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Abstract
In this paper we give a partial answer to a conjecture of De Giorgi,
namely we prove that in dimension two the regular part of the discontinu-
ity set of a local minimizer of the homogeneous Mumford-Shah functional
is analytic with the exception of at most a countable number of isolated
points.

1 Introduction

This paper is concerned with the analyticity of the discontinuity set of local
minimizers of a class of free discontinuity problems in dimension two. More
precisely we consider the functional

F(u):= [ f(Vu) dvydrs + BH (S (u) N Q) (1)
Q
defined on the space SBV () of special functions of bounded variation. Here
Q2 C R? is a bounded open set, S (u) is the jump set of u, and f : R? — [0, 00)
a strictly convex, analytic function such that

0<fE<Cca+kP), p>1,

for some constant C' > 0.
The prototype problem is given by the homogeneous Mumford-Shah func-
tional

F(u) = /Q Vul? dey dws + BH (S () N Q) @)



which was introduced in [36] in connection with a variational approach to Image
Segmentation.

The existence of absolute minimizers of the non-homogeneous Mumford-
Shah functional

F, (u) ::/Q|Vu\2 dx+a/ﬂ|u—g|2 dz 4 BH' (S (u) N Q) (3)

was proved by Ambrosio [2, 3] in arbitrary dimensions.

A crucial observation in the study of regularity of minimizers of (3) is that if
g is bounded they are quasi-minima for (2). Moreover, as observed in [6], typical
blow-up arguments in regularity theory relate the local behavior of minimizers
of the non-homogeneous functional (3) to the one of the homogeneous functional
(2). Thus it is important to study (2).

The first regularity results are due to De Giorgi, Carriero and Leaci [19] who
proved that the discontinuity set of local minimizers of (3) is essentially closed,

that is H* ((S (w)\ S (u)) N Q) = 0. The same result has been extended by
Fonseca and Fusco [21] to energies of the form

f(Vu) dz+ BHN 1 (S (u) N Q)
Q

under suitable hypotheses on f and more recently by Fusco, Mingione and
Trombetti [23] to integrands f = f (z,u, Vu).

Partial regularity for (2) was studied by Ambrosio, Fusco and Pallara (see
[8, 5, 6]) who showed that if u is a quasi-minimizer of (2) then there exists an

HN"Lnull set ¥ C S (u) N, relatively closed in 2 such that (S (uw)\ Z) N

is a Ch1 hypersurface. The same authors in [7] later proved higher regularity,
and, in particular, that if g € C° (A) for some open set A C Q and S (u) N A is
a O hypersurface, then S (u) N A is actually a C°° hypersurface.

It should also be noted that there is an extensive literature for the regu-
larity of (3) in the two dimensional case N = 2, we quote here the results of
Bonnet [10], Dal Maso, Morel and Solimini [14], David and Semmes [15], Leger
[28], Maddalena and Solimini [30, 31, 33] and refer to [6] for a more detailed
bibliography.

Regarding the analyticity of the discontinuity set, the following conjecture
was made by De Giorgi:

Conjecture (De Giorgi ) If u is a local minimizer of the functional (2) and
S (u) N A is a O manifold for some open set A, then S (u) N A is analytic.

We refer to [6] for more details. In this section we give a partial answer to
this conjecture, namely we prove the following.

Theorem 1 Assume that N = 2 and let u be a local minimizer of the functional
(1) in Q. Assume that S (u) N A is a C17Y curve for some open set A C Q, then
S (u) N A is analytic with the exception of at most a countable set of isolated
points.



A similar result actually holds for more general functionals of the form (1)
(see Section 4 below for more details). The main tool in the proof is the hodo-
graph transform which was first used to study the regularity of the free boundary
for elliptic systems by Kinderlehrer, Nirenberg and Spruck [25]. For a detailed
exposition of the method we refer to the monograph of Kinderlehrer and Stam-
pacchia [24].

