LOCALLY CONFORMALLY FLAT WARPED MANIFOLDS

CARLO MANTEGAZZA

We show that a locally conformally flat Riemannian manifold which is a warped
product on an interval of R, has a warped factor with constant curvature.

Theorem 1. Let M = I x N, the dimension of M is larger than three and g = dt* ®@ h%(t,p)o
for some metric o on N and a positive function h : [ x M — R.

If (M, g) is locally conformally flat then there exists a constant curvature metric g on N and a
positive function f : I — R such that g = dt* ® f*(t)g".

Proof. We compute easily,

gt =1 gt =0 gl = B2

It =0 I =0 I, =0

Oih
F]z?j = — O'l‘jhath = —tTg”

O:h
| A
it h %

1 s
FZ = O'fj -+ E(éfazh —+ (Sfajh — O'k O'ijash)

where we denoted with }; the Christoffel symbols of the metric o.
By the formula

Rabcd - (aargd - 8bF§d + ngrga - ngrsb)gpc
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we get, supposing to be in normal coordinates with respect to the metric o on N (that
ok
is, 07; = 0),

Ritte = Rite = 0
Rine = (0.1 — 0I5, + TLTL; — T4 0, ) gpe
= — (O + T 5 gpr

qt
Och oh ,0h

2
== (atzlogh_'_ (E%h) )gik

Oth
= - tTgik = _hatzho'ik

Rijee = — Rijk
= — O + oI, — T I + T, T
= h@fthajk - h@ftham + 8th(az-k6jh - O'jkaih)

= h(oj,Hess;th — oy Hess;ih) = Yik11O8Sit . Yik 11€8S;t

Rijir = (0,1, — 0,15 + T4 0 — THTh ) gpr + (D517 — TLLY) gk

= hQRfjkl + <8¢ [%(5?81}1 + 07 0;h — o—psaﬂash)} —0; [%(5falh + 07 0;h — apsaﬂash)} > Gpk
+ % {8904k + 6100 — 6% 0,h) (00 + 2 0yh — 0™ dsh)
— (0jO1h + 6] 0ih — 0%°5;,05h) (558jh + 5§6qh — apsaqjash) } Gpk
— (0:h)* (o ju9i — ougjn)
=h? ikl — % (aih [5§alh + 070;h — opsajlﬁsh} — O;h [6POh + 07 0;h — apso—“ash]) Gpk
b3 (005 + 0738 — 0P 0Pk — B0 — FPO%h — 0P oudhh) g
+ % (gméjhalh + g0ihdh — gud;hdgh — g;x0ihdih — |V h|2 (g9 — gizgjk))
2 (Oih)?

—h T(a 0 0)ijki
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h
1
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1 -
t12 (gikajhalh + gj0ihOh — gud;hdh — gir0ihdh — |V h|%(gu9m — gz‘lgjk))
0,h)?

[Vh|2 + (9h)?
2h2

2
+ ﬁ (gikﬁjhﬁlh — gilc?jhakh — gjk&-h@lh + gﬂ@ihakh)

__12po
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where Vb is the gradient of h with respect to N only and o denotes the Kulkarni-
Nomizu product of a pair of symmetric bilinear forms.
Since we assumed to be in normal coordinates on (/V, o), the Christoffel symbols of o
are zero and we can rewrite
= dh® ® dh”
Rijkl h2 ikl (|Vh|3 + hz(ath)z)(a' o U)ijkl/Q —h [(Hess"h — 2%) e} 0‘:| .
ijkl

As W = 0 we have that Riem = Z o g for some symmetric bilinear form Z on M, hence,
“freezing” the variable ¢, we have

. VA2 (9,h)*  Hess®h _dh® @ dh°
Riem :<Z+ 72 o+ 5 o+ N -2 2 oo

which implies, by the decomposition formula of the Riemann tensor, that W? = 0, that
is, also (N, o) is LCE
We now trace with g to get the Ricci tensor
; w07 h oth
Ryt = " Rimke = —¢' ngk —(n—1)=— h

ﬂg]lHeSSith ; gaHess;:h (-2 ;

Rit = ¢''Riju + ¢"Rie = —¢

Rir = Rite + gleijkl
2

orh =
= - _glk + gjl <h2 igkl — (’v}l|3 + hz(ath>2>(o- © O->7'Jkl/2>

h
— hg”' {(Hess"h - 2M) o 0':|
h i
— _ ihhgzk +RY, — (n— 2)(3h) 205 — (n —2) |Vhle|§aik B A;h - 2|vhh|2 o
_(n—3) (Hes}jikh B 2dh‘§;lhg>
= - ihhgzk +RY, — (n — 2)(8h) 205 — (n — 4) 'i’;'ggik _ %%
~(n—3) (Hes;ikh B 2dhi§hz> .

