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Introduction

A fundamental result in the Calculus of Variations in searching minimizers of variational
functionals, is the equivalence between the quasi—convexity and the sequential weakly (or
weakly*) lower semicontinuity in the setting of the spaces WP (Q,R™), for 1 < p < +oo,
where () is an open bounded subset of R".

Historically, this equivalence was established through several steps: in the pioneering
paper [27] by Tonelli, it is shown that for a twice differentiable and continuous function

f:]a, b x R™ x R™ — [0, +00)
and for u € Wh1((a,b),R™), the functional

b
F(u):/ flx,u(x),u (x)) dzx

is sequentially weakly lower semicontinuous in W'!(a,b) if and only if the function f is
convex in the third variable. In the scalar case m = 1, this result was later generalized to
functions defined on bounded open sets of R™ by various authors and Serrin in [25] proved
that the differentiability assumptions are not actually required. Improvements of Serrin’s
theorem have then been given by De Giorgi [6], Olech [23] and Ioffe [15].

The results in the scalar case extend easily to the vectorial case. However, while for m = 1
the semicontinuity theorem stated above is optimal, in the sense that the convexity assump-
tion of f(x, s, ) with respect to { is necessary for the lower semicontinuity of F, in the vecto-
rial case for m > 1, there are functionals (of considerable interest in the theory of nonlinear
elasticity, for instance) that are lower semicontinuous without f being convex with respect
to the matrix § = &;;.

In the case of m > 1, the condition on f that turned out to be necessary and, with addi-
tional assumptions, also sufficient for the lower semicontinuity of integral functionals, is the
quasi—convexity, introduced by Morrey [22] in 1952. More precisely, Morrey showed that un-
der some strong regularity assumptions on f, the equivalence between the quasi—convexity
of f and the weakly* sequential lower semicontinuity in W1 (0, R™) of the functional

F(u):/gf(x,u(az),Du(a:))dx

holds. Meyers then extended Morrey’s result to the setting of Wkr(Q,R™) spaces in [20].
Acerbi and Fusco [2] obtained a significant improvement of this result, which will be
the subject of the first chapter of the thesis. Indeed, they established such equivalence for
Carathéodory integrands with appropriate growth conditions in W1?(Q,R™), for 1 < p <
+o00. We also mention that Marcellini in [19] presented an alternative proof of this fact.
The aim of this thesis is to begin to develop an analogue of this theory in the Riemannian
setting. Precisely, in the last chapter of the thesis, we will consider a smooth, complete and



connected Riemannian manifold (M, g) and a continuous function
f:Z(TM,R™) = R,
where Z(T'M,R™) is the vector bundle of the linear maps between a tangent space of M
and R™, that is,
L(TM,R") ={a:T,M - R™ | z € M and « is linear}.
Then, after introducing a generalization of the notion of quasi—convexity (extending the

usual one in the case of the Euclidean space), we will show that f is quasi—convex in our
sense if and only if for every open and bounded subset Q2 C M, the functional

ur F(u,Q) = /Qf(du)du

(where 1 is the canonical volume measure of (M, g)) is sequentially lower semicontinuous
in the weak* topology of W1°°(Q, R™), analogously to the Euclidean case.

We conclude the thesis with some related open problems and possible future research
directions.



CHAPTER 1

Quasi—convexity and semicontinuity

1.1. Preliminary results

DEFINITION 1.1. A continuous function f : R™*™ — R is quasi—convex if for every £ €
R™ ™ and for every open subset €2 of R” and for every function ¢ € C2°(2,R"™), we have

6) < 7{2 £(6 + Dp(x)) 4L (x).

DEFINITION 1.2. A real function f : R" x R™ x R™™ — R is quasi—convex if there exists
a subset Z of R" with .£"(Z) = 0, such that for every z € R" \ Z and for every s € R™ the
function & — f(z, s, &) is quasi—convex.

We list some lemmas and definitions that will be useful in the sequel. The first is a result
of Meyers in [20].

LEMMA 1.3. Let f : R™*™ — R be quasi—convex. For every bounded open set 2 C R™ and every
sequence uy, € WHo°(Q, R™) weakly* convergent to zero, we have

£6) < hmlnf][f{—i-Duk( )) AL (z),

for every & € R™™,

PROOF. Letuy = 01in W1*°(£) and let 1 be a function in C°(Q) with 0 < ¢(z) < 1. We
have

/f§+Duk< ) dL™(a /f§+Duk ) dL(a /f§+D () dL™ (x)
- /Q F(6 + D@(@)ur(x))) L7 ().

If we now set I as the largest open subset of 2 such that ¢/(x) = 1, for every x € I', we have
| e+ D@y az@) = [ 1+ Du@)az @ - [ 1+ D@ @) a2 @)

+ f(&+ Dup(x)) dL™" ()
O\l

- €+ D (x)up(x))) dL" ()

o\r

T / F(€ + D@()ur(x)) L™ ().
Q



1.1. PRELIMINARY RESULTS

Now we set

= /fgwuk ) dL"(a /f£+D ur(2))) AL (w);
J= [ f€+Dup(@)dL (@)~ [ €+ DW(x)u(x)) dL(x);

O\l O\l
Ja= [ 6+ DWla)un(w) 42" @)
thus,
/ f(& + Dug(x))dL™(x) = J1 + Jo + Js.
We observe immediately tlffat Ji=0sinceyp =1inT and Dy =0inT.

We now focus on Jy. We have
€ + Dug(z) — £ — D(¥(@)ur(2))| = [D((1 = ¥(x))ur(z))| = [(1 — ) Dug + up D))
< (T =) [ Dugl| oo o1y + 1wkl oo m) 1DV || oo (1)
but u; = 0, Dy is bounded, Duy, is uniformly bounded with respect to k and ¢ < 1, so we
get
|Duy, — D(u)| < C'(|[Dug|| o, | D 1<),
for every x € 2\ I'. Moreover, f is continuous, so

|f(§ + Dug(z)) = f(§+ D((x)ur(x)))| < C

and consequently,
limsup Jo < CZ"(Q\T).

k—ro0
Moreover, by the quasi—-convexity of the function, we have

/ f(§)dL" (x hm 1nf Js.

Therefore, for every € > 0, there exists a suitable choice of ¢(z) such that

liminf / F(E + Dug(w)) dL™ (@ / FO) dL™(@) — e = F(6).2™(Q) —
—00
hence, the thesis follows by the arbitrariness of ¢ > 0. O]

DEFINITION 1.4. A function f : R® x R™ x R™"™ — R is a Carathéodory function if the
following two conditions are satisfied:

e forevery (s,&) € R™ x R™™, the map = — f(z,s, ) is measurable;
e for almost all z € R", the map (s,§) — f(z, s,§) is continuous.
We will now recall some definitions and facts from [8] and adapt them to our context.
DEFINITION 1.5. A function f : R" x R™ x R"*™ — R is a normal integrand if for every
Q C R", we have:

o for almost every x € {2, the map (s,£) — f(z,s,§) is lower semicontinuous;

e there exists a Borel function f : Q x R™ x R"*™ — R™ such that f(z,-,-) = f(z,-,")
for almost every x € 2.
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An important property of Carathéodory function is that they are normal integrands (see [8,
p- 234]), then the following lemma by Scorza Dragoni provides a characterization of such
functions (see [8]).

LEMMA 1.6. Amap f : R" x R™ x R™*"™ — R is a Carathéodory function if and only if for every
compact set K C R™ and for every € > 0, there exists a compact set K. C K, with " (K \ K;) < ¢,
such that the restriction of f to K. x R™ x R™*™ is continuous.

PROOF. Let us consider a compact subset K of R" and let us fix ¢ > 0.
Since f is a Carathéodory function, we have that f is a normal integrand, so, by Lusin’s
theorem (see [24], for instance), there exists a compact set Ky C K such that
€
LUENKL) <2
and the restriction of f to K x R x R™"*™ is lower semicontinuous.

Now we notice that — f is also a normal integrand, thus, we can find a compactset K_ C K
such that .
LMK\ K_) < 3

and for which the restriction of —f to K_ x R™ x R™ ™ is lower semicontinuous.

If we consider K. = K N K_, we see that the restriction of f to K. is lower semicontinuous
and upper semicontinuous, hence f is continuous on K. It also holds .£"(K \ K.) < e.
The converse statement is again a consequence of Lusin’s theorem. U

The reference for the following lemma is [7].

LEMMA 1.7. Let G C R" be measurable with Z"(G) < +o0. Assume that M; is a sequence
of measurable subsets of G such that, for some £ > 0, we have L™ (M) > € forall | € N. Then, a
subsequence M,, satisfies (o M, # O.

PROOF. Let us consider the function X : G — R defined as
S
Xe) = Jim > v )

Arguing by contradiction, we may suppose that

(M, =@
j=1

for every subsequence M;;, thus we have X(x) < +oo for every x € G.
Applying Lusin’s theorem, we have a compact K C G such that
o ZMG\K)<§;
e the function X evaluated on K is continuous and thus limited, therefore there exists
no € Nsuch that X(z) < ng, forall z € K.

Letting M! = M;, N K, we have Z"(M,) > £, therefore, by Beppo Levi’s theorem,
g My, k 2 Yy bepp
noL"(K) > / X(z)dZL"(z) = lim Z/ X (x) d2" ()
S§—00

S
o ROAg - e E
—Sli)rrolO;f (M;) > lim 55 +00.

