Chapter 11
Convergence

In this chapter we offer an introduction to several of the convergence ideas for
Riemannian manifolds. The goal is to understand what it means for a sequence
of Riemannian manifolds or metric spaces to converge to a metric space. The first
section centers on the weakest convergence concept: Gromov-Hausdorff conver-
gence. The next section covers some of the elliptic regularity theory needed for the
later developments that use stronger types of convergence. In the third section we
develop the idea of norms of Riemannian manifolds as an intermediate step towards
understanding convergence theory as an analogue to the easier Holder theory for
functions. Finally, in the fourth section we establish the geometric version of the
convergence theorem of Riemannian geometry by Cheeger and Gromov as well as
its generalizations by Anderson and others. These convergence theorems contain
Cheeger’s finiteness theorem stating that certain very general classes of Riemannian
manifolds contain only finitely many diffeomorphism types.

The idea of measuring the distance between subspaces of a given space goes
back to Hausdorff and was extensively studied in the Polish and Russian schools of
topology. The more abstract versions used here go back to Shikata’s proof of the
differentiable sphere theorem. Cheeger’s thesis also contains the idea that abstract
manifolds can converge to each other. In fact, he proved his finiteness theorem by
showing that certain classes of manifolds are precompact in various topologies.
Gromov further developed the theory of convergence to the form presented here
that starts with the weaker Gromov-Hausdorff convergence of metric spaces. His
first use of this new idea was to prove a group-theoretic question about the
nilpotency of groups with polynomial growth. Soon after the introduction of this
weak convergence, the earlier ideas on strong convergence by Cheeger resurfaced.
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11.1 Gromov-Hausdorff Convergence

11.1.1 Hausdorff Versus Gromov Convergence

At the beginning of the twentieth century, Hausdorff introduced what is now called
the Hausdorff distance between subsets of a metric space. If (X, |--|) is the metric
space and A, B C X, then

d(A,B) = inf{|ab| | a € A, b € B},
B(A,e) ={xe X | |xA| < &},
dy(A,B) = inf{e | A CB(B,e), BC B(A,¢)}.

Thus, d (A, B) is small if some points in these sets are close, while the Hausdorff
distance dy (A, B) is small if and only if every point of A is close to a point in B and
vice versa. One can easily see that the Hausdorff distance defines a metric on the
compact subsets of X and that this collection is compact when X is compact.

We shall concern ourselves only with compact or proper metric spaces. The latter
by definition have proper distance functions, i.e., all closed balls are compact. This
implies, in particular, that the spaces are separable, complete, and locally compact.

Around 1980, Gromov extended the Hausdorff distance concept to a distance
between abstract metric spaces. If X and Y are metric spaces, then an admissible
metric on the disjoint union X U Y is a metric that extends the given metrics on X
and Y.

With this the Gromov-Hausdorff distance is defined as

do—p (X,Y) = inf{dy (X, Y) | admissible metricson X U Y} .

Thus, we try to place a metric on X U Y that extends the metrics on X and Y,
such that X and Y are as close as possible in the Hausdorff distance. In other words,
we are trying to define distances between points in X and Y without violating the
triangle inequality.

Example 11.1.1. Tt Y is the one-point space, then

do—g (X, Y) < radX

= inf sup |xy|
VEX yxex

= radius of smallest ball covering X.

Example 11.1.2. Using |xy| = D/2forall x € X, y € Y, where diamX, diamY < D
shows that

dG-un (X,Y) <D/2.
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Let (#,dc—pm) denote the collection of compact metric spaces. We wish to
consider this class as a metric space in its own right. To justify this we must show
that only isometric spaces are within distance zero of each other.

Proposition 11.1.3. If X and Y are compact metric spaces with dg—y (X,Y) = 0,
then X and Y are isometric.

Proof. Choose a sequence of metrics |--|; on X U Y such that the Hausdorff distance
between X and Y in this metric is < i~!. Then we can find (possibly discontinuous)
maps

I;: X — Y, where |xI; (x)], <i™",
Ji Y = X, where |yJ; (y)|; < it

Using the triangle inequality and that |--|; restricted to either X or Y is the given
metric || on these spaces yields

1i(x1) i(x2)] < 20" + |x1x2]

i) Ji(y2)| < 207" + [yiyal
IxJi o L(x)| < 27",
[yl o Ji(y)| < 2i L.

We construct / : X — Y andJ : ¥ — X as limits of these maps in the same
way the Arzela-Ascoli lemma is proved. For each x the sequence (Z; (x)) in Y has an
accumulation point since Y is compact. Let A C X be select a countable dense set.
Using a diagonal argument select a subsequence /;; such that I;; (a) — I (a) for all
a € A. The first inequality shows that [ is distance decreasing on A. In particular, it
is uniformly continuous and thus has a unique extension to amap I : X — Y, which
is also distance decreasing. In a similar fashion we also get a distance decreasing

mapJ:Y — X.
The last two inequalities imply that / and J are inverses to each other. Thus, both
I and J are isometries. O

The symmetry and the triangle inequality are easily established for dg—g. Thus,
(A ,dc—p) becomes a pseudo-metric space, i.e., the equivalence classes form a
metric space. We prove below that this metric space is complete and separable. First
we show how spaces can be approximated by finite metric spaces.

Example 11.1.4. Let X be compactand A C X a finite subset such that every point
in X is within distance ¢ of some element in A4, i.e., dy (A, X) < &. Such sets A are
called e-dense in X. It is clear that if we use the metric on A induced by X, then
dc—p (X,A) < e. The importance of this remark is that for any ¢ > 0 there exist
finite e-dense subsets of X since X is compact. To be consistent with our definition
of the abstract distance we should put a metric on X UA. We can do this by selecting
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very small § > 0 and defining |xa|y , = & + |xaly forx € X and a € A. Thus
do—p (X,A) < € + 6. Finally, let § — 0 to get the estimate.

Example 11.1.5. Suppose we have e-dense subsets
A={x,...,xq3 CX, B={y1,...,} CY,
with the further property that
i = [yl | < e 1 <ij <.
Then dg—py (X,Y) < 3e. We already have that the finite subsets are e-close to the

spaces, so by the triangle inequality it suffices to show that dg_y (A, B) < . For
this we must exhibit a metric on A U B that makes A and B e-Hausdorff close. Define

[xiyil = e,

|X,'yj| = Hlkil'l {IX,'.Xk| + &+ |y,yk|} .

Thus, we have extended the given metrics on A and B in such a way that no points
from A and B get identified, and in addition the potential metric is symmetric. It then
remains to check the triangle inequality. Here we must show

)

lxiy| < |xizl + |yjz
|xixj| < |yexi| + |ykxjiv
lyivi| < Ixyil + |xey| -

It suffices to check the first two cases as the third is similar to the second. For the
first we can assume that z = x; and find / such that

[y = & + [ymi] + ho
Hence,

|xix| + iijki = |xixe| + & + |yjy1i + |k
> x| + & + [yl
= \Xiyj’\ .
For the second case select [, m with

lyixil = |yl + & + |xxil
|kaj| = |ykym| +é&+ ‘xmxj| .
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The assumption about the metrics on A and B then lead to

yixil + |yex;| = Iyl + & + il + [yiym| + € + x|
> |xex| 4 bexi| + ] + x|

2 |xixj| .

Example 11.1.6. Suppose M; = S*/7; with the usual metric induced from §° (1) .
Then we have a Riemannian submersion M;, — S? (1/2) whose fibers have diameter
27 /k — 0 as k — oo. Using the previous example it follows that M; — S?(1/2)
in the Gromov-Hausdorff topology.

Example 11.1.7. One can similarly see that the Berger metrics (S3 , gs) — 5%2(1/2)
as ¢ — 0. Notice that in both cases the volume goes to zero, but the curvatures and
diameters are uniformly bounded. In the second case the manifolds are even simply
connected. It should also be noted that the topology changes rather drastically from
the sequence to the limit, and in the first case the elements of the sequence even
have mutually different fundamental groups.

Proposition 11.1.8. The “metric space” (M ,dc—n) is separable and complete.

Proof. To see that it is separable, first observe that the collection of all finite metric
spaces is dense in this collection. Now take the countable collection of all finite
metric spaces that in addition have the property that all distances are rational.
Clearly, this collection is dense as well.

To show completeness, select a Cauchy sequence {X, } . To establish convergence
of this sequence, it suffices to check that some subsequence is convergent. Select a
subsequence {X;} such that dg—g (X;, X;+1) < 27 for all i. Then select metrics
|+]; ;+1 On X; U X;+1 making these spaces 2~ _Hausdorff close. Now define a metric
|“[i.i47 O X U Xiyj by

J=1
\xixiﬂ\iiiﬂ = min |xi+kxi+k+1| .
' {rieeXigd (=0
This defines a metric || on Y = U,X; with the property that dy (X;, Xi4;) < 2771,
The metric space is not complete, but the “boundary” of the completion is exactly
our desired limit space. To define it, first consider
X = {{x;} | xi € X; and |xix;| > Oasi,j — oo} .

This space has a pseudo-metric defined by

[xiy id| = lim |xyil
1—>00
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Given that we are only considering Cauchy sequences {x;}, this must yield a metric
on the quotient space X, obtained by the equivalence relation

{xid ~ {yi iff [{x} {yi}] = 0.
Now we can extend the metric on Y to one on X U Y by declaring

|xe {x;}| = Hm x|
1—> 00

Using that dy (XJXH_I) < 277, we can for any x; € X; find a sequence xH_j} eX
such that x;+9 = x; and |xi+jxi+j+1| < 277. Then we must have |xi {xH_j} < 27l
Thus, every X; is 2 "T!-close to the limit space X. Conversely, for any given
sequence {x;} we can find an equivalent sequence {y;} with the property that
[vi {vi}| < 27%F1 for all k. Thus, X is 27" !-close to X;. O

From the proof of this theorem we obtain the useful information that Gromov-
Hausdorff convergence can always be thought of as Hausdorff convergence. In other
words, if we know that X; — X in the Gromov-Hausdorff sense, then after possibly
passing to a subsequence, we can assume that there is a metric on X U (U;X;) in
which X; Hausdorff converges to X. With a choice of such a metric it makes sense to
say that x; — x, where x; € X; and x € X. We shall often use this without explicitly
mentioning a choice of ambient metric on X U (U;X;) .

