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Abstract

We prove the uniform rectifiability of brittle fractures in arbitrary dimension. The
existing approach for the Mumford-Shah functional, which relies on separation-type
properties of the singular set, faces serious obstacles in the Griffith setting due to the
lack of coarea formula for the symmetric gradient. We present an alternative route to
uniform rectifiability for free-discontinuity problems by proving that cracks have “plenty
of big projections”.
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1 Introduction

Variational models of fracture describe the formation of cracks as the outcome of an energy
minimization principle. Let @ C RY be a bounded open set representing the reference
configuration of a linearly elastic body. When the body € is subjected to a boundary
deformation, it may deform and store energy, or release this energy by breaking. The
equilibrium configuration is found by minimizing a functional that balances the bulk elastic
energy with the energy required to create a crack, namely

/ f(z,e(w))dz + oz, ut,u™,v,) dHN T,
Q Ju

where e(u) = (Vu + Vul)/2 denotes the symmetrized gradient of u, the set J, is the
discontinuity set of u, the values u™ are the traces of u on each side of .J, and the vector v,
is a unit normal to the crack.

In the context of Griffith’s brittle fracture, the energy required to produce a crack is
proportional to the surface measure of the crack, yielding the Griffith functional

/Q f(, e(u)) dz + HY1(J,).

The existence of minimizers for such functionals is established in the space GSBD()) of
generalized special functions of bounded deformations [4, 2|. A noteworthy feature of this
framework is that the rectifiability of the crack is directly provided by the general theory of
GSBD functions.



Let us recall that a set £ C R" is said to be rectifiable of dimension N — 1 if it can be
covered by countably many Lipschitz images of RV~!, except for a set of H"V~! measure
zero. This is equivalently characterized by the fact that £ blows up as a hyperplane at HV !
almost every point. Rectifiability is a flexible and useful notion in geometric measure theory,
but it is purely qualitative, which is not effective for describing fractures. As cracks arise as
minimizers of a functional, one expects them to have scale-invariant quantitative properties,
rather than merely good asymptotic behavior at generic points. Uniform rectifiability is a
quantitative form of rectifiability which is more natural in this setting.

As a first definition, a uniformly rectifiable set is a closed, Ahlfors-regular set £ ¢ RY
contained in the image of an w-regular mapping z: RV ! — RN*! where w-regular
mappings will be defined below and RY is identified with a subspace of RV*1.

Definition. We say that a closed set E C RY is uniformly rectifiable if there is a constant
C > 1 such that

C Nt <HN Y ENB(z,r) <OV forallz € E, 0 < r < diam(E)
and if there is a weight w € A (RN™Y) and an w-reqular parametrization z: RN ~1 — RN+

such that E C z(RN™1).

The Muckenhoupt classes A4, arose in the 1970s and 1980s as the appropriate conditions
for the weighted boundedness of many classical operators in harmonic analysis. The condition

w € A;(RV71) means that w is a positive function in L{ (RN™!) such that

][ w(y)dy < Cessinfepw(y) Vbal BC RV
B

A mapping z: RV~! — R¥*! is said to be w-regular if there is C' > 1 such that

1/(N-1)
2(2) — 2(y)]| < c( / () du) Va,y € RN
B((z+y)/2,|xz—yl)

and
/ w(y)dy < Cr¥"' V¥ ball B(z,r) c RN
{yeRN1z(y)eB(z,r) }

One can think of z as being Lipschitz in a reasonable weighted space (RY~! wdz). The
difference with plain rectifiability is that a uniformly rectifiable set E is contained in a single
surface (instead of countably many) and we have a uniform control on F at all scales and
locations through the constant C'. This prevents the set from ever being too scattered for
instance, but still allows cusps and self-intersections to some extent.

An alternative way of characterizing uniformly rectifiable sets is by “big pieces of bilipschitz
images” (BPBI), [8, Theorem 1.57].

Proposition. A closed set E C RY is uniformly rectifiable if and only if there exists a
constant C' > 1 such that

C N <HN Y EN B(x,r)) < CrNTY forallz € B, 0 < r < diam(E)

and if for all x € E and 0 < r < diam(E), there exist a compact subset A C RN"! and a
mapping f: A — RY such that

CHz—w| <|f(z) = f(w)]| <Clz —w| Vz,we A
and

HYN"YEN f(A) N B(z,r)) > C N1
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It is not difficult to see that this is a rectifiability property .

There is also a variant of this property called “big pieces of Lipschitz graphs” (BPLG),
where one replaces biLipschitz images by Lipschitz graphs: for allz € E and 0 < r < diam(F),
there exists a C-Lipschitz graph I' of dimension N — 1 such that

HYY(ENT N B(z,r)) > 0N

This condition is strictly stronger than uniform rectifiability, as shown by an example of
Hrycak (the “venetian blind”, see [24, Subsection 1.2]).

In the present paper, we shall prove that brittle fractures are locally contained in a
uniformly rectifiable set with big pieces of Lipschitz graphs. We refer to Section 2 for the
relevant notation, in particular the elasticity tensor A, and the definition of topological
quasiminimizers (which involves a multiplicative constant M ).

Theorem 1.1 (Uniform rectifiability of brittle fractures). There ezist constants g > 0 and
C' > 1 (which depend on N, M, A) such that the following holds. If (u, K) is a Griffith
topological quasiminimizer with gauge h in a domain 2, then for all x € K and all r > 0 with
B(z,2r) C Q and h(2r) < e,

K N B(x,r) is contained in a uniformly rectifiable set E (with BPLG) of constant C.

The Griffith energy presents substantial new challenges compared to its scalar analogue,
the Mumford-Shah functional. We begin by briefly recalling how David and Semmes [10, 5, 6]
established uniform rectifiability for Mumford-Shah minimizers, in order to highlight these
difficulties. Let (u, K) be a local Mumford-Shah minimizer in a domain Q (without fidelity
term, for simplicity). An easy case is when Vu =0 on Q\ K. In this situation, K induces a
minimal partition of 2 and locally satisfies the so-called “Condition B”: for all z € K and
r > 0 such that B(z,2r) C Q,

there exist two balls By, By C B(x,r) of radius > C~'r

which lie in distinct connected components of Q \ K.

This is a well-known sufficient condition for uniform rectifiability. Heuristically, if K were
not rectifiable, it would be too scattered to separate points properly. In general however,
Mumford-Shah minimizers do not satisfy Condition B because of crack-tips. Nevertheless,
in a ball B where the elastic energy [ B|Vu|2dx is small compared to the surface term
HN=L(K N B), one can expect that K should be close to a minimal partition. In such a ball,
David and Semmes proved that K satisfies Condition B up to “filling the holes” by a level
set {z € B\ K |u(z) =t} of small, controlled measure. Their argument relies on a clever
use of the coarea formula to control the size of a level set. Moreover, a Carleson estimate
provides a quantitative bound showing that this occurs for most balls centered on K. Thus,
the singular set K still attempts to separate its complement at most locations and scales, and
this weaker form of separation proves sufficient to deduce uniform rectifiability. Adapting
this approach to the Griffith setting is highly challenging, since no counterpart of the coarea
formula exists for the symmetrized gradient.

