;RiH) and s € [0,S] we set

p(s,y) :==sup{o €[0,5]: t(o) =t(s)}, o (s,y) :=p(s,y) —s.
Then, the maps (s,y) — p(s,y) and (s,y) — p,(s,y) are upper semicontinuous.
Let us show that also the map

x(s) = x(s1) + (s — 51)

(s,¥) = po(s,y) = [[x(s) = x(p(s,y))| (5.25)
is upper semicontinuous. Let s, — s and y,, — y uniformly on compact subsets of [0, +00), and assume
that (sn)n, s € [0,5]. We need to show that

i sup (9 (80 ¥) = [ (50) = %o (00 y.)) ) < po(5.¥) = Ix(s) = x(p(s. ). (5.26)

n— oo

Up to a not relabeled subsequence, we may assume that
5= lim p(sn,y,) = limsup p(sn,y,) < p(s,y),
n—00 n—00

limsup (x5 (sn) = Xn(p(sn, ¥u)) | = W [xn(sn) = Xn(p(sn, ¥ )l = [%(s) = x(3)]| -

n—00

Hence, we deduce that
(5= ) = x(s) = x(3)]| = Tm_ (o5 ¥,) = [ (52) = % (0509, ) - (5.27)
If 5= p(s,y), equality (5.27) proves the upper semicontinuity. If 5 < p(s,y), since y € LipI(I;RiH)
and t' =0 in (5, p(s,y)), we have that
5) = x(p(s,y))l < p(s,y) = 5. (5.28)
Therefore, we deduce from (5.27) and
ps(s,y) = [Ix(s) = x(p(s, )| = (p(s,y) =35) 4+ (5 = s) — [Ix(s) = x(S)[| = [[x(5) = x(p(s,y))
> (5= s) = [x(s) =x(3)]|
= limsup (g, (sn, ¥n) = % (50) =% (p(sn Y )

whence (5.26).



37

Since n(A) > 0, there exists k € N such that the set

A = {y € Lip] (LR - o (po(5,¥) = lIx(s) = x(p(s,y))I) > %}

is Borel measurable and satisfies (A’) > 0. We define the multifunction A: A’ — 21951 by A(y) :=
{s €[0,5] : py(s,y) — [[x(s) — x(p(s,y)|| > £}. Since the map (5.25) is upper semicontinuous, the
multifunction A is upper semicontinuous. Thanks to [30, Theorem II1.6] we find a Borel measurable
selection of A, namely, a Borel function [: A’ — [0, 5] such that [(y) € A(y) for every y € A’. By
construction, we have that

p(I(y), y) = [Ix(Ky)) = x(p(Ky), ) = % (5.29)

,p(I(y),y)) is Borel measurable. Moreover, for every y € A’ we have t([(y)) =
for every s in the interval (I(y), p(I(y),y)). Hence,

(l(y), p(L(y),y)) € Dely] € Doly]. (5.30)

and the function y — ([(y)
t(p(I(y),y)) and t'(s) =0

For y € A’ we further define
t(y) := Uy) + [Ix(I(y)) = x(p(Ky), ¥)) |
and xy: [I(y),t(y)] = R? as the segment
x(p(Ky), y)) — x(1(y))

Xy = xUOD 10D ity y) = x(iy)]

We introduce the function §: Lip](I; R4!) — Lip] (I; R%*) defined by G(y) :=y for y ¢ A’ and, for
y e A, we set

for s € [[(y),t(y)] . (5.31)

y(s) for s < I(y),
S(y)(s) :=q 2(s) for s € [(y), e(y)], with z(s) = (t(I(y))), xy(s))
y(s —(y) + p(i(y),y)) for s > x(y)
for y € A’. By construction, the map § is Borel measurable, so that the push-forward 7, := G4n belongs
to P(Lip] (LEL)).
After these preparations, we are in a position to carry out the proof by contradiction, based on the
properties of the pair
=t Ll en,),  v,=g@Lton,)
stated in the following Claims 1, 2, and 3.
Claim 1: we have that
= pp - (5.32)
This follows from the definition of § (in particular, the fact that § is the identity in Lip] (T; RE)\ A
and modifies curves in A’ only where t' = 0, cf. (5.30)), also taking into account the representation of
provided by Proposition 5.2.
Claim 2: the pair (u,v,) solves the continuity equation (3.1) with initial datum pg € P1(RY), in the
sense of Definition 3.1. For this, it is enough to show that div(r —wv,) = 0 in Riﬂ. Since § is
the identity map in LipI(I;RiH) \ A’ and modifies a curve y € A’ only on (I(y), p(I(y),y)), for every
¢ € Cc(R4™) we have that

| pettmae —wta = [ /,,([(ym (). x() ¥ (5) ds dn(y)

L(y) x —x
//( xy(5))- (p(I(y), y)) — x(I(y)) ds dn(y)

x(o(iy), ) ()]
D [ () X109 90) ~ (1) (1) )

- / ((t(1y)), %y (x(y))) — #(t(1(y)). %y (K(y)))) dn(y) = 0
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by definition of x, for y € A’, and with (%) due to the chain rule and to (5.30). Hence, div(v —v},) =0
as desired.
Since (A’) >0 and A" = Jpoo{y € A" : t(I(y)) < T} with
{yeA:t((y) <Ti} C{yeN: tly) <Tz} it <Ty,
we find T € [0, +00) such that
n{ye A :t(l(y)) <T}) >0. (5.33)

Claim 3: we have that

v[(0,T) x RY) > |1[([0,T) x RY). (5.34)

Indeed, recalling the representation v = ¢;(x'n,) and the fact that the curves y € spt(n) solve the
Cauchy problem (4.22) with velocity field (7,v) independent of s, we rewrite the left-hand side of (5.34)
as

po ) < = [ [ el dsdnty

“fond Jofe(s).x(s)) dsdn(y)
Lip] \A’ J{s€I:t(s)<T}

v o) () ds cn(y) (559
" J{s€[0,l(y)): t(s)<T}

4 / / Io(t(s), x(s)) | ds dn(y)
rJ{sell(y),p(l(y),y)]: t(s)<T}

v ] Jo(s). ()] dsdn(y) .
" J{se(p(Uy)y),+00): t(s)<T}

Since the pair (7,v) fulfills ||(1,v)(t,z)| = 1 |(u,v)|-almost everywhere in R n-ae. curve y €
LipT(I;R‘ﬁl) satisfies

Iy ()l = [I(E'(s), X' (N = (7 (y(s)), v(y()))] =1 foraa. sel.

In particular, since t' = 0 in (I(y), p(I(y),y)) for n-a.a. y € A’, it must be [|[v(y(s))|| =1 for a.a. s €
(l(y), p(I(y),y)), for n-a.e. y € A’. Moreover, if t(I(y)) < T, then t(s) < T for every s € [I(y), p(I(y),y)].
Thus, by construction of § and by (5.33) we may continue in (5.35) with

P <2 [ () dsdn)

v(G(y)(s))| dsd
+ '/{se[o«y»:t(s)@} [0(S(y)(s))]l ds dn(y)

) n({y € A" : t(I(y)) < T})
+ / | /{(y) 1% (3)]] ds dn(y) + :

+ / / [o(S(y)(s)) ] ds dn(y)
" J{s€(r(y),+o0): t(s—r(y)+p(l(y),y))<T}

n({y € A": t(l(y)) <T})
k

where we have also used that p(I(y),y) — t(y) > 7 due to (5.29), as well as (5.33).
Conclusion of the proof: From the assumed (3.7) and (5.34) we further deduce that

v, |([0,T) x RY) < Varw, (1, [0,77) (5.36)

> ([0, T) x RY) + > [1]([0,T) x RY),

for every T € I such that (5.33) holds. Since (u,v},) solves the continuity equation (3.1), with initial
datum po € P1(R?), in the sense of Definition 3.1, (5.36) contradicts (3.8) of Theorem 3.4. Hence, the
assertion with which we started the proof is false. This concludes the proof of the theorem. O
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6. SUPERPOSITION BY BV CURVES

The superposition principle obtained in Theorem 5.1 offers a probabilistic representation of a solution
(1, V) to the continuity equation in terms of a measure 7 concentrated on curves y = y(s) = (t(s),x(s))
in the augmented space R4 = R x R?. We may in fact think of them as ‘parametrized’ trajectories,
and accordingly regard s as an ‘artificial’ time variable.

With the main result of this section, Theorem 6.5 ahead, we provide an alternative probabilistic
representation involving a probability measure 77 on the space of curves with locally bounded variation,
that are functions of the process time ¢.

The bridge between the superposition principles of Theorem 5.1 and Theorem 6.5 will be provided by
a suitable class of curves that represent BV curves augmented by their transition at jumps. The next
section revolves around them.

6.1. Augmented reparametrized BV curves.
Preliminaries. We denote by Z the set I x [0,1] endowed with the dictionary order relation:

(tl,Tl), (tg,’f‘g) €Z: (tl,’l“1) < (tQ,TQ) &t <ty or (tl =ty and r < 7’2) .

We can define on Z the order topology (cf., e.g., [44, I1.14]): a basis for such a topology is the collection
of all the open intervals (z1,22) := {2 € Z: 21 < z < 22} and all the intervals of the form [(0,0), z2) :=
{z € Z: 2z < 2z3}. Notice that, while with this topology Z is neither separable nor metrizable, it satisfies
the first axiom of countability.