There is an equivalent way of picturing convergence. For a compact metric
space X define C (X) as the continuous functions on X and L*° (X) as the bounded
measurable functions with the sup-norm (not the essential sup-norm). We know that
L* (X) is a Banach space. When X is bounded construct a map X — L*° (X), by
sending x to the continuous function z > |xz|. This is usually called the Kuratowski
embedding when we consider it as a map into C (X) . The triangle inequality implies
that this is a distance preserving map. Thus, any compact metric space is isometric to
a subset of some Banach space L* (X) . The important observation is that two such
spaces L* (X) and L™ (Y) are isometric if the spaces X and Y are Borel equivalent
(there exists a measurable bijection). Moreover, if X C Y, then L>® (X) C L*° (Y),
by extending a function on X to vanish on ¥ — X. Moreover, any compact metric
space is Borel equivalent to a subset of [0, 1]. In particular, any compact metric
space is isometric to a subset of L ([0, 1]) . We can then define

dg-p (X.Y) = infdy (i (X).j (Y)),

where i : X — L*° ([0, 1]) andj : ¥ — L ([0, 1]) are distance preserving maps.
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11.1.2 Pointed Convergence

So far, we haven’t dealt with noncompact spaces. There is, of course, nothing wrong
with defining the Gromov-Hausdorff distance between unbounded spaces, but it will
almost never be finite. In order to change this, we should have in mind what is done
for convergence of functions on unbounded domains. There, one usually speaks
about convergence on compact subsets. To do something similar, we first define the
pointed Gromov-Hausdorff distance

de—n ((X,x), (Y, y)) = inf{dy (X, Y) + |xy[} .

Here we take as usual the infimum over all Hausdorff distances and in addition
require the selected points to be close. The above results are still true for this
modified distance. We can then introduce the Gromov-Hausdorff topology on the
collection of proper pointed metric spaces .# = {(X, x, |-+|)} in the following way:
We say that

(Xis-xis II,) - (X,.X, ||)

in the pointed Gromov-Hausdorff topology if for all R there is a sequence R; — R
such that the closed metric balls

(B (xi,R) . xi,|+[}) = (B(x.R) .x, |~|)

converge with respect to the pointed Gromov-Hausdorff metric.

11.1.3 Convergence of Maps

We also need to address convergence of maps. Suppose we have

S X = Y,
Xk—>X,
Yk—>Y.

Then we say that f; converges to f : X — Y if for every sequence x; € X;
converging to x € X it follows that f; (xy) — f (x). This definition obviously
depends in some sort of way on having the spaces converge in the Hausdorff sense,
but we shall ignore this. It is also a very strong type of convergence, for if we
assume that X; = X, Yy = Y, and f; = f, then f can converge to itself only if
it is continuous.
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Note also that convergence of maps preserves such properties as being distance
preserving or submetries.
Another useful observation is that we can regard the sequence of maps f; as one

continuous map
F: (UX) - YU (UYL») .
i i

The sequence converges if and only if this map has an extension

XU(L[)X,-) —>YU<L1JY,~),

in which case the limit map is the restriction to X. Thus, when X; are compact it
follows that a sequence is convergent if and only if the map

F: (UX,-) - YU (UY)
is uniformly continuous.

A sequence of functions as above is called equicontinuous, if for every ¢ > 0 and
Xxx € Xj thereis an § > 0 such that fi (B (x¢, 8)) C B (fi (xx) , &) for all k. A sequence
is equicontinuous when, for example, all the functions are Lipschitz continuous with
the same Lipschitz constant. As for standard equicontinuous sequences, we have the
Arzela-Ascoli lemma:

Lemma 11.1.9. An equicontinuous family fi : Xy — Yi, where X, — X, and
Yy — Y in the (pointed) Gromov-Hausdorff topology, has a convergent subse-
quence. When the spaces are pointed we also assume that f preserves the base
point.

Proof. The standard proof carries over without much change. Namely, first choose
dense subsets A; = {a},ab,...} C X; such that @} — a; € X as i — oo. Then
also, A = {aj} C X is dense. Next, use a diagonal argument to find a subsequence
of functions that converge on the above sequences. Finally, show that this sequence
converges as promised. O

11.1.4 Compactness of Classes of Metric Spaces

We now turn our attention to conditions that ensure convergence of spaces. More
precisely we want some good criteria for when a collection of (pointed) spaces is
precompact (i.e., closure is compact).
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For a compact metric space X, define the capacity and covering functions as
follows

Cap (¢) = Capy (¢) = maximum number of disjoint 5-balls in X,

Cov (¢) = Covy (¢) = minimum number of ¢-balls it takes to cover X.

First, note that Cov (¢) < Cap (¢). To see this, select a maximum number of
disjoint balls B (x;, ¢/2) and consider the collection B (x;, €). In case the latter balls
do not cover X there exists x € X — UB (x;, ¢) . This would imply that B (x, ¢/2) is
disjoint from all of the balls B (x;, ¢/2) . Thus showing that the original ¢/2-balls did
not form a maximal disjoint family.

Another important observation is that if two compact metric spaces X and Y
satisfy dg—p (X, Y) < 6, then it follows from the triangle inequality that:

Covy (¢ + 28) < Covy (e),
Capy (¢) = Capy (¢ + 26).

With this information we can characterize precompact classes of compact metric
spaces.

Proposition 11.1.10 (Gromov, 1980). For a class € C (M ,dg—p) all of whose
diameters are bounded by D < 00, the following statements are equivalent:

(1) ¥ is precompact, i.e., every sequence in € has a subsequence that is convergent
in (%, dG—H) .

(2) There is a function Ny (¢) : (0, ) — (0, 00) such that Capy (¢) < N; (&) for all
Xe%.

(3) There is a function N; (¢) : (0,a) — (0, 00) such that Covy (¢) < N, (¢) for all
Xe¥.

Proof. (1) = (2): If € is precompact, then for every ¢ > 0 we can find
Xi,..., Xy € ¥ such that for any X € % we have that dg—y (X, X;) < ¢/4 for
some i. Then

Capy (¢) < Capy, (5) < max Capy. ().

This gives a bound for Capy, () for each & > 0.

(2) = (3) Use N, = Ny.

(3) = (1): It suffices to show that ¥ is totally bounded, i.e., for each ¢ > 0 we
can find finitely many metric spaces Xy, ..., Xy, € .# such that any metric space
in € is within ¢ of some X; in the Gromov-Hausdorff metric. Since Covy (¢/2) <
N (¢/2), we know that any X € % is within 5 of a finite subset with at most
N (%) elements in it. Using the induced metric we think of these finite subsets as
finite metric spaces. The metric on such a finite metric space consists of a matrix

(dij) , 1 <i,j < N (¢/2), where each entry satisfies d;; € [0, D]. From among all such
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finite metric spaces, it is possible to select a finite number of them such that any of
the matrices () is within ¢/2 of one matrix from the finite selection of matrices.
This means that the spaces are within ¢/2 of each other. We have then found the
desired finite collection of metric spaces. O

As a corollary we also obtain a precompactness theorem in the pointed category.

Corollary 11.1.11. A collection € C M« is precompact if and only if for each
R > 0 the collection

{1_9 (x,R) | B(x,R) C (X,x) € ‘to”} C (A ,dG-g)

is precompact.

In order to achieve compactness we need a condition that is relatively easy to
check.

We say that a metric space X satisfies the metric doubling condition with constant
C, if each metric ball B (p, R) can be covered by at most C balls of radius R/2.

Proposition 11.1.12. If all metric spaces in a class € C (M ,dg—p) satisfy the
metric doubling condition with constant C < oo and all have diameters bounded by
D < oo, then the class is precompact in the Gromov-Hausdorff metric.

Proof. Every metric space X € % can be covered by at most CV balls of
radius 27VD. Consequently, X can be covered by at most CV balls of radius
e € [27VD,27V*ID]. This gives us the desired estimate on Covy (&). O

Using the relative volume comparison theorem we can show

Corollary 11.1.13. For any integer n > 2, k € R, and D > 0 the following classes
are precompact:

(1) The collection of closed Riemannian n-manifolds with Ric > (n— 1)k and
diam < D.

(2) The collection of pointed complete Riemannian n-manifolds with Ric >
(n—1)k.

Proof. Tt suffices to prove (2). Fix R > 0. We have to show that there
can’t be too many disjoint balls inside B(x,R) C M. To see this, suppose
B(x1,€),..., B(xy.e) C B(x,R) are disjoint. If B (x;, ¢) is the ball with the
smallest volume, we have

- volB (x, R) - volB (x;, 2R) v (n,k,2R)
~ volB(x;,&) ~ volB(xi,e) — v(n k)’

This gives the desired bound. O

It seems intuitively clear that an n-dimensional space should have Cov (g) ~ ¢™"
as ¢ — 0. The Minkowski dimension of a metric space is defined as
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logC
dimX = lim sup w.
o —loge

This definition will in fact give the right answer for Riemannian manifolds. Some
fractal spaces might, however, have non-integral dimension. Now observe that

v (n,k,2R) .
v(n,k,e)

—-n

Therefore, if we can show that covering functions carry over to limit spaces, then
we will have shown that manifolds with lower curvature bounds can only collapse
in dimension.

Lemma 11.1.14. Let € (N (g)) be the collection of metric spaces with Cov (&) <
N (e) . If N is continuous, then € (N (¢&)) is compact.

Proof. We already know that this class is precompact. So we only have to show that
if X; — X and Covy, (¢) < N (¢), then also Covy (¢) < N (¢) . This follows easily
from

COVX (8) < COVXi (S — ZdG—H (X, Xl)) < N (8 — ZdG—H (X, Xl))
and

N (e —2dg—g (X, X;)) = N (g) asi — oo.

11.2 Holder Spaces and Schauder Estimates

First, we define the Holder norms and Holder spaces, and then briefly discuss
the necessary estimates we need for elliptic operators for later applications. The
standard reference for all the material here is the classic book by Courant and Hilbert
[35], especially chapter IV, and the thorough text [50], especially chapters 1-6.
A more modern text that also explains how PDEs are used in geometry, including
some of the facts we need is [99], especially vol. III.

11.2.1 Holder Spaces

Fix a bounded domain  C R”". The bounded continuous functions from € to R*
are denoted by C° (€2, R¥) , and we use the sup-norm

llull co = sup |u (x)]
XEQ



406 11  Convergence

on this space. This makes C° (Q , Rk) into a Banach space. We wish to generalize
this so that we still have a Banach space, but in addition also take into account
derivatives of the functions. The first natural thing to do is to define C" (Q , Rk) as
the functions with m continuous partial derivatives. Using multi-index notation, we
define

My

Vu=0o o dy=— "
D) ()

where I = (iy,...,i,) and |I| =i + -+ + i,. Then the C""-norm is
lullen = llulleo + 3 [0 o
1=<|l|<m
This norm does result in a Banach space, but the inclusions
C"(Q.RY) c ¢ ' (2.RY)
are not closed subspaces. For instance, f (x) = |x| is in the closure of
c'(-1.1],R) c C°(-1,1].R).