!Decompose E = F UG as the disjoint union of a rectifiable part F' and a purely unrectifiable part G. As
Lipschitz images are rectifiable, BPBI implies that for all z € E, liminf, ,or'=™VHYN"Y(F N B(x,7)) > C~L.
One deduces that G = E \ F has zero H¥~! measure by standard density theorems.



In a series of papers [16, 17, 20|, Friedrich established a piecewise Korn inequality
which provides fine quantitative information on GSBD functions and their jump set. This
powerful tool was used in [18] to bypass the coarea formula when controlling the size of holes,
thereby making it possible to adapt the proof of David and Semmes to the Griffith setting.
Unfortunately, the piecewise Korn inequality is, as of now, only available in the plane.

Prior to the work of David and Semmes, a first quantitative rectifiability property was
introduced for Mumford-Shah minimizers in the plane by Dibos and Koepfler [13, 12|, and
later extended to all dimensions by Solimini [25]; this is the so-called “property of projections”.
We state here a slightly weaker variant. We say that a closed Ahlfors-regular set £ C RY
has the property of projections if, for all x € F and all 0 < r < diam(F),

/ N1 (pV(E N B(z, 7“))) dv > oVt
Gr(N-1)

where Gr(N — 1) denotes the Grassmannian space of hyperplanes in RY equipped with
its canonical measure, and py is the orthogonal projection onto V. This property implies
rectifiability by the Besicovitch-Federer projection theorem and, as observed by Dibos and
Koepfler, is stable under Hausdorff convergence. It is conjectured that the property of
projections implies uniform rectifiability (see [6, Open question 24.33] and [8, 9]); however, to
the best of the author’s knowledge, this remains a difficult open problem. Two major recent
contributions are due to Dabrowski [3|, who proved the conjecture for one-dimensional sets,
and Orponen [24], who showed that BPLG is equivalent to a stronger condition called “plenty
of big projections” (PBP): for all z € E and 0 < r < diam(F), there exists V € Gr(N — 1)
such that for all W € Gr(N — 1) with dist(V, W) < C1,

HY " (pw(E N B(z,r))) > C~ N

The main contribution of the present paper is to prove that cracks have plenty of big
projections. This provides a new approach to uniform rectifiability for free-discontinuity
functionals, alternative to the 1993 work of David and Semmes.

We begin by proving a first rectifiability theorem for Griffith minimizers, namely the
property of projections (Theorem 3.1). As the excision method of Dibos—Koepfler [13, 12]
and Solimini [25] does not extend readily to the symmetric gradient, this is the first challenge
in our paper. Our argument relies on a Federer-Fleming type projection estimate, yielding
many rays that do not meet the crack and along which the directional variation of u can
be controlled. While the property of projections does not yet give uniform rectifiability, it
has the key feature of being stable under Hausdorff limits. We use this in a contradiction
argument showing that every ball contains a smaller shifted ball where the crack has a small
flatness (Proposition 3.2). In such a ball, we can then apply the slicing theorem of [21] to
control the size of holes through a projection.

This line of approach produces the “flat in many places” lemma in a self-contained way,
instead of relying on the theory of uniformly rectifiable sets, and yields at once both the
uniform concentration property and plenty of big projections.

2 Definitions

Our working space is an open set Q C RY, where N > 2. We say that a constant is
universal when it depends only on N. Given a set A, the notation A CC {2 means that A is
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compactly contained in Q. We define a rigid motion as an affine map a: RY — R" of the
form a(z) = b+ Az, where b € RY and A € RV*¥ is a skew-symmetric matrix. This notion
arises in linear elasticity from linearizing rotations: a rotation R close to id has a first order
approximation of the form id + A, where A is skew-symmetric. Notice that a Sobolev map
satisfies e(u) = 0 if and only if it is a rigid motion; thus the symmetric gradient only controls
u up to a rigid motion.

Elasticity tensor. Given two matrices £, € RY*¥ the notation £ : 1 denotes the Frobenius
inner product of £ and 7,
§:1 = Zfzjﬁij
]

and |¢| = /£ : € the Frobenius norm. We fix for the whole paper a fourth-order elastic tensor
A for which there exists a constant A > 1 such that

A —€T) =0 and AE: &> ANE+ T forall € € RV,

Coral pairs. A pair (u, K) consists of a relatively closed subset K C 2 and a Sobolev
function v € W,?(Q \ K;RY). We say that a pair (u, K) has a locally finite energy if for all

loc

balls B CC €2,
/ le(u)]? dz + HNH(K N B) < +oo,
B\K

where e(u) = (Vu + VuT)/2. We say that a relatively closed set K C Q is coral if for all
x € K, for all r > 0,
HNYK N B(z,r)) >0,

where HN~! is the Hausdorff measure of dimension N — 1. A pair (u, K) is also called coral
it K is coral in the above sense.

Competitors. Let (u, K) bg a pair. Let B be an open ball such that B CC Q. A competitor
of (u, K) in B is a pair (u, K) such that
K\B=K\B and @=u ae in Q\(KUB).
A topological competitor of (u, K) in B is a competitor (u, I?) in B such that
all points x,y € Q \ (K U B) which are separated by K are also separated by K.

This means that if z,y € Q \ (K U B) belong to different connected components of 2\ K,
they also belong to different connected components of €\ K. This notion was introduced
by Bonnet [1| and arises naturally when one looks at the minimality properties of limits of
minimizers, such as blow-up limits for instance.

Quasiminimizers. We are interested in quasiminimizers in the sense of David and Semmes
[6, 11], which are meant to represent minimizers of functionals with possibly highly irregular
coefficients. Two conditions of this type are of interest. First, assume that u € GSBD(Q) is
a local minimizer of a functional of the form

/f(:v,e(u))dx—i— Yz, utu, vy) dHN
0 Tu



where 10: Qx R¥ x RY x S¥=1 — R, and f: Qx RY*N — R are Borel functions satisfying

Sym
Y(x,a,b,v) =(x,b,a, —v), M1t<y<M

and

|f(2,6) — A& €] < g(I€),

where g: [0, +00) — [0, +00) is a non-decreasing function such that f1+°° s72g(s)ds < +oo0.
Here the bulk density is a non-homogeneous perturbation of A : € by a lower-order term,
while the surface term is very general, and may account for anisotropy and non-degenerate
cohesive properties. The minimality of u entails ([19, proof of Theorem 2.7]) that for all balls
B(x,r) CC Q and all GSBD competitors v of u in B(x,r),

/B( )Ae(u) te(u)de + MT'HN N (J, N B(x, 1))

< /B( )Ae(v) ce(v)de + MR (J, N B(z,r)) + h(r)rV1, (1)

where h: (0,400) — [0,+0o¢] is a non-decreasing function such that lim, o h(r) = 0. For
instance, g(t) = M (1 + t%/?) with 0 < ¢ < 2 yields a gauge of the form h(r) = Cr'~%? for
r <1

If instead uw € GSBD(f?) is a local minimizer of a functional of the form

/ f( e(w)) dz + u(1,),
Q

where p is a measure such that M 1HN =1 < y < MHN=1 one can remove u(J,NJ,) on both
sides and find a stronger condition: for all balls B(z,r) CC Q and all GSBD competitors v
of uin B(x,r),

/B( )Ae(u) te(u)de + M7 HYTH (TN )

< / Ae(v) : e(v)dz + MHN (T, \ Ju) + h(r)rV1, (2)
B(z,r)

where h: (0, +00) — [0, +00] is a non-decreasing function such that lim,_,o h(r) = 0.

