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Abstract
We consider the Monge transportation problem when the cost is the squared geodesic dis-
tance around a convex obstacle. We show that there exists at least one—and in general
infinitely many—optimal transport maps.
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1 Introduction

The Monge-Kantorovich has given birth to a huge literature through the last decades.
Given two fixed probability measures f™ and f—, it consists in finding a transport map T
which pushes forward f* to f~, and minimizes the following energy:

(MK) /F(ZL‘,TZL‘) dft(z).

The quantity F'(z,y) denotes the cost of moving a mass 1 from a point z to a point y.
The relaxed version introduced by Kantorovich [21] is the following:

(MK) i{rlf/F(a:,y) dm(z,y)

where the infimum is taken over probability measures m with fixed marginals f* and f~.
It is easily seen that as soon as [ is l.s.c. and finite, this last formulation has a solution
w called optimal transport plan. Moreover this solution p happens to be associated to an
optimal transport map T if Id ® T pushes forward f* to p.

In the initial formulation of Monge [23], F is a distance. The Monge problem is actu-
ally very difficult and has been solved in the case of the Euclidian distance (see [15], [13],
[24], [2]) in the end of the 90°’. The case of a general distance in R” is treated in a recent
articles by Champion and De Pascale [12] (for a strictly convex norm see also Caravenna
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[10] and Champion and De Pascale [11]).

Motivated by some crowd models introduced in [9], we focus here on the case where
f* and f~ are supported on a subdomain of R with a convex obstacle C and where F'
is the squared geodesic distance: F(z,y) = d*(z,y), d being the geodesic distance on the
domain RV\C. In the unconstrained case, i.e., when F(z,y) = |y — x|?, existence and
characterization of the optimal transport map have been established in the pioneering
work by Brenier [7]. The obstacle case itself has been studied by Feldman and McCann
[18], for the linear cost F' = d, on a manifold with a geodesically strictly convex obstacle
and when f~ is absolutely continuous. Here we consider what happens for the squared
geodesic distance and when the mass f~ is not necessarily absolutely continuous.

Let us first briefly recall Brenier’s approach of the problem. The first idea is to use
the dual formulation of the Monge-Kantorovich problem introduced by Kantorovich [21]

(see also [25]):
w {[ww a@ - [ we a@},

u1(y)—uo(z)

If (ug,u1) is a pair of optimal Lipschitz functions for the above dual problem, the solu-
tion u of the relaxed Monge-Kantorovich problem must satisfy the following primal-dual
optimality condition (necessary and sufficient):

_ eyl
2
Then deriving formally this relation with respect to x leads to

u1(y) — up(x) p—ae. (x,y).
y=x+ Dup(z) p—ae. (z,y).

Hence 1 is equal to (Id ® (Id+ Dug))tf™ and the existence of a solution for the Monge-
Kantorovich problem characterized by Tx = x + Dug(x).
In our case, the dual formulation and the primal-dual optimality condition are similar:

w {[uw ar@ - [ w o).

w1 (y)—uo(z)<
d(z,y)?
2

uy(y) — uo(z) =

The derivation of this last equality gives:

Dug(z) = 7,,(0) p—ae (x,y), (1)

where 7, , is the constant speed geodesic joining z to y for p-almost every (z,y). To
conclude that p is associated to a transport map we need to know that x is joined to
a unique y such that (x,y) is in the support of u for f*—a.e. x. Unfortunately, the
knowledge of x and 7, (0) does not determine y (by far). The following example extracted
from [9] enlightens the difference between the classical quadratic case and the case with a
convex obstacle. In particular it shows that no uniqueness holds for the obstacle problem
even for the squared distance.



Example 1.1 In dimension 2, we assume that the obstacle is a disc K, f* = dxL S and
fm = %5A + %53 as in the figure; S is a disc of area 1 and A, B are two points such
that d(A, P) = d(B, P) and such that any geodesic connecting a point of S to A or B
passes through P. Then any admissible transport plan 7 with fired marginals f+ and f~
15 optimal, contrary to the usual quadratic case where the unique optimal transport plan

is the unique optimal transport map. Note also that, for any potential pair (ug,u,) and

any (x,y) belonging to the support of an optimal transport plan u, condition (1) gives no
hint whether y = A or y = B.

As the above example show, there is no way to use Brenier’s approach in our frame-
work. In order to overcome this issue we use the strategy of proof initiated by Feldman
and McCann [18] for the obstacle problem with linear cost and an absolutely continuous
measure f~: the idea is to project the measures f and f~ onto dC. For the linear cost
and for absolutely continuous measure f~, there is a natural and intrinsic way to define
this projection: it is just a consequence of the geometry of the “transport rays” associated
to the dual problem. Then the construction of the optimal transport map between f+
and f~ reduces to the construction of an optimal transport map between these projected
measures [+ and [

In our framework, with a cost which is a squared distance and when f~ is any measure,
there is no “transport rays” and therefore no natural way to associate to our obstacle
transport problem a transport problem on dC. So we have first to transform our obstacle
problem into an obstacle problem with a “linear-like” distance in space-time. For this we
use Brenier’s dynamic formulation [8] of the Monge-Kantorovich problem:

it [ el(,9), (0o ((z.5), (0:)

w

where the infimum is taken over every probability w with fixed marginals f* ®dg, f~ ®d;

. 43 . - d2(x,y) .
and c is a space-time cost given by c((z, s), (y,t)) = = =2* whenever ¢ > s. The interest

of this setting is that the cost ¢ behave almost like a distance, and in particular satisfies
some triangle inequality. Thanks to this property, we can define in the same spirit of



[18] some “projected measures” f and f- of f* and f~ onto OC x [0,1]. Note how-
ever that—because f~ is not absolutely continuous—these measures are not intrinsically
defined, but depend on the choice of the optimal transport plan p and of the optimal
potential .

Once f;r and f; are defined, it remains to build an optimal transport plan between
these measures. For this it is mandatory to know that f;L is absolutely continuous with
respect to the Hausdorff measure HY¥ =1 on C x [0, 1] (or at least that it does not charge
“small sets”, see [25]). By construction of f, this property is strongly related with the
semi-concavity property of the potential @ in a neighborhood of 0C, or, equivalently, with
the “Lipschitz continuity of Dw inside the rays” (see section 3 of [19]). Unfortunately
@ fails to be semi-concave in a neighborhood of 9C x (0,1) in general: its second order
normal derivative usually blows up (see an example in [14]). However 4 enjoys a kind of
“tangential semi-concavity”, which is enough to conclude to the absolutely continuity of
fF. The construction of the optimal transport on dC x (0,1) then follows from classical
arguments (we use here the Champion and De Pascale approach [11]).

Let us finally discuss the uniqueness of this transport map: as explained in the above
example, there is basically no hope to have some uniqueness in our problem. However it
is interesting to note that, in the particular case where f~ is absolutely continuous, this
lack of uniqueness is completely due to the lack of uniqueness of the optimal transport
between the projected measures f;r and f; , for the “linear” space-time cost c¢. Indeed,
in this case, the projected measures are actually independent of the choice of the optimal
transport plan and of the potentials. Then there is a one-to-one correspondence between
optimal transport plans between f* and f~ and the optimal transport plans—for the
space-time problem—between f;r and f; . In this sense the introduction of Brenier’s dy-
namic formulation in our context not only allows to solve the problem, but also gives a
precise description of failure of uniqueness. Note that, as in the classical Monge prob-
lem, there is therefore a canonical way to select a good transport map (the one which is
increasing along the rays). To conclude on this point, let us finally underline that this
nice picture breaks down when f~ is not absolutely continuous. Indeed in this case the
projected measure f; is no longer intrinsically defined: as we show through an example,
it depends on the choice of the optimal transport plan, and there does not seem to be a
canonical way to choose the optimal transport map.

