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ABSTRACT. We consider a variational model introduced in the physical literature to describe the
epitaxial growth of an elastic film over a thick flat substrate when a lattice mismatch between
the two materials is present. We study quantitative and qualitative properties of equilibrium
configurations; i.e., of local and global minimizers of the free-energy functional. More precisely,
we determine analytically the critical threshold for the local minimality of the flat configuration
and we prove also several results concerning its global minimality. The non occurrence of singu-
larities in non flat global minimizers is also addressed. One of the main results of the paper is
a new sufficient condition for local minimality, which provides the first extension of the classical
criteria based on the positivity of second variation to the context of functionals with bulk and
surface energies.
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In recent years, the physical and computational communities have shown a growing interest

toward the study of the morphological instabilities of interfaces between solids generated by elastic

stress, the so-called Stress Driven Rearrangement Instabilities.
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They occur, for instance, in hetero-epitaxial growth of thin films for systems with a lattice
mismatch between film and substrate, like InGaAs/GaAs or SiGe/Si, which are useful in the
fabrication of nano-structures with specific optic and electronic properties. When the film is
grown on a flat substrate, its profile remains flat until a critical value of the thickness is reached,
after which the free surface develops corrugations or other kinds of irregularities. This is referred
to as the Asaro-Grinfeld-Tiller (AGT) instability, after the name of the scientists who started the
theoretical investigations on this phenomenon ([4], [17]).

This threshold effect is usually explained in terms of the minimization of two competing
forms of energy: the surface energy and the bulk elastic energy. More precisely, due to the lattice
mismatch between film and substrate, no stress-free states are admissible and the flat configuration
(of the film) bears an amount of stored elastic energy that is proportional to the volume of the
material deposited. Hence, nontrivial morphologies (such as wavy profiles or formations of strained
islands separated by a thin wetting layer) become favorable when the higher energetic cost in terms
of surface tension is compensated by the release of elastic energy.

Several numerical and theoretical studies have been carried out to study qualitative properties
of equilibrium configurations of strained epitaxial films (see, e.g., [15], [25], [26]). All these works are
very insightful. Nevertheless, they rely upon formal methods that often lack rigorous mathematical
content.

The paper [18] by Grinfeld casts the study of AGT instability in a more analytical perspective.
Following the celebrated Gibbs variational approach, the author considers a suitable free-energy
functional (given by the sum of the stored elastic energy of the film and the interfacial energy
of its free surface) and studies when the second variation is positive definite, establishing various
instability results for the flat morphology of the film. However, existence of minimizers and the
problem of deriving minimality properties from the positive definiteness of the second variation
are not addressed.

A first attempt to provide a sound variational formulation for the existence problem of min-
imizing configurations in the context of epitaxial growth has been carried out in [6], but for an
unrealistic one-dimensional model. The determination of a proper functional setting for the more
realistic energy introduced in [18] has been achieved in [5] and in [14] (for a slightly different
model), using relaxation and geometric measure theory techniques. In both papers the framework
is that of linear elasticity and only two-dimensional morphologies are considered, corresponding
to three-dimensional configurations with planar symmetry (see also [9] for a partial extension of
these relaxation results to higher dimensions). Besides the existence of minimizing configurations,
in [14] a complete regularity theory is obtained and, in the wetting regime, a rigorous proof of
the zero contact angle condition between film and substrate is achieved, providing an analytical
confirmation of the formal analysis of [24] (see also [13] dealing with the case of anisotropic surface
energy). Concerning the possible formation of singularities in the film, it is shown that they can
only be finitely many and of cusp type. In fact, the appearance of cusps, possibly leading to verti-
cal fractures in the material, is observed both numerically and experimentally (see [15] and [25]).
The regularity theory developed in [14] applies with minor changes also to the model considered
in [5] (see Subsection 2.1). Similar regularity results for related free boundary problems are also
contained in [2, 23, 21, §].

However, the analysis carried out in [14] leaves out several important issues concerning the
qualitative properties of equilibrium configurations. In this paper we mainly address the following
two ones for the model considered in [5]:
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- we seek to prove rigorous minimality results and to perform a detailed analysis of the energy
landscape, focusing, in particular, on the analytical determination of the critical volume thresholds
for the local and global minimality of the flat configuration;
- we investigate under which conditions cusp singularities or fractures do not form, once the flat
configuration becomes unstable.
These theoretical investigations may be important for those applications where the formation of
corrugations and singularities in the film is undesirable.

We now describe the model studied in [5]. We assume that the reference configuration of the
film is

Qp = {z:(x,y)eRQ: 0<x<b,0<y<h(ac)},

where h : [0,b] — [0, 00) represents the free-profile of the film. We work within the theory of small
deformations, so that

E(u) = % (Vu+VTu)

represents the strain, with u : Q;, — R? the planar displacement. We also prescribe a Dirichlet
boundary condition of the form u(z, 0) = eg(z,0)+¢(z) at the interface between film and substrate,
which models the case of a film growing on an infinitely rigid substrate. This boundary condition
forces the film to be strained, thus generating elastic energy. The positive constant eg measures the
mismatch between the lattices of the two materials and ¢ is a b-periodic function. As customary in
the physical literature and following [5], we also impose the periodicity conditions ~(0) = h(b) and
u(b,y) = u(0,y) + eo(b,0). The energy associated with a configuration (h,u) when h is smooth is
given by

F(h,u>:/Q [M|E(u)|2+g(divu)ﬂ dz + oH' (),

where p and A represent the Lamé coefficients of the material, ¢ is the surface tension on the profile
of the film, I';, is the graph of h, and H' denotes the one-dimensional Hausdorff measure. One seeks
to minimize F among all admissible configurations (h,u) satisfying a volume constraint |2;| = d.
However, smooth minimizing sequences may converge to irregular configurations, where the profile
h is just a lower semicontinuous function of bounded variation. In particular, the (extended) graph
of h may contain vertical parts and cuts. The latter can be interpreted as vertical cracks in the
film (see Figure 1) and their union will be denoted by X;. More precisely,

S = {(z,y) : hx) <y <min{h(z—), h(z+)}},

where h(xz+) denote the right and left limit at . We denote this larger class of (possibly irregular)
reachable configurations by X. Assume without loss of generality o = 1. It is proved in [5] through
a relaxation procedure that the energy associated to any pair (h,u) € X is given by

F(h,u) = /Q [M|E(u)|2 + %(divu)ﬂ dz +H () + 2H (D) . (1.1)

Notice that in this formula the vertical cracks are counted twice since they arise as limit of regular
profiles (see again Figure 1). Equilibrium configurations are now identified with global or local
minimizers of the energy (1.1) in the aforementioned larger class X under a prescribed volume
constraint.

Coming to the main results of the paper, which are stated in precise form in Section 2, we first
deal with the local minimality of the flat configuration with the Dirichlet datum u(zx,0) = eg(z, 0).
Roughly speaking by a local minimizer we mean a configuration (h, ©) minimizing the energy among
all admissible competitors (g,v) such that |Qg4]| = |[€25| and the two extended graphs I', U 3, and
I'g U X, are close in the Hausdorff distance. When h is smooth this last condition is equivalent to
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0 b

FIGURE 1. An irregular profile h and a smooth approximation. The smooth profile
surrounds the vertical cut so that in the limit its length is counted twice.

requiring that h and g are close in the sup norm. In Theorem 2.9 we prove that if the size of the
periodicity interval is sufficiently small, namely if

0<b< 5722’”)‘ —: b, (1.2)
4 egup + A)

then all flat configurations are local minimizers, no matter how thick the film is. Moreover, when
b is larger than by, we show that the flat configuration remains a local minimizer if and only if the
thickness of the film is smaller than a critical value depending on b and analytically determined
(see (2.16)). Notice that formula (1.2) shows that the smaller the mismatch eg, the larger the
range of local minimality of the flat configuration. Also formula (2.16) displays a similar monotone
dependence of the critical thickness on the mismatch.

Qualitatively similar results are shown to hold concerning the global minimality of the flat
configuration. In Theorem 2.11 we prove that there exists 0 < bt < by such that the flat
configuration is the unique global minimizer for all values of the thickness if and only if 0 < b < beyit.-
Moreover, when b > b.it we are also able to prove that the flat configuration is the unique global
minimizer if and only if the thickness stays below a critical value, which depends on b. Differently
from the case of local minimizers, here we do not determine the exact value of b..i; and of the critical
thickness, since their existence follows from a more indirect argument. We also show that for large
values of b, the critical thickness for the global minimality is strictly smaller than the one for the
local minimality. When this happens a non flat global minimizer beside the flat configuration is
shown to exist at the critical level.

As mentioned before, another interesting issue concerns the occurrence of cusped or fractured
configurations. It is important to establish under which circumstances (if any) non-flat minimal
configurations do not present cusps nor vertical cracks. Numerical simulations and experiments
suggest that this is the case when the sample is not too large in width and thickness. An analytical
confirmation is provided in the third main result of the paper, Theorem 2.14.

One of the main tools needed to prove the previous results is a local minimality criterion based
on the study of the second variation of F. More precisely, given a smooth critical configuration
(h,u) and a b-periodic variation ¢ € C*([0,b]), with fobgpdas = 0, one may consider the one-
parameter family of configurations (h, ut), where hy := h 4ty and wu, is the elastic equilibrium in
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Qp, under the proper Dirichlet and periodic boundary conditions. Then, the second variation at
(h,u) along the direction ¢ is defined as
d2

EF(htaut”t:O-

The result is a non local quadratic form 92 F(h, u), involving also the curvature of I', and the trace
of the gradient of E(u) on T'), (see formula (3.5)). In Theorem 2.10 we prove that if 8%F(h,u)
is positive definite, then (h,u) is a local minimizer. This theorem, together with the explicit
calculation of the second variation at the flat configuration, contained in Section 5 and based on
[18], allows us to deduce the local minimality properties of the flat configurations described above.
Theorem 2.10 may be regarded as the counterpart in our framework of the classical sufficient
conditions based on the positiveness of the second variation and of the Weierstrass excess function.
However, here we do not resort to a suitably adapted field theory (it is not clear what the right
notion of field would be in our context) but we follow a rather different approach, as explained
below. To the best of our knowledge, this result provides the first extension of the classical
sufficiency theorems for strong local minimizers to the context of functionals with bulk and surface
energies.

The proof of Theorem 2.10 stretches for Sections 3, 4 and 6. In fact, finding sufficient mini-
mality conditions is not at all an easy task for functionals with bulk and surface part, due to the
strong lack of convexity they display. Since this theorem is the central result of the paper and
its proof is rather complex, we outline here the overall strategy giving a flavor of the geometric
arguments involved. A first crucial step consists in showing that the positivity of 92 F(h,u) implies
that (h,u) is a local minimizer with respect to W2*°-perturbations of the profile. This minimality
property may be regarded as the analog of the classical notion of weak minimizer for the standard
functionals of the Calculus of Variations. Its proof follows some ideas introduced in [7] to study a
similar notion of second variation for the Mumford-Shah functional. However, the presence of the
vectorial elastic energy in place of the scalar Dirichlet functional requires a much more involved
argument. The key point is to study the continuity properties of the eigenvalues of the operator
associated with the quadratic form 9?F(h,u) with respect to W2 >-variations. Since the expres-
sion of 9?F (h,u) involves the trace of the gradient of E(u) on I'y, this analysis requires delicate
regularity estimates in the appropriate fractional Sobolev spaces. These estimates are carried out
in Section 4.

The remaining part of the proof of Theorem 2.10 is devoted to showing that the W?2>-local
minimality is in fact equivalent to the local minimality with respect to any admissible (possibly
irregular) profile sufficiently close in the sup norm. The argument goes as follows: Assume by
contradiction that the W2-local minimizer (h,u) is not a local minimizer. Then one can find
a sequence of configurations (kn,wn) with supjg 4 |[h — kn| < L1k, | = |94, and F(kn,w,) <
F(h,u). Consider the obstacle problems

min{ F(g,v) + A||2| = ]| : (9,0) € X, g = h— 1}, (1.3)

with A > 0, and let (gn,v,) be the corresponding minimizing configurations. Notice that we have
replaced the volume constraint by a penalization term. Since (k,,w,) is an admissible competitor
for (1.3), we have in particular

F(Qna”ﬂ) < F(Qm“ﬂ) =+ A“an| - |Qh|| < F(knawn> < F(h,u). (1-4)

We conclude by showing that if A > Ay, then g, is regular and g, — h in W2, This fact,
together with (1.4), gives a contradiction to the W?°-local minimality of (h,u). The proof of
the regularity and convergence of g, is the content of Section 6 and is obtained by refining in
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a quantitative fashion the regularity estimates for minimal configurations proved in [14]. The
argument goes as follows. We first show that if A is sufficiently large, then (h,u) is the unique
minimizer to

min{ F(g,v) + A[|Q] = ][ : (9,0) € X, g > h}.
From this fact we deduce that (g, v,) must converge (in a suitable sense) to (h,w). In particular,
one can show that
gn — h in L(0,b). (1.5)
Next, we observe that from the definition (1.1) of F the profile g, minimizes the functional

g = M (Ly) +2H' (Sg) + Al1Q] — ]|

among all admissible g such that h — % < g < g,. This one-sided minimality property alone
suffices to provide a lower bound for the curvature (in a generalized sense) of I'y, U X, . More
precisely, using suitable isoperimetric estimates we show that for all z € I'y, U X, there exists a
ball By, (20) C Q¥ such that z € 9B,,(20), with po = po(A) independent of n. Here Q¥ denotes
the set obtained by repeating €y, periodically in the z-direction (see Figure 2).

0 b

FIGURE 2. The uniform inner ball condition: for each point of Iy, there is a tangent
ball of radius po contained in Qﬁﬁ

As a purely geometric consequence of this uniform inner ball condition and of (1.5), we deduce
that g, has no cusps nor vertical cuts for n large (see Figure 3) and, in fact, g, — h in C1([0,]).

0 b

FIGURE 3. If Iy, contains a cusp or a vertical crack, then, due to the inner ball condi-
tion, the L°°-distance between g, and h is comparable to po, a contradiction to (1.5).
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Owing to this last convergence, we obtain by a blow-up argument the following decay estimate
for the gradients of the displacements v,,:

/ |V, |? dw < Cor*~?
B, (2)NQy,,

for all z € T'y,, 7 € (0,7¢), where Cy and ry are independent of n and § is any fixed small positive
constant. With this estimate at hand, the deviation from flatness of I'y, can be estimated by
comparing the energy of (gn,v,) in B,(z) N, with that of the modified configuration obtained
by extending v,, to the whole ball and by replacing Iy, N B,.(z) with the segments connecting the
center z to the points in I'y, N dB,(z) (see Figure 4).

B/(»)

0 b

FIGURE 4. The dashed line indicates the profile of the modified configuration used as
a competitor to deduce the C**® uniform bounds.

The comparison argument yields an estimate of the oscillation of the unit normal vectors to

Iy, that implies a uniform bound of the C1*-norms of {g,,} for a € (0,

regularity, we deduce that also {v,} is uniformly bounded in the C:*-norm. This allows us to use

). In turn, by elliptic

the Euler-Lagrange equations to finally deduce the desired W?2*°-convergence of g,, to h.

The proof of the global minimality properties stated before requires some additional arguments
that are presented in Section 7. Finally, the last section of the paper collects some definitions and
results on fractional Sobolev spaces and contains the simple proof of a regularity result for the
Lamé system with homogeneous Neumann boundary condition, which is used in the proof of
Theorem 2.10.

We would like to point out that some of the techniques developed in this paper can be probably
extended to a larger class of free boundary problems. Among them we mention the one studied
in [10], where a nonlocal perturbation of the isoperimetric problem, arising in the context of
microphase separation of diblock copolymers, is considered. In that paper the authors compute
the second variation of the functional and determine sufficient conditions for it to be positive
definite. Even though our results do not apply directly, it would be interesting to see if some of
the methods developed in this paper could be used to prove local minimality results also for their
model.

We conclude this introduction by observing that the proof of the W2 >-local minimality seems
to be adaptable to more general surface and bulk energy densities, even in higher dimensions,
while the argument leading to local and global minimality rely upon two-dimensional geometric
constructions. Hence, the extension of this last part to higher dimensions requires new ideas and
will be the subject of future work.
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2. SETTING OF THE PROBLEM AND STATEMENT OF THE RESULTS

In this section we present the model studied by Bonnetier and Chambolle in [5] and the
related functional setting. We also recall the regularity theorem proved in [14]. The main new
results concerning local and global minimizers are stated in Subsections 2.2 and 2.3, respectively.

2.1. The model. We start by introducing the class of admissible profiles over the interval (0, b).
Roughly speaking, it consists of all functions with finite total variation in (0,b) whose b-periodic
extension is lower semicontinuous in R. For reasons that will become clear later on, it is convenient
to identify the function with its periodic extension. This motivates the following definition:

AP(0,b) :={g: R — [0,400) : g is lower semicontinuous and b-periodic, Var(g;0,b) < +oo} .

Here, Var(g;0,b) denotes the pointwise total variation of g over the interval (0,b), defined as

k
Var(g; 0,b) := sup ¥ _ [g(@:) — g(xi1)| < +00,
i=1
where the supremum is taken over all finite families g, 1, ..., Tk, with 0 < zg < 1 < -+ < xf < b,
k € N. Since g € AP(0,b) is b-periodic, its pointwise total variation is finite over any bounded
interval of R. Therefore, it admits right and left limits at every € R denoted by g(z+) and
g(x—), respectively. In the following we use the notation

9" (z) == max{g(z+),9(z—)}, ¢ (z):=min{g(z+),g(z—)}. (2.1)
We set
Qg :={(z,y): 2 €(0,0),0<y<g(x)} and Q# ={(z,y):zeR, 0<y<glx)}. (2.2)

Thus, sz is the open set obtained by repeating 2, b-periodically in the z-direction.
We now define

Ly = {(z,y) 12 €[0,b), 97 (z) <y < g"(2)}, (2-3)
and
g ={(z,y): 2 €[0,b), g(x) <g (), g(z) <y <g (z)}. (2.4)
We refer to X, as the the set of vertical cracks . We also set
I,:=T,U%,,

and we will use the notation
# . 2. - +
7 ={(z,y) eR*:2eR, g () <y<g'(z)}.

In the same fashion we define Zf and ff Notice that we have decided not to highlight the
dependence of b in the symbols Qg4, I'y, and ¥, since throughout the most part of the paper b is
fixed.

We now introduce a convergence in AP(0,b). To this aim, for any pair (A, B) of subsets of
R? we set

dip(A,B) :=inf{e >0: B CN.(A) and A C N.(B)},

where N (A) denotes the e-neighborhood of A. When restricted to the class of closed subsets, dg
reduces to the well-known Hausdorff distance.
We say that h, — h in AP(0,b) if

s%pVar(hn; 0,b) <+oo  and  dy(RI\QF RZ\Qf)—o0, (2.5)

where RY = {(z,y) € R* : y > 0}. Given g € AP(0,b), we denote
LD4(2g;R?):={v € L, (2 :R?) : v(z,y) = v(a+b,y) for (z,y) € QF ,E(v)|a, € L*(Qy:;R%)}
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where E(v) := £(Vv + VTv), Vv being the distributional gradient of v and V7 its transpose.
Given eg > 0, we define

Y (ep;0,b) := {(g,v) : g€ AP(0,b), v: Qf — R?s.t. v(-,-) —eo(+,0) € LD#(QQ;RQ)}
and, given a b-periodic function ¢ of class C?
X (eo,q;0,b) := {(g,v) €Y (ep;0,b) : v(z,0) = ep(x,0) + (¢(x),0) for all z € R} .
If a = 0 we simply write X (e;0,b) in place of X (e, g;0,b).
We introduce the following convergence in Y (eg; 0, b).

Definition 2.1. We say that (hy,u,) — (h,u) in Y (eo;0,b) if and only if h,, — h in AP(0,b) and
Uy — u in H (Qﬁ;RQ).

loc

Notice that the definition is well posed since by the second equation in (2.5) it follows that
if Q' cc Qf then Q' CC Qh#n for n large enough. The notion of convergence just introduced is
motivated by the following compactness theorem (see [5, 14]).

Theorem 2.2. Let (hy,,u,) € X(eo,q;0,b) be such that
sup{/ |E(un)|? dz + Var(h,; 0,b) + |th|} < 400
n Qn,,

Then there exist (h,u) € X (eg,q;0,b) and a subsequence {(hn, ,un, )} such that (hy, , un,) — (h,u)
in Y (ep; 0,b).
We work in the framework of linearized elasticity and for simplicity we only consider isotropic

and homogeneous materials. Hence, the elastic energy density @ : Mf;rﬁ — [0, +00) takes the form

Q) = 5 € = pleP + 3 [x(©)]

where
(21 + N)é11 + A2 2ué12 )
Ce¢ = 2.6
¢ ( 2ué12 (20 4+ N)&az + A1 (2.6)
and the Lamé coefficients p and A satisfy the ellipticity condition
>0 and A> —p. (2.7)
Since

Q(€) = min{p, p+ AHE[P for all € € M,
condition (2.7) guarantees that @ is coercive.
We are ready to introduce the energy functional. If (g,v) € Y(ep;0,b) and g is Lipschitz it is
defined as

Glg.v) ::/Q QE(w)) dz +H(T,).

The following result, proved in [5] (see also [14]), gives a representation formula for the energy in
the general case.