The exceptional set in our result is given by

out ou~
E = {(ml,xg)eS(u)ﬂA: %(xl,@):;—T(m,xg):o},

where u™ and u™ are the approzimate upper and lower limit of u (see [6] for
more details on SBV functions), and 7 is the tangent vector to the jump set.
To our knowledge there is no boundary analyticity results without some kind of
non degeneracy condition.

Our argument works only in the two dimensional case and does not apply
when lower order terms appear in the functional. Thus proving De Giorgi
conjecture in the higher dimensional case seems to require different methods.

Besides the intrinsic interest of the result, Theorem 1 provides a justification
to the analyticity assumption in [34] where it was shown, using the calibration
method introduced by Alberti, Bouchitté and Dal Maso in [1], that if w is
harmonic outside an analytic curve I' and satisfies the necessary condition on I"

|Vu+|2 - |V1f|2 =KonT,

where K is the curvature, then w is a local minimizer of the Mumford-Shah
functional in a neighborhood of T'.

Finally, we refer to [22] and [24] (see also the recent paper [9]) for an extensive
bibliography on related regularity results for free boundary problems.

2 Preliminaries

Let V and Y be two topological vector spaces and denote by V* and Y* their
respective dual spaces. We denote by (-,-),, and (-,-), the duality pairing. Let
A .V — Y be a continuous, linear operator and denote by A* its transpose.
Given two convex functionals

I:V - (—o00,00], H:Y — (—00,]
we consider the minimization problem (P)

inf [T (0) + H (A (0))].

We define the dual problem (P*) as

sup [—I* (A"2") — H* (—2")],
z*eY*



where I* and H* are the polar functions of I and H respectively, that is
I* (v) := sup {(v",v), — I (v)},
veV

H* (z") :==sup {(z",2)y — H (2)}.

zeY

In what follows the operator 0 denotes the subdifferential. The following result
may be found in [20].

Theorem 2 Let V and V*, and Y and Y™ be two pairs of topological vector
spaces, let A :' V. — Y be a continuous, linear operator. Consider two convex

functionals
I:V - (—o0,00¢], H:Y — (—00,)].

Assume that there exists vg € V' such that
I'(vo) < oo, H(A(vg)) < oo,
H being continuous at A (vg). Then

inf [1(v) + H (A(0)] = sup [~ (A"5") — H" (=),
ve zZ*EY'*

and (P*) admits at least a solution Z*.
Moreover, if T is a solution of (P) and Z* is a solution of (P*) then

Nz e dl(v), —-z"€dH(A@D),
or, equivalently,
I +1I"(Az")— (A"z",0) =0, H(A@W)+H"(-z")+ (z",Av) = 0.
We now present, without proofs, some classical results on the analyticity of
solutions of elliptic systems. For more details we refer to the monographs of
Kinderlehrer and Stampacchia [24] and of Morrey [35].
In what follows let 2 C RY be an open set and set.

D=(Dy,...,Dy), Dj; 1<j<N.

Let Li; (y,D), 1 < j,k < n, be linear differential operators with continuous
complex valued coefficients. Consider the system of partial differential equations
in the dependent variables u!, ..., u"

ZLM- (y.D)w (y)=fu(y) nQ, 1<k<n. (4)

To each equation we assign an integer weight s < 0 and to each dependent
variable an integer weight ¢ > 0 such that

order Ly (y,D) <sp+t; inQ, 1<k<n,

max s = 0,
k



where we use the convention that Ly; (y, D) = 0 if s +t; < 0. If we write

Ly; (y, D) = Z ag; (y) D%,

|| <sp+t;

then the principal part of Ly; (y, D) is defined by

%j (y, D) = Z agj (y) D*.

lo|=s5k+1;

We say that the system (4) is elliptic if

rank (L (y,€)) = n for each £ € RV \ {0} and y € Q, (5)
and for each pair of independent vectors &, € RY and y € Q the polynomial

p(z) = det Li;(y, £ + 2n) (6)
has exactly p = %deg p roots with positive imaginary part and p = %deg P
roots with negative imaginary part.
A general system of equations
Fy. (y,u(y), Du(y),..., D'u(y)) =0 inQ, 1<k<n, (7)

where u = (uq,...,u,) and D™ stands for the set of all partial derivatives of
order m, is elliptic along the solution u if the variational equations