To accommodate this problem, we define for each o € (0, 1] the C*-pseudo-norm
of u:Q — RFas

() —u )|

l[ull, = sup
* X,yEQ |x_y|0t

When o = 1, this gives the best Lipschitz constant for u.

Define the Holder space C™* (2, R*) as being the functions in C" (€2, R¥) such
that all mth-order partial derivatives have finite C*-pseudo-norm. On this space we
use the norm

lllene = llllen + D [0l -

lIl=m

If we wish to be specific about the domain, then we write ||u||cna g . With this
notation we can show

Lemma 11.2.1. C"™¢ (Q , Rk) is a Banach space with the C™* -norm. Furthermore,
the inclusion

cm(Q,RY c c™P(Q,RY),

where B < « is always compact, i.e., it maps closed bounded sets to compact sets.
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Proof. We only need to show this in the case where m = 0; the more general case
is then a fairly immediate consequence.

First, we must show that any Cauchy sequence {u;} in C* (€2, R¥) converges.
Since it is also a Cauchy sequence in C° (€2, R¥) we have that u; — u € C° in the
C%-norm. For fixed x # y observe that

u; (x) — u; (v)] N lu (x) —u ()|
x — y|® x—y*

As the left-hand side is uniformly bounded, we also get that the right-hand side is
bounded, thus showing that u € C“.
Finally select ¢ > 0 and N so that for i,j > Nand x # y

(i (¥) — w; (0) = (u: () — w; () |
e — I

<e.

If we let j — oo, this shows that

|(ui () —u(x) = i () —u )| _ .
lx — y|* -

Hence u; — u in the C*-topology.

Now for the last statement. A bounded sequence in C* (Q , R¥) is equicontinuous
so the Arzela-Ascoli lemma shows that the inclusion C* (Q,R¥) C C° (2, RF) is
compact. We then use

|u @) —u@)| _ (IM(X)—M(y)I

Bla
= 3 ) () —u )
b=l

bx — y|?
to conclude that
1_
leellg < Clully) - @+ lufl o) =772

Therefore, a sequence that converges in C° and is bounded in C¥, also converges in
CP,aslongas B <a < 1. ]

11.2.2 Elliptic Estimates

We now turn our attention to elliptic operators of the form

Lu = a"9;0u + b'ou = f,
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where a/ = @ and a¥, b’ are functions. The operator is called elliptic when the
matrix (aif ) is positive definite. Throughout we assume that all eigenvalues for (aij )
lie in some interval [A, A‘l] , A > 0, and that the coefficients satisfy ||aif ||a < A7l

and H b Ha < A~!. We state without proof the a priori estimates, usually called the
Schauder or elliptic estimates, that we need.

Theorem 11.2.2. Let Q C R" be an open domain of diameter < D and K C
a subdomain such that d (K,0R) > §. If « € (0, 1), then there is a constant C =
C (n,a, A, 8, D) such that

lullca g < C (I1Lullcag + Nt cu ) -
lullcreg = C(ILutllcog + lullceq) -

Furthermore, if Q has smooth boundary and u = ¢ on 092, then there is a constant
C = C(n,a, A, D) such that on all of Q we have

Il 2o = C (Ll ceg + @l ae) -

One way of proving these results is to establish them first for the simplest
operator:

Lu= Au= (S'ifa,-aju.

Then observe that a linear change of coordinates shows that we can handle operators
with constant coefficients:

Lu= Au= aijBiaju.

Finally, Schauder’s trick is that the assumptions about the functions @’ imply that
they are locally almost constant. A partition of unity type argument then finishes the
analysis.

The first-order term doesn’t cause much trouble and can even be swept under the
rug in the case where the operator is in divergence form:

Lu= aiiBiaju + b'ou =09 (a’:iBju) .

Such operators are particularly nice when one wishes to use integration by parts, as
we have

/ (8, (aija,-u)) h = —/ aiiajuaih
Q Q
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when 2 = 0 on d€2. This is interesting in the context of geometric operators, as the
Laplacian on manifolds in local coordinates is of that form

1

Lu= Agu= 785(\/@@‘7'@14).

detg ij

Thus

/ vLuvol = / v0; ( detg;; - g’ a,u) .

The above theorem has an almost immediate corollary.

Corollary 11.2.3. If in addition we assume that Haij H cmas Hb"\ < 27U then

there is a constant C = C (n,m, a, A, 8, D) such that

cmo

[ull entza x < C (ILullona g + Nullce o) -
And on a domain with smooth boundary,

lulentra o < C (ILullone g + ll@llontae sa) -
The Schauder estimates can be used to show that the Dirichlet problem always
has a unique solution.
Theorem 11.2.4. Suppose Q@ C R”" is a bounded domain with smooth boundary.
Then the Dirichlet problem
Lu=f, ulpo =¢

always has a unique solution u € C*>* (Q) iff € C* (Q) and ¢ € C>* ().

Observe that uniqueness is an immediate consequence of the maximum principle.
The existence part requires more work.

11.2.3 Harmonic Coordinates

The above theorems make it possible to introduce harmonic coordinates on
Riemannian manifolds.

Lemma 11.2.5. If (M, g) is an n-dimensional Riemannian manifold and p € M,
then there is a neighborhood U > p on which we can find a harmonic coordinate
system x = (xl, . ,x") : U — R, ie., a coordinate system such that the functions
x' are harmonic with respect to the Laplacian on (M, g) .



410 11  Convergence

Proof. First select a coordinate system y = (yl, cees y") on a neighborhood around
p such that y (p) = 0. We can then think of M as being an open subset of R”

30\

FeE W) in the standard
Cartesian coordinates (yl, cees y") . We must then find a coordinate transformation
y — x such that

and p = 0. The metric g is written as g; = g (ai, Bj) =g (

k— 135 TP/ =
Ax* = o 0; (,/detgu g 8]xk) 0.
To find these coordinates, fix a small ball B (0, ¢) and solve the Dirichlet problem
A =0, X =y ondB(0,¢).

We have then found n harmonic functions that should be close to the original
coordinates. The only problem is that we don’t know if they actually are coordinates.
The Schauder estimates tell us that

I =Yl mon = € (18 G = Dllewson + 6= Maaos o gm0
=C ||Ay||cu,3(0,s) .

If matters were arranged such that [|Ay||ce o — 0 as & — 0, then we could
conclude that Dx and Dy are close for small €. Since y does form a coordinate
system, we would then also be able to conclude that x formed a coordinate system.

Now observe that if y were chosen as exponential Cartesian coordinates, then
we would have that dyg; = 0 at p. The formula for Ay then shows that Ay = 0
at p. Hence, [|Ay||ce g — 0 as e — 0. Finally recall that the constant C depends
only on an upper bound for the diameter of the domain aside from «, n, A. Thus,
[x = yllc2e poe — 0ase— 0. O

One reason for using harmonic coordinates on Riemannian manifolds is that both
the Laplacian and Ricci curvature tensor have particularly elegant expressions in
such coordinates.

Lemma 11.2.6. Let (M,g) be an n-dimensional Riemannian manifold with a
harmonic coordinate system x : U — R". Then

(D
1 5 3
= . . v.9. — Ua.9.
Au detgs,al< detg,; - g a,u) 8"0;0u.
2

1
788 + 0 (2. 9g) = —Ric; = —Ric (9,9;) .
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Here Q is a universal rational expression where the numerator is polynomial
in the matrix g and quadratic in dg, while the denominator depends only

on ,/detg;.

Proof. (1) By definition:
0= Ax
= L9 (/detgy - g7 - 9;x*
N Bar 180

gijaiajx" + \/ﬁai ( detgy, - gij) . 31)4,}

_ o sk 1 i\ ek
= g’8,~5j + mai ( detg5,~g<’) -8j

_ 1 ik
=0+ T 0; ( detgy - g )

= Jleg”ai ( detgy, - gik) .

Thus, it follows that

Au = ﬁai (\/detgst . gij . Bju)

9 (\/ngr-gij) - Oju

" 1

= gY0;0iu + ——

g J A/ detgxt
= gijaiBju.

(2) Recall that if u is harmonic, then the Bochner formula for Vu is

A (% IWIZ) = |Hessu|* + Ric (Vu, Vu) .

Here the term |Hessu|2 can be computed explicitly and depends only on the
metric and its first derivatives. In particular,

LAg (Va*, V) — [Hessx*|” = Ric (Va¥, Vi) .
Polarizing this quadratic expression gives us an identity of the form
%Ag (in, ij) -8 (Hessxi, Hessxj) = Ric (in, ij) .
Now use that Vx* = g¥9;x*9; = g™, to see that g (Vx', Va¢/) = g¥. We then have

%Agij —g (Hessxi, Hessxj) = Ric (in, ij) ,
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which in matrix form looks like
1[Ag"] — [g (Hessx', Hessx’') | = [¢™] - [Ric (3. 9))] - [£7] -

This is, of course, not the promised formula. Instead, it is a similar formula for the
inverse of [g;]. Now use the matrix equation [gx] - [¢¥] = [§] to conclude that

0= A ([gal - [¢"])

= [Agil - [¢Y] +2 [Zg (Vgir, Vg"j)} + [gul - [A8Y]

3
= [Agul - [8] +2[Vgul - [V&Y] + [gul - [AgY].

Inserting this in the above equation yields

[Agy] = ~2[Vgul - [V"]- [a5] — [su] - [A48"] - [g4]
= —2[Veul - [V£"] - [ey]
=2 [gu] - [g (Hessxk, Hessxl)] . [glj]
—2 [ga] - [¢"] - [Ric (3, )] - [¢"] - [24]
= —2[Veu] - [V&"] - [gy] — 2 [gu] - [¢ (Hessx", Hessx') ] - [gy]
—2[Ric (9;,9;)] -

Each entry in these matrices then satisfies

1Ag; + 0y (g.0g)

Q5 =-2) 8 (Ve V') gy
k.l

-2 Z gikg (Hessxk, Hessxl) 8ij-
k.l O

—RiC,:,',

It is interesting to apply this formula to the case of an Einstein metric, where
Ric; = (n — 1) kg;;. In this case, it reads

1Agj=—(—1)kg;j—Q(g.9g).

The right-hand side makes sense as long as g; is C !. The equation can then
be understood in the weak sense: Multiply by some test function, integrate, and
use integration by parts to obtain a formula that uses only first derivatives of g; on
the left-hand side. If g;; is C Lo then the left-hand side lies in some C?; but then our
elliptic estimates show that g; must be in C*P. This can be bootstrapped until we
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have that the metric is C*°. In fact, one can even show that it is analytic. Therefore,
we can conclude that any metric which in harmonic coordinates is a weak solution
to the Einstein equation must in fact be smooth. We have obviously left out a few
details about weak solutions. A detailed account can be found in [99, vol. III].

