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Let Q be an open bounded set of R3 and let W and V be two non-negative continuous
functions vanishing at «, 8 and o/, 8/, respectively. We analyze the asymptotic behavior
as € — 0, in terms of I'-convergence, of the following functional

1

F:(u) := Ep72/ |Du|Pdz + /W(u)d:c + = V(Tu)dH?  (p > 2),
Q Q €Joq

p—2
gp—1
where w is a scalar density function and T'u denotes its trace on 92. We show that the

singular limit of the energies F: leads to a coupled problem of bulk and surface phase
transitions.
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1. Introduction

In this paper, we study a problem which concerns the analysis of liquid-liquid phase
transitions, involving capillarity and line tension contributions.

According to the Van Der Waals-Cahn-Hilliard two-phases model, we consider
a fluid, under isothermal conditions, confined to a bounded container 2 C R3 and
described by a mass density u on 2, which varies continuously from the values a to 3,
corresponding to the phases A = {z € Q: u(z) = a} and B = {z € Q : u(z) = G}.

The energy associated with u is the sum of a bulk term W (u)dz, a singular
Q

perturbation 2 / | Du|?dz, which penalizes the spatial non-homogeneity of the fluid,
Q

and a boundary contribution A V(Tu)dH?, where Tu denotes the trace of u
aQ
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on 0f), € is a small parameter giving the characteristic length of the thickness
of the interface which separates the two phases, A is the order of magnitude of the
interactions of the fluid with the container wall. This model is also known as “diffuse
interface model” for phase transitions. The total energy is given by

1

E%(u) = 5/ |Dul?dx + = | W (u)dz + /\/ V(Tu)dH?, (1.1)
Q €Ja 0

where W and V are double-well potentials, with zeroes at {«, 8} and {o/, 3’} re-
spectively, and H* denotes the k-dimensional Hausdorff measure.

The asymptotic behavior of the rescaled energy (1.1) has been analyzed by
several authors, mainly without taking into account the interactions between the
fluid and the wall of the container; i.e., the case (A = 0): see for instance Refs. 20,
18 and 16, but also Refs. 6 and 8 for more general perturbation terms in (1.1). The
case A = 1 was treated by Modical?, while a different behavior for A was studied
by Alberti, Bouchitté and Seppecher in late 90’s. Precisely, in Ref. 3, the authors
analyzed the asymptotic behavior as € goes to 0, via De Giorgi’s I'-convergence, of
the following family of energies

1
E.(u):=¢ [ |Du|*dx + B W (u)dx + /\5/ V(Tu)dH? (ue€ HY()), (1.2)
Q Q T9)

where A, satisfies
elogh. — k€ (0,+00) ase — 0. (1.3)

This logarithmic scaling provides a uniform control on the oscillation of the traces of
minimizing sequences u,., and ensures that the transition of Tu. from o’ to 3’ takes
place in a thin layer. In fact, Alberti, Bouchitté and Seppecher proved that, under
the assumption (1.3), the traces Tu. converge (up to a subsequence) to a function
v in BV (9Q,{d/,#’}) and then the boundary phases {v = o'} and {v = '} are
divided by the jump set Sv; i.e., the complement of the set of Lebesgue points of v*.
Swv is usually referred to as “dividing line” and in general does not agree with the
“contact line”, that is the line where the interface between the bulk phases {u = a}
and {u = [} meets the boundary of Q (see Ref. 3, Example 5.2; see also Fig.1).

Namely, the asymptotic behavior of F. is described by a functional ¥ which
depends on the two variables v and v:

W (u, v):=0H>(Su) + /69 |H(Tw) — H(v)|dH? + 7H(Sv),
V (u,v) € BV(Q,{a, 3}) x BV(99Q,{d,3'}), (1.4)

. _ . k
where o := |H(3) — H(c)|, being H a primitive of 2IW /2 and 7 := = (3’ — o).
m

The essence of this paper is the extension of the analysis by Alberti, Bouch-
itté and Seppecher, considering singular perturbation terms with super-quadratic
growth. For p > 2, we consider the family

1
F.(u) :==eP™? [ |DufPdz + — [ W(u)dz + —/ V(Tu)dH?, (1.5)
Q T9)

cp—1.JQ €
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dividing line

\ contact line

Fig. 1. Dissociation of the contact line and the dividing line.

where ¢ is chosen to denote the length of the boundary transition, and the other
powers follow naturally by standard scaling analysis (see for instance Ref. 21, Section
2.3).

We note that the variation of the power of the gradient in the perturbation
term is not a simple generalization with respect to the quadratic case. The reason
is that, in the quadratic case, the natural logarithmic scaling of the energy makes the
profile of the transition on the boundary irrelevant; it does not produce the so-called
“equi-partition of the energy”. On the contrary, such profile becomes crucial in the
super-quadratic case, when equi-partition of energy occurs. This new feature will be
a double-edged sword in the proof of the I'-convergence result: some arguments will
be simplified by the presence of an optimal profile problem, some other will require
more care. For a detailed discussion in this direction, see Section 3 and Section 4.

Note that this article is purely variational, but some properties of the (interior)
Euler-Lagrange equations of the functional have already been studied (see Refs.
23 and 24). Moreover, for the case p = 2, the optimal profile for the boundary
transition has been studied in Ref. 10; while it is probably difficult to adapt this
analysis to the more nonlinear case of the p-Laplacian.

Finally, it is worth pointing out that several open questions arise. First, when
p € (1,2), we still expect some results of I'-convergence. Nevertheless, it is not
clear what the form of the I'-limit could be as some non-local geometric quantities
will appear. Second, it could be interesting to analyze the asymptotic behavior of
our functionals taking into account of the presence of an additional singular weight
in the perturbation term. In this direction, there are the works in preparation by
Gonzalez'® for the case p = 2 and by Sire and the author?? for the case p > 2.
Third, not much is known in the anisotropic case.
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The outline of this paper is the following. In Section 2 we fix the notation
and discuss the asymptotic behavior of the functional F.. Since the proof of the
I'-convergence result for the functional F requires several steps, in Section 3 we
describe the adopted strategy and state some preliminary results. Section 4 and 5
are devoted to the proofs of the mathematical results stated in Section 2.

2. Description of the results

First, we fix the notation, also recalling some standard mathematical results used
throughout the paper. Then, we analyze the asymptotic behavior of the functional
F. defined in (1.5) stating the related main convergence result.

2.1. Notation

In this work, we consider different domains A with dimensions N = 1,2, 3; more
precisely, A will always be a bounded open set either of RY. We denote by 9A
the boundary of A relative to the ambient manifold; 0A is always assumed to be
Lipschitz regular. Unless otherwise stated, A is endowed with the corresponding

N-dimensional Hausdorff measure, HY (see Ref. 11, Chapter 2). We write / fdx
A

instead of / fadHY | and |A| instead of HY (A).
A

The N-dimensional density of A at z is the limit (if it exists) of
HN (AN B,(z))/wnr™, where B,(z) is the ball centered at z with radius r and
wpy is the measure of the unit ball in RY.

The essential boundary of A is the set of all points where A has neither density
0 nor 1 and where the density does not exist. Since the essential boundary agrees
with the topological boundary when the latter is Lipschitz regular, we also denote
the essential boundary by 0A.

For every u € L{ _(A), we denote by Du the derivative of u in the sense of
distributions. As usual, for every p > 1, WP(A) is the Sobolev space of all u €
LP(A) such that Du € LP(A); BV (A) is the space of all u € L'(A) with bounded
variation; i.e., such that Du is a bounded Borel measure on A. We denote by Su
the jump set; i.e., the complement of the set of Lebesgue points of u.

