AN APPROXIMATION RESULT FOR FREE DISCONTINUITY
FUNCTIONALS BY MEANS OF NON-LOCAL ENERGIES

LUCA LUSSARDI

ABsTrRACT. We approximate, in the sense of I'-convergence, free discontinuity functionals
with linear growth by a sequence of non local integral functionals depending on the
average of the gradient on small balls. The result extends to higher dimension what
already proved in [15], where there is the proof of the general one-dimensional case, and
in [16], where the n-dimensional case with ¢ =Id is treated. Moreover we investigate
whether it is possible to approximate a given free discontinuity functional by means of
non-local energies.
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1. INTRODUCTION

Many variational problems recently under consideration, like computer vision problems (image
segmentation, signal processing and so on) involve “free discontinuity functionals” (according to
a terminology introduced by E. DeGiorgi in [12]); a weak form of those functionals in BV space
takes the form

(L1) Fw>=1¥wvwww+1;WM*—uWMH”*+dD%MQ%

where Du = Vudz + (ut —u~)dH" ! + D is the decomposition of the distributional derivative
of a BV-function u, ¢ is convex and ¥ is subadditive.

Several approximation methods of these functionals are known. For example the Ambrosio and
Tortorelli approximation (see [3] and [4]) of the Mumford Shah functional

MS(u):/ |Vul2dx + cH"'(S,), ue SBV(Q)
Q

via elliptic functionals; see [17] for applications to computer vision problems. A variant of this
method was studied in [1] for functional with linear growth in the gradient. Moreover a finite
difference method scheme for free discontinuity functionals was studied by Gobbino and Mora in
[13]. About the non-local approximation we refer the reader to [7], [9] and [8]; in this last paper
Braides and Dal Maso approximate the Mumford-Shah functional. A variant of this method was
studied in [16], where a convergence result is proved for the family

1
a@zg/f&f' |WMQMaueW“m»
Q B.(z)NQ

to a functional F' of type (1.1), with ¢(¢) = ¢.

In this paper first, in section 4, we will extend result [16] to a family of functions f., depending
on ¢, instead of f, in view to obtain a convergence result (already proved in the one-dimensional
case in [15]) to a functional (1.1) with a more general growth in the gradient with respect to the
case ¢ =Id considered in [16]. Then, in section 5, we will investigate whether it is possible to
construct a family (F.).~o which T-converges to a given functional F of type (1.1) with linear
growth in the gradient. The main difficulty is to find a family of functions f. which gives rise to a
prescribed surface energy density, because this leads to consider integral equations for which the
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properties of the solutions can be determined only in few special cases. However, for example, we
will obtain an explicit approximation for the functional given by

[ut —u”| -1 ,
Fu) = [ |Vuld B e S ) M DCul(9),
)= [ wuide [ et D)

proposed by Shah in [18] as a segmentation functional with linear growth.

2. NOTATION AND PRELIMINARIES

Let n > 1 be a fixed integer. The open ball with center x and radius r is indicated by B, (x);
the Lebesgue measure and the (n — 1)-dimensional Hausdor{f measure of a Borel set B C R™ are
denoted by |B| (or £L*(B)) and H"~!(B), respectively. We use standard notation for Lebesgue
spaces LP(Q) and Sobolev spaces W1 ().

2.1. Functions of bounded variation. For a thorough treatment of BV functions we refer to
[2]. For a function u € BV (Q) the distributional derivative of w is given by
Du = Vul" + (v —u )y, H" LS, + D u.

We say that u € SBV(Q) if |[Du|(2) = 0. A function v € L*() is a generalized function of
bounded variation (v € GBV(Q)) if u’ := (=T) V u AT belongs to BV () for every T > 0. If
u € GBV(Q), then Vu, S,, u™(x) and v~ (z) for H" t-a.e. z € S,, and |Du| turn out to be
well-defined ([2], Theorem 4.34 and Definition 4.33).