Let us briefly explain how this paper is organized: in section 2 we recall some basic
facts on Brenier’s formulation and introduce the main notations used in the paper. Sec-
tion 3 is dedicated to the proof of the absolutely continuity of f;r . The construction of
the optimal transport map between the projected measures is carried out in Section 4.
Finally the initial problem is solved in section 5, where we also discuss the uniqueness
issue.

General notations: Throughout the paper, | - | denotes the Euclidean norm of the
ambiant space (RY or RV*1), B(¢,r) the ball centered at € and of radius r (again in RY
if £ € RY or in RV if ¢ € RV, Given a function v = v(z,t), d;v denotes its partial



derivative with respect to the t variable, Duv its partial derivative with respect to the x
variable and D, ;v its differential. When we consider the restriction of v to dC x (0, 1),
we denote by D™v(z,t) and D7 v(z,t) the tangential space derivative and the tangential
differential respectively.

2 Setting of the Problem and basic results

Let X be a compact convex subset of RY, C C Int(X) a closed convex subset of X with
a C3? boundary. We set Q = X\ C. We denote by d the geodesic distance in Q:

do) =t { [ le©lds s €0) =5, €)= sl R € . 1]} .

We also introduce ¢ : X — R* the signed distance to the boundary dC of C (negative
inside C). Let us recall that ¢ is of class C? in a neighborhood of 9C. Given f* and f~
two probability measures, we investigate the problem

2
(MK2)  T— min / P T@) gev ()
T:0-0 Jq 2
where the minimum is taken over all the Borel measurable maps 1" : 2 — €2 such that T
pushes forward f* to f~ (denoted by Tff* = f~). We assume f™ is absolutely continuous
with respect to the Lebesgue measure and will also write f* for its density.
The relaxed and dual formulations of problem (M K?2) are (see for instance [25]):

(MK2) min {/QQ @ du(w,y)},

ReI(f*,f7)

where TI(f*, f7) are the probability measures with marginals f and f~,

0w f[uware) - [ ae o]

where the maximum is taken under the constraints v;(y) — vo(x) < @ V(z,y) € Q.
Then the primal-dual optimality condition take the form (see [25]):

o 2
(PD) (1, ug, u1) are optimal in (M K2) and (D) < uy(y)—ug(x) = w p—a.e.(z,y).
Recall also that solving (M K?2) is equivalent to building a solution y of (M K2) which is
concentrated on a graph of a Borel measurable map 7": Q — Q (see [25]).
Let (ug, u1) be an optimal pair for (D). We call it a pair of optimal potentials. Without
loss of generality (see [25]) we can assume that

uo(x) = supfun(y) ~ 3d(e.y)})  while  ualy) = inf {u(x) + 2 d(x,0))

yeQ z€QN



for any z,y € Q. Note that uy and u; are locally Lipschitz continuous in Q. Following [6]
and [22] we set

;lzt(:p,?/) if (z,5),(y,t) € Q x [0,1] with s < ¢,
Ak 00 =9 5" = ),

400 otherwise.

Then ¢ looks very much like a “distance” since

1 [ _
c((z,s), (y,t)) = inf {5/ | (7)|dr ; v : [s,t] — Qis Lipschitz continuous and v(s) =z, v(t) = y} :
In particular, we have the triangle inequality

c((z,5), (y,1)) < el(z,5), (2,7)) + c((2,7), (9, 1))

for any (z,5s), (y,t), (z,7) € Q x (0,1) with s < 7 < t. Following [8], [6] let us introduce
the maps

a(y,t) = inf {uo(w) +¢((2,0). (y,1))}  and  a(z,s) = sup {ui(y) — c((z, 5), (4. 1))}

yeN

Then u(-,0) = u(-,0) = up while a(-,1) = a(-,1) = u;. Moreover for any 0 < s <t <1,

a(yt) = inf {a(z, s) + c((z, 5), (y,1))} and a(z,s) = sup {a(y,t) — (=, s), (y,1))}

and 4 > u. We have the following Proposition, the proof of which is an easy adaptation
of Theorem 3.8. of [22]:

Proposition 2.1 The following equalities hold:
min(M K2) = min(M K;) = max(D;)

where (M Ky) and (Dy) are the following optimization problems:

(V1K) o L ) 1) ), ),

well(fT®d0,f~®51)

D) s { et dr) = [ ola.0) 47 @) vl = olies) < el <y,t>>}.

Moreover the function u defined above is a solution of (Dy), it is Lipschitz continuous and
satisfies the following equation:

| Du(z, s)|”

O(z,s) + 5

=0 ae (z,8)€Qx]0,1]

where Dv and Oy denote the partial derivative of v with respect to x and t.



In a symmetric way, @ is also a solution of (D). Let us denote by T' the set of constant
speed (but not normalized) geodesics 7 : [0, 1] — €2 such that

1
uo(7(0)) + 5@*(v(0), 7(1)) = wa(¥(1)) -
Elements of I" are often called transport rays. Then we set

T ={(z,s) €A x(0,1)| Iy €T, v(s) =z, v(0) £~(1)}.

The following standard Lemma collects some results on the structure of the geodesics of
Q.

Lemma 2.2 Let v :[0,1] — Q be a constant speed geodesic such that v(0) # v(1). Then
either v is a straight line or there are 0 < a < b < 1 such that the restriction of v to [0, a]
and to [b,1] are straight lines and vy is a geodesic on the manifold OC on [a,b].

Moreover there is a non-zero adjoint map p : [0,1] — RY such that the pair (7, p)
solves on [0, 1]

{ 7'(s) = p(s)
—p'(s) = (D*3(7(5))p(s), p(s)) Loc(v(s)) Do(v(s))-

In particular, the CY' norm of any constant speed geodesic ~y : [0,1] — Q is proportional
to |7/ (s)| for some (hence any) s € [0,1], with a coefficient depending only on the C3
reqularity of 0C.

The following Lemma will be used to prove the differentiability of .

Lemma 2.3 There is some constant Cq depending only on the C3 reqularity of OC, such
that
d(z,2) < |z = 2|+ Cqlz — 2> Vz,2 €0C. (2)

Proof of Lemma 2.3 : Throughout the proof of Lemma 2.3 we denote by Cyc any
constant which depends only on the C? regularity of C.

Because of the compactness of C, the quantity % is bounded when |z — 2/

is bounded from below, so we only need to show that (2) holds for z, 2 € 9C sufficiently
close, say in a ball B, of radius n > 0, and such that z # 2’. Let us set

We have:

(Dé(2),p) = e 5‘(5)—+z’0\(|z — )

(DI ) e
(D3, 0) = (57— 1Dstey o] = V1~ (DO

Note that, if 7 is sufficiently small using the continuity of D¢ and the previous esti-
mates, we have

= ()=~ ),

(4. D3(€) > 3 and [(p. DIO)| < ¢ VEEB,.

| —



Let R = (8||D?*0||r(5,)) " and a. > 0 such that sin(a.) = |z — 2/|/(2R). We can also
assume that 7 is so small that cos(a,) > 1/2. Let

o(s) = (24 2')/2+ R(cos(a.s) — cos(a,))q. — Rsin(a.s)p. se[-1,1].

Then o(1) = z and o(—1) = 2/. We claim that o(s) € § for any s € [—1,1], i.e., that
the map f(s) = d(o(s)) is nonnegative on [—1, 1]. For this it is enough to show that f is
concave on [—1,1] because f(1) = f(—1) = 0. We have

f(s) = (D?*¥(a(s))a'(s),0'(s)) + (Dd(a(s)), 07" (s))
a2 D*6|o — aZR(cos(azs)(Dd(0(5)), ¢=) + sin(a.s)(Dé(a(s)), p-))
R (||D*]l —1/(8R)) < 0,

IANIA

where we have used that — cos(a.s) < —1/2. This proves that o(s) € Q for any s € [—1, 1].
Hence by expanding arcsin in the neighborhood of 0:

1
d(z,2') < / |0’(s)|ds = 2Ra, = 2R arcsin(|2’ — z|/2R) < |2/ — 2| + Cac|?' — 2|? .
-1
U

Lemma 2.4 Let v :[0,1] — Q be a constant speed geodesic curve such that:
v0)=A€Q, yv(1)=BeN.