Let us emphasize that condition (1) is very weak. It is primarily effective with competitors
that try to eliminate J, completely from a given ball. On the other hand, condition (2) allows
more complex energy comparisons. The present author expects that (2) prevents components
of 2\ K from being isolated, from accumulating at a point, and from having cusps (at least in
low dimensions, see [22| in the absence of an elastic term). In the present work, we adopt (1)
as our definition of quasiminimality, since our technique is flexible enough to deal with this
class. While the existence of Griffith minimizers is established in the space GSBD [2], we
shall directly work with classical pairs (u, K'), since the jump sets of GSBD quasiminimizers
are essentially closed [19, Theorem 2.7|. We shall also take into account quasiminimizers
whose competitors satisfy a topological constraint. We define a gauge as a non-decreasing
function h: (0,400) — [0, +00] satisfying lim sup,_,, h(r) < co. It need not vanish as r — 0;
for instance h may be a small constant.



Definition 2.1. Let M > 1 and let h be a gauge. A Griffith topological M-quasiminimizer
with gauge h in § is a coral pair (u, K) with locally finite energy such that for all x € Q, for
all ¥ > 0 with B(xz,r) C Q and for all topological competitors (v, F') of (u, K) in B(x,r), we
have

/ Ae(u) : e(u)de + M*HYN Y (K N B(x, 7))
B(z,r)\K

< / Ae(v) : e(v)da + MHN Y (F N B(x,r)) + h(r)r¥ 1.
B(z,r)\F
Remark 2.2. We recall that if a pair (u, K) is a topological M-quasiminimizer in B(zg, ()
with gauge h, then the pair (ug, Ky) defined by
up(z) := 7“0_1/2U(l‘0 +ary) and Ko :=1ry (K — x¢)
is a topological M-quasiminimizer in B(0,1), with gauge ho(t) := h(rot). We will always
work with scale invariant quantities.

Flatness. Given a pair (u, K) in a ball B(z,r) C RY, we define the flatness Sx(z,r) of K
in B(z,7) by
Br(x,r) :==r"tinf sup dist(y, P),
P yeKknB(z,r)
where P ranges among affine hyperplanes passing through = (the infimum is always attained
by compactness of the Grassmann space). When there is no ambiguity, we simply write
B(x,r). It is straightforward to verify that for all balls B(y,t) C B(x,r),

Br(y,t) < 2(;)5;«(% r).

Normalized elastic energy. Given a pair (u, K) in a ball B(z,r) C RY, we define the
normalized elastic energy of u in B(z,r) by

w(z,r) = rl_N/ le(u)|* dz.
B(z,r)\K

More generally, for p > 1, we set

wy(,7) =172/ (/ le(u) P d:v) ’
B(z,r)\K

The exponent of r is chosen so that w, is invariant under rescaling; see Remark 2.2. Note
that wy = w, and for p € [1, 2], we have w, < Cw by Holder’s inequality.

For the rest of the paper, we fix a constant M > 1. Every quasiminimizer considered in
the following will be understood to satisfy the definition with this choice of M, which we
omit to recall for simplicity. We recall two useful properties of topological quasiminimizers.
The first one is Ahlfors-regularity [19, Theorem 2.3 (2)].



Proposition 2.3 (Ahlfors-regularity). There exist constants €9 > 0 and C > 1 (depending
on N, M, A) such that the following holds. Let (u, K) be a topological quasiminimizer with
any gauge h in Q. For all x € K and all r > 0 such that B(z,r) C Q and h(r) < ey, we have

/ le(u)[2dz + HNY(K A B(z, 1)) < CrV-1 (3)
B(z,r)

and
HN YK N B(x,r)) >0 N (4)

Our next property is a Carleson estimate, which shows that at most scales and locations,
the elastic energy is small compared to the surface energy.

Lemma 2.4 (Carleson estimate). There ezist a constant €y > 0 (depending on N, M, A) and,
for every p € [1,2), a constant C, > 1 (depending on N, M, A, p) such that the following
holds. Let (u, K) be a topological quasiminimizer with any gauge h in ). For all x € K and
r > 0 such that B(x,2r) C Q and h(2r) < &, we have

" dt
/ / wy(y, t)— dHY " (y) < CprV L (5)
yeKNB(z,r) JO t

Proof. The argument for (5) is the same as in Theorem 23.8 in [6], with |Vu|? replaced by
le(u)|?. Tt only uses the fact that, if h(2r) < ey with gy smaller than in Proposition 2.3, the
energy estimates (3) and (4) hold in every ball B C B(x,2r) centered on K. |

Corollary 2.5. There exist a constant g > 0 (depending on N, M, A) and, for all p € [1,2)
and € > 0, a constant C(e) > 1 (depending on N, M, A, p, €) such that the following holds.
Let (u, K) be a topological quasiminimizer with any gauge h in Q. For all x € K and r > 0
with B(z,r) C Q and h(r) < g, there erist y € K N B(z,r/2) and t € [C(e)~'r,r/2] such
that

wy(y,t) < e.

Proof. This corollary is standard; we reproduce the proof for completeness. Fix g smaller
than in Proposition 2.3 and Lemma 2.4. Let x € K and r > 0 be such that B(x,r) C 2 and
h(r) < eg. Assume that there exists some constant Cy > 2 such that w,(y,t) > ¢ for every
y € KN B(z,7r/2) and every t € [Cy'r,7/2]. By Lemma 2.4 applied to B(x,7/2), we have

/2 de N-1 N-1
yeKNB(z,r/2) J0

On the other hand, by assumption on Cj,

wp(y, )= dH"(y) = wp(y, 1)~ dHT(y)
yeKNB(z,r/2) JO yeKNB(z,r/2) C’alr

> eHY Y (K N B(z,7/2)) In(Cy/2),

which yields an upper bound on Cj. Taking Cj large enough therefore ensures the existence
of a pair (y,t) with w,(y,t) <e. [



3 The property of projections

Theorem 3.1 (Property of projections). There exist constants £g > 0 and C' > 1 (depending
on N, M, A) such that the following holds. Let (u, K) be a Griffith topological quasiminimizer
in Q. For all x € K and all v > 0 such that B(z,r) C Q and h(r) < gy, we have

/ HY " (py(K N B(z,7)))dV > C~ 1N
Gr(N-1)

Proof. Choose an exponent p € (2(N — 1)/N,2), for instance p = (2N — 1)/N. To prove
Theorem 3.1, it suffices to show that there exist constants £; > 0 and C' > 1 (depending on
N, M, A) such that for all z € K and r > 0 with B(z,r) C Q, h(r) <e; and wy(z,r) < ey,
we have

/ HY " (pv(K N B(z,7)))dV > C~ 1N (6)
Gr(N-1)

Indeed, assume that such constants £; and C have been fixed, and let 5 be the constant of
Corollary 2.5. Let any x € K and r > 0 be such that B(x,r) C Q and h(r) < min(eq,&9). By
Corollary 2.5, there exists a point y € K N B(z,r/2) and a radius ¢ with C'(e1)"'r <t < r/2
and wy(y,t) < ey, where C(e;) > 2 depends on N, M, A. By definition of ¢;, the estimate
(6) then holds in the ball B(y,t):

/ HN " (py (K 0 B(y, 1)) dV > O~V
Gr(N-1)

Since t > C(gy)"'r and K N B(y,t) C K N B(z,r), this yields the property of projections in
B(z,r), with a larger constant C.