11.3 Norms and Convergence of Manifolds

We next explain how the C™* norm and convergence concepts for functions
generalize to Riemannian manifolds. These ideas can be used to prove various
compactness and finiteness theorems for classes of Riemannian manifolds.

11.3.1 Norms of Riemannian Manifolds

Before defining norms for manifolds, let us discuss which spaces should have
norm zero. Clearly Euclidean space is a candidate. But what about open subsets
of Euclidean space and other flat manifolds? If we agree that all open subsets of
Euclidean space also have norm zero, then any flat manifold becomes a union of
manifolds with norm zero and therefore should also have norm zero. In order to
create a useful theory, it is often best to have only one space with vanishing norm.
Thus we must agree that subsets of Euclidean space cannot have norm zero. To
accommodate this problem, we define a family of norms of a Riemannian manifold,
i.e., we use a function N : (0, 00) — (0, co) rather than just a number. The number
N (r) then measures the degree of flatness on the scale of r, where the standard
measure of flatness on the scale of r is the Euclidean ball B (0, r) . For small r, all
flat manifolds then have norm zero; but as r increases we see that the space looks
less and less like B (0, r) and therefore the norm will become positive unless the
space is Euclidean space.

Let (M, g, p) be a pointed Riemannian n-manifold. We say that the C"“-norm on
the scale of r at p:

1M, g.p)llcne , = O,

provided there exists a C"*1* chart ¢ : (B(0,r),0) C R* — (U,p) C M such
that

(nl) |Dp| < ¢ on B(0,r) and |D<p_l| < ¢2 on U. Equivalently, for all
v € R" the metric coefficients satisfy

e 22500 < guvful < 28 M.
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(n2) For all multi-indices I with 0 < |I| < m

A o ul, = 0.

Globally we define

1M, )l e, = stp [ (M, g p)l|one, -
PEM

Observe that we think of the charts as maps from the fixed space B (0, r) into
the manifold. This is in order to have domains for the functions which do not
refer to M itself. This simplifies some technical issues and makes it more clear
that we are trying to measure how the manifolds differ from the standard objects,
namely, Euclidean balls. The first condition tells us that in the chosen coordinates
the metric coefficients are bounded from below and above (in particular, we have
uniform ellipticity for the Laplacian). The second condition gives us bounds on the
derivatives of the metric.

It will be necessary on occasion to work with Riemannian manifolds that are
not smooth. The above definition clearly only requires that the metric be C"“ in
the coordinates we use, and so there is no reason to assume more about the metric.
Some of the basic constructions, like exponential maps, then come into question,
and indeed, if m < 1 these concepts might not be well-defined. Therefore, we shall
have to be a little careful in some situations.

The norm at a point is always finite, but when M is not compact the global norm
might not be finite on any scale.

Example 11.3.1. If (M, g) is a complete flat manifold, then |[(M, g)| cna , = O for
all » < inj(M, g) . In particular, |(R", grs)||cma, = 0 for all r. We will show that
these properties characterize flat manifolds and Euclidean space.

11.3.2 Convergence of Riemannian Manifolds

Now for the convergence concept that relates to this new norm. As we can’t subtract
manifolds, we have to resort to a different method for defining this. If we fix a
closed manifold M, or more generally a precompact subset A C M, then we say
that a sequence of functions on A converges in C"“, if they converge in the charts
for some fixed finite covering of coordinate patches that are uniformly bi-Lipschitz.
This definition is clearly independent of the finite covering we choose. We can then
more generally say that a sequence of tensors converges in C"+“ if the components
of the tensors converge in these patches. This makes it possible to speak about
convergence of Riemannian metrics on compact subsets of a fixed manifold.

A sequence of pointed complete Riemannian manifolds is said to converge in
the pointed C™* topology, (M;, gi,pi;) — (M, g,p), if for every R > 0 we can
find a domain 2 D B (p,R) C M and embeddings F; : 2 — M, for large i such
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that F; (p) = pi, Fi(2) D B(pi,R), and F/'g; — g on Q in the C™“ topology.
It is easy to see that this type of convergence implies pointed Gromov-Hausdorff
convergence. When all manifolds in question are closed with a uniform bound on
the diameter, then the maps F; are diffeomorphisms. For closed manifolds we can
also speak about unpointed convergence. In this case, convergence can evidently
only occur if all the manifolds in the tail end of the sequence are diffeomorphic. In
particular, we have that classes of closed Riemannian manifolds that are precompact
in some C"™“ topology contain at most finitely many diffeomorphism types.

A warning about this kind of convergence is in order here. Suppose we have
a sequence of metrics g; on a fixed manifold M. It is possible that these metrics
might converge in the sense just defined, without converging in the traditional sense
of converging in some fixed coordinate systems. To be more specific, let g be the
standard metric on M = S%. Now define diffeomorphisms F, coming from the flow
corresponding to the vector field that is O at the two poles and otherwise points in
the direction of the south pole. As ¢ increases, the diffeomorphisms will try to map
the whole sphere down to a small neighborhood of the south pole. Therefore, away
from the poles the metrics F;'g will converge to 0 in some fixed coordinates. So
they cannot converge in the classical sense. If, however, we pull these metrics back
by the diffeomorphisms F_,, then we just get back to g. Thus the sequence (M, g;) ,
from the new point of view we are considering, is a constant sequence. This is really
the right way to think about this as the spaces (S?, F;"g) are all isometric as abstract
metric spaces.

11.3.3 Properties of the Norm

Let us now consider some of the elementary properties of norms and their relation
to convergence.

Proposition 11.3.2. Given (M, g,p), m > 0, « € (0, 1] we have:

) (M. g.p)cna, = [ (M. A28, D)|| a5, for all X > 0.

(2) The function r — ||(M, g, p)||cma , is increasing, continuous, and converges to
Oasr— 0.

(3) Suppose (M;, g;, pi;) — (M, g,p) in C™*. Then

”(Mis givpi)”C’”"‘,r g ”(Ms gvp)”C’”"‘,r fOV allr > 0.

Moreover, when all the manifolds have uniformly bounded diameter
”(Miv gi)”C”’v",r - ”(Mv g)”C’”’”,r fOV allr > 0.

@) If M, g,p)llcne, < O, then for all x1,x, € B (0, r) we have

e Cmin{|x; — x|, 2r — [xi] — %2} < le(x1) p(x2)| < €€ |x1 — x2] .



416 11  Convergence

(5) The norm ||(M, g,p) | cna,, is realized by a C" T _chart.
(6) If M is compact, then ||(M, g)|cne , = (M, g, p)||cne . for some p € M.

Proof. (1) If we change the metric g to A%g, then we can change the chart ¢ :
B(0,7r) = Mto ¢ (x) = ¢ (A_lx) : B(0, Ar) — M. Since we scale the metric
at the same time, the conditions nl and n2 will still hold with the same Q.

(2) By restricting ¢ : B(0,r) — M to a smaller ball we immediately get that
r = |[(M,g,p)|cne, is increasing. Next, consider again the chart ot (x) =
¢ (A7'x) : B(0,Ar) — M, without changing the metric g. If we assume that
”(Ms gvp)”C”W,r < Q’ then

1(M. 8. p)l| one 5, < max {Q = [log A]. Q- 2%} .
Denoting N (r) = ||(M, g.p)|| cna ,» We obtain
N (Ar) < max {N (r) & |logA| N (r) - A*} .
By letting A = “, where r; — r, we see that this implies

limsup N (r;) < N (r).

Conversely,
N(r)=N (Lr,-)
ri
r \?
< max{N (r;) £ |log—|,N(r) - (—) } .
ri ri
So
r r 2
N (r) < liminfmax { N (r;) £ |log—|,N (r;) - (—) }
ri ri

= liminfN () .

This shows that N (r) is continuous. To see that N (r) — 0 as r — 0, just
observe that any coordinate system around a point p € M can, after a linear
change, be assumed to have the property that the metric gy = 8y at p. In
particular |D<p|p| = |D<p_1|p\ = 1. Using these coordinates on sufficiently
small balls will yield the desired charts.

(3) Fixr > 0and Q > ||(M, g,p)||cne,,. Pick a domain 2 D B (p, eQr) such that
for large i we have embeddings F; : @ — M; with the property that: FFg; — g
in C™* on Q and F; (p) = p;.
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“)

Choose a chart ¢ : B(0,r) — M with properties nl and n2. Then define
charts in M; by ¢; = F; o ¢ : B(0,r) — M; and note that since F'g; — g
in C"™, these charts satisfy properties nl and n2 for constants Q; — Q. This
shows that

limsup [|(M;, g, pi) | cne , = (M, &, P) || cna -

On the other hand, if Q > ||(M;, gi, pi) | cme, for a sufficiently large 7, then
select a chart ¢; : B(0,r) — M; and consider ¢ = Fl._l o ¢; on M. As before,
we have

(M. g.p)cna, < Qi

where Q; is close to Q. This implies

lim inf ||(Mlv gispi)”C’”"‘,r = ||(M7 gsp)”C'”-"‘,r

and proves the result.

When all the spaces have uniformly bounded diameter we choose diffeomor-
phisms F; : M — M; for large i such that Fg; — g. For every choice of p € M
select p; = F; (p) € M; and use what we just proved to conclude that

tim inf || (M. 80)l|emr, > sup | (M. g.p)l|cme, -
p

Similarly, when p; € M; and p = F;! (p;), it follows that

lim sup ”(Mh givpi)“C”’-",r = sup ”(Mv g)“C’”’”,r .
p

The condition [Dg| < e, together with convexity of B(0,r), immediately
implies the second inequality. For the other, first observe that if any segment
from ¢ (x1) to ¢ (x2) lies in U, then \Dgo_li < 2 implies, that

lr1 — x| < €2 ]p(x1) p(x2)] .

So we may assume that ¢(x;) and ¢(x,) are joined by a segment c : [0, 1] - M
that leaves U. Split c into ¢ : [0,1;) — U and ¢ : (£, 1] — U with ¢(;) € oU.
Then we clearly have

L(c) > L(cljo.)) + L(c|z.17)
e 2(L(p™" oclon)) + L@ o clw)
e @ Q2r— x| = |x2]) .

lp(x1) @(x2)]

%

%
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The last inequality follows from the fact that ¢ ' o ¢(0) = x; and ¢! o ¢(1) =

X2, and that ¢! o ¢ (r) approaches 9B (0, r) as t approaches #; and 1.

(5) Given a sequence of charts ¢; : B (0,r) — M that satisfy nl and n2 with Q; —
QO we can use the Arzela-Ascoli lemma to find a subsequence that converges
toa C""1“ map ¢ : B(0,r) — M. Property (4) shows that ¢ is injective
and becomes a homeomorphism onto its image. This makes ¢ a chart. We can,
after passing to another subsequence, also assume that the metric coefficients
converge. This implies that ¢ satisfies nl and n2 for Q.

