QUANTITATIVE AND EXACT CONCAVITY PRINCIPLES
FOR PARABOLIC AND ELLIPTIC EQUATIONS
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ABSTRACT. Goal of this paper is to study classes of Cauchy-Dirichlet problems which include
parabolic equations of the type

uy — Au = a(z,t)f(u) in Qx(0,T)

with  C R"™ bounded, convex domain and 7' € (0, +oc]. Under suitable assumptions on a and f,
we show logarithmic or power concavity (in space, or in space-time) of the solution w; under some
relaxed assumptions on a, we show moreover that u enjoys concavity properties up to a controlled
error. The results include relevant examples like the torsion f(u) = 1, the Lane-Emden equation
f(u) = w9, g € (0,1), the eigenfunction f(u) = u, the logarithmic equation f(u) = ulog(u?), and
the saturable nonlinearity f(u) = lﬁr—zu The logistic equation f(z,u) = a(z)u — u* can be treated
as well.

Some exact results give a different approach, as well as generalizations, to [42,43]. Moreover,
some quantitative results are valid also in the elliptic framework —Au = a(z) f(u) and refine [13, 32].
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1. Introduction

In the 1970s and 1980s, significant progress was made in understanding the convexity and
concavity properties of solutions to certain elliptic differential equations on convex domains and
Dirichlet boundary conditions. In the pivotal papers by Brascamp and Lieb [12] and Makar-Limanov
[58], the authors showed that solutions of the eigenfunction problem and of the torsion problem are

2020 Mathematics Subject Classification. 26B25, 35B09, 356B25, 35B99, 35E10, 35J60, 35K20, 35K91.

Key words and phrases. Evolutionary semilinear equations, Convexity of solutions, Perturbation results, Nonau-
tonomous equations, Uniqueness of critical point, Nondegenerate critical point.

Fundings. All the authors are members of INAAM-GNAMPA. M. Gallo is supported by INAAM-GNAMPA
Projects “Metodi variazionali per problemi dipendenti da operatori frazionari isotropi e anisotropi”, codice
CUP #E5324001950001#, and “Aspetti geometrici e qualitativi di equazioni ellitiche e paraboliche”, codice
CUP #E53C25002010001#. R. Moraschi was partially funded by PRIN 2022 project 2022R537CS NO?, CUP
F53D23002810006, granted by the MUR and funded by the European Union - Next Generation EU.

1


https://orcid.org/0000-0002-3141-9598
https://orcid.org/0009-0001-6049-5362
https://orcid.org/0000-0003-0858-4648

2 M. GALLO, R. MORASCHI, AND M. SQUASSINA

concave up to a composition, respectively, with the logarithm function or the square root function.
The seminal papers by Korevaar [51] and Kennington [49] gave a new boost to this research,
by introducing general concavity maximum principles to deal with general classes of equations.
We refer to [2,32] and references therein for a general overview on the topic. Let us mention,
among various mathematical applications, that in [64] the authors exploit the log-concavity of the
eigenfunction to show notable results about the eigenvalue gap, i.e. the difference between the first
and the second Dirichlet eigenvalue.

In the framework of parabolic equations and Cauchy-Dirichlet problems

up — Au = b(x, u,t) in Q x (0,7),
u=20 on 90 x [0,T),
U = Ug OHQX{O},

T € (0,4o0], several questions arise. A first problem is to study very particular examples of
b and discuss if, under suitable assumptions on ug, the solution u(z,t) becomes logarithmic or
power concave (i.e. log(u) or u® for some a > 0 is concave) after some amount of time (¢ > 0
or possibly ¢ > 0): these kinds of results are strongly related to the particular shape of b which
allows, for instance, explicit representation of the solution, and have been investigated for example
in [39, 54,55]. We highlight that these results allow, under suitable assumptions, to get interesting
properties also in the elliptic case, by considering the limit of u(x,t) as t — 400 which coincides
with the solution of the corresponding stationary problem.

A second question is the following: what is the optimal (in some sense) concavity on ug which is
preserved by the heat flow? In this problem, the logarithmic concavity plays a very special role.
This and similar questions have been addressed in a series of papers [41,44,45,46]. See also [17, 26]
for similar questions regarding power concavity and porous medium flow.

In this paper we are interested in a different question: under which assumptions on b and 1 can
we obtain that u(z,t) enjoys some concavity properties for each ¢ > 07 To the authors’ knowledge,
only few papers deal with this problem.

A first result can be found in Korevaar [51], where the author adapts the elliptic concavity
maximum principles to study classes of parabolic equations and show that, for example, the
parabolic eigenfunctions u(-,t) are spatially logarithmic concave for each ¢ € [0, T] if g is so. Let
us mention that in [6] a stronger notion of log-concavity is proved and it is exploited to prove a
sharp result on the eigenvalue gap; it is notable to observe that the technique adopted in [6] relies
on the introduction and analysis of some suitable multivariable function in a spirit relatable to the
one introduced in [49,51] and used in the present paper. Some partial generalizations of the results
in [51] can be found in [62] (see also [35]), by allowing the inclusion of other interesting models.
Other results are contained in [44] (see e.g. Proposition 4.2 therein) by means of spatial log-concave
envelopes as viscosity subsolutions of the problem and corresponding comparison principles; similar
techniques go back to [4] (see also [24]).

A second result, i.e. a parabolic generalization for equations in the spirit of the torsion and
Lane-Emden problems, which allows to obtain power concavity (stronger than logarithmic one),
appears first in [48]: here the author studies the case a = 1 and f(u) = (1—u)?, ¢ € (0,1), obtaining
that a suitable transformation of u is concave and thus u is quasi-concave (i.e., the superlevel sets
of u are convex). To gain the claim the author exploits again some concavity maximum principle
and he strongly uses that f(0) # 0 coupled with some comparison principle; moreover, he relies
on the information at infinity given by the stationary problem. Other results have been more
recently obtained in [42, 43] (see also [40]): here the authors rely on the use of parabolic concave
envelopes as viscosity subsolutions. In such a way the authors are able to study the concavity of
nondecreasing solutions with controlled behaviour on the boundary, in the case of nonnegative
nonlinearities satisfying a priori some comparison principle, set in smooth domains: for example,
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they cover the cases f =1, or a = 1 and f(u) = u4, ¢ € (0,1). Moreover, the authors study a
rescaled concavity in space and time, namely they show that (z,t) — u(x,t?) is power concave for
suitable values of £.

Aim of this paper is twofold. First, we aim to recover and slightly generalize the abovementioned
results, in a unified way, by means of parabolic concavity maximum principles. In particular,
to recover the results previously obtained through different techniques, we need a finer analysis,
especially regarding the boundary behaviour of the solution (including ¢ — +00). A second goal is
to derive quantitative estimates of concavity maximum principles, which will require a careful study
of the objects in play. For the sake of clarity in presentation, we describe first some applications of
the exact results (which are indeed a consequence of the quantitative estimates).

Notation. We say that u is a-concave if o > 0 and u® is concave, or o = 0 and log(u) is concave
(see (3.4)). Moreover, a solution of a PDE is meant positive when u > 0 in £ x (0, 7. For the sake
of simplicity, to say that u: Q x [0,T] — R verifies u(-,t) € C*(Q) for each ¢ € (0,T] (or t > 0 if
T = +o0) and u(x,*) € C*([0,T]) for each = € Q, we will simply write u € C¥(Q) N C}([0,T)).
Finally in what follows we use the convention, for the sake of simplicity, 1/ = +oc when v = 0.

We refer to the beginning of Section 3 for other notations.

We start with some examples which also cover results in [35,51, 62] and [44].

Theorem 1.1 (Weighted eigenfunctions and logarithmic equations). Let 2 C R™, n > 2, be a
bounded, smooth, strongly convex domain. Let T > 0, a: Qx(0,7] = R, ug € CHQ) with ug =0
on 0Q and u € C2(Q) N CHQ x [0,T]) be a positive solution of

ug — Au = a(z,t) f(u) in Q x (0,7,

u=0 on 092 x [0,T],
Dyu-v>0 on 92 x [0,T],
u = ug on Q x {0},

where v is the interior normal to 0S). Assume moreover that ug > 0 is log-concave in Q and one of
the following:

i) f(s) =s, and a(-,t) is concave for each t € (0,T];

it) f(s) =slog?(1+s) or f(s) = fi:z, q € (0,1), and a(-,t) is ﬁ—concave for each t € (0,T];

(
1) f(s) =slog(l+s), f(s)=slog(s) or f(s) = 18—_;, and a is a positive constant.
Then log(u(-,t)) is concave for each t € (0,T). Moreover, if a € C*1(Q x (0,T]) and u €

C*Y(Q x (0,T)), then log(u(-,t)) is strictly concave for each t € (0,T); as a consequence, for each
t € (0,T) the function u(-,t) has a unique, nondegenerate, critical point.

Theorem 1.1 is a particular case of the more general Corollary 5.3; we highlight that the method
allows a dependence of a both in z and ¢, and to choose a sign-changing in point (7) (which allows
to cover a broader range of applicative problems, see also Theorem 1.2 below). Moreover, we
highlight the information on strict concavity that we obtain. A generalization of Theorem 1.1 in
the sense of perturbed concavity is presented in Theorem 1.5 below and Corollary 5.6. We refer to
Remark 2.1 for some technical comments on Theorem 1.1.

As an additional example, we may consider logistic models of population dynamics in hetero-
geneous environments with lethal boundary. That is, the equation is governed by a logistic law
b(z,s) = a(z)s — s> where {a > 0} is the favorable habitat while {a < 0} is the hostile one, see
[7,15,60] (see also Remark 5.10 for bang-bang weights).

Theorem 1.2 (Logistic model). Let Q C R™, n > 2, be a bounded, smooth, strongly convex domain.
Let T >0, a: Qx (0, T] = R, ug € CL(Q) with ug =0 on 9N and u € C2(Q) N CL(Q x [0,T]) be a
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positive solution of
ug — Au = a(z, t)u — u? in Q x (0,7,

u=0 on 092 x [0,T],
Dyu-v>0 on 92 x [0,T],
u = ug on Q x {0},

where v is the interior normal to 0. Assume moreover that ug > 0 is log-concave in Q and a(-,t)
is concave in Q for each t € (0,T]. Then log(u(-,t)) is concave for each t € (0,T). Moreover, if
a € C?L(Q x (0,T)) and u € C>1(2 x (0,T)), then log(u(-,t)) is strictly concave for each t € (0,T).

Compared with [35,51,62], Theorems 1.1 and 1.2 point out some additional models and contain
some minor generalizations (e.g. the presence of the weight a(z,t)), which are not substantial but
allow us to give a more complete picture. We continue by presenting some examples, inspired by
[48], and which cover models presented in [42, 43].

Theorem 1.3 (Weighted Lane-Emden). Let Q C R™, n > 2, be a bounded, convex domain which
satisfies the interior sphere property. Let ¢ € [0,1) and v € [0,1]. Let u € C2(2) N CR(Q) N
CH(0,+00)) N C(Q x [0, +00)) be a positive solution of

up — Au = a(z)t"ul in 2 x (0, +00),

u=0 on 9 x [0, 4+00),

u=0 on Q x {0}.
Suppose a:  — R to be measurable and that there exists m > 0 such that a(x) > m for all

xe Q. Ifpel, %) N[1,2] and a is 6-concave with 6 > ﬁ, then u(-,+%) is %—concave. If

B e [1,min{%,2}] and a is constant, then u(-,%?) is 2i_ﬁq7—concave.

We notice that, if ¢ = 0, the condition a(x) > m > 0 above can be relaxed into a(z) > 0, see
Proposition 6.5; we highlight in Theorem 1.3 the possibility of the nonlinearity to vanish where
u = 0, which is a nontrivial improvement compared to [48]. Theorem 1.3 is a particular case of
the more general Corollary 5.18. We highlight that, whereas [43, Theorem 3] and [42, Theorem
4.1] rely on a priori assumptions on the solution w, in Theorem 5.16 and Corollary 5.18 we focus
instead on furnishing operative conditions to check on the nonlinearity. Notice that Theorem 1.3
somehow unifies [43, Theorem 5 and Theorem 6] (see also [42, Theorem 5.3 and Corollary 6.1]),
even if such generalization is not deducible from the arguments in [42, 43].

A quantitative version of Theorem 1.3 can be found in Theorem 1.6 below and Corollary 5.17.
We refer to Remark 2.2 for more technical comments on Theorem 1.3.

To mention another consequence of our general setting, we propose here the concavity of solutions
for nonhomogeneous nonlinearities. Let us mention that our approach allows to recover also the
quasiconcavity obtained by [48] (see Proposition 5.19 and the subsequent remark), and to treat
gradient-type equations (see e.g. Remark 5.5).

Theorem 1.4 (Sum of powers). Let Q@ C R™, n > 2, be a bounded, conver domain which satisfies the
interior sphere property. Let ¢ € (3,1) and p € (3q;1 ,q). Let u € C2(Q)NCLQ) NCL(0,+00)) N
C(Q2 x [0,+00)) be a positive solution of

up — Au = a(z)uP + ul in £ x (0,+00),
u=0 on 9 x [0, +00),
u=20 on Q x {0}.

Suppose a:  — R to be measurable and that there exists m > 0 such that a(x) > m for all

x € Q; assume moreover a to be 0-concave with 0 € [ﬁ, +00]. Then we have that u(-,*?) is
1—¢

5 -concave.



QUANTITATIVE AND EXACT CONCAVITY PRINCIPLES FOR PARABOLIC AND ELLIPTIC EQUATIONS 5

We postpone the discussion of the technical difficulties of Theorems 1.1-1.4 (and of the corre-
sponding generalizations Corollaries 5.3 and 5.18), see Remark 2.4.

As aforementioned, the second and main goal of this paper is to deal with quantitative versions
of the concavity maximum principles. Recently, quantitative versions of symmetry results have
been considered for example in [5, 21,29, 33]; we mention also [22,27] where the error from bubble
functions is quantified in Sobolev critical equations. In the realm of concavity properties, instead,
similar results have been recently investigated in the elliptic case in [13] (see also [3,32]); such
estimates are made in terms of some parameter of the weight a(x): more precisely, in these papers
the authors show that, if a is close to a constant function, then some power of u is close to a
concave function, up to some explicit error. We mention also the recent [36] where a concavity
result is obtained for problems with small perturbations, by exploiting the strong log-concavity of
the eigenfunction.

In this paper, we deal with estimations of the (space) concavity function of a solution v (see

(3.5))
Ch(x1, w3, \,t) := v(xa,t) — Av(x3,t) — (1 — Nv(xq, 1),

or the (spacetime) concavity function
Cv(xl, xr3, tl, tg, )\) = ’U(Z'Q, tg) - )\U(I‘g, t3) - (1 - )\)’U(.’El, tl),

where x1,z3 € Q, t1,t3 € [0,+00), A € [0,1] and 2 = Ax3 + (1 — N)x; and to = M3 + (1 — N)ty;
notice that C, > 0 if and only if v is concave. Our goal is, as already anticipated, to generalize
the abovementioned results also to the parabolic setting, which seems to be new in the literature.
As a consequence of our general results, we get in particular the following statement. Here
f~ = max{0, —f} stands for the negative part of a function f, while osc(a) := sup(a) — inf(a)
stands for the oscillation of a.