We use the symbol — for the associated notion of convergence. Observe that, for any ¢ € I we have
that

(t,0) ift, < tandt, — t,
(t,1) ift, >t and t, — t.

Y (rn)n C [0,1] : (tn,Tn) — {

In turn, for any (¢, 7n)n, (¢, 7) € Z,

t,=t ifre(0,1),
(tn,mn) — (t,7) = for n big enough, we have < t, <t ifr =0,
t,>t ifr=1.

Therefore, let v: Z — RY be a continuous curve. Necessarily,
YVt e [0,4+00) : the curve [0,1] 5 r — v(¢,7) is continuous

v(t,0) ift, <tandt, —t, (6.1)

Vte 0,+ V nnC 071: tTu’ﬂ _>
[0,400) ¥(ra)n C10,1] = vltn,7a) {v(t,l) if t, >t and t, — .

ABV curves. We are now in a position to introduce the class of curves on Z we shall employ to ‘bridge’
the Lipschitz continuous trajectories y to their BV counterpart.

Definition 6.1. We call augmented BV curve any u: Z — R? such that

(1) u is continuous in Z;

(2) [0,1] 2 r +> u(t,r) is Lipschitz continuous for all ¢ € [0, +00);
(3) [0,1] 3 7+ [|Oru(t,r)| is constant for all ¢ € [0,400);

(4) for all T € (0,400) we have that

sup Z llu(te, i) —u(ti—1,7m%-1)| < 400,
P partition of [0, T] x [0, 1] (tr,r0) EP
where the partition P is constructed using the order relation < in Z.

We denote by ABV(Z;R?) the set of all such curves. For t € [0,4+00), we further denote by ¢,(t) the
length of the curve r — u(t,r).
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Loosely speaking, a curve in ABV(Z;RY) may be interpreted as an augmented version of a curve
u € BVioe(I; R?), to which we attach Lipschitz continuous transition curves at the jump points. We may
indeed associate with any u € BVio.(I; R?) (which is, in particular, requlated, with left and right limits
u~(t) and uT(t) at each t € I), with jump set J,, a curve u € ABV(Z; R?) by setting

ift e \J, u(t,r)=u(t) for all r € [0,1],

u™ (t) ifr=0
ifteld, u(t,r) := < a transition curve with constant velocity joining v~ (t) to u™(¢) if r € (0,1) .
ut(t) ifr=1

Because of (6.1), the resulting u is indeed continuous on Z, even when originating from a curve u with
jumps. Notice that, at any ¢ € J,, the transition curve r — u(¢,r) has constant speed on [0, 1], equal
to its length ¢,(¢) (observe that this property may be obtained through reparametrization). Moreover,
we remark that, for all ry,7 € [0,1] the mappings ¢t — u(t,71) and t — u(t,r2) coincide a.e. in I
(namely, outside J,, ). Hence, the mappings ¢ — u(¢,r) share the same distributional derivative d;u, i.e.
Ou(t,r) = dyu(t,0) for all r € [0,1].

Conversely, we may consider the mapping

U: ABV(Z;RY) — BVioo(I; RY), urs v, where v,(t) := u(t,0). (6.2)

Loosely speaking, v, is the “BV skeleton” of u. We notice that v, is left-continuous, i.e., at each
t € (0,+00) its left limit v, (¢) coincides with v,(¢) = u(¢,0), while its right limit v} (¢) is u(¢,1).
Augmented reparametrized BV curves and Lipschitz trajectories. For u € ABV(Z;R%), t €
[0,400), and r € [0,1] we define

L, (t) == sup Do Mk ulte, i) = (s uti-1, )|l

P partition of [0,t) x [0, 1] (tr,rr)EP

LH() = sup S st ) — (s, ute s, ri )]
P partition of [0, ¢] x [0, 1] (trr)EP

Ly(t,r) ==L, (t) + rlu(t),
(recall that [|@,u(t,r)|| = £u(t) for all » € [0,1]). For later use, we further introduce the set
={te€l: |0pu(t,)|| = Lu(t) #0}. (6.3)

Ju
With each curve u € ABV(Z;R%) we may associate a trajectory y € LipI(I; RI*1) as follows. For s € 1
we define

t(s) :=inf{t € I: L} (t) > s}, (6.4)
SLpGs) o ]
() = 4 LT — Lo (6(5)) LY (t(s)) # L™ (t(s)), (6.5)
0 otherwise.
In particular, notice that L; (t(s)) < s < L (t(s)) for every s € I. We define the curve y by

y(s) := (t(s), u(t(s),r(s))), sel (6.6)

Then, y is 1-Lipschitz continuous: for s; < sg it holds

ly(s2) = y(s2)ll = || (t(s2), u(t(s2), r(s2))) — (t(s1), u(t(s1),r(s1))) |
< Lu(t(s2),r(s2)) — Lu(t(s1),r(s1)) < s2—s1.
Moreover, notice that |ly’(s)|| = 1 for a.e. s € I. We denote by 7 : ABV(Z;R?) — ArcLip(I;R4*!) the
map that associates with any u € ABV(Z;R?) the curve y € ArcLip(I;R%*!) from (6.6).
We also introduce a map .#: Lip] (I; R4T1) — ABV(Z;R%) as follows. For y = (t,x) € Lip] (I; R41)
we set

sy (t) :=sup{s € I: t(s) <t} for every t € I, (6.7)
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s, () :==inf{s e I: t(s) >t} for every t € I. (6.8)
+. 3 + —

Then, sy : I — I satisfy t(s; (t)) =t for every t € I, and

s, (t(s)) < s <st(t(s)) for every s € L. (6.9)

Moreover, if t'(s) > 0 at some s € I, then s (t(s)) = s. Indeed, if s, (t(s)) < s or s*(t(s)) > s, then we
would have t(o) = t(s) for o € (s, (t(s)),s, (t(s))), which would contradict the assumption t'(s) > 0.
Since y is 1-Lipschitz continuous and t is monotone non-decreasing with t(s) — 400 for s — +oo,

we have that the functions syi are monotone non-decreasing, sf(t) — 400 as t — +oo. We define

S(y) € ABV(Z;RY) via
Ly)(t,r) = x(s; (t) + r(sj(t) -5, (t))) . (6.10)
We will prove in Appendix E the following.

Lemma 6.2. For every y € ArcLip(I;R!) and every u € ABV(Z;RY) we have
Ty =y,  L(T())=u. (6.11)

Recall that Lip!(I; R41) is endowed with the following distance, which metrizes the uniform conver-
gence on compact subintervals of I (see Appendix B):

D(y,ys) = » 27" . (min{lly,(s) = ya(s)ll , 1})  for yy,y, € Lip] (R, (6.12)
n=1 se|0,n

We further define the distance Dagy on ABV(Z;RY) via

D,AB\/(ul7 UQ) = D(ﬂ(uﬁ, c?(Ug)) .
Then, the map 7 : ABV(Z; R%) — Lip! (I; R4™1) is trivially continuous. Likewise, the restriction of . to
ArcLip(I; R%*1) is continuous with values in ABV(Z; R?).

6.2. Bridging the probabilistic representations, from Lipschitz to ABV curves. In order to
obtain our superposition principle by ABV curves, we need to first revisit the probabilistic representation
for solutions (u,v) of the continuity equation guaranteed by Theorem 5.1. Recall (5.6) and (5.8), (which
in fact involved the minimal pair (u,v) associated with (i, v)), namely

p=etng), = ng), (o) =gl ng) =ene, (6.13)
(where ¢: I x C(I;R4*!) — R9*+! is the evaluation mapping, and the Borel maps t' and r’ are defined
on I x Lip(I; R4*1) by t(s,y) := t'(s), ¥'(s,y) := x'(s)). The above representation brings into play a
measure 7 € iP(LipI(I;Rd‘H)) supported on curves y € ArcLip(I; R%!) solving the Cauchy problem
5.7).
( L)et us introduce a general construction that provides an equivalent formulation of (6.13). Firstly,
observe that every y € LipI(I; R*1) induces the vector measure

wy = Yy (', X)L1) € Mioe(RET; R

Le, (wy,p) = /Iw(t(S%X(S)) (t'(s),X(5))ds for all ¢ = (po, ) € Co(RETH R

Namely, wy is the integration measure along the curve y. Now, for a given probability measure A €

(6.14)

fP(LipI(I; RI*1)) fulfilling the integrability conditions (5.1), we may consider the measure
o> = / L@y dA(Y) € Mioe(RETH RTH)
Lip;
Let now A be the measure n € T(Lip{(l; R+1)) supported on ArcLip(I;R4*!) and providing the rep-

resentation formulae (6.13). It follows from such representation that for 7-almost every y € Lip{(I; RI+1)
we have wy| = y, (|ly'[1€1) and

7= [ eyl anty).
Lip;
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Hence, (6.13) reformulates in compact form as

(1) =% ()] =107 = [ eyl dn(y) (6.15)

Lip;

This observation is at the core of the representation provided by Theorem 6.5 ahead.
Indeed, with any u € ABV(Z;R?) we associate the measure ¥, € Mioc(RT™; RIH1) defined by

Yy = waw) e, /Rd+1 (t,z) ddy(t, z) = /Igo(y(s)) -y'(s)ds with y = 7 (u), (6.16)

for ¢ = (o, ) € Cc(RL; R4 By construction, we have that for every ¢ € C.(RET;R41) the map
u— fRd+1 ¢ dd, is continuous with respect to the convergence in ABV(Z; R?). Hence, for A C Riﬂ open
we infer that u+— ¥,(A) is Borel. The following result allows us to express the measure Q" in terms of
a probability measure 7} on curves in ABV(Z;R%).