6



1.1. PRELIMINARY RESULTS

Hence, we obtained a contradiction and this concludes the proof. O

LEMMA 1.8. Let ¢y, be a bounded sequence in L'(R™). Then, for each e > 0 there exists a triple
(Ag, 0, S) where A is a measurable subset of R" with £"(A.) < e, 6 > 0and S is an infinite subset
of N such that forall k € S,

/ (@) AL (x) < e
B
whenever B and A, are disjoint and £™(B) < 0.
PROOF. We may assume, by contradiction, that there exists € > 0 such that for every
(Ag, 0,5) as in the statement, we may choose a measurable set B such that:
o £"(B) < 9;

e BNA. =0;
e there exists an index k£ € N such that:

/ | (x)| dL™(z) > e.
B

Let A and S be as in the statement, we set S; = S and §; = #n(m. Then, there exists a set
Bj such that:

o ¥ n(Bl) < (51 ;

e ANB =0

e there exists an index k1 € N such that

[ len@ld2n @) > =
By

Arguing by induction, if we set
(571 = %(Sn_l and Sn = {k‘ S Sn—l ’ k> kn—l}

and let
C=|JBy and T ={k,|heN},
heN
we obtain a couple of sets which satisfies our requests, indeed
o MO+ 2L (A) <¢g;
e CNA=0;
e T C S is infinite and

/ k(@) dL™(@) > ¢,
C

forevery k € T.

As a consequence, we have that for every set A with " (A) < ¢ and every infinite set S C N,
there exists a set C such that

o XMCUA)<s;
e CNA=0;
e there exists an infinite subset T" of S such that

/ lok(x)| dL" () > ¢ forevery ke T.
c

7
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Now we show that if we consider

N > e tsup lorll L1 @ny, (1.1)
keN

we have a contradiction. Indeed, let A = J and S = N and C; and 77 as above.
Starting from A = C; and S = T, we proceed to find C5 and 75 with C; N Cy = @ and

/‘ (@) AL /)W% )| d2"(x ‘/ ()] AL (2) >
C1UCo

for all k£ € Ty. Since .£"(Cy U Cs) < ¢, we define A = C1 U Cy and S = T and we continue
iteratively. Then, after N iterations, by the assumption (1.1), we obtain a contradiction and
the proof is complete. U

DEFINITION 1.9. Let u € C2°(R"™). We define

(M*u)(z) = (Mu)(z) + ) _(MDyu)(x),
i=1

where we set

(M) (z) = sup —— / 1F()] dy
r>0 Wpt™ By (x)

for every locally summable function f (w, is the volume of the n—-dimensional unit ball of
R™).

The reference for the following lemma is [26].

LEMMA 1.10. Ifu € C2(R"), then M*u € C°(R™) and

)|+ ) |Diu@)] < (M*u)(x),
i=1

forall x € R™. Moreover, if p > 1, then
[ M ul| o @ny < c(n, p)l|ullpe we)
and if p = 1, then
2w e R (00) > XD < L fullyrpan)
forall X > 0.

PROOF. We give a sketch of the proof.
Let E)\ = {x : Mu(x) > \}. We aim to estimate the measure of E) in terms of ||ul[ 11 rn).
To simplify the notation, we will sometimes denote by |B,| the n—-dimensional Lebesgue
measure of B,.

(1) For each x € F), there exists a ball B, centered at x, such that

y)|dy > a,
i,

for some fixed constant o > 0.
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(2) Using a Vitali-type covering lemma, we extract a disjoint countable subcollection of
balls B,, such that
> |Bu| > cl By

keN

and the union of dilations of these balls by a fixed factor covers E.
(3) Then, we obtain:

!

y)|dy > Z/ ]dy>a)\Z]B$k]

kEN sz keN keN
(4) Thus,

1 1
B < % [ o)l dy = %l e

(5) This gives us a L! estimate:

n C
Z"({z: Mu(z) > A}) < S llullp@n),

where C'is a constant depending only on the dimension.
(6) The other cases are reduced to the case p = 1, the case p = oo is handled more easily.

In this way we have obtained a control on £"(E)) by |u[[1(rn), this can be extended to

a control by ||ul[yy1.nrny just involving weak derivatives, which appear in the definition of
M*u. ([l

The following lemma can be found in [18, Lemma 2].

LEMMA 1.11. Let u € C°(R") and let

[uly) — u(w) = Sy Diule)(y: — )

Then, for every = € R™ and r > 0, there holds
/ Ulz,y)dy < 2w,r™ (M u)(x).
r(z)

PROOF. Let F(t) = u(x + t(y — z)). Then,

1 n
u(y) =F / F'(t / ZDiu(x—l—t(y—a;))(yi—xi)dt.

0 =1

Subtracting the linear part,

1
u(y) — u(x) = Du(z) - (y — 2) = /0 [Du(z + t(y — 2)) = Du(x)] - (y — z) dt
and taking the absolute value and dividing by |y — z|, we get

1
U(z,y) < /0 |Du(x + t(y — z)) — Du(z)| dt.

9



1.1. PRELIMINARY RESULTS

Then, integrating and using Fubini’s theorem, we obtain

1
| veway< [ [ 1Du iy - ) - Dutw)]dray
r(z) Br(z) JO

1
- / / \Du(z + ty — 7)) — Du(x)| dy dt.
0 r(x)
We setnow z = z+t(y—z), therefore y = z+ 1 (z—=x). Then, z € By, () and since dy = t~"dz,

/ |Du(z + t(y — x)) — Du(x)|dy = t_”/ |Du(z) — Du(z)|dz,
r(z) Bir(x)

consequently,
1
/ U(z,y)dy </ t_"/ |Du(z) — Du(x)| dz dt.
T(m) 0 Btr(l’)

We bound the inner integral using the maximal function as follows:
1

Du(z )| dz <2 M (D)
B ()] Jg P 7 DIz <2 2 M
Thus,
1
/ U, y)dy <2 3 M(D)(x) / B [1="dt = 2™ (M) (x).
By (x) la|=1 0
and the proof is completed. 0

The lemma below, which comes from [2], is a slightly modified version of the original
lemma in [18].

LEMMA 1.12. Let uw € C°(R"™) and A > 0 and set
={x e R"| (M*u)(z) < \}.
Then, for every x,y € H* we have
|u(y) — u(z)]
ly — x|
PROOF. We consider ¢/(n) such that for every z,y € R™ with |z — y| = r there holds

LB, (x) N Bu(y)) > Cl(2n)wn7“”. (1.2)

Forad > 0let W, (x,0) = {y € By(z) |U(x,y) < ¢}, then, by Lemma 1.11, we have

Q™ (M) () > / U(z,y)dy > / U(z,y)dy = 62" (Br(2) \ W (z,9)).
By (z) Br(z)\Wr(z,5)

< c(n)A.

Let z € H?, therefore

L™(Br(2) \ Wr(z,2¢ (n)))) <

2wy, " wpr™
M* .
2o ) <
We consider z,y € H?, with |z — y| = r, then, using inequalities (1.2) and (1.3),
W, (z,2¢ (n)\) N W,.(y,2d (n)\) # @.
10
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1.2. SEMICONTINUITY THEOREMS

Hence, letting z belonging in this intersection, so |z — z| < r and |y — Z| < r, we obtain

uy) —u(z)| _ [uly) — u(@)] n [u(z) —u(@)| _ Juy) - u(Z)] n [u(z) — u(z)|
lz—yl T Jr—y lz—yl T Jy—7 |z — |

SU®W,2) +UEz) + Y [IDu(@)] + [Diu(y)|] < 4(d(n) +2)A,
i=1
hence, we have the thesis. O

Finally, we need one last lemma that can be found in [8] and it is known as McShane lemma.

LEMMA 1.13 (McShane lemma). Let X be a metric space and E a subset of X. Then, any
k—Lipschitz mapping from E to R can be extended to a k—Lipschitz mapping defined on the whole X.

PROOF. Let u be k-Lipschitz mapping from E to R. For every z € X we can set
u(z) = sup{u(e) — kd(z,e)} € RU{o0}.
eck

If we consider € € E, for the Lipschitz condition, we have
ul(e) — kd(Z, ) < u(@),

for every e € E, hence, u(e) = u(€) and thus u is an extension of .
Let z,y € X and without loss of generality, we assume that u(y) < u(x). Therefore,

Oéiﬂy)—ﬂ@ﬁ=§gg&4®-—Mﬂweﬂ-—ig{uw)—kd@z@}

< sug {u(e) — kd(y,e) —u(e) + kd(z,e)} < SuEp {kd(z,e) — kd(y,e)}
e€ ec
and using the triangular inequality, we obtain
0 < uly) —u(x) < kd(y, ).
In particular, if we consider € E, we have
u(y) < u(x) + kd(y,x) < +oo foreveryy € X,
thus, u is a k-Lipschitz mapping from X to R. 0

1.2. Semicontinuity theorems

If f is a real function defined on R" x R™ x R™ ™, under the hypotheses that justify
the integration and ensure the validity of the following formula, for every measurable set
Q C R", we define

F(u.9) = [ f(@.ule), Du(@) 2" (@)
Q
We can now state the first of the main results from [2].

THEOREM 1.14. Let f : R™ x R™ x R™*™ — R satisfy:

(1) f is a Carathéodory function;
(2) fis quasi—convex in &,
(3) 0 < f(x,s,&) < a(x) +b(s,§), forevery x € R™, s € R™, £ € R™*™, where a is a non—
negative locally summable function on R™ and b > 0 is locally bounded on R™ x R"™*™.,
Then, for every open bounded set 2 in R™ the functional u — F'(u, Q) is sequentially weakly* lower
semicontinuous in WH>°(Q, R™).