Zij (y, D)W (y) := %Fk (y,u(y) + ta, D(u(y) + tu),..., D*(u(y) + tu)) =0
j=1 t=0

(8)
constitute an elliptic system as defined above.
Let Bp; (y,D), 1 < h < p, 1 < j < n, be linear differential operator with
continuous coeflicients and assume that a portion of the boundary 9 is con-
tained in the hyperplane yy = 0. We say that the set of boundary conditions

> " Buj (, D) (y) = gnly) on S C QN {yy =0}, 1<h<p
j=1

is coercive for the system (4) if

(i) the system (4) is elliptic and
2u=> (sj+1t;) >0
j=1

is even;



(ii) there exist integers 5, 1 < h < p, such that order By; (y, D) < rp+t; on
S;

(iii) for every yo € S the homogeneous boundary value problem

> L (yo, D)/ (y) =0 in RY, 1<k <n,
j=1

> Bi; (o, D)uwl (y) =0onyy =0, 1<h<p,
j=1

where B}, ;s the part of Bj; of order rj +t;, admits no nontrivial bounded
exponential solutions of the form

W (y) =<V pi(yn ), 1<j<m, & eRVT,
where as usual ¥’ = (y1,...,yn—1) -
A set of (nonlinear) boundary conditions
Uy, (y,u(y), Du(y),...,D°u(y)) =0 onS, 1<h<uyp,

is coercive for the system (7) along the solution u if there exist weights r1,...,7,
such that the set of linearized boundary conditions

Zth (y, D)@ (y) := %‘I'k (y,u(y) +tu, D(u(y) + tu),..., D*(u(y) + tw))| =0

in S is coercive for the linearized system (8) on S.

Theorem 3 Let U be a neighborhood of 0 in RY and S = 0U N {yn =0}.
Assume that u is a solution of the elliptic and coercive system

F, (y,u(y),Du(y)7 .. .,Dgu(y)) =0 mU, 1<k<n,
Uy (y,u(y), Duly),...,D°u(y)) =0 onS, 1<h<pu,
with weights sg, tj, rn, 1 < 5,k <n, 1< h < p.
Suppose also that Fy, and ¥}, are analytic. If ue C*T0 (U U S), for some

a > 0 and where rg = maxy, (0,14 73,), then the v/ are analytic in U U S,
1<j<n

To test ellipticity and coerciveness of a system it is actually sufficient to
verify it at one point. Indeed we have the following

Theorem 4 Let U be a neighborhood of 0 in Rf and S = 9U N {yn =0}.
Assume that 0 is an interior point of S and that u is a solution of the system

Fy, (y,u(y),Du(y), .. .,Déu(y)) =0 U 1<k<n, (10)
Uy (y;u(y), Du(y),...,D°u(y)) =0 on S, 1<h<y, (11)



with weights sg, tj, rn, 1 < 5,k <n, 1< h < p.

Suppose also that Fy and U}, are analytic. If u€ C"T (U U S), where
ro = maxy (0,14 ry), and if the variational equations (8) and (9) are elliptic
and coercive at y = 0, then the systems (10) and (11) are respectively elliptic
and coercive in a neighborhood (U U S)N B (0,¢), for some € > 0.

3 Duality

Theorem 5 Let ) C R? be a simply connected open bounded set with Lipschitz
boundary. Let f : R? — [0,00) be a strictly convex function of class C* (R2)
such that

0<fE=C+[f), p>1

Let u € WHP (Q) be a weak solution of the Dirichlet problem

div(Vf(Vu)) =0 1inQ,
Vi(Vu)-v=0 on ' C 09,

where I is a connected, relatively closed subset of 02 with positive length. Then

the problem
div (Vg (Vw)) =0 in Q,
w =10 on T,

where
g (&) = f*(&h),

admits a unique weak solution w € W4 (Q), + + 1 =1, such that

14,1
P4
Vw = (Vf (Vu)*.
Proof. Consider the linear functional
A: WP (Q) — LP (O R?)

vi— Vv
and the convex functionals
I:W'?(Q) - {0,00}, H:LP(Q;R*) — [0,00)
defined by

[ 0 ifv=uondN\T,
()= { 00 otherwise,

H(z):= /Qf(z) dz.