Now, by Theorem 1.159 in [1], about the transformation rules under a conformal change
of metric we have, passing from o to ch? on N (freezing the ¢ variable),

dhe dhg i .
2 k) — (A%logh + (n — 3)|Vlog h|2) o

, Hess%h _dh? dhg AR Vh|2
:Rik—(n—B)( hk -2 h2 k)—<T+<n—4)‘h2|>O'ik,

R;.’,f =R} — (n—3) (Hess.;’}C log h —
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so we can conclude
Rip = —(hdZh + (n — 2)(9,h)?) o + R .
Contracting again to get the scalar curvature,
R =Ry — ¢ ((hd2h + (n — 2)(3;h)?)ow + RGY) (1)

— o 1)at—hh - 1)n—2) (a;g)

If now we look at R;;;; and we consider that W;;;; = 0, by the decomposition of the
Riemann tensor we get

Ritht = — hatz hox,

T Rah2 )

1 R
e 2(Rz’k + Rugir) — (n—1)(n— 2>g¢j
1 2
:n_g—w¥h+m—2wwww%+3$-4n_mmwwm
9is O;h (B:h)®
2(n —1)— —1D(n -2~ —
it (2 V5 o= -2 5
nhd?h ) R 202h , RoH? )
— oir — (Och) o, + — + — 20’zk + (Oih) o (n—1)(n— 2)awh
oh? oh?
= — hd}hoy + R R oiih?

n—2 (n—1)(n—2)
which clearly implies

oh?
oh? R h2
ik T Oij
n—1

hence, as (n — 1) is at least three, by hypothesis, for every fixed ¢ € I, the Riemannian
manifold (N, o;) with o, = oh?(t, -) is Einstein and being also LCF (as we have seen that
(N, o) is LCF) it must have constant curvature.

Suppose that at some time ¢, € I the manifold (V,oy,) has positive (respectively
negative) constant curvature K (t,), then, by formula (1), the curvature K () of (N, o) is
continuous in I and positive (respectively negative) in a maximal open interval I’ C I

around ¢y and o (p)h%(t,p) = 5;2(55)) where ¢' is a metric of constant curvature equal to one
on N. It follows that the function K?(¢)h*(t, p) is independent of ¢ in such interval and if
at the borders of I’ the curvature K (t) tend to zero, the function h? cannot be bounded.
This gives a contradiction with the fact that h is a smooth function if I’ does not coincide
with all the interval /. By this argument the curvature of (V, ;) either does not change
sign in / or it is always zero.

The thesis then follows by taking f = K2 when the curvature is nonzero, choosing a
fixed flat metric 0 on N and defining f by the equality f?(¢)o” = o, = oh? (for instance,
comparing the volumes of 0% and 0;), when the curvature is zero. O
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Proposition 2. Let (M, g) be LCE, the dimension of M larger than three and the Ricci tensor at
every point has only two distinct eigenvalues and one of them has multiplicity one.

Then, locally around every point in M, the manifold is a product I x N and the metric g can
be expressed as

dt* @ o (p)

90 = LT B

where o is a metric on N of constant curvature K, z : I — R and the function 3 : N — R
satisfies Hessgﬂ = d(p)as.

Conversely, for every N, o, z : I — Rand 8 : N — R satisfying Hess|; 3 = d(p)o, the
above metric g on I x N has the above properties.

Proof. As W9 = 0, the Schouten tensor S = Ric — % of (M, g) is a Codazzi tensor and,
by the hypotheses, it has only two eigenvalues oy and o3, with o, of multiplicity (n — 1),
with the same eigenspaces of the eigenvalues of the Ricci tensor of g.
By the results in [1, 2, 3, 4], the manifold can be written as a twisted product I x N with
g = ePat? @ b2 (t,p)do(p) where T,I C T,M and T,N C T,M are the eigenspaces
associated to the two eigenvalues of the Ricci tensor and ¢ is a metric on N.
Moreover, the eigenvalue o, of the Schouten tensor, of multiplicity (n — 1), is constant
along N, for every fixed ¢t € I.

Let h* = b*’e~%/ and gy = dt* ® h*(t,p)do(p), then g = */ gy, moreover, being a confor-
mal change of metric, also gy has a null Weyl tensor.
By Theorem 1, the metric gy has the form g, = dt* ® h*(t)o” for some constant curvature
metric o on NV and a positive function h : I — R, and g = e2/(tP) g,
As the Ricci tensor of g “factorizes” along the fibers {t = constant} we have Ric! =
e dt? @ pe* h2o kK.