For every s € (0,1) and every p > 1, WP is the space of all u € LP(A) such

— (2P
that the fractional semi-norm / / Mdmdm’ is finite.
Axa | — o/ |sPEN

We denote by T the trace operator which maps W'P(A) onto W'=1/PP(9A)
and BV (A) onto L*(0A). For details and results about the theory of BV functions
and Sobolev spaces we refer to Refs. 11, 4 and 1.
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2.2. The T'-convergence result

Let Q be a bounded open subset of R? with smooth boundary; let W and V be
non-negative continuous functions on R with growth at least linear at infinity and
vanishing respectively only in the “double well” {a, 8}, with a < 8, and {o/, '},
with o/ < 3. We assume in addition that the potential V' is convex near its wells.
Let p > 2 be a real number, for every € > 0, we consider the functional F; defined
in WhP(Q), given by

1

p

gp—1

= P2 u|Pdx u)dx 1 u 2
Fo(u) = /Q|D Pde + —— /QW( )z + /mV(T e (2.0)

€
We analyze the asymptotic behavior of the functional F. in terms of I'-

convergence. Let (u:) be an equi-bounded sequence for Fi; i.e., there exists a con-

stant C such that F(u.) < C. We observe that the “boundedness” of the term
1

p—2
er—1 JQ

to a subsequence) to a function u which takes only the values o and 3. The limit

W (ue)dx implies that, when e tends to 0, the sequence (u.) converges (up

function u belongs to BV (); {«, 8}), since the term sp_z/ | Duc|Pdx penalizes the

oscillations of wu., forbidding u to oscillate insanely between o and 3. Moreover
each u. has a transition from the value a to the value § in a thin layer close to the
surface Su, which separates the bulk phases {u = a} and {u = §}. Similarly, the
boundary term of F. forces the traces Tu. to take values close to ¢ and ', and the

oscillations of the traces Tu. are again penalized by the integral P2 / |Du |Pdx.

Q
Then, we expect that the sequence (Tu.) converges to a function v in BV (99Q)
which takes only the values o’ and @, and that a concentration of energy occurs
along the line Sv, which separates the boundary phases {v = o’} and {v = §'}.

In view of possible “dissociation of the contact line and the dividing line”, we
recall that T'u may differ from v. Since the total energy F;(u.) is partly concentrated
in a thin layer close to Su (where u. has a transition from « to (), partly in a thin
layer close to the boundary (where u. has a transition from T'u to v), and partly in
the vicinity of Sv (where Tu. has a transition from o’ to '), we expect that the
limit energy is the sum of a surface energy concentrated on Su, a boundary energy
on 9 (with density depending on the gap between Tu and v), and a line energy
concentrated along Swv.

The asymptotic behavior of the functional F; is described by a functional ®
which depends on the two variables u and v. Let W be a primitive of W®—1/P_For
every (u,v) € BV(Q,{«, 8}) x BV (0Q,{d/, 5'}), we will prove that

®(u,v) := o, H*(Su) + ¢, /m W(Tu) — W(v)|dH? + v, H (Sv), (2.2)

where as usual the jump sets Su and Sv are the complement of the set of
Lebesgue points of u and v, respectively; ¢, and o, are the constants defined by
s op = cp|W(B) = W(a)l;

Cp =

(p — l)p/(pfl)
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vp is given by the optimal profile problem

7y 2= inf { [ pupde s [ viTwar e 1, @)
R2 R

t——o0

lim Tu(t)=d, . ligrn Tu(t) :ﬁ’} : (2.3)
The main convergence result is precisely stated in the following theorem.

Theorem 2.1. Let F. : WP(Q) — R and ® : BV(Q, {a, B})x BV (0Q,{’, 3'}) —
R defined by (2.1) and (2.2).
Then

(i) [COMPACTNESS| If (uc) C WYP(Q) is a sequence such that F.(uc) is
bounded, then (uc, Tuc) is pre-compact in L*(Q) x L*(0Q) and every cluster
point belongs to BV (Q, {a, f}) x BV (9, {a/, 8'}).

(i1) [LOWER BOUND INEQUALITY| For every (u,v) € BV(Q,{a,B8}) x
BV (09, {d/,3'}) and every sequence (u:) C W1P(Q) such that ue — u
in LY(Q) and Tu. — v in L'(052),

lim iélf F.(ue) > @(u,v).
e—

(ii)) [UPPER BOUND INEQUALITY| For every (u,v) € BV(Q,{«a,8}) x
BV (09Q,{c',3'}) there exists a sequence (u:) C WHP(Q) such that u. — u
in LY(Q), Tu. — v in L*(0Q) and

lim sup F;(ue) < ®(u,v).

e—0

We can easily rewrite this theorem in term of I'-convergence. To this aim, we
extend each F. to +o00 on L1 (2)\W1?(Q) and, from Theorem 2.1, we briefly deduce
the following remark.

Remark 2.1. F. I-converges on L'(Q) to F, given by

Flu) = inf {®(u,v) : v e BV(0Q,{c,8'})} ifue BV(Q,{a,[}),
|4 elsewhere in L(9).

3. Strategy of the proof and some preliminary results

In this section, we briefly describe the adopted strategy in the proof of Theorem
2.1. We also state some convergence results (see Theorem 3.1 and Proposition 3.1)
without providing proofs, but only short comments and references.

The proof of Theorem 2.1 requires several steps in which we have to analyze
different effects. Then, we can deduce the terms of the limit energy W, localizing
three effects: the bulk effect, the wall effect and the boundary effect.
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In the bulk term, the limit energy can be evaluated like in Ref. 18. Of course,
we will use the super-quadratic version of the Modica-Mortola functional.

For every open set A C R3 and every real function u € W1P(A), we consider
the functional

1

G.(u, A) := P2 / |DulPdr + —— / W (u)dzx. (3.1)
A cpr—1 JA

The energies G I'-converge in L'(A) to the functional ,H*(Su), as stated in the

following theorem, which can be proved thanks to simple modifications to the proof

of the Modica-Mortola Theorem by Modica!® (see also Ref. 19, Theorem 3.10).
Theorem 3.1. For every domain A C R3 the following statements hold.

(i) If (us) € WHP(A) is a sequence with uniformly bounded energies Ge(u., A).
Then (uc) is pre-compact in L'(A) and every cluster point belongs to
BV(A,{a, 5)).

(ii) For every u € BV (A,{a, 8}) and every sequence (uz) C WHP(A) such that
ue — u in L'(A),

lim iélf Ge(ue, A) > oy H?(Su),

(iii) For every u € BV (A, {«,3}) there exists a sequence (uc) C WHP(A) such
that ue — u in L'(A) and
lim sup Ge (ue, A) < o, H?(Su).
e—0
Moreover, when Su is a closgczl Lipschitz surface in A, the functions u.
may be required to be (CW/E%)—Lipschitz continuous, and to converge to

u uniformly on every set with positive distance from Su (here Cy is the
supremum of WP in [, B]).

The second term of ® can be obtained by the following proposition, adapting
the approach by Modica in Ref. 19.

Proposition 3.1. For every domain A C R® with boundary piecewise of class C*
and for every A’ C OA with Lipschitz boundary, the following statements hold.

(i) For every (u,v) € BV(A,{«a,B}) x BV(A',{c/,5'}) and every sequence
(us) C WHP(A) such that ue — u in L'(A) and Tu. — v in L'(A’),

lim iélf Ge(ue, A) > ¢, | [W(Tu) — W(v)|dH?.
Ee— A’

(i) Let a function v, constant on A’, and a function u, constant on A, such
that u = a or u = 3, be given. Then there exists a sequence (ug) such
that Tu. = v on A’, u. converges uniformly to u on every set with positive
distance from A’ and

limsup Ge(ue, A) < ¢, [ [W(Tu) — W(v)|dH>.
A/

e—0
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Ciy
e(=2)/(p—1)
tinuous (where Cyy, is the mazimum of WP over any interval which con-

tains the values of u and v).

Moreover, the function u. may be required to be -Lipschitz con-

We recall that the results by Modica'® concern a Cahn-Hilliard functional with

quadratic growth in the singular perturbation term and with a boundary contri-

bution of the form )\/ g(Tu)dH2, with A not depending on € and ¢ a positive
a0
continuous function. Hence, we needed to adapt part of Proposition 1.2 and Propo-

sition 1.4 in Ref. 19 to our goal (see Ref. 21, Proposition 4.3, for details).