Theorem 2.3. For any pair (g,v) € Y(eo;0,b) define
F(g,v):= inf{limninf G(gn,vn) : (gn,vn) — (g,v) in Y(ep;0,b), gn Lipschitz,
Un(2,0) = v(z,0) for z € R, [Q, | = |Q]}.
Then,
F(g,v) = /Q Q(E(v))dz + H'(Ty) + 2H (). (2.8)
9
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When the extended graph of g contains a vertical segment in {0} x R, by periodicity the
same occurs in {b} x R. Nevertheless, since in the definitions (2.3) and (2.4) only the part of the
graph over the half-open interval [0,b) is considered, the energy in (2.8) is invariant with respect
to horizontal translations of (g, v).

Since by definition F' is lower semicontinuous with respect to the convergence in Y (eg;0,d),
thanks to Theorem 2.2 we have that the minimum problem

min{F(g,0) : (9,0) € X(eo,q:0,b) 2| = d} (2.9)
has always a solution for any d > 0. Moreover, it is a well known result in relaxation theory (see
[11, Theorem 3.8]) that the minimum value in (2.9) is equal to

inf{G(g,v) : (g,v) € X(eo,q;0,b),|Q| = d, g Lipschitz}
and that limit points of minimizing sequences for the above problem are minimizers of (2.9).

Definition 2.4. We say that an admissible pair (h,u) € X(eg,q;0,b) is a b-periodic global min-
imizer for F if it solves the minimum problem (2.9) for d := |2;|. Moreover, we say that an
admissible pair (h,u) € X (eg, q;0,b) is a b-periodic local minimizer for F if there exists § > 0 such
that

F(h,u) < F(g,v) (2.10)
for all pairs (g,v) € X(eo, q;0,b), with |Q,4]| = |Q] and dH(fh, f‘g) < 4. If, in addition, when g # h
(2.10) holds with strict inequality, then we say that (h,u) is an isolated b-periodic local minimizer.

Remark 2.5. Note that if & is continuous, then the above definition of b-periodic local minimizer
is equivalent to assuming that there exists 6 > 0 such that (2.10) holds or all pairs (g,v) €
X(eg,q;0,b), with |Q4] = |Q4| and
sup |g(z) — h(z)] <4.
z€(0,b]
We notice here that a (sufficiently regular) b-periodic local or global minimizer (h,u) €
X (eo,q;0,0b) satisfies the following set of Euler-Lagrange conditions:

divCE(u) =0 in Qp;

CE(u)[v]=0 on I'y N {y > 0}; (2.11)
CEw)(0,y)[v] = =CE(u)(b,y)[v] for 0 <y < h(0) = h(b);

k+ Q(FE(u)) = const on Ty N{y > 0},

where v denotes the outer unit normal to €, k is the curvature of I'y, and the constant appearing
on the right-hand side of the last equation may be interpreted as the Lagrange multiplier associated
with the volume constraint. Due to (2.7), equation (2.11); is a linear elliptic system satisfying the
Legendre-Hadamard condition.

Definition 2.6. Let (h,u) € X(eo,q;0,b) be such that h € C?([0,b]). We say that the pair (h,u)
is a critical point for F if it satisfies (2.11) .

The regularity theory developed in [14] applies also with minor changes to the model under
consideration. To recall the main result, for g € AP(0,b) we denote the set of cusp points by

Bge={(2,9(x)): v €[0,b),97(¥) = g(x), and ¢, (v) = —g_(z) = +o0}, (2.12)

where ¢~ is defined in (2.1), while ¢, and g’ denote the right and left derivatives, respectively.
As usual, the set Eﬁc is obtained by replacing [0, b) by R in the previous formula and coincides
with the b-periodic extension of 3 ..
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Theorem 2.7 (Regularity of local minimizers, see [14]). Let (h,u) € X(eq, q;0,b) be a b-periodic
local minimizer for F. Then the following reqularity results hold:

(i) cusp points and vertical cracks are at most finite in [0,b); i.e.,
card ({z € [0,b) : (z,y) € p USp, for somey > 0}) < 4o0;
(ii) the curve 1"# is of class C' away from E# U Eﬁc and

lim, h'(z) = +o0 for every zy € E# U Eﬁc,'
IHIU
(iii) Fh# N{y > 0} is of class C* away from Ef U E,ﬁc for all € (0,1/2);
(iv) let A == {x € R: h(x) > 0 and h is continuous at x}. Then A is an open set of full
measure in {h > 0} and h is analytic in A.

Statement (ii) of Theorem 2.7 implies in particular that the zero contact angle condition
between film and substrate holds. Though the regularity results proved in [14] refer to a slightly
different model and to a slightly stronger notion of local minimality, the theorem above can be
deduced from that paper. In particular, as in [14, Proposition 3.5], (i) follows from the innner
ball condition that for our model has an even simpler proof (see Corollary 6.4 and Lemma 6.7 in
this paper). Concerning (ii), the C! regularity of 1"# U {y > 0} can be proved exactly as in [14,
Theorem 3.14]. Only the contact angle condition at {y = 0} requires an extra care due to the
presence of the Dirichlet condition and it is proven in [12] in the case ¢ = 0. However, the same
proof given in [12] applies with minor modifications to the general case ¢ € C2. Finally (iii) and
(iv) are proved exactly as [14, Theorems 3.17 and 3.19], respectively.

Remark 2.8. If h > 0, 'y, is of class C%® for all o € (0,1/2), and (h,u) € X (eg, q;0,b) satisfies
the first three equations in (2.11), then the elliptic regularity (see Proposition 8.9) implies that
u € CH2(Qy,) for all a € (0,1/2). Moreover, if also (2.11)4 holds in the distributional sense, then
the results contained in [20, Subsection 4.2] imply that (h,u) is analytic.

2.2. Local minimizers. In this subsection we state the main results of the paper concerning local
minimizers.

Given d > 0, the pair (h,ue,) € X(eo;0,b) defined as
d

—A
h= b er(way) =€o (xa my) ) (2-13)

will be referred to as the flat configuration with volume d. With a slight abuse of notation we
simply write (d/b,u.,) to denote such a configuration. Note that (d/b,u.,) is a critical point for
the functional F; i.e., it satisfies (2.11). We warn the reader that whenever the flat configuration
comes into play it is understood that the Dirichlet datum is uo(x,0) = eg(z, 0).

For the applications it is important to know when the film starts developing irregularities
and corrugations. When the growth of the film is quasistatic, this corresponds to determining the
critical thickness at which the flat configuration ceases to be a (local) minimizer.

One of the main results of the paper is the exact description of the the local minimality
threshold. This is done in terms of the Grinfeld function K defined for y > 0 by

1 3—4 inh h
K(y) := max—J(ny), where J(y):= y+ vp) sinh y cos y — (2.14)
neN n 41 —vp)2 +y? + (3 —4vp) sinh” y
vp being the Poisson modulus of the elastic material; i.e.,
Up : A (2.15)

P )
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It turns out (see Corollary 5.3) that,

K is strictly increasing and continuous, K (y) < Cy, and hI_il_l K(y) =1,
y——+oo

for some positive constant C'.

Theorem 2.9 (Local minimality of the flat configuration). Let djoc : (0, +00) — (0, +00] be defined

as dioe(b) := 400, if 0 <b < %ea—i%, and as the solution to

27 d)oc (D) T 2u+X 1
(i) -z
b degupn+A)b
otherwise. Then the flat configuration (d/b,u.,) is an isolated b-periodic local minimizer for F in
the sense of Definition 2.4 if 0 < d < djoc(b).
The threshold dio. is critical: indeed, for d > dioc(b) there exists (g,v) € X(eo;0,b), with
Q4| = d, and supy y; |g — d/b| arbitrarily small such that F(g,v) < F(d/b, ue,).

(2.16)

< T 2u4X
= 4 egu(p+A)
open problem to establish whether or not (dioc(b)/b, ue,) remains a local minimizer.

We remark that the last part of the statement was already established in [18] where the
function (2.14) has been computed in connection with a certain notion of second variation of the
energy functional F'. Instead, the first part of the statement; i.e., the local minimality result below

In particular, if 0 < b then the flat configuration is always a local minimizer. It is an

the critical threshold is new. It is achieved by establishing a new criterion for local minimality
expressed in terms of the positive definiteness of a suitable quadratic form. More precisely, let
(h,u) € X(eo,q;0,b) be a critical point, with h € CZ°([0,0]) and h > 0.1 Given ¢ € 3 ([0,8])
with fob Ydx =0, for t € R we set h; := h + ty, we let u; be the elastic equilibrium corresponding
to Qp, under the usual periodicity and boundary conditions, and we define the second variation of
F at (h,u) along the direction 1) to be the value of

d2

@F(ht,’ut”t:o. (217)

If (2.17) is positive for all ¢ € CZ°([0, b]), with fob ¥ dx =0 and 9 # 0, then we say that the second
variation of F at the critical point (h,u) is positive definite. The main result of Section 6 is the
following.

Theorem 2.10 (Local minimality criterion). Let (h,u) € X (eg,q;0,b) be a critical point for F,
with h € CF([0,b]) and h > 0, and assume that the second variation of F' at (h,u) is positive
definite. Then (h,u) is an isolated b-periodic local minimizer in the sense of Definition 2.4.

Note that the regularity assumption on A is not so restrictive thanks to Remark 2.8. To the best
of our knowledge, Theorem 2.10 provides the first extension of the classical local minimality criteria
based on the second variation to the framework of functionals with bulk and surface energies.

2.3. Global minimizers. We describe here further qualitative properties that we are able to
prove for global minimizers. The first question we deal with is whether the flat configuration is an
absolute minimizer. We shall show two types of results: 1) given b > 0, the flat configuration is
the unique b-periodic global minimizer provided that the thickness d/b is small enough; 2) if the
period b is sufficiently small then the flat configuration is the unique b-periodic global minimizer
no matter how large the thickness of the film is. More precisely, we have the following.

Theorem 2.11 (Global minimality of the flat configuration). The following two statements hold.

IThroughout the paper the notation C’;([O, b)), k € NU {co}, stands for the space of functions in C*([0, b]) that
admit a b-periodic extension in C*(R). The space C;i (T'p,) is defined similarly.
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(i) For every b > 0, there exists 0 < dgion(b) < dioc(b) (see Theorem 2.9) such that the
flat configuration (d/b,ue,) is a b-periodic global minimizer if and only 0 < d < dgion(b).
Moreover, if 0 < d < dgion (), then (d/b,ue,) is the unique b-periodic global minimizer. *

(ii) There exists 0 < berit < 7§ 62—2% such that dgion(b) = +00 if and only if 0 < b < beyit,

, the flat configuration (d/b,ue,) is the unique b-periodic global minimizer for all d > 0

zf and only if 0 < b < beyig-

The results of Theorem 2.11 are more qualitative in nature than those of Theorem 2.9. In
particular, the function dgio, and the constant b are not analitycally determined and it is an
open problem to establish whether or not be.it < Zﬁ% and dgioh(b) < dioc(b). However, the
next result shows that the latter inequality holds, at least for b large.

Proposition 2.12 (Comparison between local and global minimality thresholds). There exists a

constant co = co(A, ) > 0 such that

dioe (b
1 b( ) > e_g for allb> 0. (2.18)
0
Moreover,
Jim dgl"Tb(b) =0. (2.19)

As a consequence of the previous proposition, we may prove a non-uniqueness result.

Theorem 2.13 (Non uniqueness). Let b > 0 such that dgiob(b) < dioc(b). Then the mini-
mum problem (2.9) with d = dgion (D) has at least another solution besides the flat configuration

(dgion (D) /b, tey)-

We next address the occurrence of regular non flat minimal configurations. The following
theorem gives an analytical confirmation of the numerical and experimental observations that
singularities do not form when the sample is not too large in width and thickness.

Theorem 2.14 (Regular non-flat minimal configurations). Let beix be the constant introduced in
Theorem 2.11. Then the following two statements hold.

(i) If beris < b < %, then for every b-periodic non-flat global minimizer (h,u) €
0

X (e0;0,b) we have h € C*([0,b]).

(ii) Assume \ > —i—gu. There exist breg > % and do > 0 with the following property:
0
If eZi(—TA) < b < breg and dgion(b) < d < dgion(b) + do, then for every b-periodic global

minimizer (h,u) € X (eo;0,b) with |Q| = d we have h € C*([0,b]).
In both cases (h,u) satisfies all the conclusions of Theorem 2.7, with v# = Etc = 0.

Remark 2.15. Note that in statement (ii) of the previous theorem we impose a condition on the
Lamé coefficients that is slightly more restrictive than (2.7).

The last result that we want to highlight deals with the existence of nontrivial analytic minimal
configurations. It states that if b is small enough, then b-periodic non-flat global minimizers are
analytic.

Theorem 2.16 (Analytic non-flat minimal configurations). Let beiy be the constant introduced in
Theorem 2.11. There exists ng > 0 such that if b = beir+1, withn € (0,1m0), and (h,u) € X(eo;0,b)
is any non-flat b-periodic global minimizer, then (h,u) is analytic; more precisely, h is strictly

positive and analytic over R and, in turn, u is analytic in ﬁf

2The function dglob, as well as djo and the constant be,it introduced in the second part of the statement, depend
also on the data u, A, and ep but this dependence is not highlighted since such quantities are considered here fixed.
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3. COMPUTATION OF THE SECOND VARIATION

In this section we study a suitable notion of second variation for the functional F. We look
at regular configurations, where the displacement minimizes the elastic energy. More precisely,
throughout this section we assume that (h,u) € X(eo,q;0,b), h € CZ([0,b]), h > 0, and u satisfies

CE(u): E(w)dz=0 for all w € A(Qp), (3.1)
o

where

A(Qh) = {w S LD#(Qh;R2) : ’LU(-,O) = 0}
Given ¢ € CF([0,b]) with fobwdm =0, for t € R we set h; := h + ti) and we let u; to be the
elastic equilibrium corresponding to €25, under the usual periodicity and boundary conditions; i.e.,
(ht,ut) € X(eo,q;0,b) and

CE(u) : E(w)dz=0  for all w € A(Qp,). (3.2)
th

We define the second variation of F at (h,u) along the direction v to be the value of

d2
@F(ht; ug)|t=0 -
It is convenient to introduce the following subspace of H(T';):
Ay = {o € H'T : pl0.00) = ol h®), [ g =0}
h

In the following we will make use of the following notational convention: For any one-parameter
family of function {g:}; the symbol ¢;(x) denotes the partial derivative with respect to ¢ of the
function (¢, x) — g¢(x). We omit the subscript when ¢ = 0. In particular we let

. aut . aut

Ut ‘= E U= tho
We denote by v the exterior normal to € and we let 7 := v be the unit tangent vector to I',,
where * stands for the clockwise rotation by 5. As usual, 0-, 9, denote the tangential and normal
derivatives, while D, D, stand for the tangential and normal gradient, respectively. If « is a vector
field from T', to R?, we denote its (distributional) tangential divergence by div,a. Recall that, if
« is sufficiently smooth and «(0, h(0)) = «(b, h(b)), then

/ div,adH' = / k(o -v)dH',
IV IV

where k = div,v is the scalar curvature of I'y. In particular, if a is a tangential field and ¢ is a
sufficiently regular scalar function such that ¢(0,h(0)) = ¢(b, h(b)), then

/FtpdivTadle— D.p-adH". (3.3)
h

T'n
Remark 3.1. Formula (3.3) still holds when (0, h(0)) # ¢(b, h(b)), provided the tangential field
vanishes at the points of T'y,; i.e., (0, h(0)) = a(b, h(b)) = 0.

We are now ready to state one of the main results of this section.
Theorem 3.2. Let (h,u), v, and (hs,ut) be as above, let w1 : R? — R be the orthogonal projection

on the x-aris, and let p € ﬁ#(l"h) be defined as p = \/% omy. Then the function @ belongs to
A(Qp) and satisfies the equation

CE(w) : E(w)dz = / div, (¢ CE(u)) - w dH* for all w € A(Q). (3.4)

Qh Fh
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Moreover, the second variation of F at (h,u) along the direction i is given by

d2
ﬁF(ht;Ut”t:O

——2 [ Q@i+ [ @rat+ [ @eEw)-RFat 69

Qp T'n
- / (QUE(w)) + k)o- (' o m)¢?) dH .

Proof. 1t is convenient to introduce the one-parameter family of C'*°-diffeomorphisms ®; : R? —
R2, ®;(z,y) := (z,y+tp(x)). We will make repeated use of the following fact: There exists eg > 0
such that the map (t,x) +— u; 0 ®¢(z) is of class C°° in (—eg,&0) x Qp,. This can be proved by quite
standard elliptic estimates arguing, for instance, as in [7, Proposition 8.1].
We divide the proof into several steps.

Step 1. We prove (3.4). Fix w € A(Q;,) N C>®(Q4). Then w may be extended outside 2, in such
a way that w € A(Qy,) N C>®(Qp,) for t small. Hence we can differentiate (3.2) with respect to ¢
and evaluate the result at t = 0 to obtain

b
0 = /Qh CE(u) : E(w)dz Jr/o Y(x) [CE(u) : E(w)|(x, h(x)) dx
= CE(4) : E(w) dz—l—/ @CE(u) : E(w)dH". (3.6)
Qp T'n

Since CE(u)[v] =0, by (3.3) the second integral in the above formula can be rewritten as
/ ¢CE(u) : E(w)dH!
Tn

:/ ©CE(u) : VwdH" =/ @ CE(u) : Dyw dH? =—/ div, (¢ CE(u)) - wdH? .
Ty Tn

T'n
If w is any function in A(£2) we conclude by approximation.
Step 2. In this step we introduce suitable functions carrying useful geometric information and
we prove some identities for later use. Let d; denote the signed distance function from Fﬁ; more
precisely,
dh(z) = {—dist(z,l"h#t) if z € Q#t,
dist(z,Tf) it 2 ¢ Qf .

By our assumptions on & and v there exist g > 0 and a tubular neighborhood N of I‘# such that
the map (¢, z) — di(z) is smooth in (—eg,e9) X N. For (t,2) € (—¢,€0) x N we set v4(z) := Vd;(z)
and k(2) := (diviy)(z). Note that by construction 14|r, coincides with the outer unit normal to
Qp, , while I{?t|1"ht represents the curvature of I'y,. More precisely, since v; points outward we have

kt|th = (7 \/%)I

We recall that we omit the subscript ¢ when ¢ = 0; in particular, we write v and k instead of 1y
and ko, respectively. Differentiating the identity |v|? = 1 with respect to v we get Dv[v] = 0. This

(3.7)

immediately yields
Dv=D,v=kr®71 and divv=div,v onT,. (3.8)

The same relations clearly hold for 14 on I'y,. Moreover, differentiating the identity Dv[v] = 0
we obtain that 0 = Z?Zl(afkuil/j + 0jv;0kvj) for k, i = 1,2, where 01, 0> stand for the par-
tial derivative with respect to & and with respect to y, respectively. Hence, (81,(D1/))ik =
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25:1 O vivy = 72521 djvidrv; = —((Dv)?),, for k, i = 1,2. From the last identity, recall-
ing that k = (divv)(z) = tr(Dv), we deduce
Ak =9, (tr(Dv)) = tr(0,(Dv)) = tr(—(Dv)?) = —k?, (3.9)
where the last equality follows from (3.8). Note now that
B h 4+t 1 )
\/1 + (W + “/)/>2’ \/1 + (B + ty')2 )

Differentiating this equality with respect to ¢ and evaluationg at ¢t = 0 we get

Vto(bt:(

!
l)+821/(1/)o7r1)(%(h1)2 o7r1)7 onT.
Multiplying both sides by 7 and using (3.8) we obtain
/
1)~’T+k7—2’l/}07'r1 :*moﬂ'l,
that is
v-1=-0;rp only. (3.10)

Step 3. We start by computing the first variation. Straightforward computations lead to

b (h/ + t’l/)/)’l/)l
14+ (W +ty')?

Since @ € A(Qp,), by (3.2) the first integral in the previous formula vanishes. Hence, integrating
by parts and recalling (3.7), we obtain

d

b
EF(ht, ug) = /o [(Q o E(u))(x, hi(x)) + ke (x, ht(:c))} Y(x)de. (3.11)

Step 4. We finally compute the second variation. Differentiating (3.11) with respect to ¢ and
evaluating the result at ¢ = 0 we get
d? d

G ulion = ([ 1@0 Bu) o hu(e)) + bl (2] 6) e oo

b b
= / (CE(w) : B(@)) (. ha))(x) da + / V(Qo B(w)(e,h(x) - (0,0(@)b(@)de  (3.12)

b b
+ / k(x, h(z))(x) dx + / Vk(z, h(z)) - 0, Y@)(x)de =11 + I+ Is+ 1.
0 0
We now treat each integral I; separately. From (3.6) we obtain

L= [ CE@):B@edn =— [ CE@): Bla)pds = —2/ QEG@)d=.  (3.13)
T Q, Q,
Writing V(Q o E(u)) = 9,[Q(E(u))]v 4+ 0;[Q(E(u))]T we have
b= [ QB I+ [ o Q@)K o m)e !