2.2. I'-convergence. For the general theory see [6] and [11]. Let (X,d) be a metric space. Let
(Fj)jen be a sequence of functions X — R. We say that (F})jen I'-converges, as j — 400, to
F: X — R, if for all u € X we have:

i) for every sequence (u;);jen converging to u
F(u) < liminf Fj(u;);
j=too
i1) there exists a sequence (u;);en converging to u such that

F(u) > limsup F}(u;).
j—+oo

We extend this definition of convergence to families depending on a real parameter. Given a family
(F.)eso of functions X — R, we say that it I'-converges, as ¢ — 0, to F': X — R if for every
positive infinitesimal sequence (g;);en the sequence (F;);jen I'-converges to F.

2.3. Supremum of measures. We recall the following useful tool, which can be found in [2].
Lemma 2.1. Let Q be an open subset of R™ and let A(S) be the the family of its open subsets. Let
A be a positive Borel measure on Q, and p: A(2) — [0,+00) a set fuﬁcti@ which is superadditive
on open sets with disjoint compact closures (i.e. if AyB CC Q and AN B =0, then u(AU B) >
w(A) 4+ w(B)). Let (¢¥;)ier be a family of positive Borel functions on Q. Assume that

n(A) > / i d\  for every A€ A(Q) andi e I.
A

Then
u(A) > / sup ¢;d\  for every A € A(Q).
A

i€l
The following Corollary is an easy consequence of Lemma 2.1.

Corollary 2.2. Let pu be as in Lemma 2.1. Let A1, ..., AN be mutually singular Borel measures,
and 1, ..., YN positive Borel functions on Q. Suppose that

H(A)Z/wid)\i for every A e A(Q) andi=1,...,N.
A
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Then
N
w(A) > g / widN;  for every A € A(Q).
1 /A
=1

3. SETTING OF THE PROBLEM AND MAIN RESULTS

Let 2 C R™ be a bounded open set with Lipschitz boundary. In this paper we consider the
same framework of [15], which we briefly recall.
Let ¢ € (0, +00) and let ¢: [0,+00) — [0,400) be a convex function with ¢(0) = 0 and with

o) _
t—+oo t B
Let (fc)eso be a family of functions satisfying the following conditions.
(A1) For every ¢ > 0, f.:[0,400) — [0,400) is a non-decreasing continuous function with
f=(0) = 0; moreover, there exists a. > 0 such that a. — 0 as ¢ — 0 and f. is concave in

(ae,+00).

(A2) m =) _
(,)—(0,0) ¢ (L)
(A3) f. converges uniformly on the compact subsets of [0, +00); we denote the limit of f. by f,
which is a continuous, concave and non-decreasing function.
(A4) There exists L > 0 such that

|f-(s) — f-(t)] < L|s —t|, Vs,t>0.

Notice that we obtain the case considered in [16] by taking ¢ = 1, ¢(¢t) = ¢, and the constant
sequence f. = f with

{0

im —=

t—0 ¢
Consider the family (F:)c>¢ of functionals L*(2) — [0, 4+o0] of the form

1
- < Vu(y)|dy | dx if u e WhH(Q),
(3. Fi(u) = K (8 AL y) e

+00 otherwise.

=1.

For every open subset A of Q we set

1

7/ fe <5 ][ |Vu(y)|dy> dr  if ue WH(Q),
(3.2) F.(u,A)={ €74 Be(2)nQ

+00 otherwise.

Clearly, FE(-, Q) coincides with the functional F defined in (3.1). The lower and upper I'-limits
of (F.(-, A)) will be denoted by F'(-, A) and F"(-, A), respectively.

3.1. The convergence result. Let us now state the main convergence Theorem.
Theorem 3.1. Let (F.).>0 be as in (3.1), with f. satisfying conditions (A1)-(A4). Then (F;)
T-converges, in the L'-topology, as ¢ — 0, to F: L (Q) — [0, +00] given by
/ o(|Vul)dx +/ I(ju™ —u™)dH™ ™ + ¢|DCu|(Q) it wue GBV(Q),
F(u) = @ Su
+00 otherwise.

where

(3.3) 9(s) = 2/01 f (“’”1 s(v/1— t2)”_1> dt.
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Moreover we have the following compactness property which turns out to be useful in view to
obtain convergence of minima and minimizers.