Let s € (0,1) and z := v(s). If £ :[0,1] — Q is also a constant speed geodesic curve such
that £(0) = A and £(s) = x, then £(t) = y(t) for any t € |0, s].

Proof: Assume first that x € 9C.

e Step 1: We first notice that £'(s) = /(s). This is a consequence of the C*! regularity
(cf Lemma 2.2) of the geodesic curve ( given by:

Ct)y=¢&(t) for 0 <t <s, ¢(t)=n~(t) for s <t <1

e Step 2. Let tg,t; € [0, s] be such that:
V(t) €AC VE > ty,  ~(t) € IC VE < to,

() €OCVE> 1, £(t) € OC VE < 1.

Note that v and & are straight lines on [0, to] and [0, ¢;] respectively. Set p =+’ and
g =¢&. By Lemma 2.2, (v,p) and (&, q) are both solutions of the following ODE on
the time interval on [ty V 1, s]:

o=y,
= —(D23(x(s))y(s), y(s)) Do(a(s)).
yls) = C(s).

Soy=¢on [ty Vty,s].



e Step 3. Let us assume that ¢ty < ¢; (this is without loss of generality since we can
switch the roles of v and £). Then, combining the fact that £ is a straight line on
0,¢4], that (t1) = £(¢1) and that v is a geodesic, we get

[A=~(t1)| = d(A, v (1)) = [A=7(to) [ +d((t0), 7(t1)) = |[A=~(lo)|+[v(to) =7 (t)] ,

which proves that A, v(ty) and v(¢;) are aligned. But then v has to be a straight
line between A and 7(¢;). This proves that v = £ on [0, ¢;], and therefore on [0, s].

If 2 ¢ OC, then equality &'(s) = +/(s) remains true. If ([0, s]) does not intersect JC, the
proof is obvious as ¥([0, s]) and £([0, s]) are straight lines. Otherwise, applying the same
arguments as in step 3, there exists ¢y € (0,s) such that v and ¢ are straight lines and
coincide in [tg, s], with &(tg) = v(ty) € OC. Then we can complete the proof as before by

replacing (z, 5) by (1(to), fo). O
Lemma 2.5 (i) For any~y €T, let x =~(0), y =~(1). Then
a(y(s), s) = a(y(t), 1) — c((v(s),5), (v(t), 1)) VO<s<t<l (3)
or, equivalently,

i(1(5),5) = 010, 0) ~ syl —s)  VO<s<t<l.  (4)

(ii) Equality u(z,s) = u(x,s) holds for any (x,s) € T.

(7ii) The functions @ and @ are differentiable at any point of (x,s) € T with

/ 2
_h@ﬂ) fre

Dx,t'a(xa S) = Dx,t'a(xa 5) = (7/(8)7 9

and N
[7'(s)]
2
where v € T' is any geodesic curve such that y(s) = x.

D7 ji(z,s) = D] ju(x,s) = (7'(s), — ) if v € 0C ,

Proof : (i) Note first that, v : [0,1] — Q being a constant speed geodesic, we have:

cl(,5), (4. 0)) = (¢ = 8)5(x,).

Now, using the definition of T', the triangle inequality for ¢((.,.), (.,.)) and the fact that
@ satisfies the constraint of (D;), we get:

a(y(t),t) —a(y(s),s) < e((v(s),9), (v(1),1)) = (t =)

= (t—1) 5 + 5 TS5
< aly(t),t) —a(y(1), 1) +a(y(1), 1) = a(y(0),0) + a(v(0),0) — a(v(s), )
= a(y(1),t) —a(y(s), s)



This proves (3).
(ii) Let (x,s) € T and v € T" be such that v(s) = z. As in (i) on can show that

(0).0) = 38 )t~ 5).

¢
=
>
&

I

¢

Then u(x,s) = u(z,s) easily follows from (3) and the above equality for ¢ = 1 since
(-, 1) =a(-,1) = uy.

(iii) Let us prove the differentiability of @ at a point (x,s) € T. Let v : [0,1] — Q be a
constant speed geodesic in I' such that v(s) = x and let us set A :=(0) and B := y(1).
Arguing as in [19] note that for any (y, ) € €2x]0, 1], it holds:

d*(y, A)
2%

d*(y, B)
21— 1)

fb(y,t) —ﬂ(A,O) < fL(B,l) _ﬂ(yat) <

Moreover equality holds replacing (y,t) by (x, s), consequently:

_dQ(y,B) d*(z, B)
21—1t)  2(1—s) =

The differentiability of @ in s easily follows:

dyi(z, ) = Oy Gﬁiﬁii) 4 (d2<;v;A)) o W(;)I?

If x € Q, then we also get the differentiability of @ with respect to x thanks to the
semi-concavity of d. To prove this differentiability when x € 9C, we need the following
intermediate result. Let y, z be two points in dC and let 7, be a constant speed geodesic
linking A to y with 7,(s) = y. We claim that

y
d(sz) - d(yvA) - < ;

[75(5)]
Proof of (5) : Without loss of generality we assume that |z—y| < 1. Let us set h = |[z—y|,

p= \3%3\ and o = (p, z — y). Note that o < h < h2/3 Then
Yy

2 —1y) < Cyelz —y[*3. (5)

d(z, A) —d(y, A) — (p,z — )

a — h2/3 a — h2/3
< d(m <s+—>) +d(7 (s+ 220 o <o>) —d(y, 4) - a
)l ’ RACH
o — h2/3
= d (z,fy (s+ 7)) — 3
)l
In order to estimate d (z, V(s + ﬁ‘;/—’i;f)), we use Lemma 2.3 which states that:
a — h2/3 a— h2/3 o — h2/3
(st S ) <l =yl + SO+ Cals = o+ S
)l T (sl ! 7 (s)]

10



Since, from Lemma 2.2, ~; is Lipschitz continuous with a Lipschitz constant bounded by
Caalv,(s)|, we get, recalling the definitions of h and p,

e ls+ S ey by st S,
17, ()] 7, ()]
|z —y— (a— h2/3)p| + Cych??
|z —y — (z —y,p)p+ h**p| + Coch*’®
(B2 4+ K32 4 Cooh? < B2 1 Cyoh/?

VANRVANRVAN

where we have used the Taylor formula to get the first inequality. Finally:

o — h2/3
er )= dly )~ s =) < (ol + S ) 0

< Coch?.

This completes the proof of claim (5).
Applying this claim to z = 7(s) and to any y € 0C directly gives that

7'(s)
17 (s)]

For the reverse inequality, let us note that any constant speed geosedic 7, such that
7y(0) = A and 7,(s) = y converges in the C! norm to v as y — x because of the Ch!
bound on all the geodesics of © (Lemma 2.2) and Lemma 2.4. Hence, for any ¢ > 0 there

is some n > 0 such that y € B(z,n) N 0C implies that &:’EZ;\ — @i& < e. Applying
Yy

d(y, A) — d(z, A) — ( oy — ) < Coch?? (6)

claim (5) to y and z gives

/
o, A) = dly. A) = (T =) < ool = o1 4-ly 1. @
Combining (6) and (7) gives the differentiability of d(A,-) on dC with derivative given by
1) O
I (s)]

Note that, as a consequence of the previous lemma, if two geodesics in I meet in their
interior at the same time, they cross tangentially.

