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Introduction

The Yamabe problem asks whether every conformal class on a closed Riemannian manifold
of dimension n ⩾ 3 contains a metric of constant scalar curvature. It may be viewed as a
higher–dimensional counterpart of the uniformization theorem for surfaces (see [15]).

Throughout the thesis, all manifolds are assumed to be connected unless explicitly stated otherwise.

Let (Mn, g) be a smooth closed Riemannian manifold of dimension n ⩾ 3. A metric
conformal to g can be written as

g̃ = u
4

n−2 g ,

where u is a smooth positive function. The scalar curvatures of these metrics are related by

−4(n− 1)

n− 2
∆u+Ru = R̃u

n+2
n−2 .

Thus, the geometric problem becomes a nonlinear elliptic problem: one seeks a positive
function u for which the scalar curvature R̃ on the right–hand side is a constant λ.

This equation has a natural variational structure. Writing 2∗ = 2n/(n− 2), one introduces
the Yamabe functional

J2∗(u) =

ˆ
M

(
4(n− 1)

n− 2
|∇u|2 +Ru2

)
dVol(ˆ

M
|u|2∗ dVol

)2/2∗
.

Its infimum Y (M, [g]) over all nonzero smooth functions is called Yamabe constant and is in-
dependent of the metric in the conformal class [g] (see [21]). A smooth positive minimizer
satisfies the corresponding Euler–Lagrange equation and therefore defines a conformal met-
ric of constant scalar curvature.

The principal analytic obstacle is the failure of compactness at the Sobolev exponent 2∗.
Although the embedding

W 1,2(M) ↪→ L2∗(M)

is continuous, it is not compact. A minimizing sequence for the Yamabe functional may
therefore fail to converge strongly, concentrating instead near a point of the manifold. After
rescaling, such concentration is modeled on the extremals of the sharp Euclidean Sobolev
inequality (see [30]). The concentration–compactness principle of P.-L. Lions provides a pre-
cise way to analyze this phenomenon (see [22,23,29]).

The history of the problem reflects this difficulty. Yamabe introduced it in 1960, motivated
in part by possible connections with the Poincaré conjecture (see [1,33]), but his original
argument contained a gap in the passage to the limiting Sobolev exponent. Trudinger sub-
sequently obtained a solution under an additional assumption [31]. Aubin then developed
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the variational and geometric methods that led to the fundamental universal bound

Y (M, [g]) ⩽ Y (Sn, [gstd]) ,
where gstd is the round metric on Sn, and proved that the inequality is strict when n ⩾ 6 and
(Mn, g) is not locally conformally flat [3].

The significance of the spherical value is that strict inequality rules out concentration: when-
ever the Yamabe constant lies below this threshold, a minimizing sequence yields a mini-
mizer. To handle the remaining cases, Schoen introduced a global argument based on the
Green function of the conformal Laplacian. The corresponding conformal blow–up pro-
duces a complete asymptotically flat manifold, whose ADM mass is linked to the relevant
term in the Green function expansion. The positive mass theorem then supplies the positiv-
ity and rigidity needed to establish the strict inequality, except for the conformal class of the
standard sphere (see [21,25,26,27]).

The thesis is divided into two complementary parts, which we shall call the “analytic”
and the “geometric” parts. This division reflects the two main stages in the approach to the
Yamabe problem developed here. The first is concerned with the variational formulation,
the existence and regularity of minimizers, and the role of compactness; the second turns to
the local and global geometry of the manifold in order to understand the strict inequality
that makes the existence results applicable. The two terms indicate the prevailing viewpoint
in each part rather than a sharp separation of methods, since analytic and geometric ideas
are closely intertwined throughout the argument.

The first, “analytic”, part is developed in Chapter 1. We introduce the Yamabe functional,
compute the Yamabe constant of the standard sphere and prove Aubin’s universal upper
bound. After establishing the regularity of minimizers, we treat the case Y (M, [g]) ⩽ 0 and
characterize the sign of a conformal class. The chapter concludes with an existence criterion
below the spherical threshold.

The second, “geometric”, part is developed in Chapter 2 and is devoted to the methods
used to establish strict inequalities for the Yamabe constant. We first present Aubin’s local
approach, based on conformal normal coordinates, truncated Talenti bubbles and the Weyl
tensor in dimensions n ⩾ 6, and then turn to Schoen’s global approach, involving the Green
function, asymptotically flat geometry and the positive mass theorem (see [3,21,25]).

Finally, Appendix A collects some analytic results used in the main text.
We mention that there is also an alternative approach to the existence problem, based on

replacing the critical exponent 2∗ in the variational problem by exponents 2 < q < 2∗. For
each such q, the compact embedding W 1,2(M) ↪→ Lq(M) allows one to find a minimizer
of the corresponding functional. One then studies whether these minimizers converge to a
minimizer of J2∗ , as q approaches 2∗. This approach actually goes back to Yamabe and was
developed by Trudinger and Aubin (see [3,21,31,33]).



CHAPTER 1

The Yamabe problem

The uniformization theorem states that every simply connected Riemann surface is confor-
mally equivalent to exactly one of the Riemann sphere S2, the complex plane C, or the unit
disk D (see [15]). There is no analogous uniformization theorem in higher dimensions. One
may nevertheless ask whether every closed Riemannian manifold of dimension n ⩾ 3 ad-
mits a conformal metric with constant scalar curvature. This is the Yamabe problem. Its
affirmative solution is stated in the following theorem (see [21]).

THEOREM 1.1. Let (Mn, g) be a closed Riemannian manifold of dimension n ⩾ 3. Then there
exists a conformal change of the metric g for which the scalar curvature is constant.

We begin by recalling the conformal transformation formulas (see [7, Chapter 1, Section J,
Theorem 1.159 and Corollary 1.161(a)]). We consider the following conformal change of the
metric,

g̃ = u
4

n−2 g = e2ψg, u ∈ C∞(M), u > 0, ψ =
2

n− 2
log u ,

moreover, we denote by [g] the conformal class of g, which is the set of all smooth metrics
conformal to g, that is,

[g] =
{
u

4
n−2 g

∣∣ u ∈ C∞(M), u > 0
}
.

From this we get
∇̃XY = ∇XY +X(ψ)Y + Y (ψ)X − g(X,Y )∇ψ

and
e−2ψR̃iem = Riem−2(Hessψ − dψ ⊗ dψ) ? g − |dψ|2g ? g ,

where ? denotes the so–called Kulkarni–Nomizu product defined for any two symmetric (0, 2)
tensors h and k as follows:

h? k(v1, v2, v3, v4) =
1

2
h(v1, v3)k(v2, v4)−

1

2
h(v1, v4)k(v2, v3)

+
1

2
h(v2, v4)k(v1, v3)−

1

2
h(v2, v3)k(v1, v4) .

Taking the appropriate trace of the Riemann tensor, we get

R̃ic = Ric−(n− 2)(Hessψ − dψ ⊗ dψ)− (∆gψ + (n− 2)|dψ|2)g
and taking one further trace, we have the following scalar curvature transformation formula:

e2ψR̃ = R− 2(n− 1)∆ψ − (n− 1)(n− 2)|dψ|2 . (1.1)

If we write the equation (1.1) in terms of u, we then obtain

−c(n)∆u+Ru = R̃u(n+2)/(n−2) where c(n) =
4(n− 1)

(n− 2)
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and the operator on the left is called the conformal Laplacian, which we denote by

L = −c(n)∆ +R .

Moreover, we notice that the exponent on the right is exactly 2∗ − 1 where 2∗ = 2n/(n− 2) is
the critical exponent of the Sobolev embedding.

Then, the resolution of the Yamabe problem is equivalent to solving

−c(n)∆u+Ru = λu2
∗−1 (1.2)

with a positive function u ∈ C∞(M), for some constant λ ∈ R.
This equation provides the starting point for the first, “analytic”, part of the thesis, devel-

oped in this chapter. We shall study the variational formulation of the problem and establish
existence results which, in particular, reduce the remaining question to a strict inequality
involving the Yamabe constant of the standard sphere. The second, “geometric”, part, de-
veloped in Chapter 2, will be devoted to the geometric arguments needed to establish this
inequality.

1.1. The variational approach – The Yamabe functional and the Yamabe constant

Fix n ⩾ 3. On a closed Riemannian manifold (Mn, g) consider the Einstein–Hilbert func-
tional

R(g) =

ˆ
M
RdVol ,

giving the so–called total scalar curvature of the manifold (Mn, g).
For a positive function u ∈ C∞(M), we set g̃ = u4/(n−2)g. Then, by the conformal change

formula for the scalar curvature and by integration by parts, we have

R(g̃) = R
(
u4/(n−2)g

)
= J (u) =

ˆ
M

(
c(n)|∇u|2g +Ru2

)
dVol ,

while
Ṽol(M) = V (u) =

ˆ
M

|u|2∗ dVol .

These integrals define J and V for every u ∈ C∞(M), without a sign restriction. Their
geometric interpretation applies when u > 0. For such functions, the unit volume condition
is equivalent to ∥u∥2∗ = 1.

We therefore compute the first variation of J under the constraint V (u) = 1. For every
v ∈ C∞(M), compactness of M ensures that u+ tv remains positive for sufficiently small |t|,
and we have

d

dt
J (u+ tv)

∣∣∣
t=0

= 2

ˆ
M

(
−c(n)∆u+Ru

)
v dVol ,

whereas
d

dt
V (u+ tv)

∣∣∣
t=0

= 2∗
ˆ
M
u2

∗−1v dVol .

Hence, the Lagrange multiplier method shows that a positive constrained critical point u ∈
C∞(M) of J satisfies

−c(n)∆u+Ru = λu2
∗−1

for some constant λ ∈ R. By equation (1.2), this is exactly the condition that the confor-
mal metric g̃ = u4/(n−2)g have constant scalar curvature. Therefore the Yamabe problem is
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equivalent to finding a critical point of the total scalar curvature in the conformal class [g]
under the above volume constraint or, equivalently, to finding a smooth positive constrained
critical point of J .

In order to get such a critical point, we can try to minimize the functional J among all
u ∈ C∞(M) (without imposing a sign condition) under the constraint V (u) = 1, hoping that
a minimizer exists (hence it would be a critical point of J under the volume constraint) and
it is positive. Equivalently, we can “remove” the constraint (as it is usual), by introducing
the quotient

J2∗(u) = J (u)/ ∥u∥22∗ =
c(n)
´
M |∇u|2g dVol +

´
M Ru2 dVol

∥u∥22∗
,

called Yamabe functional and minimize it on C∞(M) \ {0}. Indeed, since both the numerator
and the denominator are homogeneous of degree two, there holds J2∗(u) = J2∗(u/ ∥u∥2∗)
and if u > 0, the metric (u/ ∥u∥2∗)4/(n−2)g has volume one and total scalar curvature J2∗(u).
Then, in order to apply the variational methods, we extend J2∗ to the space W 1,2(M) \ {0}.
This extension does not change the infimum of such a functional, since J2∗(|u|) = J2∗(u) and
every nonzero nonnegative Sobolev function can be approximated in W 1,2(M) by smooth
nonnegative functions, which become strictly positive after adding positive constants tend-
ing to zero. By the continuous embedding into L2∗(M), the corresponding quotients con-
verge (see [20]). Hence the infimum over all nonzero Sobolev functions equals the infimum
over smooth positive functions.

By its clear relevance to this minimization problem, we then define the Yamabe constant of
the conformal class [g] of g as

Y (M, [g]) = inf
{
J2∗(u)

∣∣u ∈W 1,2(M) \ {0}
}
,

or equivalently, by the analysis above,

Y (M, [g]) = inf
{
R(g̃)

∣∣ g̃ ∈ [g], Ṽol(M) = 1
}
.

Notice that, since R is bounded below on M and ∥u∥22 ⩽ Vol(M)2/n ∥u∥22∗ , the Yamabe con-
stant is finite.
More generally, on a Riemannian manifold (Mn, g) without boundary, possibly noncompact,
we define

Yc(M, [g]) = inf
{
J2∗(v)

∣∣ v ∈ C∞
c (M) \ {0}

}
,

where the Yamabe functional is computed with respect to g. This quantity depends only on
the conformal class [g], since under a conformal change g̃ = u4/(n−2)g, with u > 0 smooth,
the Yamabe functional relative to g̃ evaluated on v equals the one relative to g evaluated on
uv and multiplication by u is a bijection of C∞

c (M) in itself. Finally, when M is closed, the
density of the smooth functions in W 1,2(M) implies Yc(M, [g]) = Y (M, [g]).

We now compute the Yamabe constant of the round sphere, which will provide a universal
upper bound for that of any closed Riemannian manifold.

Let (Sn, gstd) be the unit sphere in (Rn+1, geucl), endowed with the metric induced by the
Euclidean metric geucl. Denoting by N the “north pole” of Sn and by F the stereographic
projection from N , we have

F : Sn \ {N} → Rn .
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The inverse stereographic projection pulls back the round metric on Sn \ {N} to the confor-
mally Euclidean metric

ĝ = (F−1)∗gstd =
4

(1 + |x|2)2
n∑
i=1

dx2i = u4/(n−2)geucl with u(x) =
[ 2

1 + |x|2
](n−2)/2

.

Since the scalar curvature of the round metric isRstd = n(n−1), the conformal identification
above makes it possible to express its Yamabe constant through the sharp Euclidean Sobolev
inequality. We denote its optimal constant by σn, meaning that

σn ∥v∥L2∗ (Rn) ⩽ ∥∇v∥L2(Rn) (1.3)

for every v ∈ C∞
c (Rn). By the Aubin–Talenti characterization of the equality cases (see [4,

30]), the stereographic conformal factor u attains equality in the corresponding inequality on
the Sobolev completion.

THEOREM 1.2. For the standard sphere (Sn, gstd), one has

Y (Sn, [gstd]) = c(n)σ2n = n(n− 1)Volstd(Sn)2/n .

PROOF. We set Sn0 = Sn \ {N}, so that stereographic projection identifies (Sn0 , gstd) iso-
metrically with Euclidean space equipped with the metric ĝ

F : (Sn0 , gstd) → (Rn, ĝ) .
Since ĝ ∈ [geucl], the isometry and conformal invariance of J2∗ described above give

Yc(Sn0 , [gstd]) = Yc(Rn, [ĝ]) = Yc(Rn, [geucl]) = c(n)σ2n .

To identify the Yamabe constant of the punctured sphere with that of the whole sphere, we
consider the map

Gv(x) = u(x)v(F−1(x)) ,

for every v ∈ C∞(Sn). Since v is smooth on Sn, the stereographic conformal factor gives

Gv(x) = O(|x|2−n) , |∇Gv(x)| = O(|x|1−n) as |x| → +∞ .

Consequently, the conformal change identities, initially established for compactly supported
functions, extend to Gv by a cutoff argument at infinity. In particular, for every nonzero
v ∈ C∞(Sn), we have ˆ

Sn
|v|2∗ dVolstd =

ˆ
Rn

|Gv|2
∗
dx

and ˆ
Sn

(
c(n)|∇v|2std + n(n− 1)v2) dVolstd = c(n)

ˆ
Rn

|∇Gv|2 dx .

The sharp Euclidean Sobolev inequality therefore gives J2∗(v) ⩾ c(n)σ2n, and taking the
infimum over smooth functions yields

Y (Sn, [gstd]) ⩾ c(n)σ2n .