Theorem 3.2. (Compactness) Let (¢;),en be a positive infinitesimal sequence and let (u;) en
be a sequence in L'(Q) such that ||ujllec < M, and F.,(u;) < M for a suitable constant M
independent of j. Then there exists a subsequence (uj, )ken converging in L'(Q) to a function
ue BV(Q).

3.2. The approximation result. Let ¢,9: [0,4+00) — [0, +00) be such that:
i) 6(0) = 0(0) = 0.

ii) ¢ is convex and ¢ is concave.
iii) There exists ¢ € (0,400) such that
0(t)

t
lim L( ) =lim — =c.
t—4+o0o t t—0 ¢

Let F': L'(Q) — [0, +00] be the functional given by

/ o(|Vu|)dx +/ 0(|u+ — u*|)d7-[”*1 + ¢|Du|(2) if ue GBV(Q),
F(u) — Q Su
+00 otherwise.

The following approximation result for F' holds.

Theorem 3.3. Let us suppose that 9 € C1([0,+00)); moreover we assume that the function

n—1

t— 9(t) + td' (t)

is non-decreasing and concave. Then for any € > 0 there exists f.: [0,4+00) — [0, +00) satisfying
conditions (A1)-(A4) and be such that the family (F.)eso given by (3.1) T'-converges to F as
¢ — 0 with respect to the strong topology of L'.

4. PROOF OF THE CONVERGENCE RESULT

In this section we will prove Theorem 3.1 combining Proposition 4.5 with Proposition 4.9.

4.1. Compactness and lower bound. In this subsection we prove the lower bound for the func-
tional F'(-, A). First we need the following Lemma which is, up to some modifications, Theorem
6.1 in [16].

Lemma 4.1. Let g: [0,4+00) — [0,400) be a continuous, concave and non-decreasing function

with
lim @
t—0+
For any e > 0 and A open subset in Q let G.: L*(2) x A(2) — [0, 4+00] be the functional given by

1
7/ g<5 ][ |Vu(y)|dy> dx if ue Whi(Q),
Ge(u, A) = €JA B (z)NQ

400 otherwise.

=a € (0,400).

Then for any uw € BV (Q) and for any A open subset of Q we have
(4.1) G'(u, A) > a/ |Vu|dz —|—/ I(ju™ —u”|)dH ™ + a|Du|(A)
A SuNA

where

1
¥(s) = 2/ g (wnl s(v1— t2)”_1) dt, s>0.
0

Wn
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Proof. Theorem 6.1 in [16] says that inequality (4.1) holds if g € C? and if g is strictly concave.
For every h € N let g, [0, +00) — [0,+00) be a strictly concave, non decreasing and C2-function
with (1 —1/h)g(t) < gn(t) < g(t); then

G'(u,A) > a(l —1/h) /A |Vu|dz —I—/ Ai9h(|u+ —u)dH™ ! 4+ a(1 — 1/h)| Dul(A),

u

On(s) = 2/01 an (”"—1s(ﬂ)"1> dt, s>0.

Wn

where

Since gn, — ¢ uniformly on compact subsets of [0,4+00), we have ¥, — o pointwise, so that we
conclude by Fatou’s Lemma. O

Remark 4.2. Let g and G, as in Lemma 4.1; then the compactness property given by Theorem
3.2 holds in this case. (Theorem 8.2 in [16]).

In the previous Lemma, as in [16], the function g does not depend on & and it has linear
behaviour near 0. In this case the energy density of the absolutely continuous part of the I'-limit
is simply given by «|Vu|. Condition (A2) says that the function f. tends to be a rescaled of a
convex function ¢ near 0:

t
fE(t) ~ 5¢ <€> s t~0.
In this setting the energy density of the volume part of the I'-limit will be given by ¢(|Vul).
Proposition 4.3. Let u € BV(Q) and A be an open subset of ; then

F’(u,A)Z/AQS(|Vu\)dx+c|Dcu|(A).