Notations: Let us now introduce the main notations of this paper. Let Et be the set
of point x € € such that ug is differentiable at x and there exists y € ) such that

wly) —uole) = 5wy)  and  d(ry) > eyl

Note that the points x and y are connected by a geodesic which “bends around 0C”
between x and y. Then we set

1
Z ={(z,y) € A x Q| ui(y) — up(z) = idZ(x, y) and ug is differentiable at z} ,

11



Zo={(z,y) € Z |z € E} and Zy=7\7Zy .

Note that for (z,y) € Z;, there is a unique geodesic connecting x and y and this geodesic
is a straight line. Let us also point out that u(Z) = 1 for any optimal transport plan
1 because, on the one hand, of the primal-dual condition and, on another hand, uy,
being locally Lipschitz continuous, is differentiable a.e. and p has a marginal f* which is
absolutely continuous with respect to the Lebesgue measure.

Remark 2.6 The set ET is clearly Borel measurable.

Lemma 2.7 Letx € ET, y € Q be such that (x,y) € Zy and~y € T be such that v(0) = x,
v(1) =y. Then Dug(x) # 0 and v'(0) = Dug(z). In particular +'(0) only depends on x.

Proof : Let z € E*, h > 0 and z € RY. The point x being outside of C, we may
assume that h is small enough to get:

Y(h) =2+ 1y'(0), 7'(h) =7'(0), d(x+hz,v(h) + hz) = [hy(0)].
Then, by (4) and the definition of @, we have:

w(y(h),h) = uo(x) + hw, w(y(h) + hz,h) < wug(x + hz) +

b/ (0)]
5 .

2h

Hence, using the differentiability of u given in Lemma 2.5, we get

(Dagti(7(h), h), (hz,0)) +o(h) = a(y(h) + hz,h) —a(y(h), h)
uo(z + hz) — ug(x) = h(Dug(z), 2) + o(h).

IN

Since Du(vy(h),h) = ~+'(0), this leads to: (Dug(zx),z) > (7/(0), z). As this inequality also
holds true for —z instead of z, we have the desired equality. [

As pointed out in the introduction, the interior of two geodesics might intersect. How-
ever the following Lemma states that, for fixed (z,y) € Z, there is a unique geodesics
linking x and y.

Lemma 2.8 For any (z,y) € Z there is a unique geodesic v € I such that v(0) = = and
(1) =y.

Proof : We only do the proof for (z,y) € Zy, the case (z,y) € Z; being standard.
Let v, and 7, be two geodesics of I" such that v1(0) = 72(0) = z and 71(1) = (1) = ¥.
Since = € 2, 1 and 7 are straight line on some interval [0, ¢;] and [0, ¢5] respectively.
Then, by Lemma 2.7, we have v1(0) = ~4(0) = Dug(z) and this equality implies that
7 = 72 on [0, Ats]. The result easily follows using Lemma 2.4 as 4;(-) = y1(1 — -) and
A2(1 — ) are two geodesic curves such that:

71(0) = %2(0) =y and 7, (t1 Aty) = Fa(t:1 Ata).
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Remark 2.9 Note that the same arguments show that, if x € ET and if £ and v are two
geodesics of T such that v(0) = £(0) = x, then & = on [0,ty] with

to = min{t : y(t) € 0C} = min{t: £(t) € OC}.

Definition of 71 (z) and 7~ (z,y) : Let (z,y) € Zy and v € T" be the unique geodesic
such that v(0) = x, v(1) = y. Note that ([0, 1]) consists in two segments separated by a
geodesic on JC. From Lemma 2.7 we can set

tH(x) =min{t >0|~() € dC}  and ¢ (x,y) = max{t € [0,1] | y(t) € OC}
and
() = (y(t" (@), t7(x))  and 7 (z,y) = (vt (,9)t (z,y)) -

Lemma 2.10 The maps 7= = (7, 7}) : EY — 0C x (0,1) and 7~ = (7, ,71; ) : Zog —
0C x (0,1) are Borel measurable. Moreover
L&z, 7} (z))

— Vo e BT
2 7 (x) !

and

Py, 7, (x,y))
201 — 7/ (z,y))

Py, 7, (x,y))
201 — 7/ (z,y))

ui(y) = a(r (z,y)) + =a(r (z,y)) + V(z,y) € Zo -

Proof :  We only prove the measurability of 7, the measurability of 7~ following
the same arguments and the rest of the Lemma being an easy consequence of (4).
Let us point out that Remark 2.9 gives a well defined map G : © € ET +— v € T’ where
vt €1[0,t7(x)] — Qis a right line of direction Dug(x) linking = to v(t*(x)) € OC. This
map is continuous in the following sense: If x,, € E* converges to x, then G(z,) can be
extended in [0, 1] to a curve in v, € T'. By Lemma 2.2, (v,), is an equilipschitz sequence,
then by Ascoli (using v,(0) — x), it converges uniformly to some ~. It is easily seen that
this curve is in T', and satisfies 7(0) = x. Using Remark 2.9, we get v = G(x) in [0, ¢ (x)].
Then, as §(7,(t*(z,)) = 0 we have y(liminf, t*(z,)) € OC and :

liminf ¢*(z,) > min{t : v(t) € 9C} = t*(z).

n

So tT is lower semicontinuous and, therefore, measurable. It can be written as the limit
of continuous functions (tx)reny and by continuity of G(x) for any = € E*:

7 () = GO lim () = lim GO)(tel-)).

The map = — G(x)(tx(z)) being continuous thanks to the property of uniform continuity
of G and the continuity of ¢, it is measurable and so is 7;7. O

We now collect some results on the derivative of @ at points 7% (z) and 7~ (z,y).

13



Lemma 2.11 Let (z,y) € Zy. Then

DTi(nt(2)) = Duo(z) = ”;(tfzx; <
while
y— W; (.T, y)

D7i(r™ (z,y)) = —— L.
(1 — Ty ("L‘a y))

Proof : Let v € T' be the geodesic such that 4(0) = z and v(1) = y. Then v is a
straight line on [0,¢"(z)], so that

i (z) —x
Dri(n(x)) =/ (t7(2) =~ ——
7 (@)

The second part of the Lemma can be proved in the same way since 7y is a straight line

on [t7(z,y),1] and @ is differentiable at 7~ (z,y) with Da(n~(x,y)) =+ (t~ (z,y)). O

From now on we fix an optimal transport plan p. Recall that u(Z) = 1.

— 7/(0) = Duy(a) .

Definition of py and p; : We divide the measure p into the sum of two measures:
pio = pt| Zo and py = p| 7y .
Obviously we have
M= fo + 1 -
Following Theorem 4.6 of [25], 10 is an optimal transport plan between f * and f ~, where
ft=mitpo and f~ = mofiuo
while (ug, u;) is an optimal potential pair between f * and f ~. Note also for later use that
freNET) =0 (8)
because, by definition of E*, Zy and Z;, 7; {(Q\ET) N Z = Z,.

Definition of f* : A ) A
fremtift and  fr =t
By definition f;L and f; are Borel measures on 0C x (0, 1).
Lemma 2.12 f+ is a.c. with respect to the Lebesque measure LY and
FHET) = w(Z) -
Moreover
£H(OC x [0,1]) = f7 (0C x [0,1]) = u(Z) -
Proof : Take N a Lebesgue negligible set, then:

FH (V) = oV x ) < u(N x Q) = /Ndfo _o.

Moreover by definitions of E* and of pq:
FHEY) = po(EY x Q) = po(Zo) = n(Zo)-

Finally by definitions of 7+ and 7~ we have (71)"1(9Q x [0,1]) = E* and (7))~ }(9 x
[0,1]) = Zy which gives the last equality. O

14



3 The absolute continuity of fgf

In this section we prove the absolute continuity of f *: this key property allows us to build
a suitable optimal transport map between f”r and f in the next section.