Finally, the boundary effect. This is a delicate step, that requires a deeper analy-
sis. The main strategy is the following: we reduce to the case in which the boundary
is flat; hence we study the behavior of the energy in the three-dimensional half ball;
then we reduce the problem to two dimension via a slicing argument.

Thus, the main problem becomes the analysis of the asymptotic behavior of
the following two-dimensional functional, combining the interior p-energy with the
boundary term:

H (u):= 5”72/

Dy

1
| DulPdzx + . V(Tu)dH", Yu € WHP(Dy), (3.2)
Ey

where D1 and F, are defined by

D’r = {({I:l,.’l,'g) S R2 : IE% +5E§ < 7"27152 > 0}7
E,:={(z1,22) € R?: 2} + 2 < 1% 25 =0} = (-7, 7). (3.3)

Note that for the case p = 2 the two-dimensional Dirichlet energy (3.2) can be
replaced on the half-disk D, by the H'/2 intrinsic norm on the “diameter” E,.. This
is possible thanks to the existence of an optimal constant for the trace inequality
involving the L? norm of the gradient of a function defined on a two-dimensional
domain and the H'/? norm of its trace on a line (see Ref. 3, Lemma 6.2 and Corollary
6.4). Hence, when p = 2, the analysis of the line tension effect is reduced to the one
of a one-dimensional perturbation problem involving a non-local term:

t—1t
where T is an open interval of R and A. satisfies the condition (1.3).

2

dt'dt + )\E/V(v)dt,
I

Here, we have to analyze the asymptotic behavior of the functional H., that is
one of the main contribute of this paper; it will be the subject of Section 4.

3.1. Some remarks about the structure of F,

The methods used in the proof strongly require the “localization” of the functional
F_;i.e., looking at F. as a function of sets. By fixing v we will be able to characterize
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the various effects of the problem, in the spirit of the classical “blow-up” method,
developed by Fonseca and Miiller'2. In this sense, for every open set A C R3, every
set A’ C A and every function u € WP (A), we will denote

1
p—2
gp—1

F.(u, A A) = 5”_2/ | DulPdx + /W(u)d;H1 V(Tu)dH?.  (3.4)
A A

E Al
Clearly, F.(u) = F-(u,Q,09Q) for every u € WH?(Q).
Let us observe that, thanks to the growth hypothesis on the potentials W and
V', we may assume that there exists a constant m such that:
—m S 0470/767/8/ S m,
W(t) > W(m) and V(t) > V(m) for t > m, (3.5)
W(t) > W(—m) and V(t) > V(—m) for t < —m.
In particular, assumption (3.5) will allow us to use the truncation argument given
by the following Lemma.

Lemma 3.1. Let a domain A C R3, a set A’ C A, and a sequence (u.) C
WP (A) with uniformly bounded energies Fr(ue, A, A") be given. If we set ui.(z) :=
max{min{u.(z), m}, —m}, then

(i) Fe(tie, A, A') < Fe(ue, A, A),

(ii) ||tue — ucl| prcay and |Tu: — Tuc| p1(ary vanish as € — 0.
Proof. The inequality F. (i, A, A’') < F.(ue, A, A") follows immediately from (3.5).
Statement (ii) follows from the fact that both W and V have growth at least linear
at infinity and the integrals / W (ue)dx and / V(Tu:)dH? vanish as € goes to 0.

This is a standard argument; see, for instance, Lemma 4.4 in Ref. 21. O

4. Recovering the “contribution of the wall”: the flat case

We will obtain “the contribution of the wall” to the limit energy ®, defined by
(2.2), namely ~,H'(Sv), by estimating the asymptotic behavior of the functional

Fa(u,BﬂQ,Bﬂ(?Q):ap‘2/ | DulPdx+ pl,Q W(u)d:v—i—/ V(Tu)dH?,

BN er—1 JBNQ BNoQ

when B is a small ball centered on 92 and BN o< is a flat disk. We will follow the
idea of Alberti, Bouchitté and Seppecher?, using a suitable slicing argument. Later
on we will show that the flatness assumption on B N 9JS2 can be dropped when B is
sufficiently small. Hence, we need to prove a compactness result and a lower bound
inequality for the following two-dimensional functional

H.(u) := 5”72/ |Du|Pdz + l/ V(Tu)dH', Yu € WHP(Dy; [=m,m]), (4.1)
Dl € El
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where E, and D, are defined by (3.3). We recall that we will always study H. like
a reduction of F.. Hence there will be some hypotheses inherited by this reduction.
In particular, the hypothesis u € [-m, m] in (4.1) is justified by Lemma 3.1.

Let us introduce the “localization” of the functional H.. For every open set
A C R?% every set A’ C A and every function u € WP (A), we will denote

H.(u, A, A") = ep=2 / |Du|”dw+§ / V(Tu)dH. (4.2)
A A’

If we set u(®) (x) := u(z/c) and A/e := {x : ex € A}, by scaling it is immediately
seen that

H.(u® A A" = Hi(u,AJe, A’ Je). (4.3)

In view of this scaling property, we consider the optimal profile problem, introduced
in the Section 2.2; that is,

5, = inf {/ | DulPdx + / V(Tu)dH" : u € L (R%) :
RZ R

, lim Tu(t) = o/, , ligrn Tu(t) = 6’} (4.4)

and determines the line tension on the limit energy ®.

Note that v, is the infimum of the “non-scaled” energy H; among every function
with the trace that has a transition from o’ to 3’ on the whole real line. We will show
that this set of functions is non-empty (see the construction of good competitors
for «y, in Section 4.2). Moreover, in Section 4.4 we will prove that the minimum for
vp is achieved.

4.1. Compactness of the traces

We prove the pre-compactness of the traces of the sequences equi-bounded for H,
using the trace imbedding of W (Dy) in W=1/P?(9D;) and the following lemma,
which is an adaptation of Lemma 1 in Ref. 2, using the estimations in Lemma 4.1
in Ref. 13.

Lemma 4.1. Let (u.) C WYP(Dy) and let J C Ey be an open interval. For every
0 such that 0 <0 < (8" — ')/2, let us define

A ={zx € By : Tu.(z) <o’ + 6} and B. := {x € E1 : Tu.(x) > 3 —6}.

Let us set
|A. N J| |B-NJ|
— d b = . 45
N VT V] )
Then
20, (8 — o — 26)P 1 1 -
H.(ue, Dy, J) > —2 1- - "
c(ue, Dy, J) > (p—1)(p—2)|Jp2 (1—a.)P=2 (1 —b.)p=2 €

—gmpap_2 + Cs, (4.6)
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where C, and Cs are positive constants do not depending on €.

Proof. By the Sobolev imbedding of W'P(Dy) in W!=V/P2(9D,), there exists a
constant C,, such that for every u € W'?(Dy)

[Tullwi-1p00p,) < Cpllullwre(py)-

It follows that there exists a constant (still denoted by C,) such that

T t|P
/ |Du|Pdx > C, // | Tl T Tu(t)) dt’dt—/ |ulPdx, Yu e WhP(Dy).
Dy IxJ |t — [P Dy

Hence

1
Hs(us,Dl,J)_sP*Q/ |Duc|Pdz + = /V(Tus)dHl

J
2 Gy // [Tuelt) = Tue(t) 4y gy _ T ppper-2
IxJ it —v|p 2
—l—g/JV(TuE)dHl. (4.7)

Now, let ag,byp € R be such that J = (ag, bo); we denotes by (Tu.)* the increasing
rearrangement of T'u. in [ag, bo]

Tul(ag +x) :=sup{A: [{t: Tu(t) <A} <=z}, Vze]|0,by— aog] (4.8)

Since the non-local energy decreases under monotone rearrangements (see Ref. 14,
Theorem 1.1), we obtain

- 2// |Tuc(t) — Tus(t)|P it > e 2// |(Tue)* (t) — (Tue)* ()P ddt
IxJ [t — '[P IxJ |t—t/|p

aptac|J
> 2723 — of — 26) /0+ '/ dt'dt
bo— bm|t—t’|p

_ 2738 — o/ — 20)" <
(p—1)(p—2)|J[p~2 (1—aa)p 2

1 1
- (1 - bs)p72 - (1 — Qe — bs)p2> ' (4'9)

Denoting by ws the minimum of V' on [o/ 4+ 0,3 — §], by (4.7) and (4.9), we
obtain

H&‘(uEuDluJ) 2

26(8' — o' =20 (, 1 B 1

(p—1)(p—2)JP—2 (I—aq)p=2 (1 =b)p=2
1 _ ™ _ C w5
+m) eP 2—§m”€p 2 |J|(1—a€—b5).
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Minimizing with respect to |J|(1 — a. — b:), we get

20,(8' — o — 26)P 1 1 ~
H Dy, J) > —2 1-— - p=2
e Do) 2 e T e b ?)
p—2
_ )51 _
_gmpgp—2 4 2p_il %(ﬁ/ o - 25)p_ﬁlcpw£_—i
for every 0 < § < (8’ — a’)/2, and hence (4.6) is proved. O

We are now in position to prove the compactness result stated in the following
proposition.