We now show that (6) holds when w, is sufficiently small. After rescaling to the unit
ball, we argue by contradiction and assume that there exist €g,; € (0,1) and a topological
quasiminimizer (u, K) in B(0,1) such that

(f e ) Y h) < s 7)

and

/ HY " (pv (KN B(0,1))) dV < ey. (8)
Gr(N—1)

We shall obtain a contradiction for a suitable choice of €¢, £; which depend only on N, M,
A (we can already assume ¢( to be less than in Proposition 2.3). Throughout the proof, C
denotes a generic constant > 1 which depends only on N, M, A.

By Ahlfors-regularity of K, it is standard (see [6, Lemma 23.25]) that

{z e B(0,1/2) | dist(z, K) < p}| <Cp Vp>0. 9)

Choose a radius ry € (0,1/100) (depending on N, M, A) so small that, for p = 2ry, the
left-hand side has a volume strictly less than |B(0,1/100)|. Hence, there exists a point
zo € B(0,1/100) with dist(zo, K) > 2r¢. Note in particular that B(zo,2r¢) C B(0,1/10).
We shall also use the following observation. Let (eq, ..., eay) denote the family of vectors
such that (e, ..., ey) is the canonical basis of RN and (eny1,...,ean) = —(e1,...,en). The
family of points (zg 4 roex)x is well distributed along 0B(zg, 1) in the following sense: for
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every family of points zy,..., 2oy € RY such that x, € B(xzo + roex, 1) for all k, where
ry = ro/(2N), we have

”

suply - (z — xx)| > 51|yl Va,y € RN (10)
k 2N

Indeed, for every k,

To
[y - (v — )| > |y - (v — w0 — Toe1)] 2N|y|

and
1 2N
Sl;lp\y (2 = mo — roex)| = WZ\?J (2 = mo — roey)|
1 k;l
> g 2 (=30 = roe) - (= -+ o)

N
1
2 g7 2l (=20 =706k) —y- = o )] = ol

We now record three estimates that hold in average. Our first one is the Korn-Poincaré
inequality applied to u € W-?(B(xg, 2r¢); RY): there exist a universal constant Cy > 1 and
rigid motion a such that

/ lu —a|P do < C’org/ le(u)|? da.
B(zo0,2r0) B(x0,2r0)

We may assume without loss of generality that a = 0 since a (quasi-)minimizer remains a
(quasi-)minimizer after subtracting a rigid motion. Thus, we will only remember that

/1 |udef§Cb/ﬁ e(w)[? da. (11)
B(zo,2r9) B(0,1)

(Because of the gauge h in the definition of quasiminimizers, we cannot use elliptic regularity
to control directly the L* norm of u in B(xg,19).)
Next, we claim that, up to enlarging the universal constant Cj,

me@mg@/ le(u)|? da, (12)

B(0,1)

where,

¥(z) = / (/ le(u)|? d’Hl) dHY1(2)
2€0B(0,1) (z+R+2)NB(0,1)
Let us prove (12). For z € B(0,1) and z € dB(0, 1), we have

o0
/ le(u)[P dH' = / le(u)(x + t2)[P1q |aqez)<1y A2,
(z+R+2)NB(0,1) 0
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so by Fubini, the change of variable y = x + tz and the coarea formula in polar coordinates,

) <C / +°O le(u)|? dHY 1 (y) dt

8B (2,t)NB(0,1)

<c/
B(0,1) |y_$|N 1

Applying Fubini once more

d
/ () de < c/ le(w)]? (/ %) dy
B(0,1) B(0,1) B(0,1) ly — |

and the result follows by integrability of z + |z|*~" near the origin.
We now turn to our last estimate. We claim that up to increasing the universal constant
Cy, we have

/ HYN T (2(2)) dz < CO/ HY " (pv (K N B(0,1))) AV, (13)
(0,1)

Gr(N-1)
where, Gr(k) denotes the Grassmannian of k-linear subspaces in R and
Y(z) :={2€0B(0,1) | (x+RT2)NKNBO,1)#£0}.

For k =1,..., N —1, let v, denote the canonical measure of Gr(k) (see [23, Chapter 3, §3.9]);
we will actually only use 7, and yy_;. We recall that for all Borel sets A C Gr(1),

Nn(A) =yn-1({LT | L e A}),
and that for all Borel sets S C 9B(0,1),
HN S < Cn({L|LNS#D}). (14)
Applying (14) with S = (z), we obtain that for all 2 € B(0, 1),
HY ' (Z(2) <Cu({L| (x+L)NKNB(0,1) #0}).

Then, by Fubini’s theorem,

HY(2(z)) de < c/ {zeB0,1)| (z+L)NKNB0,1)#0}dL

B(0,1) Gr(1)

go/ {2 €BO.1) | (@+ VY NKNBO1) £ 0} dV
Gr(N-1)
<c [ W nB.1) v

Gr(N-1)

which is exactly (13).
Now, we deduce that |u(x)|P, 9(z) and HN~1(3(z)) are controlled at most points z. Let
C1 > 0 (to be fixed shortly), and let A be the set of points z € B(zg, 2ry) such that

(@) > Cy /B | Jewrar (15)

11



If fB(O 1)|e(u)|p dz > 0, we use (11) and Chebyshev’s inequality,

|A|(Cl/ \e(u)ypdx) g/ u(z) P de < co/ le(u)|P dx.
B(0,1) B(zo,2r0) B(0,1)

so |A| < GOt If fB(O 1)|e(u)|1" dz = 0, then (11) shows that |u] = 0 a.e. so that we have
|A| = 0 anyway. Similarly, the set of points = € B(0,1/10) such that

() > Cl/ le(w)|? dz (16)

B(0,1)

has measure at most O] 'Cy by (12), and the set of points z € B(0,1/10) such that

HN (S (2)) > CI/G(NU HY " (pv(K N B(0,1))) dV, (17)

also has measure at most C; 'Cy. We may therefore choose C so large (depending on N, M,
A) that the bad set where either (15), (16) or (17) holds has a volume strictly smaller than
that of any ball of the form B(zo + roex, r1), where we recall r; = r5/(2N). Consequently,
for each k =1,...,2N, we can find a point xy € B(xg + roeg, 1) such that

u(az)P < Cy / e(u)? dz, (18)

B(0,1)

I(xy) < Cl/ le(u)|P dz, (19)

B(0,1)
and
K@) <G [ W (K N BO.1)) V. (20)
Gr(N-1)

From this point on, the constant (' is fixed and depends on N, M, A, so rename it C as
usual.