3.1 Removing the flat part of the constraints

Let EJ be the set of points € ET such that 7 (z) is a point where OC is not strictly
convex along the direction x — 7, ():

Ef ={z e B : (D* (] (2))(m; (z) — ), (v} (z) — z)) = O}.

xT

As for any x € Et, D?§(m;}(z)) is symmetric and positive-semidefinite, one also has
Ef ={z e E*: D*(r}(x))(n}(z) — x) =0}. (9)
Lemma 3.1 The set E is Borel measurable and
LY(ES)=0.

Proof of Lemma 3.1 : The map z — (D*§(7] (z)) (7] (z) — x), (7] () — x)) and ET
being measurable (see Remark 2.6), so is E .
We denote by Tyc the tangent bundle of 0C. We consider the following application:

v Toe — RN
(y,v) — y+o.

Let us show that Ej is included in the set of critical values of ¥ which, using Sard
Theorem (see for instance [3], Theorem 1.30) will give the thesis. Take x € E; and set
y = (z) and v =x — 7] (z) so that ¥(y,v) = x. It is easily seen that:

Ty (Toc) = {(5,0) = (Dd(y),y) =0, (D*(y)y,v) + (Dd(y), ) = 0},
D\Il(yv U)(i/v ) - y + V(?/a ) € T(y v) (T(?C>
Remembering (9), T(y.»)(Toc) can be rewritten as:
Ty (Toc) = {(9,0) = (Dd(y),y) =0, (D(y),0) = 0},

so that the image of D¥(y,v) is included in T,0C which is a proper subset of RY. From
this we deduce that z = U(y,v) is a critical value of U. [

A consequence of Lemma 3.1 is the following:

Lemma 3.2 The set 7+ (Ef) is Borel measurable and f+(x*(E})) = 0.
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Proof : To prove the Borel measurability of 7+ (E;), it is enough to note that
g:(y,t) —»y—tD™u(y,t) and h : (y,t) — t*(g(y,t)) — t are Borel measurable (cf Lemma
2.10) and that 7t (Ey) = g~ (E;) N h=1(0).

We now prove f(xt(EF)) = 0. We first claim that 7t is injective. Indeed, let
x, @’ € ET such that 7t (z) = n*(2'). Let (y,t) = 7" (x). Since @ is differentiable at (y,t)
with Da(y,t) = Du(x,0) = Du(2’,0), we have

r=y—tDu(x,0) =2 .
With this in mind we get
fE@H(ED) = fH (") at(B) = [HET) =0

because, from Lemma 3.1, LY (EF) = 0 and f* is absolutely continuous. [

3.2 Countable Lipschitz continuity of Du

We aim at understanding some properties of transport rays which remain on 9C for
a while. All what follows has very much to do with the classical property that “Du
is Lipschitz continuous inside the rays” (see section 3 of [19]). It turns out that this
Lipschitz continuity fails for state-constraints problems. Namely, for fixed € > 0, the map
D, restricted to the points which are at a distance at least ¢ from the end points of
the rays, need not be Lipschitz continuous in a neighborhood of the points of 9C. To
overcome this difficulty, we are going to show that D4 restricted to some subset of 9C
is Lipschitz continuous.

To define this set, let us denote, for any € > 0, by I'. the set of v € I'" such that
r:=~v(0) € E*\E; and such that

|7 (0)] > ¢, tT(x) > e and y(s) € C for s € [tT(z),t"(z) + €]

and
(D*5(y(t*(2))) (vt (2)) = 2), (v(tT (2)) —2)) > €.
Let us set
T2 ={(y(t),t) € 9C x (0,1) ; v € I, t = 1*(7(0))}
and
T ={(y(t),t) € 0C x (0,1) ; y € T, t € [t7(7(0)),t"(7(0)) + g]} :

Lemma 3.3 72 and T: are Borel measurable.

Proof: Without loss of generality we can assume that E* is c—compact: there is a
sequence K, of compact subsets of Q such that E* = J, K,, (see [16] Theorem 4). Recall
that the restriction of t* to each K, is lower semi-continuous (see the proof of Lemma
2.10). Let I'? be the set of v € T'. such that v(0) € K,,. Then clearly |J, I'? =T..

We are going to show that I'? is compact and that ¢* is continuous on the set {7(0), v €
I'"}. Let v, € T',. Without loss of generality we can assume that v, converges to some
v € T because I' is compact. Let x = v(0), x, = 1,(0), t* = t*(x) and t} = t*(z).
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Still without loss of generality we can suppose that ¢} has a limit, denoted ¢*. Note that
tt<tr.

Let us now prove that t¥ = ¢*. For this we argue by contradiction, assuming that
t* < t*. Then, since the v, are straight lines on [0,}], v is a straight line on [t*, "] and
this straight line is contained in JC. On another hand, we have

(D*6(1p(ty) (w(ty) — 7). (Y(t5) — 3p)) 2 €,

so that, letting p — +o00, we get

(D*(y(E))((ET) — ), (v(") — 7)) 2 e

This contradicts the fact that the restriction of 4 to [t*,¢"] is straight line contained in
JC. Therefore we have proved that ¢* is continuous on the set {v(0), v € I'”}, which
easily implies that I'” is compact.

If we set

T2 ={(7(t),1) €9C x (0,1) ; y € I, t =1 (7(0))}

and

T ={((t),1) € 9C x (0,1) ; vy € TZ, t € [t7(7(0)),t7((0)) + g]}

then it is clear that 7™ and 7 are compact and that 7 = |, 7> while 7; = J,, 7"
O
Let us also point out for later use that, because of Lemma 3.2,
lim f((9C x (0, H\TY) = 0. (10)

e—0t

We intend to show that D™t = D" is Lipschitz continuous on 7.. To do so we are
going to check that @ is semi-concave on 7. while @ is semi-convex on this set. Our first
step consists in proving that one can “touch” the map 4 from above by a smooth map at
any point (y,t) € T2.

Lemma 3.4 There are . > 0 and C. > 0, depending only on & and on the obstacle C
and, for any (g,t) € T2, there is a smooth map ¢ : IC — R such that u(7,t) = ¢(7,1),
Lip (D7 ,0) < C. and

i(y.t) < dly.t) Yy 1) € (9C x (0,1)) N B((#, 1), ) - (11)

Remark 3.5 This result is somewhat unexpected, because it says that 4 enjoys some
“tangential semiconcavity” property. Recall however that « is not semiconcave in a neigh-
borhood on 0C, as shows the counterexample given in [14].

Proof of Lemma 3.4 : Let v € I'. be such that ¢ = ¢t*(y(0)) and § = (). Let us set

z = ~(0).
Let us choose 0 < 1 < € such that § is of class C* in B(y,n) and such that

€ V¢, z € B(y,n) . (12)

(D6(6)(= ~ 2), (=~ ) >
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We note that

iy, ) < uo(x) + dg%y) Y(y,t) € 9C x (0,1) (13)

with an equality at (y,t) = (y,t). We claim that
d(z,y) < |z —y|+ C(Dé(y),y —2)ilz —y|>  WyeaC. (14)

Let us fix y € 0C N B(y,n). We consider the map ¢(s) = §((1 — s)T + sy). It satisfies
(1) = 0. Let us first assume that ¢'(1) = (Dd(y),y — Z) < 0. Then the segment |z, y[ is
contained in €, so that equality |y — Z| = d(Z, y) holds. In this case (14) is obvious.
We now assume that (Dd(y),y — ) > 0. Then, by convexity of C there is a unique
6 € (0,1) such that the point z = (1 — )T + 0y belongs to JC. The sign of ¢ varies as
follows:
e(s) >0Vse[0,0), ¢(s)<0Vse(0,1), »@)=¢()=0. (15)