11



1.2. SEMICONTINUITY THEOREMS

PROOF. First, let us suppose that 2 = (0,1)" and let us fix
o u € WH™(Q,R™);
e z;, € WH(Q,R™), such that z, 2> 0 in Wh*°(Q,R™).
Let us set:
A = [Jullp.co(rm) +SUp || 28| wi.co (o rm)
keN

and

M = sup {b(s,€) : |s] < A, l¢] < A}
Without loss of generality we may assume that a(z) < +oc for every z € Q.
We now consider € > 0 and let o > 1 be large enough such that if

E={zeQla(z)<a}\Z,

then,

3

ZQ\E) < a(z) dL™(z) < e. (1.4)

M Jo
We want to show that
F(u,Q) < liminf F(u + 2z, ).

k—o0
Let define the sets
G ={27(x+(0,1)") |z eZ"}, (1.5)
for any v € N. If we now neglect the sets of measure zero, then, for all v € N we have
gnv
0= U QY% with QY € G".
h=1

From now on, till the end of the proof, we will assume 1 < h < 2™.

We consider
up =27 / ) u(y) dy; u’(z) = ZUZXQZ (x);
h
Duy =27 Du(y)dy; Du”( Z Dupxqy (z
Q heN

and we observe that

[u” ][ oo (rem) + [[DU” [ oo () < [[ullwoe (@ rm)

and that both sequences ©” and Du” converge pointwise almost everywhere. The first con-
verges to u, the second one to Du.
Recalling Lemma 1.6, we know that there exists a compact set K C Q2 such that:

e fiscontinuous on K x R™ x R™"*™;

e there holds
€

a+ M
For every v and h in N, we fix 2} € Q} N K N E, when this intersection in not empty. We
have then

L\ K) <

Flu+2;,Q) > Flu+ z,, KNE) =ai + b, + ¢ +d” + e,
12



1.2. SEMICONTINUITY THEOREMS

with
ap = / [f(z, (u+ 2)(2), (Du + Dzi) () — f(z,u(z), (Du+ Dz)(x))] dL" (2);
KNE

by = }%/CQZQKOE[f($’ w(x), (Du+ Dz)(x)) = f(ay, up(x), Dup(2) + Dzi(2))] d2" (2);

k=2 /QZQKOEU(JUZ,UZ(%), Dup(x) + Dzg(x)) = f (2, up(2), Duj (2)] &L (2);

T ,;N/Q;mm[f (af, uf (). Duf) = f (@, u(z), Du(a)) d2" (@)

e= / [f (z,u(x), Du(z)] dL"(x).
KNE

Since f is uniformly continuous on the bounded set K xR xR"*"™, there holds limy,_, ar =
0. Likewise, the uniform continuity of f and the pointwise convergence of v” and Du" ensure
that

Vli_{glo d”" =0, Vli_)rgo bi, = 0 uniformly with respect to k.
Indeed, we have
gnv
A :Z/ [ f(z,u(x), Du(x) + Dz(x)) — f(x,up(x), Duy(x) + Dzg(z))] dL"(2)
h=1"Ch
gnv
+y /Qy [ f(z,up,(2), Dup(z) + Dzg(2)) — f(xh, up(z), Dup(z) + D2g(z))] dL"(2)
h=1 h
gnv
< o [ f(z,u(z), Du(z) + Dzg(x)) — f(z,up(x), Dup(x) + Dzg(x))] dL" () + €
h=1"%p

by the uniform continuity of f.
Notice now that the first integral can be written as

/KmE [f(z,u(x), Du(x) + Dzg(x)) — f(z,u”(x), Du”(z) + Dz(z))] dL"(x).

Now we can use the Egorov theorem to deduce the existence of a compact set K such that
Z"(Q2\ K) < € on which v” and Du” converge uniformly to « and Du. So we obtain that

/m [ (2, u(x), Du() + Day(x)) — f(o, u”(x), Du”(x) + Dy ()] dL™(z)

= / _ [f(z,u(z), Du(z) + Dzy(x)) — f(x,u”(x), Du”(x) + Dzg(x))] d-L"(x)
(KNE)NK

+/ ~[f(z,u(z), Du(x) + Dz (z)) — f(x,u”(x), Du”(x) + Dz (z))] dL" ().
(KNENEK

Now we have that the first integral tends to zero uniformly if v tends to +oco, due to the
uniform continuity of f, while the second integral is controlled by «.

13



1.2. SEMICONTINUITY THEOREMS

Thus, we can assume that v is large enough such that |b]| + |d”| < ¢ for every k.
Notice that, by using (1.4), we have

S o o D D) 10, D)

heN h\ KQE)
<2 E / x +M dL"
h\(KmE h ] ( )

dL"(x)

2 [(a +M)L(Q\ K) + MZ™Q\ E) + / a dgn(x)]
Q\E

<de + 2/ a(x)dZL"(z) < 6e.
O\E

Recalling then Lemma 1.3 and applying it in our setting to each @}, we obtain

hkm inf ¢ > —6e.

On the other hand, we have
e=F(u,KNE) > F(u,Q) — 3e.

Then,
lilgllian(u + 21, 2) = F(u,Q) — 10e.
—00

As ¢ is arbitrarily chosen, our result is proved when Q = (0, 1)".

The same argument can be applied to every cube 2 with edges parallel to the coordinate axes
and the general thesis follows from the fact that the sup of a family of lower semicontinuous
functions is lower semicontinuous. 0

REMARK 1.15. The theorem holds even if f satisfies the first and the second conditions of
the statement and | f| satisfies the third condition, the proof can be found in [11] and [20].

REMARK 1.16. If f is defined on the set Q x R™ x {¢£ € R"*™||{| < r} for some r > 0
and f satisfy the hypotheses of Theorem 1.14, then the functional u — F'(u, () is sequen-
tially weakly lower semicontinuous on the space of functions u € W1°°(Q,R™) such that
[ Dul| oo (rrnxmy <.

Another relevant result is the converse of the previous theorem.

THEOREM 1.17. Let f : R” x R™ x R™*™ — R satisfy:

(1) f isa Carathéodory function
(2) 0 < f(x,s,8) < alx)+b(s,&), forevery x € R™, s € R™, £ € R™ ™ where a is a non—
negative locally summable functzon onR"and b > 01is locally bounded on R™ x R™*™,

If the functional u — F(u, ) is sequentially weakly* lower semicontinuous on W1 (Q, R™), for
every open bounded set 2 C R", then f is quasi—convex in &.

PROOF. The thesis means that for every open set 2 C R", there exists a set Z C ), with
Z"(Z) = 0, such that the function { — f(z,s,§) is quasi—convex for every z € Q \ Z and
s € R™. To this purpose, we will use only the fact that u — F'(u, Q) is lower semicontinuous
for a particular Q. First, using Lemma 1.6, we are able to choose a nondecreasing sequence
K; of compact sets, such that for each 7 € N:

o MO\ K;) < 1/i;
14



1.2. SEMICONTINUITY THEOREMS

e fis continuous on K; x R™ x R"*™,
Let us now define a set Z such that x € Q \ Z if:

e I & UiGN Kz'}

o a(z) < +o0;

e 1 is a Lebesgue point for X, for every i € N, that is,

1
lim / Xk, (y)dy = 1;
r—0 [gn(Br(x))} By (z)

e z is a Lebesgue point for a - Xq\ g, for every i.
Fix zg € Q\ Z,s9 € R™, &, € R™™ and without losing generality, we may assume z¢ = 0,
then set

u(z) =so+& -,
where £ is a matrix m X n.
Let z € C*°(Y,R™) and put
A = Jlullwreo(ormy + 12llwoe (virm)-
We define z periodically on R", setting z(z) = z(x + y) for every y € Z".
We choose now k large enough such that
2 by cq.
Ifk > kand v € N, we consider
. 27 (2 ) ifx € 27FY
2z (x) = :
0 otherwise
hence, ||z} [[y1.00 (@ rm) < A
For every k, z¢ = 0in WH(Q,R™) if v — 400, thus 2¢ — 0in L>(Q,R™).
Notice now that for any fixed k, if we neglect the sets of measure 0, there holds
271V

2—kY _ U Qlfzyv Qﬁu e le/7
h=1

using G* as defined in the equation (1.5).
We denote by z} the corner of sz nearest to the origin, so that

Qﬁ” =y + 2 kvy,
We may suppose also that 0 € K, for all 4.
Let us choose € > 0, then there exists a 7 such that if

o>
e we set
M = sup {b(s,§) | |s| + [§] < 27},

then, we have
/ la(z) + M] AL () < <. (1.6)
O\K;

Let fz be a continuous function on R x R™ x R™*™ such that
e f; coincides with f on K; x {(s,€) : |s| + |€] < 2A} = K; x Boy;
15



1.2. SEMICONTINUITY THEOREMS

e there holds 0 < f; < max, Boy [+
We now select a function ¢ € C2°(Q2) such that

Y(x) < 1forall x €
=1forallx € Kj;;

°¢()

W(a)dL(z) < — . (1.7)

O\K; MAXK, x Byy |

Therefore, the function f; = d)ﬁ is another continuous extension of f outside K; x Boj.
Let us consider the functional F(u + 2%,27%Y"). We will use a splitting technique also in this
situation: we can write

Flutz,27"Y) = a’ + 0" + ¢,
where
QKZLkYU@Ju+%XMWD“+D%X@)—ﬁ@AU+%X@JDU+D4X@Hd%%@;

§j/}uﬂ (u #§)(@), (Du + D2)(x)) — fiaf u(w}), Du(af) + D2 (2))] 42" (@);

heN
heN’ @R

= Zz_nkl// fz I’h Du(ggh) + DZ( )) dy
heN

Notice that |a”| < ¢, indeed, for the properties of f and f itself and by inequalities (1.6)
and (1.7), we have

|| =

|, e @), (Dut D))
2—-ky

— filw, (u+ 2)(2), (Du + Dz)(x))] dL7" (x)

’/ ,(u+z)(z), (Du+ Dzg)(x))

= filz, (u + z)(2), (Du + Dzp)(2))] dL" ()

_l’_

[ et @), (Du+ D))
2-kY\K;

— filw, (u+ 2)(2), (Du + Dz)(x))] dL" (2) |-

16



1.2. SEMICONTINUITY THEOREMS

The first integral of the last sum is zero, thus,

0| < / (@, (u+ 2)(x), (Du + D))
2-kY\ K;

= filz, (u + z)(2), (Du + Dzp)(2))] dL" ()

= ‘/ [f(z, (u+ z{)(z), (Du+ Dz)(x))
2-kY\K;

— (@) fi(z, (u+ 2z)(x), (Du + Dzy)(x))] dL™" (x)

< / (@, (u+ 2)(@), (Du+ D) (@))] + ¢ < 2.
O\K;

So we have |a”| < 2¢ for every v and ¢ > 1.