By the convexity assumption of f it is clear that u is a solution of the mini-
mization problem (P)

inf Vo) dox = inf I + H (Av)].
it / V0 do= it (1) +H (M)
v=u on OQ\T'



The dual problem (P*) is given by

sup  [-I"(A*z") — H* (=z")].
z*€La(§;R2)

It is well-known that

H () = /Q f* (=) da,

while
I"(A*2*) = sup {{(A*2",v)—1(v)}= sup  (A*z",v)
veEWLP(Q) veWbP(Q),
v=u on OQ\TI'
= (" Au)y+ sup (2", Ah).
hew:?(Q),
h=0 on OQ\T
Since

(z*7Ah>:/z*-Vhdx:—/hdivz*dx—i—/hz*~udH17
Q Q T

where we have used the Divergence Theorem and the fact that h = 0 on 9Q\ T,
we have

(z,Au) if divz*=0inQand z*-v=0o0nT,
o0 otherwise.

I* (A*2%) = {

Therefore problem (P*) reduces to

sup {—/ uz* - vdH — / f (=z") dz: z* e L (div; Q), (12)
O\ Q
divz*=0in Qand 2" -v =0 on I'},

where

L9 (div; Q) == {2* € L9 (U R?) : divz* € L9(Q)} .

Note that the normal trace z* - v is well-defined in L7 (div; ) (see e.g. [27]).
Using the fact that in R? divergence-free vector fields are rotated gradients,
namely using the change of variables

2 =—(Vw)", w=0onT

we may now rewrite problem (P*) as

sup {/ uV,wdH' — / fr ((Vw)L) dr: weWh?(Q), and w =0 on F} ,
O\T Q

(13)
where V., denotes the tangential gradient.



By Theorem 2, with
Vi=Wh(Q), Y =LP(%R?),
there exists a solution z* € L? (div; ) of the dual problem (12) with
H(A )+ H*(-Zz")+ (", Au) = 0,
that is
/Q(f (Vu) + f*(=z")+2z" - Vu) de = 0.
Since, by Young’s inequality
f(Vu)+ fF(=z")+z"-Vu>0

we deduce that
fF(Vu)+ fF(=z")+z"-Vu=0

£? a.e. in ), which is equivalent to
—Zz"=Vf(Vu)

If we now consider the function w € W14 (Q) such that z* = — (V@) and
w =0 on I, it follows that

VI = (Vf (Vu)",
and, since w is a solution of (13), we have

div (Vg (Vw)) =0 in Q,
w =10 on I,

where
g (&)= ().

Note that the function g is still of class C* in its domain (see e.g. [38]). This
concludes the proof. m

4 Free discontinuity problems

Consider the functional

F(u):= [ f(Vu) dvydrs + BH (S (u) N Q)
Q
defined on the space SBV () of special functions of bounded variation (see [6]
for more details). Here Q2 C R? is a bounded open set and f : R? — [0, 00).
In this section we prove the following result



Theorem 6 Assume that f : R? — [0,00) is a strictly convez, analytic function
such that
0<fO<CA+[Ef), p>1,

for some constant C' > 0. Let u € SBV (2) be a local minimizer of the functional
F. Assume that there exists an open set A C Q such that S (u) N A is a C?
manifold which divides A into two simply connected components and that u is
of class C? up to the boundary in A\ S (u). Suppose also that

|Vut| + |[Vu™| #0 in S (u) N A. (14)
Then S (u) N A is analytic.
Proof. Fix a point P € S (u) N A such that
(V™| + |Vu~]) (P) #0.
Without loss of generality we may assume that P = (0,0),
v(0,0) = (0,1),

and
Vu™ (0,0) # (0,0).