Ty

_ /F 0 IQUEW) @ dH — [ QUE(W))d, (' o m)e?) dH* (3.14)

T'n
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where the last integration by parts is justified thanks to the periodicity of the functions involved.
Analogously, using also (3.9), we may rewrite

L= 0,kp*dH'+ | 0:k(hom)p®dH' = —/ k*p? dHl—/ kO; (W omy)p®) dH' . (3.15)
Th Th Th Th
Differentiating the identity » - v = 0 and recalling (3.8) we obtain 9,7 - v = — - 9, v = 0 that, in
turn, implies k£ = divy = div..v. Hence,
I =/ div,vpdH = —/ v 10-0dH" :/ (0-0)*dH*, (3.16)
Iy Tn Tn
where in the last equality we have used (3.10). Collecting (3.12)—(3.16) we finally obtain (3.5). O

Remark 3.3. If (h,u) is a critical pair for F, then Q(E(u))+k is constant along T'y,. This implies
that the last integral in (3.5) vanishes since the function (h' o m1)p? takes the same values at the
endpoints of T'y,.

The theorem together with the previous remark suggests to associate with every critical pair
(h,u) € X(eo,q;0,b) the quadratic form 0*F(h,u): Hj(T's) — R defined as

O*F(h,u)lg] = ~2 Q(E(v¢))dz+/r (0r)° dH1+/ (O [Q(E(u))] - k*)¢* dH',  (3.17)

Q T,
where v, is the unique solution in A(£,) to the problem

CE(vy) : E(w)dx = / div, (¢ CE(u)) - wdH' for all w € A(Qy). (3.18)

Qp, IVY

Our purpose is to provide necessary and sufficient conditions for local minimality in terms of such
a quadratic form. We have immediately the following corollary.

Corollary 3.4. Let (h,u) € X(eo,q;0,b) be a local minimizer. Then
O*F(h,u)lg] >0  for all p € Hy(Th). (3.19)

Proof. If p € I;@ (I'n)NCE (T'y) then (3.19) is a consequence of Theorem 3.2 and Remark 3.3. The
conclusion follows by approximating any ¢ € I;@ (T',) with functions in I;@ (I'n) N CE(T'y) and

observing that the map ¢ +— 0%F(h,u)[y] is continuous with respect to the strong convergence in
H,(Th). O

In one of the main theorems of the paper we will show that if the quadratic form is in fact
positive definite; i.e.,

O*F(h,u)lg] >0  for all ¢ € H}(Ty) \ {0}, (3.20)
then (h,u) is an isolated local minimizer. The next proposition starts paving the way for this
result. It provides two different equivalent formulations of condition (3.20): The first one is related
to the first eigenvalue of a suitable compact operator, while the second one is expressed in terms of
a dual minimum problem. To this aim, we fix a critical pair (h,u) € X (e, ¢; 0,b) and we introduce
the following bilinear form on H #(Fh):

(p, )~ = / app dH* +/ DrpdrpdHY | with a = 0,[Q(E(u))] — k2, (3.21)
T, T,

for every @, 9 € I:j# (T'y). Tt is easy to check that, whenever
(p,9)~ >0 forall p € H}(Tp) \ {0}, (3.22)

the bilinear form (3.21) defines an equivalent scalar product on H 4 (Th).
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Remark 3.5. Note that for the flat configuration (d/b, u.,) the coefficient a vanishes and, thus,
(3.22) is always satisfied.

Proposition 3.6. The following statements are equivalent.
(i) 02F(h,u) satisfies (3.20).
(ii) Condition (3.22) holds and the compact monotone self-adjoint operator T acting from
(H;E(l"h), ~) to itself, defined by duality as

(T, )~ ::/Q CE(vy,) : E(vy)dz = /Q CE(vy) : E(vy,)dz  for all o, € ﬁ#(Fh), (3.23)

satisfies

A= max (T, @) =T~ < 1. (3.24)
ollam

Here v, and vy are defined as in (3.18).
(iii) Condition (3.22) holds and, setting

= mm{z QEW))dz: ve A, @]~ = 1}, (3.25)

Qp

where @, is the unique solution in ﬁ#(l"h) to

0, D, 0.0 dH! + /

a®,dH" :/ div, (¢ CE(w)) - vdH'  for all p € Hy(T1), (3.26)
Ty

'y Ty

we have

1
=—>1.
H1 N

Proof. Assume now (3.20). As

PF(h,u)[e] = (¢, 0)~ — (T, )~ (3.27)

we have (p,0)~ > (T, )~ > 0 whenever ¢ # 0. Hence, (-,-). defines a scalar product on
ITI%E (') that is equivalent to the standard one, as observed before. The monotonicity and the
self-adjointness of T" are evident from the definition.

We first observe that when 1, — ¢ weakly in ﬁ#(l"h), then div, (¢, CE(u)) — div, (¢, CE(u))
weakly in L?(I',). Hence, recalling (3.18) and using Korn’s inequality we get that v,,, — vy, weakly
in Aq, . Then, by the compactness of the trace operator, we conclude that

Y, — ¢ weakly in Iil#(Fh) = Wy, — vy strongly in L*(T}). (3.28)

To check the compactness of T let ¢, — ¢ weakly in H 4 (T'n). Recalling (3.18) again, we have

(Ton,¥)n = / div.(pn CE(w)) - vp dH' — [ div,(pCE(u)) - vy dH' = (T, ¢)~;  (3.29)
Tn Tn

that is, T'p,, — T'¢ weakly in ﬁ#(Fh) Choosing ¢ = Ty, in (3.29) and recalling that by (3.28)
VT, — vty in L2(I'y), we discover that || T¢, ||~ — ||T¢|/~ and, in turn, Ty, — Ty strongly in
ITI%E (T'n). We conclude that T is compact so that A; in (3.24) is well-defined and coincides with
the first eigenvalue of 7. By (3.27) the condition A\; < 1 is equivalent to (3.20). This concludes
the proof of the equivalence of (i) and (ii).

To finish up the proof of the proposition it is enough to show that under (3.22) we have
W = )\% First of all, arguing as before, one can check that the map v — ®,, is a linear compact
operator from A(€,) to H 4 (T'x). Exploiting this observation, the existence of a solution to (3.25)
can be established by the direct method of the Calculus of Variations.
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Let now ¢ € ﬁ#(Fh) be such that [[¢|l~ = 1 and T = A1p. Then by (3.18), (3.21), and
(3.23) we have

)\1/ aT@adeH1+A1/ apdH! :/ div, (¢ CE(u))-v, dH'  for allweﬁ;&(l"h). (3.30)
Ty T'n

I8

Hence, recalling (3.26), ®,,, = A1¢. Moreover, choosing 1 = ¢ in (3.30) and using (3.18), we have
M=Mell2 =2 [ Q(E(vy))d.
Qp
We conclude that v, /A1 is admissible for problem (3.25) and

u1§2/QhQ(E(§—“i))dz)\il.

To show the converse inequality, let ¥ be a solution of (3.25). Then there exists a Lagrange
multiplier po such that

/ CE (D) : E(w)dz = puo(®s, Py)~ for all w € A(Qp). (3.31)
Qn
Choosing w = v we immediately deduce pg = 1. Moreover, recalling (3.26), we get from (3.31)

/ CE(®): E(w)dz = ul/ div, (®;CE(u)) - wdH' for all w € A(Q)
Qh Tn

that means, by (3.18), 7/u1 = vs,. Hence, by (3.23), (3.18), and (3.26) we have for all ¢ € H#(Fh)

v v
To5,0) = CE(—):E(v dz:/ CE(vy) : E{— ) d=z
Teo vy = [ CB(T):Buwdz= [ cBwyB()
v 1
_ / div, (VCEW)) - = dH' = —(Py, ). .
Tn M1 H1
We conclude that 1/p; is an eigenvalue of T' and thus 1/pu1 < A;. O

Corollary 3.7. Assume (3.20). Then there exists a constant C > 0 such that
O*F(h,w)le] = Cllellin r,)

for every ¢ € f[}#(l"h)

Proof. By Proposition 3.6, (3.24) holds. Hence, recalling (3.27), we have

O*F(h,u)[e] = llol2 — (T, o)~ = lellZ = [T llellZ = (1= A)llel2 > Cliellnr,) -

which proves the corollary. U

Corollary 3.8. For d > 0 let A\1(d) be the first eigenvalue of the operator T associated with the
quadratic form 0?F(d/b,ue,), according to Proposition 3.6 (see Remark 3.5). Then A1 is a strictly
increasing function of d.

Proof. Let 0 < dy < dy and let v; € A((0,b) x (0,d1/b)) be a solution to problem (3.25), with
h = dy/b. Observe that the function

dy —d
0 if0<y< 2b L

va(z,y) =

do —d; . da—dy da
£ <y ®
b ) ' vy<3

’Ul(l',y* b =
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belongs to A((0,b) x (0,d2/b)) and is an admissible competitor for problem (3.25), with h = da/b.
Moreover, v cannot be a minimizer since otherwise it would be 0 everywhere by analyticity.
Hence, by Proposition 3.6-(iii)

di/b da/b
) dydx = ) dyd
)\1d1 // QE(v)) dyde = // Q(E(v2)) yx>)\(d)

which concludes the proof. O

4. SECOND VARIATION AND W?2®°_[,0CAL MINIMALITY

We now come to a crucial point of the paper, namely the proof that condition (3.20) implies
the W2*°-local minimality. This is essentially achieved in Proposition 4.5 from which Theorem 4.6
quickly follows. The section contains also a variant of this theorem which will be used in Section 7
to prove the second statement in Theorem 2.11. We start with some technical lemmas. In the
representation formula (3.17) of the second variation the last term involves the normal derivative
of Q(E(u)) on T'y, where u is the elastic equilibrium in Q. Therefore, an important step in the
proof is provided by Lemma 4.1, which shows that the H~2 (T',)-norm of the trace of VCE(u) can
be controlled uniformly with respect to C2-perturbations of the boundary. Lemma 4.3 deals with
the construction of a suitable harmonic lifting from I';, to j,, which is then used in Lemma 4.4 to
prove a higher integrability result for E(u).
For the definitions and the properties of fractional Sobolev spaces needed in this section we refer
to the Appendix.

Lemma 4.1. Let (g,v) € Y(eo;0,b) be such that g > 2co > 0 in [0,b], g € C%([0,b]) and

/ CE(v )dz—/ d:Vwdz for allw e A(Qy), (4.1)
Qg

where d € C* (ﬁj&;MQM) is b-periodic in x. Then, setting D := Qy\ Qg_cy, D' := Qg \ Qg—2¢,, for

allp>1

IE@)llwe(ppazxz) +[IVCE@)]| CUE@)L2rmzx2) + 1l o1 (D pgexzy) s (4:2)

2 (Fg,T)

where T denotes the space of third order tensors and C is a positive constant depending only on
the C?-norm of g, on ¢y and p.

Proof. Without loss of generality we may assume that d is C2 in Q. For 4,5 € {1,2} we define

o= (08(5)), = (),

1
and similarly for oy, dijy. Let ¢ € Hj(I'g). With the same letter we denote a lifting of ¢ such

that (¢,0) € A(Qy), ¢ vanishes in Q, ., and ||| g1 (q,) < Cll¢|| with C depending only

1
HZ(Ty)’
on the C'-norm of g, p and on cg. Such a lifting exists thank to Theorem 8.5. Differentiating the

equation div(CE(v)) = divd with respect to x, multiplying by ¢, and integrating by parts, we get

/(0111,0121)'14065711 = /diV(duz,dmz)(PdZ-f-/(0111,012z)'v<,0d2
r D

g D

/ (0112 — di1z, 0120 — di22) - Vpdz +/ (di1z, dr2s) - v dH?
D r

g

CUVE@ 2oy + ldllor @) IVl c2(oszs) + el zacr, )
< CUVE® o + Ml orame) el -

AN
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Therefore, setting « := (0114, 0122) * v, from the inequality above we deduce that

o -3 g, < CUTE@)20m + Idles v (43)
where C' depends only on the C''-norm of g, on p, and on cy. Similarly,
10,13 g, 103 g 1903 < CUVE@om + Il pan) . (44)

where
B = (012:“02295) ‘v, Y= (011y,012y) ‘v, 0= (012y,022y) V.

Recall that by Theorem 8.6, if 0 € H*(D) is b-periodic in z, then ||0,0]| 4 < CIVoll L2 (pir2)
H,2 (T,
for some constant C' depending only on the Cl-norm of g, on p, and on cg. Hence, setting

n:=0;(CE(v))11 and ¥ := 87(%—7;1), we have

4 gy 1903 ) < CIVEEOi2coim + 19 (G 20y
< CIIVCE®W)|[2(psmy < CIVE@)|22(pi) 5 (4.5)
where we also used the fact that
vy _ 4(p+ No12y + Ao11e — (2p + Moz, and vy _ (2u + N)o11y — Aoagy - (4.6)
dy? dp(p+ A) dzdy dp(p+ A)

Observe that ¥ = g;g; vy — %2—;;1/1. Therefore, recalling also (4.6), 0ijz,0ijy, 1,7 € {1,2} satisfy

the following linear system

%41 Vo 0 0 0 0 O11x o

0 141 120 0 0 0 0122 ﬁ

0 0 0 %1 170} 0 0922 o Y

0 0 0 0 %1 Vo O11y o 1)

Vo 0 0 -1 0 0 012y n
A1 0 u+MNrr Cu+MNre —4(p+ N1 =i O22y 4pd(pn+ )

A lengthy but elementary computation yields that the determinant of the 6 x 6 matrix of the
system is (2u + A\)v3 > ¢ > 0, where ¢ is a constant depending only on the C''-norm of g. Thus,
Oijz, Oijy can be written as linear combinations of «, 3,7, §,n, ¥ with coefficients given by suitable
polynomials in vy, vy divided by v3. Then from (4.3)—(4.5), using Lemma 8.8, it follows that

IVCEON,, 3 g 5y < CUVE@ 200 + Iellos s (47)
with a constant C depending on ¢y and the C'-norm of vy, s, hence on the C2-norm of g. It
remains to estimate || E(v)|[w1.r(pmex2y. To this aim fix p > 1, set D" = Q, \59_300/2, and fix a
ball B cC D'\ D. By adding an infinitesimal rigid motion if necessary, we may assume without
loss of generality that

/ (Vo —VTv)de =0 and / vdr =0. (4.8)

Then standard elliptic regularity results (see [1, Section 10.2]) imply

IE@)llwrepmexzy < C(lvllwrrorze) + ldllcr 57 pexe))

A

—= C(HE(U)”LP(D”;MZXQ) =+ ||dHCI(5H;M2><2))
CUIEW) i prgae) + 1l 57 (4.9)

IN
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where the second inequality follows from Korn’s inequality and (4.8), while in the last one we used
the Sobolev imbedding and the fact that we are in dimension two. Arguing similarly with D and
D" replaced by D" and D’, respectively, by elliptic regularity and Korn’s inequality, we get
IE@) i ey < CUE@) o) + [l gn g agmes) - (4.10)
The conclusion of the lemma then follows by combining (4.7), (4.9), and (4.10). O

Remark 4.2. An obvious modification of the final part of the previous proof shows also that if
v € A(§y) then

IE()lwr(0gm2x2) + [VCE(0)]] < Cllvllar@pmey + ldlorymazxzy) s (411)

_1
H, 2 (Tg;T)
holds with a constant depending only on the C2-norm of g, on cg, and p.

Lemma 4.3. Let g, D be as in Lemma 4.1 and p > 1. Given 1) € C’#(Fg;RQ), a € C#(Fg), there
exists a harmonic function f € WYP(D) such that V f is b-periodic in x and 0, f = adiv.vy on T,.
Moreover,

IV fllr(Dsr2) < CWHWP%,;?

where C is a constant depending only on the C%-norm of g and on the C'-norm of a.

(TgiR?) @12)

Proof. Write adiv, v = 0, (a1 + apate) — Y10-(ar1) — 120, (at2). Thanks to Theorem 8.5 there
exists a function ¥ € W'P(D), b-periodic in z, whose trace on I'y is a1171 + atpem and such that

W) < CIILs g g
with C depending only on the C2-norm of g and on the C'-norm of a. Let G € WhP(Ty) be such
that G(0,¢(0)) = 0 and 9,G = 919, (at1) + 120, (at2) and denote by G the function in W?(D)
obtained by extending G in Q by G(x,y) := G(x, g(x)). Clearly VG is b-periodic in z and we have
the estimate

IGlIwr oDy < CllWI| a1

again with a constant depending only on the C?-norm of ¢ and on the C'-norm of a. Let v €
H& #(D) denote the solution of the following problem

)

(Tg;R?)

/ Vv-Vwdz = / (V¥ — VG) - Vwdz for all w € Hy (D),
D D

where Hj (D) := {w € H'(D) : w(z,g(r)) = w(z,g(x) —co) = 0, w(0,y) = w(b,y)}. By classical
regularity results we have that v € WP(D) and [jv||wis(py < C||[VE¥ — VG| Lr(p;r2), With a
constant C' depending only on the C%-norm of g. Setting w := ¥ — G — v, then w is harmonic in

D, Vw is b-periodic, 9,w = adiv,¢ and ||[Vw|| L (pir2) < C||7,/)HW1 . The conclusion then

1
TP P(Ig;R?)
follows by letting f be a harmonic conjugate of w. ’ O
Lemma 4.4. Let g, co, D, and D' be as in Lemma 4.1, let M € C(T; M?>*?) and p > 2. There

exist § and C > 0, depending only on p, co, and on the C*-norm of g, such that if v € A(S,) is
the solution to the problem

/ (CE(U):E(w)dz:/ div, M - wdH*
Q, r

g

for all w € A(Sy), then the following estimate holds:

|E@) ars(parznsy < CUB@ 2raree + M) .- ). (4.13)

1
» P (Ig;R2)
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Proof. Adding an infinitesimal rigid motion, if necessary, we may assume without loss of generality
that (4.8) holds with D” replaced by D’. Let f € W1P(D’;R?) be the harmonic map whose
components f; and fs are constructed in Lemma 4.3, with D replaced by D’ and taking a = 1 and
1 coinciding with the rows M; and My of M, respectively. From the assumption, integrating by
parts, we get that

/ CE(w) : BE(w)dz = Vf:Vwdz
Q, Q,

for all w € A(Q,) vanishing in Q4 \ D’. Then by a standard argument (see [16, Chapter V]) one
obtains that there exists ry > 0, depending on the C'-norm of g and on cq such that if zg € D#
and r < rg

C 2
/ |Vo|? dz < —2(/ |Vv|dz) +C IVf?dz,
B (z0)NQ# r Ba,(20)NQ7F Ba(20)NQF

where the constant C' depends on ¢g and the C'-norm of g. Setting o := |Vo|*x %, 8 := |V f|*xq#,
g g
the above inequality reads

2
][ adzgc( \/adz) +C]1 3 dz
Bi(20) Bar(20) Bar(z0)
for all zo € D# and r < rq. Since 8 € LP/?(D'), a standard application of Gehring’s Lemma (see
[16, Proposition 1.1]) yields that
190l 2tsoiagens) < OVl zaorameny + IV oo orgens)

Hence the conclusion follows from Korn’s Inequality and (4.12). O
The next proposition will be crucial in proving Theorem 2.10.

Proposition 4.5. Let (h,u) € X(eo,q;0,b) be a critical point for F such that h > 2¢o > 0 in
[0,0], h € C([0,b]) and
0*F(h,u)lg] > Cillellin r,) (4.14)

for all ¢ € I;T;#(Fh) with C1 > 0. Let (gn,vn) be any sequence in X (eg, q;0,b) such that g, €

Cz([0,0]), fobgndas = fobhdz, and g, — h in C%([0,b]) and let 1, € I;G#(an) be defined as

Uy 1= \/g% omy. Then, there exists a constant Cy > 0 depending only on h, such that
In

F(hu) + Calltalsr, ) < Flgnsvn) (4.15)
for n large enough.