Conversely, every smooth function compactly supported in Sn0 extends by zero to a smooth
function on Sn, so that

Y (Sn, [gstd]) ⩽ Yc(Sn0 , [gstd]) = c(n)σ2n .

Moreover, as observed above, the stereographic conformal factor u attains equality in the
sharp Euclidean Sobolev inequality. Since G1 = u, conformal invariance of the Yamabe
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functional shows that the constant function 1 realizes the Yamabe constant of the round
sphere, and therefore

Y (Sn, [gstd]) = J2∗(1) = n(n− 1)Volstd(Sn)2/n .
□

This sphere calculation leads to Aubin’s classical universal upper bound (see [3,21]).

THEOREM 1.3. For every closed Riemannian manifold (Mn, g), one has

Y (M, [g]) ⩽ Y (Sn, [gstd]) .
In other words, the standard sphere has the largest Yamabe constant among all closed Riemannian
manifolds of dimension n.

REMARK 1.4. This universal upper bound actually does not require the compactness. In-
deed, for any Riemannian manifold (Mn, g), with n ⩾ 3, possibly noncompact or noncom-
plete, the same local argument gives

Yc(M, [g]) ⩽ Y (Sn, [gstd]) .
For closed manifolds, however, the results of Aubin and Schoen show that equality holds
if and only if (Mn, g) is conformally diffeomorphic to the standard sphere (see [3,25]). This
characterization, which will follow from the strict inequalities established in Theorem 2.2
and Theorem 2.6 in Chapter 2, fails in the noncompact setting. For instance, the sharp Eu-
clidean Sobolev inequality implies

Yc(Rn, [geucl]) = Y (Sn, [gstd]) .
PROOF OF THEOREM 1.3. We fix p ∈ M and identify TpM with Rn by choosing a g–

orthonormal basis. In the corresponding normal coordinates, defined on a sufficiently small
ball around p, we have

gij(x) = δij +O(|x|2) , dVol = (1 +O(|x|2)) dx .
For an arbitrary nonzero function φ ∈ C∞

c (Rn), we choose R > 0 such that suppφ ⊆ BR
and, for ε > 0 sufficiently small, define a smooth function on M by

uε
(
expp(εy)

)
= ε−(n−2)/2φ(y) for y ∈ BR ,

extending it by zero outside expp(εBR). The critical scaling cancels the Jacobian factor in the
Dirichlet energy and in the L2∗ norm, while the scalar–curvature term acquires a factor ε2.
Since gij(εy) → δij uniformly on the support of φ, it follows thatˆ

M
|∇uε|2g dVol =

ˆ
Rn

|∇φ|2 dy + o(1) ,

ˆ
M

|uε|2
∗
dVol =

ˆ
Rn

|φ|2∗ dy + o(1) ,

ˆ
M
Ru2ε dVol = O(ε2) .

Consequently,

lim
ε→0

J2∗(uε) = c(n)

ˆ
Rn

|∇φ|2 dy(ˆ
Rn

|φ|2∗ dy
)2/2∗

.
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Since Y (M, [g]) ⩽ J2∗(uε) and φ is arbitrary, taking the infimum over C∞
c (Rn) \ {0} gives

Y (M, [g]) ⩽ c(n)σ2n = Y (Sn, [gstd]) ,
as claimed. □

Having established Aubin’s universal upper bound, we now turn to the regularity of min-
imizers of the Yamabe functional, postponing the question of their existence. Following the
classical regularity argument of Trudinger (see [31, Theorem 3] and [21]), we shall prove that
every minimizer, whenever it exists, is smooth and, up to a change of sign, strictly posi-
tive, so that the Yamabe problem ultimately reduces to proving that the infimum defining
Y (M, [g]) is attained.

1.2. Regularity of Yamabe minimizers

The main difficulty in proving the regularity of a minimizer of the Yamabe functional
comes from the borderline growth of the nonlinear term in its Euler–Lagrange equation.
Indeed, starting from u ∈ W 1,2(M), the Sobolev embedding gives u ∈ L2∗(M), so that
|u|2∗−2u ∈ L2n/(n+2)(M). Elliptic regularity then yields u ∈ W 2,2n/(n+2)(M), but the corre-
sponding Sobolev embedding only recovers u ∈ L2∗(M), since

2∗ − 1

2∗
− 2

n
=

1

2∗
.

Thus, the usual bootstrap does not improve the integrability of u. The argument below
overcomes this difficulty by splitting the coefficient of u in the Euler–Lagrange equation into
a bounded part and a remainder with arbitrarily small Ln/2(M) norm.

THEOREM 1.5 (Regularity of minimizers). If u ∈ W 1,2(M) is a minimizer of J2∗ , then u ∈
C∞(M).

PROOF. By homogeneity, we may assume ∥u∥2∗ = 1, so the Euler–Lagrange equation

Lgu = Y (M, [g])|u|2∗−2u

has its right–hand side in L2n/(n+2)(M) and Corollary A.2 gives u ∈ W 2,2n/(n+2)(M). To
improve this regularity, we fix

2n

n+ 2
< p < min

{
n

2
, 2∗

}
and consider the operator

L : W 2,p(M) −→ Lp(M), L(v) = −c(n)∆v + (R+ γ)v ,

where γ > 0 is chosen sufficiently large that the associated bilinear form is coercive on
W 1,2(M). The embeddings Lp(M) ↪→ [W 1,2(M)]∗ and W 2,p(M) ↪→ W 1,2(M), together with
the Lax–Milgram theorem, ensure that every forcing term in Lp(M) determines a unique
weak solution in W 1,2(M), which also belongs to Lp(M) because p < 2∗ and therefore lies in
W 2,p(M) by Corollary A.2. Thus L is an isomorphism with bounded inverse.
Writing the equation for u as

Lu = au, a = Y (M, [g])|u|2∗−2 + γ ∈ Ln/2(M) ,

we decompose, for C > 0,

a = bC + hC , bC = aχ{|a|⩽C}, hC = aχ{|a|>C} ,
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so that bC ∈ L∞(M) and ∥hC∥n/2 → 0 as C → +∞. If HC denotes multiplication by hC ,
Hölder’s inequality and the Sobolev embedding give

∥HC(v)∥p ⩽ ∥hC∥n/2 ∥v∥p∗ ⩽ B ∥hC∥n/2 ∥v∥W 2,p , p∗ =
np

n− 2p
,

with B independent of C, hence HC : W 2,p(M) → Lp(M) has arbitrarily small operator
norm for large C. Choosing C so that

∥∥L−1
∥∥
op
∥HC∥op < 1, the Neumann series shows that

LC = L −HC is invertible, and since bCu ∈ Lp(M) there exists a unique v ∈ W 2,p(M) such
that

LCv = bCu .

Although u satisfies the same equation weakly, we cannot yet use uniqueness in W 2,p(M),
since this is precisely the regularity we want to establish; instead, we compare u and v in
W 1,2(M), to which both belong. Indeed, setting w = u − v and introducing the coercive
bilinear form

B(w, η) =

ˆ
M

[
c(n)g(∇w,∇η) + (R+ γ)wη

]
dVol ,

we have
B(w, η) =

ˆ
M
hCwη dVol for every η ∈W 1,2(M) ,

where the right–hand side is well defined by Hölder’s inequality and the critical Sobolev
embedding. Testing with η = w therefore gives

α ∥w∥2W 1,2 ⩽ B(w,w) =

ˆ
M
hCw

2 dVol

⩽ ∥hC∥n/2 ∥w∥
2
2∗ ⩽ K ∥hC∥n/2 ∥w∥

2
W 1,2 ,

where α > 0 depends only on L and K is a Sobolev embedding constant, so by taking C
sufficiently large that K ∥hC∥n/2 < α we conclude that w = 0 and hence u = v ∈W 2,p(M).
Once this first improvement has been obtained, the remaining integrability follows by itera-
tion, since, whenever 2p < n, the Sobolev embedding and elliptic regularity yield

u ∈W 2,p(M) =⇒ u ∈ Lp
∗
(M) =⇒ |u|2∗−2u ∈ Lp

∗/(2∗−1)(M) =⇒ u ∈W 2,p∗/(2∗−1)(M) .

Starting with p0 = p and defining

pk+1 =
npk

(n− 2pk)(2∗ − 1)

as long as 2pk < n, we find

pk+1

pk
=

n(n− 2)

(n− 2pk)(n+ 2)
⩾

n(n− 2)

(n− 2p0)(n+ 2)
= λ > 1 ,

where the last inequality follows from the fact that the exponents are increasing and the
strict inequality λ > 1 from p0 > 2n/(n + 2). Consequently pk ⩾ λkp0 throughout the
iteration, which must therefore reach an exponent pk ⩾ n/2 after finitely many steps; if
equality occurs, compactness allows us to replace pk by an exponent q < n/2 sufficiently
close to n/2 that

nq

(n− 2q)(2∗ − 1)
>
n

2
,

and one further application of elliptic regularity then gives u ∈W 2,s(M) for some s > n/2.
The Sobolev–Morrey embedding now implies u ∈ C0,θ(M) for some 0 < θ < 1, and since
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the map t 7→ |t|2∗−2t is locally Lipschitz, the right–hand side of the Euler–Lagrange equation
is Hölder continuous, so Schauder regularity yields u ∈ C2,θ(M) (see [18, Theorem 9.19]).
Moreover, |u| is also a minimizer and hence enjoys the same regularity and satisfies the same
equation; choosing

A ⩾ max

{
0, sup

M
c(n)−1

(
R− Y (M, [g])|u|2∗−2

)}
,

we obtain
(−∆+A)|u| ⩾ 0 ,

so Theorem A.3 implies that |u| is either identically zero or strictly positive. The first al-
ternative is excluded by ∥u∥2∗ = 1, and therefore |u| > 0 everywhere; by continuity and
connectedness u has constant sign, while compactness gives minM |u| > 0, making the non-
linearity smooth on the range of u and allowing the Schauder bootstrap to conclude that
u ∈ C∞(M). □

By this theorem, solving the Yamabe problem reduces to showing that the infimum defin-
ing Y (M, [g]) is attained by a nonzero function in W 1,2(M). We first establish this when
Y (M, [g]) ⩽ 0, using the direct method of the calculus of variations (see [21,29,31]). The case
of positive Yamabe constant, where the possible loss of compactness is a central issue, will be
approached through the concentration–compactness principle (see [22,23,29]) in the last section
of this chapter and through the geometric inequalities of Chapter 2.

1.3. The case of nonpositive Yamabe constant

We now show that the Yamabe constant is attained whenever Y (M, [g]) ⩽ 0, thereby
solving the Yamabe problem in the nonpositive case and establishing Theorem 1.1 under
this assumption.

THEOREM 1.6 (Solution in the case Y (M, [g]) ⩽ 0). Let Y (M, [g]) ⩽ 0. Then u ∈W 1,2(M) \
{0} is a minimizer of J2∗ if and only if E(u) = 0 where E is the following nonnegative functional

E(u) = c(n)

ˆ
M

|∇u|2 dVol +
ˆ
M
Ru2 dVol− Y (M, [g]) ∥u∥22∗ .

Moreover, there exists a strictly positive minimizer u ∈ C∞(M).

PROOF. The nonnegativity of E comes from its definition, since E(0) = 0 and for every
u ̸= 0,

E(u) =
(
J2∗(u)− Y (M, [g])

)
∥u∥22∗ ⩾ 0 ,

moreover, the first claim clearly follows. To prove existence, we use the direct method, start-
ing with a minimizing sequence uk for J2∗ , normalized by ∥uk∥2∗ = 1. Since J2∗(uk) is
bounded, R is bounded and ∥uk∥2 is controlled by ∥uk∥2∗ = 1, the definition of J2∗ gives

sup
k∈N

∥uk∥W 1,2(M) ⩽ C .

Now we extract a subsequence such that
(1) uk ⇀ u in W 1,2(M) for some u ∈W 1,2(M),
(2) uk → u strongly in L2(M), by the Rellich–Kondrachov embedding theorem,
(3) uk ⇀ u in L2∗(M).
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Since −Y (M, [g]) ⩾ 0, the weak lower semicontinuity of the Dirichlet integral and of the L2∗

norm, together with the strong L2 convergence, imply

0 = lim inf
k→+∞

E(uk) ⩾ E(u) ⩾ 0 ,

thus, we need to show that u ̸= 0. Suppose by contradiction that u = 0 and first notice that,
by strong convergence in L2(M), we have

lim
k→+∞

ˆ
M
Ru2k dVol = 0 .

If Y (M, [g]) < 0, then

0 = lim
k→+∞

E(uk) = lim
k→+∞

c(n)

ˆ
M

|∇uk|2 dVol− Y (M, [g]) ,

which is absurd. If Y (M, [g]) = 0, then

lim
k→+∞

ˆ
M

|∇uk|2 dVol = 0 ,

hence, by using the Sobolev inequality, we obtain a contradiction: for all k ∈ N there holds

1 = ∥uk∥22∗ ⩽ C(∥uk∥22 + ∥∇uk∥22) .
Hence, we have shown that u is a nontrivial minimizer. If now we consider |u|, this is still a
minimizer and from Theorem 1.5, we know that |u| ∈ C∞(M). The argument in the proof of
Theorem 1.5 then shows that |u| is strictly positive on M , concluding the proof. □

COROLLARY 1.7. If Y (M, [g]) ⩽ 0, the conformal class [g] contains a smooth metric g̃ of unit
volume and constant scalar curvature

R̃ = Y (M, [g]) .

PROOF. By Theorem 1.6, there exists a smooth positive minimizer u of J2∗ , which we
may normalize by ∥u∥2∗ = 1. Its Euler–Lagrange equation reads

−c(n)∆u+Ru = Y (M, [g])u2
∗−1 .

The conformal change formulas then show that g̃ = u4/(n−2)g has unit volume and constant
scalar curvature equal to Y (M, [g]). □

1.4. The sign of the conformal class

Having solved the Yamabe problem when Y (M, [g]) ⩽ 0, we now consider a related, but
weaker, question: whether a conformal class contains a metric whose scalar curvature has
a prescribed sign, without necessarily being constant. The following classical result shows
that this property is completely characterized by the sign of the Yamabe constant, which also
coincides with that of the first eigenvalue of the conformal Laplacian (see [5,21]).

THEOREM 1.8. Let (Mn, g) be a closed Riemannian manifold. Then, the following equivalences
hold:
(1) Y (M, [g]) > 0 if and only if there exists g̃ ∈ [g] with R̃ > 0 on M ,
(2) Y (M, [g]) = 0 if and only if there exists g̃ ∈ [g] with R̃ = 0 on M ,
(3) Y (M, [g]) < 0 if and only if there exists g̃ ∈ [g] with R̃ < 0 on M .
In particular, for any given conformal class [g], exactly one of these three sign alternatives occurs.
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PROOF. If Y (M, [g]) ⩽ 0, the existence of a conformal metric with scalar curvature of the
prescribed sign follows from Corollary 1.7. Conversely, suppose first that there exists g̃ ∈ [g]

with R̃ < 0 on M . Since the infimum of the Yamabe functional is the same for all the metrics
in the same conformal class, we may replace g by g̃. Using u = 1 as a test function, we obtain

Y (M, [g]) ⩽ J2∗(1) = [Volg(M)]−2/2∗
ˆ
M
RdVol < 0 .