Given a constant Cy > 0, we define for each k, the set ¥'(zy) of points z € 9B(0, 1) such
that
e(w)P dz > 02/ le(uw)|? da.

B(0,1)

By (19) and a now usual Chebyshev argument, we obtain H"~(X'(z;)) < CC;*. We now
choose Cy = C(ey) so large that

/(xk—l—R‘*'z)ﬂB(O,l)

HN_l(Z/(Z'k)) § €1, (21)

where €1 was defined near (8). In the rest of the proof, C'(¢;) stands for a generic constant
> 1 which depends on N, M, A and &;.
We finally introduce for £k = 1,...,2N, the union of (bad) rays

Ry =B(0,1)N| J{zr + R 2|z € D(ax) UL () }

and the (bad) set R = |J2, Ry. The point is that for z € B(0,1) \ R, the segment [z}, 7]
does not meet K and

e(w)|P dH! < C(eg e(u)l? dx. 22
[ ewran <o [ e 22

B(0,1)
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This property will play a key role in controlling the elastic energy of our competitor, which
we construct in the next step.

By (20) and (8), we have HY~1(X(z;)) < Cey, and by (21) we know that HY~1(¥/(x,)) <
1. It follows that for all k, the set

Vi={tz]|z€X(x) UX (), 0 <t <2}

has a volume < Ce; and in turn |R| < Ce; since for each k, Ry, C zy + Vj.
Let D denote the annulus

D={zeRN|1/4<|z|<1/2}.

We claim that for § € (0,1/10),
/ lulP dz < C6*NC(e,)eb. (23)
{zeD|dist(z,K)>d }

Choose a maximal family of points y; € D such that dist(y;, K) > § and |y; — y;| > §/10.
Then the balls B(y;,0/100) are pairwise disjoint, and since they are contained in B(0,1),
their number is at most C5~. Moreover, the set { z € D | dist(x, K) > § } is covered by the
balls B; := B(y;,d/10), so to prove (23), it suffices to show that for all 7,

/B |ulP dz < C6PC(eq)eb. (24)

Since B; N K = (), we can apply Korn-Poincaré inequality in B; and obtain a rigid motion a;
such that

(/‘W——mwdxfgC&i/‘kﬁovdx. (25)
Bi Bi

We now show that for z € B; \ R, we have |u(z)| < C(g1)eo. By definition of R, together
with (7), we know that for every such z and for all k, the segment [z, z] does not intersect
K and

/ le(u)[P dH! < 0(51)/ le(u)|P dz < C(e1)e}.
[z,

B(0,1)
Since
% [u(xk +t(r —xp)) - (x — :r;k)} = [e(u)(mk +t(x —ap))(xr — xk)] (= xp),
we find
(0(2) = () (2 = 20 < Clo ] | o] a3 < e

From (18), this implies |u(x) - (z — x)| < C(e1)gp for all k, and then (10) entails |u(z)| <
C(g1)go. As this estimate holds for all z € B; \ R and as |B;| < C6 < C6P, we deduce that

/ mego/ m—%wm+c/ P de < 67C(e1)eh.
Bi\R Bi\R B;\R

As |R| < Ceq, we may choose ¢; sufficiently small (depending on N, ) so that |B;\ R| > |B;|/2.
Lemma A.1 in the appendix then yields

|a;[” < "N C(gy)el  uniformly on B;.
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Inserting this bound into (25) gives (24), and in turn (23).

Consider a cut-off function p € C'(D;[0,1]) such that p(z) = 1 when dist(z, K) > 24,
¢(z) = 0 when dist(z, K) < ¢ and V| < Co~" everywhere. We extend u on the whole
annulus D by v(z) := ¢(x)u(z). One estimates

le(v)] < [Vellul + ¢le(u),

SO

/ le(v)|P do < C(Sp/ |ulP dz + C/ le(w)|? dz
D {zeD|dist(z,K)>d } D

<O NO(ey)eb.

As v is a Sobolev map in the annulus D, Korn’s inequality provides a rigid motion a such
that

/ Vo — ValPde < C5NO(g)eb.
D

By averaging over radii, we deduce that there exists p € (1/4,1/2) such that
/ Vo — ValP dHN ' < O3 NC(ey)el,
9B(0,p)

We may further assume that the trace of v —a on 9B(0, p) belongs to W(9B(0, p)), with
gradient given by the tangential component of Vv — Va. Moreover, applying again the coarea
formula to (9), we may additionally choose p € (1/4,1/2) so that

Z:={x€dB(0,p) | dist(z, K) < 2§}

satisfies HV~1(Z) < C4. By |6, Lemma 22.32| (recall we choose p such that 2(N —1)/N <
p < 2), the function w := v — a defined on dB(0, p) admits a C' extension to B(0, p) such
that

2/p
/ |Vw|? dr < C(/ \Vv—V&]pd:U> < C6 PO (gy)el.
B(0,p) 9B(0,p)

Assume for the moment that (u, K) is a plain quasiminimizer, we will treat later the
topological case. Define (u, K) by

K = (K\B(0,p))UZ

and

= Ju in B(0,1) \ (B(0,p) UK)
w+a in B(0,p)\ Z.

Then (@, K) is a competitor of (u, K) in every ball B(0,r) with p < r < 1, and hence

/B(O el () e+ MTH (K0 B0,9)

< / Ae(w) : e(w) dz + MHY(Z) + h(1).
B(0,p)
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By Ahlfors-regularity (Proposition 2.3), there exists a constant ¢y > 0 which only depends on
N, M, A such that

/ Ae(u) : e(u)dr + M *HY YK N B(0, p)) > co.
B(0,p)
On the other hand, we can bound the right-hand side using

/ le(w)?de < C6™2N/PC(e))e2 and MHNY(Z) < CMG.
B(0,p)

We first fix § > 0 small enough (depending on N, M, A) so that MHY1(Z) < ¢y/10, and then
choose ¢y sufficiently small in (7) (again depending on N, M, A) so that [ B(ij)\e(w)P dz <
¢o/10 and h(1) < ¢g/10. This contradicts the previous lower bound.

In the case where (u, K) is a topological quasiminimizer, choose any point =, € B(0,1/10)
such that the set

Y:={2€0B(0,1) | (z. +R"2)NKNB(0,1)£0}

has HY~!-measure < Cey, for some universal constant C' > 1 (such a point exists by (13)).
Then the set
5= (x € 0B(0.p) | [r.2.] N K #0)

also has HY~! measure < Cg; since it is contained in the inverse image of ¥ under the
bilipschitz map
0B(0,p) — 0B(0,1)

T — Ty
T —

v — @]
We then define a competitor K by
K = (K\B(0,p)UZUS.