Proof. In order to prove (4.15) we may assume without loss of generality that v, is the elastic
equilibrium in €, ; i.e., the solution to (3.1) with h replaced by g,. We will use the bilinear
form (-, )~ I;@(Fh) X ﬁ#(rh) — R, introduced in (3.21). We also introduce the bilinear forms
(s )mrgn : I;T%E(an) X ﬁ#(an) — R defined as in (3.21) with ', and a replaced by Ty, and
ag, = 0Oy, [Q(E(v,))] =k . Here vy, denotes the outer unit normal vector to Q,, while kg, is the
curvature of Ty, . Finally, let ®,, : Q, — Q. be a diffeomorphism of class C%(Qp;R?), such that
®,, — Id is b-periodic in z together with its first and second derivatives, @, (x,0) = (x,0) for all
z €[0,0], [ ®n — Id]|c2(g, &2y < 2ll9n — hllc2(o,p) and @n(z,y) = (z,y +gn —h) in a neighborhood
of I'y,. Finally, to avoid confusion we shall denote by v} the outer unit normal to 5 on I'j, and we
will write ap, to denote the quantity a defined in (3.21).
We now split the proof of the proposition into several steps.
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Step 1. From the equations satisfied by v and v,, and an easy change of variable we obtain that

/ C(BE(uo®; ') — E(v,)) : B(w)dz = /Q dyn : Vwdz, forallwe A(Qy,), (4.16)

9n

where
||dn||01(§gn;M2X2) < CH‘I)n - Id”cz(ﬁh;mz) < CHgn - hHC2([0,b]) ) (4-17)

and C is a constant depending only on the C?-norm of u. From (4.11) and Korn’s inequality
(notice that wo ®,1 — v, =0 on {y = 0}) we get that for all p > 1
1E(wo ®.%) = E(vn)|lwir(o,, mzx) + [[VC(E(uo @;1) — E(v,))]|

1
H# 2 (Tgp,sT)

< C(IE(wo®,") — E(vn)ll2(a,, m2x2y + lgn — Bllczqoe)) < Clign — hllc2(o,) » (4.18)

for a constant C' depending only on p > 1 and the C2-norms of h and u. Note that the last of
the previous chain of inequalities follows by choosing w = u o ®,1 — v, in (4.16) and by Korn’s
inequality. Using Lemma 8.8, from (4.18) we conclude, that

| E(u) — E(vn) 0 @ llwrr,mzx2y < Cllgn — hllc2o,0) (4.19)

and

IVCE() - (VEE@)) o @ull 3 < Cllgs = hllos(o (1420)

Let vy, and v,, denote the outer normal unit vectors along I'j, and T'y,,, respectively, and J;®,, :=

/ 12
\/11:% be the 1-dimensional Jacobian of ®,, on I';,. We claim that

10v,, [Q(E(wn))] 0 ®nJs @y — Oy, [QUE))]]II —3 = 0. (4.21)

H#Z (Fh)

1
Indeed, we have for all ¢ € Hj(I's)

/F [G%Q(E(“)) - (%Q(E(vn))) o ‘I’n}sadHl
— /F (CE(agu) : (E(u)fE(vm o q’n)cdel

T

+/Fh [CE((‘% u)- ((CE(%UH))o@n}:(E(vn)otl)n)gadHl
< ClE(u) — E(vn) 0 q)nHL“’(Fh;M“z)HSQHLQ(Fh)

+ [[VCE(u) — (VCE(vy,)) o @, _14 I(E(vy) o @

n 1 , 4.22
H, % (TysT) )(‘DHHé(Fh;M“Q) ( )

where the constant C' depends only on the C?-norm of u and on the length of I'y. Fix p > 2.
Recalling the definition of Gagliardo seminorm (8.1) and using Hoélder inequality, the Sobolev
Imbedding Theorem 8.3 (notice that H=(I';) is continuously imbedded in L?(T) for all p > 1),
and the trace Theorem 8.4, one obtains that

I(E(vn) 0 2n)ell 44 1, gy

< CllE(vn) © Ballroo ez loll 43 1,y + 12lze @ 1E(vn) o

S C(|E(vn) 0 @l poo (0, m2x2) + | E(vn) 0 Oy |

w 2p p 2(F M2 2)

W BT (M2 2) H(‘DHHE(Fh) ’

where the constant C' depends only on p and on the C'-norm of h. From the last inequality
and (4.22), using (4.19) and (4.20), and performing a similar estimate also for the derivative with
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respect to y, we conclude

IV(Q(E(vn))) 0 Pn — VQ(E(u))| < Clign = hllc>(op)y = 0.

H;% (Tn)
Hence, (4.21) follows taking into account that ||y, o @, —vullcr(r,) — 0, [[Pn — Id”c?(ﬁh-n@) — 0,
and using Lemma 8.8.

Step 2. We show that for n large enough

lellFnr,, ) <3CT gl — forall e Hy(Ty,) (4.23)

(Cy is the constant appearing in (4.14)).
Note that by (3.17) and (4.14) we have

el = 8*F(h, u)l¢] = C1ll¢l| (4.24)

2

H(Th)

for all p € f[}#(l"h) Given ¢ € f[}#(l"gn), we set
@:=(po®,)1D,.

Then ¢ € H}(T';) and

Iz, ) = / (I 0 @ul> + (B, @) 0 Bu) J1by dH!
h
< (144, /F (& + (8, 0)) dH!
h
< (14607 Bl2 (4.25)

where in the last inequality we used (4.24). The constant ¢, appearing in the above formulas
depends only on ||g, — hl[¢2(j0,5)) and tends to zero as n — oo. To continue, note that from (4.21)
and Lemma 8.8 we have

(ag, © ®n)J1®, — an(J1®,)?|| —0. (4.26)

_1
H# 2 (Fh)
Moreover, we have

ER / (an@? + (85, 9)2) dH?
h

IN

[ (@ 0 @)oo @2 nbudr 4 [ (@, 0P a4 bl )

Ty Ty,

- 2 1 2 1
+l(ag, o ®n)J1Pn — an(J1®y) HH;g(Fh)H(SDO(I)n) HHE(Fh)

||90||2~,gn + ||(agn 0®,) 1P, — ah(Jl(I)n)

2 2
1 2] (I)n 1
”H;E(Fh)H( ° ) ||H2(Fh)

+onllel i, ) (4.27)

where, as before, 6, depends only on ||g, — hl[c2(j0,5) and tends to zero as n — co. Finally, note
that

e 0 @)l 4,y < CI@ 0 @) sy < C7ll00 Pullfpr,y < C"(+ )l r,,)  (428)

with §,, as before and C” independent of n. Note that the second inequality in the above formula
can be proved taking into account the imbedding of H!(T';) into L°°(T',). Combining (4.27) with
(4.25) and taking into account (4.26) and (4.28) we conclude that for n large enough ||90||§{1(an) <
3CT el ,, for all g € f{{;}#(rgn).

Step 3. Let T,, be the operators defined by (3.23) with (-,-)~ and h replaced by (-,-)~,q, and
gn, Tespectively. Let T} be the operator corresponding to h. Note that the definition of Ty, is
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well-posed, thanks to (4.23). Denote the first eigenvalues of T, and T, (see (3.24)) by A, and
1,9, Tespectively. We claim that
limsup A1 4, < A1 - (4.29)

n—oo

Assume without loss of generality that limsup,, .o A1,g, = liMp—00 A1,g, =t Aso. Then there exist
on € CF(Tg,) N H#(an), with [[¢nl|~,g, = 1, and vy, 4, € A(Qy, ) solution to

n

/ CE(vy, 4,) : E(w)dz = / div,, (¢,CE(v,)) - wdH' (4.30)
an an
for all w € A(£y,), such that
T e =2 | QU0 d = . (4.31)
Note that by (4.23)
sup ||¢n || 1 (r,,) < +00. (4.32)

By the Imbedding Theorem 8.3 and the C?-equiboundedness of the functions g, it follows that
sup,, H('O"”W%"‘(F ) < +o0. From (4.19) it follows that sup,, [|CE(vn )| co.e(r,, m2x2) < oo for all

a € (0,1). Then, using the definition of the Gagliardo seminorm of W34(I'y. ) and the a-Holder
continuity with « sufficiently close to 1 (compare with Lemma 8.8 where « is taken equal to 1),
one can check that

supHgon(CE(Un)HW%A(Fg w2y < OO (4.33)

Using Lemma 4.4 we then have that

I E (Vg0 )l 245 (0, \ Qg — oy M2%2)
< C([[E(vg,,g,) |2 (0, \Qg,, 20 M272) T ||<Pn(CE(Un)||Wg,4(F9 ) (4.34)

for some ¢ and C independent of n. Choosing w = v,, 4, in equation (4.30) we have thanks to
Corollary 8.7 and trace Theorem 8.4

| 1B s Pde < Cldive, (onCED, 1ey o [eanlydd o e
an n
S Cll(pn(CE(U’n)HW%A(an;R2)||’U<Pnagn||Wl,%(an;]R2)
S CHE(U‘Pnagn)HL%(Qg iR2) S CHE(U‘Pnagn)HLZ(an ;RZ) ) (435)

where the third last inequality follows from (4.33) and Korn’s inequality with a constant indepen-
dent on n. Hence, from (4.34), we deduce that

gn —co>

SUP||E(”gon,gn)||L2+6(an\Q M2x2) < 00
n

We may extend vy, 4, to a function in A(€,, UQ,) in such a way that

sup ||E(U‘Pn7gn)||L2+5((an U\ Qg — g iM2%2) < +00. (436)

We finally set @, := £,,(pp 0 ®,,)J1®P,,, where £, := ||(¢n 0 @) J1 P, |2t From (4.27) applied with
¢n in place of ¢ and ¢ replaced by %= and recalling (4.32), we deduce that

by, — 1. (4.37)

Let vg, 5 defined as in (3.18) with ¢ replaced by ¢,. Arguing as before, we may extend vg, 5 to
a function in A(£,, U) in such a way that

sup HE(U«[Dn,h)||L2+5((anUQh)\an,C0;MQXZ) < 400. (438)
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To conclude the proof of (4.29) it will be enough to show that

lim Q(E(vg, h — Vy,.g.)) dz = 0. (4.39)

n—oo Qh

Indeed, by (4.31) this would imply

)‘Lh Z hm (Thcﬁn,@n)N = hm 2 Q(E(’U@mh))dz

n—oo Qh

= lim 2 Q(E(vg,.g.)) dz

—  lim 2/ QE(,, 5))dz = Ao
n=eo Qy’n.

where in the third equality we have used the equintegrability of the functions Q(E(v,,, q4,.)) (implied
by (4.36)) together with the fact that |2y, AQy| — 0. In order to prove (4.39) we observe that
Vb — Uppign € A(Qn) N A(Qy, ) is an admissible test function for (4.30) and for the equation
satisfied by vz, . Using such a test function and subtracting the two equations, we obtain

2 Q(E(’Uénah - U‘Pnu‘]n)) dz = — / (CE(/U‘Pnagn) : E(”@nvh - U‘Pnagn) dz
Qp, Qr\ Qg

+/ (CE(Usamgn) : E(Ucﬁmh - Ugan,gn) dz

Qg \Q2n

+/ div,, (PnCE(w)) - (Vg,,h — Yp,.g.) dH!
'y

- / [divy, (9nCE(vy)) - (Vg 1 — Vo .gn)] © PnJ1 @y, dH'
Tn
= I+ 12+ I3+ 1.
Thanks to (4.36), (4.38), and the fact that |Q, AQp| — 0 we have I} +I2 — 0. Note now that I}
can be rewritten as

I = 7/ IV, [7h]| 0, (0nCE(vy) 0 @3,)[74, © @] - (V3,1 — Vg, g0 ) © P 1Py, dHE .
Tn

Notice that by (4.35) vy, g, is bounded in H'(Q;) (and similarly for vz, ). Therefore, by the

trace Theorem 8.4, v3,, b — Vg, g, is bounded in Hz(I';). We may now apply Lemma 8.8 to deduce

V@[] (v, n — Vi gn) © Prd1®pn — (V3,0 — U‘ngﬂ)”H%(r y 0. Hence, (4.39) is proved
h

once we show that ||div,, (pnCE(u)) — O0r, (pnCE(vy) 0 ®,,)[1g, © <I>n]||H,%(F : — 0. This, in turn,
# h
follows from Theorem 8.6 and Lemma 8.8 if we check that
6nCE(u) — nCE(vy) o q)nHH%(Fh) — 0. (4.40)
Recall that, also thanks to (4.37),
H@n_(Pnoq)nHHl(Fh) — 0. (4'41)
Moreover, by (4.19),
|CE(u) — CE(vy) 0 @y | co.ar, 22y — 0 for all a € (0, 1). (4.42)

Combining (4.41) and (4.42), claim (4.40) easily follows from the Gagliardo definition of the Hz-
seminorm.

Step 4. For t € [0,1] consider (hn ¢, un ) € X(eo,q;0,b), where hy ¢ := h 4+ t(gn, — h) and uy,; is
Th and

n,t?

the corresponding elastic equilibrium. Note that (hy 1,Un1) = (gn,vn). Let (-, )un

sln e

A1k, . be the corresponding bilinear forms, operators, and first eigenvalues. Let @, 4 : 0, — 4, ,
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defined as at the beginning of the proof with g,, replaced by h,, ;. We claim that for n large enough
and for all t € [0, 1]

I3, ) <30T lpl2,,  forall g € Hy(Th, ). (4.43)

that

limsup sup Aip,, <A, (4.44)
n—oo t€(0,1] '

and that for all p > 1

sup [|[E(u) — E(un,t) 0 ®ntllwir o, m2x2y — 0. (4.45)
te[0,1]

Indeed if not, then we may find a subsequence (not relabelled), ¢,, € (0, 1], and ¢,, such that

lonl3n,, , ) > 3CT enlZn,, (4.46)

n,tn

Note that the sequence (hn.t,,Un ¢, ) satisfies the same assumptios as (gn,vn). Hence, we may
apply all the previous steps. In particular, by Step 3 we contradict (4.46) and conclude that (4.43)
holds. In a similar fashion we may prove (4.44) and (4.45), using (4.29) and (4.19), respectively.
Step 5. We are now in a position to conclude the proof of the proposition. Let f,(¢) :=
F(hnt,un,). We claim that

70 > 5200 = M) [l (4.47)
By Theorem 3.2 and the definition of T3, , and (-, )~ p, , We have
@) = = (Thy sty nt) b + [ntl2 0,
A%fQWWmm+kmﬁ@%JmﬁOM)iQW#v (4.48)
where 1, ; == 1-1(7;’1) om . By (4.44)
1= An

1= A, > (4.49)

2

for n large enough. Moreover, since sup,e(g 1 [|n,t — hlloz(o,p)) — 0, for n sufficiently large and
for all ¢ € (0,1] we also have

1
5”1%”%{1@%) < Wn.e %Il(th’t) <2¢allinee, ) - (4.50)

From the definition of A 5, , and using (4.43), (4.49), and (4.50), we deduce

n,t

_(Thn,twn,ta ¢n7t)~,hn,t + Hwn,t| i,hn,t > (1 - )\17hn,,t)|‘w",t| i,hn,t
1—Xin Ci(1—MAip) Ci(1—Ap)
T|‘wn,t| 2~,hn,t 2 f”@bn,t”%ﬂ(rhmﬂ > THwn”?LII(FM) '(4'51)

Recall that (h, u) is a critical point and, thus, there exists a constant A such that Q(E(u))+kr = A
on I'y,. Using (4.45) it is then easy to see that

sup ||Q(E(un,)) + kn, , — A”Loo(l"hn ) —0. (4.52)
te(0,1] ’



EPITAXIALLY STRAINED ELASTIC FILMS: QUALITATIVE PROPERTIES OF SOLUTIONS 29

Hence,

/F (QUE(un2)) + ki )m (R, 0 m1)02,) dH!

n,t

= / (Q(E(Un,t» + khn,t - A)aﬂ'hn,t ((h;m o Wl)"/)z,t) dHl
I

hn,t

Y

~CNQUEun ) + ki, — Ml lonelincr,,
20 QB ) + kAo, el ) (4.53)

where C' > 0 is independent of n and the last inequality follows from (4.50). Combining (4.48),
(4.51), (4.53), and taking into account (4.52) we obtain (4.47). Hence, since f/(0) = 0, we have

Y

1
Flhyu) = fu(0) = ful1) — / (- 0 f7(0) dt
< R HOA N, [ (-0
n 24 1 1,h nllH(Ty,,) o
1
= F(gmvn) - Ecl(l - Al,h)”"/]nH%{l(an) )

that is (4.15) with Cy := £C1(1 — App). =

Theorem 4.6. Let (h,u) € X (eo,q;0,b) satisfy all the assumptions of Proposition 4.5. Let (g, vn)
be any sequence in X (eg,q;0,b) such that fob g dz = fob hdzx, gn # h, and ||gn — hllw2.c (0,5 — 0.
Then, F(h,u) < F(gn,vn) for n large enough.

Proof. For every n let g, := h+pc, *(gn — h), where p. (z) = %p(si) and p is a standard mollifier

and let o, be the associated elastic equilibrium. Notice that fob gndr = fob hdz, g, € CF([0,0]),
lgn = hllc2(j0,6)) < llgn — hllwz.0(0,5) and that e, can be chosen so small that

L Cy  ~
F(gna 'Un) < F(gnavn) + THwnH%{l(an) ) (454)

where C5 is the constant appearing in (4.15) and ¥y, is defined as in Proposition 4.5, with g,
replaced by §,. Since the sequence (gy, ) satisfy the assumptions of Proposition 4.5, by (4.15)
we have

F(h,u) + Colldnll e,y < F(Gns On)

and the conclusion follows from (4.54). O

We now prove a variant of Proposition 4.5 dealing with the case in which (h,u) is replaced by
a sequence of flat configurations (dy, /b, ue, ) € X (en;0,b), with d,, — d € (0, +0o0] and e,, — ¢ > 0.
To this aim define

3(00) = { € H'(T0) s p(0.1(0) = (b b)) =0, [

pdH' = o} . (4.55)
Tn

Proposition 4.7. Let (dy, /b, ue,) € X(en;0,b) such that d,, — d € (0,+0c] and e, — eg > 0.
Assume that

0P F(du /b, ue, )] 2 Cilleln e, (4.56)

for all p € f[&(l"dn/b) and with Cy independent of n. Let (gn,vn) be any sequence in X (ep;0,b)
such that gn € CF([0,0]), fobgn dr = dpn, gn(0) = gn(b) = d, /b and ||gn — dn/bllc2(0,5)) — 0, and
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let Y, € f[&(l"gn) be defined as 1, := gn—dn/b Then, there exists a constant Cy > 0 depending

oT.
V1+g;,2

only on C1, such that
F(dn/b7 uen) + CQHwnHi[l(rgn) < F(gnavn)

for n large enough.

Proof. We only deal with the case d = oo, since the other one is similar and in fact easier. Indeed
many technical difficulties in the unbounded case arise from the fact that we need uniform estimates
on domains which become larger and larger. Moreover, since the proof of present proposition is
very similar to the one of Proposition 4.5, we shall only indicate the main changes needed.

We will use the same notation introduced in the proof of Proposition 4.5, unless otherwise
stated. In the rest of the proof, for simplicity, we will write h,, and u,, in place of d,,/b and w.,,.
As before, we may assume that v, € X(en;0,b) is the elastic equilibrium in Q,, . In addition to
the bilinear forms (-, )~ 4, , we also consider the bilinear forms corresponding to the functions h,,
denoted by (,-)p, : HY (T, )x HY(Th,) — R. Finally, let ®,, : €, — Q,, be a diffeomorphism of
class C%(Qy, ; R?) such that ®,, — Id is b-periodic in = together with its first and second derivatives,
P =1Id in Qp, -3, |Pn — Id|c2q, r2y < 2[lgn — hnllc2(op)), and n(z,y) := (2,4 + gn — hn) In
[0,b] X [dn/b—2,d,/b].

As before, we split the proof of the proposition into several steps.

Step 1. We show that
sup/ Q(E(vp))dz < +00. (4.57)
Qg \ g, —3

n

Note that by the minimality of u,, in (0,b) x (0,inf g, — 3) and denoting the constant strain E(u,,)
by E,, we have

b inf g, —3
[ao [ Q) s = @bt g, - 3). (4.58)
0 0

On the other hand, by the minimality of v,, in £, we also have
[ Qe i< Qe
Qg‘n,
Combining with (4.58) we easily obtain
/ QUE(v)) d= < Q(EL)(3 + osc )b
Qg \ g, 3

which, in turn, gives (4.57).
We claim that for all p > 1

1B — E(vn) 0 ®ullyyrni, \a. ey — 0 (4.59)

To this aim, note that by (4.57) and Lemma 4.1 (that holds uniformly in n since the C'-norms of
the functions g/, are equibounded) we infer that for all p > 1

sup ||E(Un)||W1,p((zgn\ﬁgn,2) < +00.

Since the functions g, have first and second derivatives equibounded in L>°(0, b), for all n we may
extend v, to 4, +1 in such a way that the resulting functions, still denoted by v,,, are b-periodic
in the z-variable and satisfy the estimate

sup HE(Un)HWLP(anﬂ\ﬁgn,z) < +o00. (4.60)
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Since u, — vy, € A(Qn,, ) N A(Qy, ) and recalling that w,, and v, are elastic equilibria in €24, and in
Qg, , respectively, we have

CE(uyn) : E(up —vp)dz =0 (4.61)
Qn,,
and
/ CE(vy) : E(unfvn)dz:/ CE(vy) : E(up —vy,)dz
Q. Qnp, \Qg,,
- / CE(vy) : E(up —vp) dz. (4.62)
an \th

Subtracting (4.62) from (4.61), by (4.60) and recalling that |Qp, AQg, | — 0 we deduce
Q(E(un —vy,))dz — 0.
Qn,

Since [|®;, — Id|| 2, g2y — 0 and @, = Id in Qp, -3, we conclude
/ |E, — E(vy) 0 ®,)%dz — 0. (4.63)
th

Having established this estimate, we obtain (4.59) arguing exactly as in Step 1 of Proposition 4.5.
More precisely, the same estimate used there in £},  hold now, in a local version, in the domain
Q. \ Qg,—1 thanks to (4.63) and to the fact that the functions h, are all constants and the
grandients of u,, are uniformly bounded constants. Again, the same argument used to prove (4.21)

gives now
I(V(Qo E(vn)) - vg,) © ®n i@ = Oy, [QIEua)Ill —y = 0. (4.64)
H,?(Thy,)
Step 2. For n large enough
lelFrr,, ) <3CT el ,,  forall o € Hy(Ty,) (4.65)

(C1 is the constant appearing in (4.56)). The proof of this estimate goes exactly as the proof of
estimate (4.23).