If instead there exists g̃ ∈ [g] with R̃ = 0, the same argument allows us to assume R = 0.
Then Y (M, [g]) ⩽ 0, while J2∗(u) ⩾ 0 for every u ∈W 1,2(M) \ {0}; hence Y (M, [g]) = 0.
Then, only the positive case remains. Consider Y (M, [g]) > 0 and denote by λ1 the first
eigenvalue of the conformal Laplacian; we will show that

Y (M, [g]) > 0 =⇒ λ1 > 0 .

Since Y (M, [g]) > 0, the numerator of the Yamabe functional is positive for every u ̸= 0,
indeed

c(n) ∥∇u∥22 +
ˆ
M
Ru2 dVol ⩾ Y (M, [g]) ∥u∥22∗ > 0 ,

hence, Hölder inequality gives

∥u∥22 ⩽ [Vol(M)]1−2/2∗ ∥u∥22∗ .
Therefore, for every u ∈W 1,2(M) \ {0}, there holds

J2∗(u)[Vol(M)]−2/n ⩽
c(n) ∥∇u∥22 +

´
M Ru2 dVol

∥u∥22
,

and taking the infimum over such functions, by the Rayleigh–Ritz characterization of the
first eigenvalue,

Y (M, [g])[Vol(M)]−2/n ⩽ λ1 ,

so λ1 > 0.
Let u be a first eigenfunction of L. Since replacing u by |u| leaves the Rayleigh quotient
unchanged, |u| is again a minimizer, hence a smooth eigenfunction and the strong maximum
principle shows that it is strictly positive; we may therefore assume u > 0 and write

−c(n)∆u+Ru = λ1u = λ1u
2−2∗u2

∗−1 .

Then, after the conformal change using u, we get the metric g̃ with the following scalar
curvature

R̃ = λ1u
2−2∗ > 0 .

Conversely, suppose there exists g̃ ∈ [g] with R̃ > 0 on M . Without loss of generality, after
doing a conformal change of the metric and using once again the fact that the infimum of
the Yamabe functional is invariant under such change, we can assume that g is that metric.
We then obtain the following estimate

∥u∥−2
2∗

[
c(n)

ˆ
M

|∇u|2 dVol +
ˆ
M
Ru2 dVol

]
⩾ min

{
c(n),min

M
R
}
∥u∥2W 1,2 ∥u∥−2

2∗

and the Sobolev inequality gives a uniform lower bound for the quotient of norms,

∥u∥2W 1,2

∥u∥22∗
⩾ C > 0 .
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This gives a strictly positive lower bound for the Yamabe functional and hence Y (M, [g]) > 0.
Finally, we observe that the sign of the Yamabe constant also coincides with that of the first
eigenvalue of the conformal Laplacian. Indeed, if u > 0 is a first eigenfunction of L, with
eigenvalue λ1, the conformal metric g̃ = u4/(n−2)g has scalar curvature

R̃ = λ1u
2−2∗ .

Since u is strictly positive, the scalar curvature of g̃ has everywhere the same sign as λ1, and
the equivalences just proved show that this is precisely the sign of Y (M, [g]). □

In the proof of this theorem we also showed the following fact.

COROLLARY 1.9. The first eigenvalue of the conformal Laplacian Lg of (Mn, g) has the same sign
as the Yamabe constant Y (M, [g]).

1.5. Concentration–compactness and existence below the spherical threshold

We conclude the “analytic part” of the thesis by proving that the strict inequality

Y (M, [g]) < Y (Sn, [gstd])

guarantees that the infimum defining Y (M, [g]) is attained by a nonzero Sobolev function
u ∈ W 1,2(M). The proof relies on the concentration–compactness principle of P.-L. Lions
(see [22,23,29]). Establishing this strict inequality for every closed manifold not conformally
diffeomorphic to the standard sphere will be the geometric task of Chapter 2.

We begin by examining how “concentration” may prevent the strong convergence at the
Sobolev exponent. Given a bounded sequence ui in W 1,2(M), the possible loss of compact-
ness can be described through the measures

νi = |ui|2
∗
dVol , µi = |∇ui|2g dVol .

SinceM is closed, the “mass” cannot escape to infinity, and the Rellich–Kondrachov theorem
gives, after passing to a subsequence, strong convergence in L2(M). Nevertheless, strong
convergence in L2∗(M) may fail because of concentration, as described by the following
lemma of P.-L. Lions (see [22,23,29]).

LEMMA 1.10 (Concentration–compactness principle). Let n > 2 and let ui be a sequence in
W 1,2(Rn) satisfying the following assumptions.
• There exists u ∈W 1,2(Rn) such that ui ⇀ u in W 1,2(Rn).
• ui → u almost everywhere.
• µi = |∇ui|2 dx −⇀⋆ µ where µ is a bounded Radon measure.
• νi = |ui|2

∗
dx −⇀⋆ ν where ν is a bounded Radon measure.

Then the following conclusions hold.
(1) There is an at most countable index set J , with distinct points xj ∈ Rn and positive numbers νj ,

for j ∈ J , such that
ν = |u|2∗ dx+

∑
j∈J

νjδxj .

(2) The weak form of the Sobolev inequality gives

µ ⩾ |∇u|2 dx+
∑
j∈J

µjδxj ,
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for a family of positive numbers {µj | j ∈ J} satisfying

σnν
1/2∗

j ⩽ µ
1/2
j for all j ∈ J .

In particular,
∑

j∈J ν
2/2∗

j < +∞.

A proof of the Euclidean statement is given in Appendix A, Lemma A.5, while its exten-
sion to a closed manifold follows by localization (see also [23,29]).

COROLLARY 1.11 (Concentration–compactness on a closed manifold). Let (Mn, g) be a
closed Riemannian manifold with n > 2, and let ui ⇀ u in W 1,2(M), with ui → u almost ev-
erywhere after passing to a subsequence. Suppose also that

|ui|2
∗
dVol −⇀⋆ ν, |∇ui|2g dVol −⇀⋆ µ .

Then there exist at most countably many points xj ∈M and positive numbers νj , µj such that

ν = |u|2∗ dVol +
∑
j

νjδxj , µ ⩾ |∇u|2g dVol +
∑
j

µjδxj ,

and
σ2nν

2/2∗

j ⩽ µj for every j .

To obtain the manifold version, we localize the Euclidean Sobolev inequality in normal
coordinates on balls of radius r. Since gij = δij + O(r2) on such balls, its sharp constant is
σ2n − o(1) as r → 0; applying the resulting inequality to cutoffs of ui − u, passing to the limit
in i and then letting r → 0 yields the stated atomic inequality and measure decomposition.
In particular, a strict inequality between the Yamabe constant of M and that of the sphere
excludes concentration of a minimizing sequence.

THEOREM 1.12. On every closed Riemannian manifold (Mn, g) with Y (M, [g]) < Y (Sn, [gstd]),
the functional J2∗ admits minimizers.

PROOF. We consider a minimizing sequence ui in W 1,2(M) normalized by

∥ui∥2∗ = 1, J2∗(ui) −→ Y (M, [g]) .

The normalization and Hölder’s inequality give a uniform bound for ∥ui∥2, while the bound-
edness of the Yamabe functionals then yields

c(n) ∥∇ui∥22 = J2∗(ui)−
ˆ
M
Rgu

2
i dVol ⩽ C + ∥R∥∞ ∥ui∥22 ⩽ C .

We may therefore pass to a subsequence for which
(1) ui → u almost everywhere,
(2) ui ⇀ u in W 1,2(M),
(3) ui → u in L2(M),
(4) ui ⇀ u in L2∗(M).
For this subsequence, we consider the measures

νi = |ui|2
∗
dVol, µi = |∇ui|2g dVol .

Their total masses are uniformly bounded, so that, after passing to a further subsequence,

µi −⇀⋆ µ, νi −⇀⋆ ν .
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By Corollary 1.11,

ν = |u|2∗ dVol +
∑
j∈J

νjδxj , µ ⩾ |∇u|2g dVol +
∑
j∈J

µjδxj ,

with σ2nν
2/2∗

j ⩽ µj .
We denote the strict gap between the two Yamabe constants by

δ = Y (Sn, [gstd])− Y (M, [g]) > 0 .

Since M is compact, the weak–star convergence of the gradient measures, together with the
strong convergence in L2(M) and Y (Sn, [gstd]) = c(n)σ2n, gives

c(n)σ2n − δ = Y (M, [g])

⩾ c(n)

ˆ
M

|∇u|2 dVol +
ˆ
M
Ru2 dVol + c(n)

∑
j∈J

µj

⩾ c(n)

ˆ
M

|∇u|2 dVol +
ˆ
M
Ru2 dVol + c(n)σ2n

∑
j∈J

ν
2/2∗

j .

Moreover,
1 = ∥u∥2

∗

2∗ +
∑
j∈J

νj .

We distinguish the possible values of ∥u∥2∗ . If ∥u∥2∗ = 1, the measure identity rules out
concentration and

J2∗(u) ⩽ lim inf
i→+∞

J2∗(ui) = Y (M, [g]) .

The reverse inequality follows from the definition of Y (M, [g]) and hence u is a minimizer.
If instead ∥u∥2∗ = 0, all the mass is concentrated, so

∑
j νj = 1 and because 2/2∗ < 1,∑

j

ν
2/2∗

j ⩾
(∑

j

νj

)2/2∗

= 1 ,

contradicting c(n)σ2n − δ ⩾ c(n)σ2n.
In the remaining case, we write s = ∥u∥2∗ ∈ (0, 1) and combine the preceding inequality

with J2∗(u) ⩾ Y (M, [g]) to obtain

Y (M, [g]) ⩾ Y (M, [g])s2 + Y (Sn, [gstd])(1− s2
∗
)2/2

∗
.

After rearranging, this becomes

Y (M, [g]) ⩾
(1− s2

∗
)2/2

∗

1− s2
Y (Sn, [gstd]) .

For 0 < s < 1 and 2∗ > 2 we have

(1− s2
∗
)2/2

∗
> 1− s2 ,

so the factor on the right is strictly larger than 1, contradicting the assumed strict inequality.
Hence ∥u∥2∗ = 1, and the limit is a minimizer. □



CHAPTER 2

Aubin’s and Schoen’s strict inequalities

Chapter 1 provided the first, “analytic”, part of our treatment of the Yamabe problem,
culminating in the existence criterion that the Yamabe constant is attained whenever

Y (M, [g]) < Y (Sn, [gstd]) .

We now turn to the second, “geometric”, part, whose central question is how to establish
this strict inequality when (Mn, g) is not conformally diffeomorphic to the standard sphere.
This is clearly equivalent to exhibiting a nonzero function u ∈W 1,2(M) such that

J2∗(u) < Y (Sn, [gstd]) = n(n− 1)Vol(Sn)2/n .

Hence, the emphasis shifts from the compactness and the existence of minimizers to the
geometric properties of (Mn, g) allowing the construction of such a function.

In the next two sections, we present two complementary approaches: Aubin’s method,
which exploits local conformal geometry through the Weyl tensor, and Schoen’s method,
which involves the Green function of the conformal Laplacian and the positive mass theorem
(see [3,21,25]). The first applies to non–locally conformally flat manifolds of dimension n ⩾
6, whereas the second addresses the remaining cases.

2.1. Aubin’s strict inequality in the non–locally conformally flat case

We recall that, for n ⩾ 4, the Weyl tensor W of (Mn, g) is defined by the following orthog-
onal decomposition formula for the Riemann curvature tensor (see [7, Section 1.G])

Riem =
R

n(n− 1)
g ? g +

2

n− 2

(
Ric−R

n
g
)

? g +W .

It follows that W is a completely trace–free (0, 4)–tensor (all its traces are zero) with the same
algebraic symmetries as the Riemann tensor. Moreover, it transforms under a conformal
change of the metric as follows: if g̃ = e2fg, with f ∈ C∞(M), then

W̃ = e2fW ,

whereW and W̃ are the Weyl tensors of g and g̃, respectively (see [7, Theorem 1.159]). Finally,
the Weyl–Schouten theorem states that for n ⩾ 4, the metric g is locally conformally flat if and
only if W = 0 (see [7, Theorem 1.165]).

REMARK 2.1. In dimension n = 3, the local conformal flatness is characterized by the
vanishing of the Cotton tensor, of type (0, 3), defined in local coordinates by

Cijk = ∇i

(
Ricjk−

R

4
gjk

)
−∇j

(
Ricik−

R

4
gik

)
(see [7, p. 435]).
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By the Weyl–Schouten theorem, it clearly follows that if n ⩾ 4 and (Mn, g) is not locally
conformally flat, then W (p) ̸= 0 for some p ∈M . This is the geometric condition used in the
proof of the following theorem of Aubin (see [3,21]).

THEOREM 2.2. For every closed Riemannian manifold (Mn, g) with n ⩾ 6 which is not locally
conformally flat, we have

Y (M, [g]) < Y (Sn, [gstd]) .

The proof relies on the use of the conformal normal coordinates, described in the following
theorem (see [21]).

THEOREM 2.3 (Conformal normal coordinates). Let (Mn, g) be a Riemannian manifold with
n ⩾ 2 and let p ∈ M . For every integer N ⩾ 2, there exists a smooth function f on M such that,
setting g̃ = e2fg and choosing normal coordinates for g̃ centered at p, we have

det g̃ij(x) = 1 +O(|x|N ) ,
as |x| → 0, where |x| denotes the Euclidean norm of the coordinate vector. Moreover, if N ⩾ 5, then

R̃(x) = O(|x|2) and ∆̃R̃(p) = −1

6
|W̃ (p)|2g̃ ,

where W̃ is the Weyl tensor of g̃ (conventionally set to zero, if n = 2, 3).

REMARK 2.4. If g is locally conformally flat near p, the obvious choice for g̃ in this theorem
is the flat metric in a neighbourhood around p.

REMARK 2.5. This result was subsequently strengthened by Cao [11] and Günther [19],
who proved that the conformal metric g̃ can be chosen so that the determinant of g̃ij is iden-
tically equal to one in its normal coordinates near p.

Since the infimum of the Yamabe functional is the same for all the metrics in the conformal
class of g, after possibly replacing g by the conformal metric g̃ provided by Theorem 2.3
and putting ourselves in normal coordinates centered at p, we shall construct a family of
functions uλ ∈ W 1,2(M) (called “test functions”) and show that, for all sufficiently large
λ > 0, we have

J2∗(uλ) < Y (Sn, [gstd]) ,
hence proving Theorem 2.2, as Y (M, [g]) ⩽ J2∗(uλ).

We give an idea of how these test functions uλ are built. We start from the Talenti bubbles
in Rn,

µλ(x) =
( λ

1 + λ2|x|2
)(n−2)/2

for every λ > 0 , (2.1)

which attain equality in the sharp Euclidean Sobolev inequality (see [30]) and become in-
creasingly concentrated near the origin as λ→ +∞. We choose a point p ∈M withW (p) ̸= 0
and use normal coordinates centered at p to identify an open neighborhood U of pwith a ball
in Rn; then we multiply µλ by a smooth cutoff function supported in the ball; finally, we de-
fine uλ at each point of U as the value of this product at the corresponding point of the ball,
and set uλ = 0 outside U .