Note that, because of (12), we have ¢"(t) > ¢/2 on [1 —n/|y — z|, 1]. On this interval we
have

p(s) = o(1) = @' (1)(1—s) +1/(4e)(1 = 5)* = —(Dé(y), y —7) (1 — s) + (1 — 5)%¢/4 . (16)

Taking 7. < n sufficiently small and recalling (Dd(y),y — ) = 0, we may assume
n/ly —z| > 4(Dd(y),y — z)/e for any y € B(y,n.). Then (16) implies that ¢(s) > 0
assoonas 1 —n/|ly—z| < s <1—4(Dd(y),y— x)/e. This information together with (15)
gives

1= <4Dé(y),y—x)/e. (17)

Then, using Lemma 2.3, we get
d(z,y) < [z — 2| +d(z,y) < |z =2+ ]z —y|+ Calz —yf’

ly — 2| + Ca(l = 0)°ly — 2’

ly — 2|+ CADé(y). y — 2)°ly — °

VARVANIVAN

This proves (14) in the case (Dd(y),y — x) > 0.
Combining (13) with (14), we get

(|17 =yl + C(Do(y),y — )% |z — y|*)?

for any (y,t) € 90C x (0,1)N B((7,t),n.), with an equality at (y,t) = (7,¢). We note that
the right-hand side of the above inequality is smooth in a neighborhood of (g,t) of size
£/2, and this proves the result. O

Next we extend the previous Lemma to points in 7.

Lemma 3.6 There are n. > 0 and C. > 0, depending only on € and on the obstacle C
and, for any (y,t) € Tz, there is a smooth map ¢ : 0C — R such that u(y,t) = ¢(y,t),
Lip (D7 ,¢) < C: and

w(z,5) < ¢(z,5)  V(z,5) € (9C x (0,1)) N B((y, 1), n:) -
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Proof : Let (y,t) € T.. From the definition of 7;, there is some « € I'. such that
t

Y1)
v(t) = y. Let T = ~(0), f *t(z) and g = y(t). From Lemma 3.4 there is some smooth
map ¢ such that (g, t) = ¢(y,t), Lip (DTtgb) < C. and
o

iy, t) <oy, t)  V(y.t) € (9C x (0,1)) N B((y,1),7) ,

where 7., C. only depend on ¢ and OC. Let £(z,0) be the map which associates to any
point z € JC in a neighborhood of y the solution at time 7 of the geodesic flow on 0C
starting from z with an initial velocity given by the projection over T,0C of —v'(t). For
o =t —t, we simply abbreviate £(z,t —t) by {(2): £(z) = &(z,t —t). We note that

@ (£(2), 2)

2(t—1t)
If we choose 7. sufficiently small, we have that ({(z),s —t +t) € B((y,t),7.) for any
(25) € B((y,1),1.) because £(y) = §. So

i(z,8) <a(é(z),s —t+1t)+

2
ie5) £ 361 — 048+ GE s €00 B0

It remains to show that the right-hand side ¢ = ¢(z, s) is smooth with Lip (D] ,¢) < C.

in 9C N B((y,t),n.). This is clear for the term (z,s) — ¢(&(2),s —t + ). Let us now

consider the term (z, s) — %. Note that the projection over T,0C of —+'(t) is given

by —v/(t)+(Dd(z),~'(t))Ddo(z). Then as 7 +— £(z, 7) is a constant speed geodesic between

z and £(z) we have:

d(§(2),2) = (t = 1) = (t) + (Dd(2), 7' (1)) D6 (2)] ,

so that

d*(§(2),2) _ (t— 7 Y ()7 — [{D(2),~'(£))*
20t — 1) 2 '
The right-hand side is of class C?, with a C? norm depending only on dC, thanks to the
C3 regularity of §. [J

Next we show that the map @ can be touched from below by smooth maps at point

of T..

Lemma 3.7 There are n.,C. > 0 such that, for any (y,t) € T, there is some smooth
map ¢ such that u(y,t) = ¥(y,t), Lip (D;tw) < C; and

w(z,8) 2 9(z,8)  V(z,8) € (9C x (0,1)) N B((y,1),7¢) -

Proof : Let (y,t) € Tz, v € I'. such that y(¢) = y and let us set t. = 77(7(0)) + ¢
and . = y(¢.). Then
2 —
8) 2 0 F) = 3 W(es) € B0,

provided 7. € (0,e/4) is sufficiently small. Then the map (z,s) — g(g E)) is smooth with

a C? derivative bounded by some C., which proves our claim. [
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Lemma 3.8 The map D7 ;i is locally Lipschitz continuous on 7.

Remark 3.9 The difficult part of the result (the Lipschitz continuity of D] ,u on 72)

plays a key role for proving the absolute continuity of f;r . Its more standard part (the
propagation of this Lipschitz continuity to 7T2) is used in the construction of the optimal
transport plan between f1 and f— (section 4).

Proof :  Let us fix some point (y,t) € 9C x (0,1). For any point (y,t) € T- N
B((y,t),n-/2), there are ¢, ; and v, such that

71(27 S) Z wy,t<z7 S)7 ﬁ(z, S) S ¢y,t<z7 S)7 Llp (Dm,t(by,t) 7L1p (Dx,twy7t) S CE
for all (z,s) € (0C x (0,1)) N B((y,t),m:/2). Since @ < 4 we get

D(z,s) = 1nf Gyi(z,8) > u(z,8) > u(z,s) > s;? Py i(z,8) =1 ¥(z,s)

(where the supremum and the infimum are taken on 7. N B((7,t),n./2)) with an equality
on 7: N B((y,t),n:/2) (thanks to Lemma 2.5, ii)). Since ¥ is semi-convex and ® is semi-
concave, Ilmanen Lemma [20] states that there is a Ct' map = such that

U(z,) S Z(z,8) < Dlzs)  V(z,8) € (IC x (0,1)) N B((7,8),1./2)

Hence D]t coincides with D= on 7. N B((y,t),71:/2), which proves that D] ,a is Lips-
chitz continuous on this set. [

Corollary 3.10 There is a Borel measurable set T° on which er 1s concentrated and on
whzch D7 i has the countable Lipschitz property: there are compacts sets (Ky,) such that
=U, K and Dy ,u is Lipschitz continuous on each K.

Proof : Indeed, we know from Lemma 3.8 that D7 ;i is locally Lipschitz continuous on
7. and we also know that

lim f+((dC x (0,1)\72) =0.

e—0t

So it is just enough to write the increasing union |J, 71/, as an enumerable union of
compact sets (K,), each K, being contained in some 7y/,. O

3.3 Absolute continuity of f:

Let us recall that @ is differentiable on the Borel set 77 (E*). We define the map 0 :
7t (ET) — Q by
9+<y7t) _y_tDT <y7 ) :

Lemma 3.11 We have
O ot (x) =2 Vz e E*

and 0% has the countable Lipschitz property on the set T° defined in Corollary 3.10.
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Proof : Let x € ET and (y,t) = 7t (z). Then we know from Lemma 2.11 that
D74(y,t) = Dug(x). Since moreover t = t*(x), y = x + t1(x)Dug(x), we easily gets
x=y—tD"u(y,t) = 0% (y,1t).

The second assertion is a straightforward application of Corollary 3.10. [

As a consequence, we have:
Corollary 3.12 fF is absolutely continuous with respect to HN | (dC x (0,1)).

Proof : Let (K,) be an increasing sequence of compact subsets of 7° such that 6% is
Lipschitz continuous on K, and lim,, f((0C x (0,1))\K,) = 0. Let E C 9C x (0,1) be
of zero measure for H~. Let us set E,, = EN K,,. Then

J(E) = fH ()7 (E) = [ (En))
because 0 o 7 (x) = x for any x € ET. But

£Y(0%(B,)) < Lip(0], Y1V (B,) = 0.