Theorem 1.5 (Quantitative concavity, I). Let Q C R™, n > 2, be a bounded, smooth, strongly
convexr domain. Let T > 0, a: Q x (0,T] — R bounded, ug € C1(Q) with ug = 0 on 9 and
u € C2Q)NCLQ x [0,T]) be a positive solution of

up — Au = a(z, t)u in 2 x (0,77,

u=20 on 092 x [0,T],
Dyu-v>0 on 9 x [0,T],
u = ug on Q x {0},

where v is the interior normal to ). Assume moreover that ug > 0 is log-concave in Q. Then

inf Cr > —eT su c* - .
axax(o1]x[o7] W = QXQX[O,EX(O,T]( a("*))

In Theorem 1.5 one may consider also other nonlinearities, like the ones in Theorem 1.1 (see
Corollary 5.6). Moreover, if ug is not assumed to be log-concave, then an additional error related
t0 Ciog(uy) apPpears (see Remark 5.2).

Theorem 1.6 (Quantitative concavity, II). Let Q@ C R", n > 2, be a bounded, conver domain
which satisfies the interior sphere property. Let q € [0,1). Let u € C2(2) N C(2) N CH((0,+00)) N
C(£2 x [0,+00)) be a positive solution of

up — Au = a(z)ul in  x (0, +00),
u=0 on 082 x [0, +00),
u=0 on Q x {0}.



6 M. GALLO, R. MORASCHI, AND M. SQUASSINA

Suppose a: 2 — R to be measurable and 0 <m < a < M. Then u is increasing in time and

, (L1)

1— 2
min C 14> —||u(-,oo)HLZq(Q)OSC(a )

QXX [0,400] X [0,400] x[0,1] ¥ Z m?
where u(-,00) is the solution of the corresponding stationary problem.
If moreover 0 > 1 and m? > M9/2, then
i C oy =~ Ll o0) | 25 @ 1)
min 01— > ————||u(-, 00)|| % sup . .
QxQx[0,4-00]x[0,4-00] x[0,1] u 2é+(11 0+1m L=t Qx0x[0,1] a’

We refer to Remark 2.3 for some additional comments. We highlight that estimate (1.1) in
Theorem 1.6 is slightly finer if compared with the ones obtained in the elliptic setting in [13, 32].
Moreover, the estimate (1.2) does not involve the oscillation of a and is totally new, even for the
elliptic setting. Indeed, some results of this paper can be easily adapted to the elliptic framework,
allowing to improve and generalize some previous results [13,32]. By way of example, with the
same techniques, we obtain the following statement. We leave the details to the interested reader.

Theorem 1.7 (f-concavity estimate). Let Q C R™, n > 2, be a bounded, conver domain which
satisfies the interior sphere property, and let ¢ € [0,1). Let u € C*(Q)NCY(Q) be a positive solution

of
—Au = a(x)u? in Q,
u=0 on O0S.
Suppose a: Q — R to be measurable and 0 < m < a < M and 1 < 0 < log(2)/log(X). Then

0 1 f1-q) 1/6
_min Coang 2|l sup (€)Y
QxQx[0,1] w 1720 1+0m QxQx[0,1]

As already mentioned, the main tool of this paper is composed by concavity and harmonic
concavity mazximum principles, which allow to give an estimate on the concavity function C, of a
solution of a general PDE in terms of the concavity /harmonic concavity function of the nonlinear
term (see Definition 3.7). The equations treated do not rely on the boundary conditions and can
have a very general form (see Theorems 4.1, 4.4), and in particular include the equations satisfied
by v =log(u) or v = u®, a € (0,1), where w is the solution of the equation of interest. We highlight
that the concavity principle approach is flexible since it can be used, for example, to deal with weak
solutions of quasilinear equations, see [11,32,57] (see also Remark 5.10 for another nonsmooth
setting), and thus possibly useful for treating p-Laplace parabolic equations.

We refer to Remark 2.4 for some technical comments on the proofs and corresponding difficulties
and novelties.

The paper is organized as follows. In Section 2 we collect some remarks on the main theorems
and on the proofs, while in Section 3 we recall some basic facts on parabolic equations, and we
introduce the main assumptions that we will require on the nonlinearity. Moreover, we recall
notations and properties about concavity functions; more technical results are instead collected
in Appendix B. Section 4 is devoted to the proof of the main concavity principles, which take
into account only the PDE and not the boundary/initial conditions; these theorems will lead both
to exact and quantitative results. In particular, we show both concavity principles in space (in
presence of nonlinearities which are concave but not necessarily decreasing, and set in (0,7]) and
in space-time (in the case of harmonic concave and decreasing nonlinearities set in (0, +00)); the
latter will require the use of the harmonic concavity function. In Section 5 we take into account
the boundary conditions and the initial condition, employing a suitable analysis of the solution and
of the concavity function near the boundary of the parabolic cylinder; this analysis exploits also
comparison principles and Hopf lemmas which are collected in Appendix A. Some applications and
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examples follow, including the proofs of the main theorems presented in the introduction. When
the nonlinearity does not depend on u, finally, we present some further results (both simplifications
and improvements of the previous ones) in Section 6.

2. Some remarks on the theorems

We collect in this section some technical comments on the main theorems and on the proofs and
difficulties of the present paper.

Remark 2.1 (On Theorems 1.1 and 1.2). We observe the following facts.

e Once concavity is obtained, the strict concavity of solutions is usually gained, in elliptic
PDEs, through the use of a constant rank theorem. Parabolic versions of the constant rank
theorem have been obtained in a space version in [8,14], and in a spacetime version in
[18,19] (see Proposition 3.11). We mention that, in our case, the conclusion for the weighted
eigenfunction (case (7)) can be obtained in a more straightforward way by assuming a
strictly concave in z (and no additional regularity), see Remark 5.4; similar properties
appear in [10] in the setting of periodic solutions.

e The condition D,u-v > 0 already appears in the papers [35, 51]; we point out the requirement
also in t = 0 (that is, ug € C1(Q) and D ug - v > 0) which, as highlighted in [35, Section 6],
is essential but erroneously neglected in previous papers; in the same section, the authors
provide an approximation process in order to avoid this restriction in zero (in particular,
allowing ug € C(Q)). Moreover, in [35, Remark 2, page 7] the authors comment the validity
of such condition for general classes of nonlinearities. For example, assume a > 0 and
Dyug-v > 0. Then f(s) > 0 is sufficient to ensure this condition thanks to the parabolic
Hopf Lemma A.4; this covers almost every case of Theorem 1.1. To treat f(s) = slog(s),
assuming moreover M > a > m > 0, we see that it is sufficient to choose ugy such that
ug > w where w is a positive solution to the stationary problem —Aw = f(w) which, by
[65, Theorem 2] verifies Dyw - v > 0; then a comparison principle and u = w = 0 on 99
imply Dyu-v > Dyw-v > 0.

e The requirement on the smoothness of © (not required in Theorem 1.3 below) is here
related to the control of the concavity function of log(u) near the boundary, by means
of the positivity of the curvatures. Anyway this condition can be relaxed through some
standard approximation of the domain €2, see e.g. [11,32].

e We highlight that the logarithmic equation f(s) = slog(s), being superlinear and sign-
changing, is a problem not easy to tackle in the elliptic framework, see [31]; in the parabolic
framework, on the other hand, it can be addressed through a suitable drift in time (see
(4.5)). Notice moreover that the result is obtained on [0, 7] and, generally, the solutions of
this problem do not converge to the one of the stationary problem (see Remark 5.7), thus
it is not straightforward to obtain the elliptic result from the parabolic one.

Remark 2.2 (On Theorems 1.3 and 1.4). We observe the following facts.

e We see that the exponent a = % is consistent with the results in [32,49], where
a= (;(9_-3)16 if the problem is elliptic (and thus v = 0), and in [42,43], where o = W

if the nonlinearity does not depend on u (i.e. ¢ =0).

e The initial condition u(-,0) = 0 appears also in [42,43, 48], and we mention that, for such
a sublinear problem, nontrivial solutions generally may exist (see Remark 3.1). See also
Remark 5.26 for some comments on the case u(-,0) # 0.

o If u is nondecreasing in time (and this is the case of our setting, see Theorem 5.16), then if
u(-,%P1) is a-concave then u(-,+%) is a-concave for all 8o < f31, see [43, Section 2, Property
(e)] (see also (3.7)).
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Remark 2.3 (On Theorems 1.5 and 1.6). We observe the following facts.

e In Theorem 1.6 we observe that [[u(-,00)||r=(q) could be bounded in terms of known
quantities of the problems, i.e. n, |Q|, ¢, m and M, see e.g. [21, proof of Corollary 1.4(b)].

e In Theorem 1.6 the condition m? > M? /2 comes into play in showing quantitative concavity
properties of products (see Proposition B.1), but we believe it is technical.

Remark 2.4 (On the proofs). As mentioned in the introduction, differently from [42,43, 44], our
proofs rely on concavity maximum principles, which allow also to keep track of the concavity error.
Such maximum principles require that the minimum of the concavity function is in the interior
of the domain: to ensure such a property we will exploit both the information at the boundary
0 x [0,4+00) and the information at  x {0}; when treating equations in (0, 400), we will exploit
also the information on the stationary problem (i.e. ¢ = +00) (see Section 5.2). When a(z,t)
depends on ¢ in a coercive way (for instance, a(z,t) = a(x)t”) we also implement a truncation
argument in order to be able to compare the problem with a stationary one at infinity (see Remark
3.6). In such a way, we control all the information on 9(€2 x (0,+00)) and we can apply the
concavity maximum principles. We notice that, when dealing with T' < 400, the nonlinearity is
concave and concavity is discussed only in the spatial sense, no a priori information on v in t =T
is needed. To further treat equations like the logarithmic one, we need to implement a correction
in time of the type e#!, u large, which allows to decrease the monotonicity in u of the nonlinearity
involved, recovering the nonincreasing monotonicity which is needed for the argument (see (4.5),
(4.3) and (4.7) in Theorem 4.1).

To gain the above results, we make some technical assumptions: on the nonlinearity b(z, s, t)
we require some conditions to ensure that u(z,-) is monotone nondecreasing, and it converges to
the stationary problems (see conditions (H2), (H3) and (¢)—(7v) in Remark 3.3). Moreover, we
need to ensure the validity of some comparison principles (notice that b(x,-,t), in this setting,
cannot be generally assumed locally Lipschitz) and that « can be compared through such a tool
with some suitable known subsolution, whose behaviour near t = 0 and near 952 is known (see
conditions (H1)-(H2)); in particular we highlight that, compared with [48], the nonlinearities of
interest in this paper vanish at zero, thus a finer analysis is needed. We notice again that, when
logarithmic transformations are considered and the concavity is discussed only in the spatial sense,
then the analysis on the boundary essentially relies on the strong convexity of the domain. Finally,
in order to adapt the above proofs to some quantitative version and keep track of all the interested
quantities in play, a finer and technical analysis of the relations among concavity and harmonic
concavity functions is needed (see Appendix B).

3. Preliminaries

In what follows, we will denote by 2 C R™ an open, bounded and convex domain. By smooth
we will mean 9Q € C%?, while by strongly convex we will mean that the second fundamental
form with respect to its interior normal is positive definite everywhere. We moreover recall that
Q) satisfies the interior sphere condition if for all x € 92, there exist y € Q and r > 0 such that
B,(y) CQ and = € B, (y). We set dq(z) := dist(z, 092) and

Q,:={x e Q:do(zx) > p}
for p > 0. We also denote f* := max{0, f} and f~ := max{0, —f} the positive and negative parts
of a function f: Q — R, so that f = f* — f—, and by
osc(f) :==sup f —inf f
Q Q

the oscillation of f, whenever well defined.
In the whole paper, - represents spatial dependence and x time dependence, e.g. we write u(-, %)
for u: Q@ x [0,7] — R.
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We finally denote
Du := (Dyu, 0pu) = (Dyu, ug)

where D, is the spatial gradient and 9; is the time derivative of u; in this regard, we will often
decompose vectors as p = (p,p"t!) € R® x R = R+,

3.1. On parabolic equations
In this subsection we recall some facts on the parabolic problem

uy — Au = b(x,u, Du,t) in Q x (0,400),

u>0 in 2 x (0, +00), (3.1)
u=0 on 99 x (0, 4+00), '
u = up on  x {0},

where b: Q x R x R*" x R — R.

Remark 3.1. We briefly comment existence and regularity results for problem (3.1) when
b(z,s,p,t) = a(x)f(s) and up = 0. Assumed a € C(Q) N C?(Q), o € (0,1], a £ 0, a > 0,
f € C([0,400)), nondecreasing, f(0) = 0 and f > 0 on (0,4+o00) we have that (3.1) admits a

nontrivial solution if (and only if) (see [30, Theorem 1.5, [53, Corollary 2.6])

g
1
ds < +o0o for some € > 0.
/0 f(s)

Observe that f(s) = s? with ¢ € [0, 1) satisfies such condition. For regularity results we refer again
to [30,53]. For local and global existence in the case ug # 0 see e.g. [47, Lemma 3.5 and Theorem
2.1]. We further mention the existence of weighted eigenfunctions with periodic conditions, see
[25, 34] and references therein; see also Remark 5.7 for some comments on the logarithmic equation.

To give concavity information on the boundary of (0, 400), and in particular for ¢ = 400, we
need to be able to compare the evolutive problem with the stationary one. We give thus the
following definition.

Definition 3.2. Let Q C R" be open and consider u: 2 x (0,+00) — R such that (3.1) holds. We
will say that b satisfies the parabolic stability condition if

A lu(t) = vll (@) =0 (3:2)

for some v: 2 — R solution of

(3.3)

—Av = b(z,v, Dyv,00) in Q,
v=20 on 0f2;

here b(z, s,p, 00) 1= tlﬂn b(z,s,p,0,t) is assumed to exist for all (z,s,p) € Q x (0, +00) x R*H1,

where p = (5, p"t1).

Remark 3.3. We briefly comment the validity of the parabolic stability condition: in [1, Theorem
1.1] it is proved that such property is satisfied by the power b(z, s, p,t) = |s|7"!s where 0 < ¢ < 1.
Other examples can be deduced by [47]: suppose indeed that b(z,s,p,t) = b(x, s) satisfies the
following facts

i) be C(AXR)N Cfe.(R) for some o € (0,1) and b(z, -) is odd for each = € {;

it) there exists C' > 0 such that

|b(z,s)| < CO(|s|7+1) forseR, z€Q,
where ¢ > 1ifn=1,2and q € (1, ;7%5) if n > 3;
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117) it holds
. b(x, s
lim sup | max b, 5) < A1,
|s|]—+o00 \ €N S

where )1 is the first eigenvalue of the Laplacian.
Then, for any ug € HZ(£2), [47, Theorem 2.1] states that the orbit of u(-,t) for all ¢ € (0, +00) is
relatively compact in C1?(Q) for some # € (0,1), and the limit points are stationary solutions.’
Suppose moreover that
iv) s € (0,400) — @ is strictly decreasing for each z € Q

so that the limit problem (3.3) admits a unique solution v by a Brezis-Oswald result (see e.g. [32,
Lemma A.1]), then u(-,¢) — v in C*?(Q2), which in particular implies (3.2). Notice that, if (i) and

(iv) hold, then (¢i7) means infgg (maxxeﬁ @) < A1
Some functions that satisfy (i)-(iv) are given by b(z,s) = a(z)f(s) with f(s) = |s|91s or
f(s) = —slog|s|, and a € C () is positive. Moreover, also the sum of these functions satisfies

(7)—(iv). The nonlinearity b(s) = (1 — s)9, g € (0,1) (see [48]), does not verify (i), but nevertheless
verifies the parabolic stability condition when ug = 0: this can be shown in a standard way, once
observed that 0 < u(z,t) < v(z) < [Jv|[f () < 1, where v is the unique positive stationary solution,
that u; > 0 by Corollary A.3, and that standard parabolic estimates hold.