Proposition 4.1. If (u.) C WYP(Dy;[—m,m]) is a sequence such that H.(u.) is
bounded then (Twu.) is pre-compact in L'(Ey) and every cluster point belongs to
BV (Ey, {«,('}).

Proof. By hypothesis, there exists a constant C' such that H(u.) < C. In partic-
ular

/ V(Tu.)dH' < Ce
Ey

and this implies that
V(Tu.) — 0 in L*(Ey). (4.10)

Thanks to the growth assumptions on V, (T'u.) is equi-integrable. Hence, by
Dunford-Pettis” Theorem, (Tu.) is weakly relatively compact in L'(E1); i.e., there
exists v € L'(E) such that (up to subsequences) Tu. — v in L(Ey).

We have to prove that this convergence is strong in L'(FE;) and that v €
BV (E1,{c’,3'}). This proof is standard, involving Young measures associated with
sequences (see also Ref. 2, Théoreme 1-(i)).

Let v, be the Young measure associated with (T'u.). Since V' is a non negative
continuous function in R, we have

/ /V(t)dux(t) < 1iminf/ V(Tue)dz.
EiJR =0 Jg,

(see Ref. 25, Theorem 1.16)
Hence, by (4.10), it follows that

/ V(t)dvy(t) =0, a.e. x€ Fy,
R
which implies the existence of a function 6 on [0, 1] such that
Vg (dt) = 0(x)du (dt) + (1 — 0(x))dp (dt), =z € E4
and

v(z) =0(z)d + (1 —0(z))3', =z € Er.
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It remains to prove that 8 belongs to BV (E,{0,1}). Let us consider the set S
of the points where approximate limits of 6 is neither 0 nor 1. For every N < H°(S)
we can find N disjoint intervals {J,, }n=1,.. n such that J, NS # @ and such that
the quantities a? and b”, defined by (4.5) replacing J by J,, satisfy

al —a"€(0,1) and b —b" €(0,1) ase goes to zero.

We can now apply Lemma 4.1 in the interval .J,, and, taking the limit as € — 0 in
the inequality (4.6), we obtain

lim inf H.(us, D1, Jp) > cs.
E—

Finally, we use the sub-additivity of the non-local functional and we get

N
lim inf H. (ue, Dy, ) 2 Zlimians(ua,Dl, Jn) > Nes.
E—
n=1

Since (u.) has equi-bounded energy, this implies that S is a finite set. Hence, 6 €
BV (FE1,{0,1}) and the proof of the compactness for H. is complete. O

4.2. Lower bound inequality

We will prove an optimal lower bound for H..

Proposition 4.2. For every (u,v) in BV (D1, {a, 8}) x BV(E1,{d/,8'}) and every
sequence (uz) C WP (Dy;[—=m,m]) such that ue — u in LY(Dy) and Tu. — v in
LY(Ey)

lim inf H (u.) > YpHO (Sv). (4.11)

Proof. We will prove the lower bound inequality (4.11) for v such that
'ifte (—1,0),
oty = 440 1 (=1,0]
g, ifte(0,1).

Let us consider the natural extension of v to the whole real line R (still denoted by
v); i.e.,

o, ift<0,
o(t) =4 ., .
3, ift>0.

Step 0: Strategy of the proof. We are looking for an extension of u. to the whole
R2, namely w., such that w. is a competitor for (4.4) and H.(w.,R%,R) ~
H.(u.,D1,E;) as ¢ — 0 in a precise sense. More exactly, we will able to find
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s < 1 and we will construct a competitor w, such that, for any given 6 > 0 there
exists €5 > 0 such that
Ha(ua) > Ha(uau D, Es)
:Ha(wau Ria R) - Hs(wé“v Ri \ Dy, R \ ES)
>vp — 0, Ve <es.

Step 1: Construction of the competitor. For every s > 0, we define the harmonic
extension of v from R\ E, to R3 \ Dy, namely @, defined in polar coordinates by

0 0
a(p,0) = ;o/ + (1 — —) B, Vo el0,m), Vp > s.

™

We will construct the competitor w. simply gluing the function @ and the function
u.. Hence, for every ¢ > 0, we consider the cut-off function ¢ in C*(R?), such that

_p—2 _p—2
—5—¢2(p-1) —s I S Ste20p-1)

Fig. 2. The competitor we.
—2
¢ =11in Dy, ¢ =0in R\ Dy and |Dy| < 1/, where we denote by

(r-2)
s(e) =s+ e,

Thus the function w. can be defined as

Ue in Ds,
we := ¢ puc + (1 —)u in Ds(a) \ Ds,
U in R%r \Ds(a)-

Note that w. belongs to Wll’p(Ri),tiir_noo Twe(t) = o and lim Tw.(t) = 3.

oc t——+oo

Clearly, w, is a good competitor for (4.4).
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Step 2: Choice of the annulus. We need to choose an annulus in the half-disk, in
which we can recover a suitable quantity of energy of u.. Since u. has equi-bounded

1 p—
energy H.(u.) in Dy, there exists L > 0 such that Ve > 0 3s € (5, 1-— £2<P21>>
such that

H.(u., Ds(a) \ Ds, Es(a) \ Es) < Lez(ﬁ;zn . (4.12)

Step 3: Estimates. By the scaling property of H. (see (4.3)), we have
T < Hi(w,RL,R) = He(w:, R} /e R/e)

< H.(w:,R3,R) = H.(w., Dy, Es) + H.(w.,R3 \ Dy, R\ E)

1
< H.(ue) + 57”*2/ | Dw|Pdx + —/ V(Tw,.)dH*
R2\D, EJR\E;

= H.(u)+ I + L. (4.13)

By definition of we, the first integral in the right hand side of (4.13) can be easily
estimated as follows

h=er [ papdse [ Deut (1= )i
R3\ D) D)\ Ds

< gplgp—2 / |DifPdx + 3P~ P2 / | Du, |[Pdx
Ri\DS Ds(s)\Ds

_ p(p—2) _ p—2
+6P " ImPre2r—D 4 3P (2m)Prse T,

where we used the fact that

_ 1 _
/ \DglP|ue — afPde < —op / e — af?
Dae)\Ds e2=D JDy)\Ds

1 2s

p—1,,p
<2mPr | ——5 + 5=
g2(-1) € 2

!/ /\p
/ \DafPds — %_
R2\D, = (p — 2)sP

and that |us| < m and |4 < m.
By definition of u, we have

Hence,
3p71|6/ _ O/|p p2

I < 31’*15?’*2/ \Du.|Pde + ——I — @1
D)\ Ds : (p—2)mr—2sp=2

_1 p(p—2) 1 p—2
+6P7 mPre2e=0 + 3P71(2m)Prse = . (4.14)
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Let us estimate the second integral in the right hand side of (4.13). Since Tw, =
o and Tw. = ' on R\ E (), we have

1

1 1
-l vawarsl[  vewaed=1[  vewa
€ JR\E, () € JE,(o)\E: € JE.)\Es

For every & > 0, let us define

Es :={x € Eg)\ Es : [Tuc — B'| > 6 and |Tu. — /| > 6} .