(6) Property (3) implies thatp — ||(M, g, p)|| cn« . is continuous. Compactness then
shows that the supremum is a maximum.

O

Corollary 11.3.3. If ||(M.g.p)|lcne,, < O, then B (p,e 2r) C U.

Proof. Let g € dU be the closest point to p so that B (p, |gp|) C U.Ifc: [0, |pq|]] —
M is a segment from p to g, then c¢(s) € B(p,|qp|) for all s < |gp| and we
can write ¢ (s) = ¢ (c(s)), where ¢ : [0,|gp|) € B(0,r) has the property that
lim,_, 4| | (t)| = r. Property (4) from proposition 11.3.2 then shows that

%

lgp| = lim ¢ (¢ (s)) ¢ (0)]
s—gp|

v

lim e Cmin{|c (s)|,2r — | (s)|}

s—|qpl

lim e 9| (s)]

s—|qpl

Q

v

=e “r.

|

Corollary 11.3.4. If ||(M, g,p)||cne, = O for some r, then p is contained in a
neighborhood that is flat.

Proof. Tt follows from proposition 11.3.2 that there is a C" 1% chart ¢ : B(0,r) —
U D B (p,e 9r) with Q = 0. This implies that it is a C' Riemannian isometry and
then by theorem 5.6.15 a Riemannian isometry. O

11.3.4 The Harmonic Norm

We define a more restrictive norm, called the harmonic norm and denoted

h
1. g.p)[cne, -

The only change in our previous definition is that ¢ = : U — R" is also assumed to

be harmonic with respect to the Riemannian metric g on M, i.e., for each j
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1

Vdet [gy]

Proposition 11.3.5 (Anderson, 1990). Proposition 11.3.2 also holds for the har-
monic norm when m > 1.

0 (Vdetlga] - ¢") = 0.

Proof. The proof is mostly identical so we only mention the necessary changes.

For the statement in (2) that the norm goes to zero as the scale decreases, just
solve the Dirichlet problem as we did when establishing the existence of harmonic
coordinates in lemma 11.2.5. There it was necessary to have coordinates around
every point p € M such that in these coordinates the metric satisfies g; = §;
and drg; = O at p. If m > 1, then it is easy to show that any coordinate system
around p can be changed in such a way that the metric has the desired properties
(see exercise 2.5.20).

The proof of (3) is necessarily somewhat different, as we must use and produce
harmonic coordinates. Let the set-up be as before. First we show the easy part:

o h h
liminf | (M;, gi. p) [l cne» = |(M. 8. P) | e, -
To this end, select O > liminf | (M, g;, p,-)II}é‘fnr.u’,. For large i we can then select

charts ¢; : B(0,r) — M; with the requisite properties. After passing to a
subsequence, we can make these charts converge to a chart

¢ =1limF; ' og;:B(0,r) > M.

Since the metrics converge in C"™*, the Laplacians of the inverse functions must
also converge. Hence, the limit charts are harmonic as well. We can then conclude

that ||(M. 8. p) ¢, < Q-
For the reverse inequality

har har

limsup [|(M;, i, pi) | cna » = (M & P)[ e, »

select Q0 > ||(M, g, p)||}é‘f.fuqr. Then, from the continuity of the norm we can find
& > 0 such that also ||(M, g,p)||}é‘i,f,u’r+€ < Q. For this scale, select

9:BO,r+e)=-UCM
satisfying the usual conditions. Now define
U =Fi(pBO,r+e/2) CM,.
This is clearly a closed disc with smooth boundary

an = Fi ((p (SB (0,}"+ 8/2)))
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On each U; solve the Dirichlet problem
Yt U > R,
Ag i = 0,
Vi = ¢ o F ! on dU,.
The inverse of ;, if it exists, will then be a coordinate map B (0, r) — U;. On the
set B(0,r + &/2) we can compare y; o F; o ¢ with the identity map /. Note that

these maps agree on the boundary of B (0, r 4 &/2) . We know that F'g; — g in the
fixed coordinate system ¢. Now pull these metrics back to B (O, r+ %) and refer to

them as g (= ¢*g) and g; (= ¢*Fg;). In this way the harmonicity conditions read
Agl = 0and A,y o Fi o ¢ = 0. In these coordinates we have the correct bounds
for the operator

Ay = g0 + \/e—[&ak (\/ det[g] - g; ) 9

to use the elliptic estimates for domains with smooth boundary. Note that this is
where the condition m > 1 becomes important so that we can bound

\/ﬁBk ( det [gi] ‘gi‘d)

in C*. The estimates then imply

”I_WioFio(p”C'erl.a f CHA& (I—'(ﬂiOFioq))

Cm*l.o(
=C “ AgiI”cm*lu :
However, we have that
AT e 0 \/d t
H 8i ”C’” La " \/F k € [g gz) i
1
— d (v/det[g] - g
” Vaetlg]
= A e = 0.

In particular,
|l —YioFioglmtia = 0.

It follows that ¥; must become coordinates for large i. Also, these coordinates
will show that ||(M;, g,-,p,-)||’é‘,’,f,a’, < Q for large i. a
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11.3.5 Compact Classes of Riemannian Manifolds

We can now state and prove the result that is our manifold equivalent of the Arzela-
Ascoli lemma. This theorem is essentially due to J. Cheeger.

Theorem 11.3.6 (Fundamental Theorem of Convergence Theory). For given
0>0n>2m=>0, a € (0,1], and r > 0 consider the class A#™*(n,Q,r)
of complete, pointed Riemannian n-manifolds (M, g,p) with ||(M, g)|cne, < Q.
The class #™%(n, Q, r) is compact in the pointed C™P topology for all B < a.

Proof. First we show that .# = .#"™%(n,Q,r) is precompact in the pointed
Gromov-Hausdorff topology. Next we prove that .# is closed in the Gromov-
Hausdorff topology. The last and longest part is devoted to getting improved
convergence from Gromov-Hausdorff convergence.

Setup: Whenever we select M € .# , we can by proposition 11.3.2 assume that it
comes equipped with charts around all points satisfying nl and n2.

(A) A is precompact in the pointed Gromov-Hausdorff topology.

Define § = ¢~ 2r and note that there exists an N(n, Q) such that B(0, r) can be
covered by at most N balls of radius e~ ¢ - /4. Since ¢ : B(0,r) — U is a Lipschitz
map with Lipschitz constant < €2, this implies that U D B (p, §) can be covered by
N balls of radius 4/4.

Next we claim that every ball B(x, £ - 5/2) C M can be covered by < N* balls of
radius /4. For £ = 1 we just proved this. If B(x, £ - §/2) is covered by B(x,%/4),. . .,
B(xye,3/4), then B (x,£ - 8/2 4+ 8/2) C | B(x;,8). Now each B(x;, §) can be covered
by < N balls of radius /4, and hence B (x, (£ + 1)3/2) can be covered by < N-N* =
N1 balls of radius /4.

The precompactness claim is equivalent to showing that we can find a function
C(e) = C(&,R,K,r,n) such that each B(p,R) can contain at most C(¢) disjoint
e-balls. To check this, let B(xy, ¢),...,B(x;, &) be a collection of disjoint balls in
B(p,R). Suppose that £ - /2 < R < (£ 4+ 1)3/2. Then

volB(p, R) < N**! . (maximal volume of §/4-ball)
< N*!'. (maximal volume of chart)
< NiHL. K volB(0, r)
<V(R) = V(R,n,K,r).

As long as ¢ < § each B(x;, ¢) lies in some chart ¢ : B(0,r) — U C M whose
pre-image in B(0, r) contains an e~ X - g-ball. Thus

volB(p;, €) > ¢ "KvolB(0, ¢).
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All in all, we get
V(R) > volB(p, R)
> Z volB(p;, €)

>s5.¢"K. volB(0, ¢).
Thus,
s < C(e) = V(R) - "€ - (volB(0, £)) .

Now select a sequence (M;, g;, p;) in .# . From the previous considerations we
can assume that (M;, g;, p;) = (X, ||, p) in the Gromov-Hausdorff topology. It will
be necessary in many places to pass to subsequences of (M;, g;, p;) using various
diagonal processes. Whenever this happens, we do not reindex the family, but
merely assume that the sequence was chosen to have the desired properties from
the beginning.

B) (X,]|],p) is a Riemannian manifold of class C"* with ||(X, g)||cme, < Q

For each g € X we need to find a chart ¢ : B(0,r) — U C X with ¢ = ¢ (0).
To construct this chart consider g; — ¢ and charts ¢; : B(0,r) — U; C M; with
qi; = ¢; (0). These charts are uniformly Lipschitz and so must subconverge to a map
¢ : B(0,r) —> U C X. This map will satisfy property (4) in proposition 11.3.2 and
thus be a homeomorphism onto its image. This makes X a topological manifold.

We next construct a compatible Riemannian metric on X that satisfies nl and n2.
For each ¢ € X consider the metrics ¢ g; = g;.. written out in components on B(0, r)
with respect to the chart ¢;. Since all of the g;.. satisfy nl and n2, we can again use
Arzela-Ascoli to insure that the components g;. — g.. in the C™# topology on
B(0, r) to functions g.. that also satisfy nl and n2. These local Riemannian metrics
are possibly only Holder continuous. Nevertheless, they define a distance as we
defined it in section 5.3. Moreover this distance is locally the same as the metric
on X. To see this, note that we work entirely on B(0, ) and both the Riemannian
structures and the metric structures converge to the limit structures.

Finally, we need to show that the transition function ¢! o v for two such charts
. ¥ : B(0,r) — X with overlapping images are at least C' so as to obtain a
differentiable structure on X. As it stands ¢! o v is locally Lipschitz with respect
to the Euclidean metrics. However, it is distance preserving with respect to the
pull back metrics from X. Calabi-Hartman in [22] generalized theorem 5.6.15 to
this context. Specifically, they claim that a distance preserving map between C*
Riemannian metrics is C'%. The proof, however, only seems to prove that the map
is C'%, which is more than enough for our purposes.
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(C) (Mis gispi) - (Xv |"| sp) = (Xv gsp) in the pOinted CWl,ﬂ tOpOlOgy.