Moreover, we have lim,_,o, b¥* = 0 because u € Cl(ﬁ, R™), 2y — 0 uniformly and f; is
uniformly continuous.

About ¢”, we notice that it is a sum over the cube 2-*Y’, of the continuous function

T / fi(z,u(z), Du(x) + Dz(y)) dy,
Y

therefore,

lim ¢ = /} N [ /Y fi(x,u(x),Du(:U)+Dz(y))dy} L2 (x)

V—r00

and we immediately deduce that

limsup F(u + 2,27"Y) < 2¢ + /z—w [/Y fi(x, u(z), Du(z) + Dz(y))dy} dL™(x).

v—+400

If ¢ tends to X, since f = f; on K; x By, from the dominated convergence theorem we
have

limsup F(u + z£,27%Y) < 2 + /Kn2kY [/Y filz,u(z), Du(z) + Dz(y))dy} dL" (z).

v—+00
Due to the fact that u — F(u, Q2) is semicontinuous and z¥ = 0 on 2\ 27*Y, there holds
F(u,Q) = F(u,27"Y) + F(u,Q\ 27%Y)
< liminf [F(u 422 27RY) 4 P, @\ Q’kY)} ,

consequently, with an algebraic step, for i > 1,

F(u,27%Y) < 2 + /2—’WmK /Yfz(x,u(x), Du(z) + Dz(y)) dy d.L"(x)

=2+ //2kaY Xk, (z)f(x,u(z), Du(z) + Dz(y)) dZL"(x) dy.

Now, if i — oo, since ¢ is arbitrary,

F(u,27%Y) < /

2-ky

[ | fe,u(@). Duta) + e dy| d27a),
17
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hence,

onk /Qky [f(a:,u(x),Du(:c)) - /Yf(x,u(a:),Du(x) +Dz(y))dy} dZ"(x) <0.

Denoting by h the integrand in the square brackets and using the hypotheses on the set Z
and the continuity of f on K5 x Bsy, we get

lim 27% /Z_kyng {f(x,u(w),Du(x)) — /Yf(:z:,u(a:),Du(x) + Dz(y))dy] AL (z)

k—o00

= lim 2”’“/ h(z;u, z) dL"(x)
2_kYﬂK‘{

k—ro0
= lim <2nk/ Xk-(x) df”(w)) [ﬁf"(QkYﬂKg)]_l/ hz;u, 2) dL"(x).
k—o0 2-ky " 2-kFY K5

Notice now that, by equation (1.2), we have

lim 27% / Xx-(z) d L™ (x) = 1,
2=kYy

k—o00 v

then, for the mean value theorem, we get

lim 27 /2 e [f(x,u(x),Du(m))— /Y f(:v,u(x),Du(:r)+Dz(y))dy] 49" (z)

k—o0

— £(0,5.6) — /y £(0,5,€ + Da(y)) dy

Moreover,

Q"k/ h(z;u,z)dL"(x)
27kY\KZ

nk n
<2 /2 iy 1)+ M1 427E)

=2 [ a(o) + Moy (a) 42"
2-ky

and the last term tends to 0 when k& — oc.
Notice that we have obtained that the behaviour on 275y N K is what we hoped for and

since we have the convergence to zero on 27°Y \ K, our thesis is demonstrated on the open
set Y. We can now extend it to every open set {2 C R". O

REMARK 1.18. Notice that the proof remains almost the same also if we assume that f
is a Carathéodory function, |f| satisfies the third condition of Theorem 1.14 and the func-
tional u — F(u, () is sequentially weakly* lower semicontinuous on each Dirichlet class

U+ Wy ™(Q,R™), with u a polynomial of degree one.

REMARK 1.19. Let f satisfy the first and third conditions of Theorem 1.14 and assume that
the functional v — F'(u, (2) is weakly* lower semicontinuous on the space of functions u in
Wheo(Q, R™) such that | Dul| oo (@,mnxmy < 7, where 7 < 0.

Then, there exists a set Z C Q with .£"(Z) = 0, such that for every z € Q \ Z,s € R™ and
£ € W ™°(Q,R™) which [|€ + Dz|| o (qrm) < r, we have

f(x,s,6) < ]éf(x,s,f + Dz(x)) dZL"(x).
18



1.2. SEMICONTINUITY THEOREMS

REMARK 1.20. We mention that Theorems 1.14 and 1.17 are generalization of previous
results in [11, 20].

Now deal with semicontinuity in WP, when p > 1.
Before stating the next theorem, we recall the following result (see [3, Theorem 4.26]).

THEOREM 1.21. Let 2 be either a half-space in R™ or a domain in R™ having the uniform C™—
regularity property and a bounded boundary. Then, for any m € N, there exists a strong m—extension
operator E for ). Moreover, if o and ~y are multi-indices with |y| < |a| < m, there exists a
continuous linear operator Eq-, from WIP(Q) to WIP(R"), for 1 < j < m — |al, such that if
u € Webp(Q), then

D®Eu(zx) = Z EoyD7u(x)
RINET
for almost every € R”.

We then show the last theorem of this chapter.

THEOREM 1.22. Let p € [1,+00) and assume that f : R™ x R™ x R™*"™ — R is a Carathéodory
function quasi—convex in &, such that

0< f(z,s,8) <ale)+C(s)” + [£]), (1.8)

forevery x € R", s € R™, £ € R, where C' is a non—negative constant and a is a non-negative
locally summable function on R".

Then, for every open bounded set 2 C R", the functional uw — F(u, Q) is weakly lower semicontinu-
ous on WHP(Q, R™).

PROOF. As in Theorem 1.14, without loss of generality, we may confine our proof to a

particular set €2; in this proof it is a ball.
We consider

e uc WhP(Q,R™);

e z;, € WIP(Q,R™), with 2, — 0in WLP(Q,R™).
We may suppose

liminf F(u + 2, Q) = lm F(u+ 2k, Q),
k—ro0

k—o0

hence, we will be able to select subsequences without altering lim infj,_, -, F'(u+ 2, ) and it
will not be necessary to denote subsequences differently.
Using Theorem 1.21, we may assume each function z;, to be defined on the whole R", with
|2k lw1.» (R gy uniformly bounded with respect to k € N.
Since C°(R™, R™) is dense in WP(R",R™) and u +— F(u,(2) is continuous in the strong
topology of W1P(Q, R™), there exists a sequence wy, C C°(R"™; R™) such that

o lwp — zllwie@n rmy < 1/K;

o |F(u+ wg, Q) — F(u+ 2z, Q)| < 1/k.
Therefore we can assume that the sequence zj belongs to C2°(R™, R™) and it is bounded in
Whp(R™ R™).
We set now a continuous and increasing function  : Rt — Rt with 1(0) = 0, such that for
every measurable set B C (), there holds

/B[a(x) + CJu(@)” + [Du(x) )] dL" (x) < n(L"(B)). (1.9)

19



1.2. SEMICONTINUITY THEOREMS

Let € > 0 be fixed, we now apply Lemma 1.8 to each of the m sequences (M *z,(;))p , with
1 < i < m. Thus, we obtain a subsequence z;, a set A. C Q with £"(A.) < ¢ and a real

number ¢ > 0 such that
/ {(M*zl(;)) (:E)}p dL" () < e,
B

forallk € N, for 1 <i < mand for every B C Q\ A, with £"(B) < 6.
Recalling Lemma 1.10, we may take A > 0 large enough such that, for all 7, k£, we have

xn( {x € R"| (M*z,@) (z) > )\}) < min(e, §). (1.10)
For each 1 < ¢ < mand k € N, we may choose
Yy ={ze R ((M20) (@) <A}, 12 = () H).
i=1
Thanks to Lemma 1.12 we know that for all x,y € H ,i‘ and 1 < ¢ < m, there holds
20 w) 2 (@)
ly — |

By applying Lemma 1.13 we can choose g,(f), a Lipschitz function extending z,(f) outside H;),

with a Lipschitz constant not greater than c(n)\. Then, considering that H;' is an open set,
we have

< c(n)A.

0 (x) = 2(2), and Dg{)(z)=D2"(x) forallz e H}
and also that )
1Dg," || oo mry < ().
We may also assume that
gl oy < 1127 oo a2y < A

Thus, we may assume, at least for a subsequence, that

g](j) =@ inWwhe(Q), 1<i<m.
Set now (g,il), ...,g,(cm)) = g and (v(V, ...,v(™) = v. There holds

F(u+ 2, Q) = Fu+ gr, (Q\ A) N HY) = F(u+ g, 2\ A) — F(u+ gr, (Q\ Ac) \ Hp).