Step 3. The proof of this step is very similar to the proof of Step 3 of Proposition 4.5, a part
from a subtle point at the end of the argument. For the reader’s convenience we give the whole
proof in details. Let C5 be a positive constant such that

lel n, < Cslielin,,, forall g€ Hy(Th,), (4.66)
where C in independent of n. As in Step 3 of the proof of Proposition 4.5 we introduce 7}, and
T,, the operators associated with h,, and g, respectively. Define the first eigenvalues of T}, and
T,, on H} (', ) and Hg (T, ), respectively as

M hn = maX{(Th, @, @)+ @ € HY(Tnn)s €]l = 13,
Mg, = max{(Ty, 9, 9)~g, + ¢ € Hy(Ly,), [0llnpg, =1}
By (4.56) and (4.66), taking as ¢ an eigenfunction corresponding to Aq p,,, we have

OF (h, un) (] = 0l 1, = (Thn 0, )t = (1= A el2 1, = CLC57 Il
which implies
0<CiC3 <1 and Mg, <1-C1C5t. (4.67)

for n large enough. We claim that

limsup A4, <1-— 0103_1 . (4.68)

n—oo



32 N.FUSCO, M. MORINI

Without loss of generality we assume that limsup, ., A1,g, = limp—oc A1,g, =: Asc. Then there
exist o, € CF(Ty,) N H(Ty,), with [|¢n]|~,g, =1, and vy, 4. € A(£,) solution to

/ CE(vg, 4,) : E(w)dz = / div., (¢nCE(v,)) - wdH' (4.69)
Q r

an

for all w € A(£y, ), such that

@Mmmwfﬂ/ QE(vg, 0.)) dz — Moo (4.70)

Note that by (4.65)
sup [lonllm(r,,) < +00.

By the Imbedding Theorem 8.3 and the L*°-equiboundedness of the functions ¢/, it follows that
sup,, Hcp"”vﬁ"‘(r ) < oo From (4.59) it follows that sup,, [|[CE(vy)|co.«(r,, mex2) < oo for all
9n

€ (0,1). Then, using the definition of the Gagliardo seminorm of W%A(an), it is easy to check
that

supHgon(CE(Un)HW%A(Fg w2y < OO (4.71)

Using Lemma 4.4 we then have that

1E W g )l 224500, \0,, -1im2x2) < CUE (V0. 22(0,,\2, —211222) + [nCE@a)ll 20 )
(4.72)
for some 0 > 0 and C > 0 independent of n. Set Uy, 4, = Ve, .g. + 2n, Where z, is a suitable
infinitesimal rigid motion such that

/ (Vig, g, — Vg, 4.)dz=0 and / Dy g dz =0. (4.73)
Qgn, \an,1 Qg,, \an 1

Choosing w = v, 4, in equation (4.69) and using the fact that CE(v,)[v,,] = 0 and that
©n(0,9,(0)) = @n(b, gn(b)) = 0, recalling Remark 3.1, we have

2 [ QB )bz = [ v, (B ) v g aH

an

_ / divr, (nCE(v)) - By, g, dH!

Lyp
S HdiVTgn (‘PnCE(vn))waiA(an ;]RQ) H{)Wm!]n ”W%’% (an;]RQ)
< CllenCE(vn)||

< ClE(vg,,q.)

W%A(an iR2) ||’U<pn,,gn, H w3 (R, \ g, —15R?)

< C”E(”«ngn)HLZ(Q iR2) (4.74)

9n

L% (Qg,, \Q2g,, —1;R?)

where the third inequality follows from (4.71) and Korn’s inequality with a constant independent of
n. Note that Korn’s inequality may be applied thanks to the normalization conditions imposed in
(4.73). Note also that the second inequality follows from Corollary 8.7 and the trace Theorem 8.4.
Moreover, the assumption that ¢, vanishes at the endpoints of I'y is crucial in order to get the
second equality. Hence, from (4.72), we deduce that

sup || E(vg, g, )l L2450, \Q,, _1M2x2) < OO
n
We may extend vy, 4, to a function in A(€,, UQ4,) in such a way that

SUp | E(Ve.,,g.) | L2+5 (9, U )\Qq, 1;M2x2) < F00. (4.75)
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We finally set @, := £, (pn 0 @) J1 Py, where £, := ||(pn 0 Pp)J1 CIDnH;lhn. Arguing as in the proof
of (4.37), it readily follows that
by, — 1.

Let vg, p, defined as in (3.18) with ¢ replaced by ¢,. Arguing as before, we may extend vg, n,
to a function in A(Qg, UQy,) in such a way that

sup | E(va,,,h,) L2 +5 (0, Un, )\Qy, —1M2x2) < +00. (4.76)
To conclude the proof of (4.68) it will be enough to show that

lim Q(E(vg, hn — Vpn.gn)) dz = 0. (4.77)

n—oo Qn,,

Indeed, by (4.67) and (4.70) this would imply

1 -0 > lim (Th, @n, Gn)op, = lim 2 Q(E(vg, n,))dz

n—oo Qh
n

= lim 2 Q(E(vg,.g.)) dz

n— 00 Q
hn

lim 2 / QE(v,, 5.))dz = A
an

n—oo

where in the third equality we have used the equintegrability of the functions Q(E(v,,, q4,.)) (implied
by (4.75)) together with the fact that [Q,, AQp, | — 0. In order to prove (4.77) we observe that
Vg b — Vonign € A(Qn,,) N A(Ly, ) is an admissible test function for (4.69) and for the equation
satisfied by vgz,,n,. Using such a test function and subtracting the two equations, we obtain

2 Q(E(Usﬁmhn - anygn)) dz = — / (CE(Usomgn> : E(Usﬁmhn - Usomgn) dz
[9759% Q. \ Qg

+/ CE(vg,,9.) : E(0p,,hn — Vo, ,g,) dz

an \th

+ / diVThn ((lzjn(CE") : (?AJ@nwhn - ﬁ‘ﬂnvgn) dHl
th

- / [div,, (9nCE(vn)) -+ (0, h — Vg gn)] © PnJ1®p dH'
Thn
=+ L+ +1,,

where 93, 5, are obtained by adding to vg, 1, suitable infinitesimal rigid motions in such a way
that sup,, [|9g,, ., || &1 (9, UQ,, \Q,, _1:k2) < 00 and Dy, g, are defined as above. In particular, we
also have sup,, [|0p,, g, |z (2, UQ,, \Qy, _1:k2) < 00. Note that we have used, as in (4.74), the
invariance of I3 and I, under addition of infinitesimal rigid motions to the functions vg, , and
Von,gn-

As in Step 3 of Proposition 4.5, I! + I2 — 0 due to (4.75), (4.76), and the fact that
19, AQp,.| — 0. The proof that I3 + I} — 0 can be obtained exactly as in the final part of
Step 3 of Proposition 4.5, replacing vg,, ,n — Vo, .gn DY U, 0 — Vpn,gn -

Step 4. For ¢ € [0,1] consider (hp i, Un,t) € X(en;0,b), where hy ¢ := hy + t(gn — hp) and up
is the corresponding elastic equilibrium. Note that (hn,1,un,1) = (gn.vn). Let (-, )un, s Th

B n,t?

and Ay, p, , be the corresponding bilinear forms, operators, and first eigenvalues on ﬁ& (Th,,.,). Set
D, (x,y) == (2, + hp, — hy) in [0,D] X [d,/b— 2,d,/b]. We claim that for n large enough and
for all ¢ € [0,1]

I, ) <3CT eI, forall g€ AY(Ts,,). (4.78)
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that

limsup sup Aip,, <1-CiC5t, (4.79)
n—oo te(0,1] '

and that for all p > 1
sup [[Ep — E(un,) o q)nytHWLP(Qh \Qp, _1;M2X2) - (4.80)
te[0,1] " "

The claim can be proved by contradiction as in Step 4 of Proposition 4.5.
Step 5. We are now in a position to conclude the proof of the proposition. Let f,(t) :=
F(hpt,un,t). We claim that

1 _
1) > 5230 Wlldn e, ) -

This can be proved, using the estimates (4.78), (4.79) and (4.80) and arguing exactly as in Step 5
of Proposition 4.5. We only mention the fact that, since the curvatures kp,, are all zero, equation
(4.52) still holds with A replaced by Q(F,), which is bounded. O

Remark 4.8. We remark that the conclusion of Proposition 4.7 holds also if the sequence {g,}
does not satisfy the condition g,(0) = g,(b) = d,/b. Indeed, if the sequence (gn,v,) satisfies
all the remaining assumptions stated in Proposition 4.7, since fé) gndx = d, for all n, there
exists a, € [0,b) such that g,(a,) = d,/b. Consider the functions g,(x) = gn(z + a,) and
Un(2,y) = vn(x + an,y) — (enan,0), and observe that (g,,0,) € X(€s;0,b), §n(0) = §n(b) = d,/0,
F(gn,vn) = F(gn, vn) by periodicity, and ||gn — dn/bllc2(j0,5)) = lgn — dn/bllc2(j0,5)) — O

From the previous remark and Proposition 4.7, arguing as in Theorem 4.6, we have the
following result.

Theorem 4.9. Let (d,,/b,ue,) € X(en;0,b) as in Proposition 4.7, (gn,vn) be in X (e,;0,b) such
that fob Gndx = dp, gn # dn/b, and ||gn — dpn/bllw2.0p) — 0. Then F(d,/b, ue,) < F(gn,vn) for
n large enough.

5. SECOND VARIATION OF THE FLAT CONFIGURATION

Using Theorem 3.2, we can now calculate the second variation of the flat configuration
(d/b,ue,) evaluated at an admissible variation ¢. In view of Remark 4.8 it is enough to con-
sider variations ¢ belonging to the space ﬁé(Fd/b) defined in (4.55). Clearly, such a space can be
identified with

. b
H&(O,b):{cpeHl(O,b): 50(0):@(1)):0,/0 <pdz:0}.

Notice that for every admissible displacement u, by (2.6), we have

0 0 0 0
s 0 Qi O Ouay
CE(u) = Ox Oy Oy Ox (5.1)
N ey (o4 N2z 4 \9m '
Moy ™ bx R e
In particular, recalling (2.13),
(T 0  Ap(p+ )
CE(ue,) = < 0 0 ) , where T:=¢g Y (5.2)
Observing that div, (CE(ue,)p) = div(CE(ue, )p) = 7(¢’,0), we get
d b
P (Foun)ldl =2 [ QU@+ [ o2 da, (53)
b n 0
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where h = d/b, Q, = (0,b) x (0,d/b) and v, € A(£) is the unique solution to the equation

b
CE(vy) : E(w)dz = 7‘/ wi(z,d/b)¢ (z) dz (5.4)
szh 0

for all w € A(Qp).
The next theorem deals with the positive definiteness of 9>F(d/b, u.,). We follow the same
argument used in [18] to express the second variation in terms of the Fourier coefficients of ¢.

Theorem 5.1. Let K be the function defined in (2.14). Then, we have

d ~ 27d
52F(E,Ue0)[§0] >0 forallype Hi(0,b), p#0 K(b—Q) <

™ 2u+Xx 1
12N b
Conversely,
(M) T ZutA 1
b2 4edu(p+N)b
Proof. We set

d ~
= 82F(g,u60)[<p] <0 for some p € Hy(0,b).

ey = B (a2, gt Pl )
Tp(,y) = 0o (5o, 5y ), pla) = —el(5-z).
Then, 0, satisfies (5.4) in the interval (0,27), with ¢ replaced by ¢. Moreover, by (5.3), we get
d b2 om 2"
GQF(—, ) :—{—2 E(5.,))d —/ ~’2d}, 5.5
el = g2 @@ [T (5.5

where h(z) = 2rd/b%.

In order to compute the second variation, let us now solve equation (5.4) in Q;, = (0, 27)x (0, h)
by considering the expansion in Fourier series of 9,(-,y) for all y € (0, l~z) To this aim, we set for
ally and n € Z

1 o —inT ~ 1 o —inT ~
an(y) \/—27/0 e (@, y)de,  ba(y) ﬁ/o e () da

and

~ 1 o —inT
Pn 5\/?/0 e ¢(x) de,

where ¥, 1, 0,2 are the components of 0,. Recalling (5.1) and (5.2), equation (5.4) becomes

0?01 RO 0?0y
2 ® L hid = 1 Q”
(2u+ M) B +u 9,2 + A+ 920y 0 in Qj,
0 DUy 2 &1
9 ¢ I V1 _ in Q-
L +(2p+A) 9y° +()\+M)8x8y 0 in 5,
8@, 1 (’)f}w 2 T 617@ 1 aﬁlp 2 7
= — 2 = =
By B u(p ,A B + (2u+ ) 9y 0 on{y=h},
¥, =0 on {y =0}.

Therefore, the Fourier coeflicients a.,, b, satisfy the following system of ODE’s
pal —in(\ + p)bl, — (2u + A)n?a, =0 in (0,h),
(2u + N —in(\ + p)a, — pn?b, = 0 in (0,4),

S e e i (56)
al (h) —inb,(h) = —;mgon, —inay(h) + (2u + \)bl,(h) =0,
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From these equations it follows that there exist constants C;, K;, i = 1,2, 3,4, such that
anp (y) = Cleny + C2e—ny + ngeny + C4ye_"y, bn (y) = Kleny + ng_ny + Kgye”y + K4ye_"y .

Inserting these expressions in (5.6), after some lengthy but straightforward computations, we obtain
that

K. K
Cy = —iKy —i—2(3 —4v,), Cyp=iKy—i—(3—4u,), C3=—iKs, and C,=iK,.
n n

Setting v1 := K1 + Ko, 72 := K1 — Ko, v3 := K3 + Ky, 74 := K3 — K4, we may write

— 4y,

3 .
an(y) = —ivy sinh(ny) — iy2 cosh(ny) — ivs [ cosh(ny)+y smh(nyﬂ

3 — 4y,

—iv4 sinh(ny)+y cosh(ny)]
bn(y) = 71 cosh(ny) + a2 sinh(ny) + v3y cosh(ny) + y4y sinh(ny) .

Imposing the condition a,(0) = b,(0) = 0, we get
3 — 4y,

=0, 7= V3 - (5.7)
n
Enforcing a’,(h) — inby, (h) = — 4 ingn, we deduce
~ - 2(1-2 = = = 401 — 7
Y3 [Qh cosh(nh) — 201 = 2v,) sinh(nh)} + 74 [Qh sinh(nh) + A =) cosh(nh)} = IgZan .
n n W

Finally, the condition —inAa,(h) + (2u + \)b, (k) = 0 implies

N [_2(>\ + QMLG —21,)

2

~ ~ - 2
cosh(nh) + 2uh sinh(nh)} + 74 [n

ﬁ sinh(nh) + 2uh cosh(niz)} =0.

Solving the last two equations in 73, y4, we deduce

7 _ nhcosh(nh) + (1 — 2v,) sinh(nh)
= —"N n = TN 0
78 2u 4 n2h? + 4(1—v,)2 + (3—4v,) sinh?(nh)
7 _  —nhsinh(nh) 4 2(1 — v,) cosh(nh)

= —ney, — — .
T ek 4(1—1p)? 4 (3—4wv,) sinh®(nh)

From these equalities, (5.5), (5.7), and (5.4) we finally obtain

d b2 o [T
2F (=, ue = —1|-2 E(v,))d —/ 52 d
PF(S )l = 1 /nf?( (o5 [ o]
p2 [T . -~ 2 _,o
— 4—7‘_2/0 [fTv(Pl(x,h)cp/(x) + ?cp/ } dx
b? . = 2m 5. .
= 13 Z {—mnan(h)ap_n + Tn2<pncp_n}
nez
b 9. 72(1 — vp)bJ (nh)
= — —nll— .
21 T%n Pnp "{ 2wun }
72(1 — v,)bJ(27nd/b>
= Z”QSﬁn@—n {17 ( p2) ( / ):|a (58)
nez THI

where the ¢,,’s are the Fourier coefficients of ¢ in the interval (0, b) and J is the function introduced
in (2.14). Using also (2.15) and (5.2) we have
201 _ 2
supT (1 —vp)bJ(2mnd/b*) >1 e K(Qﬂl) > ™ 22u+)\
nez 2mun 4 e
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and the conclusion follows from (5.8). O

Remark 5.2. From (5.8) it follows that

d
62F(—,ueo)[@] = ClH‘PI||%2(07b), where C] := [1 —

b dedp(p+ N)b (27rd)}

T2+ N) b2
Corollary 5.3. The function K defined in (2.14) is strictly increasing and continuous, K(y) < Cy

for some positive C, and lim,_, 4o K(y) =1 .

Proof. The fact that K is strictly increasing is an easy consequence of Theorem 5.1, together
with Proposition 3.6 and Corollary 3.8. The fact that lim,_, . K(y) = 1 follows from the same
property for J after observing that K(y) = J(y) for y large. Also the growth condition follows
from the same property for J. Finally, the continuity of K is a consequence of the fact that if y
varies in a set bounded from above and away from zero, then the maximum defining K can be
restricted to a finite subset of N. 0

6. LOCAL MINIMIZERS: PROOFS

This section is mainly devoted to proving that W?2>-local minimizers are in fact local mini-
mizers in the sense of Definition 2.4. This fact, together with the results of Sections 4 and 5, will
lead to the proof of Theorem 2.9. For the general strategy of the proof we refer to the introduction.
We start with some technical lemmas. The first one is an approximation lemma proved in [5].

Lemma 6.1. Given (g,v) € X (eo,q;0,b) there exists a sequence of b-periodic Lipschitz functions
9n, such that g, T g pointwise and F(gn,v) — F(g,v). In particular,

Hl(l—‘gn) - Hl(rg) + 2H1(2g) .
The next lemma states a well-known approximation property for one-dimenional BV -functions.

Lemma 6.2. Let h : [0,b] — R be a lower semicontinuous function with finite total variation.
Then, there exists a sequence of Lipschitz functions gn : [0,0] — R such that g,(0) = h(0),
gn(b) = h(b), gn — h in L'(0,b) such that

M (Tg,) = H' (T N ((0,0) x R)) + [1(0+) = h(0)] + [A(b—) — A(b)| -

The next lemma and the subsequent corollary show that minimizing under the volume con-
straint is equivalent to minimizing with a sufficiently large penalization term.

Lemma 6.3. Let hy € L>(0,b) be nonnegative, let d, eg > 0, and let (g,v) € X(eo,q;0,b) be a
minimizer for the problem

min{F(k:,w) +A|[Q%] —d| : (k,w) € X(eo,;0,b), k > ho in [o,b]},

with A > Qq, where

1 b
Qo := 3/ Q(Eo+ E((¢,0))dz, and Ep:= E(ue,)-
0
Then |Q4| > d. Moreover, if hg = ¢, with ¢ a nonnegative constant such that cb < d, then |Q4| = d.

Proof. We argue by contradiction. If |,] < d, we define § = g+ (d—1|Q,4|)/b and for all (z,y) € Q;

—A . d —[€y|
60(1‘, my) +(q(x),0) 1f0<y< T

d — [$| —Ad—[Q))Y . d — [9|
L] e\ Ul U710 SR VPR el L1
oey =) +eo0 b(20 + ) ) ity

{)(‘Tay) =
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Then
F(3,0) + A|[Qg| — d| = F(g,v) — A[|Qq] = d| = Qo(d — Q) — A(d - |Q]) <0,

which is a contradiction to the minimality of (g,v).
Assume now that hy = c. If |Q4| > d then we may truncate g in such a way that the resulting
function § satisfies the constraints |25] = d and § > hg. Then, we would get

F(g,v) + A||Qg] — d| < F(g,v) + A||Qq] — d]
which is again a contradiction to the minimality of (g, v). a
An immediate consequence of the previous lemma is stated in the following corollary.

Corollary 6.4. Let (h,u) € X (eg,q;0,b) be a b-periodic global minimizer for the problem (2.9).
Then, for all A > Qo we have that be (h,u) is a minimizer for the problem

min{F(kz,w) + A|[Q%| —d| : (k,w) € X(eo,q;0, b)} .
Proof. Apply Lemma 6.3 with hg = 0. O

The next lemma will be used to prove the isoperimetric inequality stated in Lemma 6.6 and
the unilateral minimality property (1.4) stated in the introduction.

Lemma 6.5. Let h be a function in C;E([O, b]). Then,

b
HY(Tx) + AO/ |k — h|dz > H"(T'y)
0

for all k € AP(0,b), where

I /
AO = H — .
(V 1+ h’Q) Lo (0,b)
Proof. Assume first that k& € Lip([0,b]), k£(0) = k(b) . Then,

/Ob(\/l + k2 — /14 1?)de

H(Tk) = H(Tn)
b h! I
_/O |k—h|(\/ﬁ) sign(k — h) dx (6.1)

b
—AO/ ke — b da.
0

Assume now that k& € AP(0,b). If ¥y = 0, then the result follows from the approximation
Lemma 6.1. If 3 # () one reduces to the previous case by replacing k by the function k=~ € AP(0,b)
defined in (2.1) for which T'y, = T'j- and - = 0. O

Y

The isoperimetric inequality proved in the following lemma is crucial to deduce the uniform
inner ball condition stated in Lemma 6.7.

