
LOCALLY CONFORMALLY FLAT WARPED MANIFOLDS

CARLO MANTEGAZZA

We show that a locally conformally flat Riemannian manifold which is a warped
product on an interval of R, has a warped factor with constant curvature.

Theorem 1. Let M = I ×N , the dimension of M is larger than three and g = dt2 ⊗ h2(t, p)σ
for some metric σ on N and a positive function h : I ×M → R.
If (M, g) is locally conformally flat then there exists a constant curvature metric gK on N and a
positive function f : I → R such that g = dt2 ⊗ f 2(t)gK .

Proof. We compute easily,

gtt = 1 git = 0 gij = h−2σij

Γttt = 0 Γktt = 0 Γtti = 0

Γtij = − σijh∂th = −∂th
h
gij

Γkit =
∂th

h
δki

Γkij =σkij +
1

h
(δkj ∂ih+ δki ∂jh− σksσij∂sh)

where we denoted with σkij the Christoffel symbols of the metric σ.
By the formula

Rabcd = (∂aΓ
p
bd − ∂bΓ

p
ad + ΓqbdΓ

p
qa − ΓqadΓ

p
qb)gpc
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we get, supposing to be in normal coordinates with respect to the metric σ on N (that
is, σkij = 0),

Rtttt = Rittt = 0

Ritkt = (∂iΓ
p
tt − ∂tΓ

p
it + ΓqttΓ

p
qi − ΓqitΓ

p
qt)gpk

= − (∂tΓ
p
it + ΓqitΓ

p
qt)gpk

= −
(
∂t
∂th

h
δpi +

∂th

h
δqi
∂th

h
δpq

)
gpk

= −

(
∂2t log h+

(
∂th

h

)2
)
gik

= − ∂2t h

h
gik = −h∂2t hσik

Rijkt = − Rijtk

= − ∂iΓtjk + ∂jΓ
t
ik − ΓljkΓ

t
il + ΓlikΓ

t
jl

=h∂2ithσjk − h∂2jthσik + ∂th(σik∂jh− σjk∂ih)

=h(σjkHessith− σikHessjth) =
gjkHessith− gikHessjth

h
Rijkl = (∂iΓ

p
jl − ∂jΓ

p
il + ΓqjlΓ

p
qi − ΓqilΓ

p
qj)gpk + (ΓtjlΓ

p
ti − ΓtilΓ

p
tj)gpk

=h2Rσ
ijkl +

(
∂i

[
1

h
(δpj∂lh+ δpl ∂jh− σ

psσjl∂sh)

]
− ∂j

[
1

h
(δpi ∂lh+ δpl ∂ih− σ

psσil∂sh)

])
gpk

+
1

h2
{(
δqj∂lh+ δql ∂jh− σ

qsσjl∂sh
) (
δpq∂ih+ δpi ∂qh− σpsσqi∂sh

)
− (δqi ∂lh+ δql ∂ih− σ

qsσil∂sh)
(
δpq∂jh+ δpj∂qh− σpsσqj∂sh

)}
gpk

− (∂th)2(σjlgik − σilgjk)

=h2Rσ
ijkl −

1

h2
(
∂ih
[
δpj∂lh+ δpl ∂jh− σ

psσjl∂sh
]
− ∂jh [δpi ∂lh+ δpl ∂ih− σ

psσil∂sh]
)
gpk

+
1

h

(
δpj∂

2
ilh+ δpl ∂

2
ijh− σpsσjl∂2ish− δ

p
i ∂

2
jlh− δ

p
l ∂

2
jih− σpsσil∂2jsh)

)
gpk

+
1

h2

(
gik∂jh∂lh+ gjl∂ih∂kh− gil∂jh∂kh− gjk∂ih∂lh− |∇̃h|2g(gjlgik − gilgjk)

)
− h2 (∂th)2

2
(σ ◦ σ)ijkl

=h2Rσ
ijkl −

1

h2
(gjk∂ih∂lh− gjl∂ih∂kh− gik∂jh∂lh+ gil∂jh∂kh)

+
1

h

(
gjk∂

2
ilh− gjl∂2ikh− gik∂2jlh+ gil∂

2
jkh
)

+
1

h2

(
gik∂jh∂lh+ gjl∂ih∂kh− gil∂jh∂kh− gjk∂ih∂lh− |∇̃h|2g(gjlgik − gilgjk)

)
− h2 (∂th)2

2
(σ ◦ σ)ijkl

=h2Rσ
ijkl −

|∇̃h|2g + (∂th)2

2h2
(g ◦ g)ijkl +

1

h

(
gjk∂

2
ilh− gjl∂2ikh− gik∂2jlh+ gil∂

2
jkh
)

+
2

h2
(gik∂jh∂lh− gil∂jh∂kh− gjk∂ih∂lh+ gjl∂ih∂kh)
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where ∇̃h is the gradient of h with respect to N only and ◦ denotes the Kulkarni–
Nomizu product of a pair of symmetric bilinear forms.