Lemma 6.3. For every A € P(Lip| (I R¥1)) concentrated in ArcLip(L; R41) | let A= 4. Then,

(1) X is a Borel probability measure over ABV(Z;R?);
(2) if X satisfies the integrability condition (5.1), then

o> = / Iy dj\(u) is a measure in Mioe(RETH; R (6.17)
ABV
(8) Let X =m fulfill (6.13). Then,
O =07 = (uv) and (07| = [ |ou]dii(u) = | (615)
ABV

Proof. Since the map .# is continuous on ArcLip(I; R%t1), we have that A= %A is a Borel probability
measure over ABV(Z;R%).

Let A additionally satisfy (5.1). To show that 0 e M

1OC(Rd;rl; ;R4*1) it is enough to notice that
for every T € [0, +00)

(0.1 x B = [ [ly(s)]dsdA(y) < +o0
E(T)

(where E(T) is from (4.13)).
When A =n fulfills (6.13), (6.18) obviously follows from (6.15). O

In the upcoming Proposition 6.4, we give an alternative formula for ¥,. It brings into play

- the mapping U: ABV(Z;R?) — BViee(I;R?) from (6.2) that associates with each u € ABV(Z;RR?)
its BV ‘skeleton’ v, (t) := u(t,0),
- as well as the jump transitions [0,1] 5 r — u(¢,7) at the discontinuity points ¢ of v,.
To prepare the statement of Proposition 6.4, let us recall that the distributional derivative (v,)} is a
Radon vector measure on I that can be decomposed into the sum of three mutually singular measures
(UU)éi = (UU)/Ll + (UU)/C + (UU)S-
Now,
- (vy);: is the absolutely continuous part with respect to £', is given by (v,),; = v,£L! (with
v, the a.e-defined pointwise derivative of v,). In turn, since the a.e. defined derivative of
t — Ouu(t,r) does not, in fact, depend on 7, we have that v/, = d;u(-,0) = dyu(-,r) Ll-a.e. in I
for every r € [0,1]. Therefore, hereafter we will use the more evocative notation
dfu in place of vl . (6.19)
- (by)e is the so-called Cantor part of vy, still satisfying (v,)({t}) = 0 for all ¢ € [0, +0c0). In
accordance with (6.19), we will write

OCu in place of (0,) - (6.20)



43

- (vy)] is a discrete measure concentrated on the (at most countable) jump set of v, i.e.
Jo,={t€el: vf(t)£o,; ()} ={tel: u®t0) #utl)}CJ..
Observe that 9Ful’ 4+ 0Fu does not charge J, (it is indeed known as the diffuse part of (v,)’). Clearly,
it is concentrated on
Cyp, =TI\ Jy,. (6.21)
We further denote by
Cy:=T\J, (6.22)
and notice that C, C C,, and [0Ful! +9Fu|(Cy, \ Cy) = 0. While Ful! and 9Fu will be encompassed
in the alternative representation of ¥, the jump contribution will feature, in place of (v,)}, the measures
jt,u € MIOC(REI:Fl;RdJFI)a t S 3Uu’ given by

1 (6.23)
<jt’u,go> = /0 @(t,u(t,r))-0pu(t,r)dr for all ¢ € CC(R‘fl;Rd).

Finally, for fixed u € ABV(Z;R?), we introduce the map (where the gothic letter G stands for ’graph’)
G,: TR, 6,(t) := (1, 04(t) = (£,u(t,0)),
and observe that it is Borel measurable, since may rewrite it as the composition 5 o 1 of the following
functions:
YL =IxD (t) = (s, (1),
Yo: I XTI — ]Ri'H Ya(t, o) = (¢, 7(T (u)(0))),
where 7: R‘f‘l — R? is the projection 7(¢, ) := z. Then, 72 is continuous, while 7; is Borel measurable,
as the second component is lower-semicontinuous. In fact, &, will come into play in the representation
formula (6.24) for ¥, where ¥, results from the sum of three contributions involving the absolutely
continuous, the Cantor and the jump parts of the distributional derivative (v,),; the corresponding
mappings &/, ¢, and 7, cf. (6.26), will be shown to be Borel measurable.

Let us emphasize that, the ‘jump contribution’ to ¥, features the jump transitions r — u(¢,r) at the
transition times t € J,, i.e., those times ¢ such that ¢,(¢t) = ||0,-u(t,r)|| # 0, by means of the measures
Jeu of (6.23). We notice that we cannot, in principle, only consider the jump points ¢ € Jy, in the jump
contribution j, , of ¥, as it may happen that u(Z,0) = u(t,1) but a transition occurs. Nevertheless, in

the representation result of Theorem 6.5 there will come into play curves u such that J, may be replaced
by Jy, -

Proposition 6.4. For any u € ABV(Z;R?), the measure ¥, from (6.16) fulfills
Dy = (B0); (1,OFW)LY +(0,00)) + D 6:®3,, - (6.24)
teJy
The above measures can be expressed in terms of y = 7 (u) as

((B2)s((1,07w)L + (0,07 v)), ) =/ wo(Y(S))t’(S)dSJr/ e(y(s)) - x'(s)ds, (6.252)
6,

y y
0
o) = [ ely(s) x(5)ds (6.25D)
sy (1)
for all ¢ = (o, ) € Co(RERIFY) | where €y :=t~1(C,) and C, is from (6.22).
Finally, the mappings
o ABV(Z;RY) — M(I x RERMY), 1y (8,)5(1, 9Fu) Lt
¢ ABV(Z;RY) — M(Ix RERIFY), ues (6,)4(0,080) are Borel. (6.26)
I BV(ZiRY) - M(T x RERT), ues 3,0 6,05,

We postpone the proof to Appendix F.
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6.3. The BV probabilistic representation. We are now in a position to state the ‘BV version’ to
Theorem 5.1. In the same way as the latter result, Theorem 6.5 also provides information on the curves
u € ABV(Z;RY) on which the representation measure 7 is concentrated. Recall that in Theorem 5.1
the superposition principle involved trajectories solving the characteristic system. Now, relations (6.28)
ahead, which involve dFu (6.19), OFu (6.20), and O,u(t,-) at each t € J, = J,,, may be interpreted as
a counterpart to the Cauchy problem (4.22).

Without loss of generality, in what follows we will identify a given solution to the continuity equation
with an induced minimal pair, and thus suppose minimality straight away.

Theorem 6.5. Let (u,v) € M (RE) x Mioe(RETRY) be a minimal Py -solution to the continuity
equation in the sense of Definition 3.2, with initial condition uy € P1(RY). Let (7,v) be bounded Borel
vector field representing the density of (p,v) w.r.t. |(u,v)].

Then, there exists a Borel probability measure 1 on ABV(Z;R?) that provides the probabilistic repre-
sentation

(h,v) =07 |(nv)]=107], (6.27)

with ©1 defined as in (6.17). The measure 1 is concentrated on curves u € ABV(Z;R?) fulfilling u(0) €
spt(wo) and
v(t,u(t,r))) dv®

Ly(p) = 2Gur))
o) = ) i

(t,u(t,r)) for L'-a.a. t €1 and L'-a.a. r € [0, 1], (6.28a)

L
OCu = v(t,u(t,r))|0Cu| = dd| ] (t,u(t,r))|0Cu|  for |0Ful|-a.a. t €T and L'-a.a. r € [0,1], (6.28b)
dvt
Oru(t,r) = AT (t,u(t,r)) [|O-u(t,r)] for a.a. r € [0,1] and all t € Ty, , (6.28c¢)

with v = v® + v+ the Lebesque decomposition of v into v® < pu and v+ L .

As a consequence of Theorem 6.5 (and thus, ultimately, of Proposition 6.4), and of the Borel measur-
ability in (6.26) we can rewrite the representation formulae (6.27) and (6.28) as follows.

Corollary 6.6. Under the assumptions of Theorem 6.5, the representation formulae (6.27) and (6.28)
rephrase as

//d wo(t, ) du(t, z) :/ /(po(t, v, (t))dtdn(u)  for all o € CC(Rdjl)7 (6.29a)
R ABV J1

while for v® and v+ we have

//R"H'l p(t,z)dv(t,x) / / (t, 04 ((t))))) dtdn(u),
[ etnaren= [ f so(tm(t))v(t,nu<t>>>d|afu|<t> aii(w) (6.200)

/ABV / (t,u(t, r))-Opu(t, r) dr d7j(u)
t€Jy,

for every ¢ € CC(Ri"'l;Rd) .
Finally, the left and right representatives p; = py and p of w fulfill

Pz /w )iy (z) = / (0,(1)) dii(u)

gt (2 / (o7 (1) dii(u)

In the proof of Theorem 6.5 we will also resort to some measure-theoretic results in Appendix G.

for all ¢ € Co(RY). (6.30)
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Proof of Theorem 6.5. We divide the proof in three steps, proving (6.27)—(6.30) separately.
Step 1: proof of (6.27). Since v fulfills the minimality condition by Theorem 5.1 there exists n €

P(Lip! (I; R4t1)) concentrated on ArcLip(I; R**!) and such that the representation formulae (6.15) hold.
In view of Lemma 6.3, we conclude that the Borel measure 7 := .%n fulfills (6.27).