Notice that

n [(Q \ A\ H@} <Y o [(Q \ A\ H’\k} < mmin(e, §). (1.11)
i=1
Thanks to the equation (1.8), we get
F(u+gr, (Q\ Ae) \ Hy) < / [a(x) + C(Ju+ gil” + | Du + Dgy|)] d-£" (x)
(Q\A)\Hp

< 2p_1/ a(z) + C([uf’ + |DufP) L™ (z)
(NA)\HR

Lot / Clgn? + Do) 2™ (2).
(Q\A)\HD

20
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Consequently, by our choice of A. (as explained in equation (1.11)), equation (1.9) and the
properties of g;, we get

Flu+ge @\ A\ HY <27 [ a(z) + C(jul? + |Dul?) d2" ()
(Q\A)\HR

w2t [ Ol +Dap) 42 @)
(Q\A)\Hp

T {n(m&‘) +e(n, Q)NP.L" [(Q \ A.) \H,j} } :
Thus,

F(u QN A\ HY) <or ! m c(n,Q Y M* 29 (z pd,i”"x
(u+ g, (2 A) \ HY) {n( &) + e >;/((Q\AE)\H2)[( D(@)] <>}

< 2p*1{n(m5) + mec(n, Q)E} = O(e).
Therefore,
Fu+2,,Q) = Flu+ gk, (2\ Ac)) — O(e).

As the functions g, are uniformly bounded in Wl"’o(ﬂ, R™), we can select an open set ' C Q
containing 2 \ A, such that

|F(u+ g, V) — Flu+ gk, Q\ A)| < e.
We now apply Theorem 1.14 to the functional

INw,S) = / f(z,u(z) + w(x), Du(z) + Dw(x)) dL"(z),
s
obtaining
klim Flu+ 2z,Q) > likI:nian(u + 96, )—e—-0(e) = Flu+v,Q) —e - 0(e).
—00 —00

Passing to a subsequence, if necessary, we may assume that z;(z) — 0 for almost every
x € §). We can put

G={zeQv(x)#£0} and G=Gn{zeQ|z(x)—0},

then, Z"(G) = Z"(G).
As the functions g, are continuous and convergent to v in L*°, we have

gk (x) — v(x)
for all x € Q2 and consequently, for all z € G. Then, if we now assume
LE) > (m+1)e,

we are led to a contradiction. Indeed, from equation (1.10), we have

LUGNHY) > e,
for all £ € N and using Lemma 1.7, we get

() Hi, NG+ 0.

heN
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If = belongs to this set, there holds
o(x) = lim gy, (2) = lim 2, (2) = 0
and this is in contrasts the definition of G.
Hence, we can finally write, by the positivity of f,
klim Flu+2;,Q) = Flu, ¥\ G)—0() —e > F(u,Q) — O(e) — e — n[(m + 2)¢]
—00
and the proof is concluded, as € > 0 is arbitrary. 0

REMARK 1.23. The hypothesis about the non—negativity of f is fundamental, indeed, if
we assume the same hypotheses with the only difference that

|f(z,5,8)] < alz) + C(Is|” + [€]7)
the theorem is false, at least for n > 2; but for all ¢ > 0 the functional u — F(u, () is

sequentially weakly lower semicontinuous on W1PT¢(Q; R™). The proof of this fact can be
found in [11].

We conclude this chapter “condensing” the previous theorems in a single one.

THEOREM 1.24. Let f : R" x R™ x R™*™ — R be a Carathéodory function such that
0< f(,5,8) < alz) +CO(s|” + [€]7),

forevery x € R", s € R™, £ € R™™, where C' is a non—negative constant and a is a non—negative

locally summable function on R", for some p > 1 (or alternately it satisfies the third condition of
Theorem 1.14).

Then, the functional u — F(u, ) is sequentially weakly lower semicontinuous on WHP(Q, R™), or
weakly* lower semicontinuous on W1 (Q, R™) if and only if f is quasi—convex in €.

REMARK 1.25. We underline that all the previous theorems remain valid for any open set
QCR™
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CHAPTER 2

Sobolev spaces on Riemannian manifolds

In this chapter, we define and discuss some properties of Sobolev spaces on Riemannian
manifolds, with the aim to extend the results of the previous chapter to the Riemannian
setting.

2.1. Preliminaries of Riemannian geometry

We briefly recall some basic facts of Riemannian geometry. Possible references for this
section are the books [1, 12, 16], for instance.

Given a differentiable manifold M, we let T'M the tangent bundle of M, whose section
are the vector fields and 7'M * the cotangent bundle, whose section are the differential 1-
forms. We denote with 7] M the vector bundle given by the union of the vector spaces
TiMy = @°Ty M @" T,M, for p € M and its sections I'(T; M) are the tensor of type (7, s). In
local coordinates, if T' € I'(T] M ), we have

i ) )
T = T]le;s dr’' @ ...dx’* ® it ®R...Q %7
with
i1 0 0 . ,
0. o o i i
le“.js _T<8xj1""’6$js’ dz™, ..., dx >

(with the Einstein convention of summing over repeated indexes, that we will adopt from
now on). Moreover, since there exists a natural linear isomorphism between 77 M,, and the
space of multilinear maps from &°T,M &" T,,M* to R for every p € M, a tensor T" € I'(T; M)
can be seen as a C*°(M)-linear function from the C*°(M)-module I'(&*TM &" TM*) to
C>®(M).

DEFINITION 2.1. A Riemannian manifold (M, g) is a differential manifold M endowed with
a metric tensor g € T'(TY M), which is a symmetric bilinear form positive definite at every
pointp € M.

By means of the metric tensor, we are then able to measure the length of a C! curvey : I —
M in (M, g), as follows

20) = [ o)y .
where, in general |v|,, = \/gp(v,v), for every vector v € T,M. Hence, we can define the
Riemannian distance d™ as
d”(p,q) = inf { £ (v) |7 : I — Risa C" curve between p and ¢},

turning M in a metric space whose topology coincides with the original topology of M as a
differential manifold.



2.1. PRELIMINARIES OF RIEMANNIAN GEOMETRY

The metric g induces on M a canonical volume measure p which in a local coordinate
chart can be written as du = y/det g;; d.£", where .Z" is the Lebesgue measure on R".

THEOREM 2.2. If (M, g) is a Riemannian manifold, there exists a unique affine connection V,
called Levi—Civita connection, which is symmetric and compatible with the metric, that is, an ap-
plication

V :T(TM) x T(TM) — T(TM)
(X,Y) > VyxY
such that:
e it is C°°(M)-linear in X and R-linear inY,
e the following formula holds
Vx(fY) = (Xf)Y + fVxY,
forevery X,Y € I'(T'M) and every f € C*°(M),

e it satisfies (symmetry)

VxY - VyX =[X,Y],
forevery X, Y € I'(T'M),
e it satisfies (compatibility with the metric)
Xg(Y,Z) =g(VxY,Z) +g(Y,VxZ),
forevery X,Y,Z € T'(TM).
DEFINITION 2.3. Given a smooth function v : M — R, its gradient is the unique vector field

Vu such that at every point p € M there holds g,(Vu(p),v) = du,(v), for every y € T,M.
Given a smooth vector field X on M, its divergence is defined as

n
divX =) (V:X)".
i=1
The Levi—Civita connection induces an associated covariant derivative along curves which
we will denote with %. Then, a curve vy : I — M is a geodesic in M if

d
dﬂ( ) =0,

foreveryt € I.

By the theorem by Hopf-Rinow (see [12], for instance), if M with the Riemannian distance
is a complete metric space, for every point p € M and vector v € T, M, there exists a unique
geodesic v, : R — M such that v,(0) = p and 4,(0) = v. Then, for every p € M, the
exponential map exp,, : T,M — M, is defined as

expy(tv) = 7o (t).

In the whole thesis, (M, g) will be a smooth, connected and complete (as a metric space) Riemann-
ian manifold without boundary, unless otherwise specified.
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DEFINITION 2.4. The injectivity radius at p € M is defined as
inj(p) = sup {e > 0| exp, is a diffeomorphism between B.(O,) and an open set of M }
where B.(O,) C T,M is the open ball of center in O, and radius ¢ > 0:
Be(0p) = {v e T,M [ |v], < e}

and it is well known to be positive for every p € M.
The injectivity radius of M is then inf ¢/ inj(p).

We now introduce the notion of curvature of a Riemannian manifold.
DEFINITION 2.5. The Riemann operator is the application
R:T(TM) x T(TM) x T(TM) — T(TM)
defined by
R(X,Y)Z =V3xZ —VxyZ=VyVxZ—-VxVyZ-VyxZ
for every X, Y, Z vector fields on M.

This operator measures the “error” in interchanging the covariant derivatives with respect
to X and Y of a vector field.

DEFINITION 2.6. The Riemann tensor is the (0, 4) tensor defined as
R(X,Y,Z,W)=g(R(X,Y)Z, W),

for every X, Y, Z, W vector fields on M, that is, the (0, 4)-version of the Riemann operator.
We will denote it with Riem.

In local coordinates, we have

Rijkl = O - Oz +Fijrjs - ijris 9ml;,

where I'}; = (V,9.,0/ al'j)k are the Christoffel symbols of the Levi—Civita connection.

DEFINITION 2.7. The Ricci tensor Ric is the (0, 2)-tensor defined by (X,Y) — R(X,Y)
equal to the trace of the endomorphism Z — R(X, Z)Y, for every pair of vector fields X,Y
on M.

In local coordinates, there holds
Rir = ¢ Rijiy = @' Rjux = —¢"' Rijri = — 9" Rjina,

by the symmetries of the Riemann tensor, moreover, it also follows that Ric is symmetric,
that is Rik = Rki-

DEFINITION 2.8. The scalar curvature R € C*°(M) is the trace of the Ricci tensor
R =trRic = ginij.
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2.2. Sobolev spaces

We will follow the book by Hebey [13] in defining and studying the Sobolev spaces on
a Riemannian manifold. Moreover, we will refer to the book of Evans [9], for the standard
material.