L
Thanks to Step 2, there exists N > — (where we denote by ws := min V(t))
w o
6 s
such that for every & > 0 there exists €5 such that
|Bs| < NeTrme, Ve <e5, (4.15)

In particular, choosing § small, the convexity of V' near its wells provides

1 1
L= —/ V(Twe)dH' + —/ V(Tw.)dH!
(Es(s)\ES)\EJ Es

3 3
1 p—

< —/ V(Tue)dH? +mea2<P*21>, (4.16)
€ (Bse)\Es)\Es

where wy, 1= III‘laX V(t) and we used the inequality (4.15).
t|<m

Finally, by (4.13), (4.14) and (4.16), we obtain, for every § > 0
3p—l|ﬁl _ allp b2

He(ue) > yp — | 377 He(we, Dy(ey \ Ds, Bg(e) \ Bs) + (p—2)mp—1sp—2°

1 p(p—2) 1 p—2 p—2
+6P7 mPre 2= 4 3P7H(2m)Prse 2 —i—meEW*U)

p(p—2)

p—119/ _ P
3 |ﬁ a | €p72 +6p71mp71'€2(1’*1)

_ p—1 S (i

+3p71(2m)Pﬂ.85p772 _|_me5%) , Ve S Es- (417)

Notice that for every ¢ > 0, s € (1/2, 1-— 52&121)). Hence, taking the limit as

e — 0, we get lim iélf H.(ue) > vp, which concludes the proof. |
E—

4.3. Reduction to the flat case
We prove compactness and a lower bound inequality for the following energies

1 1
— / W(u)da:+—/V(Tu)dH2,
-1 Jp 19 £

ya
P

F.(u:,D,E) :ap72/ | Du|Pdx +
D £



December 15, 2008 14:24 WSPC/INSTRUCTION FILE palatucci

Phase Transitions with the line tension effect: the super-quadratic case 17

where D C R3 is the open half-ball centered in 0 with radius r > 0 and E C R? is
defined by

&= {(xl,xg,xg) ER?: |z| <r a3 = O}.

We will reduce to Proposition 4.1 and Proposition 4.2 via a suitable slicing argu-
ment. We use the following notation: e is an unit vector in the plane P := {z5 = 0};

Fig. 3. The sets D, &, Ee,EY and DY (see also Ref. 3, Fig. 4).

M is the orthogonal complement of e in P; 7 is the projection of R? onto M; for
every y € & = n(£), we denote by &Y := w7 1(y) N E, DY := 7~ 1(y) N D (see Fig.
3); for every function u defined on D we consider the trace of u on &Y, i.e., the
one-dimensional function

u?(t) := u(y + te).

Proposition 4.3. Let (u.) C WYP(D;[—m,m]) be a sequence with uniformly
bounded energies F-(uc,D,E). Then the traces Tu. are pre-compact in L*(E) and
every cluster point belongs to BV (£,{a’,3'}). Moreover, if Tue — v in L*(£), then

ENSv

lim inf Fz (uz, D, €) = 7 dH*. (4.18)
E—
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Proof. By Fubini’s Theorem, for every € > 0, we get

1
F.(u.,D,&) zgp—2/ |Du€|pdx+g/V(Tua)dH2
D &

1
z/ [s“/ |Dug|Pda:+—/ V(Tug)dHl} dy
Ee Dy € Jey
- / H.(u?, DY, £%)dy (4.19)
Ee

and the 2D functional in the integration above has been studied in the last section.
The remaining part of the proof follows exactly as in Proposition 4.7 in Ref. 3. O

4.4. Fxistence of an optimal profile

We conclude this section with the proof of the existence of a minimum for the
optimal profile problem (4.4). We will use a rearrangement result in one direction
to show that the minimum for +, is achieved by a function with non-decreasing
trace.

Proposition 4.4. The minimum for ~y, defined by (4.4) is achieved by a function
uw such that Tw is a non-decreasing function in R.

Proof. Note that, since the energy H; is decreasing under truncation by o’ and

@', it is not restrictive to minimize the problem (4.4) with the additional condition
o <u<p.

We denote by

X = {w R—[d,0]:we Llloc(Ri),t lim Tw(t) = o/,t ligrn Tw(t) = 5’}

O/"‘/B/

X* = {w € X : Tw is non-decreasing, Tw(t) > for t > 0,

Oél+ﬁl

Tw(t) < for t < 0} .

Step 1: The infimum of Hy on X is equal to the infimum of H1 on X*.
Since X* C X we have

. 2 ~ 2
wlen)f(*Hl(w,R_,_,R) zvjleleHl(w,R_‘_,R). (4.20)

Fix u in X, we claim that for every d > 0 there exists a function us in X* such that

Hi(us,R%,R) < Hy(u,R%,R) + 0(9). (4.21)
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Once we have (4.21), for every ¢ > 0, we get
inf Hi(w,R%,R) < Hy(u,R%,R) +0(d), Vu € X.
Taking the limit for 4 — 0 and then the infimum on v € X, we obtain
wig)f(* Hi(w,R%,R) < uigg( Hi(u,R%,R)

and this together with (4.20) will conclude the proof of the step. It remains to prove
(4.21).
For every S > 0, we denote by
Qs :=[-5,5] x [0,5]

and by u* the monotone increasing rearrangement in direction x; of u in Qg, i.e.,
the function v* : Qs — R which is increasing in [—S5,S] with respect to z; (for
almost all 2’ € [0, S]), and such that for every A € R and for every 2’ € [0, 5] :

[{z1 € [-S,9] :u(z1,2") > A\}| = |[{z1 € [-S,S] : u*(z1,2") > A} |.
For every R > 0, we define the harmonic extension of the function

&' X(“00,0) () + B'(1 = X[0,400)) (1))
from R\ Eg to R2 \ Dg; i.e., the function @ that expressed in polar coordinates is
given by

0
1— 2

0
a(p,0) = ;0/4— < w) B, Vb€ [0,7], Vp > R.

We will construct a function @ € X* gluing the function @ and the function w*.
Hence, for every S > R > 0, we consider the cut-off function ¢ such that

@ =01in Dg, <p:11nRi_\D5 and |Dy| <1/(S— R) in Dg \ Dg.

The function @ can be defined as

u* in Dg,
U= pu+ (1 —¢)u* in Dg\ Dg,
U in Ri \Ds.

loc

Note that % belongs to Wl’p(Ri),t lim Ta(t) = o, . liELn Tu(t) = B and Tu is

non-decreasing in R. Let us compute its energy.

/ |Dﬁ|pd:v:/ |Du*|”d:v—|—/ Do+ (1 — @)ut)Pda
RZ Dg Ds\Dr

+ / \DalPda. (4.22)
R3\Ds
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R S

Fig. 4. The competitor .