PROOF OF THEOREM 2.2. As we observed above, by the Weyl–Schouten theorem, there
exists a point p ∈ M such that W (p) ̸= 0. Since the infimum of J2∗ , depends only on the
conformal class of the metric (and gives the Yamabe constant of such class) and the condition
W (p) ̸= 0 is preserved under conformal changes, we may assume that g is the metric given



2.1. Aubin’s strict inequality in the non–locally conformally flat case 19

by Theorem 2.3 at p, choosing an integerN ⩾ n+4. In the corresponding normal coordinates
centered at such point, we then have

det gij(x) = 1 +O(|x|N ), R(x) = O(|x|2), ∆R(p) = −1

6
|W (p)|2 < 0 ,

where |x| is the Euclidean distance from the origin. In particular,

dVol = (1 +O(|x|N )) dx (2.2)

in these coordinates.
Choose a g–orthonormal basis of TpM , identify TpM with Rn, and let B be a ball centered at
the origin on which the exponential map expp is a diffeomorphism onto its image. As usual,
we denote the pullback metric on B by g as well. Fix radii 0 < ρ1 < ρ2 with Bρ2 ⊆ B, and
choose a smooth radial cutoff function φ ∈ C∞

c (Rn) such that 0 ⩽ φ ⩽ 1, φ = 1 on Bρ1 and
suppφ ⊆ Bρ2 . On B we set uλ = φµλ, using the functions µλ introduced above. We then
regard uλ as a function on expp(B) and extend it by zero to the rest of M . The resulting
functions are smooth and are supported in the fixed neighborhood expp(Bρ2) of p.
We first estimate the scalar–curvature term in

J2∗(uλ) =
c(n)
´
M |∇uλ|2 dVol +

´
M Ru2λ dVol

∥uλ∥22∗
.

SinceR(x) = O(|x|2), bothR(0) and its first derivatives vanish and Taylor’s formula in these
coordinates gives

R(x) =
1

2

n∑
i,j=1

∂2ijR(0)x
ixj +

1

6

n∑
i,j,k=1

∂3ijkR(0)x
ixjxk +O(|x|4) .

Then, substituting this expansion of R and the one of the volume given by formula (2.2) in
the integral of Ru2λ and observing that the integral of the cubic polynomial against u2λ with
respect to dx vanishes, being uλ radially symmetric, we get

ˆ
M
Ru2λ dVol =

1

2

n∑
i,j=1

∂2ijR(0)

ˆ
B
xixju2λ dx+ Eλ , (2.3)

where

|Eλ| ⩽ C

ˆ
B

(
|x|4 + |x|N+2 + |x|N+3 + |x|N+4

)
u2λ dx ⩽ C

ˆ
B
|x|4u2λ dx .

We now determine the asymptotic order of the last integral, as λ → +∞. We recall that
uλ = φµλ, with µλ defined in formula (2.1). Using the change of variables y = λx, we obtain

|Eλ| ⩽ C

ˆ
B
|x|4u2λ dx ⩽ Cλ−6

ˆ
|y|<ρ2λ

|y|4φ2(y/λ)

(1 + |y|2)n−2
dy ⩽ Cλ−6

ˆ
|y|<ρ2λ

|y|4

(1 + |y|2)n−2
dy ,

as φ ⩽ 1 and since |y|4/(1 + |y|2)n−2 is clearly bounded by |y|8−2n, for |y| ⩾ 1, after some
straightforward computation, we have

ˆ
B
|x|4u2λ dx =


O(λ−4) n = 6

O(λ−5) n = 7

O(λ−6 log λ) n = 8

O(λ−6) n ⩾ 9
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Combining these estimates, we conclude that

Eλ =

{
O(λ−4) n = 6

o(λ−4) n > 6

We now compute the quadratic contribution to the scalar–curvature integral in formula (2.3),
using the radial symmetry of uλ to evaluate the integrals of xixju2λ over B. We shall express
this contribution in terms of ∆R(p) and then use the identity ∆R(p) = −|W (p)|2/6.
Since uλ = φµλ is radial and B is a ball centered at the origin, we haveˆ

B
xixju2λ dx = 0 ,

for every pair i ̸= j, by the change of variables xi 7→ −xi, while the invariance under per-
mutations of the coordinates gives

ˆ
B
(xi)2u2λ dx =

1

n

n∑
k=1

ˆ
B
(xk)2u2λ dx =

1

n

ˆ
B
|x|2u2λ dx .

Consequently, ˆ
B
xixju2λ dx =

δij

n

ˆ
B
|x|2u2λ dx

and using the identity
n∑
i=1

∂2iiR(0) = ∆R(p) = −|W (p)|2/6 ,

we conclude that

1

2

n∑
i,j=1

∂2ijR(0)

ˆ
B
xixju2λ dx = −|W (p)|2

12n

ˆ
B
|x|2u2λ dx .

We now estimate the integral of |x|2u2λ: recalling that uλ = φµλ, making the change of vari-
ables y = λx, we obtain ˆ

B
|x|2u2λ dx = λ−4

ˆ
|y|<ρ2λ

|y|2φ2(y/λ)

(1 + |y|2)n−2
dy

and we distinguish the cases n = 6 and n > 6, since the behavior of the last integral as
λ→ +∞ is different in the two cases.
For n = 6, we have

|y|2

(1 + |y|2)4
= |y|−6 +O(|y|−8)

for |y| ⩾ 1. Denoting by ωn the volume of the unit ball in Rn, for i = 1, 2 and λ sufficiently
large we obtain ˆ

1<|y|<ρiλ
|y|−6 dy = 6ω6

ˆ ρiλ

1

dt

t
= 6ω6 log(ρiλ) ,

whereas ˆ
1<|y|<ρiλ

|y|−8 dy ⩽ 6ω6

ˆ +∞

1
t−3 dt = 3ω6 .
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Moreover, the function |y|2/(1 + |y|2)4 is bounded on the unit ball, so its integral over this
ball is finite. Combining these estimates, we conclude thatˆ

|y|<ρiλ

|y|2

(1 + |y|2)4
dy = 6ω6 log(ρiλ) +O(1) = 6ω6 log λ+O(1) ,

since ρi > 0 is fixed. Finally, recalling that 0 ⩽ φ ⩽ 1, φ = 1 on Bρ1 and φ = 0 outside Bρ2 ,
we have ˆ

|y|<ρ1λ

|y|2

(1 + |y|2)4
dy ⩽

ˆ
|y|<ρ2λ

|y|2φ2(y/λ)

(1 + |y|2)4
dy ⩽

ˆ
|y|<ρ2λ

|y|2

(1 + |y|2)4
dy .

As the preceding asymptotic estimate applies to both the first and the last integral, we getˆ
|y|<ρ2λ

|y|2φ2(y/λ)

(1 + |y|2)4
dy = 6ω6 log λ+O(1)

as λ→ +∞.
For n > 6, the function |y|2/(1 + |y|2)n−2 is integrable on Rn, as it is bounded near the origin
and decays as O(|y|6−2n) at infinity. Recalling that φ = 1 on Bρ1 , 0 ⩽ φ ⩽ 1 and φ = 0
outside Bρ2 , we obtain

0 ⩽
ˆ
Rn

|y|2

(1 + |y|2)n−2
dy −

ˆ
|y|<ρ2λ

|y|2φ2(y/λ)

(1 + |y|2)n−2
dy =

ˆ
Rn

|y|2(1− φ2(y/λ))

(1 + |y|2)n−2
dy

⩽
ˆ
|y|⩾ρ1λ

|y|2

(1 + |y|2)n−2
dy ⩽

ˆ
|y|⩾ρ1λ

|y|6−2n dy =
nωn
n− 6

(ρ1λ)
6−n = O(λ6−n) ,

hence, as λ→ +∞,ˆ
|y|<ρ2λ

|y|2φ2(y/λ)

(1 + |y|2)n−2
dy =

ˆ
Rn

|y|2

(1 + |y|2)n−2
dy +O(λ6−n) = Cn +O(λ6−n) .

with Cn =
´
Rn

|y|2
(1+|y|2)n−2 dy > 0.

Combining the estimates above with formula (2.3), we conclude that for all sufficiently large
λ, ˆ

M
Ru2λ dVol = −ω6|W (p)|2

12
λ−4 log λ+O(λ−4) < 0 , (2.4)

when n = 6, while for n > 6,ˆ
M
Ru2λ dVol = − Cn

12n
|W (p)|2λ−4 + o(λ−4) < 0 . (2.5)

We now estimate the gradient term and the L2∗ norm of uλ to complete the asymptotic
expansion of J2∗(uλ). As uλ = φµλ is radial in the chosen normal coordinates, the Gauss
lemma gives |∇uλ|2 = |∇Rn

uλ|2Rn , where ∇Rn
and | · |Rn denote, respectively, the gradient and

the norm with respect to the Euclidean metric on Rn. Then, formula (2.2) yieldsˆ
M

|∇uλ|2 dVol =
ˆ
B
|φ∇Rn

µλ + µλ∇Rn
φ|2Rn(1 +O(|x|N )) dx .

Differentiating the expression for µλ in formula (2.1), we find

∇Rn
µλ(x) = −(n− 2)

λ(n+2)/2x

(1 + λ2|x|2)n/2
,
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hence, for x ̸= 0, there holds

µλ(x) ⩽ λ(2−n)/2|x|2−n and |∇Rn
µλ(x)|Rn ⩽ (n− 2)λ(2−n)/2|x|1−n .

We now compare the integral of the squared Euclidean gradient of uλ = φµλ with the corre-
sponding integral for µλ. Expanding the square in the preceding formula, we have

|∇Rn
uλ|2Rn = φ2|∇Rn

µλ|2Rn + 2φµλ∇Rn
φ · ∇Rn

µλ + µ2λ|∇Rn
φ|2Rn .

The last two terms vanish outside Bρ2 \ Bρ1 , where both functions µλ and |∇Rn
µλ|Rn are

O(λ(2−n)/2), so their integrals over B are O(λ2−n), whereas the difference between the inte-
gral of φ2|∇Rn

µλ|2Rn over B and that of |∇Rn
µλ|2Rn over Rn is controlled byˆ

Rn\Bρ1

|∇Rn
µλ|2Rn dx ⩽ Cλ2−n

ˆ
Rn\Bρ1

|x|2−2n dx = O(λ2−n) ,

thus, ˆ
B
|∇Rn

uλ|2Rn dx =

ˆ
Rn

|∇Rn
µλ|2Rn dx+O(λ2−n) . (2.6)

We then estimate the difference between the integral of |∇uλ|2 over M with respect to dVol
and the integral of |∇Rn

uλ|2Rn over B with respect to dx. Recalling that |∇uλ|2 = |∇Rn
uλ|2Rn

and using dVol = (1 +O(|x|N )) dx together with the estimates obtained above, we get∣∣∣∣ˆ
M

|∇uλ|2 dVol−
ˆ
B
|∇Rn

uλ|2Rn dx

∣∣∣∣ ⩽ C

ˆ
B
|x|N |∇Rn

uλ|2Rn dx

⩽ Cλ2−n
(ˆ

B
|x|N+2−2n dx+

ˆ
Bρ2\Bρ1

|x|N+4−2n dx

)
= O(λ2−n) ,

where the first integral in parentheses is finite because N > n− 2, while the second is taken
over a fixed annulus bounded away from the origin.
Combining this inequality with equation (2.6), we obtainˆ

M
|∇uλ|2 dVol =

ˆ
Rn

|∇Rn
µλ|2Rn dx+O(λ2−n) . (2.7)

Finally, to estimate the denominator in the definition of J2∗(uλ), we use the expression for
µλ in formula (2.1) and the identity 2∗ = 2n/(n− 2), obtaining

µ2
∗
λ (x) =

λn

(1 + λ2|x|2)n
⩽ λ−n|x|−2n ,

for x ̸= 0. Then, since uλ = µλ on Bρ1 and 0 ⩽ uλ ⩽ µλ elsewhere, using dVol = (1 +
O(|x|N )) dx, we obtain∣∣∣∣ˆ

M
u2

∗
λ dVol−

ˆ
Rn

µ2
∗
λ dx

∣∣∣∣ ⩽ C

ˆ
B
|x|Nu2∗λ dx+

ˆ
Rn\Bρ1

µ2
∗
λ dx

and the two integrals on the right–hand side satisfyˆ
B
|x|Nu2∗λ dx ⩽ λ−n

ˆ
B
|x|N−2n dx = O(λ−n) and

ˆ
Rn\Bρ1

µ2
∗
λ dx = O(λ−n) ,
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where the first estimate uses N > n to ensure that the integral of |x|N−2n is finite. Conse-
quently, ˆ

M
u2

∗
λ dVol =

ˆ
Rn

µ2
∗
λ dx+O(λ−n) . (2.8)

To evaluate the leading terms in formulas (2.7) and (2.8), we apply the change of variables
y = λx to the integrals over Rn appearing on their right–hand sides and obtainˆ

Rn

|∇Rn
µλ|2Rn dx =

ˆ
Rn

|∇Rn
µ1|2Rn dy and

ˆ
Rn

µ2
∗
λ dx =

ˆ
Rn

µ2
∗

1 dy > 0 .

We now use the estimates for the gradient integral and the L2∗ integral obtained in formu-
las (2.7) and (2.8) to evaluate J2∗(uλ). By means of formula (2.8) and of the second equality
above, the estimate for the L2∗ integral yields

∥uλ∥22∗ =

(ˆ
M
u2

∗
λ dVol

)2/2∗

=

(ˆ
Rn

µ2
∗

1 dy +O(λ−n)

)2/2∗

= ∥µ1∥2L2∗ (Rn) +O(λ−n) ,

therefore, since ∥µ1∥L2∗ (Rn) > 0, we have

1

∥uλ∥22∗
=

1

∥µ1∥2L2∗ (Rn)

+O(λ−n) .

Substituting this expansion and the estimate for the gradient integral into the definition of
J2∗(uλ), we obtain

J2∗(uλ) =

(
c(n)

ˆ
Rn

|∇Rn
µ1|2Rn dy +

ˆ
M
Ru2λ dVol +O(λ2−n)

)(
1

∥µ1∥2L2∗ (Rn)

+O(λ−n)

)

=
c(n)
´
Rn |∇Rn

µ1|2Rn dy

∥µ1∥2L2∗ (Rn)

+

´
M Ru2λ dVol

∥µ1∥2L2∗ (Rn)

+O(λ2−n) .

Indeed, formula (2.7) and the estimate
´
M Ru2λ dVol = O(λ−4 log λ) obtained above imply

that c(n)
´
M |∇uλ|2 dVol+

´
M Ru2λ dVol is bounded; thus, multiplying this sum by theO(λ−n)

term in the expansion of 1/ ∥uλ∥22∗ gives O(λ−n), which is clearly also O(λ2−n).
Finally, since µ1 attains equality in the sharp Euclidean Sobolev inequality (1.3), we have´

Rn |∇Rn
µ1|2Rn dy

∥µ1∥2L2∗ (Rn)

= σ2n ,

where σn is the optimal constant in such inequality. Then, recalling that there holds c(n)σ2n =
Y (Sn, [gstd]) by Theorem 1.2, we conclude that

J2∗(uλ) = Y (Sn, [gstd]) +
´
M Ru2λ dVol

∥µ1∥2L2∗ (Rn)

+O(λ2−n) .