Our problems will often involve a nonlinear term b = b(x, s,t); we present here some main
assumptions for b: © x (0,+00) x (0,400) — R.

(H1) There exists T >0, M >0, k >0, g € [0,1), and ~ € [0, 1], such that

b(x,s,t) > kt"s? for all (z,s,t) € Q x (0, M] x (0,T].
(H2) There exists T" > 0 such that b(-, s,) is measurable and nonnegative for (s,t) €
(0,400) x (0,T"), and for all M > 0 there exists L = L(M,T) > 0 verifying

b(x,s,t) —b(z,r,t) < —(s—7r) forall0<r<s<Mand (z,t) € Qx (0,7].

~ |

(H3) The function b(z, s, -) is nondecreasing for each (z,s) €  x (0, +00).

With no loss of generality, whenever assumed together, we can choose the constant 7" in (H1)-(H?2)
to be the same. In practical situations, the constant M in (H2) will actually be given by the
L*>°-norm of the solution involved. Moreover, since we will apply (H 1) only for small values of ¢, if
ug = 0 then for ¢ small [u(-, )|~ (o) can be chosen to be smaller than the fixed M in (H1) (see
also condition (H1%)).

Remark 3.4. Observe that the function b(x, s,t) = a(x,t)s?, with ¢ € (0,1) and a € L*(Q2 x R)
nonnegative, satisfies (H2). Indeed, for each 0 < r < s < M by Lagrange theorem there exists
€ € (r,s) such that

b(x,s,t) —b(z,r,t) = alx,t) ’ (s —r).

qs? q
s—1) < HaHooT(s —7) < lalle

q
G
Notice finally that (H2) is closed under summation.

Remark 3.5. In our arguments, it is possible to substitute (H2) with the following:

L We are confident that this relative compactness to stationary solutions — which is weaker than the parabolic
stability condition, and does not require (i) below — is sufficient to prove Theorem 5.16. On the other hand, in
order to make use of the notation v(-,00) and keep the presentation simple, we prefer not to improve the generality
of the result.
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(H2*) There exists T > 0 and w € [1,1] such that b(-, s, ¢) is measurable and nonnegative
for (s,t) € (0,400) x (0,7, and for all M > 0 there exists L = L(M,T) > 0 verifying
b(x,s,t) —b(x,r,t) < L(s—r)" forall0<r<s<M,zeQandte (0,T).
Notice that any w-Holder function with w € [3,1] satisfies (H2*); moreover b(s) = /s[1 — s]
satisfies (H2*) but not (H2). On the other hand, from a practical point of view related to the

applications in the present paper, we see that (H2*) is somehow stronger than (H2), since b(s) = s?
with ¢ € (0, 3) satisfies (F2) but not (H2*). See also Remark 5.26.

Remark 3.6. We see that fixed 7' > 0 and set
b t for t € [0,T
br(a,s,8) 1= {00 T) ot e 0. T)
b(x,s,T) for t € [T, +00),
then, if b satisfies (H2) (resp. (H3)), then by satisfies (H2) (resp. (H3)) as well. As a consequence

of the uniqueness result in Proposition A.1, since b and by coincide for ¢t € [0,T], we see that
positive solutions of

up — Au = b(x,u,t) in Q x (0,400), vy — Av = bp(x,v,t) in Q x (0,+00),
u=0 on 0% x (0, 00), v=20 on 09 x (0, 00),
U = U on Q x {0}, v = ug on Q x {0},

coincide on [0,7]. As a consequence, to study (exact) concavity of the first equation, we can study
concavity of the second one and obtain the result thanks to the arbitrariness of T. Notice that the
second problem has the advantage of possibly satisfying the parabolic stability condition even if
b(x,s,t) — +oo as t — +oo (for instance, b(z, s,t) = t7a(x)s?). Indeed, consider v solution of the
second system and define 0(z,t) := v(z,t + T'). Then v satisfies

Oy — AV =bp(z,0,t+T) =b(z,0,T) in Q x (0,+00),
=0 on 99 x (0, 00),
o =v(T) € H} () on Q x {0}.

Thus, if b(z, s, T) satisfies the parabolic stability condition and o(-,¢) — v uniformly, v solution
of a stationary problem —Av = b(z,v,T), then v(-,t) — v uniformly as well, and thus bp(z, s,t)
satisfies the parabolic stability condition as well.

3.2. Power concavity and concavity functions

Let us recall some notions about a-concavity, see [49] for details.

Notation. Throughout the paper, whenever z1, z3 are picked in a convex domain together with
a A € [0,1], we will denote by z9 the convex combination

2o = Azg + (1 — M)z,
Moreover, whenever a function g is in play, we will denote
gi =9g(z;) fori=1,2,3,
if it creates no ambiguity. Finally if z € R™, then 2’ denotes the i-th component of z.

Let o € [—00,400]. We recall that a nonnegative function u:  — R is a-concave if

u 1S constant if @ = 400,

u® is concave if 0 < @ < +o0,

log(u) is concave if =0, (3.4)
u® is convex if —oo<a<,

{z € Q:u(x) >t} is convex Vit € R if @ = —o0;
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if —o0o < a < 0 we additionally require © > 0. Moreover, we say that u is log-concave if it is
0O-concave and quasi-concave if it is (—oo)-concave.

With the aim of treating perturbations of concavity, we introduce two operators which allow to
quantify the concavity of a function.

Definition 3.7. Let u: Q x (0,4+00) — R, then for each x1,z3 € Q, t1, t3 € (0,+00) and A € [0, 1],
the concavity function C, is defined as

Cu(zy, 3, t1,t3, ) := u(xa, t2) — Au(xs,t3) — (1 — Nu(z1,t1) (3.5)

where we recall zo = Azg + (1 — \)zy and to = Az + (1 — \)ty.
Let g:  x (0,+00) — R, then we introduce

Dom(HCy) = { (1,23, 51,53, 1) € Q x Q x (0, 400) x (0,400) x [0,1] |
Ag(w1,81) + (1= N)g(w3,s3) >0 or g(z1,s1) = g(xs,83) = 0}

and the harmonic concavity function HC4 defined on Dom(HC,4) by

g(x1,51)9(ws3, 83)
)\g(xl, 81) + (1 — )\)g(:cg, 53)

if Ag(w1,81) + (1 — N)g(x3,s3) > 0,

g(x% 32) -

Hcg((xlv 31)7 (-’E3, 83), )\) =

g(x2, 52) if g(z1,51) = g(x3,s3) = 0.

We say that g is harmonic concave if HCy; > 0 on its domain. Notice that, if g > 0, then
Dom(HCy) = Q2 x Q% (0, +00) x (0, +00) x [0, 1]; moreover, if f > g, then Dom(HC4) € Dom(HCy).
Finally, if ¢ > 0, then the harmonic concavity is equivalent to the (—1)-concavity in (3.4), while if
g < 0 then g is always harmonic concave being Dom(#HC,) = 0.

Remark 3.8. In the rest of the paper, we will implicitly assume that the computations involving
HC, are made in the points of its domain.

We have [13, page 4]
HC, > Cy, (3.6)
and, for any § € (0, 1], (see [43, equation (2.2)])

ch(.7*3) (xla €3, tla t37 )\) Z ch(,*) (:Bla €3, tfa tg: )‘) (37>

We highlight that C and HC measure the concavity also with respect to . When the concavity in
time is not taken into account, we consider

CZ(:L’l,:L'g, )\,t) = Qm(t) — )\U3(t) — (1 - /\)ul(t),
where
ui(t) = u(z;, t).

Notice again that C* differs from C since there is no variation in time. Straightforward generalizations
of the previous definitions will be used. Additionally, we will use the following notation.

Notation. We will write, for g: 2 x (0, +00) x (0,4+00) = R and u: Q x (0, +00) — R,
Cotu(-m)0) (@13, A 1) :=Cy(21, 23, u1 (1), us(t), A, )
=g(z2, Muz(t) + (1 — Nui(t),t) — Ag(w3, us(t),t) — (1 = N)g(z1, ui(t),t)
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and
Hcg(~,u(-,*),*) (xla x3,t1,13, )\) ZZ’HCQ(.%'L T3, u1,us,t1,1ts, )\)

g(x1,ui,t1)g(xs3, us, t3)
Ag(zy,ur, tr) + (1= N)g(3,usz, t3)’

=g(w2, Aug + (1 — Nuy, t2) —

whenever (z1,z3,u1,us,t1,t3,A) € Dom(HC,).

In what follows, for the sake of brevity, we adopt the conventions 0~} = 400, (+00)~! = 0 and
0% = 1. We recall results from [49, Section 2 and Lemma A2, [48, Lemma 3.2].

Proposition 3.9 ([48,49]). Let u: Q@ — R be a nonnegative function, and recall notations in (3.4).

i) If u is a-concave and < «, then u is [f-concave.
ii) Let u be quasi-concave. Set a(u) :=sup{fS € R: u is f-concave}, we have that u is a(u)-
concave.
iti) For a > 1, the ai-concave functions are closed under positive addition and positive scalar
multiplication.
) If a, B € [0, +00], u is a-concave and v is -concave, then the product uv is y-concave for
e S e
v) If w is harmonic concave, then w — k is harmonic concave for each nonnegative k € R.
vi) If u is concave and u > 0, then x — % is convet.
In Appendix B we show some generalizations of Proposition 3.9 (iv), (v) and (vi) in terms of the
concavity and harmonic concavity functions.
Furthermore, we recall the following classical result [38, Theorem 2].

Proposition 3.10 (Hyers-Ulam, [38]). Let X be a space of finite dimension and K C X convez.
Assume that f: K — R verifies, for some § > 0,

Cr>—06 in K x K x|[0,1].
Then there exists a concave function g : K — R such that
1f = gllzoo(x) < End,
where ky, > 0 depends only on n = dim(X).
We highlight that the optimal constant k, has been explicitly estimated, for instance by [38]

and [52] we know that 1logy(%) < k,, < Z((Zﬁ’)) . Notice that X can be chosen as the minimal

hyperplane containing K.

We finally state the following constant rank theorem, consequence of [14, Theorem 1.5], [8,
Theorem 1.2], and [18, Theorem 1.3], [19, Theorem 1.3].

Proposition 3.11 (Constant rank theorem). Let B < C*1Q x R x R* x (0,T]) and w €
C*Y(Q x (0,T)) be a spatially conver solution of

wy — Aw = B(x, w, Dyw,t) in Qx (0,T) (3.8)

and assume A(-,-,p,t) locally convex for each (p,t) € R™ x (0,T). Then, for each t € (0,T), the
rank of D2w(-,t) is constant. Moreover, called £(t) such value, we have that t € (0,T) — £(t) € N
is nondecreasing. N

If moreover w is spacetime-conver and A(-,-,p,-) locally convex for each p € R™, then the same
conclusion as above applies to D*w(-,t).

Remark 3.12. We observe the following facts.
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e The above result will be applied in the following way: let u be a solution of our Dirichlet
problem, and v = (u) its concave transformation. Then w := —v is convex and satisfies an
equation as (3.8). By [31, Proposition 2.6] and the Dirichlet boundary condition, for each
t the matrix D2w(-,t) has full rank in a point (equal to n). Thus, by the above constant
rank theorem, it is maximum in the whole €2, and hence here w is strictly convex for each t.
That is, v(-,t) is strictly concave for each ¢.

If w is also spacetime-convex, then D?v(z,t) has constant rank for each ¢, and it can be
equal to n or n 4 1; more precisely, by the monotonicity, it is equal to n in (0,¢y) and equal
ton + 1 in (ty, +o0) for some tg € [0, 400].

e In the elliptic case [50], the condition @(, -, P, ) convex can be substituted by @(, “Dy)
positive and harmonic convex: as highlighted in [9], this is essentially related to the fact

that the equation 0 = Aw + %B(x,w, Dyw,t) =: F(D?w, x,w, D,w,t) can be rewritten as
_ 1, 1 . (D2 s :
0=x,+ SewDml) F(DZw,x,w, Dyw,t). This is clearly not the case for parabolic
equations wy; = F(D2w, z,w, D,w,t); this is the reason why we obtain the strict concavity in
Theorem 1.1 but not in Theorem 1.3. A weaker parabolic counterpart of this generalization

can anyway be found in [9, Theorem 2.3].

4. Concavity and harmonic concavity maximum principles

In this section we present two maximum principles in the concavity framework, namely Theorem
4.1 and Theorem 4.4.

We start by showing Theorem 4.1, a maximum principle which allows to relate the interior
minimum of the concavity function of a solution v to the concavity function of the source; in
applications, v will be the transformation of a solution of a PDE. In this section we consider a
generalization of the result by Korevaar [51], by dealing with equations which may include weighted
eigenfunctions uy — Au = a(z,t)u. Differently from [51], the corresponding % is not required
to be nonincreasing w.r.t. the solution v; actually, we will allow Js% to be also positive, but
bounded, in the spirit of [62] (see also [35]): this permits to study also equations of the type
up — Au = a(z, t)ulog(u) (see [31]). In these results, we look at some concavity of %, and we study
concavity of w in z for each t.

We recall the notation p = (p,p"!) € R*H1.

Theorem 4.1 (Concavity maximum principle). Let T > 0 and v € C2(Q) N CL((0,T]) be such that

n
- Z aij(DmU,t)D?jv = B(xz,v,Dv,t) in Q x (0,T]
ij=1

where B: Q0 x R x R x (0,T] — R locally bounded and (a;j(P,t))ij is symmetric and positive
definite for all (p,t) € R™ x (0,T). Assume that (s,p" ') € v(Q x [0,T]) x R — &(z,s,p,p" 1)
is differentiable for all (z,p,t) € Q x R™ x (0,T]. Let u € [0,+00) and suppose e **¥)C* admits a
negative interior minimum at (x1,x3, A\, t) € Q x Q x [0,1] x (0,T]. Then

€ := Dyv(z1,t) = Dyv(xg,t) = Dyv(xs, t). (4.1)
Assume moreover

8pn+1<@ S O (42)

and that there exists o > 0 such that*

Os B + pOpn1 B < —o < 0. (4.3)

2 Tt is indeed sufficient to assume (85,% + p(’)pn+19£’) (xz, 2,&,¢, t) < —o for any z € [v2(t), Avs(t) + (1 — A)v1(t)] and
C € [ve(x2,t), Ave(zs, t) + (1 = Nve(z1, 1))
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Then

‘ —uer) > € e
mfx(OT} (e cr ) C x1,x3, A, t).