Let (M, g) be a smooth n—dimensional, connected, complete and oriented Riemannian
manifold without boundary.

DEFINITION 2.9. Letu € L{ (M). A weak gradient of u is a vector field Vu € L{ (M) such

loc loc

that the following relation holds:

/ udivX dp = —/ 9(Vu, X) du,

M M

for every smooth vector field X on M with compact support (see Definition 2.3 for the di-
vergence of X). If such a vector field exists, it is easy to see that it is uniquely determined
p—almost everywhere on M.

When a scalar product is present, we have a canonical isomorphism between a vector
space and its dual, hence, we can also define the weak differential of u as the 1-form du on M
such that du(X) = ¢g(Vu, X) for every smooth vector field X. Hence, it follows that

/udiVXdu:—/ du(X) dp.
M M

Since the above association Vu < du is an isometry, all the definitions, convergences and estimates
in the sequel can be equivalently stated for du.

As the metric tensor and the Levi—Civita connection can be both extended to all the tensor
spaces T, M (see [12] for instance), one can define the iterated covariant derivatives VFku of a
smooth function u, for every k£ € N and with a similar definition to the “distributional” one
above, their weak versions. Anyway, in order to keep things simple, an equivalent definition
of the weak k-times derivative of u is obtained working in coordinates and computing the
weak k—-times covariant derivative as if one is in the Euclidean space (with all the needed
“correction terms” given by the Christoffel symbols and their smooth derivatives). Hence,
we can speak of the weak covariant derivatives V¥u € L' (M) of order k € N.

We are then ready to define the Sobolev spaces on a Riemannian manifold.

DEFINITION 2.10. Let 1 < p < 400, then we define
W'P(M) ={u: M —R|ue LP(M), Vue LP(M)}

1/p 1/p
|uuW1,p<M>=( / Iupdu> ; (/ |wpdu>
M M

W (M) ={u: M = R|ue L®(M),Vu e L®(M)}

with the norm

and

with the norm
[|ul[ w100 (ar) = esssup [u] + esssup |Vul,
M M
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2.2. SOBOLEV SPACES

where Vu is the weak gradient of u.
Moreover, (keeping onto account what we said above), we let

WhP(M) = {u:M—-R|u, Viu € LP(M) for every £ € {1, ok}
and

Wkeo(M) = {u: M —-R ’ u, Viu € L®(M) for every £ € {1, ok}
where Vu for ¢ € {1, ..., k}, denotes the weak covariant derivative of order i € N.

The following propositions are easy consequences of the definition above.

PROPOSITION 2.11. If M is a compact Riemannian manifold, the space W*P (M) does not depend
on the Riemannian metric.

REMARK 2.12. We easily observe that this property holds only for compact manifolds.
Indeed, consider a non—compact manifold M endowed with two metrics, one for which the
volume of is finite and one for which the volume is infinite. Then, the constant functions
belong to the Sobolev spaces associated with the finite-volume metric, but they does not
belong to the other.

PROPOSITION 2.13. If 1 < p < +oc, the space W*P(M) is a reflexive Banach space.

PROPOSITION 2.14. The space W*2(M) is a Hilbert space if we consider the equivalent norm

k
Jull = E:/IV%PWu
=0’ M

associated to the scalar product
=3 [ 49T (T
=0

Now we want to discuss the density properties of the smooth maps in these spaces. We
let

CrP(M) = {u € C®(M)

/ |VIulP du < +oo for every £ € {1, ,k:}}
M

and we define H*?(M) as the closure of C*?(M) with respect to the norm

k 1/p
|mmwwn=§j(/|v%wmQ .
=0 WM

Then, the following analogue of Meyers—Serrin’s theorem in [21] holds (see [5], for instance).

THEOREM 2.15. Let k € Nand p € [1,+00). Let u € WKP(M), then there exists a sequence
Uy, € C(M) such that u,, — win W*P(M). It follows that WP (M) is separable,

We let D(M) denote the space of the C*° functions with compact support in M.
DEFINITION 2.16. The Sobolev space W (M) is the closure of D(M) in W2 (M).

The following two theorems gives conditions in order that these two spaces actually coin-
cide.
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2.2. SOBOLEV SPACES

THEOREM 2.17 ([13, Theorem 2.7]). If (M, g) is a complete Riemannian manifold, then, for
every p € [1,+00), we have W'P(M) = Wy (M).

THEOREM 2.18 ([13, Theorem 2.8]). Let (M, g) be a complete Riemannian manifold with positive
injectivity radius and let k > 2 If there exist constants Cy such that |V*Ric| < Cy for any £ €

{0, ...,k — 2}, then, for any p € [1,+00), we have W*P(M) = Wé“’p(M).
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CHAPTER 3

Quasi—-convexity in the Riemannian setting

In this chapter, after introducing a suitable “Riemannian” definition of quasi—convexity
generalizing the “classical” Euclidean one, we will prove that the weak* sequential lower
semicontinuity in W1 of a functional holds if and only if the integrand is quasi—convex,
according to such definition.

Let (M, g) be a smoooth, connected and complete Riemannian manifold of dimension n.
We fix some notation for this chapter.
For every x € M and r > 0 smaller than the injectivity radius at =, we define the cube

AT 1 1\" n
Qx:T _575 ngM%R

(where the identification of T, M with R" is done via an othornormal basis of T, M) and its
diffeomorphic image
Q, =exp, (Qy) S M
by means of the exponential map
exp, : Ty M — M.

We now define .Z(T'M,R™) as the space of the linear maps between a tangent space of M
and R™, that is,

ZL(TM,R™) ={a:T,M - R™ | € M and o s linear}.

This space has a natural structure of vector bundle via the local parametrizations of M, for in-
stance if m = 1 it coincides with 7*M and in general it is the union of all the spaces (7, M )™
for v € M (which are the fibers on the points of M). It is clearly locally diffeomorphic
to R” x R"*™, indeed, choosing a local orthonormal frame Ey, ..., E, in a neighbourhood
U C M (diffeomorphic to R") of a point 9 € M, in order to locally “trivialize” the vector
bundle, we define the map I : Z(TU,R™) — R"*™ as

a— Ta= (a(Ey),...,a(Ey)) € (R™)", (3.1)
for every a € Z(TU,R™), hence the map sending any « : T, M — R™ to
(z,1a) = (z,a(E1),...,a(E,)) € U x (R™)" = R" x R™*™

is a diffeomorphism.
Then, considering the standard quadratic norm || - || on (R™)" ~ R"*™, we have a distance ¢
on .Z(TU,R™) defined as follows:

n m

3(a, B) = dM (w,y) + |[Ta — 18] = A (z,y) + | D> |ad(B) - BI(E)[*  (32)

i=1 j=1



2.2. SOBOLEV SPACES

for every o, 8 € Z(TU,R™) such that a € (T;M)™ and 8 € (T;M)™, where dM is the
Riemannian distance on M. It is then easy to see that such distance, restricted to every
fiber (T; M)™ coincides with the one associated to the “quadratic” norm (equivalent to the
operatorial one) induced by the metric tensor g of M, that we will denote with | - |,,.
Clearly, if we have a function u : M — R™, its differential map x — dufz| : T, M — R™isa
section of .Z (T M,R™).

We chose to adopt the notation du[z| for the differential of a map w : M — R™ at a point x € M,
for sake of clarity in the computations that follow.

DEFINITION 3.1. Let (M, g) be a smoooth, connected and complete Riemannian manifold
and p its canonical volume measure. A continuous function f : Z(TM,R™) — R is called
quasi—convex if for every xg € M, azy € (Tyo M)™ C L(TM,R™) and ¢ € CZ(Q},,R™),
there holds

flogg) < ]é f(awy + dplz] o dexpy,fexpy, ()]) du(w) + o(1), (33)
g

where o(1) is a function which goes to zero as » — 0 and depends in a monotonically non-

decreasing way only on the L* norm of dy (for fixed z¢ and o).

REMARK 3.2. We mention that another definition of quasi—convexity for maps defined on
manifolds was given in [17].

REMARK 3.3. The main obstacle in generalizing to the Riemannian context the usual defi-
nition of quasi—convexity in the Euclidean ambient, is due to the fact that we cannot identify
all the tangent spaces of a manifold as in R", hence two differentials at two different points
cannot be added together. Hence, in the definition above we needed to morally “carry” the
differential of the perturbation at every point of the manifold to be an element of T}; M, via
the differential of the exponential map at xy € M (exponential map that in the Euclidean case
would simply be the identity, under the identification mentioned above — see also the follow-
ing discussion). This forces the introduction of a “correction term” in the quasi—convexity
inequality that one reasonably expects it is going to zero as we get closer and closer to the
point zy, since the differential of the exponential map then tends to be the identity.

If (M, g) is R with its standard metric, for every point z € R” we have a standard identi-
fication T)R" ~ T,R™ ~ R", hence a function f : Z(TR",R™) — R can be one-to—one asso-
ciated with a function f : R” x R®™*™ — R as follows: if A = Ag e R™™ fori € {1,...,n}
and j € {1,...,m}, then,

f($O7A) = f(aa:o)v (34)

where oy, € (T R")™ ~ R"*™ is given by
n
ol (v) = ZAgvj,
i=1

for every vector v = (vl,...,v") € T,,,R" ~ R" and viceversa, if a, is operating as in this
formula, then f is defined by equality (3.4).