The set K is relatively closed in Q. Indeed S is the image of K N B(0, p) under the radial
projection of center x, onto OB(0, p), and is therefore compact. Moreover, HY~1(S) < Cey,
so the contradiction argument above still applies provided we also assume £, < ¢q/(10C").
We now check that K is a topological competitor of K. Let z,y € B(0,1)\ B(0, p) be two
points that are connected by a path v in B(0,1) \ K. We claim that z and y are connected in
B(0,1)\ K. If v never meets B(0, p), then z and y are also connected in B(0, 1)\ K because
K = K outside B(0, p). Otherwise, let 2; be the first point where v meets dB(0, p), and
y1 be the last such point. Then z is connected to z; by a path in B(0,1) \ K and y to y;
by a path in B(0,1) \ K. Since x1,y; ¢ S, the segments [z, z1] and [z.,y;] don’t intersect
K. Concatenating these four paths shows that = and y are connected in B(0,1) \ K, as
required. |

The property of projections already ensures that the crack is rectifiable (assuming that
lim sup,_,, A(r) is small enough). To see this, decompose as usual K = F UG as the
disjoint union of a rectifiable part F' and a purely unrectifiable part G. According to the
Besicovitch-Federer projection theorem, we have

/ HY " (pv(G)) dV = 0.
Gr(N-1)
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Therefore, Theorem 3.1 shows that for all x € K and r > 0 such that B(z,r) C §2 and
h(?”) < €0,

V< / H (PO Bz, n) AV < HTHEA Bz, 7).
Gr(N-1

One deduces that H¥1(G) = 0 by standard density theorems |23, Theorem 6.2].

The next result states that, given any ball, one can find a smaller shifted ball (with
comparable radius) where K has a small flatness. This is a standard property of uniformly
rectifiable sets, typically derived from the “Weak Geometric Lemma” (WGL); see |6, Section
73]. Here we obtain it instead by a contradiction argument and the stability of the projection
property under Hausdorff convergence. This proof is inspired by works on the Plateau
problem, such as those of Fang [15, 14| and David [7, Lemma 10.21], where the rectifiability
of limits is obtained by different methods but used in the same spirit.

Proposition 3.2 (Flat in many places). There exist a constant £ > 0 (depending on N,
M, A) and, for all ¢ > 0, a constant C(¢) > 1 (depending on N, M, A, ) such that the
following holds. If (u, K) is a topological quasiminimizer in Q, then for all x € K and all
r > 0 with B(z,r) C Q and h(r) < &g, there exists y € K N B(x,r/2) and t € [C(e) " r,r/2]
such that

Bly.t) <e.

Proof. Fix g9 smaller than in Proposition 2.3 and Theorem 3.1. Up to rescaling, it suffices
to prove the statement for quasiminimizers in the unit ball. We proceed by contradiction
for a given £ > 0. Suppose there exists a sequence of topological quasiminimizers (u;, K;);
with gauges h; in B(0, 1) such that, for all i, h;(1) < gy and, for all y € K; N B(0,1/2), for
all t € [27%,1/2], one has B, (y,t) > .

We extract a subsequence (not relabeled) such that (K;); converges to a relatively closed
subset K C B(0,1) in local Hausdorff distance (see |6, Proposition 34.6]). Since each K;
contains 0, the limit set K also contains 0. It is standard that the limit set K inherits
Ahlfors-regularity from the sequence (K;); that is, there exists Cy > 1 such that for all x € K
and all » > 0 with B(z,r) C B(0,1),

Cotr™ =t <HN"Y K N B(x,7r)) < Cor™ 1.

Next, fix x € K N B(0,1) and r > 0 with B(z,r) € B(0,1). We claim that K has
the property of projections in B(x,r). Without loss of generality, we may assume that
B(x,r) C B(0,1). Let 0 < p < r and 5 € (0,7 — p). For all sufficiently large 4, every point of
K; N B(z,p) lies at distance at most n from K N B(z,7); hence

/G (N-1) He (pV(Ki N B(z, p))) dVv
< / ’HN—1<{Z eV | diSt(Z7pV(Kﬂ§(xjr))) < 77}) qv
Gr(N-1)

Since z € K, there exists a sequence of points (z;); with x; € K; N B(0,1) and z; — z. In
particular, for ¢ large enough we have

Lo O Bl ) AV < [ 06 B )
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By applying Theorem 3.1 to (u;, K;) in the ball B(x;, p/2), we obtain
/ HY ({2 e V | dist(z,pv(K N B(z,r))) <n})dvV > C 1N
Gr(N-1)

Letting p — r and n — 0, and using dominated convergence, we deduce that

/ HY " (pv(K N B(z,7)))dV > C~ 1N
Gr(N-1)

This proves the claim, and therefore K is rectifiable.
As a standard consequence from Ahlfors-regularity and rectifiability, we have

lir% B(x,r)=0 for HY tae € K.
T

Since 0 € K and K is Ahlfors-regular, we also have HV=1(K N B(0,1/10)) > 0, so we can
find a point € K N B(0,1/10) such that lim,_,o 8(x,r) = 0. Then, there exists r € (0,1/10)
and a hyperplane P through x such that B(z,r) C B(0,1) and

KnB(x,r) C{y € B(z,r) | dist(y, P) <er/200}.
Let (z;) € K; be a sequence such that z; — x. For ¢ sufficiently large,
K; N B(x;,r/10) C {y € B(x;,r/10) | dist(y, P) < er/100},

which proves that Sk, (z;,7/10) < £/10. Choosing i large enough so that 27¢ < r/10,
this contradicts our assumption that Sk, (y,t) > € for all y € K; N B(0,1/2) and all ¢t €
[279,1/2]. |

Combining the previous Proposition 3.2 (flat in many places) with Corollary 2.5 (small
elastic energy in many places), we obtain both conditions simultaneously.

Corollary 3.3. There exist a constant g > 0 (depending on N, M, A) and, for every
p € [1,2) and every e > 0, a constant C'(g) > 1 (depending on N, M, A, p and €) such that
the following holds. If (u, K) is a topological quasiminimizer in ), then for all x € K and
r > 0 with B(z,r) C Q and h(r) < go, there exists y € K N B(x,r/2) and t € [C(e) " r,r/2]
such that

ﬁ(ya t) + wp<y7 t) S €.

Proof. This is standard. Fix ¢y smaller than in Corollary 2.5 and Proposition 3.2. Let ¢; > 0
be a small constant to be chosen later. Assuming that h(r) < g, Proposition 3.2 yields a point
y € KN B(x,r/2) and a radius ¢ € [C(e;)"'r,r/2] such that B(y,t) < &;. Applying Corollary
2.5 in B(y,t), we then obtain a point z € K N B(y,t/2) and a radius s € [C(e) ¢, t/2]
such that wy(z, s) < e/2. Since s > C(g) ¢, we still control 8(z,s) < C(e)B(y,t) < C(e)e.
Finally, we choose €, (depending on N, M, A, p and ¢) so that 3(z,s) < /2. This choice
gives
B(z,8) +wy(z,s) <e.
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4 Fine estimate on holes through a projection

We define a “normalized jump” in the spirit of [6]. Let (u, K) be a pair in a ball B(z,r) C RY
such that B(x,r) < 1/2. Let 1y be a unit normal to a hyperplane realizing the infimum in the
definition of 8(z, 7). Let ay,as be rigid motions approximating  in the balls Dy = B(z4,7/8)
and Dy = B(xq,7r/8) centered at 1 = x + (3r/4)vy and zo = x — (3r/4)vy. Each takes the
form

ai(y) = bi + Ai(y — z),

where b; € RN and A; € R %Y are given by

skew
_ T
A= of Vuly) — Vuly)” o, b= uly)dy+ Afe ).