QXQX[O,” g ( 1}( )gvvt('z*)v*)(
As a consequence, set p := min {d(x1,00),d(xs,00Q)} > 0, we have

inf Ch > —ﬁ sup (C* : )_ (4.4)
2xQx[01x(0T] * T 0 g xq,x[04]x(0.7] © 20 UHEvelx)%)
Proof. Let us perform a drift in time and define
w(x,t) == e Moz, t) (4.5)
which satisfies
- z": aij(e" Dyw, t)ijw = e M B(x,e'w, e Dyw, e (pw + wy), t)
ij=1
=: @(x,w,Dw,t) in Q x (0,77.
Notice that
(8pn+1<§)(x, 8,p,t) = (Opn+1.%) (z, es, et p, et (s 4 ppy), t),
(85@)(3:, 5,0, t) = (058 + pOyn1 %) (z, es, etp, et (s 4 ppy), t),
thus assumptions (4.2) and (4.3) read N
Opn+18 <0 (4.6)
0.8 < —0 <0. (4.7)

We notice that (x1,z3, A\, t) is an interior minimum for C}; since it is an interior critical point (with
respect to the spatial variable), we obtain

¢ := Dyw(x1,t) = Dyw(xo,t) = Dyw(x3, t),
and thus (4.1) holds, with £ = e#¢. Exploiting that it is an interior minimum (thus the Hessian

matrix with respect to the spatial variable is positive semidefinite) and the positive definiteness of
aij(e"€,t), by [49, Lemma A.1] we obtain

Z a;j(e HEE ¢ )D aw(ze, t) — A Z a;j(e (eMét) D Jw(rs,t) — (1= A) Z aij(e“té,t)ijw($1,t) >0
ij=1 ij=1 b=l

and thus, by the equation,
@(.’E27 w2(t)7 57 wt(x27 t)a t) < /\@(373, w3(t)7 ga wt(xfﬂv t)? t) + (1 - )‘)@(xla wl(t)a Ev wt(xlv t)a t)

Subtracting @(a:g,)\wg(t) + (1 = Nwi(t), €, Mwg(z3,t) + (1 — Nwy(z1,t),t) on both sides and
applying Lagrange theorem, we know that there exists z € [wa(t), Aws(t) + (1 — A)wi(t)] and
¢ € [wi(xa,t), Mwi(z3,t) + (1 — XN)we(xq,t)] such that

stpnﬂﬁ(xg,z,ﬁ_,g,t) (Co (1, w3, A 1), OCor (w1, w3, A, 1)) < —CL%;(.M(.’*)75_’%(_7*)7*)(

Using that (x1,z3, A\, t) is a minimum (with respect to the time variable), we obtain
0Cr (21,3, t) <0,
which plugged in the previous inequality together with (4.6) implies
8s§(x2,z,g, ¢, t)Co(x1, 23, A\, t) < C*

a:l,xg,)\,t).

Bes0(eo8) Eown (1) ) (F1 T8 Ao E)-

y (4.7) and C} (x1,x3, A, t) < 0, we achieve

—oCp (z1, 23, A\, 1) < —C%

B(-w(-%),Ewi (%) %) (:Ul’ 3, )\’ t) (48)
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and thus
—put

_ e
e MCh (21, 23, A, t) > ?C_;—» r1,23,\,t)

('7’”('7*)757’”75('7*)7*)(
which is the first claim. As a consequence

—ut _
it —uH)ex) > € c* N
AxOx[01)x(0.7] (e ”) T o mepil[g)l]x(o,ﬂ( %("”("*)’f’”t("*)’*))
1 . -
2 o Sup (C%("U('v*)ﬂgmt('7*))*))

0 Q,xQ,x[0,1]x(0,T]

and hence the second claim, observed that (recall that info, oy (0,17 (0,7] (e‘“(*)C;) <0)

inf C, = inf (e“(*)e*“(*)CZ) > etT inf (e*“(*)CZ) . O

QxQx[0,1]x(0,T7] QxQx[0,1]x(0,T7] QxQx[0,1]x(0,T7]
Remark 4.2. We observe that the quantity p given in Theorem 4.1 and appearing in (4.4) is
generally not known: indeed, it is related to the localization of the minimum of the concavity
function, which is not an easy task even in simple elliptic equations in simple domains. Since,
without any additional information on the equations and on the boundary conditions, the function
B(-,v(-,%), &, ve(+, %), %) may explode on the boundary, the presence of such p allows to deduce
anyway a quantitative estimate. In some models, anyway, the dependence on p could be omitted
by exploiting the trivial inequality

sup Cr : < sup Cr :
QpXQpX[O,l]X(O,T] ( j('7’l}(',*)7f,vt('7*)7*)) QXQX[O,I]X(O,T] ( j(',’l}(',*)76,vt('7*)7*))

see for instance Corollary 5.6 and Theorem 1.5.

Remark 4.3. If #(x,v, Dv,t) = B(x,v, Dyv,t) — vy, as in the heat equation, we see that O,n+1.% =
—1 <0, while

65%+H8pn+1%585§—H§A—M§ —0<0
is satisfied if 952 is bounded from above by some A € R and p is sufficiently large (> A).

We show now a maximum principle which allows to relate the interior minimum of the concavity
function of a solution v to the harmonic concavity function of the source. Notice that here we
need the source to enjoy some strict monotonicity in v, see (4.10) (differently from Theorem 4.1,
compare with (4.3)). In these results, we look at some harmonic concavity (rather than concavity)
of £, and we study concavity of w in (x,t) (rather than concavity in z for each t).

Theorem 4.4 (Harmonic concavity maximum principle). Let v € C2(2) N CL((0, +o0)) be such
that

n
- Z aij(Dv)Dinv = B(xz,v,Dv,t) in Q x (0,+00),
ij=1

where B: 2 x R x R x (0,+00) — R and (a;j(p))i; is symmetric and positive definite for
all p € R". Assume that s € v(Q x [0,+00)) = B(z,s,p,t) is differentiable for all (z,p,t) €
Q x R*™ x (0,4+00). Suppose C, admits a negative interior minimum at (x1,3,t1,t3,\) €
Q2 x Q x(0,400) x (0,400) x [0,1]. Then

f = D'U(.%‘l,tl) = DU(.%'Q,tQ) = Dv(xg,tgg). (4.9)

Assume moreover that there exists o > 0 such that

sup 0sB(x9,2,&,t2) < —0. (4.10)
z€[v(z2,t2), v(z3,t3)+(1—=N)v(z1,t1)]
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Then

1
inf Co > “HCop(. . L3, b1, 13, \). 411
ngx(o,+oo1)ri(o,+oo)x[o,1} - a% B 60 (18311, 3, 0) (4.11)

Proof. Notice first that (x1,t1) # (x3,t3) and A € (0, 1), otherwise Cy(x1, x3,t1,t3,\) = 0 which is
a contradiction. Being (x1,x3,t1,t3,\) in the interior of the domain we obtain
DCy(x1,3,11,t3,\) =0

and in particular D,,C, = D,,C, = D;,C, = D,C, = 0 imply (4.9). Set now A := (a;;(£))i; and
define the 2n x 2n matrices

D2
-— Y
¢i= ngl 1

Y1,Y3

Cy(z1,x3,t1,t3, ) Dzhygcv(:cl,xg,tl,tg, )\)]
Co(w1,w3,t1,t3,A) Dy . Co(1, 23, 1,3, )
which is positive semidefinite since (x1,x3,t1,t3,\) is a minimum for C, and

Sgaij (&) sra;(€)

sraij(€) r7aii(€)]”

which is positive semidefinite by hypothesis. So by [49, Lemma A.1] we have Tr(BC) > 0, that is

as® 4+ 2Bsr +yr?2 >0 for all 5,7 € R (4.12)
where

o:=Tr(AD? , C,), B:=Tr(AD2  C,), ~:=Tr(AD2  C,),

Y1,y1°7Y Y1,y3 v Y3,Y3 v
which rewrite as

a=1-XN)Q:—(1-NQ1, B=A1-XN)Q2, 7=X1Q2—AQs,

where we have set for k € {1,2,3}

n
Qr =Y aiyDjv(wp, ty).

i,j=1
By (4.12) we obtain o > 0,7 > 0 and 8% —ay <0, i.e.
Q1
4.1
QQ =1_ )\7 ( 3)
Q2 2 %7 4 14)
Q1Q3 > Q2((1 — N)Q3 + AQ1), (4.15)

where we justify the last by
0> 2 (1=2)%Q3 — (1 = 2)?Q2 — (1 = N)Q1) (N’ Q2 — A\Q3)
= A1 =N ((1 = N)Q2Q3 + A\Q2Q1 — Q1Q3).
Claim: (1 - )\)QS + Q1 <0or Q1 =Q3=0.
If (1 —N)Q3+ AQq > 0, then by (4.13) and (4.15)

Q201 —=NQ3+ Q1) > 1?1)\

Qa((1 = N)Qs + Q1) > 01Qs + T @3,

(1 =XN)Qs+ AQ1),

Qa((1- Qs +2Q1) 2 @a((1 - V@ +3Q1) + 125 @}
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which imply @1 = 0. Similarly (exploiting (4.14) and (4.15)) we have Q3 = 0. Then if (1 — \)Q3 +
AQ1 < 0 and from (4.15), it holds

01Q3
(1-NQ3+ Q1

Q2 >

Being Qi = —B(xk, v, &, ti), we get

%(3311Ula£7t1)‘%(x3av37£7t3)
] ) ) 7t Z - .
(x2 2 { 2) (1 - )\)%(1’3,@3,6,153) + )\%(xla vlv&atl)

Adding on both sides Z(x2, Avs + (1 — N)vy, &, t2) and applying Lagrange theorem, we obtain
—0sB (2, 2,8, t2)Co(w1, 23,11, 13, A) = HC (. 0(- 0),6,4) (T1, T3, 1, 13, A)

for some z € [ve, Avg + (1 — A)vy]. Otherwise if Q1 = Q3 = 0, then Q2 > 0 and by the same
arguments as before it holds

785%(5627 Z, 55 tQ)Cv(l‘l, T3, tla t37 )‘) 2 HC:%(~,”L)(-,*),§,*) (mla xs3, tl? t37 )‘)
Since Cy(z1, z3,t1,t3,A) < 0 and 05 %8(x2, 2,§,t2) < —o, in any case it follows that
0Cy(z1,23,t1,13,\) > —0sB(72, 2,8, t2)Co (21, 23,11, 13, A) = HC (. (. 0),6.0) (T1, T3, T1, T3, A),

and thus the claim. O

We see that, in Theorem 4.4, the nonlinear term % actually includes v; in any form. In the
special case of heat type equations, we can remove the dependence on the right side of (4.11) from
vy by assuming v monotone.

Corollary 4.5. In the setting of Theorem 4.4, assume that & has the form

PB(x,v,Dv,t) = B(x,v, Dyv,t) — k(t)v

with HCy, < 0 (for instance, k is constant). Assume moreover that £&"1 > 0 (recall £"F! =
vz, t1) = ve(xa, t2) = vi(xs,t3)) and k > 0. Then
1

inf Cy, > —HC

~ = (z1,x3,t1,1t3, A).
QXX (0,400) % (0,400)x[0,1] O @(':v(w*),i’*)( 1, b3, )

Proof. Tt is sufficient to apply Theorem 4.4 and Proposition B.4 (notice that if £&"*! = 0 the claim
is obvious). O

Remark 4.6. We notice in Corollary 4.5 the essential role of v; being constant on (z1,t1), (z2,t2),
(z3,t3). This is a consequence of the fact that we study the space-time concavity in (0, +o0) (and
not only space concavity in (0,77).

5. Maximum principles with boundary conditions

In Section 4 we dealt with the value of the concavity function in the interior of the domain.
In this section we focus on the behaviour on the boundary: to this aim, we consider a Dirichlet
boundary condition and a Cauchy initial datum. For the sake of simplicity, we focus now on
equations of heat type, that is with main operator 0; — A.
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5.1. Concavity

In this subsection we apply Theorem 4.1 to v, transformation of a solution u of a Cauchy-Dirichlet
problem.

Theorem 5.1 (Estimate on log-concavity). Let Q C R™, n > 2, be a bounded, smooth, strongly
conver domain. Let T > 0, b: Q x (0,400) x (0,T] — R, b(x,-,t) differentiable for all (z,t) €
Q x (0,T], ug € CL(Q) with ug =0 on 9N and u € C2(Q) N CHQ x [0,T)), be such that

up — Au = b(z,u,t) in Q x (0,7

with
u>0 in 2 x (0,77,
u=0 on 092 x [0,T], (5.1)
Dyu-v >0 ondQx|[0,T],
U = U on Q x {0}.
Assume there exists A > 0 such that’
Os(e™°b(x,e®,t)) <A for each (z,s,t) € Q x R x (0,T].
Assume moreover that ug > 0 is log-concave in Q). Then there exists p > 0 such that
inf Cr > el AT sup <C* ) ) . 5.2
o] x 0.7 10B) Q, %, x[0,1]x (0, ety (5:2)

Proof. We see that v := log(u) solves (exploiting the notation in Remark 4.3)
v — Av = e bz, e’ t) + |Dyv|? =: Bz, v, Dyv,t) in Qx (0,7

with 0,2 < A. If C; > 0 the claim holds. Otherwise, assume that C,, is somewhere negative. Let
u > A. By the assumption on the initial condition, the function e #C*(z1,z3, \,t) cannot get
negative for (r1,z3, \,t) approaching Q x Q x [0,1] x {0}. Let now by contradiction (z7,x%, A", t")
be a minimizing sequence for e #C} approaching 9(Q x Q) x [0, 1] x (0, T]; up to a subsequence t,, —
t € (0,+00). By Dyu-v > 0 we easily obtain u(z},t")/u(z],t) — 1, i.e. v(z?,t") —v(z?,t) — 0;
this ensures that («7, 2%, A", t) is a minimizing sequence as well. Consider u(-,t): by the assumption
on the boundary coupled with [51, Lemma 2.4] (see also [32, Proposition 4.6]), the function
e MCH(a, 2%, A", t) is positively far from zero, which is an absurd.

Then e #C}(x1, z3, A, t) must admit an interior negative minimum. Thus, by Theorem 4.1, we
obtain
etT

inf . >
QxQx[0,1]x(0,T7]

— sup Cr i v
M—Anpxgpx[o,ux(o,ﬂ( e bt >’*)>

Since the choice of p > A is arbitrary, we maximize the right hand side (which is the case for
1= 7+ A) and conclude. O

Remark 5.2. If in Theorem 5.1 we do not assume ug to be log-concave, then we take into account
also Ciog(ug), Obtaining

inf Cr iy > —max { TeltAT sup (C’g(_,u(w*%ﬂ) , sup C .
xx(0,1)x[0.T] el QpxQpx[0,1]x(0, 7] N\~ w(x) OxQx[0,1] toglo)

® If A € [-£,0] the claim holds as well. If A < —7, then the coefficient on the right hand side does not depend on

1
T and equals —TAT-
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Indeed, as in the previous proof, the negative infimum is far from 9(Q x Q) x [0, 1] x (0,T7; if there
is an interior minimum, then the previous reasoning applies and (5.2) holds. If instead the infimum
is realized for (z1,z3, A, t) — Q x Q x [0,1] x {0}, then it means

inf Y > inf —C~ .
Q><Q><[l(§,11]><[0,T] CIOg(u) - ngllri[o,l] ( ClO%(“O))

Joining the two possibilities, we obtain the claim.

Corollary 5.3 (Exact log-concavity). In the assumptions of Theorem 5.1 assume moreover that
o (s,z) — s 'b(x,s,t) is concave for each t > 0.

Then u(-,t) is log-concave for each t € (0,T). Moreover if b € C**(Q x (0,+00) x [0,T)) and
u € C>HQ x [0,T)), then u(-,t) is strictly log-concave for each t € (0,T).