Proof. Let h € N, § € (0,1) and ¢ (t) = c)t + d? be a family of affine functions with

sup £),(t) = (1= 6)¢(t), V¢ >0.
heN

We can suppose (1 — §)c = supy, ¢2; according to (A2) let t; > 0 with
fe(t) = (1= 6)eg(t/e)

for every t € [0,ts5] whenever 0 < € < 5. Consider the function

5 At+ed, 0<t<ts
gen(t) == St &
1349 +¢€ h t> t(i.

By construction f. > 92,}19 moreover gg,h—edg does not depend on ¢. Setting fJ(t) := ggwh(t) —ed?,

we can write

1
(42) )=t [ ( 7 |w<y>|dy> dz + djA].
€Ja B.(z)NQ
Taking into account (4.1)
Fud)> [ GIVulde+ Do) + dijal = [ G(Val)do + ID%ul().
A A

Since F’(u,-) is a superadditive function on open sets of Q with disjoint compact closures, by
Lemma 2.1 we obtain

F/(u, 4) > (1— ) / o(|Vul)dz + (1 — 8)c/DCul (4)
A
and by arbitrariness of 6 € (0, 1)

F(wA)> [ olIVuhds+eDul(4)
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Proof of Theorem 3.2. Tt follows from (4.2) and from Remark (4.2). O

As in [15] the surface energy density of the I'-limit depends on the limit of the family (f:)->0
as € — 0, i.e. it depends on the function f. The correct lower bound can be easily deduced by a
direct application of Lemma 4.1.

Proposition 4.4. For every u € BV () and A open subset of Q) it turns out that

F’(u,A)z/S O e
M

Proof. Let 0 < T <sup f, 6 € (0,1) and

_ ) 0<t<T
fT(t)'_{f(T) £>T.

Since f. is non-decreasing and since f. converges uniformly to f on compact subsets of [0, +00),
for ¢ sufficiently small f.(t) > (1 — &) fT(¢) for every t € [0,4+oc). Then for any v € W11(Q) we

get
1-96 T
F.(v,4) > e Vo(y)|dy | da.
€ A B (z)NQ

By (4.1) and by arbitrariness of § € (0,1)

F'(u, A) 2/5 AﬁT(|u+ —u ) dH" !,
N

where 97 is defined as in (3.3) replacing f by fT. We can conclude by taking the limit for
T — sup f, noticing that 97 9. O

Proposition 4.5. Let u € GBV () and A be an open subset of §2; then

F'(u, A) > / o(|Vul)dx Jr/ Iut —u” |[dH* ! 4 ¢| D u|(A).
A SuNA

u

Proof. Let u € BV (Q); from Proposition 4.3 we have
Flu, A) > / 6(IVul)dz, F'(u, A) > c|Du|(A);
A
moreover Proposition 4.4 gives

F'(u, A) > /S Aﬁ(|uJr —u”|)dH" .
W

Apply now Corollary 2.2 with \; = L, Ao = H"~! L S, and A3 = |D°u|. Therefore F’(u) > F(u).
Let us now consider the case u € GBV (). We can find a positive infinitesimal sequence (¢;) jen
and a sequence (u;) ey in W () converging to u in L*(Q2) and such that F., (u;) <> F’(u). Define

u] =(=T)Vu; AT, and u” = (=T)VuAT. Since u] — u” in L'(Q2), and u” € BV (), we have

F'(u) = liminf Fe, (u;) 2 limnf Fe, (uf) >

uT|)dx u)t — (Wh)~ =14 ¢ DT .
> [ o0vhdat [ (1)~ ) a7 4D )

We conclude by taking the limit as T — +o0. O
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4.2. Estimate from above of the upper I'-limit. In this section we only sketch the proof of
the upper estimate for the T-limit (for more completeness see §7 in [16]). Thanks to the density
result in [10] (Theorem 3.1) and to the relaxation result in [5] (Theorem 3.1) and in [1] (Theorem
3.2) it is sufficient to take into account the space of all functions w € SBV(Q) satisfying the
following properties:

i) H* (S, \ Su) = 0

ii) Sy is the intersection of € with the union of a finite number of (n — 1)-dimensional
simplices;
iii) we Wk>(Q\S,) for every k € N.
In the computation of the upper I'-limit we will use a generalization of Proposition 3.6 in [16]: the
same proof works since the relaxation of F. depends only on the continuity and on the monotonicity
of the function f..