Then, with this one-to—one correspondence, our “Riemannian” definition of quasi—convexity
in the case of the Euclidean space, is equivalent to

f(xo, A) < ][T f(:r, A+ Dgp(x)) dL"(z) + o(1),

o
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3.1. QUASI-CONVEXITY AND SEMICONTINUITY

for every zp € R", A € R"*™ and ¢ € C°(Q%, ,R™), since, under the identification 7/ R" ~

)
T,R" ~ R", all the exponential maps are the ?glentity and it is clearly satisfied by a continu-
ous quasi—convex function iR x R™™ 4 R, actually without the “correction term” o(1),
according to the usual Definition 1.2 of quasi—convexity.
Hence, a “classical” quasi—convex function f in the Euclidean space, having as arguments
only z and 4, is also quasi—convex in the sense of Definition 3.1 (with the above identifica-

tion of fwith f). Viceversa, if the function f satisfies Definition 3.1, then, by Theorem 3.4

that we are going to show in the next section and the identification of f with f, it follows
that the functional

ur F(u,Q) = /Qf(x, Du(z)) d£L™(z)

is sequential lower semicontinuous in the weak* topology of W1 (2, R™), hence fis quasi-
convex according to the Definition 1.2, by the Acerbi-Fusco Theorem 1.17.

Thus, our Definition 3.1 is an extension to Riemannian manifolds the usual definition of
quasi—convexity for continuous integrands.

3.1. Quasi—convexity and semicontinuity

We are going to show the analogues of some special cases of Theorems 1.14 and 1.17 of
Acerbi and Fusco in our context, following the line of [4] (we mention that the main argu-
ment in the next Theorem 3.4 is due to Fonseca—Muller [14]). We underline (see the discus-
sion above) that we are generalizing the special case of integrands which are continuous and
depends only on « and Du (but not on u — see the final section), from the Euclidean to the
Riemannian setting.

The weak* convergence of a sequence u; = uin W1(Q, R™) is defined in the usual way:
the sequences of integrals of u; and du; “against” fixed functions and 1-forms in L!(2, R™),
respectively, converge to the analogous integrals relative to v and du. Moreover, we notice
that by the weak* sequential compactness of the closed unit ball of L*°(£2, R™) given by the
Banach-Alaoglu-Bourbaki theorem, we can simply ask that the sequence of differentials du;
is bounded and that u; weakly* converges to u in L>(£2, R™).

THEOREM 3.4. Let (M, g) be a smooth, connected and complete Riemannian manifold and p its
canonical volume measure. Let f : Z(TM,R™) — R be continuous and quasi—convex in the sense
of Definition 3.1. Then, for every open and bounded subset 2 C M, the functional

ur F(u,Q) = / f(du) dp
Q
is sequentially lower semicontinuous in the weak* topology of W1H>°(Q, R™), that is,
F(u,) = / f(du) dp < lim inf/ f(du;) dp = liminf F(u;, Q),
[¢) J—00 0 J—00
for every sequence u; = uin WHe(Q,R™).

PROOF. Let n € N be the dimension of M. Let 2y € 2 and we assume that r > 0 is small
enough such that Q7 is contained in a neighbourhood U C ) of zg such that the vector
bundle W1>°(Q, R™) can be “trivialized” as we discussed above at the beginning of this
chapter, by choosing an orthonormal frame £}, ..., E, in U, with an associated map I and
distance § as in formulas (3.1) and (3.2). Moreover, since in what follows all the arguments
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3.1. QUASI-CONVEXITY AND SEMICONTINUITY

of the continuous function f will be bounded (since we are working in W1 (Q, R™) and
u; is a bounded sequence in W1, being weakly* convergent), we can assume that f is
bounded and has a uniform modulus of continuity w in .Z(TU,R™) (with respect to the
distance 0) which is continuous, bounded and concave, hence subadditive. Moreover, since
it is bounded, by possibly adding a constant to f, we can also assume that it is positive.
We consider a smooth function ¢ : Q7 — [0, 1] with compact support and we set, for every
JEeN,

pj = Pluj —u) € Wy™(Q5,,R™),
hence,

dpj =Y d(uj —u) +dp ® (u; — u) (3.5)

To simplify the notation in the computations below, we define
L, = dexp,, [exp) (z)],

for every x € @)}, and we start by applying the hypothesis of quasi—convexity for f, observ-

ing that inequality (3. 3) also holds for maps in W,">(Q, > R™), by approximating them with
a sequence in C°(Q7, ,R™), as the function o(1) depends, by hypothesis, only on the L>
norm of the gradient of such maps.

Hence, setting a,;, = du[z] in inequality (3.3), for every j € N, we have

f(dulzo]) < ]éTf(du[azo] + dypjlz] oLy) du(z) + 0(1)
= ]é f(dulzo] + 4 d(u; — u)[z] o Ly + dy[z] ® (uj — u) o Lg) dp(z) + 0;(1)

.
0o

= ]é f(dulzo] — ¢ dulz] o Ly+ 1 duj[z] o Ly+ dp[z] @ (u; — u) oLy) du(z) + 0;(1),

”
0

where the function 0;(1) depends monotonically on ||dy;||~, as in Definition 3.1.
Then, by the properties of the modulus of continuity w of f, there holds

f(dulwo]— v dulz] o Ly 4 ¢ duj[z] o Ly + dip[z] ® (uj — u) oLg) — f(dujlz] oLy)
<w(|dulzo] — ¢ dulz] oLy + (¢ — 1)duj[z] o Ly + dio[z] (uj—u)oLr‘gIO)
Sw(|dulzo] — ¢ dulz] o Ly|y,, ) +w(|(¥ — Dduj[z] oL, y )
t+w(|dylz] @ (uj —u) oLa, )
<w(|dulwo] — ¢ dulz] 0 Lalg,,) +w(Cle — 1) + w(|dv[z] @ (u; — u) oLx\ng),

where we kept into account that the distance § on .Z(TU,R™), restricted to the fibers coin-
cides with the one induced by the metric g of M. Thus, we obtain

f(dulzo]) < ][ f(dujlz] oLy) du(z) + ][Q w(’du[mo] — 1 du[z] OLx|gzo) du(x)

Q% o
—i-]égow((}'\w—l\) d,u(a?)—i-][zo w(|dy[a] j—u)oLy ‘ ) w(x) + o0;(1).

(3.6)
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3.1. QUASI-CONVEXITY AND SEMICONTINUITY

We then deal with the term
Fflanll oL dute) < £ flaufel) dute) + f - w(6(dule] oLoydufel)) duta),
0o 20 @z

showing that the last integral is bounded by a function o(1) independent of j € N.
Indeed, recalling formula (3.2), we have

w (0 (du;[z] oLy, duj[z])) =w(d™ (zo,x) + | Iduj[z] o Ly — Idu,[x] ||)
<w(d(zo,2)) + w(|| Idu;[z] o Ly — Iduj[z] |])
<w(r)+ w(H Idu[x] oLy — Idu;[x]||)

and setting oy, = (Iduj[x]), = duj[z](Ey) € R™, for every k € {1,...,n}, we have
| Idu;[x] o Ly — Iduj[z]|| = ||I(du;[x] o dexp,, [expgol(x)]) — Iduj[]||

v (d expy, [expyt ()] (E:))* —
1

fo—
Z ozk{ (dexpy, [expgol(x)](Ei))k — (521"’} '

k=1

< Cllall [|dexpy, lexpg, ()] — Idr, m||

= C'Hlduj [x] H Hdexpxo [exp‘;o1 (z)] — IdeOMH

= |[|du;|oc 0(1) = o(1) (3.7)

for some constant C, as the norms ||du; ||« are uniformly bounded.
Hence, inequality (3.6) becomes

F(dulo]) < ][

Qs

s

where the function o(1) is independent by j € N, while the functions 0;(1) are equal to
n(r,||de;||) for some function n going to zero as r — 0 and monotone nondecreasing (and
we can also clearly assume continuous from the right) in its second argument.

Observing now that, by equation (3.5), there holds

ldpjlloo < ll9lloo llduj = dulloo +[|dilloo [lug — ullco,

f(duj [:I:]) du(x) + ]ér w(‘du[:vo] — ¢ dulx] oLw]ng) du(z) + o(1)

w(Cl — 1) du(z) —i-][

~ w(|de] © (uj —u) oLy|, ) du(z) + 0;(1)
Qr, 0

(3.8)

r
o

hence, we have

0;(1) = n(r, [[de;lloc) < nlr, [¥lloc llduj — dullos + [ldebloo [Juj — ulloo)

<
<, C + |d oo [Juj — ulloo),
for some constant C' uniformly bounding from above ||9)||« ||du; — du||s. It follows that

limsup 0(1) < limsupn(r, C + [dlloo [luy — ulloc) = n(r, C) = o(1),
Jj—00

Jj—00
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with a function o(1) independent of j € N, by the properties of the function 1 and the fact
that ||u; —ul|cc — 0 (by the theorem of Ascoli-Arzela, being all the functions u; equibounded
and equicontinuous). Then, passing to the liminf as j — oo in formula (3.8), we obtain

f(dulzo]) < hjrglogf ][QT f(duj[z]) dp(z) + ]ér w(‘du[xg] — 1 du[z] OLx|gz0) du(z)

+fwlCl = 1) dute) +o01),
zQ
as the last integral in such formula goes to zero, by the dominated convergence theorem.

Now letting v go to the characteristic function of @7, , the last integral in this formula van-
ishes (again by the dominated convergence theorem), hence

f(dulzo]) < lim infji2

Jj—o0

f(duj[z]) du(z) + 7€2T w(|dulzo] — dulz] o Lylg,, ) du(z) +o(1).