Proof. By Theorem 5.1 we obtain that v = log(u) is concave. Arguing as in Remark 3.12 and
applying Proposition 3.11 to w = —v, we obtain the strict concavity. O

5.1.1. Applications

Proof of Theorem 1.1 and Theorem 1.2. They are a consequence of Corollary 5.3 and Proposition
3.9 (). O

Remark 5.4. We deduced strict concavity in Theorem 1.1 thanks to the constant rank theorem.
In the eigenfunction case b(x, s,t) = a(z,t)s, by assuming a(-, t) strictly concave for each ¢ > 0, we
can reach the same claim in a more straightforward way.

Indeed, assume by contradiction that there exists t > 0 and z; # x3, A € (0,1) such that
Cf;g(u) (z1,23,\,t) = 0. Recalled that we already proved Cl*og(u) > 0, in the notations of the
proof of Theorem 4.1 — fixed a whatever ;1 > 0 — we have w = e #v = e Flog(u), thus
Ck >0=C)(x1,x3,A,t), and hence (z1,x3, A, t) is a point of minimum for C. Thus by (4.8) we
obtain

* _ —ut %
0< —Cg}(.’w(.’*)’&*) (1,23, A\, t) = —e H Ca(%t) (x1,23, A\, 1) <0,

thanks to the strict concavity of a and the assumption x1 # x3, A € (0,1). This contradiction
concludes the proof.

Remark 5.5. We mention that Theorem 4.1 has interesting applications also in gradient-type
equations. For instance, consider the evolutionary equation driven by the Ornstein—Uhlenbeck
operator

Ou—Au=—x-Vu in Q x (0,+00)

with u = 0 on 99 x (0,400) and v = ug on © x {t = 0}. Recently (after the submission of the
present paper) the authors in [23] showed that every solution is log-concave in x for each ¢, as
long as ug is chosen log-concave and {2 convex. We see that actually we can recover this result
if we additionally require € strongly convex and ug € C*(Q) with Dyug - v > 0 on 99 (see (5.1)
and Lemma A.4). Indeed, reasoning on [0, 7] for arbitrary T fixed, following Remark 4.3, we have

B(x,s,p,t) = —x-p+|p|?, and hence 952 = 0. Moreover, (x,s) — B(x, s,p,t) is concave. Arguing
as in Theorem 5.1 we have that the minimum is in the interior, thus Theorem 4.1 implies the claim.
Differently from [23], we do not rely on an integral representation of the solution, thus the result
can be easily extended to more general drift Laplacians, e.g. of the form Au — V' (x,t) - Vu.

We focus now on perturbed concavity as consequence of Theorem 5.1. Exploiting it together
with Propositions B.1 and B.2 we obtain the following statement. Notice that {J,(e™" f(e")) | r €

R} = {50(s71f(s)) | s > 0}.
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Corollary 5.6. Let Q C R", n > 2, be a bounded, smooth, strongly convexr domain. Let T > 0,
a: Q x (0,T] = R locally bounded, f: (0,4+00) — R differentiable, uy € C*(Q) with ug = 0 on O
and u € C2(Q)NCHQ x [0,T)) be such that

ug — Au = a(z,t) f(u) in Q x (0,7
with (5.1). Set f(s) := I8) for s > 0 and assume

S

A= sup (a(z,t)sf'(s)) < +oo.
(2,5,t)€Q2x(0,400) % (0,T]
Assume moreover that ug > 0 is log-concave in ). Then there exists p > 0 such that the following
facts hold.

i) If f is constant, then

inf Cr > _TeltAT sup Coi s .
axax[0,1)x[0,7] 8 prﬂPX[O,HX(O,T]( a-, ))

i) If f is 0'-concave, with @' > 1, and 0 < m < a < M with m? > %Me, % + % =1, then

1
inf Cr > —Te AT f(u)| oo sup < C, ) "
axx[o1]x[o,7] 08 = 17 Co)llzoe 2o x o2 Q, %2, % [0,1]%(0,7] ( a“)(-,*))

ii1) If f is concave and a is bounded and nonnegative, then

i * 1+AT| F
QXQX[%}%X[O’T} Clog(u) = —Te £ (W)l Lo (2, x (0,77y05¢(@)-

We note that Corollary 5.6 applies to the following sources f(s) = s (case i), f(s) = slog?(1+s),
f(s) = fi—; with ¢ € (0,1) (case i), f(s) = 15—;, f(s) = slog(l+s), f(s) = slog(s) (case ii).
Proof of Theorem 1.5. Tt is a particular case of Corollary 5.6. g

Remark 5.7. Consider b(z,s,t) = slog(s). In [31] the authors show the existence of a log-
concave solution for the stationary problem; here, in Theorem 1.1, we show the log-concavity of
the evolutionary solution in each [0, 7], whenever such solution exists. We discuss the possible
(pointwise) convergence of u(x,t) to a stationary solution as ¢ — +oo and, thus, the possibility of
achieving the result in [31] through a parabolic approach. We start noticing that the assumptions in
Remark 3.3 are not fulfilled. Let ug be a log-concave function. If I(ug) := |Vuo|3 — [ uglog(uo) < 0,
then by [37, Theorem 1.1] we obtain that u(z,t) — 400 as t — +oo. If I(ug) > 0, and J(ug) :=
I(uo) + Huoll3 < $(2m)"/2e™ =: M, then by [20, Theorems 1.1 and 1.2] we have u(z,t) — 0 as
t — +oo. If I(up) = 0, then by the logarithmic Sobolev inequality and arguing as in [66, Lemma
2.3], we obtain J(ug) > M; if J(ug) = M, then [20, Theorem1.2] implies u € L>((0,+00), H}),
even if it is not known if the solution decays to zero or not. The cases I(ug) > 0 and J(ug) > M,
or I(up) =0 and J(up) > M are — up to the authors’ knowledge — still open problems. We further
observe that, similarly to Corollary A.3, if ug is also a subsolution of the stationary problem (in
particular, I(ug) < 0), then we have that u(zx,-) is nondecreasing, thus a limit must exist. By the
above considerations, we have no examples at hand in which the convergence to the stationary
solution can be pursued.

Example 5.8. As particular cases of concave a we may consider a(z,t) = t7dg(x)%, v,w € [0, 1],
with v +w = 1 (see Proposition 3.9). In such a case the solutions of

up — Au = t7d(x, 0Q)*u
are log-concave.

As an additional consequence of Theorem 5.1, we may consider also population models [15].
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Corollary 5.9. Let Q C R", n > 2, be a bounded, smooth, strongly convexr domain. Let T > 0,
a: 2x(0,T] — R bounded, ug € C1(Q) with ug = 0 on O and u € C2(Q)NCE((0, T])NC(Qx[0,T])
be such that

ug — Au = a(z, t)u —u®  in Q x (0,7T]

with (5.1). Assume moreover that uy > 0 is log-concave in Q. Then there exists p > 0 such that

. * *
QxﬁXﬁf}X[O,T] Clog(u) =l prﬂpil[ég]x(o,T] (Ca("*)) '

Remark 5.10. We see that some results in Corollary 5.9 can be extended to piecewise constant
weights a = a(x) arising in bang-bang optimization theory (see [15, Theorem 3.9]), i.e. equal to
a1 > 0 on some region of  and to —as < 0 on some other region. We give just a sketch of the proof.
Let indeed a be as above, and let a. € L (R"™) be a suitable equibounded regular approximating
sequence for a. Let u. be positive solutions of dyue — Aue = ag(z)ue —u2, ue = 0 on 99, uc(0) = ug.
Exploiting that a.(z)t — 2 < 0 for ¢ > sup, ||ac|l and the maximum principle we obtain that
||t || o is equibounded; then standard regularity theory implies that wu. is also equibounded in some
C%7 and hence it converges uniformly up to a subsequence by Ascoli-Arzela theorem. We can
thus pass to the limit the weak formulation (see e.g. [16]) of the equations and obtain that u. — u
solution of the equation with weight a(x). Since u. are regular, then they satisfy the assumptions

of Corollary 5.9 and thus, in particular, inf C* ) > —el sup (C* )>_ > —eTosc(a:). Passing

log(ue ae (%
to the limit, we obtain

inf Cl*og(u) > —GT(al + (12).
We leave the details to the interested reader.
5.2. Harmonic concavity

In this subsection we consider applications of Cauchy-Dirichlet type to Theorem 4.4. The main
assumptions are the following ones.

- Domain:

Q C R™ n > 2, bounded convex domain which satisfies the interior sphere property. (5.3)

Regularity:
u € C3HQ)NCLQ) N CH(0,400)) N C(Q x [0, +00)). (5.4)

Equation:
up — Au = b(z,u,t) in Q x (0,400). (5.5)

Boundary conditions:
u>0 in Q x (0,4+00),
u=0 on I x [0,+00), (5.6)
u=0 on Qx{0}.

Our aim is to deduce a quantitative estimate on the concavity function of a power of u (see

Theorem 5.16). Let us consider a function u: € x [0, 4+00) — R which satisfies (5.6) and the
equation (5.5). For a, 5 > 0 set

v(z, t) = u®(x, t?). (5.7)

By some straightforward computations, and recalled that v > 0, we have that the equation solved
by v is

—Av = HB(x,v,Dv,t) in Q x (0,+00), (5.8)
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where

—~ 1
Bz, s,p,t) = B(x,s,p,t) — =t!Pprtl
g
1—alp? a-1 1 (5.9)
==+ qas o b (x, sl/o‘,tﬂ> — —tl_ﬁpnﬂ.
a s 15}

To apply Corollary 4.5 to v, we need to ensure that a negative minimum of the concavity function
is attained in the interior of € x (0, 4+00) or at infinity. In the following propositions, thus, we rule
out the possibility of having a minimum on 92 or ¢t = 0.

We start with some boundary estimates. We refer also to Lemma 6.3 for a version including
f(zo,t) =0 for xg € Q. We mention also [59, Theorem 5.

Lemma 5.11 (Boundary estimates). Let Q satisfy (5.3), and u be a function such that (5.4), (5.5)
and (5.6) hold. Suppose b: Q x (0,400) x (0,400) = R satisfies (H1), and consider M,T,q,v,k
therein; we can assume T small enough in such a way |ul|f~@xjo,r)) < M. The following facts
hold.

(i) [Dealing with Q x {0}]: let p1 be the first Dirichlet eigenfunction on Q with eigenvalue A1,
normalized by ||¢1]|cc = 1. Then,

“AptyatY .
u(x,t) > Ce MtT=api(x) inQx(0,T)
for some explicit C = C(||ul| o xo,m), 27, T k) > 0.
(ii) [Dealing with 0Q2x{0}]: for any xo € O and € (0,2], there exists 6 = 6(xo, T, S, q,7,k,Q) >

0 such that

2804+ (2=8)(1=q)
u(zg + tv, t°) > 6t 2(1-9) fort e (0,T) small,

where v is the interior normal to 9 at xy.

Proof. From (H1) with M = |ul| e x[0,77), We know that there exists k = k(M,T) > 0 such that
u satisfies (5.6) and
ug — Au = b(z,u,t) > kt"u? in Q x (0,7).
Set
w(z,t) := Ce_Altt}%gpl(m)

1
and C := (L_;gk:)ﬁ A straightforward computation shows that w satisfies (5.6) together with

wy — Aw = C’ii—;’e_/\lttﬁgcpl(x) in Q x (0,+00)
and hence, since ¢ < 1 and by definition of C,
wy — Aw = ;C’l_qitze_(l_q))‘ltcp%q(x)(k‘t”wq) < ktTw? in Q x (0, +00).
Then by Proposition A.1, u > w in ©Q x (0,7"), which is the first claim.

To show the second claim, assume first that zo = 0 € 9Q. Let n € (0, min{1, 7%}) and define w;
and €, by

14y

wy (e, ) == nTrw(n~?

z,n ), Q= /10
which satisfy
Oywy — Awy,y < kt?(wy)?  in €, x (0, 400),
wy >0 in €, x (0, +00),
wy =0 on 99, x (0,+00),
wy =0 on £, x {0}.
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Noticed that €2, C Q, by Proposition A.1 we obtain u 2[;11)77 in Q, x (0,7). Now let t = 7)% € (0,7)
and, observed 0 € 012,, we choose = = tv € Q, (i.e. t172v € Q for t small), so that

B(1+v) -
u(tv, t?) > t = w(t¥1/, 1). (5.10)

If B = 2 we need a correction rtv € Q, for r small (so that rv € Q), and the above expression
2(1+v) _2(1+)
becomes u(rtv, (rt)?) >t -« w(rv,r?) and the claim follows choosing 6 := v~ = w(rv,r?). If

B € (0,2), by Lagrange theorem there exists & € (0, £ v) such that (recall w(0,1) = 0)

wt T 1) =t v Dyw(&,1).

Being 0 := v - Dyw(0,1) > 0 thanks to Lemma A.4, for ¢ small enough we have v - Dyw(&,1) > §

and hence we obtain
w(t¥u, 1) > 5t for ¢ small. (5.11)

280 4+v)+(2=8)(1—q)
Thus, by (5.10) and (5.11) we obtain u(tv, t%) > 6t 21-9)

The case of general zg can be obtained straightforwardly, noticed that the equation related to
u +— kt7u? is x-translation invariant. O

In the following proposition, we rule out the possibility of the negative minimum to be on the
boundary of € or at the initial time.

Proposition 5.12 (Rule out 002 and t = 0). Let Q satisfy (5.3), and u be such that (5.4), (5.5)
and (5.6) hold. Let v be as in (5.7). Suppose b: Q x (0,+00) x (0,+00) — R is such that b(z, -, t) is

differentiable for all (z,t) € Q x (0,400) and satisfies (H1), and let o € (0, 26(1+y)2-(|-1(;z)5)(1—q)) and

B € (0,2]. Then C, cannot achieve any negative minimum at (x1,x3,t1,t3,\) € Q x Q x [0, +00) X
[0, +00) X (0,1) such that one of t1,t3 € {0}, or one of x1,x2,x3 € I.

Proof. Assume now by contradiction that C, admits a negative minimum at (z1,xs,t1,t3,A)
such that one of t1,t3 € {0} or one of z1,x9,23 € 00, If t1,t3 € [0,400) and x1,23 € 01,
then C,(z1,23,t1,t3,\) = v(w2,t2) > 0, which is not possible. If ¢1,t3 = 0 and 1,23 € Q,
Cv(x1,x3,t1,t3,\) = 0 which again is not possible.