Since O(λ2−n) = O(λ−4) for n = 6 and O(λ2−n) = o(λ−4) for n > 6, substituting formu-
las (2.4) and (2.5) into the preceding expression for J2∗(uλ) gives, for n = 6,

J2∗(uλ) = Y (S6, [gstd])−
ω6|W (p)|2

12 ∥µ1∥2L2∗ (R6)

λ−4 log λ+O(λ−4) ,
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while for n > 6 we obtain

J2∗(uλ) = Y (Sn, [gstd])−
Cn|W (p)|2

12n ∥µ1∥2L2∗ (Rn)

λ−4 + o(λ−4) .

Hence, for n = 6, we have

lim
λ→+∞

Y (S6, [gstd])− J2∗(uλ)

λ−4 log λ
=

ω6|W (p)|2

12 ∥µ1∥2L2∗ (R6)

> 0 ,

whereas for n > 6,

lim
λ→+∞

Y (Sn, [gstd])− J2∗(uλ)

λ−4
=

Cn|W (p)|2

12n ∥µ1∥2L2∗ (Rn)

> 0 .

The strict positivity follows from W (p) ̸= 0. Thus, in either case, J2∗(uλ) < Y (Sn, [gstd]) for
all sufficiently large λ, then by the definition of the Yamabe constant,

Y (M, [g]) ⩽ J2∗(uλ) < Y (Sn, [gstd]) ,
which proves the theorem. □

2.2. Schoen’s approach to the remaining cases

The method of the preceding section uses the Weyl tensor to prove that the Yamabe con-
stant is strictly smaller than that of the standard sphere when n ⩾ 6 and the metric is not
locally conformally flat. The remaining cases were settled by Schoen in the following the-
orem (see [21,25]), which, together with the result of the preceding section, completes the
proof of Theorem 1.1.

THEOREM 2.6. Let (Mn, g) be a closed Riemannian manifold of dimension n ⩾ 3 that is not
conformally diffeomorphic to the standard sphere. If 3 ⩽ n ⩽ 5, or if g is locally conformally flat,
then

Y (M, [g]) < Y (Sn, [gstd]) .

Schoen’s approach is more “global” than Aubin’s one, which is instead essentially “local”.
This is necessary since, for instance, in the locally conformally flat case there is no hope of
finding a function u ∈ W 1,2(M) such that J2∗(u) < Y (Sn, [gstd]) by considering only the
geometry in a small neighborhood of a point of M . Indeed, such a neighborhood is confor-
mally equivalent to a domain in Rn, and the sharp Euclidean Sobolev inequality, given in
formula (1.3), implies that every nonzero function supported in that neighborhood satisfies

J2∗(u) ⩾ c(n)σ2n = Y (Sn, [gstd]) ,
by the conformal invariance of J2∗ . Thus, the difficulty is not simply that the Weyl tensor
vanishes identically, so that Aubin’s curvature expansion cannot provide a negative contri-
bution to J2∗(u), but that the geometry of a sufficiently small neighborhood cannot distin-
guish the manifold from the standard sphere for the purpose of this estimate.

We now explain the main steps of the proof. As established in Corollary 1.9, the first
eigenvalue λ1(Lg) of the conformal Laplacian Lg and the Yamabe constant Y (M, [g]) have
the same sign. Thus, if λ1(Lg) ⩽ 0, the desired strict inequality is immediate, and we may
assume λ1(Lg) > 0. Under this assumption, we shall first recall the existence of a positive
Green function of Lg and its expansion near a fixed point p ∈M , after possibly replacing (as in
Aubin’s proof) the metric g by the conformal metric g̃ provided by Theorem 2.3 and putting



2.2. Schoen’s approach to the remaining cases 25

ourselves in normal coordinates centered at p. With the normalization adopted below, this
expansion is given by

Gp(x) = r2−n +A+O(r) ,

where r = dg(x, p) and A is a constant. We shall then use Gp to define the conformal metric

ĝ = G4/(n−2)
p g

on M̂ = M \ {p}. Since LgGp = 0 on M̂ , the scalar curvature of ĝ vanishes. We shall prove
that (M̂, ĝ) is complete and asymptotically flat, using the expansion of Gp and the inversion
of the normal coordinates centered at p.

In the second subsection, we shall compute the ADM mass of (M̂, ĝ) and prove that
mADM = 2A. The positive mass theorem will then give A ⩾ 0, while its rigidity state-
ment will imply that A = 0 is possible only if (Mn, g) is conformally diffeomorphic to the
standard sphere. Under the hypotheses of Theorem 2.6, we shall therefore have A > 0.

In the last subsection, we shall construct a family of test functions µ̂λ directly on (M̂, ĝ),
using Euclidean Talenti bubbles in the asymptotically flat end and extending them as con-
stants on the remaining compact region. We shall estimate the integrals of |∇µ̂λ|2ĝ and µ̂2

∗
λ

with respect to dV̂ol, obtaining

c(n)

ˆ
M̂

|∇µ̂λ|2ĝ dV̂ol = Y (Sn, [gstd]) ∥µ̂λ∥22∗ − 4n(n− 1)ωnAλ
2−n +O(λ1−n) .

Since A > 0, this estimate shows that the Yamabe functional relative to ĝ evaluated µ̂λ, is
strictly smaller than Y (Sn, [gstd]) for all sufficiently large λ. Finally, we shall show that Gpµ̂λ
extends across p to a function in W 1,2(M) and use the conformal invariance of the Yamabe
functional to conclude that

Y (M, [g]) < Y (Sn, [gstd]) ,
completing the proof of Theorem 2.6.

2.2.1. The Green function and the conformal blow–up. We first recall the existence
and the local expansion of the Green function of the conformal Laplacian Lg on a closed
Riemannian manifold (Mn, g) (see [5,13]).

THEOREM 2.7 (Existence of the Green function). Let (Mn, g) be a closed Riemannian manifold
of dimension n ⩾ 3. If λ1(Lg) > 0 then there exists a continuous positive Green function G,
satisfying LgG(x, ·) = δx in the sense of distributions,

G : (M ×M) \∆ −→ R where ∆ = {(x, x) |x ∈M} .

The Green function G has the following properties:
• For any x, y in M with x ̸= y there holds

G(x, y) = G(y, x)

and writing Gx(y) = G(x, y), we have Gx ∈ C∞(M \ {x}).
• For any x, y in M with x ̸= y, we have

dg(x, y)
n−2G(x, y) ⩽ C ,

where the constant C > 0 depends only on (Mn, g).
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• There exists δ > 0 that depends only on (Mn, g) such that for any x, y ∈M , x ̸= y, if dg(x, y) <
δ, then ∣∣∣∣dg(x, y)n−2G(x, y)− 1

c(n)n(n− 2)ωn

∣∣∣∣ ⩽ Cdg(x, y)

and ∣∣∣∣dg(x, y)n−1|∇yG(x, y)| −
1

c(n)nωn

∣∣∣∣ ⩽ Cdg(x, y) ,

where the constant C > 0 depends only on (Mn, g).

Now we assume that the metric g is the one in the conformal class [g] provided by Theo-
rem 2.3 and we put ourselves in normal coordinates centered at p in an open neighborhood
U ⊆ M . In the locally conformally flat case, we choose g to be flat near p, as allowed by
Remark 2.4. Since we are considering the case Y (M, [g]) > 0, we have λ1(Lg) > 0 (Corol-
lary 1.9), hence the Green function of Lg exists. We want to describe its behavior near its pole
p ∈M .
We denote by Pk(U) the space of functions on U whose expressions in these coordinates are
homogeneous polynomials of degree k on Rn. Moreover, in the next theorem, f(x) = O2(r

k)
means that

|Djf(x)| ⩽ Crk−j ,

for j = 0, 1, 2, where Dj denotes the Euclidean derivatives in such coordinates and r =
dg(x, p). The following expansion of the Green function is given in [21, Lemma 6.4] (see also
Theorem A.6 in Appendix A).

THEOREM 2.8. Let (Mn, g) be a closed Riemannian manifold with n ⩾ 3 and g chosen as in
Theorem 2.3, with N large enough and λ1(Lg) > 0. Letting p ∈ M and let G be the positive Green
function of Lg with pole at p, normalized by LgG(p, ·) = δp and set

Gp = c(n)n(n− 2)ωnG(p, ·) .

Then,
LgGp = c(n)n(n− 2)ωnδp

and in normal coordinates on U \ {p},

Gp(x) = r2−n
(
1 +

n∑
k=4

ψk(x)

)
+ C log r +O2(1) ,

where ψk ∈ Pk(U) and C is a constant that can be nonzero only if n is even.
In particular, if 3 ⩽ n ⩽ 5 or if g is locally conformally flat near p, there exists a constantA such that

Gp(x) = r2−n +A+O2(r) .

DEFINITION 2.9. Let (Mn, g) be a closed Riemannian manifold with λ1(Lg) > 0, fix p ∈M ,
and let Gp be the positive Green function of Lg with pole at p, normalized as in Theorem 2.8.

Set M̂ = M \ {p} and ĝ = G
4

n−2
p g. We call (M̂, ĝ) the generalized stereographic projection or the

conformal blow–up of (Mn, g) at p. The associated map is the natural inclusion

S : M̂ ↪→M .
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Denoting by R̂ the scalar curvature of (M̂, ĝ), the conformal transformation law gives

R̂ = G
−n+2

n−2
p LgGp = 0 ,

since LgGp = 0 on M̂ .

REMARK 2.10. The sphere provides the model for this construction. Let g0 be the stan-
dard metric on Sn, let N be its north pole, and let πN : Sn \ {N} −→ Rn be the standard
stereographic projection from N . The pullback metric π∗Nδ is flat and conformal to g0. Its
conformal factor is a positive multiple of the Green function GN of Lg0 with pole at N . With
the normalization of Theorem 2.8, we have

π∗Nδ = 4G
4/(n−2)
N g0 .

To study the geometry of ĝ near the removed point, we recall the definition of asymptotic
flatness, following [6,21].

DEFINITION 2.11 (Asymptotically flat manifold). Let (Mn, g), n ⩾ 3, be a complete Rie-
mannian manifold. Given τ > 0 and α ∈ (0, 1), we say that (Mn, g) is C1,α

τ –asymptotically
flat of order τ if there exists a compact set K ⊆ M such that M \K is the disjoint union of
finitely many ends E1, . . . , EN and, for every k ∈ {1, . . . , N}, there exists a diffeomorphism

Φk : Ek −→ Rn \Bρ0(0) ,

for some ρ0 > 0. The coordinates (x1, . . . , xn) induced by Φk are called asymptotically flat
coordinates. In each such coordinate system we write

g = gij dx
i ⊗ dxj , gij = δij + γij .

For ρ > 0, set Aρ =
{
x ∈ Rn | ρ/2 < |x| < 2ρ

}
and require

sup
Aρ

(
ρτ |γ|+ ρ1+τ |Dγ|

)
+ ρ1+τ+α[Dγ]α;Aρ ⩽ C

for all sufficiently large ρ, with a constant C independent of ρ. Here D is the Euclidean
differential and the tensor norms are Euclidean, and the Hölder seminorm is defined by

[Dγ]α;Aρ = sup
x,y∈Aρ

x̸=y

|Dγ(x)−Dγ(y)|
|x− y|α

.

For the expansions used below, we also need the stronger C2
τ decay, meaning that in each

asymptotically flat coordinate system, there holds
2∑
j=0

|x|j |Djγ| ⩽ C|x|−τ

for sufficiently large |x|. This is the meaning of gij − δij = O2(|x|−τ ) in the formulas below.
We now prove the asymptotic flatness and completeness of the conformal blow–up. In

the normal coordinates centered at p, we introduce the “inverted” coordinates

yi = r−2xi .

We set ρ = |y| = 1/r and notice that this is the Euclidean inversion x = y/|y|2, whose
differential is |y|−2 times a reflection in the radial direction.
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THEOREM 2.12. Let (Mn, g) be closed with g as in Theorem 2.8 and let (M̂, ĝ) be its generalized
stereographic projection from p ∈ M . Then (M̂, ĝ) is complete and C2

τ –asymptotically flat, with
τ = n − 2 if g is locally conformally flat or n = 3, 4, and τ = 2 if n = 5 and g is not locally
conformally flat.
Explicitly, when n = 3, 4 or if g is locally conformally flat, the expansion becomes

ĝij =
(
1 +

4A

n− 2
ρ2−n +O2(ρ

1−n)
)(
δij +O2(ρ

−2)
)
.

If the “original” metric was locally conformally flat near p, by Remark 2.4, the metric g here is
actually flat near p. Then, in normal coordinates, gij = δij , so the second factor in the expansion
above is simply δij .

PROOF. We consider a neighborhood U of p with the associated normal coordinates xi.
The exponential map is a diffeomorphism

expp : Bε(0) ⊆ TpM −→ U

and we set Û = U \ {p}. Then, in the inverted coordinates defined above, the corresponding
diffeomorphism is

Φ:
{
y ∈ Rn | |y| > ε−1

}
−→ Û , Φ(y) = expp(y/|y|2) ,

where yi = ρ2xi are the inverted normal coordinates and ρ = |y| = 1/r. In the normal
coordinates centered at p, the Taylor expansion of the metric is given by

gkl(x) = δkl −
1

3
Riemikjl(p)x

ixj +O(|x|3)

(see [21, Section 5, equation (5.4)]).
Since x = y/ρ2, we have

∂xk

∂yi
= ρ−2

(
δki − 2

ykyi

ρ2

)
and by the Gauss lemma, in normal coordinates, there holds

gkl(x)y
l = yk and gkl(x)y

kyl = ρ2 .

Therefore,

gkl(x)
∂xk

∂yi
∂xl

∂yj
= ρ−4

(
gij(x)−

4yiyj

ρ2
+

4yiyj

ρ2

)
= ρ−4gij(x) ,

hence, the components of ĝ in the inverted coordinates are given by

ĝij(y) = ρ−4Gp(y/ρ
2)4/(n−2)gij(y/ρ

2) . (2.9)

Then, from the expansion given by Theorem 2.8, we have

Gp(y/ρ
2) = ρn−2(1 +Aρ2−n +O2(ρ

1−n)) , (2.10)

combining all together, we conclude

ĝij(y) = (1 +Aρ2−n +O2(ρ
1−n))

4
n−2 (δij +O2(ρ

−2)) .

Then, for n = 3, we obtain

ĝij(y) = δij + 4Aρ−1δij +O2(ρ
−2) ,



2.2. Schoen’s approach to the remaining cases 29

that is, (M̂, ĝ) is C2
1–asymptotically flat. Analogously, for n = 4,

ĝij(y) = δij + 2Aρ−2δij +O2(ρ
−2) ,

hence, (M̂, ĝ) is C2
2–asymptotically flat.

In the other cases we expand the function (1 + t)4/(n−2) as follows:

(1 + t)4/(n−2) = 1 +
4

n− 2
t+O(t2) ,

yielding

(1 +Aρ2−n +O2(ρ
1−n))

4
n−2 = 1 +

4A

n− 2
ρ2−n +O2(ρ

1−n) .