Lemma 6.6. Let k € AP(0,b) be nonnegative, let By(z0) be a ball such that B,(z0) C {(z,y) :
xz €(0,b) and y < k(z)}, and let z1 = (z1,y1) and zo = (x2,y2) points in OB,(z0) N (I'y UX,). Let
v be the shortest arc on 0B,(zo) connecting z1 and z> (any of the two possible arcs if z1 and zo
are antipodal) and let ' be the arc on Ty, U Xy connecting z1 and zo. Then

1
HI(Y) = H () = ;lDl ;
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where D is the region enclosed by vU~'.

Proof. Denote by h the function whose graph coincides with v. We observe that if & € Lip([z1, z2)),
since k(x1) = h(z1) and k(z2) = h(xz2), the same proof of (6.1), together with the fact that

—(\/%)/ = %, yields

1 _ ! T, 2 1 " — X
HYTe O [(21,2) x R]) — H(Tn A (21, gu@])zﬂ/ ke — hda,

z1
which is the conclusion when k € Lip([z1,z2]). The general case follows by approximating k in
[x1, 23] with a sequence k,, of Lipschitz functions according to Lemma 6.2 and by passing to the
limit in the above formula. O

Lemma 6.7. Let ho be a nonnegative function in C%([0,b]), let A >0, d > 0, and let (g,v) €
Y (eo; 0,b) be a minimizer of the problem

min{F(k,w) + A|[Qk| = d| : (k,w) € Y(eo;0,b), w(z,0) = v(x,0) for all z € (0,b) k > ho},

Then p < min{l/A,1/||hg|loc} implies that for all z € Ty U X, there exists a ball B,(z0) C
Q}# U (R x (—00,0]) such that dB,(z0) N (I'y U Xy) = {z}.

Proof. We start by observing that if p < 1/||h{j||cc, 20 = (Z0,yo0) is the center of a ball of radius p
and Sf(20) := 0B,(20) N{y > yo} then an elementary argument shows that there cannot exist two
point z1 = (x1,41), 22 = (v2,y2) € S, (20) such that T, lies above Sf(20) in (x1,22) xR. Fix now
p < 1/||hg]lo and assume that there exists a ball B,(z0) C Q2 U (R x (=00, 0]) such that S (zo)
intersects I'y U X4 in two points z1 = (21,y1) and 22 = (22, y2). From the above observations it
follows that the arc v on S;r (z0) connecting z; and z3 lies above the graph of hg. Hence we may
modify g by replacing it with the function § which coincides with g in [0,b) \ (21, 22) and whose
graph on (z1,22) is given by 7. Denote by 4 the arc on I'; U ¥, connecting z; and 29, and by D
the region enclosed by v/ U~. Then we have

F(g,v) + A||Qg] — d| — F(g,v) — Al[Q] — d| <H'(7) = H'(y') + AID| <0,

where the last inequality is a consequence of Lemma 6.6 and the fact that p < 1/A. From this
contradiction to the minimality of (g, v) the conclusion then follows arguing as in [8, Lemma 2] or
[14, Proposition 3.3, Step 2]. O
Remark 6.8. Let (g,v) € X(eo,q;0,b) be a b-periodic global minimizer and fix z € F#. Then,
by Corollary 6.4 and Lemma 6.7 (applied with ho = 0), for p < 1/Qq there exists a ball B,(z) C
Q# U (R x (—00,0]) such that z € dB,(z). Letting p T po := 1/Qo, we conclude that there exists
a ball B, (z0) C QF U (R x (—00,0]) such that z € dB,(z).

In the following theorem it is proved that the profiles g,, of solutions to the obstacle problems
mentioned in the introduction (see (1.3)) converge to h in W2 when (h,u) is a critical point.
The theorem, in fact, deals with a slightly more general situation, which will be needed in the
proof of statement (ii) of Theorem 2.11.

Theorem 6.9. Let h € C5,([0,b]), h > 0 in [0,0], and A > Ao, where Ao is defined in Lemma 6.5.
Let (gn,vn) € Y(ep;0,b) be a solution to the following problem

min{ F(g,0) + Al|| ~ ][ : (9.2) € Y(e0:0.8). v(2,0) = va(a,0) for all z € (0.) 9> h—a, }
where a,, is a sequence of positive numbers converging to zero. Assume also that g, — h in L(0,b),

lim H'(T,, U, )=H"(T)) and sup Q(E(vy))dz < +00.

n—oo n gzgn
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Then for all oo € (0, %) and for n large enough g, € C1([0,b]), the sequence {Vv,} is equibounded
in CO*(U N ﬁgn;MQXQ), where U is any open set containing Ty, such that UN {y = 0} =0, and
gn — h in CH2([0,b]). Moreover, if Vv, — Vu in L3, (Qp; M?*2) for some u € H*(Q; R?) such

that (h,u) € X(eo,q;0,b) is a critical point, then g, € W*>(0,b) for n large and g, — h in
W2:(0,b).

Proof. Step 1. Up to a subsequence we may assume that I'y, UX, converge in the Hausdorff
metric to some compact connected set K. It can be easily seen that I', C K. Hence, by Golab’s
theorem and observing that H'(T',, UX, ) = HY ([, UX,,), we have

HTh) < HU(K) < lim HA(Ty, US,,) = HA(T).
Therefore, H! (K \ I'y) = 0. Since K is the Hausdorff limit of graphs, for all z € [0, b] the section
K N ({z} x R) is connected. Hence, K = T. From this equality, the definition of Hausdorff
convergence and the continuity of A in [0, 0], we get that sup 4 [gn — h| — 0 as n — oo.
Step 2. We claim g, € C°([0,0]) and ,, . = 0 (see (2.12)) for n large enough.
Fix p < min{1/A,1/||h"||oc}. By Lemma 6.7 for all n and for all z € 'y, UX, there exists a ball
By(20) € QF U (R x (—00,0]) such that dB,(z0) N (Iy, UX,,) = {z}. We show that for n large
enough g, is continuous, by proving that its extended graph does not contain vertical segments.
Indeed, assume by contradiction that there exists = € [0,b) such that g,(z) < g} (z) and take
z = (z,gn(x)). Then we may find a ball B,(zy) C Q;i U (R x (—o0,0]), which is tangent at z
to the vertical segment connecting z and (z, g} (z)). Without loss of generality we may assume
20 = z + (p,0). Let us now set M := ||h'||co. Then,

M 1
V1+ M2 1+ M2

z+p(1 ) =: z + p(w1,ws) € OB () .
Therefore, g,(z + pw1) > gn(x) + pwe. On the other hand, h(x 4+ pwy) < h(z) + pMw; <
9n(x) +€n + Mpw1, where €, := supy [ — gn| — 0. Hence,

gn(x 4+ pw1) — h(z + pwy) > pwe — Mpwy — e, = p(V1+ M2 — M) —e, > &y,

where the last inequality, which holds for n large enough, gives a contradiction and proves the
continuity of g,. An entirely similar argument shows that 3, . = 0 for n sufficiently large, say
n > ng.

Step 3. We now claim that g, € C*(]0,b]) for all n > ny.

To this aim, observe that the uniform inner ball condition recalled in the previou step, the result
proved in [14, Proposition 3.5], and the fact that X, U3, . = 0, imply that g,, is a Lipschitz
function such that its right and left derivatives exist everywhere and are right and left continuous,
respectively. From this it follows that for all zg € I'y, there exist ¢, > 0, a radius r,, and an
exponent ay, € (1/2,1) (depending possibly also on zg) such that

/ |Von|? dz < e,r?on
Br(20)NQy,,

for all € (0,7,). The proof of this decay estimate relies only on the fact that v, minimizes the
elastic energy in €, and on the fact that I'y admits right and left tangents at zp and can be
obtained repeating word for word the proof of [14, Theorem 3.13] (see also the proof of Theorem 6.10
in the present paper). Notice that actually in our case the proof is even simpler: indeed, by taking
n sufficiently large, we may assume that g, > 0 so that Step 5 of the same proof is not needed.
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Let us now prove that g, is of class C'. To this aim, notice that since g,, is Lipschitz we may
extend v, outside {2, in such a way that, denoting v, this extension, we have

/ |V, |2 dz < cpr?on . (6.2)
Br(z0)

For r < r, denote by z/. and 2’ € I'y, N 0B,(zp) two points such that the open subarcs of Ty, ,
~r. and ~/, of endpoints z. , zo and 2/, zo, respectively, are contained in I'y, N B,(zo). Setting
/

ri= (@ gn(1), 277 = (7, gn(7)), define g, as

gmw:{%@> z € [0,0)\ (a7, 27),

max{h(x) — an,s(x)} te€ [z, )],

z

where s is the affine function whose graph connects z/. and z!/. By (6.2) and the minimality of
(gn,vn), we then obtain

0> F(gn,vn) + Al|Q, |—|Qh|\ = F(§n, ) — A9, — [94]

> (3 U ) / VIt @) M/()MM%DMM%MQM
B.,- zZ0
> |zl — zo| + |2 — 20| — |2 — 2!/ —/ T(\/l—i—(gn — /14 (s)2)dx — ¢,r?*" — Amr?.

T

Then, from the previous chain of inequalities we obtain that

2r—|z;—z:f|§/ (V1+ (W2 = /14 (s)2)dx + c,r? .
(zr 2! )N{h>s+an}

Since h(z)) < s(x]) + an, h(x)) < s(al) + ayp, either the set (z).,2)) N {h > s+ a,} is empty or,
by Lagrange Theorem, there exists Z, € (a,2!) such that h'(Z,) = s’. Therefore, dividing both
sides of the inequality above by r, we deduce

/ "
2 —z
QfM <2 osc h'+4c ¥t
r (z!.,x!!)
! _ " .
Letting r — 0, since h’ is continuous and «;,, > 1/2, we obtain lim, _,q+ lzrr—zr‘ = 2, thus showing

that the left and right tangent lines at zo coincide. This concludes the proof of the C'-regularity
of gn.
Step 4. We claim that g,, — h in C'*([0,b]). To this aim fix € > 0 and find § > 0 so small that

1

[h"]|ed <&  and >1—¢ forall 2, 2 € 9B,(0) with |2/ — 2"| < CoV/3s,  (6.3)

2

where p, Co = Cy(p) > 0 will be fixed later. Let us now consider the d-tubular neighborhood
Ns(Th-a,) of Th_q,. By Step 1 we have I'y, C Ns(T'h—q,) if n is sufficiently large. Take now
z = (x,gn(z)) and the corresponding ball B,(zp) C Q% U (R x (—o0,0]) touching I', tangentially
at z, with p chosen in such a way that 2p < min{1/A,1/||h"||}. If h(z) — an = gn(z) then
K (xz) = g, (x) since g, > h — a,. Otherwise, arguing as in the proof of Lemma 6.7 and recalling
that 2p < 1/||h”||c0, we infer that the set 0B,(z0) N {(z,y) : y > h(x) — a,} is connected. Let us
denote this subarc by . Note that v C Ns(T',—q, ). Let 21 € v be a such that

dist (21, Th—q, ) = meaxdist (w,Th—q,) -
wey
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Since z; belongs to the relative interior of «y, the normal to 9B,(2¢) at z; coincides with the normal
to T'p—q, at the point zo = (x2,y2) such that |zo — 21| = dist (21, T, ), that is,

Z1 — 20 _(_ h/(SCQ) 1
P ( VI+ W (22))2 1+ (h’(xz))Q) ' (64)

We claim that H!(y) < Cy V8, for some Cy > 0 depending only on p. To prove this, consider the ball
Bs,(Z0) tangent to 0B,(20) at 21 and such that B,(z9) C Ba,(Z0) . Then the ball Ba,(Zo+ 22 — 21)
is tangent to I'y,_,,, at 22 and is contained in Qh#_an since 2p < 1/||h”||cc. Denote by ' the smallest
arc on 0B,(z9) whose endpoints are given by the intersection of 0B,(z9) with 0Ba,(Zo + 22 — 21).

Since Ba,(Z0+ 22 — 21) C Qf_an, we clearly have v C 7'. Moreover, as |22 — 21| < §, an elementary
calculation shows that H'(y') < CoV/d, for a suitable Cy > 0 depending only on p. Hence, the
claim follows. In particular,

|2 — 21| < H'(7) < CoVs.

Thus, observing that

Pn (Lt L)
P VI+(gn(@)? 1+ (g (@)?
from the the second inequality in (6.3) and from (6.4) we obtain
(1 + gn(2)h' (22))?
(14 (gn(2))?)(1 + (W'(22))?)

>(1—¢)?>1-2e¢,

or, equivalently,
(W (x2) = gp(2))? < 2e(1 + (W' (22))*) (1 + (g7, (2))?) < 2(1+ M?)(1 + (g7,(2))*)

where M = ||h/|lo. Taking e sufficiently small, we first deduce that |g,(z)| is bounded by a
constant M; independent of x and n for n sufficiently large. In turn, recalling the first inequality
in (6.3), we infer

|9 (x) = B (2)] < gy, (x) — b (22)] + | (22) — h'(2)| < \/25(1 +M2)(1+ M)+

for n sufficiently large. By the arbitrariness of € the claim stated at the beginning of the step
follows.

Step 5. We claim that for all o € (0,1/2) the sequence g,, converges to h in CH([0,d]), v, €
Ch(UNQ,,;R?) for all a € (0,1/2) and for any open set U containing I'j, and such that UN{y =
0} =0, and sup,, lvnllcre@na,, r2) < o°-

To prove the first claim it will be enough to show that for all ¢ € (1/2,1) the sequence g/, is
equibounded in C%7~2 ([0,b]). Fix any such o. Then by Step 4 and Theorem 6.10 below, we know
that for all n > ng and for all z5 € I'y,

/ Voal? dz < cr® (65)
BT(Zo)ﬁQ

an

for all » € (0,79), where ¢y and ry are independent of n. Let 0 < r < 117 where My :=
SUPy, s, |90 |loo- Fix any point xo € [0,b) and any n. As in Step 3, using (6.5), we may extend v,

outside €y in such a way that, denoting by ¥, this extension, we have

/ |Vi,|? dz < e, (6.6)
Bany r(20)
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where 2o := (20, gn(z0)) and ¢; is independent of n. Denote by . the open arc contained in I'g,
of endpoints (zg + 7, gn(zo + 1)) and zp, and define g, as

(o) = {gn(ac) z €10,b)\ (z0, 0 + 1),

max{h(z) — an, s(z)} x € [xo,z0 + 7],

where s is the affine function connecting zo and (2o + r, gn(2o + r)). Using the decay estimate
(6.6), the minimality of (g, vy), and the fact that the graph of g,, over (zg, 2o+ r) is contained in
Baar,r(20), we obtain arguing as in Step 3

xo+r

xo+r
/ \/1+g§dz§c7’2"+/ V1+g2de,

0 Zo
for some constant ¢ depending only on ¢;, A , and M;. This inequality can be equivalently written
as

To+Tr

V14 g2 de — \/(gn(x0 + 1) — gn(20))? + 12

Zo

xo+Tr
§c7’2‘7+/ i (\/1+§§?—\/1+s’2)dz

0

:cr2"+/ (\/1+h’2—\/1+s’2)dz
(

zo,x0+7)N{h—a,>s}

o (VIF W2~ VTFRE@) de < 27 (6.)
(

zo,x0+7)N{h—a,>s}
Note that in the second equality we used Lagrange theorem to find Z € (xg,zo +7) N {h—a, > s}
such that h/(Z) = s, while in the last one we used the fact that h’ is Lipschitz. On the other hand,
using the elementary inequality

a(b—a) N (b—a)?
V1i+a?2  2(1+max{a? b2})3/?

with a := jcfooJrT gn, dx and b:= g/ (z), and integrating the result in (xq,zo + 1), we get

1 xo+T , xo+T , 2
W][ (gn(z) *][ In ds) dx

V1+02 —/1+a2>

xo xo
1 [Totr 1 -
S; 1+g;12d$7;\/(gn(z0+7")*gn($o))2+7"2SC/T o=t

o

where we also used (6.7). Thus, in particular,

zo+7T zo+Tr S
][ g;l(ac)—][ g;ds}dxgc”r"_i.
o €T

0

A similar inequality holds also in the interval (xg — 7, z¢). Hence, by [3, Theorem 7.51] we conclude
that the sequence g, is bounded in C17~2 ([0,b]) for all o € (1/2,1), as claimed.

To show the second claim, recall that v, is a solution to the Lamé system (2.11) in Q,, . Therefore,
from what we have just proved and from the elliptic estimates proved in Proposition 8.9 we conclude
that for n sufficiently large the sequence Vo, is uniformly bounded in C%(U N Q,, ; M2*2) for all
a € (0,1/2) and for any open set U containing I'j, and such that U N {y = 0} = 0.

Step 6. Let us now prove the second part of the statement. As g, — h in C*([0,b]) by Step 5,
for any n > ng there exists a C1*diffeomorhism ®,, : Qg, — Qp such that &, — Id in che,
From the local weak convergence of Vv, to Vu and by Step 5, we have that

_ 1
Vopo®:l - Vu  in C%(T N Qs M2*2) for all a € (0, 5) (6.8)
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and for any open set U containing I';, and such that U N {y = 0} = (). We now set
K, = {ac €[0,b] : gn(x) = h(z) — an},

and we assume without loss of generality that A,, := (0,b) \ K,, is not empty. Notice that, since
g, and h} are continuous functions and g, > h — a,, from the definition of K, it follows that

gn(x)="n'(z) forallzeK,. (6.9)
By the minimality of (g,,v,) we have that for all x € A4,
9n(2) )/
= Q(E(vp)(z, gn(x)) + A\, 6.10
(2=) = ) (0.10)

for some Lagrange multiplier A\, € R (see last equation in (2.11)). Note that A, is the same for all
connected components of A,,. Since (h,u) is a critical point, a similar equation holds for A, i.e.,
for all z € [0, b]

O R N
< 1+h'2(1')> = Q(E(u)(z, h(z)) + A, (6.11)

for a suitable Lagrange mutiplier A\. We claim that A\, — A. Indeed, splitting each open A, into
the union of its connected components (o », Bin), integrating (6.10), and using (6.11) we obtain

Al Ay |+/ QE(0a)(x, gn(a Z/Bm< 1;9/2>/dz
- Aws)
- ;<\/1 +(5f5?;i,n> ) \/1}1(:27(12“,”))

_ /A (\/%)dz — A +/An Q(E(u)(z, h(z)) dz,

which, in turn, gives
d =X = £ QB @ i) = QUE() o9 (0))] dor
From (6.8) one easily deduces

Q(E(vn)(+9n(-)) = Q(E(u)(-, h(-)) uniformly in [0, b].

Hence the converge of A, to A follows.
To conclude the proof, notice that (6.9) and (6.10) imply that g/, is a Lipschitz function for all n.
Then, the same equations, together with the convergence of \,, to A and the uniform convergence

of Q(E(vn)(, gn(+)) to Q(E(w)(-, h(-)) also yield that

/ / / /
. B(-
<g"7(>) — <¢) uniformly in [0, b] .
1+972() L4+ h72()
Hence, g/ — h” in L>°(0,b) and this concludes the proof of the theorem. O

We are now in a position to prove Theorem 2.10.

Proof of Theorem 2.10. Recall that by Theorem 4.6 the assumption on (h, u) implies that (h,u) is
an isolated local minimizer with respect to sufficiently small W2°°-perturbations of A (an isolated
W22 local minimizer for short). Hence, it is enough to show that W?%>-local minimality of
(h,w) implies the local minimality in the sense of Definition 2.4. We prove this by contradiction
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assuming that for every n there exists (gn,0n) € X(eo,¢;0,b), with |Qz.| = |Qnl], such that
F(Gn, o) < F(h,u) and 0 < supyg 4 [Gn — h| < 1/n. Let (gn,vn) € X(eo,¢;0,b) be solutions of the
following problems

min{F(g,v) +A||Q] = [ul] : (9,v) € X(e0,4;0,b), g > h —1/nin [O,b]},

with A > max{Ag, Qo} and Ag defined as in Lemma 6.5.

Assume first that (up to a non relabeled subsequence) F(gn,vn) < F(Gn,n) < F(h,u). By
the compactness Theorem 2.2 we may assume that (g, v,) converges in X (eg, ¢; 0, b) to some pair
(k,v).

Fix (g,w) € X(eg,q;0,b), with g > h. By lower semicontinuity and the minimality of (g, u,), we
get

F (b, 0) + ][9]~ €| < lim it [F(ga, o) + A[19, ]~ 2] < Flg, w)+Al9] — 19]]]. (6.12)

Since k > h, by applying the above inequality with (g, w) = (h,v) we obtain, in particular, that

b
H(Ty) +A/ |k —h| < HYT}).
0

Recalling that A > Ag, by Lemma 6.5 it follows that k = h. Notice that, in particular, we have just
proved that g, — h in L'(0,b) and that (h,v) minimizes F in the class of all (g,w) € X (eq, ¢;0,b)
such that ¢ > h. In particular, v must coincide with the elastic equilibrium u. By the lower
semicontinuity of g — H*(I'y) with respect to the L'-convergence and the lower semicontinuity of
the elastic energy with respect to the weak HJ - convergence, applying (6.12) with (g, w) = (h,u)
again, we deduce
HY(Tp) = lim HY(T,, US,,), Q(E(u))dz = lim Q(E(vy,))dz.
n—oo Qp n=o0 JQ,,
From Theorem 6.9 we obtain that g, — h in W2°°(0,b). By the choice of A and by Lemma 6.3 it
follows that [Qg, | > €| for all n. Therefore, by replacing g, with §n, = gn — (|Qg,.| — [2n]) /b, We
have
Q5.1 = Q| and  F(gn,vn) < F(h,u) foralln, g, — hin W>>(0,b),

a contradiction to the strict W?2°-local minimality of (h,u).