Let
I':=5(u)nA.

From the local minimality and from the regularity assumptions on u and T it
follows that w is a solution of the Dirichlet problem

{ div(Vf(Vu)) =0 in A\T,
Vf(Vu)-v=0 onI.

Moreover a simple variation argument shows that
f(Vut) = f(Vu")=KonT, (15)

where /C is the curvature.
By Theorem 5 applied on each connected component, the problem

div(Vg(Vw)) =0 in A\T, (16)
w =10 on T,
where
g(&):=f"(€"),
admits a unique weak solution w € W4 (A\T), 1—17 + % =1, such that
Vuw = (Vf (Vu))". (17)

10



Observe that since f is strictly convex and analytic Vf is invertible and its
inverse is still analytic. Hence

9O =1 () =& (vn (D) - ()

is still analytic and strictly convex. Denote by AT and A~ the two connected
components of A\ S (u) and by w and w™ the restriction of w in A* and A~

respectively. Note that w* € C? (ﬁ) by (17), and so (16) and (15) become

9¢1& (vw+) wi_lzl + 295152 (vw+) wa—ci_lxz + 9eoen (Vw+) wa—e:mz =01in A+7

(18)
arer (V) wy g, + 2066 (Vo) wyp, + gee, (V©) wi,,, =0in A7,
(19)
wt=w" =0, h(Vw")—-h(Vw")=KonT, (20)
where
n©)= (v~ ().
We consider the transformation
AT - U"
(21,22) = (y1,92) := (21, 0" (21,22)) .
We claim that it is locally invertible in a neighborhood of (0,0) . Indeed
det( (1) ﬁ: Eg:g; ) — w (0,0) # 0.
Write the inverse function as
(Y1,92) = (21, 22) = (y1, 9 (Y1, 92)) -
Straightforward calculations yield
wl = _Yu w] 1 (21)

X1 ¢y2 ) o 1/)y2 )

while
2
+ _ 11[}1/11/1 ’l/)yl Y1
wwlwl - +2 2 ¢y1y2 R wyzyw
(U (0
Y2 Y2 Y2
+ _ ¢y1y2 ﬂ’m
wx1x2 - 2 + 3 7/’1/21/27
Y2 Y2
+ _ 7¢y2y2
Tox2 3
Y2

11



Note that since w™ = w™ = 0 on I" we have that the tangential derivative of
wt and w™ are zero on I and since v (0,0) = (0,1) it follows that w. (0,0) = 0
and in turn

Yy, (0,0) = 0. (22)

Hence (18) transforms into

_1/}741 1 ) _’(/}ylyl ¢y1 _ i
9ei161 ( by, ) by, ( by, wylyz 33;2 wy2y2>

¢y1 1 ) < wylyz ¢y1 )
2 — — 23
+ 29¢,¢, < ¢y2 ) wyz 52 y2 ¢y2y2 ( )

,(/)7/1 1 ) ( '(/)7/27/2 ) +
+g (— =, 0inU
S22 wyz 1/)?42 22

Next we consider the change of variables

Ut — A~
(Y1, y2) = (21, 22) := (y1,9 (Y1,92) — Cya2)

with C' > 0 to be chosen.
We claim that for C sufficiently large this transformation is locally invertible
in a neighborhood of (0,0) . Indeed

1 0 B )
det ( Yy, (0,0) 1y, (0,0) = C ) =1y, (0,0) =C <0

for C' > vy, (0,0). Let

¢ (Y1, y2) == w™ (y1,% (y1,y2) — Cy2) (24)
and
A(y1,92) == Py, (Y1,92) — C.
We have o b p
wa; = ¢y1 - yi4 y27 wgzg = %v (25)
while