Step 2: proof of (6.28). From (6.27) we gather in particular that |@7| = Jagy [9uldn(u). Therefore, we
are in a position to apply Proposition G.1, thus concluding that

407 d(u,v)

9, = flY for 7-a.a. ABV(Z: R? ith f = _ =
u | U| Orna’a’ UE ( b ) Wi d‘®7]| d‘(,U/,V)

| = (1,v).

Combining this with (6.24), we thus obtain

o (u) = (Bu)5(1,0pu)Lt,
A (u) +€(u) + _Z(u) =0, = (1,0)[0s] with { € (u) = (&,):(0,0Cu), (6.31)

/(U) = ZteJuu 6t®jt,u‘
Notice that in the last equality in (6.31) we have used that J,, = J,, which is a consequence of Theo-
rem 5.3. Namely, a transition at time ¢ may occur if and only if u(¢,0) # u(¢, 1), since n is supported on
injective curves in ArcLip(I; R?*!). We shall obtain (6.28) by restricting (6.31) to the support of each

of the three mutually singular contributions &/ (u), €(u), Z(u).
Indeed, restricting (6.31) to spt(«Z(u)) we infer

(1, 97u(t)) = (7(t, 0u(t)), v(t, 0u())|(1, 9 u(1))]
= (7(t,u(t,r)),v(t,u(t,r)|(1,0Fu(t))| for £'-a.a. t € T and every r € [0, 1].

Hence, for £L!-a.a. t € I and every r € [0, 1] we have

1 __Opu)
T(t,u(t,r)) = m, v(t,u(t,r)) = |(1,0Fu(t))]

Ultimately, we deduce (6.28a).
Analogously, restricting (6.31) to spt(%(u)) we obtain

(0,07u) = (r(-, 04(-)), w(t, 0, (ODI0, W) |9F ul-ae. in 1.
Therefore, we obtain
dofu

7(t,u(t,r)) =0, v(t,u(t,r)) = %] (t) for |0Ful-a.a. t € T and every r € [0, 1].
t

Observing that spt(9Fu) coincides with the image set t(Dy[y]\D.]y]) and recalling the representation
formula (5.11) for vt we deduce that v(t,u(t,r)) = du (t) for |0Fu|-a.a. t € I and every r € [0,1],

— d|vt]
and (6.28b) ensues.
Finally, restricting (6.31) to spt(_# (u)) we deduce that for ¢ € J,, and r € [0,1]

(0,0-u(t,r)) = (T(t,u(t,r)),v(t, ult, )N Orult,r)|| = (r(t,u(t, 7)), v(t, ut,r)))lu(t), (6.32)

with £,(t) the length of the curve connecting u(¢,0) to u(t,1). Hence, at every t € J,, and L'-
a.a. r € [0,1] there holds

u T ’/J_
Futr) =0, vt ultr) = g:ug’rill - diull(t,u(t,r)),

whence (6.28c). O

We conclude with the proof of Corollary 6.6.
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Proof of Corollary 6.6. The representation formulae in (6.29) are a consequence of Theorem 6.5. Let us
plug in (6.29a) the test function ¢ (r,x) = n.(r)(z), with 1 € C.(RY) and 7. € C.(I), 0 < e < 1,
such that

{sptm) C(t—2—e2t—c+e?),

for any fixed ¢t € (0, +00).
Ne(r) =1 =maxy o2 oyo2yn. forallr €[t —2et—¢l, Y ( )

On the one hand, we have

/ /]Rd+1 @ (1, ) dpr () dr

1
-/ nr)la) du@yar - [ (@) dpin(w) dr
(t—2e—e2,t—2¢) xR4 € (t—2¢e,t—e)xR4
+ff De(r)(@) iy () dr = Iy + Do + T
[t—e,t—e+e2)xR4
We observe that
1
|Il,6| < g||w||0052 = ¢el¢Yfloc — 0 as e |0,

and with analogous calculations we have I3 . — 0, while

/ [ @@y ar— [ v i (@ /w ) dae (o

where we have used the assumed left-continuity of ¢ — ;. On the other hand,

//m >2>drdn<>
//t:; 0u(r) dr di(u //t )) dr dii(u)

s T (o) dr i)

= -[4,5 + -[5,6 + IG,E .

Arguing in the same way as in the above lines we conclude that I, — 0 and Is. — 0 as € | 0 while
(recall that v, is assumed to be left—continuous)

hm ))drdn
i [ [ ) = [ (o) ).
We thus have the first of (6.30). The very same argument yields the second of (6.30).

This concludes the proof. O

7. EXAMPLES

In this final section we illustrate our results, and discuss our assumptions, in the context of some
examples. In what follows we will often work with time-dependent measures (¢/°*');c; on R” given by

the linear combination of two Dirac masses at pg, p1 € R, i.e.

t8p, + (1=t)8,, t € [0,1],

5, £ (1,+00). (7.1)

(?07171 = max{l—f, O}(Spo + min{ta 1}6131 = {

The first example generalizes Example 1.1, as we allow the measure v to transition between two points
X, x; € R? following a regular and injective curve, not necessarily a segment.
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Example 7.1. Let ¢ be a regular and injective curve connecting xo to x1, a,: [0,L,] — R? be its
arclength parametrization and t, its tangent vector. Consider the measures

X0 X1

p= L@ with p = ¢
v=(L'L[0,1]) @t,H Lo.

Here, v = v and the minimality condition is satisfied, cf. Example 2.4.

In order to illustrate the probabilistic representation of the pair (u,v), we consider the fields defined
for L1-a.e. t €1 by

d 1 if d t if
rt2) = oty = {0 0 EBOM g gy B gy = hele) T € OB,
d| (g, v)] 0 otherwise, d|(p, V)| 0 otherwise.
The family of curves (yg)iejo,1] defined by
(s,%0) ifo<s<t,
Yi(s) =< (f,a,(s—t)) ift<s<t+L,, (7.2)

(s = Ly,x1) ift+L,<s<+oo

provide the solutions to the Cauchy problem (7.5). Let Y:[0,1] — Lip](IL;R3) associate with each
t € [0,1] the corresponding curve y;. Following the lines of Example 1.1 (cf. (1.28)), one can check that
the measure n = Yy(LL[0,1]) fulfills 1= es(¥n,) and v = es(x'n.).

As we have done in Example 1.1, we may define Z: [0,1] — ABV(Z;R?) as

E(t) = ug,
Xq for t € [0,t) and r € [0, 1],
ug(t,r) == o, (L,r) fort =+t andr € [0,1],
X1 for t € (t,+0o0) and r € [0, 1].

We set 1) := Z4(LL[0,1])) and notice that ) = #4n and 7 is a Borel probability measure over ABV(Z; R?).
We define © as in (6.17). Then, for every o € C,(R?) and every ¢ € Cp,(R?; R?) we have that

L, attsa)p(t:2) 0072 = [ 0 () d06) = [ s )

//(potuttO dtdt+// (t,uz(t,0)) - OFuz(t) dt dt
// (t, uz(t,0)) dOF ug(t) dt+/ / ) - Opug(t,r) dr dt
0 te3,

@ / /Qﬁotxo dtdt+/ /gaotxl )dtdt
+/ / @(f. gLr)) - Lotolarg(Lr)) dr di
0 Jo
2) 1 1 B 1 t B 400
:/ / (po(t,Xo)dtdt-i—/ / QD()(t,Xl)dtdt-l-/ QD()(t,Xl)dt
0 Jt 0 Jo 1
1 pL, B -
H [ [ oo taoasa
0 Jo

1 1 +oo
:/ (1—15)900(15 Xo)dt+/() t(po(t,Xl)dt—‘r‘/l Lpo(t,Xl)dt
/ / (t,2) - ty(x) d(H L ) () dt = / (go(t 2), (t, 1)) d(ju,v) (¢, 7).
R2 ]Ri
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where (1) follows from the fact that dFu' = 0 and 9° yf = 0 and (2) from the Fubini Theorem and a
change of variable. Finally, we notice that each curve u® satisfies (6.28).

In our next example the measures y and v are again mutually singular and the minimality of v+
does not hold. In this case, the pair (u,v) lacks a probabilistic representation.

Example 7.2. Let xg = (0,0), A be the unitary circle centered at xo with tangent vector t , and

pi= LY@ puy with py = 0x,
V= b, @ b LA

with any to € I. The pair (u,v) solves the continuity equation with initial datum pg = 0x, , since for
any ¢ € CL(IxR?) there holds

//IX]R2 Opp(t, ) du(t,z) = /Iatap(t,xo)dt = —(0,%q)

(7.3)
[Tttt a0 L~ 0.