If tq1,t3 € (0,+00), 1 € I and z3 € Q, the parabolic Hopf Lemma A.4 implies Dy, u(x1, tf) > 0,
where v is the interior normal at (z1,t;) and v := (Dl,ﬁtfflu?ﬂ) thus

lim D C , , , ,
(y] ,Y3,T1 ,7-3’77) ($17 3,t ,t ,)\) V1 U(y y3 7‘] 7—3 77)
| 3,t1,L3 <( 77) Ulv(y ’ 2) ( n)au (y17 )Dl/] u(y17 B)) ::7
(y17y3,T] y 3,7’])—}($] T ,t ’t ’)\)

and this is a contradiction since it is a minimum point. The same argument holds if ¢; € (0, +00),
t3 =0, x1 € 99, x3 € Q.
Ift; =0, t3 € (0,400), z1 € Q and z3 € 2, by Lemma 5.11 () we have

ol efa)\]_Tﬁ
lim sup v¢(z1, 7) > limsup M > C* lim

it
70 T—0 T 70 7—1_17—;{0‘5

(p1(21))" = 400

. 2(1— — D
by the assumption o < 2,3(1+’7)J(r(23)ﬁ)(17q) < 5(11 fw), which implies

hm Dtlcv(y17y377-177—37n) = -
(y1,y3,71,73,1m) = (T1,73,1,t3,A)

along a subsequence, again a contradiction.
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We are left with the case t; =0, t3 € (0,400), 21 € 0Q, x3 € 2. By Lemma 5.11 (77) there exists
0 > 0 such that

u(xq + tv, t° 26(1+7)+(2-6)(1=q) _
(lt,) > 6°t" 2(1-a) Y for t > 0 small,

which positively diverges as t — 07 since a < B0 +7)2i1(;g)ﬁ)(1_q) by assumption. Thus (v,1) -

D (4, +,)Cv negatively diverges while approaching (x1,%1) and this implies (v1, x3,t1,%3, A) cannot
be a minimum. N

To deal with the case t = co we need to be able to compare the evolutive problem with the
stationary one, and to this aim we will exploit the stability condition in Definition 3.2. From now
on with #(z, s, p,o0) and v(z,00) we mean their pointwise limit in time whenever the stability
condition is assumed.

Consider o € (0,1) and 8 € (0,2]. In the following two remarks we discuss the possible
localization of the global minimum of C,, in particular for (¢;,t3) € [0,400) x {4+00} and A € {0, 1}.

Remark 5.13 (Case (t1,t3) € [0, +00) x {+00}). Assuming v; > 0 in 2 x (0, +00) and v(x,t) —
v(xz,00) < 400 as t — +oo, if (x1,x3,t1,t3,A) € Q x Q x [0,4+00) x {+o0} x (0,1) is a global
minimum for C,, then also (x1, z3, 400, +00, A) is a global minimum for C,. Indeed

Co(x1,w3,t1,t3,\) = v(m2,00) — Av(x3,00) — (1 — N)v(21,11)
> v(x9,00) — Av(xz,00) — (1 — N)v(z1,00).

Remark 5.14 (Case A € {0,1}). Let us discuss the case when A € {0,1}. Assume v; > 0 in
Q% (0,400) and v(z,t) = v(x,00) < 400 as t — +oo. If t1,t3 € [0,4+00), then C, = 0. If t3 = +00
and A =1, then C, = 0. If A = 0,%3 = 400 let us consider a minimizing sequence (z7, x5, {7, t5, \")
converging to (r1,z3,t1,+00,0) where (x1,23,t1) € © x Q x [0,+00]. We can assume, up to a
subsequence, that t§ converges to ta € [t1,+00]. Since z§ tends to z, then

nli)rfoocv(:n?,xg, Tt ") = v(z1,t2) —v(x,t1) > 0.

In light of Remarks 5.13 and 5.14, we will use the following convention.

Convention. If v; > 0, then by a global point of minimum for C, on Q x Q x [0, 4+-00] x [0, 4+-00] x
[0, 1] we mean a point picked in (2 x Q2 x [0, +00) X [0, +00) x [0, 1]) U (2 x Q2 x {+00} x {+00} x (0,1)).

With the above notations and conventions, and with the parabolic stability condition at hand,
we can now include the case ¢ = 400 in the reasoning of Proposition 5.12.

Proposition 5.15 (On the case t = +00). Under the same assumptions of Proposition 5.12, assume
moreover v; > 0 and that b satisfies the parabolic stability condition (e.g. i)-iv) in Remark 3.3 hold).
Then C, cannot achieve any negative minimum at (z1,x3,t1,t3,\) € A xQx [0, +00] x [0, +00] x (0, 1)
such that one of t1,t3 € {0}, or one of x1,x2,x3 € ON.

Proof. In light of Proposition 5.12 and Remark 5.13, we need to exclude only the stationary case
t1 =t3 = +oo and x1 € 092, x3 € (; this can be done as in the proof of Proposition 5.12. See also
[13,49]. g

By knowing the behaviour of the concavity function on the boundary, we are now able to deduce
the main concavity estimate of this section.

Theorem 5.16 (Estimate on power-concavity). Let Q satisfy (5.3), and u be a function such that
(5.4), (5.5) and (5.6) hold. Let B € [1,2] and suppose b: Q x (0,+00) x (0,400) — R is such that
b(z,-,t) € CH(0,+00)) for all (z,t) € Q x (0,4+00), (H1), (H2) (with T = o) hold and
i) Os (s*71b(z,5,t)) < O for all (z,s,t) € 2 x (0,4+00) x (0,+00) for some a € (0,1) as in
Proposition 5.12.
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it) b satisfies the parabolic stability condition (e.g. i)-iv) in Remark 3.3 hold).
itt) b(z,s,-) is nondecreasing for each (z,s) € Q x (0,400).

Then uy > 0. Let (x1,23,t1,t3,A) € Q x Q x [0, 4+00] x [0, 4+00] x [0,1] be a global minimum for
Cue(.x8y (with the above convention). Then (4.10) holds true for some o >0 and

1
min Cua("*ﬁ) Z —E’HC

_ (x11x37t17t37)‘)'
QxQx[0,+00]x[0,400] x[0,1]

‘@('7ua('7*ﬁ)7DEua (xlvtf)v*)

Proof. By (H2) we can apply Corollary A.3 and obtain u; > 0 in © x (0, +00), which in turn implies
v¢ > 0 (so we are in the setting of the above convention). If the minimum is nonnegative, the
statement holds. Assume Cyo(. 8y admits a negative minimum. By Remark 5.14 and Proposition
5.15, we know that (x1,z3,t1,t3,\) € Q x Q x (0,400] x (0,+00] x (0,1).

Let us verify the hypotheses of Corollary 4.5 on the equation (5.8) satisfied by v. The function
% takes the form (5.9). Since a~!(1 — a)s™!|p|? is nonincreasing with respect to s, (i) implies the
existence of o > 0 such that (4.10) holds.

If (z1,x3,t1,t3,A) € Q x Q x (0,400) x (0,400) x (0,1), then the claim follows by Corollary
4.5. If t; = t3 = 400 the claim follows by [13, Lemma 2.9]. We conclude by observing that, being
B € [1,2], we have HC,1-5 < 0. g

In the following corollary, starting from Theorem 5.16, we deduce a bound in terms of the
concavity function of the nonlinearity (rather than on the harmonic function).

Corollary 5.17. In the assumptions of Theorem 5.16, we also have
: — Cg_('vua('v*ﬂ)v*) ($1,$3,t17t3’ )\)
o min Cua(,*ﬂ) > —— 3 3
X 1% [0,4-00] X [0,4-00] X [0,1] ’ T (Au(xs,ty) + (1 — Nu®(x1,t7))?

where §(x, s,t) := s%b(x,sl/"‘,tﬁ).
Proof. Since Theorem 5.16 holds, let us give a lower bound for the ’HC%. Set
— _ l—a - o
9(@,5.1) i= B, 5,6,8) = —|¢Ps+as o b, s, )
a

where £ = Du®(x1, tf), and moreover v(x,t) = u®(x,t?). By Proposition B.3 we have

Cy(- (- (331 xs3,t1,13 )\)
- total \) > g(-,0(-,%),x)\ L1, L3, L1, 13,
(‘71)(_7*)7&-7*)(%'1,1'3, 1,835 ) - ()\?_]3 + (1 — )\)Ul)2

HC 5
Since ITTC“|§|25 is linear we have Cy = aCy(. (..« and hence

C{}(-,v(-,*),*) (xly x3,t1,13, )\)
(Avg + (1 — A)vy)?

and thus the claim. O

HC .%'1,.%'3,t1,t3,)\) ZO(

'%('7’”('7*)75’*)(

As a consequence of Corollary 5.17 we obtain the following result.
Corollary 5.18 (Exact power-concavity). In the assumptions of Theorem 5.16, assume moreover
w) (x,s,t) — sgaailb(az,sé,tﬂ) is a concave function.

Then u®(-,%%) is a concave function in Q x [0, 4+00].
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5.2.1. Applications

Let Q be a convex bounded domain of R™ and suppose u is a function such that (5.4) and (5.6)
hold together with (5.5) in the case b(x, u,t) = a(x,t)u?, namely

— Au=a(z,t)u? in Q x (0,400), (5.12)
where ¢ € [0,1) and a: © x (0,+00) — R is such that a(:,t) is measurable for all ¢ € (0, 400).

Let us start from some exact results. For the sake of simplicity, we focus on a(z,t) = a(z)t”, but
more general behaviours in time may be considered.

Proof of Theorem 1.3. Let us verify the hypotheses of Corollary 5.18 with

0(1—4q) 2(1—q)
11204500 " B+ +2-Hl-q  °
and b(x, s,t) = a(x)t"s?. Notice s = s 1b(x, 5,t) = a(x)t's*~ (179 is strictly decreasing for all

x € Qand t > 0. Moreover s+ s°a b(:): st/ tP) = a(z)t"Ps 3-2% is concave as a product since
0 + 6y+ 3 — 1= —4 =1, by the assumptions we have 3 — l—q > 0 and thus the claim in light of
Proposition 3.9 (w). To get the parabolic condition, we argue as in? Remark 3.6 thanks to Remark
3.3, while we see that (H2) is satisfied as shown in Remark 3.4. Then we can apply Corollary 5.18
and get the thesis. Moreover if a is a constant, then a is #-concave for all # > 1, thus the claim
by Proposition 3.9 (7). Flnally, we see that, 1f B = 1 < 2 and a is constant, we can repeat the

previous arguments with a = and obtain the clarm O

2+ﬁw
Proof of Theorem 1.4. Let us verify that b(x, s) = a(x)sP + s? satisfies the hypotheses of Corollary

. 1—q . 1-qg 4 —1—-g+2p g=1 . . .
5.18 with a = 5. Since 572 ~“(a(z)s? 4+ s9) = a(x)s™ 2 +s 2 , it is strictly decreasing by
the hypothesis on p. Moreover the parabolic stability condition is guaranteed by Remark 3.3 and
b(x,s) = a(x)sP + s? satisfies (H2) as shown in Remark 3.4. Regarding the concavity we observe
1-3g+2
that s — a(z)s = + s is concave by the assumptions. Thus we have the claim. U

Proposition 5.19. Let Q satisfy (5.3), and u be a function such that (5.4) and (5.6) hold. Suppose
—Au=(1-u)? inQx(0,+00)

for some p € (0,1). Then u(-,+%) is 3-concave in Q x [0, +00).

Proof. Notice that u(Q x (0,+0cc)) C [0,1], thus we can substitute the right-hand side with®
(1 —5)PX0,1)(s) with s € R. Observe that b(s) = (1 — s)? satisfies (H2) (being nonincreasing), and
it satisfies (H1) with ¢ = 0 for M < 1. To conclude it is sufficient to observe that s* 1b(s) is
strictly decreasing for each o € (0, 1), while s%b(sé) is concave for each a € [3, 3]. Noticed that
% satisfies the restriction of Proposition 5.12, then the claim holds by Corollary 5.18 for such
a; by continuity of power concavity (see Proposition 3.9), the claim holds also for oo = % O

Remark 5 20. In [48] the author shows that, for 5 = 1, the solution u is such that ¢, (u) is concave,
where ¢, (s fo mdr. Set 1(s) := /s the transformation found in Proposition 5.19, by

the fact that v o gpp is (strictly) concave, we see that, generally, the information given by ¢, is
better (when compared for 5 = 1). This fact is due to the choice of a transformation not necessarily
of power type, but tailored on the nonlinearity, that is, up to constants, ¢, (s fo Fdr, where

= [y f(r)dr, f(s) = (1 — s)P. This choice is coherent with the approach in [2,11,32]. In the

0(1—q) 0(1—q)

0(1—q)
1726 -concave, where 5-=% > ot

5 Notice that the derivative explodes to —oo in s = 1; anyway, for exact concavity arguments, it is sufficient a strict
monotonicity on the image of w.

1 Notice that the solution of the stationary problem of —Awu = a(z)u? is
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present paper, we decided not to pursue this approach in order to focus on the difficulties given by
the parabolic framework and avoid technicalities. On the other hand, similar arguments could be
developed, and we leave the details to the interested reader.

Let us now move to some perturbative result for (5.12). For the sake of simplicity, we consider
a = a(z) locally bounded (see also Remark 5.25), and § = 1.
Let (z1,x3,t1,t3,A) € Q x Q x (0, +00] X (0,400] x (0,1) be a global interior minimum of C =y

then by (4.9) in Theorem 4.4 (and [49]) we have b

nt —g —1ta g —1ta g —1ta
fZ: %u 2q(x1,t1)Dxu(x1,t1):¥u 2q(x2,t2)Dxu(x2,t2):1—2qu 2q(x3,t3)Dl«u(x3,t3).

We define, for any p > 0 small enough,

2 3 2 £
m, = inf fé(z), M,:= sup f&(x), (5.13)
1 —qazeq, 1- zeQ,
where
_ 1 1—
fP(x) = 17+q\]3|2 + 5 qa(m), for p e R™ and = € Q. (5.14)
- dq
Notice that
M, —m, =supa —infa, m,>infa. (5.15)
a, Q, Q,

Proposition 5.21 (Oscillation estimate). Let Q satisfy (5.3), and u be a function such that (5.4),
(5.6) and (5.12) hold. Suppose moreover a: Q — R measurable, bounded and a > m > 0. Then u is
increasing in time and there exists p > 0 such that

1—q
[u(-, 00, % & -
min C 1-q > R 7l (1)} ( inf Co— mtps)

QxQx[0,400]x[0,400]x[0,1] © 2 m, Q,xQ,%[0,1] m,

where € := M, —m, >0 and M,, m, are defined in (5.13). In particular

. 1-g € €
o, mmin C 1za 2 —Jlul 00l 2 |2 o )
xQx[0,+00]x[0,+00]x[0,1] ¥ 2 P Inig-a / Inig-a

Proof. We want to apply Theorem 5.16 with a = % and b(z,s) = a(z)s?. Since a is bounded

from below, b(z, s) > ms?. Moreover s*'b(z,s) = sl%q_la(a:)sq = a(a:)s% is a strictly decreasing

function of s, the parabolic condition on b is satisfied by Remark 3.3 and (H2) is satisfied as shown
in Remark 3.4. Thus we can apply Theorem 5.16. Notice that # defined in (5.9) takes the form

,/@7(3;, $,p) = fﬁf)

where f? is given in (5.14). Let (21, 23,t1,t3,A) € Q x Q x [0, +00] x [0, +00] x [0, 1] be a global
minimum for C,. By Proposition 5.15, we know that (z1,x3,t1,t3,A) € Qx Q x (0, 400] x (0, +00] X
[0, 1]. If the minimum is nonnegative, the statement holds. Suppose C, admits a negative minimum
at (r1,x3,t1,t3,A) € 2 x Q x (0,400) x (0,400) x (0,1), then we need to estimate the harmonic
concavity function. Define

p := min {d(z1,09),d(x3,0Q)} > 0.
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Then by (5.13), it holds (recall (3.6))

HC 5 (w8 (T 23, 11, 3, A)
= f2£ _ ﬁﬁ _ UlUg ~
Avs+ (1 —=XNvi v v3 )\ffvg +(1- )\)f?fvl