Finally, we want to show that the second integral on the right is bounded by a function o(1).
By arguing as above, when we dealt with du;, we have

w(|dulzo] — dulz] 0 Lylg,,) <w(d(dulzo], dulx]) + 6 (dulx], dulz] oLy, ))
<w(6(dulwo), dulz])) + w (5 (dula], dulz] o Lyl ))
=dM(zg,z) + w(|[Tdulzo] — Idulz]||) + o(1)
=w(||Tdulzo] — Idu[z]||) + o(1),

T
o

hence,

f

If now zg is a Lebesgue point for the function Idu, it is easy to show that the integral on the
right goes to zero as r — 0, being the function ¢ — w(t) continuous and bounded (and going
to zero as t — 0). Thus, we conclude that at y—almost every point z of 2, there holds

f(du[zo]) < lim inf]é2 f(duj) dp+o(1) (3.9)

J—00

w(’du[mo] — du[z] OLx|gzo) du(zr) < ][T w(HIdu[xo] - Idu[x]H) du(x) + o(1).

T
o o

s
As f and Q2 are bounded, the following integral is finite,
lim inf/ f(duj)dp =m < 400
J]—00 Q
and we can define the finite Radon measures v; on (), for every j € N, given by
dv; = f(duj) dp,

satisfying the uniform bound ||v;|| = [, f(du;) dp < C. Hence, by the Banach-Alaoglu—
Bourbaki theorem and without loss of generality, we may assume that v; weakly* converges
to some limit Radon measure v.

For every open subset G of 2, by the properties of the weak* convergence, we have

v(G) < liminf v;(G) = lim inf/ f(du;) dp < lim inf/ f(duy) dp=m,
G Q

J—00 J—00 J—00
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3.1. QUASI-CONVEXITY AND SEMICONTINUITY

hence, by the outer regularity of the measure i, it follows that v < p. Thus, we may apply
the Radon-Nikodym theorem, obtaining a function 4 : 2 — [0, +o00] such that dv = h dy and

(@)

for yi—almost every x € 2.
Then, at the points zy € Q2 where inequality (3.9) is satisfied and the above limit holds, we
have

.. .. A T oY (ng)
f(dulzo]) < hgl_)lélf <11]Ig£f ]{ggo f(duj) dp+ 0(1)> = hIg1_}(1)1f thI_l}(l)I.}f 7#(@20)
— lim inf lim inf 22 Q) < lim inf V() = h(xo),

r—0 j—o0 :U’(@;O) r—0 M(@;O)
as liminf; o v;(Qy,) < v(Qy,), being Q. closed sets. Hence, f(du[z]) < h(z) p-almost
everywhere in (2, thus

F(u,Q) :][ f(du) d,ug][ hdp=v(?) <liminf v;(2) =lim inf][ f(duj) dp=liminf F(u;, )
Q Q J—00 QO Jj—o0

J]—00

and the proof is complete. O
The following theorem is the converse of the previous one.

THEOREM 3.5. Let (M, g) be a smooth, connected and complete Riemannian manifold and pu its
canonical volume measure. Let f : Z(TM,R™) — R be a continuous function. If for every open
and bounded subset Q) C M, the functional

F(u,Q):/Qf(du)d,u

is sequentially lower semicontinuous in the weak* topology of WH°°(Q, R™), then the function f is
quasi—convex in the sense of Definition 3.1.

PROOF. Let n € N be the dimension of M. We adopt the same setting and notation as
in the proof of Theorem 3.4, in particular, fixed zo € M and a,, € (T; M)™, we work in a
neighbourhood U C M of z( such that the vector bundle .Z(TU,R™) can be “trivialized”
and Qr, € U.
We consider a smooth function v : M — R™ such that dulzg] = ag, (Which clearly ex-
ists) and let ¢ € C°(QL,,R™), then the function ¢ o exp,, is defined on the open cube
r (—%, %)n C T,,M, smooth and with compact support. We define the extension by period-
icity ¢ : Ty, M — R™ of ¢ o exp,, to the whole T};, M (defined zero on the boundaries of the

cubes) and we set
1 -
on(w) = 39 (hexpy (v))
for every » € Q7 and h € N. Then, the functions ¢, : Q% — R™ are smooth with compact
support and
en 0 in Wy ™(QL,, R™)

as h — oo, indeed, clearly ¢;, — 0 and the differentials di}, are uniformly bounded, holding

dppx] = %d?f) [h expgzo1 (m)] ho dexpgo1 [x] = dy [h expgol(x)] o alexpggo1 [x].
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3.1. QUASI-CONVEXITY AND SEMICONTINUITY

Thus, since u + p; = uin WHe(Q"
functional F’, there holds

R™), by the hypothesis of lower semicontinuity of the

xo?

h—o00

/ f(du[z]) du(z) < lim inf/ | f(dulz] + deop[x]) dp(x)
Q g

.
zg

= lihrgior;f / ) f(dulz] + dy [hexpy) ()] o dexpy,'[2]) du(z),

for every r > 0 small enough. Then, arguing as in the proof of Theorem 3.4 (more precisely,
following the same argument leading to estimate (3.7)), considering a suitable modulus of
continuiy w of f, we have

|f (dulz] + dy[hexpy) (x)] o dexpy [x]) — f(dulzo] + dip [hexpy (2)] o Idr, w)|

w (8 (dulz], dulzo])) + w(5(dy [hexpgol(x)] o dexpxo 2], di[hexp, (2)]))

= w(dM(a:,xQ)) + w(||[Idulz] — Idu[zo]||) + o(1)]|dv)[|

= o(1)(1 + [|d¥[|oo) (3.10)

as r — 0, since the function z +— Idu[z] is smooth. Hence,

J

Changing variables as y = exp,l(z), soy € r( — %,3)" C T,,,M and denoting with dy the

Lebesgue measure on T}, M relative to the metric tensor g,,, we have

J

N

f@@ﬂ%@@ﬂg/rmmm+wmmgumwm+mw<m.@m

T
o

ﬁmm+wmmﬁ@mwm=/G o ] + ) )

< /T( ) f(dulzo] + dy[hy]) dy + Cr™ 1,
(3.12)

for some constant C' independent of h € N, since the Jacobian
3(9) = | det (guxp, ) (d expy, ) (). )|

is a smooth function and goes uniformly to 1 as » — 0, being |y| < ry/n/2 (we recall that
dexp,, [0]) is the identity of T,,)M) and f(du[zo] + dip[hy]) is bounded. Then, changing the
variables again as w = hy in the last integral, we get

/QT f(dulzo] + dip[hexpy) (2)]) du(z) < ! / 1) f(dulzo] + dy[w]) dw + Cr™tL.
Now, by the periodicity of ¢, there holds

1

hn hr[_%é]n f(du[$0]+dw[w]) dw ﬁh” /r[_
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and if we change (back) variables as = = exp,,(w), we obtain

/[_1 ok f(dulzo] + dp(exp,, (w)) o dexp,, [w]) dw

- /Q  f(dulwo] + defa] o dexpy, fexpy (2)])I (@)~ dyu(a)
z
< [ (ool + ] o doxp ez @) ) + Cr(@3,),
o
arguing as above. Hence, by this inequality where h € N is not present in the right hand side
and formulas (3.11), (3.12), we conclude

[, fnidur) < | planion) + dela] o desp,, e @) ds) + oD@, ).

T T
as ((Q},) = wyr", where w;, is the measure of the unit ball of R".
Since, by the continuity of du, it easily follows that

/ £ (dulz]) du(x) < / f (dula]) du(z) + o(1)u(Q7,)
@, Qz,

and du[zo] = ag,, we finally have

Fau) < iy [ e + dplal o dexpy expi (@)]) duo) + o(1)

M( a:()) Q
for every o € M and with o(1) going to zero as r — 0, depending only on the L norm
of dy. Moreover, by tracing back how we obtained such function o(1), it is clear that it can
be chosen in a way that such dependence is monotonically nondecreasing (see in particular,
estimate (3.10)). Hence, the function f is quasi—convex according to Definition 3.1. O

T
o

Putting together the two theorems, we have the following one which generalizes (in our
case of f continuous) the results of Acerbi and Fusco for p = +o0.

THEOREM 3.6. Let (M, g) be a smooth, connected and complete Riemannian manifold and p its
canonical volume measure. Let f : L (TM,R™) — R be continuous. Then, f is quasi—convex in the
sense of Definition 3.1 if and only if for every open and bounded subset 2 C M, the functional

ur F(u,Q) = / f(du) du
Q
is sequentially lower semicontinuous in the weak* topology of W1>°(Q, R™).

3.2. Some remarks and possible research directions

A natural continuation of our work would consist in extending the previous results also
to the W1P(Q,R™) setting, with p € [1, 4+00), in order to obtain the analogue of Theorem 1.22
(the converse fact that the semicontinuity of the functional implies the quasi—convexity of f
follows immediately by Theorem 3.5 in such setting, as in the Euclidean case).

Focardi e Spadaro in [10] showed an extension of the Acerbi-Fusco theorems (with f con-
tinuous, like us) in the case of Sobolev maps v : Q@ — M, with 2 an open bounded subset
of R™ and M a Riemannian manifold (this case actually “correspond” to the Euclidean sit-
uation with a continuous function f depending on v and Du, but not on z). Therefore, a
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possible future research line could be to “combine” Theorem 3.6 with the results of Focardi
and Spadaro, thus obtaining a characterization of quasi—convexity in the completely Rie-
mannian context of Sobolev maps between two Riemannian manifolds.

Moreover, the full generalization of the Acerbi—Fusco results would be to show them for
the “naturally defined” Carathéodory functions on a Riemannian manifold, that is, functions
which Carathédory in the usual way after expressing them by means of the local “trivializa-
tions” of the bundle .Z(T'M,R™) (or of Z(T'M,TN) after “combining” our case with the
one of Focardi-Spadaro), as we did at the beginning of this chapter.

Finally, we mention that since a quasi—convex function is actually locally Lipschitz in the
Euclidean case, a natural open question if this is true also in the Riemannian context with
our definition of quasi—convexity.
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