Since we assumed to be in normal coordinates on (N, σ), the Christoffel symbols of σ
are zero and we can rewrite

Rijkl = h2Rσ
ijkl − (|∇̃h|2σ + h2(∂th)2)(σ ◦ σ)ijkl/2− h

[(
Hessσh− 2

dhσ ⊗ dhσ

h

)
◦ σ
]
ijkl

.

As W = 0 we have that Riem = Z ◦ g for some symmetric bilinear form Z on M , hence,
“freezing” the variable t, we have

Riemσ =

(
Z +

|∇̃h|2σ
2h2

σ +
(∂th)2

2
σ +

Hessσh

h
− 2

dhσ ⊗ dhσ

h2

)
◦ σ

which implies, by the decomposition formula of the Riemann tensor, that Wσ = 0, that
is, also (N, σ) is LCF.

We now trace with g to get the Ricci tensor

Rtt = gikRitkt = −gik ∂
2
t h

h
gik = −(n− 1)

∂2t h

h

Rit = gjlRijtl + gttRittt = −gjl gjlHessith− gilHessjth

h
= −(n− 2)

Hessit
h

Rik = Ritkt + gjlRijkl

= − ∂2t h

h
gik + gjl

(
h2Rσ

ijkl − (|∇̃h|2σ + h2(∂th)2)(σ ◦ σ)ijkl/2
)

− hgjl
[(

Hessσh− 2
dhσ ⊗ dhσ

h

)
◦ σ
]
ijkl

= − ∂2t h

h
gik + Rσ

ik − (n− 2)(∂th)2σik − (n− 2)
|∇̃h|2σ
h2

σik −
∆σh

h
σik + 2

|∇̃h|2σ
h2

σik

− (n− 3)

(
Hessσikh

h
− 2

dhσi dh
σ
k

h2

)
= − ∂2t h

h
gik + Rσ

ik − (n− 2)(∂th)2σik − (n− 4)
|∇̃h|2σ
h2

σik −
∆σh

h
σik

− (n− 3)

(
Hessσikh

h
− 2

dhσi dh
σ
k

h2

)
.

Now, by Theorem 1.159 in [1], about the transformation rules under a conformal change
of metric we have, passing from σ to σh2 on N (freezing the t variable),

Rσh2

ik = Rσ
ik − (n− 3)

(
Hessσik log h− dhσi dh

σ
k

h2

)
− (∆σ log h+ (n− 3)|∇̃ log h|2σ)σik

= Rσ
ik − (n− 3)

(
Hessσikh

h
− 2

dhσi dh
σ
k

h2

)
−

(
∆σh

h
+ (n− 4)

|∇̃h|2σ
h2

)
σik ,
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so we can conclude

Rik = −(h∂2t h+ (n− 2)(∂th)2)σik + Rσh2

ik .

Contracting again to get the scalar curvature,

R = Rtt − gik((h∂2t h+ (n− 2)(∂th)2)σik + Rσh2

ik ) (1)

= − 2(n− 1)
∂2t h

h
− (n− 1)(n− 2)

(∂th)2

h2
+ Rσh2 .

If now we look at Ritkt and we consider that Witkt = 0, by the decomposition of the
Riemann tensor we get

Ritkt = − h∂2t hσik

=
1

n− 2
(Rik + Rttgik)−

R

(n− 1)(n− 2)
gij

=
1

n− 2
(−(h∂2t h+ (n− 2)(∂th)2)σik + Rσh2

ik − (n− 1)h∂2t hσik)

+
gij

(n− 1)(n− 2)

(
2(n− 1)

∂2t h

h
+ (n− 1)(n− 2)

(∂th)2

h2
− Rσh2

)
= − nh∂2t h

n− 2
σik − (∂th)2σik +

Rσh2

ik

n− 2
+

2∂2t h

n− 2
σik + (∂th)2σik −

Rσh2

(n− 1)(n− 2)
σijh

2

= − h∂2t hσik +
Rσh2

ik

n− 2
− Rσh2

(n− 1)(n− 2)
σijh

2

which clearly implies

Rσh2

ik =
Rσh2

n− 1
σijh

2

hence, as (n − 1) is at least three, by hypothesis, for every fixed t ∈ I , the Riemannian
manifold (N, σt) with σt = σh2(t, ·) is Einstein and being also LCF (as we have seen that
(N, σ) is LCF) it must have constant curvature.