We estimate the integral in the set Dg \ Dg, using the fact that for every ¢ € (0,1)
there exists a(0) — +oo as § — 0, such that

(A+ B+ C)P < (14 6)AP + a(6)B? + a(5)C?,

for every non negative A, B, C.
Hence, for every ¢ € (0, 1), we have

/ |ID(ot + (1 — p)u™)|Pdx < (1—|—5)/ |Du*|pdz+a(5)/ | Dal|Pdx
Ds\Dr

Ds\DR DS\DR
|ﬁ/ _ a/'pﬂ.Q(SQ _ RZ)
6 4.2
ra(p P, (1.23)
where we used that |[Dy| < 1/(S — R) and 4, u* € [/, 7']. By (4.22) and (4.23), we
obtain
/ \DiifPde < (14 0) / \Du*Pd + a(6) / \Dafda
R2 Ds R2\Dp
a(O)| — o Pr(S? - R?)
4.24

We can estimates the first term in the right hand side of (4.24) using the fact that
monotone increasing rearrangement in one direction decreases the LP-norm of the
gradient (see Ref. 7, Theorem 3); we get

/ \Du*Pdz < / |\ DuPda < / |\ Dul?dz. (4.25)
Ds Qs Qs

The second term in the right hand side of (4.24) can be explicitly computed

B ﬂ_p—l|ﬁl _ a/lp
Dufpde = 12 2 4.26
Ji 12785 = G5y (420
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Finally, putting together (4.24), (4.25) and (4.26), we obtain that, for every S >
R > 0 and every ¢ € (0,1), the following estimate holds

J

(@) Hp — '
(p —2)RP—2
a(9)|8’ — o'[P7?(S? — R?)
(S—R) ’

\Difrdz < (1 + 5)/ \Dufdz +
R

2
+

+

(4.27)

with a(6) — +oo0 as § — 0. Now, we evaluate the second term of Hi(a, R%,R).
/ V(Ta)dH' = / V(ptu+ (1 — @)Tu*)dH'
R Es\Er
+ / V(Tu*)dH?, (4.28)
ERr
where we used that, by definition, @(t) = « if t < —S and a(t) = " if t > S.
Since T'u(t) tends to o’ and 3’ as t — —oo and +o0o respectively and V' is convex
near its wells, there exists Rg > 0 such that T'u(t) lies in the convex wells of V' for

all t € R\ ER, for every R > Ry, and the same does Tw*(¢). This implies that for
any S > R > Ry we have

/ V(pu+ (1—¢)Tu*)dH' < / OV (a)dH" +/ (1 —@)V(Tu*)dH
Es\ER ES\ER ES\ER

< / V(Tu*)dH? . (4.29)
Es\Er
By (4.28) and (4.29), we have

/ V(Ta)dH' < V(Tu*)dH' = / V(Tu)dH*
R Es Es

< /R V(Tu)dH. (4.30)

Finally, by (4.27) and (4.30), we have the following estimate, for every S > R >
Ry > 0 and every § € (0,1)

a(@)mP B = /P
(p—2)RP—2
a(8)|8" — o/ |P7%(S? — R?)
(S —R)r '

Hi(a,R3,R) < (1+6)Hy(u) +

+

(4.31)

This proves the claim, taking R and S — R large enough.

Step 2: The infimum of Hy on X* is achieved.
We use the Direct Method. Take a minimizing sequence (u,) C X*. In particular,
Hi(un,R%,R) < C, Du, converges weakly to Du in LP(R%) and u, converges



December 15, 2008 14:24 WSPC/INSTRUCTION FILE palatucci

22 Giampiero Palatucct

to u weakly in Wi)’Cp(Ri). Since / | Duy,|Pdx is bounded, we can find a function
Ri

u € L ,(R%) such that (up to a subsequence)
Du,, = Du in LP(R?%) and u,, — u in LY (R3).

By the trace imbedding of W1P(R2) in W!~1/PP(R), we have

Tu, — Tu in W /PP (R).

loc

o (R) in V[/lizl/p’p(R) (see Ref. 1, Theorem 7.34),
we have that, up to a subsequence, Tu, locally uniformly converges to Tu. Thus
Tu is non-decreasing and satisfies

By the compact embedding of C°

/ / / /
Tu(t) > oEp fort >0 and Tu(t) < o Ep for t < 0.
Let us show that . lim Tu(t) = o and . liin Tu(t) = (3. Since T'u is non-decreasing
/ / / /
in [o/, 8], there exist a < o+ and b > o+ such that

a:= lim Tu(t) and b:= lim Tu(t).

t——o0 t——+oo

By contradiction, we assume that either a # o’ or b # (. Then, since V is contin-
uous and strictly positive in (o/, 8), we obtain

/ V(Tu)dH' = +oo,
R

This is impossible, because, by Fatou’s Lemma, we have

n—-+o0o n—-+o0o

/ V(Tu)dH"' < liminf / V(Tuy,)dH" < liminf Hy (u,, R3,R) < +oc0.
R R

Hence, u is in X*. Since H; is clearly lower semicontinuous on sequences such that
Du,, — Du in LP and Tu,, — Tu pointwise, this concludes the proof. O

5. Proof of the main result

We will prove the main result of this paper, namely the compactness, the lower
bound inequality and the upper bound inequality stated in Theorem 2.1. Since we
work with slicing, we may also want to evaluate “the error we make” when we
perturb a three-dimensional domain to get a two-dimensional one. To this aim, we
define the “isometry defect”, introduced by Alberti, Bouchitté and Seppecher?.

As usual, we denote by O(3) the set of linear isometries on R3.

Definition 5.1. Let A;, 4 C R? and let ¥ : A; — A, bi-Lipschitz homeomor-
phism. Then the “isometry defect §(¥) of ¥” is the smallest constant ¢ such that

dist(D¥(x),0(3)) <4, for a.e. z € A;. (5.1)
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Here DW¥(z) is regarded as a linear mapping of R? into R3. The distance between
linear mappings is induced by the norm || - ||, which, for every L, is defined as the
supremum of |Lv| over all v such that |v| < 1. Hence, for every Ly, Ly : R® — R3:

dist(L1, Lo) := s‘u‘p |L1(z) — La(x)|.
x:|z|<1

By (5.1), we get
IDT(x)]] <14 6(P) for a.e. x € Ay, (5.2)

and then W is (1 4 6(¥))-Lipschitz continuous on every convex subset of A;j. Simi-
larly, U~1 is (1 — 6(W¥))~*-Lipschitz continuous on every convex subset of As.

Proposition 5.1. Let A;, Ay C R3, W : A — Ay a bi-Lipschitz homeomorphism,
Al C 0A1, Ay C 0A,, be given such that W(A}) = AL and 6(¥) < 1. Then for every
u e Wl,p(A2>

Fo(u, Ay, AY) > (1 — §(0))PP3E.(uo W, Ay, A)).

The proof is a simple modification of the one by Alberti Bouchitté and Seppecher
in Ref. 3, Proposition 4.9, where they treat the case p = 2.

Proposition 5.2. (Ref. 8, Proposition 4.10). For every x € ) and every positive
r smaller than a certain critical value r, > 0, there exists a bi-Lipschitz map VU, :
D, — QN B,(z) such that

(a) U, takes D, onto QN By(x) and E, onto 02N By(z);
(b) U, is of class C* on D, and |DV, — I|| < 6, everywhere in D,., where
0r —0asr— 0.

Note that, in particular, the isometry defect of W, vanishes as r — 0.

5.1. Compactness

Let a sequence (u:) C W1P() be given such that F.(u.) is bounded. Since F.(u.) >
Fo(ue, ,0) = G.(u, ), by the statement (i) of Theorem 3.1, the sequence (u.)
is pre-compact in L!(Q2) and there exists u € BV (€, {a, 3}) such that u. — u in
LY(Q).

It remains to prove that (Tw.) is pre-compact in L'(99Q) and that its cluster
points are in BV (99, {c’, '}). Thanks to Proposition 5.2 we can cover 9 with
finitely many balls (B;);e; centered on 0%, of radius r; such that for every ¢ € I
there exists a bi-Lipschitz map ¥;, with isometry defect 6(¥;) < 1, which satisfies
U,(D,, NB;) = QN B; and V;(E,, N B;) = 9Q N B;. We show that (T'u.) is pre-
compact in L*(0Q N B;) for every i € I.

For every fixed i, let us set

i
U, = ue 0 V.
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Since the isometry defect of ¥; is smaller than 1, Proposition 5.1 implies
Fo(ue, QN B;,0QN B;) > (1 —6(V,))PP3F.(ul, D,, N B, By, N By),

so F.(ut,D,, N B;, E,, N B;) is bounded. Hence, the compactness of the traces
Tul in L'(E,,) follows from Proposition 4.3. Finally, using the invertibility of ¥;,
we have that (T'u.) is pre-compact in L'(0Q) and that its cluster points are in
BV (0Q,{d/,'}). O

5.2. Lower bound inequality

The proof of the lower bound inequality of Theorem 2.1 follows the lines of the proof
of Theorem 2.6-(ii) by Alberti, Bouchitté and Seppecher®, but for the estimate of
the boundary effect we will use the optimal profile problem (4.4) in connection with
the results proved in the previous section.