Since the measures u and v are mutually singular (and, in particular, spt(u) Nspt(v) = @), we have
that |(u,v)] = p+ |v| = L1 @ 6x, + 0y, @ (' LA) and

d 1 ifx=
T(t,x) = 7'u(t,x) = { HEZX0 o plaa te I,

d|(u, v)| 0 otherwise -
7.4
d t if A t=t
’U(t,l’) = 7y(tax) = A($> Hae .7 0
d|(u, v)| 0 otherwise.

Now, any probabilistic representation of the pair (u,v) would involve a measure m supported on the
solutions of the Cauchy problem

y(s) = (r(y(s)), v(y(s))), s €T,
(7.5)
y(0) = (0,2), @ € spt(uo) = {xo} .

However, it is immediate to check that the solution to (7.5) is given by y(s) = (s,x¢) for all s € I
so that, in particular, v(y(s)) = 0 for all s € I and y never intersects spt(v). Hence, no probability

measure supported on the solution trajectories of (7.5) could represent the measure v in the sense of
Theorem 5.1.

A modification of Example 7.2 provides a situation in which the measures (u,v) are still mutually
singular and the minimality of v+ does not hold, but it is still possible to provide a probabilistic rep-
resentation. Hence, minimality is not a necessary condition for the validity of the representation from
Theorem 5.1.

Example 7.3. Let x; = (1,0) and
p=L"20k, v=205, DtaH LA,

with the same notation as in Example 7.2. The very same calculations as in (7.3) show that the pair ({1, V)
solves the continuity equation with initial datum po = 0x, . In this case,

dp 1 ifx=xy, 1
t,x) = —(t,x) = for Lt -a.e. t €1, 7.6
7(t2) d|(p, V)| (t,2) {O otherwise " (7.6)

and v is as in (7.4). Let us now examine the Cauchy problem (7.5). Its solution is provided by the curve
yio: T — R3 defined by
(s,x%1) if0<s<ty,
yo(s) := < (to,r(s —tg)) iftg < s <ty+2m, (7.7)
(s —2m,x1) ifs>to+ 2m,
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where r: [0,27] — R? is the arclength parametrization of A, r(7) := (cos(7),sin(7)). The measure
1 :=0yto € fP(LipI(I;R:S))

gives the probabilistic representation of the pair (u,v). Indeed, for every oo € C(R3) we have (with the
notation y' = (t,x))

(ex(¥n.), o) = / o(y™ (5))F (5) ds

@ [P +oo
= / vo(s,x1)ds +/ wo(s—2m,x1)ds
0 to+2m

to —+oo
= / sﬁo(Saxl)dSJr/ ®o(s,x1)ds = (1, ¥o) ,
0 to

and for all ¢ € C.(R3;R?) there holds

(ea(E'ne) 0) = / oly"(s)) - ¥ (s) ds

to+2m
@/ <p(t0,r(s—t0))-r'(s—to)ds:/ o(to,(s)) - 1”(s)ds = (v, 0).

to 0
Another instance of a pair (u,v) for which the minimality of v+ does not hold, but a probabilistic
representation still exists, is offered by a variant of the above example in which v is diffuse in time, i.e.
=L 5, v=Lt@taHILA.

In this case, T is still given by (7.6) while

v(t,z) = balw) ifz €A\ {xa} for L'-a.a. t el
’ 0 otherwise h ’

so that 72+ |v|*> =1 |(u,v)|-a.e. in I x R?. The solutions to the Cauchy problem (7.5) are provided by
the family of curves y*: T — R3, £ € [0,1] defined by (7.7) (with t in place of to ). Let us consider the
measure 1 := Ty(L'L[0, 1]), where in this case the mapping T: [0,1] — Lip! (I;R?) associates with each
t €[0,1] the curve y'. A straightforward adaptation of the above calculations shows that 1 represents
(i, v) in the sense of (5.2).

The following example shows that the representation provided by Theorem. 5.1 is not in general stable
for weak* convergence.

Example 7.4. Recall the notation xo = (0,0) and x; = (1,0) from Examples 7.2 and 7.3. For every
n > 1 consider the probability measures on (0,1) x R?

=L (1) Oxe+ 0,

and v = §;, @tAH L A. In this case as well, the minimality condition is not satisfied, but for each n > 1
the pair (p",v) admits a probabilistic representation. Indeed, the associated fields (7,,v,) are

a(ta) =" HT=X0.X10 1 paind
e 0 otherwise o ’

while v, = v with v as in (7.4). The Cauchy problem (7.5) featuring the fields (r,,,v) is solved by the
curves

Yo(s) = (s,%0) for all s € R
and
(S,Xl) if s < tg,
yi(s) = { (to,r(s—to)) if s € [to, o + 27n] ,
(s —2mn,x1) if s € [to + 2mn, +00).
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We then consider the probability measure
1 1
n __
n = (1—n> 5y0 + E(Syit .
For every g € Co(IxR?) we have that

1 [t 1 [t 1 oo
(es(t'm%), p0) = 7/ wo(s,x1)ds + 7/ wo(s — 2mn,x1)ds + (1 — n) / wo(s,xq)ds
0 t 0

n n o+2mn
o[t 1y [T

= —/ @0(5,X1)d5+ <1> / @O(S,Xo)d,S: <‘un’¢0>
nJo nJ Jo

In a similar way, for ¢ € C.(IxR?;R?) we have that

to+2mn
(e, ) = / lto, (s — t0)) - ta(r(s — to)) ds

271'0
= [ ltor(s)  a(r(s) ds = w)

Nonetheless, it turns out that, as n — oo, pu"™ —* u>® = L1 @ 6y, and p" —* n>™ = dy, , which
represents > but no longer provides a representation for v>° = v.

In our last example we consider a solution pair (u,r) such that v < p. Therefore, in this absolutely
continuous case [13, Theorem 8.2.1] applies. We show that representation from our Theorem 5.1 follows
from that provided by [13, Theorem 8.2.1] via a reparametrization. Hence, Theorem 5.1 is consistent
with the classical result.

Example 7.5. Let us consider the scalar measures
1 1 1
p=~L'® (24$’1+251|_(0,1)), V:LI®§(Lll_(O,1)).

Then, v < p and v = wp with
|1 forteTandz € (0,1),
wt,z) = { 0 elsewhere.
The representation of Theorem 5.1(2) follows, for instance, from [13, Theorem 8.2.1] by an arc-length
reparametrization, arguing as in (4.49). In particular, we may write p = ¢;(t'n) and v = ¢y, where
the measure n € P(Lip] (I; R?)) is supported on the set of curves y € Lipl (I;R?) solving the Cauchy

problem
{ y(s) = (1,0)(y(s)),
y(O) = (O,LU()), xo € [07 1],
where
1 forte|0,1) and z € {0,1},
L forte€[0,+00) and z € (0,1)
— \/§ ) ) )
7(t,2) 1 forte[l,+o0) and z =1, (7.8)
0 elsewhere,
L forte[0,+00) and z € (0,1)
— \/5 ) 7 )
v(t,2) { 0  elsewhere. (7.9)

On the other hand, we may write y = %pl + %Mg with
py =L@t po =L@ (LML (0,1)).

The pairs (p1,2v) and (u2,0) solve the continuity equation in the sense of Definition 3.1 and both
admit a representation in the form (5.2) satisfying the conditions of Theorem 5.1(2). Precisely, we take
n, € P1(Lip! (I;R?)) as in Example 1.1 (with the obvious modifications) and write p; = (YL @my)
and v = ¢;(r'L' @ my). As for ps, we consider the measure m, € P, (Lip] (I; R2)) of the form 1, =
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Y4 (L1L[0,1]) where T: (0,1) — Py (Lip] (I; R?)) is defined as Y(z) :=y, with y,(s) := (s,z) for every
s €I and every z € (0,1). Then, it is easy to see that s = e;(Y L' @ 1,).
As a consequence, we obtain the alternative representation

1 1 1 1
W= ey <t151®(2771 + 2772)>’ v = ¢y (3/51@9(2771 + 2’72)) -

However, we notice that this second representation does not fulfill the conditions of Theorem 5.1(2).
Indeed, the curves contained in spt(n;) U spt(n,) do not solve y'(s) = (7(y(s)),v(y(s))) with T,v as
in (7.8)—(7.9). This shows that the superposition of two representations from Theorem 5.1 does not, in
general, yield a representation in the sense Theorem 5.1.

APPENDIX A. PUSH FORWARD OF VECTOR MEASURES

Let || - || be a strictly convex norm on R” and let || - ||« denote its dual norm. The corresponding
duality (multivalued) map J: R" — R" is defined by

J@)={y R |ly|. <1, y 2 = |2 }.
Notice that if || - || is strictly convex then for every =,z € R"
leill = |z2l], ye€J(®i)NJ(x2) = 1 =22, (A1)
In fact, setting & := %wl + %wg, we get

1 1 1 1
2 >y = fy-oi + 5y @2 = Lo + 5l

which implies &7 = x5 by the strict convexity of the norm. In the following statement, X and Y are
two locally compact topological spaces.