Suppose that at some time t0 ∈ I the manifold (N, σt0) has positive (respectively
negative) constant curvature K(t0), then, by formula (1), the curvature K(t) of (N, σt) is
continuous in I and positive (respectively negative) in a maximal open interval I ′ ⊂ I

around t0 and σ(p)h2(t, p) = g1(p)
K2(t)

where g1 is a metric of constant curvature equal to one
on N . It follows that the function K2(t)h2(t, p) is independent of t in such interval and if
at the borders of I ′ the curvature K(t) tend to zero, the function h2 cannot be bounded.
This gives a contradiction with the fact that h is a smooth function if I ′ does not coincide
with all the interval I . By this argument the curvature of (N, σt) either does not change
sign in I or it is always zero.
The thesis then follows by taking f = K−2 when the curvature is nonzero, choosing a
fixed flat metric σ0 on N and defining f by the equality f 2(t)σ0 = σt = σh2 (for instance,
comparing the volumes of σ0 and σt), when the curvature is zero. �
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Proposition 2. Let (M, g) be LCF, the dimension of M larger than three and the Ricci tensor at
every point has only two distinct eigenvalues and one of them has multiplicity one.

Then, locally around every point in M , the manifold is a product I ×N and the metric g can
be expressed as

g(t, p) =
dt2 ⊗ σK(p)

[z(t) + β(p)]2

where σK is a metric on N of constant curvature K, z : I → R and the function β : N → R
satisfies HessKijβ = δ(p)σKij .

Conversely, for every N , σK , z : I → R and β : N → R satisfying HessKijβ = δ(p)σKij , the
above metric g on I ×N has the above properties.

Proof. As Wg = 0, the Schouten tensor S = Ric− Rg
2(n−1) of (M, g) is a Codazzi tensor and,

by the hypotheses, it has only two eigenvalues σ1 and σ2, with σ2 of multiplicity (n− 1),
with the same eigenspaces of the eigenvalues of the Ricci tensor of g.
By the results in [1, 2, 3, 4], the manifold can be written as a twisted product I ×N with
g = e2f(t,p)dt2 ⊗ b2(t, p)dσ(p) where TpI ⊂ TpM and TpN ⊂ TpM are the eigenspaces
associated to the two eigenvalues of the Ricci tensor and σ is a metric on N .
Moreover, the eigenvalue σ2 of the Schouten tensor, of multiplicity (n − 1), is constant
along N , for every fixed t ∈ I .

Let h2 = b2e−2f and g0 = dt2 ⊗ h2(t, p)dσ(p), then g = e2fg0, moreover, being a confor-
mal change of metric, also g0 has a null Weyl tensor.
By Theorem 1, the metric g0 has the form g0 = dt2⊗h2(t)σK for some constant curvature
metric σK on N and a positive function h : I → R, and g = e2f(t,p)g0.
As the Ricci tensor of g “factorizes” along the fibers {t = constant} we have Ricg =
λe2fdt2 ⊗ µe2fh2σK .

We compute,

Ricg = Ric0 − (n− 2)(Hess0f − df 0 ⊗ df 0)− (∆0f + (n− 2)|∇f |20)g0 (2)

= − (n− 1)h′′/h dt2 +
(
(n− 2)K − hh′′ − (n− 2)(h′)2

)
σK

− (n− 2)(Hess0f − df 0 ⊗ df 0)− (∆0f + (n− 2)|∇f |20)g0

and

Rg = e−2f
(
− 2(n− 1)h′′/h+ (n− 1)(n− 2)Kh−2 − (n− 1)(n− 2)(h′)2h−2

− 2(n− 1)∆0f − (n− 1)(n− 2)|∇f |20
)
.
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Hence, the Schouten tensor is given by

Sg = Ricg − R

2(n− 1)
g = Ricg − R

2(n− 1)
e2fg0 (3)

= − (n− 1)h′′/h dt2 +
(
(n− 2)K − hh′′ − (n− 2)(h′)2

)
σK

− (n− 2)(Hess0f − df 0 ⊗ df 0)− (∆0f + (n− 2)|∇f |20)g0

+
2(n− 1)h′′/h− (n− 1)(n− 2)Kh−2 + (n− 1)(n− 2)(h′)2h−2

2(n− 1)
g0

+
2(n− 1)∆0f + (n− 1)(n− 2)|∇f |20

2(n− 1)
g0

= − (n− 1)h′′/h dt2 +
(
(n− 2)K − hh′′ − (n− 2)(h′)2

)
σK

− (n− 2)(Hess0f − df 0 ⊗ df 0)− (∆0f + (n− 2)|∇f |20)g0
+
(
h′′/h− (n− 2)Kh−2/2 + (n− 2)(h′)2h−2/2