_ 1 fé B féfé Avg + (1 — N)vy
Avg + (1 — N)vy e )\flg’l)g + (1 — A)f;fvl

1 ;g 1 2
> HC elwn s, N+ f1f5 | — =
Avg + (1 = N)vy ( f /\f15+(1 —)\)f3€ (1—-gq)m,
1 l-q (1 1
> . P I
_>\1)3+(1—A)’U1 (Hcff(xlvx?n )+ 2 mﬂ (mp mp))
1 1—qM
> : A)— ———F -
“Avz + (1= Ny (Cfg (21,23, %) = = m, (7 m”))
1—gq 1 om
= Ca ) 7)\ -=£ .
2 duz+ (1= ( (21,23, A) m, 8)
In the case t1 = +oo or t3 = +oo, the previous inequality holds by the same arguments for
%Cé(-,v(n*)f) (21,23, 400, +00, A). Thus it holds
1—g¢q 1 m,
~ B > _ P
HC%(.W(.v*)’E)(a:l,xg,+oo,+oo,)\) R T vy gy (Ca(m’hm?,,)\) m, 5) .
Let us write explicitly the constant o of (4.10) recalling that ve < Avg + (1 — A)vy:
~ 1
sup OB (9, 2, Do) < fP702 () sup <— 2)
z€[v2,Avz+(1—=A)v1] z€[v2,Avz+(1—=A)v1] z
- 1—¢q m,
- 2 (Aus+ (1= XNvy)?
which leads to o := %MW. Finally by Theorem 5.16, it holds
A 1—A
- min C 1-¢ > min {O, vs + )1 (Ca(azl,xg,)\)—%s>}
OxQx[0,+00]x[0,+00]x[0,1] © 2 m, m,

which implies the claim. We conclude by observing that C, > ianja — Supga on Q,, (5.15) and

the trivial identity % = Tpmmp 4 g g

mp

Remark 5.22. We highlight that, in the previous proof, we exploited infg a > 0. On the other

hand, in regard of the conclusion, we observe that if a — 0 on 02 the final expression is still well

defined; we refer to Section 6 for some generalization for the torsion problem in this direction.
Assumed a bounded and set M := supg a, m := infq a, the final statement in Proposition 5.21

implies
1-g
- min C iy > —|lu(,00)[12 (2+ osc(a)) osc(a)
QxQx[0,4+00]x[0,+00]x[0,1] ¥ 2 m m

where we recall osc(a) = M — m. Finally, if a € C1(Q), it is possible to express ¢ in terms of the
gradient of a. Indeed for some z,Z € €, and Z on the segment [z, Z] lying in €, it holds

e=M,—m, =Va(2) (7 —F) < | Va sediam(L).
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As a consequence of Proposition 3.10, Proposition 5.21 and Remark 5.22 we obtain the following
result.

Corollary 5.23 (Hyers-Ulam approximation). Under the assumptions of Proposition 5.21, there
exist C = C(|Ju(-,00)|| o0, infq a,0sc(a), g, n) > 0 (with a linear dependence with respect to osc(a))
and a concave function w :  x (0,+00) = R such that

1—
1" = wl| o (2x(0,400)) < Closc(a).

Proposition 5.24 (f-concavity estimate). Let Q satisfy (5.3), 6 > 1, and u be a function such
that (5.4), (5.6) and (5.12) hold. Suppose moreover a: @ — R measurable, 0 < m < a < M and
m? > M?/2. Let (z1,73,t1,t3,)\) € Q x Q x [0, +00] x [0, +00] x [0,1] be a global minimum for
C oi1-q .- Then

w 1120

0(1—q)

: 6 llu(, )l
_ min Coa—g > —
QxQx[0,4+00]x[0,4+00]x[0,1] © 120 146 m

(C;?)l/e(xlv zs3, )‘)

Proof. As in Proposition 5.21, the hypotheses imply Corollary 5.17. Being b(x,s) = a(:v)sq we

0(1—q) Sa—ltq .
EET R We see that s — s~ «  is

need to evaluate Cy(. () With g(z, s) := a<$)83a;1+ and a =
-1
(1 — %) -concave. If 8 > 1, applying Proposition B.1 it holds

1-1/6

c + (1= Ny M),

Instead if 8 = 1, the previous inequality is obvious. So by Corollary 5.17

oot (X1, T3, t1, 13, A) > — (Co) O (w1, 23, 0) (g

Co (. 3,11, 13, ) > @ St (P18, E1, T3 A)
o

(Avg 4+ (1 — X)vq)?
00— 1 oy (=N
T 1420 0 (Aws+ (1= Aup)?

(€)M (a1, 23, \).

af

Then as in Proposition 5.21, we give an estimate of o: since % in (5.9) is given by

~ B 14+60+0qp> 601 —¢q
PB(x,s,p,t) = 9(1—Q)|3’ 1(+20)a(m)5

_ 146
[

we have (for the sake of simplicity, here we straightway get rid of the &-term)

sup 88'%7(:1:272757 t?) - aS',%\;(x27)\v3 + (]‘ - )‘)Uhg? tz)
z€[v2,Avg+(1—A)v1]
(1481~ g) "
<11 a(z2)(Avs + (1 — N)vy)

hence

— 1-1/6 _ 1-1/6
Con (1, 25, 11,15, 0) > O =D LW T4 (L= Mo _7)

—\1/6
= 1+20 o ()\’Ug—l—(l—)\) )2 (Cae) / (1‘171‘3,)\)

6 1 e

> a0 = )P 0 (e €)Y s )
0 1 6(1—q) B

2 —mEHUHOéHQ (Cae)l/e(xhx&)\)- 0

Proof of Theorem 1.6. 1t is a consequence of Proposition 5.24 (see also Remark 5.22). O
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Remark 5.25. The above perturbative results can be extended also to time-dependent nonlinearities
a(z,t). If, for instance, a(x,t) is bounded and a(z,t) — a(x) as t — 400, it makes sense to
investigate the parabolic stability condition for b. Moreover, if a > 0 in Q x (0,400), one can
consider the infimum over Q, x [p, +00), where p := min {d(z1,09Q), d(x3,00N),t1,t3} > 0.

If instead a(x,t) ~ a(x)t?, then one may consider a truncation argument (see Remark 3.6) so
that a becomes bounded. In such a case, anyway, the perturbative estimate will depend on T'. We
omit the details, and leave them to the interested reader.

Remark 5.26 (Comments on u(-,0) # 0). In the whole Subsection 5.2 we considered only zero
initial conditions u(-,0) = up = 0, in accordance to [40,42,43,48]. Many of our arguments, anyway,
could be adapted also to nonzero initial conditions. First, assume, in place of (H1), the following
slightly stronger assumption:

(H1*) There exist T > 0, ¢ € [0,1) and v € [0, 1] such that for all M > 0 there exists
k=k(M,T) > 0 verifying
b(x,s,t) > kt"s? for all (z,s,t) € Q x (0, M] x (0,T].

Asin (H2), |lu|]|s takes the place of M. Notice that f(s) = (1 — s)P (studied in Proposition 5.19)
satisfies (H1) but not (H1*).
Assuming

e ug € C(Q), up =0 on 9Q.°
ug > 0dg for some § > 0, (5.16)
up is a-concave for some (suitable) «, and
u(-,t) > ug foreacht >0
(for instance, when (H3) holds, we can require ug to be a subsolution of the stationary

problem, see Corollary A.3),”

all the arguments still hold, except for the ones in Proposition 5.12, case t; = 0, t3 € (0, +00) and
x1,x3 € ). As a matter of facts, in this case we have
U(ZL‘, T) — U(xa 0)

lim sup v;(7) > lim sup ,
7—0 7—0 T

with v(z,0) = uf(z) > 0, and we are not able to show that this limit explodes to +00, no matter
who « is. More in details, by assuming for simplicity b(z, s,t) = a(x)s?, ¢ € [0,1), a(z) > m > 0,
then an improvement of Proposition A.1 leads to

u(z,t) > v(x,t) + elS(t) (u(z, 0) — v(z,0)),

qm
ufl o ?
Exploiting this improvement in the proof of Lemma 5.11 (7), we obtain

for any supersolution u and any subsolution v; here L = > 0 and S(t) is the heat semigroup.

u(z,t) > C’e*)‘lttl%qcpl(:c) + el S (t)ug

5 We highlight that the requirement (5.16) is related to the application of the comparison principles, see Proposition
A.1. By requiring more regularity on b (see (H2")), this condition can be dropped (see Proposition A.2).

The set of functions satisfying these conditions is nonempty. For example, consider Q = By, b(z,s,t) = a(z) €
L°>°(Q) with a > m > 0. Let uo(z) = dda(x) = (1 — |z|), 6 small enough, on B \B% and extended smoothly

and in a concave way to B%. Then —Aug = % < a(z) in B\ B% and we can require also —Aug < a(z) in

7

B%. Thus uo satisfies all the assumptions (« = 1). Less trivial examples (such as perturbations of the present
examples) hold as well.
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1

with C = ((1 — ¢)m)T=9. As a consequence, straightforward computations imply, if § = 1 and
ug € C 2 (ﬁ),

1
lim sup ve(z, 7) > aud (2)Aug(z) + aLuf (z) + Caud ™ (2)¢1 () lim sup =T
7—0 70

where the right hand side corresponds to au ™ *(x)h(z) with

h:=Auy+myp; if q=0, h:=Aug+ Lug if ¢ € (0,1).

As abovementioned, these are finite quantities (positive under suitable assumptions on ug), and
thus do not allow to conclude in Proposition 5.12.

With similar computations we see that, if 8 < 1, then we actually obtain limsup,_,qv:(7) = +o0:
with such an information at disposal, we can conclude Proposition 5.12 and apply it to obtain
(arguing as in Theorem 5.16 and Corollary 5.17)

Cj,ua - <$17$37t17t37)\)
o min Cua(A B > _¢ 9t (B’ 2 3 — §n+1HC*1—ﬁ (tl,tg,)\),
QxQ2x[0,400] x[0,400] x[0,1] ’ T (Au®(xs,ty) + (1 — Nu*(x1,t7))?

where g(z,s) := a(x)s = While the first term, as in the case up = 0 (see the proof of Theorem

1.3), can be positively estimated under suitable assumptions on «, ¢ and a(x), we see that for any
B < 1 the second term remains negative (notice that ¢, or 3 may go to zero as 5 — 17). Thus we
are not able to deduce any exact concavity in such a case.

Overall, we observe that conservation of concavity for nontrivial initial data is a delicate issue:
in the case of porous medium equations, indeed, it has been proved that %—concavity is preserved

[55], while there are counterexamples in the case of a-concavity, o < %, [17]; this is in contrast with
the general spirit of the present paper, where information on some « implies information also on
smaller exponents. We leave thus u(-,0) # 0 as an open problem.

6. Further results on the weighted torsion problem

Let us deal with the case ¢ = 0 in (5.12). First, we can find more explicit constants and
comparison functions than Corollary 5.23; moreover, we have more freedom in the choice of the
sign of a.

Proposition 6.1. Let ) satisfy (5.3), and u,v be some functions such that (5.4) and (5.6) hold.
Suppose
up — Au = a(z,t) in Q x (0,+00), vy —Av=K in Q x (0,400)

where K > 0, a: Q x (0,+00) — R and there exist m, M € R such that m < a < M. Then v is
%—concave and

[u}/? — 012 < R\ fmax {Jm — K|, |M — K|},
where R is such that Q C B(0, R).
Proof. Let us subtract the two equations obtaining that w := u — v satisfies the problem
wy — Aw = a(z,t) — K in Q x (0, +00),
w=0 on 09 x (0, 400),
w=0 on 2 x {0}.
Set 1) := €2t — e*1+1 Then

th — AI/} = 6x1+R >1 inQx (0, —|—OO)
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Set f(x,t) := a(z,t) — K, hence we have (9 — A)(w — ¥ SuPqy (g 400y f ) < 0 in 2 x (0, +00) and
W — Y SUPQ (0. +00) [T < 0 on the parabolic boundary (see (A.4)). Then by the maximum principle
[56, Corollary 2.5], it holds
sup (w—1 sup fF) <0,
Qx(0,+00) Qx(0,+00)
SO
sup w < e’ sup |f].
Qx(0,+00) Qx(0,+00)
In a similar way we obtain
inf  w>—e2® sup |f].

2x(0,+00) Qx(0,400)
Then it holds

o2 =" 2loe < = ol < €, [ sup )!f\SeR\/maX{lm—Kl,!M—KI}
X (0,400

Finally, v is %—concave by Proposition 5.21. g

When dealing with the torsion problem (¢ = 0), more general classes of concave weights a(x)
can be considered, in particular by allowing a(z) = 0 on 0f2. In particular, instead of (H1) we can
consider the following condition

(H1') There exists T'> 0, k > 0, w > 0 and ~ € [0,1), such that,
b(x,t) > kdg(x)t?  for all (x,t) € Q x (0,T].
Remark 6.2. The presence of dg in assumption (H1') is due to the following fact: if a(z) is a

nonnegative, nontrivial concave function, then it is positive in £ (but not necessarily in Q), and
there exists C' > 0 such that

a(z) > Cdg(z) in Q.

The fact that, differently from (H1), we focus on ¢ = 0 in (H1’), allows us to compare our
solutions, time-scaled by = 2, with the one of the equation Uy — AU + U = kdg(z)t” for which a
representation formula holds. Thus combining [43, Lemma 3] and Proposition A.1, we obtain an
alternative version of Lemma 5.11.

Lemma 6.3. Let n > 2, Q be bounded, convex and smooth, and u be a function such that (5.4),
(5.5) and (5.6) hold. Suppose b: Q x (0,4+00) — (0,+00) satisfies (H1'), and let T,~,w given
therein. Then

(i) for any K € Q2 there exists Cx > 0 such that
u(z,t) > Cxt'™  in K x (0,T);
(ii) for any xo € ON) there exists 6 > 0 such that
u(zo + tv, t2) > 62T fort € (0,T) small,
where v is the interior normal to 0X) at xg.

Proof. With no loss of generality we can assume K = B, C Bgr C ; by (H1'), we have b(xz,t) >
Ct in Bg x (0,T). Arguing as in the proof of Lemma 5.11 (i), with ¢ = 0, let ¥ be the first
Dirichlet eigenfunction in Bg, normalized ||} = 1; we set

w(z,t) := C’e_)‘{%tt1+7g0f(x)
and C := %. A straightforward computation shows that w satisfies (5.6) together with

wy —Aw = C(1+ ’y)e*)‘{%ttﬂof(x) in B x (0,7)
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and hence, by definition of C,

147
Cr

wy — Aw = C’e_)‘{%tgaf(:c)(C’}%tv) < CRrt? in Br x (0,7).
Then by Proposition A.1, u > w on Bg x (0,T) and hence u > C(infg, pI)t1*7 = C.t!*7 in
B, x (0,T). The second claim follows by [43, Lemma 3]. O

Thanks to this result, we are able to show the counterpart of Proposition 5.12 in the case g = 2,
that is

Proposition 6.4. In the setting of Proposition 5.12, suppose b satisfies (H1'), and let o €
(0, m) Then Cya(.42) cannot achieve any negative minimum at (z1,23,t1,t3,A) € Q x Q x
[0, +00] x [0, 4+00] x (0,1) such that one of t1,t3 € {0}, or one of x1,x2, 3 € ON.