We assume that X is equipped with a countable atlas of charts ¢; : B (0,r) — Uj,
s = 1,2.3,... that are limits of charts ¢;; : B(0,r) — U;;, C M, that also form
an atlas for each M;. We can further assume that transitions converge: (pi;l o @i —>
(ps_l o ¢; and that the metrics converge: g;.. — gs.. We say that two maps F, F,
between subsets in M; and X are C"T1# close if all the coordinate compositions
@' o Fy o g;; and ¢, o F; o ¢ are C"T1'# close. Thus, we have a well-defined
C"+1# topology on maps from M; to X. Our first observation is that

fis = @iso%_l 2 Us — U,
Ji = @irowr_l U — Uy
“converge to each other” in the C"*!# topology. Furthermore,
(fis)*gilui, — glu,

in the C"# topology. These are just restatements of what we already assumed. In
order to finish the proof, we construct maps

¢ ¢
Fig 1 Q¢ = UUY_)QM =UUis
s=1 s=1

that are closer and closer to the fi;, s = 1,...,£ maps (and therefore all f;;) as
i — 00. We will construct Fj; by induction on £ and large i depending on £.

For £ = 1 simply define F;; = f;;.

Suppose we have Fy; : Q;, — € for large i that are arbitrarily close to fj,
s=1,...,Lasi — oco. If U4 N Q¢ = @, then we just define Fjyy; = Fy on
Qi and Fyy41 = fiy+1 on Ugyy. In case Upyy C 2, we simply let Fipqy = Fy.
Otherwise, we know that Fj; and fi;+ are as close as we like in the cmtlp topology
as i — oo. So the natural thing to do is to average them on U,y . Define Fjy4+; on
Ur+1 by

Fi41(X) = @it41 0 (11 (X) - @igi1 © fit1(x) + f2(x) - @ik © Fie(x)),

where (1, [, are a partition of unity for Uy, 2. This map is clearly well-defined
on Uyyq, since py(x) = 0 on Upy — 4. Now consider this map in coordinates

@iet1 0 Fitg1 0 0e41(3) = (11 0 9e1(0)) - 9531 © fiet1 © @et1()
+ (k2 0 @e41()) - Gigg © Fie © 0r1()
= LK) + L2(0)F20).
Then

| Fy + fioFao — Fillntis = || (Fy — Ft) + jia(F2 — Fr) || o1

< C(n,m) | palentrs - |F2 = Fillcnts.
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This inequality is valid on all of B(0, r), despite the fact that F is not defined on all
of B(0,r), since ji; - F| 4+ fi; - F» = F| on the region where F» is undefined. By
assumption

|F2 — Fil|cnt1s — 0 asi — oo,

50 Fygq1is C" TP closeto fi, s = 1,...,£ 4+ 1 asi — oo.
Finally we see that the closeness of Fj; to the coordinate charts shows that it is
an embedding on all compact subsets of the domain. O

Corollary 11.3.7. Any subclasses of #"™*(n, Q, r), where the elements in addition
satisfy diam < D, respectively vol < V, is compact in the C™P topology. In
particular, it contains only finitely many diffeomorphism types.

Proof. We use notation as in the fundamental theorem. If diam(M, g, p) < D, then
clearly M C B (p, k - 3/2) for k > D - 2/s. Hence, each element in . (n, Q, r) can
be covered by < N charts. Thus, C"f-convergence is actually in the unpointed
topology, as desired.

If instead, volM < V, then we can use part (A) in the proof to see that we can
never have more than k = V - ¢*X . (volB(0, £))~! disjoint e-balls. In particular,
diam < 2¢ - k, and we can use the above argument.

Finally, compactness in any C"# topology implies that the class cannot contain
infinitely many diffeomorphism types. O

Clearly there is also a harmonic analogue to the fundamental theorem.

Corollary 11.3.8. Given Q > 0, n > 2, m > 0, a € (0,1], and r > 0O the class
of complete, pointed Riemannian n-manifolds (M, g, p) with ||(M, g)||'é?,{, o, < Qis
closed in the pointed C™* topology and compact in the pointed C™P topology for

all B < a.

The only issue to worry about is whether it is really true that limit spaces
have |[(M, g)| ’é‘i,{u!, < Q. But one can easily see that harmonic charts converge
to harmonic charts as in proposition 11.3.5.

11.3.6 Alternative Norms

Finally, we mention that the norm concept and its properties do not change if n1 and
n2 are altered as follows:

(nl”) D¢l |Dg~"| < fi(n, Q),
(n2’) A g le < fr(n,0), 0 < |jl <m,
where f; and f, are continuous, fi(n,0,7) = 1, and f5(n, 0) = 0. The key properties

we want to preserve are continuity of ||(M, g)|| with respect to r, the fundamental
theorem, and the characterization of flat manifolds and Euclidean space.
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Another interesting thing happens if in the definition of ||(M, g)||cme, we let
m = o = 0. Then n2 no longer makes sense since « = 0, however, we still have
a C%-norm concept. The class .#°(n, Q, r) is now only precompact in the pointed
Gromov-Hausdorff topology, but the characterization of flat manifolds is still valid.
The subclasses with bounded diameter, or volume, are also only precompact with
respect to the Gromov-Hausdorff topology, and the finiteness of diffeomorphism
types apparently fails. It is, however, possible to say more. If we investigate the
proof of the fundamental theorem, we see that the problem lies in constructing
the maps Fy : Qx — Q4i, because we only have convergence of the coordinates
only in the C° (actually C%,a¢ < 1) topology, and so the averaging process fails
as it is described. We can, however, use a deep theorem from topology about local
contractibility of homeomorphism groups (see [39]) to conclude that two C°-close
topological embeddings can be “glued” together in some way without altering
them too much in the C° topology. This makes it possible to exhibit topological
embeddings Fy, : Q < M; such that the pullback metrics (not Riemannian metrics)
converge. As a consequence, we see that the classes with bounded diameter or
volume contain only finitely many homeomorphism types. This closely mirrors the
content of the original version of Cheeger’s finiteness theorem, including the proof
as we have outlined it. But, as we have pointed out earlier, Cheeger also considered
the easier to prove finiteness theorem for diffeomorphism types given better bounds
on the coordinates.

Notice that we cannot easily use the fact that the charts converge in C*(« < 1).
But it is possible to do something interesting along these lines. There is an even
weaker norm concept called the Reifenberg norm that is related to the Gromov-
Hausdorff distance. For a metric space (X, |--|) we define the n-dimensional norm
on the scale of r as

1

—supdg—p (B(p,r),B(0,r)),
I pex

I =DIF =

where B (0, R) C R". The the r~! factor insures that we don’t have small distance
between B (p, r) and B (0, r) just because r is small. Note also that if (X, |-|;) —
(X, |-+]) in the Gromov-Hausdorff topology then

GG 111 = 1 =D

for fixed n, r.
For an n-dimensional Riemannian manifold one sees immediately that

lim [|(M. )12 — 0 = 0.
r—>0

Cheeger and Colding have proven a converse to this (see [29]). Thereis an ¢ (n) > 0
such that if ||(X, |||} < &(n) for all small r, then X is in a weak sense an n-
dimensional Riemannian manifold. Among other things, they show that for small
r the a-Holder distance between B (p, r) and B (0, r) is small. Here the a-Holder
distance d, (X, Y) between metric spaces is defined as the infimum of
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)Pl P 0 0o)

logmax ¢ sup A =
X17x |X1)C2| YiFEy2 |Y1)’2|

where F : X — Y runs over all homeomorphisms. They also show that if (M;, g;) —
(X, |-+]) in the Gromov-Hausdorff distance and || (M}, g,) || < & (n) for all i and small
r, then (M;, g;) — (X, |-+]) in the Holder distance. In particular, all of the M;s have
to be homeomorphic (and in fact diffeomorphic) to X for large i.

This is enhanced by an earlier result of Colding (see [34]) stating that for a
Riemannian manifold (M, g) with Ric > (n — 1) k we have that ||(M, g)||" is small
if and only if and only if

volB (p,r) = (1 —§) volB (0, r)

for some small §. Relative volume comparison tells us that the volume condition
holds for all small r if it holds for just one 7. Thus the smallness condition for the
norm holds for all small r provided we have the volume condition for just some r.

11.4 Geometric Applications

To obtain better estimates on the norms it is convenient to use more analysis. The
idea of using harmonic coordinates for similar purposes goes back to [37]. In [66]
it was shown that manifolds with bounded sectional curvature and lower bounds
for the injectivity radius admit harmonic coordinates on balls of an a priori size.
This result was immediately seized by the geometry community and put to use
in improving the theorems from the previous section. At the same time, Nikolaev
developed a different, more synthetic approach to these ideas. For the whole story
we refer the reader to Greene’s survey in [51]. Here we shall develop these ideas
from a different point of view due to Anderson.

11.4.1 Ricci Curvature

The most important feature about harmonic coordinates is that the metric is
apparently controlled by the Ricci curvature. This is exploited in the next lemma,
where we show how one can bound the harmonic C!** norm in terms of the harmonic
C! norm and Ricci curvature.

Lemma 11.4.1 (Anderson, 1990). Suppose that a Riemannian manifold (M, g)
has bounded Ricci curvature |Ric| < A. Forany r; < ry, K > ||(M, g,p)||’é‘llfr2,
and a € (0, 1) we can find C (n, o, K, ry, ry, A) such that
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I(M. g.p)1¢,, < C (o K. 11,12, A).

Moreover, if g is an Einstein metric Ric = kg, then for each integer m we can find a
constant C (n,a, K, ry, ra, k, m) such that

(M. g.p) |, < C(noe K.ryora kom).

Proof. We just need to bound the metric components g;; in some fixed harmonic

coordinates. In such coordinates A = g¥9;d;. Given that | (M, g, p)||’é“1’r2 < K, we

can conclude that we have the necessary conditions on the coefficients of A =
879,0; to use the elliptic estimate

8l cre g0y = €0t K11 m2) (H Al co gy + Hg’j”C",B(O,rz)) :
Since
Agij = —2Ric; — 20 (g, 9g)

it follows that

” Agjj “ COBO.m) = 2A Hglf “ B0 T ¢ ”gi/'”Cl,B(o,rz) :

Using this we obtain

HgiJ'HCM,B(o,rl) =Cma.K r.r) (” AginCO,B(O,rz) +si C”,B(O,rz))

<C(n,o,K,ri,r) <2A +C+ 1) ”gii”cl,B(o,rz) :

For the Einstein case we can use a bootstrap method as we get C'** bounds on
the Ricci tensor from the Einstein equation Ric = kg. Thus, we have that Agj; is
bounded in C* rather than just C°. Hence,

8l 2 g,y = € (10t K1 72) (” Aifl| w0,y + ||glj||C",B(0,r2))

< CnaKr. ) C- g ooy

This gives C% pounds on the metric. Then, of course, Ag;; is bounded in Ch and
thus the metric will be bounded in C>%. Clearly, one can iterate this until one gets
C™t1% bounds on the metric for any m. O

Combining this with the fundamental theorem gives a very interesting compact-
ness result.
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Corollary 11.4.2. For given n > 2, Q,r,A € (0,00) consider the class of
Riemannian n-manifolds with

h
M. )¢, < Q.
|Ric| < A.
This class is precompact in the pointed C"* topology for any a € (0, 1) . Moreover;

if we take the subclass of Einstein manifolds, then this class is compact in the C™“
topology foranym > 1 and o € (0,1) .