)
g0

+
(
∆0f + (n− 2)|∇f |20/2

)
g0

= − n− 2

2h2
(
2hh′′ +K − (h′)2

)
dt2

+
n− 2

2

(
K − (h′)2

)
σK

− (n− 2)(Hess0f − df 0 ⊗ df 0)

− n− 2

2
|∇f |20(dt2 ⊗ h2σK)

= − n− 2

2h2
(
2hh′′ +K − (h′)2 − |∇f |2K − (∂tf)2h2

)
dt2

+
n− 2

2

(
K − (h′)2 − |∇f |2K − (∂tf)2h2

)
σK

− (n− 2)(Hess0f − df 0 ⊗ df 0) .

In particular,

Sgij =
n− 2

2

(
K − (h′)2 − |∇f |2K − (∂tf)2h2

)
σKij − (n− 2)(Hess0ijf − df 0

i df
0
j )
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Now, we know that Sgij = σ2gij = σ2e
2fh2σKij , with σ2 depending only on t, hence,

2σ2h
2

n− 2
σKij =

(
K − (h′)2

)
e−2fσKij −

(
|∇f |2Ke−2f + (∂tf)2h2e−2f

)
σKij

− 2e−2f (Hess0ijf − df 0
i df

0
j )

=
(
K − (h′)2

)
e−2fσKij −

(
|∇e−f |2K + (∂te

−f )2h2
)
σKij

+ 2e−fHess0ije
−f

=
(
K − (h′)2

)
e−2fσKij

−
(
|∇e−f |2K + (∂te

−f )2h2 − 2e−fhh′∂te
−f)σKij

+ 2e−fHessKij e
−f

=
(
K − (h′)2

)
e−2fσKij

−
(
|∇e−f |2K + (h∂te

−f − h′e−f )2 − (h′)2e−2f
)
σKij

+ 2e−fHessKij e
−f

=Ke−2fσKij

− |∇e−f |2KσKij − (h∂te
−f − h′e−f )2σKij

+ 2e−fHessKij e
−f ,

where we used the equality

Hessσ
K

ik e
−f = Hess0ike

−f + Γ(g0)
t
ik∂te

−f

= Hess0ike
−f − hh′∂te−fσKik .

The above equation implies that (freezing the variable t), the Hessian of the function e−f

is proportional to the metric in the constant curvature space (N, σK), that is, HessKij e
−f =

θσKij for some function θ : I ×N → R.
Moreover, again by equation (3), we have also Hess0ite

−f = 0 which implies

∂2ite
−f = h′/h ∂ie

−f .

It follows that
∂ie
−f(t,p) = αi(p)h(t)

and e−f(t,p) = (z(t) + β(p))h(t) for some functions α : N → R, β : N → R and z : I → R.
Hence,

HessKijβ(p) = h−1(t)θ(t, p)σKij = δ(p)σKij . (4)
and we can write

2σ2h
2

n− 2
σKij =K(z + β)2h2σKij

− |∇β|2Kh2σKij − (z′)2h4σKij

+ 2h2(z + β)HessKijβ
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and
2σ2
n− 2

σKij =
(
K(z + β)2 − |∇β|2K − (z′h)2

)
σKij

+ 2(z + β)HessKijβ .

Clearly we have ∆Kβ = (n− 1)δ and taking the divergence of both sides of the equa-
tion (4),

∇K
i δ = ∆K∇K

i β = (RicK)ji∇K
j β +∇K

i ∆Kβ = K(n− 2)∇K
i β + (n− 1)∇K

i δ (5)

that is, if n 6= 2,
K∇K

i β = −∇K
i δ . (6)

We differentiate the previous equality
2σ2
n− 2

= K(z + β)2 − |∇β|2K − (z′h)2 + 2(z + β)δ

using this last information,

0 = 2K(z + β)∇iβ − 2HessKijβ∇jβ + 2∇iβδ + 2(z + β)∇iδ

= 2K(z + β)∇iβ + 2(z + β)∇iδ

which is an equality.
Hence, every pair of functions β and z : I → R, satisfying HessKijβ = δ(p)σKij , give rise to
a function f(t, p) = − log(z(t) + β(p))− log h(t) and a metric

g(t, p) = e2f(t,p)g0(t, p) =
dt2 ⊗ h2(t)σK(p)

[(z(t) + β(p))h(t)]2

with the desired properties.
In conclusion

g(t, p) =
dt2/h2(t)⊗ σK(p)

[z(t) + β(p)]2

and, reparametrizing in t we can write

g(t, p) =
dt2 ⊗ σK(p)

[z(t) + β(p)]2
. (7)

�
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