9 20,0 26 0 ;
wr1r1 = ° wy1y1 yz z wylyz ZZ y1 wyzyz 1 - 2 jl - 14y21 ¢y1y1

1/} 2 2
—_92 (741 _ ) o -y
A A2 Y1Y2 A2 Y2Y2>

— 1 w 1 ¢ 2¢ 1 ¢ 2
Wy o = <A A_yQ> ¢y1y2 y . wyzyz - y wylyzv
— _ ¢y2y2 (byz

T2z T A2 wyzyz

w

12



Hence (19) reduces to

¢ 2 2¢ 27/} 1 2¢ 2 21
- jl wylyl + 22 . wy1y2 + 23 . przyz

9616 (¢y1 - %, %)

Uy Y Yu _ Y i
+ <1 -2 (% — Ay21>> Oyryy — 2 (% - X;) Pyrys — ﬁ@ﬂyz}

(26)
1
+ 29¢,¢, (¢y1 - %7 %) |:(Z - zﬁigl) Gyrys T ¢y124'(é)y1 Yyays — %wmyz}

+ 9er¢, <¢y1 - wyifyz ) %) |:—¢f422112 - Ouz 1pyzyz:| =0.

A3
Set

1 n _
Q= m, 8= Wy, (0,0), ~v:= Wy, (0,0),
a = g¢& (Oaﬁ) , b= 9¢1&2 (O’ﬁ) » €= 96, (Ovﬁ)

and note that by the strict convexity condition we have
b —ac<0 (27)

To apply Theorem 4 we choose s; = s9 := 0 and t; = to := 2. Then the principal
parts of the linearized equations of (23) and (26) at (0,0) are given respectively
by

—0 (aaylw + 2bﬁ@y1yz + Cﬁ2@y2y2)
and
a (ayl yi wauh) + 2ba (gyl?ﬂ - waun) +ca® (aywz - 7Ey2y2) :
To check condition (5) for each £ € R?\ {(0,0)}, we compute

det ( ;CJ((()?O) ’g))

— det —B (a&} + 2bB&1& + ¢?€3) 0
o —v (a&} + 2ba&i&s + ca®&3)  a&i + 2ba&i &y + ca’E3

= —B(a&} + 2bB61& + ¢BE3) (a&f + 2bak1&s + ca®E3)

which differs from zero by condition (27).
Next for each pair of independent vectors &, € R? the polynomial

p(z) = det Lj;((0,0) ,& + 2n)
=-0 [a (&1 + 2m)° + 268 (&1 + 2m1) (€2 + 210) + B2 (&2 + 2772)2}

X [a (&1 + 2m)? + 2ba (& + 2m1) (€2 + 2m2) + ca® (&2 + 2772)2}

13



which has roots

—a&in — bB&nz — bBm& — e £ \/(51772 —mé&)* B2 (0 - ac)
21,2 ‘= P} 2.2 )
2bBmmg + any + cB%n;

—amé& — bam & — banpéy — ca’neés + \/(77152 —m2&1)* o (B — ac)
2bamnz + an? + ca®n?

23,4 1=

where the denominator does not vanish since 7 # 0 and by (27). Since £, 7 € R?
are independent vectors and again by (27) we have that

(E1m — m&2)? 8% (b* — ac) <0,

(m& —m&1)? o (b — ac) <0,
and hence p(z) has exactly 2 = %deg p roots with positive imaginary part and
2= % deg p roots with negative imaginary part.

Thus we have shown that the system is elliptic. We now show the coercivity
of the boundary conditions. Since the curve T' is parametrized by x5 = ¥ (y1,0)
near (0,0), it is easy to see that the curvature reduces to

K= wy1y1 (yh O)
(1 + 1/’51 (y17 O))

Hence, using (21) and (21), condition (20) reduces to

_wyl (ylvo) 1 _ _ wy1 (ylvo) ¢y2 (ylvo) ¢y2 (yl?o>
(P ) " (o 0 - BT, )

(28)

3/2°

— '(/)yllh (yla 0) )
(1+42, (11,0)*”

Moreover, since w~ = 0 on I', we have that ¢ (y1,0) = w™ (y1,% (y1,0)) = 0 on
S C {y2 =0} and in turn

¢y1y1 (y1,0) =0 on S. (29)

Choosing 71 = 79 := 0 the principal part of the linearized equations of (28).and
(29) at (0,0) become respectively

I)Z)yl Y1 (yl ) 0)

and

Py (41,0).