Kn

where Lip(@ﬁ( ) is the Lipschitz constant of the restriction of 01 to K,,. So f+(8+(E,)) =0
because f* is absolutely continuous. Therefore ff(E) = sup, fF(E,) =0. O

4 A transport map between fi and fﬂ_

Lemma 4.1 There is a Borel measurable map T = (T,,T;) : 9C x (0,1) — dC x (0, 1)
such that

Teff =fr
and such that
w(T(x,s)) — a(z,s) = c((x,s),T(z,s)) for f¥ —ae. (z,5) € 0C x (0,1) .

The idea is to build T as an optimal transport between f;r and f; . This construction
is now standard (see for instance [19], [4], or [26] and the reference therein for more de-
tails). The only (small) difference here is that our cost ¢ is unusual.

Proof : 1In the proof, balls are always geodesic balls, but are still denoted B(¢,r).
Step 1: Let Z and ¢&((+,-), (+,-)) be

Z = {((z.5), (y,1)) € (9C x (0,1))* with @(y,t) — iz, s) = e((x,5), (y,1))}

&((z, ), (,1)) :{ [e((z,5), (y, )] if ((z,5), (y. 1) € Z,

+00 otherwise.

Following [4] we now consider the transport problem

min [ a((as) (. 0)dn((2.5) 0:0) (18)
m€ll(f ,fx ) J (8Cx(0,1))2
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We first claim that the integral is finite for the transfer plan 7 = (77, 77 )fuo _where
(7*,7m7) stands for the map (z,y) = (77 (z), 7 (x,y)). Indeed, by definition of fF and
[~ we have m € TI(f.7, f~). Moreover for ug a.e. (z,y) € Q% we have

u(y,1) —a(z,0) = ¢((x,0), (y, 1)) -

So, from Lemma 2.10, we get

w(r (z,y)) —a(rT(x)) = c(n T (x), 7 (z,)) for po—a.e. (z,y) € Q*.

This in turn implies that

u(y,t) —a(z,s) = c((x, s), (y,t)) for m—almost all ((z, s), (y,t)) € (0C x (0,1))? .

So 7 provides a finite value in the new transport problem. Then it is known that problem
(18) has a solution which we denote by 7 (see for instance [1] Theorem 2.1).

It remains to show that 7 is concentrated on a graph. For this we use a strategy of
proof initiated by Champion & De Pascale [11].

Step 2: Recall first that 7 is concentrated on a monotone set for ¢ (see for instance
[1], Theorem 2.2.). Namely there is a Borel set Y C (9C x (0,1))? of full measure for 7
such that, for any ((27,s7), (y?,t/)) € Y (where j = 1,2), we have

&(z',s), (yh ) + &((2%, %), (v°, %) < é(ah,s1), (%, 1) + &((2%, 8%), (', £)) - (19)

In order to give sense to this property and be able to use it in step 4, we show some
properties of ).

Property 1: Let ((z,5),(y,t)) € Y. Then the constant speed geodesic 7y : [3,t] — OC
such that v(5) = 'y() y satisfies:
<s

Vi<s<t<t, ((7(s)s),(1(t),1) € Z. (20)
Moreover,
@ 1s differentiable at (y(s), s) for any s € [5,t], with D™u(y(s), s) = 7'(s). (21)

Proof of Property 1: Arguing as in the proof of Lemma 2.5 we get (20) and (21) inside
|5, t[. Moreover, as (Z, §) belongs to T, by Lemma 2.5, @ is differentiable at (7, 3) and we
also have (21) for s = 5. Indeed, notice that thanks to (20) we have:

[ (s)f?

a(y(8 +h), 5+ h) = a(v(8), 8) = h——,

then using Proposition 2.1 we get the claim. The same holds at (7, ?).

Property 2: Let 7> 0 and (2, s), (y*,t") € Y. Let v : [s', '] — OC be the geodesic
curve defined by Property 1 and ((y(s' + 7),s' + 1), (y%,t%)) € Y for some T > 0 with
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st 47 <t
Then v can be extended to [s', max{t!,t*}] in such way that v(t*) = y* and the new v
satisfies the properties (20) and (21) on [s*, max{t', t*}].

Proof of Property 2: Let 7 a constant speed geodesic curve such that (s* + 7) = y(s' + 7)
and J(t?) = y». Then applying Property 1 to v and 7, we get 7/(s' + 1) = ¥/(s' + 7).
Therefore (v,7') and (%,4’) both satisfy the ODE given in Lemma 2.2 (up to a re-
parametrization) on [s' + 7, min{¢!, #*}] with the same initial condition at s' + 7. So
v =7 on [s* + 7, min{t*, t*}]. Property 2 follows by gluing together v and 5 and by using
again Property 1.

As a consequence of Properties 1 and 2 and (19), we have:
Property 8: Let 7 > 0, s = s' + 7 and t!, t* such that s' <2, s> <t and the following
holds:

i) ((a7,87), (", ¥)) € Y, j=1,2
i1) there exists a constant speed geodesic y such that
2

Drual,s") = /(s"), ~(s") = o', (s?) = o>

Then we have:
(s> —sH)(t* —t") >0. (22)

Step 3: Let us denote by Y '(y,t) = {(z,s) € YV, ((z,9),(y,t)) € Y}. By Lemma
4.3 of [11], 7 is concentrated on a o—compact subset R(Y) of ) such that for any
((z,s),(y,t)) € R(Y), (z,s) is a Lebesgue point of Y~ B((y,t),r):

i MY (B((0.1),7) 0 B((@1),p)

o HY(B(2.0).7)) -

Recall that f; is concentrated on the set 7% =, K, where, for each n, K,, is compact
and contained in some 7;.

Step 4: Let us fix some n and let (z,5) be a Lebesgue point of K, N 7. Let us
also assume that there are (1, t1) # (2, t2) with ((Z, 3), (7;,t;)) € R()). We are going to
show that this assumption leads to a contradiction.

First note that ¢, # o, say t; < 3. Let us choose r < w and let us set, for
any p > 0,

0, ={(z,5) € TN K, N B((%,5),p) , Iyi, t:) € B((i, 1;),r) with ((z,s), (yi, ;) € V, i = 1,2} .

Then, since (7, 5) is a Lebesgue point of K,,, of Y~Y(B((y1,1),7)) and of Y~ (B((¥a, 1), 7)),
we have

lim HN(@p)
p—0t ’}-[N(B((i‘, §), p))

=1. (23)
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For 7 € (0,e/4), let ®, : T° — T. be the map which associates to any (z,s) € T2 the
pair (y(7), s+ 7) where v is the geodesic on JC starting from x with direction D7 u(z, s).
We note that @, is one-to-one and that its inverse is Lipschitz continuous with a constant
independent of 7. Indeed ® 1(y,t) is the pair (7(7),t — 7) where 7 is the geodesic on
0C starting from y with direction —D7u(y, t); D™a being Lipschitz continuous on 7;, this
map is Lipschitz continuous. So

HY(D,(6,)) > Lip(®7)H™ (,) . (24)

Since D74 is globally bounded, there is some x such that ®.(0,) C B((z,5), p+ k7).
HN (B((2,5),p))
HN (B((2,5),0+rp%))
(24) and recalling Lip(®;!) is independent of 7, we get:

lim HN((I)pQ <@P))
=0 HN(B((,5), p+ Kp?))

On the other hand using (23) with p + kp? instead of p:

i HY(B((E,5), p + 5p*)\Opg2)
b0 HN(B((Z,5), p+ kp?))

Since ©,2(0,) C B((Z,35), p+ rp?), this last equality combined with (25) shows that there
is some p > 0 such that ©,2(0,) N O, 2 # 0.