Next we show how the injectivity radius can be used to control the harmonic
norm.

Theorem 11.4.3 (Anderson, 1990). Given n > 2 and « € (0,1), A, R > 0,
one can for each Q > 0 find r (n,a, A,R) > 0 such that any compact Riemannian
n-manifold (M, g) with
[Ric| < A,
inj > R
satisfies ||(M. g) | e, < O.
Proof. The proof goes by contradiction. So suppose that there is a Q > 0 such that
for each i > 1 there is a Riemannian manifold (M;, g;) with
|Ric| < A,
inj > R,
(M gl i1 > Q.

Using that the norm goes to zero as the scale goes to zero, and that it is continuous
as a function of the scale, we can for each i find r; € (O, i_l) such that

| (M;, g,-)ll}é“l.ru,ri = Q. Now rescale these manifolds: g; = r;2g;. Then we have that
(M;, g;) satisfies
IRic| < rA,
inj > 'R,

I(M:. g1, = 0.

We can then select p; € M; such that

||(Mi,§i,pi)||'é‘i$,1 € |:_

SIS
m
—_
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The first important step is to use the bounded Ricci curvature of (M;, g;) to
conclude that the C'' norm must be bounded for any y € (e, 1). Then we can
assume by the fundamental theorem that the sequence (M;, g;, p;) converges in the
pointed C' topology, to a Riemannian manifold (M, g, p) of class C'”. Since the
C'® norm is continuous in the C!* topology we can conclude that

iot.e.plt < [ 2.0].

The second thing we can prove is that (M, g) = (R", grn) . This clearly violates
what we just established about the norm of the limit space. To see that the limit space
is Euclidean space, recall that the manifolds in the sequence (M;, g;) are covered by
harmonic coordinates that converge to harmonic coordinates in the limit space. In
these harmonic coordinates the metric components satisfy

1 - - - .
EAgkl + 0 (g.0g) = —Ricy.
But we know that
|—Ric| < r;?Ag;

and that the gy converge in the C'* topology to the metric coefficients gy for the
limit metric. Consequently, the limit manifold is covered by harmonic coordinates
and in these coordinates the metric satisfies:

1
EAgkl + Q(g.dg) =0.

Thus the limit metric is a weak solution to the Einstein equation Ric = 0 and
therefore must be a smooth Ricci flat Riemannian manifold. Finally, we use that:
inj (M;, g;) — oo. In the limit space any geodesic is a limit of geodesics from the
sequence (M;, g;), since the Riemannian metrics converge in the C!* topology. If
a geodesic in the limit is a limit of segments, then it must itself be a segment. We
can then conclude that as inj (M;, g;) — oo any finite length geodesic must be a
segment. This, however, implies that inj (M, g) = oo. The splitting theorem 7.3.5
then shows that the limit space is Euclidean space. O

From this theorem we immediately get
Corollary 11.4.4 (Anderson, 1990). Let n > 2 and A,D,R > 0 be given. The
class of closed Riemannian n-manifolds satisfying
|Ric| < A,
diam < D,

inj > R
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is precompact in the C'* topology for any a € (0, 1) and in particular contains
only finitely many diffeomorphism types.

Notice how the above theorem depended on the characterization of Euclidean
space we obtained from the splitting theorem. There are other similar characteriza-
tions of Euclidean space. One of the most interesting ones uses volume pinching.

11.4.2 Volume Pinching

The idea is to use the relative volume comparison (see lemma 7.1.4) rather than the
splitting theorem. It is relatively easy to prove that Euclidean space is the only space
with

Ric > 0,

. VvolB(p,r)
lim ———~ =1,

r—>00 Wy 1"

where w,r" is the volume of a Euclidean ball of radius r (see also exercises 7.5.8
and 7.5.10). This result has a very interesting gap phenomenon associated to it under
the stronger hypothesis that the space is Ricci flat.

Lemma 11.4.5 (Anderson, 1990). For each n > 2 there is an € (n) > 0 such that
any complete Ricci flat manifold (M, g) that satisfies
volB (p,r) = (1 — &) w,t"

for some p € M is isometric to Euclidean space.

Proof. First observe that on any complete Riemannian manifold with Ric > 0,
relative volume comparison can be used to show that

volB (p,r) > (1 — &) w, "
as long as

1B (p,
im YBPD Sy
r—>00 wp 1"

Therefore, if this holds for one p, then it must hold for all p. Moreover, if we scale
the metric to (M A2 g) , then the same volume comparison still holds, as the lower
curvature bound Ric > 0 isn’t changed by scaling.

If our assertion is assumed to be false, then for each integer i there is a Ricci flat
manifold (M;, g;) with



11.4 Geometric Applications 431

lim 2B ()

r—>00 Wy 1"

||(Mi,gi)||’éafu’, £ 0forall r > 0.

By scaling these metrics suitably, it is then possible to arrange it so that we have a
sequence of Ricci flat manifolds (M;, g;, g;) with

volB (g;, r
lim YED) oy,
r—>00 wy 1"
I3 gl < 1.
”(Miagivqi)uléall.ﬁa’l € [0.5,1].
From what we already know, we can then extract a subsequence that converges in
the C"™“ topology to a Ricci flat manifold (M, g, ¢). In particular, we must have that

metric balls of a given radius converge and that the volume forms converge. Thus,
the limit space must satisfy

. volB(q,r)
lim ————~ =

=00 W,

1.

This means that we have maximal possible volume for all metric balls, and thus the
manifold must be Euclidean. This, however, violates the continuity of the norm in
the C'* topology, as the norm for the limit space would then have to be zero. O

Corollary 11.4.6. Letn > 2, —o0 < A < A < 00, and D, R € (0, 00) be given.
Thereisa$ = § (n, A -Rz) such that the class of closed Riemannian n-manifolds
satisfying
n—1)A>Ric>=(n—-1)A,
diam < D,
volB(p,R) > (1 =8)v(n,A,R)
is precompact in the C'* topology for any o € (0, 1) and in particular contains
only finitely many diffeomorphism types.
Proof. We use the same techniques as when we had an injectivity radius bound.
Observe that if we have a sequence (M;, g;, p;) Where g; = kizgi, k; — o0, and the
(M;, g;) lie in the above class, then the volume condition reads
volBg, (pi, R - ki) = k}volBy, (pi,R)
> k' (1—-8)v(n A,R)
=({1-=¥5v (n,)k -ki_z,R'k,-).
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From relative volume comparison we can then conclude that for » < R - k; and very
large i,

volBg, (pi,r) = (1 =8)v (n A -k 2, r) ~ (1 — 8) war".
In the limit space we must therefore have
volB (p,r) > (1 — §) w,r" for all r.

This limit space is also Ricci flat and is therefore Euclidean space. The rest of the
proof goes as before, by getting a contradiction with the continuity of the norms.
O

11.4.3 Sectional Curvature

Given the results for Ricci curvature we immediately obtain.

Theorem 11.4.7 (The Convergence Theorem of Riemannian Geometry). Given
R, K > 0, there exist Q, r > 0 such that any (M, g) with

inj > R,

[sec|] < K

has ||(M, g)||'é‘{ﬁy , = Q. In particular; this class is compact in the pointed c'e

topology for all o0 < 1.
Using the diameter bound in positive curvature and Klingenberg’s estimate for
the injectivity radius from theorem 6.5.1 we get

Corollary 11.4.8 (Cheeger, 1967). For given n > 1 and k > 0, the class of
Riemannian 2n-manifolds with k < sec < 1 is compact in the C* topology and
consequently contains only finitely many diffeomorphism types.

A similar result was also proven by A. Weinstein at the same time. The
hypotheses are the same, but Weinstein showed that the class contained finitely
many homotopy types.

Our next result shows that one can bound the injectivity radius provided that one
has lower volume bounds and bounded curvature. This result is usually referred to
as Cheeger’s lemma. With a little extra work one can actually prove this lemma
for complete manifolds. This requires that we work with pointed spaces and also
to some extent incomplete manifolds as it isn’t clear from the beginning that the
complete manifolds in question have global lower bounds for the injectivity radius.
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Lemma 11.4.9 (Cheeger, 1967). Given n > 2, v,K > 0, and a compact
n-manifold (M, g) with

|sec| < K,

volB (p, 1) > v,

forallp € M, then injM > R, where R depends only on n,K, and v.

Proof. As for Ricci curvature we can use a contradiction type argument. So assume
we have (M;, g;) with injM; — 0 and satisfying the assumptions of the lemma. Find
pi € M; with inj, = inj(M;, &) and consider the pointed sequence (M;,p;, &),
where g; = (injM;) g is rescaled so that

inj(Mi,éi) = 1,
|'sec(M;, ;)| < (inj(M;, g:))*- K = K; — 0.

Now some subsequence of (M;, g;, p;) will converge in the pointed cH <1,
topology to a manifold (M,g,p). Moreover, this manifold is flat since
I(M.8) ¢ty = 0.

The first observation about (M, g, p) is that inj(p) < 1. This follows because
the conjugate radius for (M;, g;) is > 7/ /& — o0, so Klingenberg’s estimate for
the injectivity radius (lemma 6.4.7) implies that there must be a geodesic loop of
length 2 at p; € M;. Since (M, g;.p;) — (M, g, p) in the pointed C' topology, the
geodesic loops must converge to a geodesic loop of length 2 in M based at p. Hence,
inj(M) < 1.

The other contradictory observation is that (M,g) = (R", ggr:). Using the
assumption volB(p;, 1) > v the relative volume comparison (see lemma 7.1.4)
shows that there is a v’(n, K, v) such that volB(p;,r) > v’ - ", for r < 1. The
rescaled manifold (M;, g;) then satisfies volB(p;, r) > v’ - 7", for r < (inj(M;, g:))~".
Using again that (M;, g;,p;) — (M,g,p) in the pointed C* topology, we get
volB(p, r) > v'-r" forall r. Since (M, g) is flat, this shows that it must be Euclidean
space.

To justify the last statement let M be a complete flat manifold. As the elements
of the fundamental group act by isometries on Euclidean space, we know that they
must have infinite order (any isometry of finite order is a rotation around a point
and therefore has a fixed point). So if M is not simply connected, then there is

an intermediate covering R" — M - M, where m; (M) = 7. This means that

M = R"! x §' (R) for some R > 0. Hence, for any p € M we must have

lim CB@.N

r—oo  p—1

The same must then also hold for M itself, contradicting our volume growth
assumption. O
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This lemma was proved with a more direct method by Cheeger. We have included
this proof in order to show how our convergence theory can be used. The lemma
also shows that the convergence theorem of Riemannian geometry remains true if
the injectivity radius bound is replaced by a lower bound on the volume of 1-balls.
The following result is now immediate.