14



To check coercivity we must show that the only bounded solutions of the ho-
mogeneous boundary value problem

awylyl + 2bﬁ¢yly2 + cﬁzwyzyz =0

_ — — on Ri
a ((bylyl 7¢y1y1) + Qba (¢y1y2 rywylyz) +ca (¢y2y2 - wazyz) =0
(30)
Py 91,0) =0 on R (31)

By (41,0) =0

of the form

(¥ (y1,92), @ (y1,92)) = (e“V @1(y2 ), €Y a(y2 ), E€R

are constant. If & = 0 then from (30) it follows that ¢} = ¢4 = 0 and so ¢; and
2 must be constant (in order to bounded). If £ # 0 then from (31) we have
©1(0) = 0 and from the first equation in (30)

—a&?p1 + 2bBip} + P = 0.

The general solution is

l (—zb&wc—lﬂﬂ [ <—zb§ gm)}
@1 (y2) = c1 exp — c1 exp

& s
which is bounded only if ¢; = 0. Hence the second equation in (30) reduces to

27 _
d)ylyl + 2ba¢y1y2 +ca ¢y2y2 =0

and thus the same reasoning shows that o must be zero.

Thus all the hypotheses of Theorem 4 are satisfied and therefore we may
apply Theorem 3 to conclude that ¢ and ¢ are analytic. Since the curve T is
parametrized by xo = 9 (y1,0) near (0,0) the proof is concluded. m

Remark 7 (i) The same techniques may also be applied to more general func-
tionals of the form

—— 1% 1.
F (u):= /Qf(z,Vu) dry dzo + /(u)mﬂﬂ(az, ) dH

We leave the details to the interested reader. However it is not clear how to
adapt the proof to include functionals of the type

— 1
F(u) = /Qf(x,u, Vu) dxy dxs + /(u)ﬁﬂe(x7 [u],v) dH".

(ii) If in place of (14) we assume that

|, [VuT | #0in S (u) N A,
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then Theorem 6 continues to hold if we assume that f is analytic in R?\ {0} .
This last condition is satisfied in particular by

f@wzimﬂ p> 1.

As a corollary we may now prove Theorem 1.
Proof of Theorem 1. By the results in [6] we may assume that S (u) N A is
a C* connected curve. Fix a point (T1,T2) € S (u) N A such that

: out Ou™
either % (T1,T2) # 0 or % (Z1,T2) # 0. (32)

By Theorem 6 it follows that S (u) N A is analytic in a neighborhood of (Z1,T2) .
Thus to conclude the proof it remains to show that the set
out Ou~
E = {(1’1,:172) eS(u)NA: B (z1,22) = B (x1,29) = O}

consists of isolated points. Indeed fix (Z1,T2) € F and let B ((ZT1,T2),¢) C A
be so small that S (u) N B ((ZT1,T2) , ) divides B ((Z1,Z2) ,€) into two connected
open regions BT ((T1,%2),¢) and B~ ((T1,T2),¢). Let ® : BY ((Z1,72) ,¢) —
Dt := & (B* ((z1,T2) ,¢)) be an (invertible) conformal mapping of class C'>
up to the boundary such that

Do = & (S () 1 B (71,72),¢)) € {(y1,90) € B : 3 = 0},
D C {(y1,42) €R®: yp > 0},

(see e.g. Theorem 3.6 in [37]). The function v™ (y1,y2) = u (®~* (y1,y2)) is

harmonic in D, with 22 (y1,y2) = 0on Dy. Let D™ := {(y1,2) € R? : (y1, —y2) € DT}

0y2
and extend vT to D~ by reflection. It is clear that vt is harmonic in D =

DT U D™ U Dq and so its critical points are isolated. This implies that (T1,%2)
is isolated in E' and completes the proof. m
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