Let a sequence (u.) C WHP(Q) be given such that u. — u € BV (Q, {a, 8}) in
LY(Q) and Tu. — v € BV(9Q,{a/#'}) in L*(9£2). We have to prove that

limi(l)lst(us) > O(u,v), (5.3)
E—

where @ is given by (2.2).
Clearly, we can assume that lim %lf F.(ues) < +00.

e—

For every ¢ > 0, let u. be the energy distribution associated with F; with
configuration u,; i.e., ue is the positive measure given by

1 1
jo(B) = P2 / DucPdet — | W(w)det > / V(Tu)dH2, (5.4)
QNB er—1 JONB € JoanB

for every B C R? Borel set.
Similarly, let us define

p(B):=a,H*(Sun B),
u?(B):=c, /agmB IW(Tu) — W(v)|dH?,
w*(B):=y,H' (SvN B).

The total variation ||| of the measure p. is equal to F(u.), and ||p||+ |2 ||+ 12|
is equal to ®(u,v). ||ue| is bounded and we can assume that u. converges in the
sense of measure to some finite measure x in R3. Then, by the lower semicontinuity
of the total variation, we have

liminf F. (us) = limi(I)lf lezell > 1]
E—

e—0

Since the measures ;¢ are mutually singular, we obtain the lower bound inequality
(5.3) if we prove that

p>pt, fori=1,2,3. (5.5)
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We prove that p > u' by showing that u(B) > u’(B) for all sets B C R?® such
that BN is a Lipschitz domain and p(90B) = 0. This class is large enough to imply
the inequality (5.5) for all Borel sets B.

We have

p(B) = lim p1c(B) > liminf F.(ue, 20 B, 0) > o, H*(Sun B) = p*(B),
£— £—
where the last inequality follows from statement (ii) of Theorem 3.1.

Similarly, we can prove that u > p2. We have
wu(B) = lim pe(B) > limiglf F.(us, 92N B,0)
E— E—

> cp/ IW(Tu) — W(v)|dH? = p?(B),
oQNB

where we used Proposition 3.1(1) with A := BN Q and A’ := BN oAQ.

The inequality p > u® requires a different argument. Notice that p® is the
restriction of H! to the set Sv, multiplied by the factor v,. Thus, if we prove that

B,
lim inf w >, H'-ae. z € Sv, (5.6)
T ‘s
we obtain the required inequality.
1(Br(z))

Let us fix x € Sv such that there exists lim and Sv has one-

r—0 T
dimensional density equal to 1. We denote by v, the unit normal at x.

For r small enough, we choose a map W, such as in Proposition 5.2. Thus we

have ¥,.(D,) = QN By (x), V. (E,) = 00N By(x) and §(¥,) — 0 as r — 0.
Let us set

Ue ;= U0V, and v :=voV¥,.

Hence, T, — v in L'(E,) and v € BV (E,, {d/, 3'}). So, thanks to Proposition 5.1,
we obtain

(B, (2)) = lim 1.(B, ())

e—0

= lin}J F.(ue, 2N By (x), 00 N By (x))
E—

> liminf(1 — §(U,))PT3E (i, D, E,). (5.7)
E—>
Moreover, by Proposition 4.3, we have

limiélf F.(te, Dy, Ey) > 7y . (5.8)
E—

/ vydH?
STNE,

/ I/UdH1’ = 2r +o(r) as r goes to
SBNE,

Finally, we notice that 6(¥,.) vanishes and

0. So (5.7) and (5.8) give the following inequality

WEvp(lJr@) asr — 0,

r
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that implies > p?. This concludes the proof of the lower bound inequality. O

5.3. Upper bound inequality

We will construct an optimal sequence . according to Theorem 2.1(iii) in a suitable
partition of . To this aim, and in order to use the preliminary convergence results
stated in the previous sections, we need the following lemma

Lemma 5.1. Let A be a domain in R3, A" € 0A,v : A’ — [—m,m] a Lipschitz
function (where m is given by (3.5)) and G. defined by (3.1).
Then, for every e > 0, there exists an extension u : A — [—m,m] such that
Lip(u) < e rT 4+ Lip(v)
and

Go(u, A) < ((a’é%f Lip(v) + 1)? + cm) (HX(0A) + 0(1))w, ase—0, (5.9)

where Cp, = %nax ]W(t), w = min{||v — ||, ||[v — B|lL=}
te|—m,m

Proof. It is not restrictive to assume that A’ = OA; in fact, we can extend v to
0A without increasing its Lipschitz constant. We additionally suppose that w =
lv — al|oo (the case w = ||v — Bl being similar).

Let us set
v(xz) on JA,
u(z) =
@ on A\ A o-2/-1),
where A; is the set of all z in A such that 0 < dist(x, 0A) < t.
Then, u is (572_:? + Lip(v))—Lipschitz continuous on A\ A__(p—2)/p-1 . Finally u

can be extended to A, without increasing its Lipschitz constant.
We have

1
Ge(u, A) = 5”_2/ |DulPdx + —= / W (u)dx
ALep=2)/(p—1) €r=2 JA  (p-2)/(p—1)

1 1
p—2 : p
< MAuer-r00| (5 Lip() + =)+ se e Cm)

= ((HQ((?A) + 0(1))(5%Lip(v) +1)P + Cm) w, ase — 0,

where we used that |A:| = (H?(0A) + o(1))t as t — 0. O

Proof of the upper bound inequality. We assume that v and v (up to modifi-
cations on negligible sets) are constant in each connected component of Q \ Su and
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00\ Sv respectively. Moreover, we can assume that the singular sets of v and v, Su
and Sv respectively, are closed manifolds of class C? without boundary. This is so
because every pair (u,v) € BV (Q,{a, 5}) x BV(0Q, {c/, 5'}) can be approximated
in LY(Q) x L1(9Q) by pairs that fulfills those regularity assumptions (see Ref. 17,
Theorem 1.24).

The idea is to construct a partition of Q in four subsets, and to use the prelimi-
nary convergence results of previous sections to obtain the upper bound inequality.

Ay By Ay B, SunT, Sv
[ ] [ i o

Fig. 5. Upper bound inequality - partition of  (see also Ref. 3, Fig. 6).

For every r» > 0, we set

Iy = {x e Q:dist(z,00) =r}.

Step 1: Partition of ). Fix r > 0 such that I', and I'y, are Lipschitz surfaces and
Su N T, is a Lipschitz curve.
Now, we are ready to construct the following partition of €2:

By:={z € Q : dist(x, Sv U (SunT,)) < 3r},
Alzz{x € Q\ By : dist(z,09) < r} ,
By:={z € Q\ By : r < dist(,09) < 2r},
Ag:={z € Q\ By : dist(z,00) > 2r}.

(See Fig. 5)
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-1
For every r > 0 and every € < rv=2 we construct a Lipschitz function u., in
each subset.

Step 2: Construction of ue , in As.

We take u., being the optimal sequence for the Modica-Mortola functional G, in
the set As (see Theorem 3.1-(iii)) and we extend it to JAs by continuity. Hence,
W L itz in A ] ] p/(p=1)
D/GD Lipschitz in Ay (here Cyy is the maximum of W in [, A]),

U » converges to u pointwise in Ap and uniformly on 0A; N 0B3, and

Ue 1S

F.(ter, A2,0) = Ge(ugr, Aa) < opH2(S’u N As) +o(1)

< o, H2(Su) +o(1), ase — 0. (5.10)

Step 3: Construction of ue , in Aj.

The function u is constant (equal to « or 8) on every connected component A of
A1, and the function v is constant (equal to o' or ') on A N IN. So, we can
use Proposition 3.1 to get a function u. , such that Tu. , =v on 0ANIN and ue

converges to u pointwise in A; and uniformly on every subset with positive distance
from 0A N ON.

