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1 The Chebyshev problem

A closed subset C of an Hilbert space H with norm || - || is called Chebyshev set if for every point « € H there
exists a unique point m(x) with minimum distance from z, that is,

e - n(@)l| = d(z,C) and [l -y > v — 7(2)| ify € C and y # 7(a).

In such case, the function = — m(x) is called metric projection on C.

One of the fundamental and well known properties of an Hilbert space is that every closed and convex
subset is a Chebyshev set.
It is a natural question asking if the converse is true:

Every Chebyshev set is convex?
Several authors proved that under various extra hypotheses, the answer is positive. Anyway, Klee in [6]
showed some evidence for the existence of a non—convex Chebyshev set.

At the moment the problem is open.

The term “Chebyshev set” was introduced by Efimov and Stechkin [4] in 1961 trying to understand if
the set of rational functions

R [ ap+arm... + apx”
om bo + bizx... + b, x™

a;, b; € R}

had unique projection in L?(0, 1) (Chebyshev [3] proved such result in C([0, 1])).

Even if the Chebyshev problem was explicitly formulated in the actual form in [4] and independently in the
works of Klee, several authors considered similar questions since the beginning of the century. It is hence
difficult to decide if there was a real “author” of the problem.

We show briefly a short historical list of the main contributions:

e In 1934 Bunt [2] proves that a Chebyshev set in the Euclidean plane is convex.
e In 1938 Kritikos [7], moving by Bunt’s results, extends the theorem to R".

e In 1961 Efimov and Stechkin [4] show that in a general Hilbert space a Chebyshev set which is approx-
imately compact is convex.

A subset C of a normed space (X, || - ||) is called approximately compact if given any z € X and a
sequence of points y,, € C with ||z — y,|| — d(z, C), there exists a subsequence y,,, and a pointy € C
such that y,,, — y.

e in Klee [5] proves that Chebyshev set which is weakly closed is convex.



e In 1969 Asplund [1] shows that a Chebyshev set with a continuous metric projection is convex.

By the result of Asplund, the Chebyshev problem can then be reformulated as follows:
Every Chebyshev set has a continuous metric projections?

There are several hypotheses which imply the continuity of the metric projection, notably the weakly
closedness of the set C' in the Hilbert space H.
The fact that in R™ the weak and the strong topology coincide, makes such hypothesis superfluous and
gives an heuristic motivation for the strong difference between the finite and the infinite dimensional case.
At the moment, to our knowledge, the problem to prove the same conclusion for closed subsets of a
Hilbert space (even separable), not weakly closed and sharing the unique projection property, is completely
open. Also a counterexample was not found, though actually most of the work concentrated on proving
the assertion not on disproving it.
For further details and references, see the rather comprehensive article of Vlasov [2].

2 A proof for weakly closed subsets ('

We are going to show a proof (up to our knowledge original), in collaboration with G. Alberti, that a Cheby-
shev subset C' of the Hilbert space H which is weakly closed, it is convex. In particular, this proof works
for R™.

Considering the distance function from C, dc(z) : H — R, we have that do(z) = ||z — n(z)||, by
the uniqueness of the point of minimum distance, at every point z € H \ C the distance function d¢ is
differentiable and the modulus of the gradient is 1. Defining the function

o) = Il = dete)
we then get,
VW (z) =z —dc(z)Vde(z) = (),

at every point of H \ C, by the properties of the distance function.
Moreover, the function W : H — R is convex, being sup of linear continuous functionals on H,
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We study the following ODE system,
x(0) = y.

Suppose that the system has a unique maximal solution for every initial point y € H \ C, then

for t < 0, the solution x(t) follows the segment connecting y to its projection w(y) on C. This implies,
considering the solution curve for ¢ > 0, that this latter is also a straight halfline, moreover all its points z(¢)
have a common projection 7(z(t)) € C.
From this fact we can conclude that for every point y not belonging to C there exists a separating hyperplane
between y and C, which implies that C' is convex. Indeed, by choosing a hyperplane crossing orthogonally
the “interior” of the segment connecting y and 7 (y), there cannot be points of C in the halfspace containing
y, otherwise such points would be definitely closer to z(t) than 7(z(¢)), as t — +o0.



We notice now that the existence and uniqueness of solutions for every initial point y € H \ C would
follow from the same result for the solutions of the following ODE system, being connected by a continuous
perturbation and reparametrization of the solutions,

o t — t
it) = —VW(a(1)) 02
z(0) = y.

Hence, we can concentrate on the problem of the existence and uniqueness of the solutions for this system.

We first see that if the set C'is weakly closed, then the map 7 : H — C'is continuous and so the function
VW = n. If x,, — z, it is easy to see that the sequence 7(z,) is bounded, then by the compactness of the
balls in the weak topology of H, there exists a subsequence z,,, such that 7 (z,, ) weakly—converges to some
point z which belongs to C, since it is weakly—closed. As the norm of H is lower semicontinuous in the
weak topology, we conclude that

lz = 2|} < liminf |z, —7(zy, )| = liminf de (2, ) = do(z),

hence, by the uniqueness of the projection on C, we have z = 7 (z).

Setting y,,, = =, —7(zy, ), we see that y,,, weakly—converges to z—7(z) and ||y,, || converges to ||z —m(x)||,
which, in a Hilbert space, implies that y,,, converges in the norm of H to x — m(x), hence m(z,,) converges
to m(x) in the norm of H.

The continuity of the projection map 7 : H — C follows by this argument.

Getting back to system (2.2), uniqueness is guaranteed by the convexity of the function W (implying
the monotonicity of VW = 7), while the continuity of VIV gives the existence of solutions by the usual
argument for ODE’s (see [1]).

The convexity of C' then follows, as we said above.
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