Proposition 4.6. For every ¢ > 0, the relazed functional of F. in the L'-topology is given by

— 1 €
4.3 F = - —————|Dul|(B NnQY)J|d
(1.3 =1 [ 1 (g B D) o
for every u € BV ().
Remark 4.7. From the preceding proposition we easily deduce that F"(u) < 400 if u € BV ().
Indeed, the upper T'-limit of (F.) coincides with the upper T-limit of (F.); therefore, since f-(t) <
Lt, if we set p = |Du|, we have:
_ 1
F"(u) < Llimsup F.(u) < Llimsu / 7/ 1 (»ydpdz,
(u) < Llimsup Fe(u) < Llimsup o BN ), @ e

where 1p_(z) is the characteristic function of B.(x). There exists a constant v > 0 such that:
(4.4) |Be(z) N Qf = ve"
for any x € Q and e < diam(Q); therefore
F'(0) < Limsup — [ du(y) [ 15,00 do < L20(@) < 400,
e—=0 V€T Jo Q v
Lemma 4.8. Let g € L'(Q) and let A be an open subset of Q. Then

.1 _
lim, ~ Afs (5 ]{Bg(wmg(y) dy) dfc—/A¢>(g(x))dw~

Proof. Let g.(x) = ][ g(y) dy. Since g € L*(2), from Lebesgue’s Differentiation Theorem
B.(z)NQ

ge converges to g in L'(Q2) and a.e. in 2. We can now conclude by the Dominated Convergence
Theorem, recalling (A2) and f.(t) < Lt (by (A4)). O

Proposition 4.9. Let u € GBV(Q); then

Fa) < [ o(ulds+ [ 0(ut — u har 4 clDul(@).
Q Su

Sketch of the proof. We only consider the case u satisfying 1), ii) and iii); thus S, is contained
in the union of a finite collection Ki, ..., K,, of (n — 1)-dimensional simplexes. Since the upper

[-limit of (F;) coincides with the upper I'-limit of (F.), we have F"(u) < limsup, F.(u).

Fix o > 0 and let S be the union of the relative boundaries of K; (observe that H"~1(S) = 0).
Let Q, = {z € Q: d(x,00) > o, d(z,S) > o}; by Proposition 4.6 and by the argument used in
Remark 4.7 we have: w

Fe(u) < Fo(u, Q) + L7”|Du|(AE)(,) )

where A o = {2 € Q: d(z,Q\ Q) < €}. The second term goes to 0 as €,0 — 0. Without loss
of generality we can suppose m =1 and K C {x € R": 27 = 0}. Let

K.={zeR": d(z,K) < e}
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Then for € small we get
Fe(u,Q) < Fe(u, Q5 \ Ko) + Feo(u, Q, N KL).
Since u € W*>(Q\ K) by Lemma 4.8 we deduce that

timsup (1.2, \ o) < [ o((Vuls

e—0

Let us now estimate the second term F.(u,Q, N K.). By condition (A4) we have

— 1 1
Fo(u,QsNK,) < f/ fe (s][ |Vu(y )\dy—i— = 1|D8u\( (x ))> dr <
€ Ja,nK. B.(z)

1 Dsul|(B.
= L/ ][ |Vuy)| dy dz + 7/ I M .
Q,NK. JB.(x) £ Ja,nk. el

Because of the regularity of u outside {1 = 0} the first of these last two terms tends to 0. Denote
by R. the last integral term. We get

1 1
<= 3 D*ul(B. .
Re< /Q o (wﬂ&_n_l ul( (:u))) de

If K.o C R"~! denotes the projection of 2, N K. onto {x; = 0}, it turns out that Q, N K. is
contained in (—e¢,¢) X K¢ ,, which is a subset of {z € Q: d(z,0Q) > ¢} for ¢ sufficiently small.

Then
/ dy/_gfs< ol Dl (B )))ds.