By Proposition 3.1(ii), ue,, is o2/
can extend it to 0A; with continuity. Since the distance between two different

1 1
connected components of A; is larger than » and ————— > —, choosing C' >
e(P—2)/(p—1) r

/
-Lipschitz continuous on A; and we

! . . _ . . . e
2m V Cyy, it follows that u. ;. is ~o-2/-D) Lipschitz continuous on A; and agrees

with v on 9A; N IS Moreover, the function u, , satisfies

Foltter, A, 041 N OQ) =G (e s A1) < c / IW(Tu(z)) — W(o(x))|dH
0A1NON
+o(1), ase — 0. (5.11)

Step 4: Construction of ue , in Ba.
Note that in the previous steps we have constructed an optimal sequence in A; U A,

C
that is W-Lipschitz continuous; in particular it is defined and Lipschitz on
€

((0A1 UOA2) N OB), for every connected component B of By. By virtue of Lemma
C+1

m—mpschltz function that

5.1 we can extend u. , to every B, obtaining a
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satisfies
Fa(ua,ra By, @) = Ga(ua,ra BQ)
< (((C +2)P + Cr) (H*(9B2) + 0(1)) )we
=o0(l) ase — 0, (5.12)
where we used that w, := inf |ter —ul = o(1) as € — 0 (since ue, is
(0A1U9A2)NOBy '

constant on each connected components of Bs).

Step 5: Construction of uc, in Bi.
We will use an optimal profile for the minimum problem (2.3). By Proposition 4.4,
there exists ¢ € L{. (R%) such that T¢(t) — o as t — —oo, TY(t) — (' as
t — +oo and H; (w,Ri,R) = 7p. Now, we construct a function w; : Ri — R via
the same method used to provide a good competitor ugs in the proof of Proposition
4.4(Step 1).

For every ¢ > 0, p.,0. € R, we take a cut-off function & € C*° (Ri) such that
¢=1on (R3)\ D, and £ =0 on D,,_ such that [DE| < —L1—. We denote by

|PE_UE‘ !
the function expresses in polar coordinates 6 € [0,7), p € [0,400), as follows:
0 0
(0, p) == —a’ + <1 — —) g
T 7T
We define w, as
»(2) if € D,

we(z) = { E(@)u(z) + (1= &§(@)¥(2) ifx € Dy, \ D,

a(x) ifz € Ri \D,.,
Let us show that we can choose p. and o. such that w. satisfies the following
inequality
H.(we, D, ,E, ) <7p+o0(1), ase — 0. (5.13)
We have
H.(w.,D,.,E,.) = H.("9),Dy., E,.) + P2 / | Dw. |Pdx
Dy \Do,

1
+= / V(Tw.)dH*
€ JE, \Eo.

= H.(¥© D, E, )+ 1, + I, (5.14)
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where 1) (z) := P(L).
The first integral in the right hand side of (5.14) can be easily estimated as

follows
I < 3ptep2 / | DY) |Pda; 4 3P~ 1P 2 / |DEP | — () |Pda
Dy \Do oo \Do.
+3p*15”*2/ |Da|Pdx
DPE\DG'E
—2( 2 2
< 3”’1/ | Dyp|Pda + 3pflcpw
B DPE/E\D(TE/E (pé‘ - 0-8)17
3p—1|ﬁl _ a/lp c p—2
(p— N1 \ g : 5.15
+ (p — 2)7Tp_1 Oc ( )

While using the convexity of V' near its wells and the asymptotic behavior of T (Z),
for € small, we have

1
I < —/ V(T )dH . (5.16)
€ /D, \D,.
Thus, by (5.14), (5.15), (5.16), we get
He(we, Dy, Bp.) < He('), Do, By, ) 4377 / | D[P dax
DPE/E\DG'E/E
—2( 2 2 -1 p—2
+3p—lcp5p (p2—0Z) 3B - O‘7I1|p (i) .(5.17)
(pe — oc)? (p — 2)mP Oc
We now define the transplanted function w. on Sv x Ri by
W (7,y) = we(z), for every x € Sv and every y € R3. (5.18)
By Fubini’s Theorem, we obtain
1
F5(w5’ Svx DP57 Svx Epa) = Hl (SU) (Hs(ws, DPE ’ Epa) + “p=2 W(w5)d:c>
gr—1 DPE
2
< H'(Sv) (Ha(wa, D, .,E, )+ Cw%) . (5.19)
ep—1

Hence, by suitably choosing p. and o. (i.e., such that (p? — 02)/(pe — 0.)? — 0

p—2

and /0. — 0 as ¢ — 0. For instance, we can take p. = ¢»-1 and o, = 525;2“ ), by
(5.17) and (5.19), we get

F.(w.,SvxD,_,SvxE, )< H (Sv) (v +0o(l)) ase— 0. (5.20)

Since Sv is a boundary in 0f2, we can construct a diffeomorphism between the
intersection of a tubular neighborhood of Sv and €2 and the product of Sv with a
half-disk.
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For every x in (2, let us define the oriented distance from Sv as
dist(z, Sv)  ifz e {v=701,
d'(x) =
—dist(z, Sv) ifz e {v=0a}.
For every r > 0, we set
Sy i={zr € Q:0 < dist(z, Sv) <r}. (5.21)
For every = € Q, we define
U(z) = (2", d (z'), dist(z, 0)), (5.22)

where 2’ is a projection of x on 9 and z” is a projection of ' on Sv. The function ¥
is well-defined and is a diffeomorphism of class C? on QN U for some neighborhood
U of Sv; and satisfies the following properties: ¥(QNU) = Sv x R2; ¥ (9QNU) =
Sv x R x {0}; ¥(z) =z, for every z € 9Q; D¥(z) is an isometry.

We have that

lim 6, = 0,
r—0

where 9, is the isometry defect of the restriction of ¥ to S,..
We construct u,, on ng/Q as

Ue,p = We 0 U,

where @, S, and U are defined by (5.18), (5.21) and (5.22) respectively. For & small,
the function ¥ maps S,,_,, into Sv x D,_ and 9S,_;> NI into Sv x E,_, so we can
use Proposition 5.1 and, by (5.20), we obtain

Fe(Ue,ry Sp. 2,08, 2 NON) < (1 = 6.)" P E.(w., Sv x D,_, Sv x E,_)

< H'(Sv) (7, +0o(1)) as e — 0, (5.23)

where we also used that ¢, := 6(V[S,_) tends to 0 as ¢ — 0.

Notice that for e small enough, V¥ is 2-Lipschitz continuous. Using again Lemma
5.1, we can extend uc, by setting u., := v on the remaining part of 0B N 0%2; we
have that u. , is equal to v on 9N\ 9S,_/;. Thus, we can extend u. , on the whole

2C+1
Bl\SPa/2 toam

F; (UE,Tv By \§p5/27 8(B1\3p5/2> N 89) =G, (UE,Tv By \ 3;)5/2)
< (20 +2)7+ Cpn) (H*(0B1) + o(1))2m
as e — 0, (5.24)

-Lipschitz continuous function, which satisfies

where we used ||t — oo A [[ter — Blloo < 2m.
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Step 6: Upper bound inequality. We recall that for every r > 0 and every € < rit
we have constructed a function u. , defined on the whole € such that
limsup ||ue,, — u”Ll(Q) < 2m(|B1| + |Bz|) and limsup ||Tuc, — v||L1((9Q) =0.
e—0 e—0
Since | B1| and | Bs| have order r? and r respectively, we get that u. , — u in L1(2),

first taking e — 0 and then r — 0.
Combining (5.10), (5.11), (5.12), (5.23) and (5.24), we obtain

limsup F- (ue ) < o, H*(Su) + ¢, /{m IW(Tu(x)) — W(v(z))|dH?

e—0

+ 9y H(Sv) — oy HA(Su \ Az)

+((2C +2)P+ C) (H*(8B1) + o(1))2m. (5.25)

Since H?(9B1) has order r, taking r to 0 in (5.25), we deduce the upper bound
inequality (iii). Finally, applying a suitable diagonalization argument (see for in-
stance Ref. 5, Corollary 1.18) to the sequence u. ,, we obtain the desired recovery
sequence ue. This concludes the proof. 0
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