For n = 5, the coefficients gij(y/ρ2) differ from δij by O2(ρ
−2), while the factor involving Gp

differs from 1 by O2(ρ
−3), therefore

ĝij(y) = δij +O2(ρ
−2) ,

that is, (M̂, ĝ) is asymptotically flat of order τ = 2.
If g is locally conformally flat, Remark 2.4 ensures that g is flat in a neighborhood of p. There-
fore, its coefficients in normal coordinates centered at p satisfy gij(x) = δij . We substitute
these coefficients into the formula for ĝij in equation (2.9) and use the expansion of the Green
function Gp in equation (2.10) to obtain

ĝij(y) = (1 +Aρ2−n +O2(ρ
1−n))4/(n−2)δij .

The Taylor expansion of (1 + t)4/(n−2) then gives

ĝij(y) = δij +
4A

n− 2
ρ2−nδij +O2(ρ

1−n) ,

which shows that (M̂, ĝ) is C2
n−2–asymptotically flat.

It remains to prove that (M̂, ĝ) is complete. Suppose, by contradiction, that (M̂, ĝ) is not
complete. By the Hopf–Rinow theorem, there exist T < +∞ and a unit–speed geodesic
γ : [0, T ) → M̂ that cannot be extended beyond T . We first show that γ eventually leaves
every compact subset of M̂ . Indeed, suppose that there exist a compact set K ⊆ M̂ and a
sequence tj → T such that γ(tj) ∈ K. Since γ has unit speed, the vectors γ̇(tj) belong to the
unit tangent bundle over K, which is compact. The local existence theorem for the geodesic
equation then provides a positive time η > 0, independent of j, for which the geodesics with
initial data (γ(tj), γ̇(tj)) are defined. For sufficiently large j, we have tj + η > T , and the
uniqueness theorem for the geodesic equation allows us to extend γ beyond T . This contra-
dicts the choice of γ.
Since M is compact and M̂ = M \ {p}, the geodesic γ must approach p as t → T . Conse-
quently, γ eventually lies in Û , and its inverted normal coordinates satisfy

lim
t→T

ρ(γ(t)) = +∞ .

Since the coefficients of ĝ converge to those of the Euclidean metric as ρ → +∞, there exist
constants C > 0 and ρ > 0 such that ĝ ⩾ C δ whenever ρ ⩾ ρ, where δ denotes the Euclidean
metric in the inverted normal coordinates.
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We choose t0 < T such that ρ(γ(t)) ⩾ ρ for every t ∈ [t0, T ). Since γ has unit speed with
respect to ĝ, we obtain

t− t0 =

ˆ t

t0

√
ĝ(γ̇(s), γ̇(s)) ds ⩾

√
C

ˆ t

t0

|γ̇(s)| ds ⩾
√
C |ρ(γ(t))− ρ(γ(t0))| ,

where |γ̇(s)| denotes the Euclidean norm of the velocity in the inverted coordinates.
Since t− t0 < T − t0, this inequality implies

ρ(γ(t)) ⩽ ρ(γ(t0)) +
T − t0√

C

for every t ∈ [t0, T ). This contradicts the fact that ρ(γ(t)) tends to +∞ as t → T . Therefore,
(M̂, ĝ) is complete. □

2.2.2. The ADM mass and the positive mass theorem. Let E be an end of the asymp-
totically flat manifold (Mn, g), with asymptotically flat coordinates (x1, . . . , xn) as in Defini-
tion 2.11. Following Arnowitt, Deser and Misner [2], we define the ADM mass of E by the
formula

mADM(E, g) =
1

2n(n− 1)ωn
lim

ρ→+∞

ˆ
{|x|=ρ}

n∑
i,j=1

(
∂jgij − ∂igjj

) xi
|x|

dHn−1
0 ,

where ωn denotes the volume of the Euclidean unit ball in Rn and Hn−1
0 denotes the Eu-

clidean hypersurface measure in these coordinates. When n = 3, the normalization constant
is 1/(16π). If the metric satisfies the C2

τ decay estimates with τ > (n − 2)/2 and its scalar
curvature is integrable, this limit exists, is finite and is independent of the choice of asymp-
totically flat coordinates (see [6,12]).

The conformal blow–up constructed in the previous section is asymptotically flat with a
single end, whose ADM mass can be computed explicitly in terms of the constant A in the
Green–function expansion.

THEOREM 2.13. Let (Mn, g) be closed with g as in Theorem 2.8 and suppose (Mn, g) has dimen-
sion 3, 4, 5 or it is locally conformally flat. Then, the ADM mass of the stereographic projection is
mADM = 2A.

PROOF. In the locally conformally flat case, Theorem 2.12 gives the following expansion
of the coefficients of ĝ in the inverted normal coordinates (y1, . . . , yn) on the end Û ,

ĝij(y) = δij +
4A

n− 2
ρ2−nδij +O2(ρ

1−n) ,

with ρ = |y|. Differentiating the coefficients of ĝ, we have
n∑
j=1

(
∂j ĝij − ∂iĝjj

)
= 4A(n− 1)ρ−nyi +O(ρ−n) ,

then multiplying this identity by the components yi/ρ of the Euclidean outward unit normal
to the sphere {|y| = ρ} and summing over i, we obtain

n∑
i,j=1

(
∂j ĝij − ∂iĝjj

)yi
ρ

= 4A(n− 1)ρ1−n +O(ρ−n) .
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Since the Euclidean volume of the sphere {|y| = ρ} is nωnρn−1, recalling the definition of the
ADM mass, we get

mADM(Û , ĝ) =
1

2n(n− 1)ωn
lim

ρ→+∞

(
4A(n− 1)nωn +O(ρ−1)

)
= 2A .

For n = 3, the expansion of the coefficients of ĝ is

ĝij(y) = δij + 4Aρ−1δij +O2(ρ
−2) .

The first derivatives of the term O2(ρ
−2) in the expansion of the coefficients of ĝ are O(ρ−3)

and the Euclidean area of the sphere {|y| = ρ} is 4πρ2, this term contributes as O(ρ−1) to the
integral defining the ADM mass. Then, differentiating the term 4Aρ−1δij , we obtain

3∑
i,j=1

(
∂j ĝij − ∂iĝjj

)yi
ρ

= 8Aρ−2 +O(ρ−3) .

Therefore,

mADM(Û , ĝ) =
1

16π
lim

ρ→+∞

ˆ
{|y|=ρ}

(
8Aρ−2 +O(ρ−3)

)
dH2

0 = 2A .

For n = 4, 5, recalling the identity for the metric coefficients in equation (2.9), the expansion
of the Green function in equation (2.10) and the following Taylor expansion up to the third
order of gij in normal coordinates centered at p (see [21, Section 5, equation (5.4)]),

gkl(x) = δkl −
1

3
Riemikjl(p)x

ixj − 1

6
∇mRiemikjl(p)x

ixjxm +O(|x|4) , (2.11)

we have

ĝij(y) = δij +
4A

n− 2
ρ2−nδij −

1

3
Riemikjs(p)ρ

−4ykys +O2(ρ
−3) .

We first examine the contribution of the curvature term

hij(y) = −1

3
Riemikjs(p)ρ

−4ykys ,

which comes from the second–order Taylor expansion of the coefficients of g at p. Taking the
determinant in formula (2.11), we obtain

det gij(x) = 1− 1

3
Rickℓ(p)x

kxℓ +O(|x|3)

and since det gij(x) = 1+O(|x|N ), withN ⩾ 3, by Theorem 2.3, we conclude that Ric(p) = 0.
Then,

n∑
j=1

hjj = −1

3
ρ−4Ricks(p)y

kys = 0 .

Differentiating the coefficients hij , we observe that the terms arising from the derivatives
of ρ−4 and ys vanish by the antisymmetry of the Riemann tensor in its last two indices,
moreover, as Ric(p) = 0, we obtain

n∑
j=1

∂jhij = −1

3
ρ−4

n∑
j=1

Riemijjs(p)y
s =

1

3
ρ−4Ricis(p)y

s = 0 ,
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therefore,
n∑
j=1

(
∂jhij − ∂ihjj

)
= 0 ,

so this curvature term gives no contribution to the integral defining the ADM mass.
For n = 4, the remaining terms in the expansion of the metric coefficients are O2(ρ

−3), their
derivatives are O(ρ−4) and the Euclidean area of the sphere of radius ρ is proportional to ρ3.
Hence, their contribution is O(ρ−1) and tends to zero as ρ→ +∞.
For n = 5, we must also consider the third–order term in the Taylor expansion of the metric
coefficients in formula (2.11). Let Pij(x) denote the homogeneous polynomial of degree three
appearing in such expansion, that is,

Pij(x) = −1

6
∇mRiemikjs(p)x

kxsxm ,

then, by formula (2.9) together with the Green–function expansion (2.10), we obtain

ĝij(y) = δij +
4A

3
ρ−3δij + hij(y) + ρ−6Pij(y) +O2(ρ

−4) .

Since Pij is homogeneous of degree three, the term ρ−6Pij(y) is odd with respect to y, so
its first derivatives are even and since the components yi/ρ of the Euclidean outward unit
normal are odd, the function

5∑
i,j=1

(
∂j(ρ

−6Pij(y))− ∂i(ρ
−6Pjj(y))

)yi
ρ

is odd. Its integral over the sphere {|y| = ρ} therefore vanishes.
Finally, the first derivatives of the remaining terms O2(ρ

−4) in the expansion of ĝ are O(ρ−5)
and since the Euclidean area of {|y| = ρ} is 5ω5ρ

4, their contribution to the integral defining
the ADM mass is O(ρ−1), which tends to zero as ρ→ +∞.
If g is locally conformally flat, Remark 2.4 ensures that g is flat near p. The expansion of ĝ then
shows that the terms other than δij and 4A

n−2ρ
2−nδij contribute O(ρ−1), in every dimension.

Thus, we conclude that in all the cases we considered, only the term

4A

n− 2
ρ2−nδij

contributes to the ADM mass. Differentiating its coefficients, we obtain

n∑
i,j=1

(
∂j

( 4A

n− 2
ρ2−nδij

)
− ∂i

( 4A

n− 2
ρ2−nδjj

))yi
ρ

= 4A(n− 1)ρ1−n .

Since the Euclidean area of the sphere {|y| = ρ} is nωnρn−1, by the definition of the ADM
mass, we finally get

mADM =
4A(n− 1)nωn
2n(n− 1)ωn

= 2A .

□
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THEOREM 2.14 (Riemannian positive mass theorem). Let (Mn, g), n ⩾ 3, be a connected,
complete Riemannian manifold without boundary, with finitely many asymptotically flat ends. As-
sume that the metric is C2

τ –asymptotically flat in each end for some τ > (n− 2)/2, that R ∈ L1(M),
and that R ⩾ 0 on M . Then, the ADM mass of every end Ek satisfies

mADM(Ek, g) ⩾ 0 .

Moreover, if mADM(Ek, g) = 0 for some end Ek, then (Mn, g) is isometric to Euclidean space
(Rn, δ).

The cases relevant to Schoen’s argument are the dimensions 3 ⩽ n ⩽ 5 and locally confor-
mally flat metrics in arbitrary dimension. By Theorem 2.12, the conformal blow–up (M̂, ĝ)
constructed above is complete andC2

τ –asymptotically flat, with τ = n−2 if n = 3, 4 or g is lo-
cally conformally flat, and τ = 2 in the remaining case n = 5. In all these cases, τ > (n−2)/2.
Since R̂ = 0 on M̂ , the positive mass theorem 2.14, together with the identity mADM = 2A,
yields A ⩾ 0. If A = 0, the rigidity statement implies that (M̂, ĝ) is isometric to Euclidean
space, then, since (Mn, g) is the one–point conformal compactification of (M̂, ĝ), it follows
that (Mn, g) is conformally diffeomorphic to the standard sphere (see [21,25]). Consequently,
under the hypotheses of Theorem 2.6, one has A > 0, as needed in the test–function argu-
ments of the next section.

Theorem 2.14 arose from the study of gravitational energy in general relativity, but its
Riemannian formulation concerns only the scalar curvature and the geometry at infinity.
Schoen and Yau first proved it in dimension three, including the rigidity statement that the
vanishing of the ADM mass implies that the manifold is isometric to Euclidean space [26].
Their proof, based on minimal surfaces, extends to all dimensions 3 ⩽ n ⩽ 7 (see [21]).
Witten subsequently introduced a different approach, based on spinors, which yields the
positive mass theorem for spin manifolds in arbitrary dimension [6,24,32].
In dimensions n ⩾ 8, minimal hypersurfaces may have singularities, preventing a direct
extension of the original argument of Schoen and Yau. They later developed a new proof of
the theorem in arbitrary dimension, without the spin assumption. Their work first appeared
as a preprint in 2017 and was subsequently published [28]. More recently, Bi, Hao, He,
Shi and Zhu obtained another proof in dimensions up to 19 [8], while Brendle and Wang
developed a different argument covering arbitrary dimensions [9].

2.2.3. Schoen’s test functions. Following the construction in [21,25], we define a family
of test functions on the asymptotically flat manifold (M̂, ĝ), using the Euclidean Talenti bub-
bles introduced in formula (2.1). Recall that Û is the asymptotic end, with inverted normal
coordinates y and ρ = |y|. Fix ρ0 > 0 sufficiently large that the set {ρ > ρ0} is contained in
this chart, and let Kρ0 = M̂ \ {ρ > ρ0}, which is a compact set. We set

µ̂λ =


( λ

λ2 + ρ2

)(n−2)/2
if y ∈ Û and ρ > ρ0 ,( λ

λ2 + ρ20

)(n−2)/2
if y ∈ Kρ0 .

On {ρ > ρ0}, its radial derivative is

∂ρµ̂λ = −(n− 2)λ(n−2)/2ρ(λ2 + ρ2)−n/2 . (2.12)
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The function µ̂λ is constant on Kρ0 , hence its derivative vanishes in the interior of Kρ0 . Al-
though its gradient may develop a discontinuity across {ρ = ρ0}, we can still prove that
µ̂λ is locally Lipschitz. Indeed, it is sufficient to consider points x and y in a coordinate
neighborhood of {ρ = ρ0}, with |x| > ρ0 and |y| ⩽ ρ0:

|µ̂λ(x)− µ̂λ(y)| ⩽
λ

3
2
(n−2)

(λ2 + |x|2)
n−2
2 (λ2 + ρ20)

n−2
2

∣∣∣∣(1 + |x|2

λ2

)n−2
2

−
(
1 +

ρ20
λ2

)n−2
2
∣∣∣∣ .

The first factor on the right is uniformly bounded by λ
n−2
2 (λ2 + ρ20)

2−n
2 , hence

|µ̂λ(x)− µ̂λ(y)| ⩽ λ
n−2
2 (λ2 + ρ20)

2−n
2

∣∣∣∣(1 + |x|2

λ2

)n−2
2

−
(
1 +

ρ20
λ2

)n−2
2
∣∣∣∣ .

Using the condition |y| ⩽ ρ0, and since (1+x)
n−2
2 is locally Lipschitz, the claim then follows.

This implies that formula (2.12), extended to zero in Kρ0 , also determines the weak gradient
almost everywhere on M̂ .