The normalized jump of v in B(x,r) is then

_ |b1 — b2| +7"|A1 — A2|
\/F .

This quantity is invariant under rescaling to the unit ball; see Remark 2.2.
Here is the main result of this section.

J(z,7)

Proposition 4.1. There exist ¢g > 0 (which depends on N, M, A) and, for all p €
(2(N —1)/N,2] and all € > 0, a constant €1 > 0 (which depends on N, M, A, p and €) such
that the following holds. Let (u, K) be a topological quasiminimizer with any gauge h in €.
For every x € K and r > 0 with B(x,r) C Q and

B(z,r) +wy(z,r) <e; and h(r) < e,
there exists a hyperplane V- € Gr(N —1) such that, for allW € Gr(N —1) with dist(V, W) < ey,
HN (W N Bz, r) \ pw(K N B(z,r))) <er™ (26)

For this purpose, we will use [21, Lemma 4.3| on the initialization of the jump. Note that
the assumption on Dy, D, is only needed for topological quasiminimizers.

Lemma 4.2 (Initialization of the jump). There exist a constant 9 > 0 (depending on N,
M, A) and, for every p € (2(N —1)/N,2], a constant ny > 1 (depending on N, M, A, p)
such that the following holds. Let (u, K) be a topological quasiminimizer with any gauge h in
Q. If v € K and r > 0 are such that B(x,r) C €,

Bz, 1) +wy(z, 1) <no, hr) <eg

and if the balls Dy, Dy (defined at the beginning of Section 4) lie in the same connected
component of Q\ K, then
J($7 7’) 2 To-

We will also use Lemma 4.4 from [21], which we recall below.
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Lemma 4.3 (Holes through slicing). Let (u, K) be a pair in B(0,1), and assume that
£(0,1) < e for some € € (0,1/4). Let vy be a unit normal to a hyperplane realizing the
infimum in the definition of 3(0,1). Then, for all unit vectors v € SN=1 with |v — 1p] < ¢,
setting V = v+, we have

JWYHNYS.(V))? < Ce! / le(u)| da, (27)

B(0,1)

where C' > 1 is a universal constant,
S:(V) =V N B(0, (1 = 4e)) \ py (K N B(0,1))
1s the set of holes through slicing in the direction v, and
J(v) = [(by = ba) - v| + [(Ar — Ag)v|

1s the component of the jump in the direction v, with b;, A; as defined at the beginning of
Section 4.

Note that the right-hand side of (27) deteriorates as ¢ — 0 because of the factor e~!,
while we gain more information on the left-hand side since S.(V') gets larger. In order to
deduce Proposition 4.1, we will fix e > 0 sufficiently small in Lemma 4.3 so that HY~1(S.(V))

captures most of HV =1 (VN B(0,1) \ py(KNB(0,1))), and then assume fB(O,l) le(u)| dz small

enough to compensate for the factor 1.

Proof of Proposition 4.1. To simplify notation, we may assume that B(x,r) = B(0,1). Let
p € (2(N —1)/N,2] and € > 0. Let (u, K) be a topological quasiminimizer in B(0, 1) such
that

B(0,1) <&z, wy(0,1) <ey and (1) < e, (28)

where €1,e9 € (0,1/4) are constants to be chosen small enough (depending on N, M, A, p
and ¢) and &g is the constant of Lemma 4.2. We denote by 1 a unit normal to a hyperplane
realizing the infimum in the definition of £(0,1), and by Dy, Dy the balls defined at the
beginning of Section 4. The letter C' denotes a generic constant > 1 which depends on N,
M, A and p.

If Dy and Ds lie in distinct components of B(0,1) \ K, property (26) follows directly.
Indeed, recall that D; = B(x;,1/8), where 21 = (3/4)vy and 25 = —(3/4)1, and that

KNB(0,1) c{zeB(0,1) ]|z v <e}.
For v € S¥=1 with |v — 1| < 3, we thus have

KNnB(0,1) c{zeB(0,1) ]|z -v] <2y}.
Moreover, |z; - (v — )] < ey for i = 1,2, so that o1 - v > 2ey and @y - v < —2e5. Let W = vt
For every o € W N B(0, (1 — 4¢eq)), the segment x + [—2¢e9, 2e9|v intersects K'; otherwise it

could be used to connect the centers of Dy and Dy. Hence, the projection py (K N B(0,1))
contains W N B(0,1 — 4e) and we deduce

HNH (W N B(0,1) \ pw(K N B(0,1))) < Ces.
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We finally choose ¢4 so that the right-hand side is less than ¢.
Suppose now that Dy and Dy are not separated by K in B(0,1). Assume that 1, e, are
at most 19/2, where 1 is the constant of Lemma 4.2. Lemma 4.2 then yields

by — bo| + | Ay — Ayl > O (29)
Lemma 4.3 further gives that, for every unit vector v € SN=! with |v — 1] < &3, we have
JW)HY (S, (W))? < Ceylwn (0,1)Y2, (30)

where W = vt
We now construct a direction 7o € SV~! such that J(v) admits a uniform lower bound for
all v in a neighborhood of 7. For § > 0, the set of vectors v € SV¥~1 such that

|(b1—b2)l/‘ <5‘b1—b2’ (31)

has measure at most Cyd, for some universal constant Cy > 1, since it is the intersection of
the unit sphere with a §-neighborhood of a hyperplane. A similar argument shows that the
set of v € SN~ with

|(A1 — AQ)I/‘ < 5|A1 — A2|

has measure < NCyd. Indeed, let (¢, ..., cy) denote the columns of (A; — Ay)T; the condition

above reads
vl <6 el
k k

so there exists k = 1,..., N satisfying |v - ¢x| < d|cg|, which is the same form as (31). We
can thus fix § > 0 small enough (depending only on N and ;) so that some 7, € SY¥~! with
|vg — 70| < £2/2 satisfies

|(by — by) - 10| > d]by — bo
as well as

|(Ay — Ag)To| > 6] A1 — Asl.
This gives J(79) > 6(|b1 — ba| + | A1 — As|). (The constant 6 is now fixed for the remainder of
the proof.) Observe that the map

(b1 — b) - v| + (A1 — Ag)v|
|by — ba| + |A; — A
is Lipschitz with a universal constant L. Then, for every v € SV~ with |v — 79| < L71§/2,
we have

V=

J J
J(V) Z J(To) — §(|b1 — b2| + |A1 — AQ‘) Z §(|b1 — b2| + |A1 — Agl)
and in particular J(v) > C~1§ by (29).
Now, (30) implies that for all v € S¥~1 with |v — 79| < min(eq/2, L715/2),
HN (S, (W))? < C6 ey wi (0,1)2,

where W = v+, We readily observe HY¥=1(W N B(0,1) \ B(0, (1 — 4,))) < Ces, so that in
fact

HY (W 0 B(0,1) \ pur (K 1 B(0, 1)) < C/6-1e5 w0, (0, 1)1/ + Cey.