Set h(z) = ut(z) —u (z) for x € QN {x; = 0}. The function h is continuous, hence uniformly
continuous on any compact subset of Q N {x; = 0}; thus for ¢ sufficiently small

DSuI(Ba(s,w):/B( - O}|h|dH"‘1Swn_l(\/eZ—32)”—1(\h(o,y)|+a>.
S,y)N{ir1=

Therefore

sl [ ([ R T ) )as)

By the change of variable ¢ = s/e we obtain

ros [ ([ (TR e s o)) ae

Wn

Since f. converges uniformly on compact subsets of [0, +00) we have

limsup R. < /m{ml ) (/llf(w"‘l(ﬂ)nlqh(zn +J))dt> AH"(2).

e—0 Wn,

Now we conclude by taking the limit as ¢ — 0, and noting that h(z) vanishes H" !-a.e. outside
Su. O

5. PROOF OF THE APPROXIMATION RESULT

In this section we want to proof Theorem 3.3. To do this we have to construct a family of
functions f. satisfying (A1)-(A4) which converges uniformly on compact subsets of [0, +00) to a
solution f of the integral equation

(5.1) I(s) = 2/01 f (wnls(M)"—l> dt, s>0.

Wn

In the following Proposition we investigate the existence of solutions of equation (5.1).
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Proposition 5.1. Let 9 € C'([0,4+00)); then the function f: [0,+00) — [0,+00) given by

1 ! \/E |: ( Wn, nl) n—1 Wn, n—1 ( Wn, nl):|
5.2 s) = f/ 9 suz |+ suz ¥ | ——su 2 du
( ) f( ) m™Jo vV1—u Wn—1 2 wp_1 Wn—1

is a solution of (5.1).

Proof. Making the change of variable

Wn—1 S( /1 _ tg)n—l — yngl

Wn

it is easy to see, by direct computation, that equation (5.1) is equivalent to

fly =)

e\ (e 1
19(3)=<swn1> /0 m

which is an Abel integral equation of the form

\/Mx)/; Mgy

r—=y

S“’n—l)%

n—
2

dy

where

2 _ n—1
SWp—1 \ " T2 Wy n—1
o= (=) wm—&( ) o) = £,
An explicit solution is known for this kind of equations (see e.g. [14] using the Laplace transform

methods):

Ld [TV
rdz Jo Va—z

By z = zu and by derivation under the integral sign we have

(5.3) h(z) =

1tV ,
) = = [ L) + u )i

which is (5.2). O
Finally we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. Let ¢ and ¥ as in assumptions i), ii), iii) of subsection 3.2, with ¢ €
C1([0, +00)) and such that the map

1
to Ot) + 2

' (t)
is non-decreasing and concave. For any € > 0 consider the function f.: [0, +00) — [0, 4+00) given
by

¢ (1) if0<t<el,

(5.4) fe(t) =
ft —eB) +ep(e? 1) if t > &P,

where 8 € (0,1) and f is the solution of

9(s) = 2/01 f (””‘13(\/@)”1> dt, s>0

Wn

given by (5.2). The assumption on the map ¢ +— 9(t)+[(n—1)/2] t¥'(¢) implies (A1) with a. = &”;
it is easy to check (A2), (A3) and (A4). The conclusion follows from Theorem 3.1. O
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5.1. An explicit example. Consider 2 C R?, and the functionals with linear growth given, on
GBV(Q), by

F(u)—/ |Vu|dx—|—/ |u+_7zf‘d')"("il—&—|Dcu\(Q)
~Ja s, 1+ ut —u~| ’

u

proposed in [18] as a segmentation functional. In order to obtain the approximation of this
functionals we can apply Theorem 3.3 choosing ¢(¢) =t and f as in the formula (5.2) with

t
Ht) = —.
®) 1+t
Indeed one can easily see that the function
t 2t% + 3t
V() + = (t) = ——s
W+ 570 =507

is non-decreasing and concave.
Let us compute, in this case, the solution of the integral equation (5.1). Since

wo ™ 1

=y 0=y

=2
n ’ Wi 27

by formula (5.2) we easily get

(5.5) f(s)

_ L3+ smVh) ’
o VI—t2+msVE)?2
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