To estimate the integrals with respect to ĝ, we use the expansion of Gp in Theorem 2.8 and
the normalization of the determinant in conformal normal coordinates. Since ĝ = G

4/(n−2)
p g,

in the inverted normal coordinates we obtain

dV̂ol = (1 +O(ρ−N ))(1 +Aρ2−n +O2(ρ
1−n))2n/(n−2) dy =

(
1 +

2n

n− 2
Aρ2−n +O(ρ1−n)

)
dy ,

where N is chosen sufficiently large. In particular, the gradient of µ̂λ belongs to L2(M̂), as
follows from formula (2.12) and the estimates below.

THEOREM 2.15. Let (Mn, g) be a closed Riemannian manifold with λ1(Lg) > 0, and assume that
3 ⩽ n ⩽ 5 or that g is locally conformally flat. Consider also g and Gp as in Theorem 2.8, let A be
the constant in the expansion of Gp, and let µ̂λ be defined above. Then, for fixed ρ0 and λ→ +∞,

c(n)

ˆ
M̂

|∇µ̂λ|2ĝ dV̂ol = Y (Sn, [gstd]) ∥µ̂λ∥22∗ − 4n(n− 1)ωnAλ
2−n +O(λ1−n) .

Here the L2∗ norm is computed with respect to dV̂ol.

PROOF. Since µ̂λ is constant on Kρ0 , the integral of its squared gradient is taken over
{ρ > ρ0}. Taking the inverse of formula (2.9), we obtain

ĝij(y) = ρ4G
− 4

n−2
p (y/ρ2)gij(y/ρ2) .

Using the Gauss lemma in normal coordinates, the inversion x = y/ρ2 and equation (2.10),
we get

ĝij(y)yiyj = G−4/(n−2)
p ρ8gij(x)xixj = ρ2

(
1− 4A

n− 2
ρ2−n +O(ρ1−n)

)
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and combining this identity with the expansion of dV̂ol, we obtain

ˆ
M̂

|∇µ̂λ|2ĝ dV̂ol =
ˆ
{ρ>ρ0}

ρ−2ĝij(y)yiyj(∂ρµ̂λ)
2

(
1 +

2n

n− 2
Aρ2−n +O(ρ1−n)

)
dy

=

ˆ
{ρ>ρ0}

(∂ρµ̂λ)
2
(
1 + 2Aρ2−n +O(ρ1−n)

)
dy

=

ˆ
{ρ>ρ0}

|∇Rn
µ1/λ|2Rn dy︸ ︷︷ ︸

I1

+2A

ˆ
{ρ>ρ0}

(∂ρµ̂λ)
2ρ2−n dy︸ ︷︷ ︸

I2

+

ˆ
{ρ>ρ0}

(∂ρµ̂λ)
2O(ρ1−n) dy︸ ︷︷ ︸

I3

.

Formula (2.12), the change of variables s = ρ/λ and polar coordinates give

|I3| ⩽ Cλ1−n
ˆ +∞

ρ0/λ
s2(1 + s2)−n ds = O(λ1−n) ,

while

I2 = 2n(n− 2)2ωnAλ
2−n
ˆ +∞

ρ0/λ
s3(1 + s2)−n ds

= 2n(n− 2)2ωnAλ
2−n
ˆ +∞

0
s3(1 + s2)−n ds+O(λ−n−2) .

The integral in the last expression equals

ˆ +∞

0
s3(1 + s2)−n ds =

1

2(n− 1)(n− 2)
.

For I1, using that the Euclidean bubble µ1/λ attains equality in the sharp Sobolev inequality,
formula (1.3), we have

I1 =

ˆ
Rn

|∇Rn
µ1/λ|2Rn dy −

ˆ
{ρ⩽ρ0}

|∇Rn
µ1/λ|2Rn dy = σ2n

∥∥µ1/λ∥∥2L2∗ (Rn)
+O(λ−n−2) ,

since

ˆ
{ρ⩽ρ0}

|∇Rn
µ1/λ|2Rn dy = nωn(n− 2)2

ˆ ρ0/λ

0
sn+1(1 + s2)−n ds = O(λ−n−2) .

The estimates for I1, I2 and I3, together with c(n) = 4(n− 1)/(n− 2), now give

c(n)

ˆ
M̂

|∇µ̂λ|2ĝ dV̂ol = Y (Sn, [gstd])
∥∥µ1/λ∥∥2L2∗ (Rn)

+ 4nωnAλ
2−n +O(λ1−n) . (2.13)



2.2. Schoen’s approach to the remaining cases 36

We now compare the L2∗ integral of µ̂λ on M̂ with that of µ1/λ on Rn. By the definition of
Kρ0 and the expansion of dV̂ol, we obtainˆ

M̂
µ̂2

∗
λ dV̂ol = λn

ˆ
{ρ>ρ0}

(λ2 + ρ2)−n
(
1 +

2n

n− 2
Aρ2−n +O(ρ1−n)

)
dy

+ λn(λ2 + ρ20)
−nV̂ol(Kρ0)

=

ˆ
{ρ>ρ0}

µ2
∗

1/λ dy︸ ︷︷ ︸
E1

+
2nλnA

n− 2

ˆ
{ρ>ρ0}

ρ2−n(λ2 + ρ2)−n dy︸ ︷︷ ︸
E2

+ λn
ˆ
{ρ>ρ0}

(λ2 + ρ2)−nO(ρ1−n) dy︸ ︷︷ ︸
E3

+λn(λ2 + ρ20)
−nV̂ol(Kρ0)︸ ︷︷ ︸
E4

.

Since Kρ0 is compact and Gp is positive and continuous on it, we have

V̂ol(Kρ0) ⩽ Vol(M)max
Kρ0

G2n/(n−2)
p < +∞ ,

and hence E4 = O(λ−n). By polar coordinates and s = ρ/λ,

E2 =
2n2ωnA

n− 2
λ2−n

ˆ +∞

ρ0/λ
s(1 + s2)−n ds =

n2ωnA

(n− 2)(n− 1)
λ2−n +O(λ−n) ,

where we used
´ +∞
0 s(1 + s2)−n ds = 1/[2(n− 1)]. The remaining integrals satisfy

E3 = O(λ1−n) , E1 =
∥∥µ1/λ∥∥2∗L2∗ (Rn)

−
ˆ
{ρ⩽ρ0}

µ2
∗

1/λ dy ,

with ˆ
{ρ⩽ρ0}

µ2
∗

1/λ dy = nωn

ˆ ρ0/λ

0
sn−1(1 + s2)−n ds = O(λ−n) .

Combining these estimates yields
ˆ
M̂
µ̂2

∗
λ dV̂ol =

∥∥µ1/λ∥∥2∗L2∗ (Rn)
+

n2ωnA

(n− 2)(n− 1)
λ2−n +O(λ1−n) .

The Euclidean norm
∥∥µ1/λ∥∥L2∗ (Rn)

is positive and independent of λ by the change of vari-
ables y = λz. Taking the power 2/2∗ = (n − 2)/n and expanding at this positive constant,
we obtain

∥µ̂λ∥22∗ =
∥∥µ1/λ∥∥2L2∗ (Rn)

+
nωnA

n− 1

∥∥µ1/λ∥∥−4/(n−2)

L2∗ (Rn)
λ2−n +O(λ1−n) . (2.14)

Combining formulas (2.13) and (2.14), and recalling that Y (Sn, [gstd]) = c(n)σ2n, we get

c(n)

ˆ
M̂

|∇µ̂λ|2ĝ dV̂ol = Y (Sn, [gstd]) ∥µ̂λ∥22∗+4nωn

(
1− σ2n

n− 2

∥∥µ1/λ∥∥−4/(n−2)

L2∗ (Rn)

)
Aλ2−n+O(λ1−n)

and to evaluate the constant in parentheses we combine the equation −∆µ1/λ = n(n −
2)µ2

∗−1
1/λ with the fact that µ1/λ attains equality in the sharp Sobolev inequality, formula (1.3).
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Integration by parts gives

σ2n
∥∥µ1/λ∥∥2L2∗ (Rn)

=

ˆ
Rn

|∇Rn
µ1/λ|2Rn dy = n(n− 2)

∥∥µ1/λ∥∥2∗L2∗ (Rn)
,

and therefore
σ2n

∥∥µ1/λ∥∥−4/(n−2)

L2∗ (Rn)
= n(n− 2) .

Consequently,

c(n)

ˆ
M̂

|∇µ̂λ|2ĝ dV̂ol = Y (Sn, [gstd]) ∥µ̂λ∥22∗ − 4n(n− 1)ωnAλ
2−n +O(λ1−n) ,

which proves the theorem. □

Since M̂ =M \ {p} and ĝ = G
4/(n−2)
p g, we define a function on M \ {p} by

uλ(x) = Gp(x)µ̂λ(x) .

In the conformal normal coordinates on U \ {p}, the expansions of Gp and µ̂λ give

uλ(x) =
(
1 +A|x|n−2 +O2(|x|n−1)

)( λ

1 + λ2|x|2
)(n−2)/2

.

Setting uλ(p) = λ(n−2)/2 gives a Lipschitz extension of uλ to M , so uλ ∈ W 1,2(M). By
conformal invariance, the Yamabe functional of uλ with respect to g is

J2∗(uλ) = c(n)

(ˆ
M̂

|∇µ̂λ|2ĝ dV̂ol
)(ˆ

M̂
µ̂2

∗
λ dV̂ol

)−2/2∗

.

Since A > 0 by the positive mass theorem and its rigidity statement, Theorem 2.15 yields
J2∗(uλ) < Y (Sn, [gstd]) for all sufficiently large λ. By the definition of the Yamabe constant,

Y (M, [g]) ⩽ J2∗(uλ) < Y (Sn, [gstd]) .
Together with the result of the preceding section, this completes the proof of Theorem 1.1.



APPENDIX A

Analytic results

A.1. Some Results about elliptic partial differential equations

THEOREM A.1 ([17,18]). Let V ∈ C∞(Ω), A ∈ C∞(Ω,Rn×n) satisfying:

⟨A(x)ξ, ξ⟩ ⩾ λ|ξ|2

for some constant λ > 0 and for every x ∈ Ω and ξ ∈ Rn. Consider f ∈ Lp(Ω), with 1 < p < +∞.
Suppose that u ∈W 1,2(Ω) ∩ Lp(Ω) is a weak solution of

− div(A∇u) + V u = f in Ω .

Then u ∈W 2,p
loc (Ω) and for every open set Ω′ ⋐ Ω,

∥u∥W 2,p(Ω′) ⩽ C(Ω′)
(
∥f∥p + ∥u∥p

)
.

COROLLARY A.2. Let (Mn, g) be a closed Riemannian manifold, let

L = − divg(A∇ ·) + V ,

where A is a smooth uniformly elliptic (1, 1)–tensor field on M and V ∈ C∞(M), and let 1 < p <
+∞. Assume that f ∈ Lp(M) and that u ∈W 1,2(M) ∩ Lp(M) is a weak solution of

Lu = f .

Then u ∈W 2,p(M) and

∥u∥W 2,p(M) ⩽ C
(
∥f∥Lp(M) + ∥u∥Lp(M)

)
,

where C depends on M , g, L, and p.

PROOF. Cover M by finitely many coordinate charts Ωα and choose relatively compact
subcharts Ω′

α ⋐ Ωα that still cover M . In each chart, multiplying the equation by the
smooth positive density

√
det gij , we have a divergence–form equation with right–hand side√

det gij(f − V u) ∈ Lp(M). Then, applying the preceding theorem in the relatively compact
subcharts and summing over the finite cover, we obtain the asserted global estimate. □

THEOREM A.3 (Strong maximum principle – See [14]). Let Ω be a connected domain and let

Lu(x) = −aij(x)∂2iju(x) + bi(x)∂iu(x) + c(x)u(x)

be uniformly elliptic, with aij , bi, c ∈ C(Ω) and c ⩾ 0. Let u ∈ C2(Ω) ∩ C(Ω). If Lu ⩽ 0 in Ω and
u attains a nonnegative maximum at an interior point, then u is constant. Likewise, if Lu ⩾ 0 in Ω
and u attains a nonpositive minimum at an interior point, then u is constant.

38
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A.2. The concentration–compactness lemma

We recall the Brezis–Lieb lemma (see [10]), following the proof in [34].

LEMMA A.4 (Brezis–Lieb). Let 1 ⩽ p < +∞ and let ui be a sequence in Lp(Rn) converging
almost everywhere to u. If ui is uniformly bounded in Lp(Rn), then

lim
i→+∞

∥|ui − u|p − |ui|p + |u|p∥1 = 0

PROOF. By Fatou’s lemma and the uniform boundedness assumption, we have:

u ∈ Lp(Rn)

For every ε > 0 we consider the following continuous function:

hε(t) =
∣∣|1 + t|p − |t|p

∣∣− ε|t|p

Moreover:
lim

|t|→+∞
hε(t) = −∞

So there exists Aε > 0 such that hε(t) < Aε. From this, after fixing ε, we get the following
estimate. ∣∣|a+ b|p − |a|p

∣∣ ⩽ ε|a|p +Aε|b|p

From which it follows: ∣∣|ui − u|p − |ui|p + |u|p
∣∣ ⩽ ε|ui − u|p + Cε|u|p

If we define the auxiliary sequence gεi as:

gεi =
[∣∣|ui − u|p − |ui|p + |u|p

∣∣− ε|ui − u|p
]+

Then by Lebesgue dominated convergence theorem we have gεi → 0 in L1. Combining all
together: ∣∣|ui − u|p − |ui|p + |u|p

∣∣ ⩽ gεi + ε|ui − u|p

Using the L1 strong convergence of gεi and the uniform bound on the norms of the sequence
gets:

lim sup
i→+∞

ˆ
Rn

∣∣|ui − u|p − |ui|p + |u|p
∣∣ dx ⩽ ε sup

i∈N
∥ui − u∥pp .

Since ε is arbitrary the assertion follows. □

We are going to use the concentration–compactness principle of P.-L. Lions in the form
presented in [29]; see also the original papers [22,23].

LEMMA A.5 (Concentration–compactness principle). Let n > 2 and let ui be a sequence in
W 1,2(Rn) satisfying
• ui ⇀ u in W 1,2(Rn) for some u ∈W 1,2(Rn);
• ui → u almost everywhere;
• |∇ui|2 dx −⇀⋆ µ and |ui|2

∗
dx −⇀⋆ ν, where µ and ν are bounded Radon measures.

Then there exist an at most countable set J , distinct points {xj | j ∈ J} ⊆ Rn, and positive numbers
νj , µj such that

ν = |u|2∗ dx+
∑
j∈J

νjδxj , µ ⩾ |∇u|2 dx+
∑
j∈J

µjδxj and σnν
1/2∗

j ⩽ µ
1/2
j ,
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for every j ∈ J , where σn is the sharp Euclidean Sobolev constant. In particular,∑
j∈J

ν
2/2∗

j < +∞ .

PROOF. Set vi = ui − u. After passing to a subsequence, the bounded measures

ωi = |vi|2
∗
dx and λi = |∇vi|2 dx

converge weakly star to bounded Radon measures ω and λ. By the Brezis–Lieb lemma,

lim
i→+∞

ˆ
Rn

||vi|2
∗ − |ui|2

∗
+ |u|2∗ | dx = 0

Writing νi = |ui|2
∗
dx and hi = |vi|2

∗ − |ui|2
∗
+ |u|2∗ , we get

ωi = νi − |u|2∗ dx+ hi dx .