We finally fix €5 such that Cey < /2 and, using wy < Cw, by Hélder’s inequality, we then
choose ¢; so small that

HN (W N B(0,1) \ pw(K N B(0,1)) <e.
This completes the proof of Proposition 4.1. [ |
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5 Plenty of big projections

The following two results are immediate consequences of Corollary 3.3 and Proposition 4.1,
and their proofs are omitted. The first one is the uniform concentration property; in this
way, our argument provides a variant of the proof in [21] and leads to a stronger result, as it
extends to quasiminimizers.

Corollary 5.1 (Uniform concentration). There exist e > 0 (which depends on N, M, A)
and, for alle > 0, a constant C() > 1 (which depends on N, M, A, €) such that the following
holds. If (u, K) is a topological quasiminimizer in a domain €2, then for all x € K and all
r >0 with B(z,r) C Q and h(r) < g, there exists y € K N B(xz,r/2) and t € [C(e) " r,r/2]
such that

HYN YK N By, 1) > (1 —&)wy_ 1t 1,

where wy_1 18 the measure of the (N — 1)-dimensional unit disk.

The second one is the plenty of big projections property, which we use to establish the
uniform rectifiability of fractures.

Corollary 5.2 (Plenty of big projections). There exist constants ¢g > 0, 6 > 0 and
C' > 1 (which depend on N, M, A) such that the following holds. If (u, K) is a topological
quasiminimizer in a domain Q, then for all x € K and all v > 0 with B(z,r) C Q and
h(r) < e, there exists a hyperplane V- € Gr(N — 1) such that for all W € Gr(N — 1) with
dist(V, W) <9,

HY " (pw(K N B(z,r))) > C !

We finally deduce our main result.

Corollary 5.3 (Uniform rectifiability). There exist constants ¢ > 0 and C' > 1 (which
depend on N, M, A) such that the following holds. If (u, K) is a topological quasiminimizer
in a domain 2, then for all x € K and all r > 0 with B(x,2r) C Q and h(2r) < &y,

K N B(x,r) is contained in a uniformly rectifiable set E (with BPLG) of constant C.

Proof. This is essentially an application of |24, Theorem 1.6], which states that plenty of big
projections (PBP) implies big pieces of Lipschitz graphs (BPLG). A minor adaptation is
required since our PBP property (Corollary 5.2) is local, whereas [24, Theorem 1.6] is global.
Fix x € K and r > 0 such that B(z,2r) C Q and h(2r) < gy, where ¢y is smaller than in
Proposition 2.3 and Corollary 5.2. Consider any hyperplane P passing through = and set

E = (KNB(z,r)UdB(z,r)U(P\ B(z,r)).

The set F is closed and Ahlfors-regular (we omit the proof). Let us verify that E has plenty of
big projections. The key point is that hyperplanes and spheres have plenty of big projections:
there exist universal constants 6 > 0 and C' > 1 such that for all y € P and p > 0,

IV € Gr(N — 1), VW € B(V,68), H¥ " (pw(P N B(y,p))) = C~'pN ! (32)
and for all y € 9B(z,r) and 0 < p < 2r,
3V € Gr(N — 1), VW € B(V,6), H¥ ' (pw(9B(z,r) N B(y,p))) = C'pN~1 (33)
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Now, fix y € E and p > 0. Our first case is when B(y, p/2) C B(xz,r). Then necessarily
y € K, and we may apply Corollary 5.2 in B(y, p/2). Since K N B(y, p/2) C EN B(y, p), it
follows that E has plenty of big projections in B(y, p).

Our second case is when B(y, 3p/4) contains a point z € P\ B(z,r + p/100). We apply
(32) in B(z, p/100) and, because P N B(z, p/100) C E'N B(y, p), we again obtain that F has
plenty of big projections in B(y, p).

We are left with the case where B(y,p/2) ¢ B(xz,r) and B(y,3p/4) does not meet
P\ B(z,r + p/100). From the second condition, we immediately obtain |z — y| < r 4 p/100.
In particular B(y, p/2) N B(xz,r) # 0, and since B(y,p/2) ¢ B(x,r), there exists a point
z € B(y,p/2) N 0B(x,r). We also check that p < 4r: if this were not the case, then, using
again |z — y| < r + p/100, we would have

B(z,r + p/100) C B(y, 2r + p/50) C B(y, 3p/4)

and therefore any point of P N dB(x,r + p/100) would belong to both B(y,3p/4) and
P\ B(x,r4p/100). Since p/2 < 2r, we may apply (33) in B(z, p/2). As 0B(x,r)NB(z,p/2) C
E N B(y, p), this shows once more that E has plenty of big projections in B(y, p). [

A Appendix

Lemma A.1. For all real numbers p > 1, for all affine maps a: R™ — R™, for all balls
B C R" and for all Borel sets E C B such that |E| > 0, we have

(flotorrar) s Ml (15): (34)

where C' > 1 depends on n, m, p.

Proof. By scale invariance of the inequality, we may assume that B = B(0,1). Writing
ai,...,a,, for the coordinates of a, we have for all z € R",

o1 Z|ai(a;)\p < la(z)P < CZ\ai(m)‘p

so it suffices to prove (34) for each coordinate of a. Thus we may restrict to the case where a
is an affine map a: R™ — R of the form a(z) = ¢+ v - , where ¢ € R, v € R". We can also
assume (c,v) # 0, otherwise (34) is trivial.

The main point is to show that there exists a universal constant Cy > 1 such that for all
t >0,

Cot

el + [v]
If || > 2|v|, then |a(x)| > |c|/2 in B, and we distinguish two cases. Either |c|/2 > t, in which
case

{zeB|la(x)] <t} <

(35)

{zeBlla(z)| <t} =0
or |¢|/2 <t, and then we have the trivial bound

2Bt _ 3|BJt
el 7 el + ol

{zeB|la(x)] <t} <[B| <
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Next, if |¢| < 2|v|, then in particular v # 0, and the condition |a(z)| < ¢ describes a
(|v|~*t)-neighborhood of a hyperplane, so

Ct 3Ct
{zeB|la(x) <t} < 7= < 7
ol = fef + ]

for some universal constant C' > 1. This proves (35).
For t > 0, we then estimate

[ @ de > #l{a € B ja(o)] >}
> (1B~ |{z € B | a(x)| < t}])

>tp<|E\— Cot )
B ] + [v]

and the desired inequality follows by choosing ¢ so that

Cot  |E|
el + 1ol 27

|E| =
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