If, instead, F(gn, vn) = F(Gn, Urn), we may reproduce the same argument with (g,, v,) replaced
by (Jn, Un) to deduce that gy := gn — (|, |—|Qn|) /b converge to h in W2°°(0,b). Note that either
In = Gn O F(Gn,0n) < F(Gn,0n) < F(h,u). In all cases g, # h, thus giving a contradiction. O

The proof of Theorem 2.9 is now immediate.

Proof of Theorem 2.9. The conclusion of the theorem is an easy consequence of Theorems 2.10
and 5.1. 0

We conclude this section by proving the following regularity theorem which was used in the
proof of Theorem 6.9.

Theorem 6.10. Let g, € Cy([0,b]) such that gn — h in CL([0,0]), where h > 0, and let vy, be
the solution to

min{ Q(E(v))dz: (gn,v) € Y(ep;0,b), v(x,0) = v, (x,0) for all x € (O,b)}.
gzg’n
Assume also that
sup Q(E(vp))dz < o0

n JQg,
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and let o € (1/2,1). Then there exist cg, o > 0, independent of n, such that for allr € (0,79) and
for all zg € I'y,
/ |V, |? dz < cor?e . (6.13)
B (Zo)ﬁﬂgn

Proof. The proof is very similar to [14, Theorem 3.16]. For the reader’s convenience we give the
details in order to show that the estimates can be made independent of n.

We begin by showing that there exists ¢; > 0 such that for all 7 € (0,1) there exists a radius
r- > 0 such that whenever r € (0,r;) and z9 € Ty,

/ |V, |* dz < 0172/ |V, |2 dz. (6.14)
Brr(20)NQg,, Br(20)NQy,,

We argue by contradiction assuming that (6.14) is false for some 7 € (0,1). Hence, we may find
a (not relabelled) subsequence of g,, a sequence of radii r,, — 0, 2z, = (¥, gn(x,)) converging to
some zg = (x9, h(xo)) such that

/ Vo, |2 dz > er72 / |V, |?dz. (6.15)
Brr,, (2n)NQyg,, By, (zn)NQyg,,

1
B, = [ zn—i—BTn(zn)ﬂan}
n

and observe that x5, — xp.. in L?(R?), where Bo := {(z,y) € B1(0) : y < h/(xo)x}. This is true
since g, — h in C1([0,b]). We now rescale also the function v,, by setting for z € B,

Define the sets

Un(2n + 1n2) — an
ATn ’

wp(z) =

where

an, ::]Z vy dz /\i ::][ |Vu,|? dz.
B, (zn)NQyg,, By, (2n)NQg,,

][ |Vw,|?dz =1, /wndz:O.
B, B,

By Poincaré Inequality and a standard extension argument we may extend each function w,, to the

Note that

ball B;(0) in such a way that the resulting function, still denoted wy, satisfies [|wy| 71 (s, (o)) < C,
with C' independent of n. Without loss of generality we may assume that the sequence w,, — vy, €
H'(B1(0); R?). Moreover, it is easy to see that the functions w, satisfy the equation

/B C(E(wn)) : E(p)dz = 0 (6.16)

for every ¢ € C¢(B1(0); R?).
We claim that for all functions ¢ € C§ (B1(0))we have

lim V? [Vw, — Vws|* dz = 0. (6.17)

n—oo B

From (6.16), and the fact that x5, — xp. in L? (B1(0)), wn — we in H' (B1(0);R?), we get
that

/ CE (weo) : E(p)- dz=10 (6.18)
Beo

for all p € CL(B1(0);R?). Fix ¢ € C§ (B1(0)) and choose ¢ := ?w,, in (6.16) (¢ = *ws in
(6.18) respectively) thus obtaining

/ V2CE (wy) : E (wy,) dz:—/B Y CE (wy) : (wn, @ VY + (w, @ V) 1) dz (6.19)
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and
/ V2CE (W) : E (Weo) dz = f/ Y CF (woo) : (wn @ VY + (weo @ Vip)T) dz. (6.20)
B Beo

Letting n — oo in (6.19) and using the fact that the right-hand side converges to the right-hand
side of (6.20) we obtain that

lim Y CE (wy,) : E (wy,) dz = / V2CE (woo) : F (weo) dz,
Boo

n—oo B
n

from which we easily get

lim CFE (Y(wn — weo)) : E (Y(wy, —weo)) dz = 0.

n—oo B
n

Hence the claim follows from the Korn’s inequality stated in [14, Theorem 4.2].
It follows from (6.18) that we is a weak solution of the problem

AW + (A + 1) V (divwe) =0 in By
[ (Vwe + Vwl) + A(divws) I v =0 on T, N By(0),
where goo(x) := h'(z0)x. By [14, Theorem 3.7] it follows that there exist ¢ > 0 such that
sup |Vwe|? dz < c/ |Vwe|* dz .
1B Boo
Hence, we have

/ |Vwoo|2 dz < CT2/ |Vwoo|2 dz < cp7?,
TBoo

oo

where we have used the fact that [, |Vwso|® dz < |Bso|. By (6.17) we then have that

lim |Vw,|” dz :/ \Vwao!|? dz
TB TB

n—oo
n oo
and so
Vo |” dz 1
lim fBﬂn(zn)ﬁan "2 _ 1im/ |an|2 dz < C2 2
"= Jp, (2n)NQy [Vou|* dz |Boo| n=ee /o, | B

which contradicts (6.15), provided we take

C2
> 2—.
| Boo|

This proves (6.14).
We are now in a position to prove (6.13). Fix o € (1/2,1) and choose 7 such that

ot < 1%,

Fix 0 < 7 < 7, and find k € N such that 7%ty < < 7%r_. By iterating (6.14) and by the choice
of 7, for every n and for every 2o € I'g, we have

/ |V, |* dz / |V, |?dz < 72’“’/ |V, |?dz
BT(Zo)ﬁQ B_g T(ZU)ﬁan B (Zo)ﬁﬂ

gn ko T gn

20
7’7/ |V, |? dz
Q

(tr.)%e .

IN

and this concludes the proof of the theorem. O
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7. GLOBAL MINIMIZERS: PROOFS

This section is devoted to the proof of all results concerning global minimizers. Here we will
often work with sequences (h,,uy) of global minimizers having different periods b,, and for this
reason we shall consider the energy F' over varying intervals. When needed, we will underline
the dependence on the interval (0,b,,) by writing F},  instead of F. More precisely, Fj, (g,v) will
denote the energy defined in (2.8) with ,, I'y, and ¥, as in (2.2), (2.3), and (2.4), respectively,
with (0,b) replaced by (0, b,,). Moreover, throughout this section the function ¢ appearing in the
Dirichlet datum is assumed to be zero.

We start by stating the following simple generalization of the Compactness Theorem 2.2.

Theorem 7.1. Let (hp,un) € X(en;0,by) be such that
Sup{/ |B(un) 2 dz + Var(hn; 0,ba) + [0, } < +o00,
m

where Qp, = {(z,y) : = € (0,b,),0 <y < hyp(z)}. Assume that b, — by > 0 and e, — eg > 0.
Then there exist (h,u) € X (eg,q;0,b) and a subsequence (not relabelled) such that

dp(RI\QF R2\QF) -0 and wu, —u in Hp (QF;R?). (7.1)

Moreover,
Fp(h,u) < liminf Fy, (hy, uy) - (7.2)

The compactness part follows from the same argument used in [5] to prove Theorem 2.2, hence
we omit its proof. Concerning the lower semicontinuity, it easily follows from the fact that for any
postive § the functional Fp_;s is lower semicontinuous with respect to the convergence given in
(7.1).

As a consequence of the previous compactness result, we have the following lemma showing
that global minimizers with possibly different periodicities converge to a global minimizer.

Lemma 7.2. Let b, — b> 0, e, — eg, d, — d > 0. Let (hp,un) € X(en;0,b,) be a sequence of

by -periodic global minimizers with fob" h, dx = d,,. Then there exist a b-periodic global minimizer
(h,u) € X(eo;0,b) and a subsequence (hy, , un, ) such that (7.1) holds.

Proof. By Theorem 7.1 there exist (h,u) € X (eg;0,b) and a subsequence (not relabelled) such that
(7.1) holds. Let (g,v) € X (eo;0,b), with g Lipschitz and f;gdx = d, and define

bd,, b bnen b db,
gn(®) = 579 (Ew) o on(z,y) = beg " (Ew, Ey) :
Then (gn,vn) € X(en;0,by), fob"' gndx = d,,, and Fy, (gn,vn) — Fp(v,g). Thus, by the minimality
of (hn,u,) and by (7.2), we have
Fb(h7 u) < 1ﬂ£f F, (hna Un) < nh—{go Fy, (gna V) = Fb(g; v).

We conclude by applying the approximation Lemma 6.1. g
The following lemma deals with the uniqueness part of Theorem 2.11.
Lemma 7.3. Let b,d > 0 such that the minimum problem
min{F(g,v) : (g,v) € X(e0;0,0), |94 = d} (7.3)

has a non-flat solution. Then, for all d’ > d the flat configuration is not a global minimizer for the
minimum problem

min{F(g,v) : (g,v) € X(e0;0,b), |Qq] = d/}.
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Proof. Let d’ > d and let (g,v) be a non flat minimizer for (7.3). We set

v eo(x,my) lfOSZUS b
ji=g+ o(xz,y) = U(x _d'—d)+e (0—_)‘@) ity 44
- \Toua b e

Let (d'/b, ue,) be the flat configuration and denote by @ the minimizer of the elastic energy in
under the usual periodicity and boundary condition. Note that

/ QE@)d: < | QE®))d=. (7.4)
Indeed, if not, then ¥ would be a solution of the Lamé system coinciding in an open set with
e (x, 2;%y), and therefore, by analiticity, would coincide with this function everywhere. Hence,
by the minimality of (g,v) we would have

Qod + H'(Tg) + 2H' (8y) = F(g,v) < F(d/b,uc,) = Qod +b,

where, we recall, Qo = Q(Ep) and Ey = E(ue,)) (see Lemma 6.3). The above inequality would
then imply that g = d/b, which is impossible. Thus, from (7.4), we conclude that

F(g, @) < F(g,0) = F(g,v) + Qo(d" —d) < F(d'/b,uc,) ,
thus showing that the flat configuration (d’/b, ue,) cannot be a global minimizer. O

We are now in a position to prove part (i) of Theorem 2.11.

Proof of Theorem 2.11-(i). We fix b and we first show that there exists dy > 0 such that if 0 <
d < do then (d/b,u,) is a b-periodic global minimizer. To this aim we argue by contradiction, by
assuming that there exist a sequence d,, | 0, a sequence (ky,w,) € X (eg;0,b) minimizing F under
the constraint |Qy, | = d,, such that F(ky,wy) < F(dn/b, te,)-

Let € > 0 be such that 9?F (e, u,,) is positive definite. This is possible thanks to Theorem 5.1.
Then, by Theorem 2.10 the flat configuration (g, u,,) is a an isolated local minimizer for F'. We

set

9 '*E*d—n

and we denote by (gn, vn) a sequence of minimizers of the following problems
min{F(g,v) + A||Qg| - Eb‘ : (g,’U> € X(eo;O,b% g > En} )

where A > Q. Arguing as in the second part of the proof of Theorem 2.10, we deduce that g, — €
in L'(0,b) and lim,, oo H'(Ty, Uy, ) = b. This, in turn, implies supjy 4 [gn — €| — 0.

Still arguing as in the second part of the proof of Theorem 2.10, we may conclude that Qg | > €b
and the functions g := gn — (|€, | — €b)/b satisfy supyg 4 [Gn — €| — 0 and F(gn, vn) < F(gn, vn).
Therefore, setting

-
60($7—2u+)\y) if0<y<e,

ky =k, +¢en, Wy (x,y) :=

wn(xvyfen)“i’eO(O ify>en,

" 2u + )\En)
we have

F(Gn,vn) < F(kp, W) = Fkn,wn) + F(en, ttey) < F(dn/b,ttey) + Fen, tey) = F(&,Uey) -
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Since supyg ) |gn — €| — 0, the inequality above contradicts the local minimality of e, thus proving
that there exists dy > 0 such that if 0 < d < dy the flat configuration is an absolute minimizer.
Then, setting

d
dgiob(b) := sup{d >0: (g,ueo) is a minimizer of (2.9) in the interval (0, b)} ,

from Lemma 7.3 we also obtain that for d € (0,dgon(b)) the flat configuration is the unique
minimizer. Finally, also (dgiob(0)/b, te, ) is a global mimizer since it is the limit of global minimizers
(see Lemma 7.2). 0

Before proving part (ii) of Theorem 2.11, we need to show that the map b — dgion (D) is upper
semicontinuous.

Lemma 7.4. The function dgop : (0, +00) — (0, +00] is upper semicontinuous.

Proof. Let b, a sequence of positive numbers converging to b > 0. It is enough to show that if
d < limsup,, dgiob (br) then dgion(b) > d. Without loss of generality we may assume that the limsup
is in fact a limit. By Theorem 2.11-(i) we then have that (%, Uey) 18 a by-global minimizer of F
for n large. By Lemma 7.2 it follows that (d/b, u.,) is a b-periodic global minimizer, thus proving
dgion (b) > d. ]

Proof of Theorem 2.11-(ii). By Theorem 4.9 and Remark 5.2, if 0 < b < by := %%, there
0

6
exists § > 0 (possibly depending on b) such that for all d > 0, (g,v) € X (teo;0,b), and ¢t € (3,2),
we have

d ’ d
0< Hg - EHWQvOC(O,b) < ¢ and /0 gde =d = Fy(g,v) > Fb(g,tu%) . (7.5)

Step 1. We claim that there exists § > 0 such that for all b € [by/2, bo] and all (g,v) € X (eo;0,b)
we have

| - b d
0<supg——’<5,and / gde =d — Fb(g,v)>Fb(—,u60). (7.6)
oy~ b 0 b

To prove this claim we argue by contradiction, assuming that there exist d,, | 0, b, — b € [by/2, bo],
dn — d € [0,00], (Gn,0n) € X (€0;0,by,) such that

dy,
0 < sup gnfb—

b
n dn
<6, / Gn = dn and Fy (§n,0n) < Fy, (—,ueO) . (7.7)
[0,b,] 0

bn

We will only provide a proof in the case d = oo, the other cases being similar and easier. We start
by rescaling all the functions to the fixed interval (0, ), namely we set

. b xby . b xby yby
gn(@) := Egn( b ) On(@,y) 1= bn””( b b )
Notice that from (7.7) we get
bd,| b, b b2d,
0 <sup|gn — —| < —, /gn:—, 7.8
[0,5] b2 bn, 0 b7 (78)
b b d, bd,, by,
0 o) = — Gy On) < — - =Fy( 531/ 7+ : :
Fb(gn;vn) anbn(gnavn) > anbn(bnaueg) Fb( b% y bueo) (7 9)

Choose A > Qo and denote by (g, vn) € X (ep;0,b) a minimizer to the problem
: b2d, /by, bd,  bS,
mln{Fb(g,’U)-i-A’ngl—? : (g,'U)GX( ?eo;o,b), 92¥—E} .
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We start by assuming that, up to a not relabeled subsequence,

N bd,, bn
Fb(gnvvn) <Fb(gnavn) SFb(b_Qa ?er)-
By Lemma 6.3 we have that |Qg,| = (b*d,,) /b2, where
an = {(l',y) txE (07b>5 0 < Yy < gn(z>} :

Thus, by the minimality of v, in Qg,

| QUE.)dz < /Q ) Q(E(ﬁ e, ) ) dz = b—Qo (7.10)

By the minimality of /2% u., in (0,b) x (0, 2% o %) we have

/ Q(E(un) dz>/ d:z:/ ))dy>—Q0—6 bQo - (7.11)

Using this inequahty and the fact that, by (7.8) and (7.9),
. bdn, b
Fb(gnvvn) <Fb(gnavn) SFb(b_Qa ?ueo)v
we also obtain
H' (g, ) +2H' (8g,) — 6,0Q0 <. (7.12)
From (7.12) and the trivial inequality b < H'(T',, ) + 2H' (2, ), we deduce

lim (Hl (Tg,) + 2H1(Zgn)) =b.

h—o0
Since ||gn — Z’Ifl—i" + #ll1(0,p) = 1, from the above equality we easily get that g, — bd" +1—3in
LY(0,0).
We now translate the functions g,, v, by setting

bd, 1 bd, 1
(@) = galw) = -+ wnley) = a0y + 50 - )
Notice that (hy,,w,) solves the minimum problem
1 bo,
min{Fb(g, )+ A2 1] : (g,v) € Y(€;0,b), v(x,0) = wy(x,0) for all @ € (0,b), g > E*b_}'

We are now going to apply Theorem 6.9 to (hy,,w,). To this aim, notice that by what we have
proved above, we have that h, — 3 in L'(0,b) and H'(T'», U 4, ) converges to b. On the other

hand, since by the minimality of /%2 u., in (0,b) x (0, %% i #) we have

(5~ 5)m@ < /dac/bz_l 0)) dy.

recalling also (7.10), we mfer

Q(E(wy)) Z<—Q0

Q.
Thus we may apply the first part of Theorem 6.9 to deduce that for all « € (0,3), h, — %
in ct 0‘([0 b]) and Vw, is equibounded in C%%(Qy, ). Let us now show that Vw, — Vu,, in
lim Q(E(wy))dz= Q. (7.13)

h— o0 Qn,,
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This will enable us to use also the second part of the statement of Theorem 6.9. To this aim, by

the minimality of v, in €, and of y/%u, in (0,b) x (bl;é"' - %), we get

bn b - bn bn
/Qyn CE(vy,) : E(vn - \/;er) dz =0, /0 dx/o (C{\/;EO} : E(vn — ?ueo) dy=20

and thus, subtracting the two equations,

b %—% b b gn(2) b
/0 d:z:/o Q(E(vn) —1/ ?EO) dy = —/O dx/%_% CE(vy) : E(’Un - ?u%) dy .

b7
By using the uniform bounds on the C%%-norm of Vuv,, we first deduce that
1

1_bs,
/Obdx/ob " Q(E(wn)—\/%Eo) dy — 0.

Using again the uniform bounds on the C%®-norm of Vw,, and the fact that h, — 3 in L'(0,b),
we conclude

lim Q(E(wyn) — Ep)dz =0,

n—oo Jo
hn

which, in turn, implies (7.13) and, by Korn’s inequality, that Vw, — Vue, in L _((0,b) x

(0, 1); M?*2). Therefore, from the second part of Theorem 6.9 we may deduce that h, — 4
W?2°°(0,b), or, equivalently, Hgn*l;d—z"meo(o,b) — 0. Recalling that Fy(gn, vn) < Fb(bbd—;, \/%”ueo),

we have a contradiction to (7.5). If instead Fy(gn,vn) = Fp(gn, On), we may reproduce the same

in

argument as before, with g,, replaced by g,, to deduce that ||g, — bbd_anWZoo(OJ)) — 0. Again we

reached a contradiction to (7.5), since g, # %%

Step 2. We now prove that for all b € (0, bo] and all (g9,v) € X(eo;0,b) the implication (7.6) holds
with the same . To this aim, let us fix b € (0,b9/2), (g9,v) € X (eo;0,b) with supyop) |9 — d/b] < )
and let m the smallest integer such that mb € [bg/2,bg]. Let us now extend by periodicity ¢ to
the interval (0,mb) and denote this extension by ¢. Similarly, let us extend v to {(z,y) : = €
(0,mb),0 <y < g(z)}, by setting

e )+ o~ [Fos) 0o [£0r)

where [£] denotes the integer part of £. Clearly SUpP[g,me) 19 — d/b| < § and

Fmb(gaﬁ) = mFb(ga U) .
Therefore, since by Step 1 Fip(g, ) > Finp(d/b, ue,) = mFy(d/b, ue, ), we conclude that Fy(g,v) >
Fyp(d/b,ue,), as claimed.
Step 3. Let us now prove that for b < by sufficiently small and for all d > 0 the flat configuration
(d/b, ue,) is a global minimizer for F,. To this aim, let us fix p := 1/Q. Without loss of generality
we may assume 6 in (7.6) to be smaller than p.
We argue by contradiction, by assuming that there exists a non flat minimal configuration (g,v) €
X (ep; 0,b) such that f(f g = d. By Steps 1 and 2 it then follows that sup lg—d/b| > 6. Moreover,

since fé’gdz = d, there exists « € [0, b) such that g(z) = d/b. Hence,

>3, 7.14
05 9 = (7.14)

Let (x0,y0) € I'y be such that yo = max{y : (z,y) € I'y, z € [0,b)}. By translation invariance
of F, we may assume that o = /2. By Remark 6.8 and the choice of p, we know that there
exists a ball B,(z) C sz such that zp € 0B,(z). Thus B,(z) touches zy at its highest point, i.e.
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z = (b/2,y0 — p). Call g the function whose graph represents the upper half of 9B,(z). If b < 2p
then § < g < yo = g(b/2) and, in turn, an elementary calculation

2 b2 S
< =p—\/p*—— <9,
%S,g)g %Sg)g P P 4

where the last inequality holds provided that b < 24/2pé — 62. Since this contradicts (7.14), the
claim is proved.
Step 4. Set

berit 1= sup{b > 0 : dgiop(b) = 00} .