Passing to the limit gives:
ω = lim

i→+∞
ωi = ν − |u|2∗ dx

Moreover, since vi ⇀ 0 in W 1,2(Rn), Rellich–Kondrachov gives vi → 0 strongly in L2
loc(Rn).

Hence, for every φ ∈ C∞
c (Rn), the sharp Sobolev inequality applied to φvi yields

σ2n

(ˆ
Rn

|φ|2∗ dω
)2/2∗

⩽
ˆ
Rn

|φ|2 dλ .

Indeed, after expanding ∇(φvi), all terms containing vi converge to zero, while the principal
term converges to the right-hand side above.

By approximation of characteristic functions and regularity of Radon measures, the pre-
ceding inequality implies, for every Borel set E,

σ2n ω(E)2/2
∗
⩽ λ(E) .

Thus ω ≪ λ. Let f = dω/dλ. At λ-almost every point x which is not an atom of λ, differenti-
ation of measures gives

σ2nf(x)
2/2∗ ⩽ lim

r→0+
λ(Br(x))

1−2/2∗ = 0 .

Therefore f = 0 away from the atoms of λ. Since a finite Radon measure has at most count-
ably many atoms, there are distinct points {xj | j ∈ J} and numbers νj > 0 such that

ω =
∑
j∈J

νjδxj .

Applying the measure inequality to the singleton {xj} gives

σ2nν
2/2∗

j ⩽ λ({xj}) .

Finally, from ∇ui = ∇vi +∇u we have, for every φ ∈ C∞
c (Rn),ˆ

Rn

φ|∇ui|2 dx =

ˆ
Rn

φ|∇vi|2 dx+ 2

ˆ
Rn

φ∇vi · ∇u dx+

ˆ
Rn

φ|∇u|2 dx .

The middle term tends to zero because ∇vi ⇀ 0 in L2. Passing to the limit therefore gives
the identity of measures

µ = λ+ |∇u|2 dx .
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Since |∇u|2 dx has no atoms, put µj = λ({xj}) = µ({xj}). We then have

µ ⩾ |∇u|2 dx+
∑
j∈J

µjδxj and σnν
1/2∗

j ⩽ µ
1/2
j .

Summing the squared inequality over j gives

σ2n
∑
j∈J

ν
2/2∗

j ⩽
∑
j∈J

µj ⩽ µ(Rn) < +∞ ,

which proves the last assertion. □

A.3. The Green function in conformal normal coordinates

The following discussion of the Green function in conformal normal coordinates is based
on [21, Section 6].

Let U ⊆ Rn. We introduce the spaces of functions

Pk(U) = {ψ | ψ : U → R, ψ is a homogeneous polynomial of degree k} ,
Ck(U) = {ψ | ψ ∈ C∞(U), ∇iψ(p) = 0 for 0 ⩽ i < k} .

We equip Pk(U) with the following inner product:〈
ψ(x), φ(x)

〉
=

ˆ
Sn−1

ψ(x)φ(x) dHn−1 (A.1)

This section is devoted to the proof of:

THEOREM A.6. Let G(p, ·) be the positive Green function of the conformal Laplacian with pole at
p, normalized by LG(p, ·) = δp and set:

Gp = c(n)n(n− 2)ωnG(p, ·)
Then,

LGp = c(n)n(n− 2)ωnδp

and in a punctured neighborhood U \ {p}, using conformal normal coordinates, the function Gp has
the following expansion:

Gp(x) = r2−n
(
1 +

n∑
k=4

ψk

)
+ c log r +O2(1)

Where r = dg(x, p), ψk ∈ Pk(U) and the log term appears only if n is even. In particular if
3 ⩽ n ⩽ 5 or if M is locally–conformally flat we have:

Gp(x) = r2−n +A+O2(r)

Where A is a constant.

For the proof we will need the following lemma:

LEMMA A.7. The eigenvalues of r2∆0 on Pm(Rn) are:

λj = 2j(n− 2 + 2m− 2j), 0 ⩽ j ⩽

[
m

2

]
The eigenfunctions of λj are of the form r2ju, where u ∈ Pm−2j(Rn) is harmonic.

PROOF. For the proof see [21]. □
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An immediate corollary is the following:

COROLLARY A.8. Let T be the following operator:

Tψ = −r2∆0ψ + 2(n− 2)x · ∇ψ

Then T , on Pm(Rn), has eigenvalues of the form:

λj = 2(m− j)(n− 2− 2j), 0 ⩽ j ⩽

[
m

2

]
The eigenfunctions of λj are r2ju, where u ∈ Pm−2j(Rn) is harmonic.

PROOF. Use Lemma A.7 and Euler’s identity for homogeneous functions. □

LEMMA A.9. Let G(p, ·) be the positive Green function of the elliptic operator L. Then, for every
open set U containing p, we have G(p, ·) ∈ C∞(U \ {p}).

PROOF. Let U be an open set with p ∈ U . By definition of Green function the following
equation holds in the sense of distribution in U :

LG(p, x) = δp

Therefore,
LG(p, x) = 0, x ∈ U \ {p}

thanks to Theorem 2.7 we know that G(p, ·) ∈ C2,α
loc (U \{p}), with this regularity assumption

the equationLG(p, x) = 0 also holds in the weak sense inU\{p}. Applying elliptic regularity
to any V ⊆ U \ {p} the claim follows. □

PROOF OF THEOREM A.6. Using Theorem 2.7 we can write Gp as:

Gp = r2−n(1 + ψ), ψ ∈ C∞(U \ {p}) ∩ C(U), ψ = O(r), |r∇ψ| = O(1)

Where the regularity and the decay of ψ and its gradient follows from Theorem 2.7 and
Lemma A.9. Since we are working in conformal normal coordinates, the determinant of the
metric admits the following expansion:√

det gij = 1 + η(x), η ∈ C∞(U), η = O(rN )

A Taylor expansion of η, together with the estimate η = O(rN ), yields η(x) ∈ CN (U). To
express ∆ in terms of the Euclidean Laplacian, we consider its coordinate expression applied
to an arbitrary smooth function u:

∆u =
1√

det gij
∂k

(√
det gij g

kl∂lu
)
= ∂k

(
gkl∂lu

)
+

∂kη(x)

1 + η(x)
gkl∂lu .

By expanding the function 1/(1 + x) and since η ∈ O(rN ) we get:

∆u = ∂k(g
kl∂lu) +Ou(r

N−1)

Where Ou(rN−1) contains terms in the derivatives of u. By defining the operator K as:

Ku = ∂k((g
kl − δkl)∂lu)

We obtain the following formula:

∆u = ∆0u+Ku+Ou(r
N−1) (A.2)
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While for a radial function f , in geodesic polar coordinates, holds:

∆f = ∂2rf +
n− 1

r
∂rf +O(rN−1)∂rf = ∆0f +O(rN−1)∂rf (A.3)

If we apply equation (A.3) to r2−n and equation (A.2) to ψ in U \ {p} we get:

∆r2−n = O(rN−n), ∆ψ = ∆0ψ +Kψ +Oψ(r
N−2) (A.4)

Where the condition |r∇ψ| = O(1) implies that the remainder is Oψ(rN−2). The decomposi-
tion of Gp and the identities (A.4) yield:

LGp(x) = L(r2−nψ) +Rr2−n +Oψ(r
N−n) = 0 x ∈ U \ {p}

Equivalently, multiplying by rn/c(n) :

−r2∆ψ + 2(n− 2)r∂rψ + c(n)−1r2R(1 + ψ) +Oψ(r
N ) = 0

Defining the operator T = −r2∆0 + 2(n− 2)r∂r, we can rewrite the equation as follows:

Tψ + c(n)−1r2(R+Rψ − c(n)Kψ) +Oψ(r
N ) = 0

We first construct a formal approximation by successively canceling the homogeneous terms
in the equation, logarithmic corrections will be introduced when necessary. Since we are
interested in a polynomial decomposition of fixed degree n of ψ we write the term R as:

R(x) = QN (x) + t(x), QN =

N∑
k=2

Rk, Rk ∈ Pk(U), t ∈ CN (U)

The sum starts from R2 because R ∈ O(r2). With this adjustment the equation becomes:

Tψ + c(n)−1r2(QN +QNψ − c(n)Kψ) +Oψ(r
N ) = 0 (A.5)

Where the term in t has been included in Oψ(r
N ). The inductive strategy is the following,

consider the finite sum:

Sm−1 =
m−1∑
k=1

ψk

Suppose inductively that applying equation (A.5) to Sm−1 yields:

TSm−1 + c(n)−1r2(QN +QNSm−1 − c(n)KSm−1) +OSm−1(r
N ) = bm + Em+1 + Fm+1 log r

Where:
Fm+1 ∈ Cn+1(U), Em+1 ∈ Cm+1(U), bm ∈ Pm(U)

And also Fm+1 = 0 for n odd. Notice that, when ψk is a polynomial, we have:

r2(QN +QNψk − c(n)Kψk) = O2(r
4) +O(rk+4) +O(rk+2), Tψk ∈ Pk(U)

To compensate for bm we need to solve, if possible, for:

Tψm = −bm
Since the error in the equation starts from O2(r

4) we can impose:

ψ1 = ψ2 = ψ3 = 0

To start the induction, note that S3 = 0. Since the term of lowest order in the equation is
O(r4), we get:

TS3 + c(n)−1r2(QN +QNS3 − c(n)KS3) +OS3(r
N ) = c(n)−1r2R2 + E5
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The problem thus reduces to determining when Tψm = −bm is solvable in Pm(U). We
distinguish two cases according to whether the dimension is odd or even. If n is odd the
operator T is invertible on Pm(U) thanks to Corollary A.8. By induction there exists:

ψ =
n∑
k=4

ψk

Such that:

Tψ + c(n)−1r2(QN +QNψ − c(n)Kψ) +Oψ(r
N ) = h, h ∈ Cn+1(U)

The remainder Oψ(r
N ) depends only on η, t, and ψ which is a polynomial and can therefore

be regarded as smooth.
For n even we need to consider two cases. If m < n − 2 then the induction still works

because the operator is invertible thanks to Corollary A.8. For m ⩾ n − 2 the operator T is
no longer invertible. However, one can show that T is self–adjoint with respect to the inner
product defined previously on Pm(U), equation (A.1), yielding the following orthogonal
decomposition:

Pm(U) = ImT ⊕ kerT

We can write −bm = Tpm + q̃m where:

q̃m ∈ kerT

Consider then the term:
ψm = pm + qm log r, qm ∈ kerT

By direct computations we see:

Tψm = Tpm + (n− 2− 2m)qm

Choose then pm as in the decomposition of −bm and qm as:

(n− 2− 2m)qm = q̃m

It remains to verify that the term

c(n)−1r2
(
QNψm − c(n)Kψm

)
does not introduce logarithmic terms at the orders relevant to the induction. Such terms
would prevent us from continuing the argument, since each step requires the term to be
canceled to be a homogeneous polynomial. Starting from m = n − 2 we know, thanks to
Corollary A.8, that the kernel of T is spanned by rn−2, this implies that:

ψn−2 = pn−2 + crn−2 log r

The term QN gives no problem since r2QNψn−2 = O(rn+2 log r). For the term involving K,
however, a crude estimate gives:

r2Kψn−2 = O(rn log r)

A more refined estimate is therefore needed. By Gauss lemma, for any radial function f on
U \ {p}, we have:

Kf = ∂k

(
(gkl − δkl)xl

∂rf

r

)
= 0
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In particular, for a generic function of the form qm(x) log r and for the logarithmic part of
ψn−2, we get:

K(qm(x) log r) = K(qm(x)) log r, K(rn−2 log r) = 0

For k = n− 1, n this yields:

r2K(ψk) = r2K(pk) +K(qk)r
2 log r

The order is big enough to continue the induction. In this case, the remainder may also con-
tain logarithmic terms. Nevertheless, by choosing the truncation order N sufficiently large,
we can ensure that it extends across p with any prescribed finite order of differentiability. By
choosing N > n + 2, these contributions can be absorbed into a function z(x) ∈ Cn+2(U).
We collect below the equations obtained together with the corresponding approximations:

Tψ + c(n)−1r2(QN +QNψ − c(n)Kψ) = h+ f log r + z, h, f ∈ Cn+1(U) (A.6)

ψ =

n∑
k=4

ψ̃k + (crn−2 + qn−1 + qn) log r

Where ψ̃k = ψk for odd n or when k < n − 2, otherwise they coincide with the polynomial
component of ψk, also qk, f, c are zero for odd n. Denote by Gapp

p and w the following:

Gapp
p = r2−n(1 + ψ), w = Gapp

p −Gp

Using equation (A.6), after multiplying by c(n)r−n, and the divergence theorem we get:

LGapp
p = c(n)n(n− 2)ωnδp + c(n)r−n(h+ f log r + z)

Where the equation holds in the sense of distributions. Since h ∈ Cn+1(U), we have:

r−nh ∈ O(r), ∇(r−nh) = O(1)

Thus, extending r−nh by zero at p, we obtain r−nh ∈ Lip(U). For the logarithmic term, since
f ∈ Cn+1(U), we have in a sufficiently small neighborhood of p:

|r−nx log rxf(x)− r−ny log ryf(y)| ⩽ C|1 + log |x− y|||x− y| ⩽ C̃|x− y|α

For every 0 < α < 1, where rx = dg(x, p), ry = dg(y, p), and |x− y| is the Euclidean distance.
Therefore, this term also extends by zero at p to a function in C0,α

loc (U). Finally, since z ∈
Cn+2(U) and its derivatives up to order n + 2 vanish at p, the last term r−nz extends as
a C2(U) function by setting its value at p to zero. The function w solves, in the sense of
distributions, the following:

Lw = c(n)r−n(h+ f log r + z) ∈ C0,α
loc (U)

By interior elliptic regularity for distributional equations, see [16], we get w ∈ C2,α
loc (U) and

the first decomposition of Gp follows:

Gp = Gapp
p − w = r2−n

(
1 +

n∑
k=4

ψ̃k

)
+ c log r + r2−n(qn−1 + qn) log r − w

Notice that w − w(p) = O2(r) and for the non–constant logarithmic terms we have:

r2−nqn−1 log r = O2(r log r), r2−nqn log r = O2(r
2 log r)
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If we denote by A = −w(p), and by considering the estimate above, we can rewrite the
expression as:

Gp = r2−n
(
1 +

n∑
k=4

ψ̃k

)
+ c log r +A+O2(1)

For n = 3, 5 the expansion becomes:

Gp = r2−n +A+O2(r)

For n = 4 the expression still holds, indeed c = 0 and q3 = 0 since the expansion has no
second order terms. For the term of order four we have:

r−2q4 log r = O2(r
2 log r) ⊆ O2(r)

For a locally–conformally flat manifold choose, after a conformal change, the flat metric in
a neighborhood of p. The conformal Laplacian then becomes the Euclidean Laplacian in
normal coordinates. In this setting the equation is:

LGp = −c(n)∆0Gp = c(n)n(n− 2)ωnδp

This means that u = Gp − r2−n is weakly harmonic in U :

Lu = −c(n)∆0u = 0

Thanks to Weyl lemma weakly harmonic functions are smooth and so:

Gp = r2−n + u

From this it is immediate to get the decomposition. □
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