Proof. The proof proceeds similarly to the one of Proposition 5.12. In particular if t; = 0,
ts € (0,+00), x1 € Q and z3 € Q, by Lemma 6.3 (1),

lim sup vy (z1,7) > C*lim sup = 400

7—0 7—0 71-(2+27)a

by the assumption a < m which implies the contradiction. If ¢t = 0, t3 € (0, +00), x1 € 01,
x3 € , by Lemma 6.3 (77)

2
M > g2+ =1 for ¢ > () small,

which positively diverges as t — 0" again by assumptions and thus again a contradiction. U

With this tool, we can prove a refinement of Theorem 1.3 when ¢ = 0.

Proposition 6.5 (Weighted torsion). Let vy € [0, %], Q satisfy (5.3), and u be a function such that
(5.4), (5.6) and
ug — Au = c(t)a(z) in Q x (0,+00).

We assume c nondecreasing, with t — c(t?) being %-concave and

c(t) > t7.

1 . 1 2y . 0 .
If v < 5 and a > 0 is O-concave for some 6 > =5 then u(-,x*) is 3920771 -Concave. If a is

2) ;o 1
constant, then u(-,x°) is 242, ~Concave.

Proof. By Remark 6.2 we may assume a > C'dg for w = %. By Remark 3.6 we can restrict to study
up — Au = cep(t)a(z) in Q x (0, +00)

where T is fixed and ¢y (t) = ¢(t) for t € [0, T] and ep(t) = ¢(T) for t > T. Clearly b(x,t) := cr(t)a(x)
satisfies (H1") and (H2), as well as the parabolic stability condition thanks again to Remark 3.6.
To apply Proposition 6.4 with a € (0, m) C (0,1), we observe that s + s*~1b(x,t) is strictly
decreasing and moreover (z,s,t) — s%b(x,ﬁ) = S%CT(ﬁ)a(fﬁ) is concave if 22=1 > 0 and
3‘;—71 +2v + % = 1 by Proposition 3.9 (7). Both conditions imply that the optimal « is given by
W (recall also Proposition 3.9). Noticed that the solution of the stationary problem

— : 0 0 0 : 2\ 0
—Au = a(z) is gpg-concave, and ey < 5557, then we obtain that u(-,+%) is g7
O

o =

concave.



QUANTITATIVE AND EXACT CONCAVITY PRINCIPLES FOR PARABOLIC AND ELLIPTIC EQUATIONS 35

Appendix A. Comparison principles

We state now a comparison principle, which is the nonautonomous counterpart of [28, Corollary
2.3] (see also [16]). We recall that w = w(x,t) is a subsolution (resp. supersolution) of

— Aw = b(z,w,t) in Qx (0,7),
w=0 on 09 x (0,7), (A.1)
w = ug on Q x {0},

if the above three equalities are substituted by < (resp. >).

Proposition A.1 (Comparison and uniqueness, I). Let Q@ C R™ be a bounded open domain with
the interior sphere property. Let T > 0 and b: Q x (0,4+00) x (0,T) — [0, +00) satisfying (H2) and
assume b(x, -, t) continuous for all (x,t) € A x (0,T). Let ug € C(Q) with ug > ddgq for some & > 0.
Let u,v € C2(Q) N CH(0, T)) NC(Q x [0,T)) and (v(-,t) —u(-, 1))t € HY(Q) for each t. Assume u
is a positive supersolution and v is a subsolution of (A.1). Then u(-,t) > v(-,t) for all0 <t <T.
In particular, there exists at most one positive solution of (A.1).

The thesis still holds with ug = 0 by additionally assuming (H3).

Proof. Consider first the case ug > ddg. Based on Hardy’s inequality, it holds

802 2
|5 <c v, (A.2)
Q 4 Q

for all p € HE(). Being b nonnegative, we have u; — Au > 0 and thus by comparison and
the semigroup representation of the heat equation we obtain u(-,t) > S(t)u(-,0), S(t) = **. In
particular there exists v > 0 such that u(-,t) > ydq for all t € [0,T]. Taking ¢t € (0,7, testing the
inequalities satisfied by w and v with (v(-,%) — u(-,¢))" and taking the difference we obtain

(it
2dt/| (x,t) xt)) 2d:c+/\D (z,t) — u(z,t)) " Pdx
g/ (b, v, £) — by, £)) (0, ) — ula, 1)) " da
>0}

|(v(z,t) — u(,t) "
{o(-t)>u(-)} u(z, )

SLM dx,
with M := max {HUHLOO((O,T)xQ)a HUHL°°((O,T)><Q)}- Since

1 1
<= <—4C) foralle >0,
d
Q

u(-,t) ~ ydq

we deduce that

2dt/| (2, 1) — ulx, 1)) |dx—|—/D (@, 1) — ulx, 1)) Pda
(v, t) — u(x, t)T]?
SE/Q ) da:—l—C(E)/QKU(:E,t) — u(z,t))T|?dz.

Applying (A.2) and choosing € > 0 sufficiently small, we then obtain

zdt/y (2.1) — u(w, 1) \dm<0/ o(,1) — ulw, 1))+ 2da,

from which the result follows by Gronwall inequality

/ (o(@, ) — u(w, 1)) [2da < e2CT/ (02, 0) — u(x, 0))*[2da.
Q Q
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Now let us deal with the case ug = 0. Since uy — Au > 0, by [16, Remark 6.1] (see also Lemma
A.4) we have that u(-,t) > S(t — r)u(-,r) for all 0 < r <t < T and hence, being u(-,7) > 0, we
obtain u(-,t) > §(t)dq for all t € (0,T") with §(¢t) > 0. Let us fix t € (0,7'). By the previous
arguments, applied to u(-,* + t) and v (thanks to b(z,u,s +t) > b(z,u,s) given by (H3)), we
conclude that u(-,s+1t) > v(-,s) for all 0 < s < T —t. The result follows by letting ¢ tend to 0. [

By requiring a more restrictive regularity of b(z, -, t), we show now that the request u > ddg can
be dropped in Proposition A.1; notice anyway that such regularity is satisfied by b(x, s,t) = a(x)s?
only for ¢ € [3,1]. We refer also to [40, Section A.1] and references therein for other comparison
principles which involve nonincreasing b(z, -, t).

Proposition A.2 (Comparison and uniqueness, II). Let Q@ C R™ be a bounded open domain with
the interior sphere property. Let T > 0 and b: Q x (0,400) x (0,7) — [0, 4+00) satisfying (H2*)
and b(z,-,t) continuous for all (x,t) € Q x (0,T). Let ug € C(Q). Let u,v € C2(Q) N CL((0,T]) N
C(Q2x [0,T)) and (u—v)t € HY(Q). Assume u is a positive supersolution and v is a subsolution
of (A.1). Then u(-,t) > v(-,t) for all0 <t < T. In particular, there exists at most one positive
solution of (A.1).

Proof. The proof follows the lines of the one in Proposition A.1, with no need of the Hardy inequality,
but by exploiting (recall 2w > 1) D%2(Q) — L?*(Q) and Hélder inequality. O

We state now a condition for monotonicity of solutions (see also [16, Proposition 6.12] and [61,
Lemma 4.1, page 199]).

Corollary A.3 (Monotonicity). In the assumptions of Proposition A.1 or Proposition A.2, assume
in addition (H3). Let u be a positive solution to

up — Au = b(xz,u,t) in Q x (0,+00),

u=0 on 92 x (0, +00),
u = U on ) x {0}.
Assume moreover that
u(-,t) > ug for each t > 0. (A.3)

Then uy > 0 in  x (0,400). Extending the assumptions on b also to t =0, a condition to ensure
(A.3) is that ugy is a subsolution of the stationary problem

—Aw = b(z,w,0) in §,
w =70 on Of2.

Proof. Fix 7 > 0 and set @(z,t) := u(x,t + 7), then @ satisfies

 — At = b(x,a,t +7) > b(x,u,t) in Q x (0,400),
=0 on 99 x (0, 4+00),
> up on Q x {0}.

Since (H2) or (H2*) holds, by Proposition A.1 or A.2 we have u(x,t) > u(x,t) for all (z,t) €
Q% (0,400), that is u(z,t+7) > u(z,t), which is the claim. To see the last statement, it is sufficient
to apply again Proposition A.1 or A.2 with v = ug, after having observed that b(zx, s,0) < b(z, s,t)
thanks to (H3). O

To state the parabolic version of the Hopf lemma, we recall some usual notation for the domain
and the boundary. Let €2 be a bounded open set in R™, T" > 0 and define the parabolic boundary as

8,07 == (1 x [0,T]) \ (2 x (0,T]). (A.4)
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We observe that, if  satisfies the interior sphere condition, then every point (z,t) € 0,87
satisfies the spherical cap condition, that is there exists an open ball B,(zg, %), o # Z, such that

(z,t) € 0By (x0,to) and
Cr(Z,t) := By(z0,t0) N {t <t} C Q x (0,7
We recall thus the Hopf lemma for parabolic equations, see e.g. [63, Theorem 3, page 170].

Lemma A.4 (Parabolic Hopf lemma). Let Q be an open bounded set in R"™ satisfying the interior
sphere condition, T > 0 and u € C2(Q) N CL((0,T]) N C(Q x [0,T]). Suppose further

ug+Lu>0 inQx (0,7]

where

n n
Lu = — Z aijD?ju + szDzu
1,7=1 i=1

with a;j,b; € L®(Q x (0,T]) N C(Q x (0,T]), and L is uniformly elliptic. Moreover, suppose that

there exists a point (z,t) € 0,Qr such that

w(z,t) < wu(z,t) Y(z,t) € Cr(z,t).

Let e € R be a direction such that (%,t)+se € C,.(,t) for some s > 0, and assume that Oeu(7,t)

exists. Then Jeu(Z,t) > 0.

Appendix B. Properties of concavity functions

Proposition B.1 (Concavity of the product). Consider o, 3 € (1,4+00) with o™t +571 =1, K a
convex set and f,g: K — (0,400). Suppose on f one of the following:

i) my < f < M for some m§ > %Mf‘ >0,
i) Cpu =0,

and on g one of the following:

i) may < g < My for some mg > %Mgﬁ >0,
ii) Cy = 0.

Then, for each x1,23 € K and X\ € [0,1], it holds

Cro(w1,23,0) > — (Cro) Y/ (w1, 23, ) (Ags + (1 = Nn) — (C;) P (w1, 3, /(M + (1 = A fa)+
+ (Cpa) (@1, 23, M)(C) P (1, 73, V).

Proof. Suppose a, 8 € (1,+00) and set p := é Assume for a moment that

1 _ 1/(1— _ .
fi /“—Cfl/#(xl,xg,/\) >0, gi/( 2 —Cgl/“_m(xl,xg,)\) >0 for i € {1,3}. (B.1)

(2
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Then

1/p\P 1/ A—p)\1—# . 11—\ 1/p
fagz = (£)" (9/") " = i (s + (= )

. 1 1/ - P

221)1_% (M (Afg/u (=N = Cf1/u(331:$37)‘)) +
1/(1-p) Vi) e P\

+ (1 —p) <)‘93 +(1=Ng - Cg1/(1—u) (w1, 23, A)) >

. 1 _ 1/(1— _ »\1/p
> i\ (pu(f3" = Cpupn s, )P+ (=) (95”7 = € (o ))

_ - _ p\1/p
+ (1= (" = Crplwrea, VY + (1= ) (007 = Ca (@1,23,0)) )
— 1] — _ 1—p
:A( 3}/“ —Cfl/#(arl,mg,)\)) (gé/(l m_ Cgl/(l_“) (a:l,mg,)\)) +

_ M - _ 1-p
+ (1 - )‘) ( 11/11‘ - Cfl/u(x17x3> )‘)) (gi/(l #) - Cgl/(lf,u,) (.%'1,.%’3, )‘)) )

where we used the inequality [49, Property 7]

A= NP+ A+ )< (L= N+ AR+ (L= Nar +g0))

Since p € (0, 1], then for all A > B it holds (A — B)* > A* — B, and hence

f292 > (fs — (Cfl/ﬂ)“(iﬂl,l’s, ) (93 — (0;1/(17“))1_“(901@3, )+

+ (1 =N (fr = (Chp) (@1,23,0)) (91 = (€)' (21,23, X))
which implies the claim, observed that % = «a and ﬁ = fB. We are left to verify (B.1). If
ij /u (21,73, A) = 0, then the inequality trivially holds true. Otherwise, by the hypothesis on M, m:
fz‘l/“ > mi/u > Mll/u _ m}/u > C‘;l/u(l'l?x:i?)\)'
Similar computations hold for g. This concludes the proof. U
We deal now with the boundary case a = oo and g = 1.
Proposition B.2. Let K be a convex set and f,g: K — R with osc(f) finite. Then
Crg(1,23,A) = Cy(1, 23, A) f2 — 0sc(f) (Algs| + (1 = A)]gal)-
In particular, if f is nonnegative and g is concave and bounded, then
Crg(x1,23,A) = —|lgllocosc(f).

Proof. We have

Crg(x1,23,A) = faga — Afzgs — (1 = A) figm
=Cy(x1,23,N) f2 + Ag3(fo — f3) + (1 = N g1(f2 — f1)
and thus the two claims. O

Proposition B.3. Letn > 1, j € {1,...,n}, K C {z € R" | 27 # 0} be a convex set. Let
g: K — R and consider f: x € K (1(1?0))2 € R. Then for all (x1,x3,\) € Dom(HCy) it holds

HC (1,5, \) > 8EL N
(23)?



REFERENCES 39

Proof. For clarity, let us set ¢ := 27. If f; = f3 = 0, then g; = g3 = 0 and thus

Cy(x1, 23, A
Hcf(xlax37A):f2:%: 9( 123 )
S G
Assume now Afi + (1 — A)f3 > 0. Then we have
g2 9193
HCr(x1, 23, N) =55 —
e A Ve S (R te:
_Ag3+ (1= AN)g1 +Cy(a1,23,A) 9193
3 Ag1GE + (1= N)gs(t
A1 =N (912C3 — 93¢1)° i Cg(SChQCE:z,)\) > Cg(ﬂﬁléﬂ&)\)' 0
(3 (Ag1¢s + (1 = N)gs(i) 3 G
Proposition B.4. Let K be a convex set and f,g: K — R with g > 0. Then
HCs_y > HCy — HC,, (B.2)

where the inequality is meant on Dom(HCr_,4). In particular, if HCy < 0 (e.g., if g is constant or
g(t) =t with v € [-1,0]), then

HCy_y > HCy.

Proof. Set for simplicity h := f — g. Let x1,23 € K and A € [0,1]. Suppose hy = hz = 0, then
f1 = g1 and f3 = g3, which imply Af; + (1 — X)fs = Ag1 + (1 — X\)gs > 0. Moreover

HC(x1, 23, \) — HCy(1,23,A) = fo — g2 = ho = HCp(x1, 23, N).

Otherwise, if Ahy + (1 — A)hg > 0, then Af; + (1 — ) fs > Ag1 + (1 — N)g3 > 0 by the positivity of
g. Moreover a straightforward computation implies

’HCh(wl,wg, )\) - HCf(xl, X3, /\) + HCg(acl,mg, )\) =

_ AL =N (frg3 — f391)° > 0. O

A1+ Q=X f3)(Agr + (1= AN)g3) (A(f1 —g1) + (1 = N)(f3 — g3))
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