Let (2%, 8%) € ©,2(0,)NO, 1,2 and (2, s*) € O, be such that (22, s*) = ®,2(a', s'). By
definition of ©, and of © ., 2, there are some (y/,#]) € B((3i;,1;),r) with (27, s7), (v, ) €
Yfori=1,2and j = 1,2. Then Property 3 applies to ((z!, s), (ya,13)) and ((22, s?), (v2,1?)).
So:

Let us choose 7 = p?. Then as — 1 when p — 0, combining (23) with

> Lip(®; 7). (25)

=0.

(s —sH)(t2 —t3) > 0.
Since s! < s% and 2 < ¢, we get a contradiction.
Accordingly we have proved that, for f;r —almost all points (Z, §) there is at most one

point (y,t) such that ((z,5), (y,t)) € R(Y), which just means that 7 is concentrated on
the graph R()) of a Borel measurable map 7. O

5 Construction of an optimal transport

Let us define the Borel measurable map 6~ : 9C x (0,1) — €2 by
0~ (y,t) =y+ (1 —t)D"u(y,t) if D7a(y,t) exists
and 0~ (y,t) = zo for some fixed zy € Q otherwise.

Lemma 5.1 We have
0" on (z,y)=y  V(r,y) € %

and
d*(z,07(z,1))

S0 —1) V(z,t) € m (Zo) . (26)
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Proof: Let (2,t) € 77 (Zp). Let (x,y) € Zy be such that 77 (z,y) = (2,t) and let
v € I" such that v(0) = z, v(1) = y. From Lemma 2.5 we know that @ is differentiable at
(z,t) and, from Lemma 2.11 that

y—=z

-0

D7u(z,t) =
Hence
y=z+ 1 —=t)D"u(z,t) =0 (z,t) .

From Lemma 2.5, we have, keeping the above notations,

. d*(2,y)
ur(y) = a(z,t) + 201 —1)

which gives (26) since 6~ (2,t) =y. O
We now define

«9‘0To7r+(x) if v € BT,
T(x) =< x+ Du(x) if ¢ B and Du(x) exists,
0 otherwise.

Theorem 5.2 T is an optimal transport map for (M K2).
Proof : We first claim that, for f+—almost all x € ET, we have

(T ot (2), T(x))
21 —T,omt(x))

w(T(x)) = a(T o (x))

Proof of the claim : Let us denote by F the Borel set of points # € E such that

— d2<jjl“ °© 7T+<$L’), T(:L’))

wlT(@) # AT on™ () - ="

and by F” the Borel set of points (y,s) € T N (0C x (0,1)) such that

d*(y, 0 (y,5))

Ul(e_(yv 3)) 7& ﬂ(ya 5) - 2(1 _ S)

Then ) )

JHF) = [Z(F) =77 tuo(F') = u(Zo N (7)) 7H(F")) = 0
because for any (x,y) € Zy, 7~ (x,y) € T by (26) in Lemma 5.1. This completes the proof
of the claim.
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From the claim we have for fT—almost every z € ET,

up(z) = u(zx,0)
& (z, 7} (x))

= ?AL(7T+(.T))— QW;F(.T)

o @ Tor (@) i)

= e ) S Torr(@) @) 2 (@) N

< s oTortay . FEoT @ oTor' W) T ox (1)
< A T o) 2o (a)
< (T - Lo

Since the reverse inequality always holds, we get
1 .
uo(z) = w (T(x)) — §d2(a:, T(x)) for fT—almost every x € €.

Moreover

Tif* = (0" o Tor )tf* = (07 o TS} =078/, = (07 o )ipo = matpo = [~

since from Lemma 5.1 we have 6~ o 1~ = m.
Next we set j‘”r — mtu and f~ = mofuy. Then gy is an optimal transport plan
between f* and f~. From standard arguments in the quadratic case (see [§]), we have

&z, T(x))

5 for ft—almost all z € Q

up(r) = w (T (z)) -

and
y="T(x) for py—almost all (z,y) € 2 x €.

In particular py = (id, T)if* and f~ = T4f™.
We finally have

d*(x, T(x))

wo() = wn(T() — =2

for fT—almost all z € Q

and, from (8),
THfY =T b+ Tt =+ =f.
Therefore T is optimal. [J

We finally address the uniqueness issue for the optimal transport map. For this we
work under the additional assumption that f~ is also absolutely continuous with respect
to the Lebesgue measure. We discuss this condition below. In this case, the measures f;r
and /- are intrinsic.

Lemma 5.3 If f~ is absolutely continuous with respect to the Lebesque measure, then
the maps ©* and 0% do not depend on the specific choice of the optimal pair of potential
(ug,u1) nor on the optimal transport plan p. This is also the case for the maps = and
0~ which moreover only depend on y.

As a consequence, the measures fﬂ* and f; do not depend on the specific choice of the
optimal pair of potential (ug,uq) nor on the optimal transport plan .
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Proof: Let (ug,u1), (ug, u}) be optimal potentials and p, ¢’ be optimal transport plans
between f* and f~. Let (Z,7) be such that ug and wuy are differentiable at Z, u; and u}
are differentiable at ¢ and equality

s () — wo(2) = v (5) (%) = 3 (2.7)
holds. We know that the set of such points is a full measure for p and p’. Since
ur(7) < wup(zr) + %dz(x, ) Vr € Q
with an equality at Z, the semi-concave map d(-,y) is differentiable at z, so that
Duy(Z) = Duy(z) = —d(Z, ) D.d(Z,7) .
In particular, the set
t={z2€Q, Dug(x) exists and [Z,Z + Dug(z)]NC # 0}

is defined independently of the choice of (ug,u;) and of u, up to a set of measure 0. For
any x € ET we set (as before)

tT(z) = min{t € [0,1] ,Z + tDuy(7) € C}

and

m(z) = (T + t7(7) Dug(7),t7 (7)) .

Then 7" is intrinsically defined. So is 1, which is just the inverse of 7.

Arguing in a symmetric way allows to define 7= = 7~ (y) on some set £~ and 0§~ =
0~ (y) in an intrinsic way. Then we can set

A~

fr=rn"4(fT1p) and  fr =7 4(f1p).
O

For simplicity, we now assume without loss of generality that f;r and f; are probability
measures (i.e., all the optimaly transported mass passes through 0C). Then there is a
simple one-to-one correspondence between optimal transport plans between ft and f~
and optimal transport plans between f+ and f -

Proposition 5.4 Let us assume that f~ is absolutely continuous with respect to the
Lebesgue measure. Then, for any optimal transport plan v between f1 and f_, the mea-
sure

pim (w7 e
is an optimal transport plan between f* and f~.
Conversely any optimal transport plan p between f+ and f~ defines an optimal trans-
port plan
= (07,07 )i

between [+ and f.
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In other words, the lack of uniqueness in the Monge problem just comes from the lack
of uniqueness in the transportation of fF to f- in 9C.

Proof: The Proposition is a straightforward consequence of the primal-dual necessary
and sufficient optimality condition. [

We conclude this discussion by noting that the above Proposition strongly relies on
the fact that f~ is absolutely continuous. Indeed, otherwise, the measure f_ generally
depends on the choice of the optimal transport plan u, as shows the following example:

Example 5.5 In dimension 2, we assume that the obstacle is a disc K centered at 0,
[t =dxL(C1UCy) and [~ = %5,4 + %53 as in the figure. The sets Cy and Cy are discs of
area 1/2 and A, B are two points on the Oy—axis. The figure is symmetric with respect
to the Oy—azis. We assume that any geodesic connecting a point of C1 UCy to A or B

passes through the obstacle. Then it can easily be checked that the projected measure f;

is mot intrinsically defined but depends on the choice of the optimal transport plan.
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