By Step 3 and Theorem 2.9 we have 0 < beit < Z% To conclude the proof of the theorem

it is enough to show that
dgiob (b) = +00 for all 0 < b < berit.- (7.15)

We introduce the following temporary notation. Given b > 0 and v > 0, we let Fy ., be the
functional defined on X (e;0,b) as

Fy,(g,v) /Q ) dz +AHLT,) + 29HL(S,).

with Qg, I'y, and X, defined as in (2.2), (2.3), and (2.4), respectively.
Note now that by Lemma 7.4 and from the definition of b,y we have

dglob(bcrit) = +00. (716)

Let v € (0,1) and for every (g,v) € X(e0;0, berit) let (gy,vy) € X (e0;0,vberit) be defined as

9+(x) = vg(f) vy (2,y) = vv(x y)
o g o 7y
Fix d > 0 and note that ((d/bcrit)v, (Ueo)y) = (Vd/berits Uey ). Since (d/berit, Ue,) 15 a berig-periodic
global minimizer for Fj_, 1 thanks to (7.16), a rescaling argument yields
Fypese iy (Y4 berits teo) < Fryberie v (95 Vy) (7.17)
for all (g,v) € X (e0; 0, berit) With [ gda = d. Since

Frpere (78 berit, teg) = Qoy*d + 72 berie
it follows from (7.17) and the trivial inequality
’chrit < Hl(rgv) =+ 27—(1(297)
that
Foberse 1 (78 berit Uey) < Frpes1(9y, 0y)

for all (g,v) € X (eo; 0, beyit), with fob““ gdx = d; i.e., (Yd/beit, Ue,) is a global minimizer for Fyp_,, 1
among all pairs (k,w) € X (eg; 0, Yberit) such that fvbc“t kdx = ~%d. From the arbitrariness of d > 0
it follows that dgiob (Yberit) = +00. As this is true for all v > 0, we have established (7.15) and we

have concluded the proof of the theorem. |

Let us now prove that the critical thickness for the global minimality of the flat configuration
dgioh(b)/b tends to zero as b — oo, while the critical thickness for the local minimality dioc(b)/b is
always bounded away from zero.
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Proof of Proposition 2.12. From Corollary 5.3 there exists a constant c¢(\, u) such that K(y) <
¢(\, p)y. Therefore, from (2.16) we get that if b > T 242 then

1 ep(p+A)’
dloc(b) > 1 K<27rdloc(b)) _ CO()HM)
b2 T 2me(\ ) b2 bed

thus proving (2.18).

Let us now show that the critical thickness dgion(b)/b for the global minimality tends to zero as
b — +o00. Given a constant s > 0, we have to prove that the flat configuration (s, u,) is not a
global minimizer over X (eg;0,b) if b is large enough. For o € (0,1) (to be chosen later) we consider
the competitor (gs, up) € X (eo;0,b) defined as

for x =0,

gb(l') = ifo<z< Oéb, and Ub(ZC,y) = eO(wb(xay)aO) + ueo(xay)a

0
i
«
0 ifab<x<b

where wy(z,y) := —nm sinh (22) sin (22¥), with n € (0,1) to be chosen later. Note that

Fulan) = [ [ " (WlB )P + 2 divun)?) oy + 22 4,
o Jo 2 a
while
Fp (s, te,) = <u|EO|2 + %(divueo)Q)sb +b.
Therefore, to prove that Fy,(gp, up) < Fy(s, ue,) for b large enough it suffices to show that
Gap(b / / |E up)| |E0|2) + %((divub)Q _ (divueU)Q)) dzdy < —% . (7.18)

Indeed, using the definition of wy, after some lengthy but straightforward computations we get

o) [ () w1 (55) o

L et ) / /ab%dm
2u+)\ 4

A n? /b 5 [ & 5 [ Qmy
(o 2) o [ ot () a [ (V) 4
(u 2) cosh® (%) Jo s 0 s )Y
2,2 ab z
pooonm 2 2 (Om )
+ 3 soshZ (0] (O‘T%) /0 sinh ( S ) das/o cos S dy
_ dulp+2) " /ab cosh (%) dx/i sin (_aﬂ'y) dy
2u+ X cosh (O‘—) 0 s 0 S
A n? S a?b
= — | —————%—~ | =—sinh [ — h
Mt 2) ol (QTQZ’) {204 sin < S ) cos
2,2 2 2
nwoonT s . ab b ab| s
L I Y it h{—) - =] =
- 2 cosh? (222) [20& S ( s )COS ( s ) 2} 20
S 8u(ptA)  m 5 (aQb)

2+ X cosh ( ) o’

Letting b — 400 we obtain

2.2 2
. _ negs A\ n | prn Bu(pt+A)1
bggloo Gap(b) = 2 Ku + —> 1 + - -1 . (7.19)
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We choose 7 € (0,1) so small that

. A\ 0 prPn Sp(p+ )1
Cp = {<u+2)4+ 3 TS >0.
It is now clear that if we also choose o < @, by (7.19) we obtain (7.18). a

The next lemma is needed in the proof of Theorem 2.14. This in the only point of the paper
where we assume the condition A > —E -

Lemma 7.5. Assume \ > — u and set by 1= ﬁ% Then

s
dioe(bo) < gbﬁ.

Proof. By Theorem 2.9

K(Ldb;(bo)) _T

b 4

Since the function K is strictly increasing by Corollary 5.3, it is enough to show that

2w 2 m

K(Te)=x(5)- T

02 1) 71
By the definition of K (see (2.14)), this inequality is true if J(7?/4) > m/4. In turn, since under
our assumptions v, € [—8.5,1/2), this amounts to proving that

2 2 5 71'2

T w2 (T i i
V(vp) = 7(1 —v,)* + [Z smh2(z) - smh(z) cosh(z)} (3 —4v,) + 1 <0
for all v, € [-8.5,1/2). Since ¥ is convex, the conclusion follows from the fact that both ¢ (—8.5)
and 1(1/2) are negative, as it can be checked by elementary calculations.
O

Proof of Theorem 2.14. We start by proving part (i). Recall that by Remark 6.8, if (h,u) is a

b-global minimizer for some b > 0, then QF U (R x (—o0,0]) satisfies an interior ball condition

with radius p = Qi; i.e., for every z € F# there exists a ball B,(z0) C Qf U (R x (—00,0]) such
0

that z € 9B,(2). Notice that the assumption on b is equivalent to Qo = 263% < %. Assume
now that either z € ¥, or z € I', with a vertical tangent. In both cases the tangent inner ball
can be chosen with zyp = z =+ (p,0). Without loss of generality zo = z + (p,0). Since p > 2, the
point z + (b,0) belongs to the interior of B,(zy), a contradiction to the fact that by per10d1c1ty
z+ (b,0) € F# This contradiction shows that I', does not contain vertical segments. Due to
Theorem 2.7- ( i), part (i) of the statement follows.

To prove part (ii) we argue by contradiction. Assume that there exist b, — % with
0

by, > egi‘(ti:im’ dn € [dgiob(bn), dglob(bn) + L), by-periodic global minimizers (hy,, u,) with [Qp, | =

dy, and balls B,(z,) C Qh# U(R x (—00,0]) with p = & = % such that at least one of the
n es

points z, + (p,0) and z, — (p,0) belongs to f#ﬂ By Lemma 7.2 we may assume that there exists
a bg-global minimizer (h,u) € X (eo;0,bp), with by = eﬁ_i(uLjr\M’ such that (7.1) holds. Moreover,
there exists a ball B,(zy) C Qf U (R x (=00, 0]) such that both points zo + (p,0) and zo — (p,0)
belong to ff (here we are using the fact that 2p = by and the bp-periodicity). Without loss
of generality, by translation invariance we may assume that zop = (%", yo). Hence, in particular,
the upper half ball B;’(zo) C Qp. On the other hand, by Lemmas 7.4 and 7.5 we have that
lim,, dy, = 2] < dgiob(bo) < dioc(bo) < %bg = |Bj(z0)|, a contradiction. O

Next we show the existence of nontrivial analytic configurations.
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Proof of Theorem 2.16. We start by proving that

lim  dgioh(b) = +00. (7.20)

b—bT

crit

Recall that since by < %%, by Remark 5.2 and using the fact that 0 < K < 1 (see
0

Corollary 5.3), for M > 0 there exists ¢ps > 0 such that for all d € [0, M] and ¢ € ﬁ#(O, berit)

d
62F(b—.taueo) [(P] > CMH(‘DH%II(OJ)crit) . (721)

Assume by contradiction that there exist a sequence b, — b . such that dgion(bn) < M/2 for all

cri

n and for some M > 0. Then, Remark 5.2, together with (7.21), implies

d CM
0°F (1= teo )19 2 S0l 00,

bn
for all d € [0, M] and ¢ € ﬁ#(O, by), provided that n is large enough. Arguing as in the proof of
Theorem 2.11-(ii), we may conclude that there exists § > 0 such that if d € [0, M] and (h,u) €
X (e0;0,by,) with 0 < supyg,j |h—d/bn| <6, then F(d/by, ue,) < F(h,u), provided n is sufficiently
large. Fix now M/2 < d < M and let (hy,u,) € X(eo;0,b,) be a non-flat minimal configuration
such that fob" hy dz = d. In particular supyg, | [hn — d/by| > 0 for n large enough. By Lemma 7.2,
we deduce the existence of a beig-periodic global minimizer (h, ) such that (up to a subsequence)
(7.1) holds and SUD[0,berie] |h — d/berit] > 6. This contradicts the fact that dgiob(berit) = +00 and
concludes the proof of (7.20).
To prove the theorem choose b1 € (besit, bo), where by := eg—i%, such that
dgion (b)bo
(dglon (b)) + bg

Note that this is possible thanks to (7.20). Now fix any such b and let (h,u) be a non-flat b-
periodic global minimizer, with |Q,] =: d > dgion(b). If A > 0 then h is analytic by Theorems 2.14-
(i) and 2.7. If h(z) = 0 for some z € [0,b), since maxy, h > d/b and h is of class C' by
Theorem 2.14, there exists T € [0,b) such that h'(Z) = d/b*. By Remark 6.8, there exists a ball
B,(20) € Qh# U (R x (—00,0]) such that (z,h(Z)) € 0B,(z0) with p = by/2. Since I', and 0B,(z0)
share the same tangent at (Z, h(Z)), an elementary calculation shows that the horizontal chord of

> b for all b € (bexis, by) - (7.22)

B,(z0) starting from (z, h(z)) has length equal to \/%. As

dbg dgiob (b)bo -
V d? + vt (dglob (b>)2 —+ b%

by (7.22), we obtain a contradiction to the fact that the chord must lie inside Q# 0
We finally prove the nonuniqueness result stated in Theorem 2.13.

Proof of Theorem 2.13. The argument is similar to the one used in second part of previous proof.
Since under our assumption the second variation 92 F(d/b, u.,) is uniformly positive definite as d
varies in a sufficiently small neighborhood of dgion(b), choosing d,, := dgion(b) + % any non-flat
b-periodic global minimizer (hn,un), with |Qp, | = dn, satisfies supyg ;) [hy — dn/b] > 6 for some
d > 0 and for n large enough. Therefore, up to a subsequence, by Lemma 7.2 the sequence (hy,, uy,)
converge to a non-flat b-periodic global minimizer (h,u) with [Qn| = dgion (b). O



EPITAXIALLY STRAINED ELASTIC FILMS: QUALITATIVE PROPERTIES OF SOLUTIONS 57

8. APPENDIX

8.1. Fractional Sobolev spaces and trace theorems. Throughout this section h denotes a
strictly positive b-periodic function belonging to C*(R). To simplify the notation introduced in
Subsection 2.1, we write I' and I'# in place of I';, and Ff, respectively. For p > 1 we let LP(T")
denote the space of all functions u : I' — R such that [ |ul? dH' < co.

Definition 8.1. Let 0 < s < 1l and 1 < p < co. We denote by W*P(I') the fractional Sobolev
space consisting of all functions u € LP(T") such that

. u(z) —uw(@)[" ., . 1) ?
[u]57p71‘ = (/F . m dH (’LU) dH (Z)) < 00, (81)
and we set [[ullwsrry = [Jullrr) + [u]s,p,r. We shall refer to [u],,r as the Gagliardo seminorm

of u.

By W,*(I'), we denote the subspace (endowed with the same norm) of all functions in W*?(T')
whose b-periodic extension to I'# belongs to W;>F(I'#).

The spaces W™*7-1(I') and W;S’F (T") are defined as the dual spaces of W*P(T") and
WP (T), respectively.

Remark 8.2. Notice that from the very definition of fractional spaces it follows that, if —1 <
t <<s<1andp>1, then W*P(T') is continuously imbedded in W*?(T).

When p = 2 we often write H*(T') and H3(T') instead of W**(T") and W;f(l"). A similar
notation will be used for their dual spaces. We recall the following classical imbedding theorem.
Notice that we use the convention WP (T') := LP(T).

Theorem 8.3. Let —1 <t < s < 1, ¢ > p such that s — 1/p > t — 1/q. Then W*P(T') is
continuously imbedded in W44(T'). Moreover, the imbedding constant depends only on s,t,p,q, b
and on the C'-norm of h.

This theorem can be easily deduced from [19, Theorem 1.4.4.1], with a simple change of
variable, using Remark 8.2. From [19, Theorem 1.5.1.2] we also have the following trace theorem.

Theorem 8.4. Let co be a positive constant such that mingy h > co. If p > 1, then there

exists a continuous linear operator T : WLP(Qy) — Wlf%’p(l") such that Tu = u|r whenever
u is continuous on Q. Moreover, the norm of T is bounded by a constant depending only on

co, [|hllcr(oey) b and p.
As an immediate consequence of the previous theorem we have that if u € WhP(Qy,) is b-

1-1, At
periodic in the z-variable, then Tu € W, * p(F). Conversely, any function in W, * p(F) is the
trace of a b-periodic function in W1P(Qy,). More precisely we have the following result.

Theorem 8.5. Let ¢y be as in Theorem 8.4 and p > 1. Then, for all p € W;_E7P(F) there exists

u € WHP(Qy,), b-periodic in the x-variable, such that Tu = ¢ and

1,p < 11
lullwrr@, < Cllell, Loy

for some constant C depending only on co, ||h||c1([0,p)), b, and p.

This result is more or less standard except for the fact that here we have to guarantee the
periodicity of the lifting u. This follows from the fact that u can be explicitely defined as

ua) = g [ oG et hie) .
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where p is a standard mollifier. The estimate of |uw1.r(q,) can be obtained arguing as in [19,
Lemma 1.4.1.4].
The next result is a simple consequence of Theorem 8.5.

Theorem 8.6. Let co and p be as above. Then, for all u € WYP(Qy,), b-periodic in the x-variable,

» < C|Vullrr(a,r2)

10rull 1.
w, 77 (D)

for some constant C depending only on co, ||h]|c1([0,p)), b, and p.

— 1 _p_
Proof. By a density argument we may assume u € C?(€2,). Fix ¢ € W *7(T). By Theorem 8.5
we may find a lifting in Wh 51 (Qn) (still denoted by ¢), b-periodic in the z-variable, such that
H(pHWl,;;Ll(Qh) < CH(‘D”W%’F%(F)' Moreover, by replacing C' with a possibly larger constant, we
may also assume that ¢(x,0) = 0. Hence,

Oou Ou
1 _ou ouy 1
/F@TugodH /Fgo( 8y’3z) vdH
) Ju Ou . dp Oy
/thlv(—goay,tpax)dz_/QhVu (ay, 8x)dz

IVulln 1991, o gy < CIVuls@umn Il 3,52y

IN

)

™)

where in the second equality we have used the b-periodicity of ¢,u and h. This concludes the
proof. O

Combining the previous result with the lifting Theorem 8.5, we deduce the following corollary.

Corollary 8.7. Let p > 1. Then, for all u € W;_E’p(F) we have

)

10rull 1.,
w.

#

< Cllull ooy,

1,
P
for some constant C' depending only on ||h||c1(o.4)), b, and p.

We conclude this subsection by stating a lemma that is used several times in Section 4.

Lemma 8.8. Let —1 < s <1, p > 1, and let u be a smooth function. The following two statements
hold.

(i) Ifa € CY(T), then
[uallwerr) < Cllallcr@)llullwer)

for some constant C depending only on s and p.
(ii) If ® : T — ®(T) is a C'-diffeomorphism, then

[uo @ wer@my) < Cllullwsrry
for some constant C depending only on the C'-norms of ® and ®~1, on s, and on p.

If s is positive, the two statements follow from the definition (8.1) of the Gagliardo seminorm.
If s is negative, they follow from the previous case by duality. We leave the easy details to the
reader.
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8.2. A regularity result for the Lamé system. We prove here a regularity result for the
Lamé system with homogeneous Neumann boundary conditions, which is used in the proof of
Theorem 6.9.

Proposition 8.9. Let (h,u) € Y(eo;0,b) satisfy the first three equations in (2.11). Assume that
there exist zo = (z0, h(x0)) € T, and ro € (0, h(z0)/2) such that h € C1*([xg — 219, xo + 210]) for
some 0 < a < 1. Then, there exists a constant C depending only on A, u, the CH%-norm of h in
[z0 — 270, To + 270], on 1o, and on the L?*-norm of E(u) in Qp N Bay,(20), such that

||Vu|\co,a(§hm§m (20)) S C.

Proof. Let ® be a C'® diffeomorphism from Qj N Ba,, () onto U, where U is an open set
contained in R x (0, 00), such that ®(T', N Bay,(20)) = S is an open segment contained in {y = 0}
and the C1*“-norms of ® and ®~! are controlled from above by the C1**-norm of h and ry. Setting
% :=wuo ® ! then it easily checked that @ solves a linear system of the type

/ A(z)Vi : Vwdz =0, (8.2)
U

for all w € H'(U;R?) vanishnig in a neighborhood of OU N {y > 0}, where the fourth order tensor
A is of class C%® in U, with the C%®-norm controlled by the C'**-norm of h.
Let us now fix 7 € S and R > 0 such that the half ball B (z) C U.

For any point zg € E; (Z) and any 0 < r < R denote by v the unique solution to the constant
coefficients system

/ A(z0)Vv : Vwdz =0 for all w € H' (B (20); R?), w = 0 on 0B, (20) \ S (8.3)
Bt (20)

such that v = @ on OB, (20) \ S. Subtracting the two equations (8.2), (8.3), choosing w = @ — v
and using the fact that A is C%%, one easily gets that

/ Vi — Vo|? dz < er?® / |Via|? dz, (8.4)
Bt (20)

B (z0)
for some positive constant c¢. Moreover, since v solves a linear system with constant coefficients,
standard elliptic estimates yield that for all 0 < p < r

2
/ |Vo|? dz < C(B) / |Vv|? dz,
Bf (20) r A Bt (z0)
/ Vo — (Vo) 2z < ¢ 2) / Vo — (V)22 dz,
Bf (20) r B} (z0)

Thus, from the first equation in (8.5), recalling (8.4), we get that for all 0 < p < r

/ |Va|?dz < 2/ |VU|2dz+2/ Vi — Vo|?dz
Bf (20) Bf (20) Bf (20)
2
c(/—)) / |VU|2dZ—|—C7‘2a/ |Va|*dz
T Bi(zu) Bi(ZU)

2
c’(ﬂ) / |Vﬁ|2dz+c'r20‘/ \Val2dz, (8.6)
/) Iy ) B14(3)

for some constant ¢’ depending ultimately only on R,\, u, and the C1®norm of h. From this
estimate, a standard iteration argument (see for instance [3, Lemma 7.54]) yields that for any
0 > 0 there exists a constant ¢ depending only on ¢/, a, d, such that for all 0 < r < R one has

/+ |Vii|? dz < crH/ |Va|?dz . (8.7)
By (ZO)

Bjp(2)

(8.5)

IN

IN
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Using this estimate and the second inequality in (8.5) and arguing as in the proof of (8.6), we then
get that for all 2y € E;(E) andall0<p<r <R

/ Vit — (Vi) [Pdz < c/ Vo — (V)2 |2dz + c/ Vi — Vu|?dz (8.8)
B} (z0) B (z0) B (20)

% 2 2a =12
c(—) / Vo — (V) 20 |°dz + cr / |Va|*dz
r Bif (20) 7

Bt (20)

4
c(ﬁ’) / Vi — (Va)y,z|2dz + cr?2a=s / \Va|?dz .
r B;r(zo) B;R(E)

From this estimate, the iteration lemma used above yields that for all 0 < r < R

/+ Vit — (Vi) |2 dz < cr2+2a_5/ |Va|2dz .
By (ZU)

B, (?)

IN

IN

From this inequality, another standard iteration argument (see [3, Theorem 7.51]) implies that
i € C2=%/2(BL (%)) and that

1

Hv’&’”co,a—é/z(ﬁ;(z)) < c(/+ B |V€L|2dz) .
Bir(2)

Finally, from this inequality it is clear that (8.7) holds in a stronger form, namely that for all
z0 € F;(E) and and all 0 <7 < R

/ |Vii|? dz < cr2/ |Va|?dz,
B (20) Bir(2)

which, in turn, implies (see (8.8)) that forall0 < p <7 < R

4
/ Vit — (Vi) -, %z < e 2) / Vi — (Vi) |Pdz + cr2+20‘/ Val2ds
B (20) B (20) B3r(2)

r

This last inequality implies the C%® regularity of Vi, since [3, Theorem 7.51] gives that

1
IVl or.o gt 5 §c</ |va|2dz> .
Che(BR(2)) 55.2)

Hence, the proof of the proposition is concluded. O
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