Lemma A.1. Let 9 € Myoo(X;R?), let p: X — Y be a |9|-proper map (i.e. |9|(p~1(K)) < +oo for
every compact subset K CY ).
(1) If there exists o € M\ (X) and a Borel map f:Y — R" such that
d=(fop)a, (4.2)
then
[Py = py[9)]. (A.3)
(2) If the norm ||-|| on R is strictly convex and (A.3) holds, then (A.2) holds with respect to a := ||
and f the density of the polar decomposition of py?, i.e.
psd = flpgdl, 9 =(fop) I (A4)
(3) If (A.2) holds and ¢ <9 then

psC <y, (A.5)
Proof. First of all, we observe that (A.2) implies a similar identity for |¢| up to rescaling f by a suitable
positive Borel function, therefore it is not restrictive to assume that o = || and therefore ||f| = 1

pz|9|-a.e. in Y.

In order to prove Claim 1, notice that, by (A.2), we have that pyd = py(fop)|¥| = fpy|¥|. Since
|fll =1 pg|¥]-a.e. in Y, we immediately deduce that |py¥| < pg|td|. On the other hand, let us select
p e L‘;?‘m(Y;Rh) so that ¢(y) € J(f(y)) for ps|Y|-a.a. y € Y; for every K compact in Y we have

|pu19|(K)Z/K<P~dpu19=/K<P~fdpu|19|=pﬁ\‘9|(K)~

This implies that pg|d| = |pgd|.
In order to prove Claim 2 (which is also well known, see e.g. [16, Lemma 2.4] for a similar statement)
we observe that for ¢ as above it holds

P (K) = /K 1 £1ldlped] = /K o fdlpyd| = /K o dpy® (A.6)
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- / pop - dD = / pop - gdd] < / lipoplls lglldi®] < pel9|(K)
—1(K) p~H(K) —1(K)

where 9 = g|9|. Then, (A.3) and (A.6) yield that (¢op)-g = ||g|| holds |9|-a.e. on p~*(K) so that
p(p(x)) € J(g(x)) for |9]-a.a. x € p~1(K). On the other hand, by construction o (p(x)) € J(f(p(z)))
so that (A.1) yields f(p(x)) = g(x) for |9|-a.e. z € p~}(K). Exhausting Y with a countable sequence
of compact sets, we conclude.

Let us eventually consider Claim 3: we can write { = A3 for a Borel map A with values in [0,1].
We can select the Euclidean norm and we thus have

[Cl=A9], ¢ =X =Afop|d]= fop|(]
and therefore, by Claim 1,
psl¢l = Ips<l-
Similarly pg|9 — ¢| = ps|(1 — N)Y| = |ps((1 — N)I)| = [pg(? — {)|. We deduce that
[psC + P (9 = Q) = Py (I¢] + [9 = ¢[) = p[9] = |py]
so that py¢ < pyd. O

APPENDIX B. TOPOLOGICAL PROPERTIES OF FUNCTIONS SPACES

Recall that C(I;R") denotes the space of R"-valued continuous paths endowed with the topology of
uniform convergence on compact sets of I.

Lemma B.1. The metric

D(y::¥2) Z?"||y1—y2||m D, with lyy = Yalle = max Iyi(s) =ya()l, (B)

makes the topological space C(I;R") complete, separable, and induces on C(I; R") the topology of uniform
convergence on compact sets. In particular C(I;R") is Polish.

Proof. It is easy to check that (C(I;R9t1), D) is complete. It is also separable: indeed, for every n > 1
the space C([0,n]; R9T!) has a countable and dense subset (y;)icr, ; we then extend each 7; to a function
y; € C(I; R4 by setting y,;(z) = y;(n) for @ € (n,+oc0). Then, the set |, ~,(y;)icr, is countable and
dense in (C(L;R4*Y), D). O

APPENDIX C. GLUEING PROPERTIES
We establish a useful generalization of the glueing Lemma [13, Lemma 5.3.2, 5.3.4].

Lemma C.1. Let N € NU {oo}, J(N) := {1,2,--- N} if N € N and J(o0) := N (N = o0), let
X, X", Y7, be Polish spaces and let p*: X — Xi, R2 X' =Y Ut X+t 5 Y3 be Borel maps for
i€ J(N) and j€IN-1). Weset X =11 X?, Xo:={x = (2;)ic1 € X : Rz(xz) =L (2;44), i €
J(N-1 } and we suppose that the image of the map p: X — X, p(x) := (p'(z))ien contains X.

If it € P(X?), i € I(N), satisfy the compatibility conditions

=Lt e I(N-1), (C.1)
then there exists p € P(X) such that pu,u = u’ for every i € J(N).

Proof. We consider the case N = oo, J(N) = J(N—1) = N; the argument in the finite case is even
simpler.

Let d; be a metric inducing the topology of Y taking values in [0,1]. Let us set v := Ré,ui =
Lé+1Hi+l € (P(Yl)v Iljtz_> = (iXia Rl)ﬁﬂl € F(,u27 V) - T(XZ X Y)7 ,a“_ = (iXi+17 Li+1)ﬁ,ui+1 S F(HH_I? V) -
P(X*! x Y). Notice that

/ di (R (), y) d'~ (w,y) = 0, / di(L (@i41),y) di" (zi41,y) =0, i€N.  (C.2)
XixY Xitlxy
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By the standard glueing Lemma (see e.g. [13, Lemma 5.3.2]) there exist 3* € P(X* x X" x Y*) such
that

’/Tj’jL*)ﬂZ = ﬂiH7 ﬂ—éeﬂi = /:Lie7 where ﬂ-i*) (xiv Tit+1, y) = (:ria y)’ Tri{;(xia Tit1, y) = (xH—la y)

In particular, using (C.2) we deduce
[ R, U (010)) 45" < [ d(RiGei),) 45"+ [ iy L (i) 5

= /di(Ri(xi)7y) da'~ +/di(Li+1(mi+1)7y) dp's =0,

so that o' := mjy (where 7'(zi,ziy1,y) = (i,ziy1)) is concentrated on {(zj, 1) € X' x X' ¢
R(z;) = L' (i) }-

We can then use the glueing Lemma [13, 5.3.4] to find a probability measure & € P(X) such that
Wéa =o' for every i € N, where wi(x) = (2;,7;11). Clearly, o is concentrated on X ; since the image
of p contains X, we can find 4 € P(X) such that pyu = «, so that pé,u = ut. O

APPENDIX D. A MEASURABILITY RESULT

In this section we prove the measurability of the mapping R from (4.29), coming into play in the
proof of Lemma 4.6. In the proof we shall resort to the following functional version of the monotone
class theorem, which we record here (in a shortened and simplified version, adapted to our usage) for the
reader’s convenience. We refer to [20, Thm. 2.12.9] for the general statement.

Theorem D.1 (Functional monotone class theorem). Let H be a class of real functions on a set O C RF
containing f = 1. Suppose that H is closed with respect to the formation of uniform and monotone limits
and that f =1¢€ H. Let Hy C H be a subclass closed with respect to multiplication (i.e., fg € Hy for
every f,g € Hy).

Then, H contains all bounded functions measurable with respect to the o -algebra generated by Hy .

We will then prove the following result.
Lemma D.2. The mapping R: Lip] (I; R41) — Lip%(I;Rd“) from (4.29) is Borel.

Proof. Let 6 be a Borel measurable function : R¥*! — (0,+0c0) such that ¢! < § < ¢ for some
¢ € [1,+00) (cf. (4.24)). For every function ¢: R4T! — (0,+00) such that ¢ > ¢ > 0 we consider the

mapping
1

)
(I) endowed with the (Fréchet, hence metrizable) topology that induces the L' conver-

Fo: Lipp (LR —» LE (I),  yw

. 1
We consider L,

gence on the compact subsets of I, whereas we recall that LipZ(I; R?*1) is with the (metrizable) topology
of the convergence on compact subsets. We claim that for every ¢ as above we have

F. is Borel. (D.1)
To show this, we introduce the class H as
¢: R — (0, +00) is Borel,
(e H <+ Jee >0 ¢ >cein RIHL
F¢: Lipp (I R%Y) — LL (1) is Borel.

Now, we clearly have that ¢ =1 belongs to H and that H is closed w.r.t. monotone limits of uniformly
bounded sequences. Moreover, it is immediate to check that H contains the set

Hy:={CcCR™):Fec>0 ¢>cin R},
Furthermore, H is closed with respect to multiplication. Hence, by the monotone class theorem the

family H contains all positive Borel functions bounded away from 0. In particular, § € H and (D.1)
follows.
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We now consider the mapping

Ao: Lipl(LRM™) 5 C(T),  Agly)(t) = @y(t):/o mw“:/o Foly(r))dr.

In particular, we notice that for every y € Lip£ (I; R4*1) we have

Ay(y) € biLip, -1 (I) := {g :I—[0,400) : ¢g(0) =0, g is bi-Lipschitz, with <¢g <cin I},
where ¢ > 1 the constant from (4.24). Recalling that C(I) is endowed with the (metrizable) topology
that induced the uniform convergence on compact sets, we have that the map Ay is the composition of
the Borel mapping Fy with the function

ATLL (1) = CO),  f s A(F) with A(f)(®) ::/0 F(r)dr .