We compute,

Ric? =Ric” — (n — 2)(Hess"f — df* @ df") — (A°f + (n = 2)[V £[3) 0 2)
= —(n—=1n"/hdt* + ((n—2)K — hh" — (n—2)(K)*) o™
— (n—2)(Hess"f — df* @ df*) — (A"f + (n = 2)|V f[5) g0

and

RY=e/(=2(n—1)h"/h+ (n—1)(n—2)Kh™>— (n—1)(n — 2)(K)*h >
—2(n—1)A’f — (n=1)(n —2)|Vf[).
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Hence, the Schouten tensor is given by

9 —_Ricd R — 109 R
S? =Ric —mg—Rlc — 3 —1)
— (n=1Dn"/hdt® + ((n—2)K — hh" — (n —2)(K')*) o™

— (n = 2)(Hess"f — df* @ df*) — (A"f + (n = 2)[V f[5) 90

62f

go

L 20— Db = (n = D = KR + (0 = 1)(n = (W)

2(n—1)
2(n — 1A% + (n—1)(n — 2)|V f|2
L 2n = DAY 2(51_ 1))( )IV/] %
= —(n— D" /hdt* + (n — 2)K — hh" — (n—2)(K)?)o”
<n—2><Hess°f df° @ df°) = (A°f + (n = )|V f[5) 90
+ (W' /h = (= 2) KB~ (2 + (n. = 2)(W)*h~* /2) go
AOf+ n —2)IVf15/2) g0

=~ 2 (@0 + K — (W)?) di?

+— 2(K - (0)2)o"
— (n —2)(Hess"f — df° ® df°)

2(dt* @ h*a™)

_ ”2h2 (2hh" + K — ()2 = |V f% — (8,f)*h?) dt?
R K~ 0 9T~ @)

— (n — 2)(Hess"f — df° ® df°) .

In particular,

g _n—2
Sij— 5

(K — (W) = |Vfl3 — (8tf)2h2)ag —(n— 2)(Hess?jf —

dfidfy)
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Now, we know that S/, = 02g;; = 02 h?0 5

Oiss with o, depending only on ¢, hence,

202h20‘K _ (K_ (h/) )6 2f K (lvf|2 2f+ (8tf)2h2€_2f)0-K

n—2 ij ij

— 26’2f(Hess?jf — df?dfj(-))

= (K — (h’)z)eﬂfag — (|Ve*f]§{ + (ate*f)QhZ)ag
+ Qe_fHessQ-e_f

= (K = (K)*)e " oj;
— (Ve |5 + (8e 7 )?h* — 2¢ 7 Wb/ e ) o S
+ 2e_fHessf§e_f

= (K — (h’)z)eﬂfag
— (Ve /% + (hde™ — he™/)? — (W)?e ol
+ 2e_fHessf§e_f

— Ke 2 le(
— Ve oty — (hde™ = We T )als
+ 2€’fHessf§e’f ,

J

l]

where we used the equality
Hess?,fe_f =Hess).e ™ + ['(go)i 0!
= Hessje ™ — hh'Oe T oy

The above equation implies that (freezing the variable t), the Hessian of the function e~/
is proportional to the metric in the constant curvature space (N, o), that is, Hessf;e/ =
0o/} for some function 6 : I x N — R.

Moreover, again by equation (3), we have also Hess},e~/ = 0 which implies

Oie™ =1 /hoe .
It follows that

DT P) = a(p)h(t)
and e=/®P) = (2(t) + B(p))h(t) for some functionsa: N -+ R, 3: N - Rand z: [ — R.
Hence,

K -1 K K

Hess;; B(p) = h™"(t)0(t, p)oi; = d(p)oy; - 4)
and we can write

202h2 K 2 K

50 = (Z—i—ﬁ)haij

— \Vﬁ|§(h2ag — (z')2h40g
+ 2h*(z 4 B)Hess;; 8



8 CARLO MANTEGAZZA

and
lops
n—24Y

= (K(z+8)* = [VBI% — (z'h)*)af
+2(z + 6)Hessf§-

Clearly we have AX 8 = (n — 1) and taking the divergence of both sides of the equa-
tion (4),

VEs = ARVEB = Ric®)IVEB+ VEARB = K(n—2)VEB+ (n—1)VEs  (5)
that is, if n # 2,

KVEp=-VEs. (6)
We differentiate the previous equality
20 ,
—— = K(z+8)° — |VBli — (') +2(= + 8)3

using this last information,
0=2K(z+ B)V.:f — 2Hessgﬁvj6 +2V.60 +2(z + B)V;d
=2K(z+ B)Vif+2(z+ B)V,é
which is an equality.

Hence, every pair of functions 3 and z : I — R, satisfying Hess; 8 = d(p)o, give rise to
a function f(t,p) = —log(z(t) + B(p)) — log h(t) and a metric

dt? @ h(t)o™ (p)
[(2(t) + B(p))h(t)]?

g(t,p) = e* P gy(t,p) =

with the desired properties.

In conclusion
_ar?/h3(t) @ o™ (p)

t,p) =
SR EGEI)E
and, reparametrizing in ¢t we can write
dt* ® o" (p)
tp) = —F——5 - 7
WD = L@+ B v
O
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