Since A is continuous, we have that Ay is Borel.
Finally, we show that the mapping

Lo: Lip, (LR —» C(I),  yr—fy=0,",

is Borel measurable. We notice that Ly(y) is well defined, as Ay(y) is invertible for every y € Lip£ (L R4+,
Moreover, Lg(y) is the composition of Ap with the inversion operator I: biLip, .-:(I) — biLip, .1 (I).
Now, | is continuous: indeed, let (gn)n,g € biLip, -1 (I) with g, — g uniformly con compact subsets
of I. Consider g~*, (g, ')n C biLip, .-1(I). Taking into account that (g, '), is bounded in L (I) with
% < (g,1) < e, in order to check that g,! — ¢! on compact subsets of I it is sufficient to show that
g, ' — g~! pointwise in I. Hence, let r € I and s, := g, (), i.e. gn(s,) =r. Since (s,), is bounded,
it admits a subsequence (s, )r converging to some s*. Recalling that (g,), converges uniformly to g
on the compact subsets of I, we gather that r = g, (sn,) — g(s*). Hence, s* = g71(r). As the limit
does not depend on the extracted subsequence, then we have that the whole sequence (s, = g *(7))n
converges to g~ !(r). Therefore, Ly = loAy is the composition of a Borel and of a continuous mapping:
a fortiori, it is Borel.

Ultimately, the map %: Lip, (I; R41) — Lip£(1; R¥1) defined by y — yoly =yoLg(y) is Borel. [

APPENDIX E. PROOF OF LEMMA 6.2

We divide the proof in 2 steps, proving the two equalities in (6.11) separately.
Step 1: (T (u)) =u for u € ABV(Z;R?). Let us denote by y = (t,x) = 7 (u), constructed according
to (6.4)—(6.6). Then, we have that for ¢t € I

s, (1) :==sup{sel: t(s) <t} =sup{sel: inf{rel: Lf(r) > s} <t}.

For every s < L, (t) we have that inf{r € I: LI (7) > s} < t, since L} (r) < L;(t) for 7 < t and
Li(r) = Lg(t) as 7 /t. Hence, Ly (t) <s; (t). On the other hand, for s > L; (t) we get that

inf{rel: LI(r)>s}>inf{rel: LI (r)>L,(t)}>t.
Hence, L; (t) = s,

y (t). With a similar argument we infer LF(t) = s/ ().
Recalling (6.10), we write for (¢,r) € Z

FY)(tr) = S (T W)L 1) = u(tlsy (1) +r(sf (1) =5, (1)) (s, (1) + (s (1) =5, (1))
= u(tr(Ly () + (L) - L, (1)) = u(t,r),
sy (t)] and the definition of r in (6.5).

where we have used that t(s) = ¢ for every s € [s; (t),s]
Step 2: T (L (y)) =y for y=(t,x) € ArcLip(I; R4*!). For (¢,7) € Z we notice that

F(Y)(t,r) = x(sy (£) +7(sy () — sy (1)) - (E.1)
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To shorten the notation, we set u = . (y) and (ty,x,) = 7 (Z(y)). Since |ly’|| =1 a.e. in I, it holds

s (1)
LE(t) = / D lY(s)lds =sE(t)  fortel, (E.2)
0
Lu(t,r) =s, (t) +r(sy (t) —s, ()  for (t,7) € Z. (E.3)
By definition of .7 and by the characterization of LT above we have that for s € T
tu(s) =inf{t € I: s (t) > s}.

In particular, it is immediate to see that t(s) > t,(s). By contradiction, if t(s) > t,(s), then it must be
sy (t) > s for every t € (tu(s),t(s)), which implies s, (t(s)) > s, whence (6.9). Thus, t =t, in I.

We now consider the second component x, of 7 (#(y)). We recall that, in view of (6.5) and (E.2),
it holds for s € I

r(s) = o s;(t(s)) if s (t(s s, (t(s
0= s ey ) A5 ), (E4)
xu(s) = u(tu(s), r(s)) = u(t(s), r(s)) (E.5)

r(s)
= x(sy (t(s))) + (s (t(s)) — s (t(s))) /O X' (sy (t(s)) + L(sy (t(s)) — sy (t(s)))) AL

Hence, if s (t(s )) = s, (t(s)), from (6.9) we immediately conclude that x,(s) = x(s). If s;(t(s)) >
s;( (s)), (E.1) and (E.4) yield x,(s) = x(s). Hence, T (Z(y)) =y.

APPENDIX F. PROOF OF PROPOSITION 6.4

> (6.24) & (6.25). We will prove the representation formula (6.24) for 9, by showing (6.25). To do so,
we need to relate the curve v, to the trajectory T(u) =y = (t,x). In fact,

ou(t) = u(t,0) = x(s, (1)) forallt eI.
Moreover, Ju = Jt, and €y := t=1(C,) = t71(I\J,) is the set where t(-) is injective. In particular,
I\ 4 is union of the intervals [s; (t),s/ (t)].
Now, for every ¢ € C.(R%T";RY) we have

55 (1)
(> 051 p) = Z/ (t,u(t,r)) - du(t,r)dr Z/ @(t,u(t,r(s))) - x'(s)ds (F.1)

tET, = teg, sy ()
0 /
=30 [ eltlo).ule(s).r(s)) - X () s
te3, Vs (1)
0 ,
-y / o(y(s) - ¥(s) ds
ted, sy ()

where, in the last equality, we have used the fact that t(s) =t for every s € [s; (t)
follows.

In order to show (6.25a), we start by recalling that for every ¢ € C.(I) and ¢ € C.(I;RY) we further
have (see, e.g., [41, Proposition 6.11])

/ = [ ca(s)es)ds. (F.2)

sy (¢)]. Hence, (6.25b)

Ty

/ ¢t d(0u)e + (o)) = [ C(t)d((ou)es + (0 / ¢(t( (F.3)

Ch,

(in (F.3) and in what follows in this proof, we use the more compact notation v{,, (vy),:, and (vy)q,
in place of (6.19) and (6.20)). For ¢y € C.(RE™) and ¢ € C.(RE™;RY), we test (F.2) and (F.3)
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with (. := @o(-,04(+)) * pe and . = (-, 04()) * pe, for a mollifier p. supported in [0,€]. Since
Ce(t) = @o(t,04(t)) and (. (t) — Lp(t 0y ( )) for every t € I, we infer that
[t oaat= [ pels)wuleo)) () ds. (.4
I %,
| eto) e + 0000 = [ lt(s)vulels) ¥ (5)ds, (€9
Cuu ng

Since v, (t(s)) = u(t(s),0) and, for s € €, u(t(s),0) = u(t(s),r) for every r € [0,1], we rewrite (F.4)-
(F.5) as

/ polt, vu()) dt = / poly() t'(5) ds., (F.6)
1 6,

y

/ s0(t,0u(t))d((0u)21+(Uu)’c)(t)=/ p(y(s)) - x'(s)ds, (F.7)
Chy, Gy

whence (6.25a).
Combining (F.6)—(F.7) with (F.1) we conclude that for all ¢ = (¢, ¢) € C.(RET; R

(wys @) = ((Bu)y ((1,0,) L1 + (0, (0u)6)) + Y 0 @G 2) s

teJy

and (6.24) follows.

> (6.26) : We will show the measurability of o7, €, and _# by proving that the following mappings
ABV(Z;RY) 3 u s (o (u), )

ABV(Z;RY) 3 u s (7 (u), ) are Borel for every test function ¢ = (¢, @) € CC(R‘iﬂ;RdH).
ABV(Z:R) 3 u - (€(u), )

In turn, this will be shown via the representation formulae (6.25). We start by observing that the
mappings

are Borel. (F.8)

Lip] (I R4+1) 5y '—>Io = fI 900 )) ’( ) ds
Lipl (ILR™1) 5y — I(y fI '(s)ds

Indeed, they are continuous with respect to the topology of uniform convergence on compact sets of 1
induced by the metric D from (B.1): to check this, it sufﬁces to take (y,)n, y € Lipl(I; R4t1) with
D(y,,,y) = 0 as n — oo, and and observe that, since [|(t},,x])|| <1 a.e. in I, we may suppose (up to a
not relabeled subsequence) that t,, —=* t' and x/, =* x in L°°(I). Then, the convergences

lim [ g0y, ()t (s)ds = / poly(s))t (s) ds,

n— oo I
T [l (9) X, (5)ds = [ ply(s) x(5)ds
I I

follow by dominated convergence. Now, recalling (F.4) and (F.6), we conclude that the mapping
PBV(2:RY) 5 u o T (7 (1)) = / co(tog(t))dE s Borel, (F.9)
I

as it is given by the composition of two Borel mappings.
In turn, we observe that for all y € Lip){(I; R*1) we have

Leont (Y) = flﬂ{t’>0} Pp(y(s)) - x'(s)ds,

= lcont sing with /
1) = Leont ) + Luing(y) it {Ismgm=fm{t,_0}so<y<s>>-x<s>ds-
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Indeed, the pedices cont and sing refer to the fact that Icont and Igng represent the contributions to 4,
involving the measures (t)u)/L1 and (Uu)/c + (Uu)/J7 respectively, as

/
leont (¥) = Jy( ou(t) dt. . (F.10)
smg fI d( U) ( ) + <Zteju 6t®]t,ua ‘P>
Now, we claim that the mapping
ArcLip(LR¥™) 3y 5 Ling(y) = /1{561: v(s)=0} (M) (y(r)) - x'(r) dr is Borel. (F.11)

Since we can write Igng(y) = I (y) — I3 (y) with

sing sing

ry = max{r,0},

Iing(y) = /1{5612 t’(s):O}(T)(‘P(y(T)) ' X/(T))i dr with {

r— = max{—r,0},

it is enough to prove that y — Ismg( ) are Borel measurable. We proceed with the proof for Iblng The
very same argument applies to I ..

For n,k € N\ {0} we consider the map
AreLip(R) 3y = Juiy) = [ 15,400 (1) (oly(r)) X (1)

where 1g, , is the characteristic function of the set S, (t) = {s € I : k(t(s + 1) — t(s)) < L1}.
Then, J, is Borel measurable, as it is upper semicontinuous with respect to the uniform convergence
on compact subsets of I. Notice that here we are also using that, whenever y, .,y € ArcLip(I; R**1) are
such that D(y,,,y) — 0 as m — oo, then we also have y/, —y’ in L (I;R4*!) for every 1 < p < +o0.
The Borel measurability of .J, i 1mphes that also the maps
ArcLip(L R 5y lim inf Tnk(y), ArcLip(L; R*™) 5y = limsup J,, 4 (y)
o0

k—o0

loc

are Borel measurable for every n € N. By Fatou lemma, we further notice that for every y € ArcLip(I; R4+1)
it holds

I:qng( ) < /lim inflg, , @ (r)(e(y(r)) - X' (1)) dr <liminf J, x(y) (F.12)
1 k—oo ’ k—o0

< limsup J, (y) < /Ilim sup1g, , @) (r)(@(y(r)) - X'(r))4 dr

k—o0 k—oc0
< / Lpeeneoe 1y (M (r) - X (1) dr

Taking the limit as n — oo in the chain of inequalities (F.12), we infer that

+ _ . . .
Ling(¥) = Jirn, B T ().

sing

This implies that I;tn is a Borel map. This concludes the proof of (F.11).

Combining (F.8) and (F.11) we deduce that also Icon; is Borel measurable. Thus, in view of (F.10)
we have that

PBV(Z:RY) 5 U s Tgpe (7 (1)) = / ot ou(t)) -v.(t)dt s Borel. (F.13)
I
From (F.9) and (F.13) we then have that the mapping

ABV(Z;RY) 5 u s (o (u), p) is Borel for every ¢ € Co(RET; R,

Now, Lemma F.1 ahead ensures that the mapping ABV(Z;R%) 5 u — (_# (u), ¢), is Borel for all test
functions . Ultimately,

ABV(Z;RY) 3 u = Teont (T (1)) — (_Z (u), ) = (€(u), )  is Borel for all p € C.(RE;RY).
We have thus proven (6.26). |
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The last result of this section addresses the measurability of the mapping ¢ .

Lemma F.1. For all ¢ € CC(R’iH;Rd) we consider the mapping

S (8)
Liump: ArcLip(LR™) = Ry Z /y p(y(s)) - x'(s)ds (F.14)
teL(y) "% (¥

with the short-hand notation Ly := {s € I: sf(s) —s; (s) > 0}. Then,
YV € C(IxRERY) u = Ljump (T (u)) = (_Z(u),) is Borel.

Proof. First of all, observe that

Ijump(y) = I;mp(y) - IJ_ump(y)

with
ry = max{r,0},

sy (1)
Lmp(¥) = Z/ (o(y(s)) - x'(s)) 1 ds  with {

s @ r— = max{—r,0}.

Hence, we can show the measurability property for the functions I We provide the full proof

jump *
+ . . . —
for L imp - A similar argument applies to Lmp -

Let us now introduce the continuous function

ATSRY A0 = [ (o) X (o) ds

so that
sy (1)
[, o) X ds = At () - A5, () (F.15)
sy (T
We will thus prove that the function
A: ArcLip(I; R4T!) — RT y — Z [A(s] (£)—A(s, (1))] is Borel. (F.16)
teL(y)

We split the argument for (F.16) in the following steps.
Claim 1:

{I x ArcLip(I,R*) 5 (t,y) — A(s] (t)) is upper semicontinuous. (F.17)

I x ArcLip(I; R4 > (¢,y) — A(sy (t)) is lower semicontinuous.

As for the first property, it suffices to observe that (¢,y) — sj (t) is upper semicontinuous. Hence,

since every y € ArcLip(I; R4!) satisfies [|y’(s)|| = 1 for a.e. s € I, we have that A os} is upper
semicontinuous. Indeed, the constraint ||y’(s)|| =1 implies that

y / "(ly(s)) - X (5))+ ds

is continuous in ArcLip(I;R*1) for every r € I. This yields the desired upper semicontinuity. Analo-
gously, the second statement follows from the lower semicontinuity of (¢,y) ~ sy (¢).
Claim 2: for every T >0, S >0, and ¢ > 0, the mapping

ZteLg,s(y) [A(sy (1) —A(sy ()] if s, (T) < S,
0 if s, (T) > S, (F.18)
with L (y) :== {t € L(y) : t € [0, 7], |s§ (t)—s, (t)] >}

AS%: ArcLip(LRHM) - R,y {

is upper semicontinuous. Let us consider (y;);, y € ArcLip(I; R*1) such that D(y;,y) — 0 and show
that
limsup A; % (y;) < A5 (y) -

j—o0
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Up to a subsequence, we may assume that the limsup is a limit. If Sy, (T) > S definitely for j large enough,
there is nothing to prove. Let us therefore assume that for every j € N we have Sy, (T) < S. By lower-
semicontinuity, observe that sg (T') < S. Moreover, we observe that, in correspondence with the sequence
(y;); there exists N € N such that for every j € N there exist at most N times t <...<th €l0,T]
such that |s;rj (t?)—sy’j (t))] > ¢ for all i =1,...,N. In fact, by definition of si , for every j € N it holds
that

S>s, (M= Y syt —sy (0 = (#[LE)n[0,T)]) <.

teLCT(y)m[o,T)
This implies that #L?(yj) < % + 1 for every j € N. Then,

N

AL yg) = D_IAG, (#) = Alsy, (E)] -

i=1

Now, up to a non-relabeled subsequence we have that there exist (t;)Y, C [0,T] such that t/ — t; as
j — oo. In particular, it holds |sif (t;)—s, (t;)] > ¢ for every i = 1,...,N, so that (t;);L, C L{(y).
We notice that some of the ¢;’s may coincide. With a slight abuse of notation, we denote by ¢, for
k=1,...,M < N the distinct limit points of ¢]. By (F.17) we have that, whenever ¢ — t; as j — oo,
then

A(sj(tk))—A(s (tg)) > hmsupA( ( ))—A(s;j (ti)) (F.19)
j—oo
If we have that tg,...,tgH — t; for some £ > 0 and some k=1,..., M, then
A(sy (tr))—Alsy () > fin sup Alsy (#,.0)) = Alsy (8])) (¥.20)
J o0

L
> limsup Y A(sy ()= Alsy, (t4,)) -

j—o0 n—0
Combining (F.19)—(F.20) we conclude that
A?S > Z (sy (tr))—A(sy (tr))] > hmsup.ATS(y])
j—o0
Conclusion: Clearly, we have that

Vy € ArcLip(GRY) - Aly) = Tm o ATT().

Then, A is the pointwise limit of Borel mappings. Thus, (F.16) follows. This finishes the proof. (]

APPENDIX G. AUXILIARY MEASURE-THEORETIC TOOLS

Let X be a Polish metric space and M(X;R") the space of R"-valued Borel measures on X with
finite total variation, endowed with the weak* topology. Let 2 also be a Polish space, and let (Ag)ge= C
M(X;R") be a Borel family. With any given m € P(E) with

/= el (X) dm(€) < +oo

we may associate the measures

A™ /)\gdm(E)EM(X R") and Y™ := /|7\€|dm( ) € M (X).

Clearly, we have that |A™| < Y™. The following result provides a useful property of the ‘generating’
measures (A¢)gez C M(X;R?) in the case when the measures [A™| and Y™ coincide.
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Proposition G.1. Let f: X — R" be a Borel density of A™ w.r.t. Y™, with |f(x)] <1 for all v € X.
Suppose that |A™| =Y". Then

Ae = f|A¢| for m-a.e. £ € E. (G.1)

Proof. Observe that, for a given measure A € M(X;R"), a Borel function h: X — R" is the density of
A w.r.t. |A] if and only if

lh| <1 [AJ-ae.in X, and /Xh(:z:)d?\(x):|7\|(X). (G.2)

Now, from |A™| = Y™ we have that |[f(z)] =1 for Y"-a.e. © € X. Therefore, we have the following
chain of identities

/M /|f )2 dr™ (z ‘1/f YAA™ (2 (2>/=</f z) dAe(z ) m(€)

where (1) follows from the fact that A™ = fY™ and (2) from the Fubini theorem. Then, we immediately
conclude that

Ae](X) = /Xf(m) dAg(x) for m-a.e. £ € B.

Thus, on account of (G.2) we obtain (G.1).
([
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