Corollary 11.4.10 (Cheeger, 1967). Letn > 2, K,D,v > 0 be given. The class of
closed Riemannian n-manifolds with
|sec| < K,
diam < D,
vol > v

is precompact in the C'** topology for any a € (0, 1) and in particular, contains
only finitely many diffeomorphism types.

11.4.4 Lower Curvature Bounds

It is also possible to obtain similar compactness results for manifolds that only
have lower curvature bounds as long as we also assume that the injectivity radius is
bounded from below.

We give a proof in the case of lower sectional curvature bounds and mention the
analogous result for lower Ricci curvature bounds.

Theorem 11.4.11. Given R, k > 0, there exist Q, r depending on R, k such that
any manifold (M, g) with

sec > —kz,
inj > R
satisfies |[(M, 8)l|c1, <
Proof. 1t suffices to get a Hessian estimate for distance functions r(x) = |xp|.

Lemma 6.4.3 shows that

Hessr(x) < k- coth(k - r(x))g,
for all x € B(p,R) — {p}. Conversely, if r(xo) < R, then r(x) is supported from
below by f(x) = R — |xyg|, where yop = c¢(R) and c is the unique unit speed geodesic

that minimizes the distance from p to xy. Thus

Hessr > Hessf > —k - coth(|xoyo| - k)g» = —k - coth(k(R — r(x0)))g:
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at xo. Hence |Hessr| < Q (k, R) on metric balls B (x, r) where |xp| > R/aand r < R/a.
For fixed p € M choose an orthonormal basis ey, ..., e, for T,M and geodesics
ci(t) with ¢;(0) = p, ¢;(0) = ;. We use the distance functions

r(x) = ‘xc,- (—§)| : B (p, %) —-R
to create a potential coordinate system

Y@ =@, @)= (@), ).

By construction Dyr|, (e;) is the standard basis for ToR". In particular, \ defines
a coordinate chart on some neighborhood of p with g;|, = &;. While we can’t
define g;; on B (p, #/4), the potential inverse g/ = g (Vr', VF/) is defined on the
entire region. The Hessian estimates combined with the fact that |Vrk | = 1 imply
that |dg’| < Q(n,k,R) on B (p,R/4). In particular, |[§7 — g7].]| < /10 for x €
B(p, 8 (n,k, R)). This implies that g has a well-defined inverse g;; on B (p, §) with
the properties that \[g,ﬂp - gij|x]| < 1/9and |dgij| < C(n,K,R)onB(p,$).

By inspecting the proof of the inverse function theorem we conclude that ¥ is
injective on B (p,§) and that B (0,%/4) C v (B(p,d)) (see also exercise 6.7.23).
Moreover, we have also established n1 and n2. O

Example 11.4.12. This theorem is actually optimal. Consider rotationally symmet-
ric metrics dr? + ¢2(r)d6?, where ¢, is concave and satisfies

r forO0 <r<1-—g¢,
r forl4+e<r.

¢e(r) =

1w

1

These metrics have sec > 0 and inj > 1. As ¢ — 0, we get a C"! manifold with
a C*! Riemannian metric (M, g). In particular, ||(M, g)||co1, < oo for all r. Limit
spaces of sequences with inj > R, sec > —k? can therefore not in general be
assumed to be smoother than the above example.

Example 11.4.13. With a more careful construction, we can also find v, with

sinr for0
T
2

Ye(r) = 1

Then the metric dr? + y2(r)d6? satisfies | sec | < 4 and inj > %. As e — 0, we get
a limit metric that is C''!. We have, however, only shown that such limit spaces are
Cle foralla < 1.

Unlike the situation for bounded curvature we cannot get injectivity radius
bounds when the curvature is only bounded from below. The above examples are
easily adapted to give the following examples.
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EXERCISE 11.4.14. Givena € (0, 1) and € > 0, there is a smooth concave function
Pe (r) with the property that

(r) = r forO<r<e,
P =0 ar for 2e <r.

The corresponding surfaces dr’ + ,og(r)dQ2 have sec > 0 and inj < 5¢, while the
volume of any R ball is always > awR>.

Finally we mention the Ricci curvature result.

Theorem 11.4.15 (Anderson-Cheeger, 1992). Given R, k > 0 and o € (0,1)
there exist Q, r depending on n, R, k such that any manifold (M", g) with

Ric > —(n— 1) k%,

inj > R

satisfies ||(M, 9)||' < Q.

o=

The proof of this result is again by contradiction and uses most of the ideas
we have already covered. However, since the harmonic norm does not work well
without control on the derivatives of the metric it is necessary to use the Sobolev
spaces W!» C C'™" to define a new harmonic norm with I control on the
derivatives. For the contradiction part of the argument we need to use distance
functions as above, but we only obtain bounds on their Laplacians. By inspecting
how these bounds are obtained we can show that they — 0 as inj — oo and k — 0.
This will assist in showing that the limit space is Euclidean space. For more details
see the original paper [4].

11.4.5 Curvature Pinching

Let us turn our attention to some applications of these compactness theorems. One
natural subject to explore is that of pinching results. Recall from corollary 5.6.14
that complete constant curvature manifolds have uniquely defined universal cover-
ings. It is natural to ask whether one can in some topological sense still expect this
to be true when one has close to constant curvature. Now, any Riemannian manifold
(M, g) has curvature close to zero if we multiply the metric by a large scalar. Thus,
some additional assumptions must come into play.

We start out with the simpler problem of considering Ricci pinching and then
use this in the context of curvature pinching below. The results are very simple
consequences of the convergence theorems we have already presented.
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Theorem 11.4.16. Givenn >2, R, D > 0, and A € R, thereisan ¢ (n,A,D,R) >
0 such that any closed Riemannian n-manifold (M, g) with
diam < D,
inj > R,

[Ric —Ag| < ¢

is C close to an Einstein metric with Einstein constant ).

Proof. We already know that this class is precompact in the C!* topology no matter
what ¢ we choose. If the result is false, there would be a sequence (M;, g;,) — (M, g)
that converges in the C!* topology to a closed Riemannian manifold of class C',
where in addition, |Ric,, — /\g,-| — 0. Using harmonic coordinates we conclude that
the metric on the limit space must be a weak solution to

1
EAg + Q0 (g, 0g) = —Ag.

But this means that the limit space is actually Einstein, with Einstein constant A,
thus, contradicting that the spaces (M;, g;) were not close to such Einstein metrics.
O

Using the compactness theorem for manifolds with almost maximal volume it
follows that the injectivity radius condition could have been replaced with an almost
maximal volume condition. Now let us see what happens with sectional curvature.

Theorem 11.4.17. Givenn > 2,v, D > 0, and A € R, there isan e (n,A,D,v) >
0 such that any closed Riemannian n-manifold (M, g) with

diam < D,

vol > v,

[sec—A| < e

is C1* close to a metric of constant curvature \.

Proof. In this case first observe that Cheeger’s lemma 11.4.9 gives us a lower bound
for the injectivity radius. The previous theorem then shows that such metrics must
be close to Einstein metrics. We have to check that if (M;, g;) — (M, g), where
\secgi —A\ — 0 and Ric, = (n — 1) Ag, then in fact (M, g) has constant curvature A.
To see this, it is perhaps easiest to observe that if M; > p; — p € M then we can
use polar coordinates around these points to write g; = dr*> + g,; and g = dr’ + g,.
Since the metrics converge in C1*, we certainly have that g, ; converge to g,. Using
the curvature pinching, we conclude from theorem 6.4.3
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Snﬁ_si (r)

i
snf (1)
Lg . S Hessrl. S gr,i
sny—g; (r7)

sy, (1)

with &; — 0. Using that the metrics converge in C! it follows that the limit metric
satisfies

sn (r
Hessr = —2 ( )g,.
sny, (r)
Corollary 4.3.4 then implies that the limit metric has constant curvature A. O

It is interesting that we had to go back and use the more geometric estimates for
distance functions in order to prove the curvature pinching, while the Ricci pinching
could be handled more easily with analytic techniques using harmonic coordinates.
One can actually prove the curvature result with purely analytic techniques, but
this requires that we study convergence in a more general setting where one uses
L? norms and estimates. This has been developed rigorously and can be used to
improve the above results to situations were one has only L” curvature pinching
rather than the L*° pinching we use here (see [91], [88], and [36]).

When the curvature A is positive, some of the assumptions in the above theorems
are in fact not necessary. For instance, Myers’ estimate for the diameter makes the
diameter hypothesis superfluous. For the Einstein case this seems to be as far as we
can go. In the positive curvature case we can do much better. In even dimensions,
we already know from theorem 6.5.1, that manifolds with positive curvature have
both bounded diameter and lower bounds for the injectivity radius, provided that
there is an upper curvature bound. We can therefore show

Corollary 11.4.18. Given2n > 2, and A > 0, there is an e = ¢ (n,A) > 0 such
that any closed Riemannian 2n-manifold (M, g) with

|sec —A| < ¢

is C1* close to a metric of constant curvature \.

This corollary is, in fact, also true in odd dimensions. This was proved by Grove-
Karcher-Ruh in [58]. Notice that convergence techniques are not immediately
applicable because there are no lower bounds for the injectivity radius. Their
pinching constant is also independent of the dimension. Using theorem 6.5.5 we
can only conclude that.

Corollary 11.4.19. Givenn > 2,and A > 0, there is an ¢ = & (n, A) > 0 such that
any closed simply connected Riemannian n-manifold (M, g) with

[sec—A| < ¢

is CY* close to a metric of constant curvature A.
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Also recall the quarter pinching results in positive curvature that we proved in
section 12.3. There the conclusions were much weaker and purely topological.
These results have more recently been significantly improved using Ricci flow
techniques. First in [16] to the situation where the curvature operator is positive
and next in [20] to the case where the complex sectional curvatures are positive.

In negative curvature some special things also happen. Namely, Heintze has
shown that any complete manifold with —1 < sec < 0 has a lower volume bound
when the dimension > 4 (see also [52] for a more general statement). The lower
volume bound is therefore an extraneous condition when doing pinching in negative
curvature. However, unlike the situation in positive curvature the upper diameter
bound is crucial. See, e.g., [55] and [43] for counterexamples.

This leaves us with pinching around 0. As any compact Riemannian manifold
can be scaled to have curvature in [—e¢, €] for any &, we do need the diameter
bound. The volume condition is also necessary, as the Heisenberg group from the
exercise 4.7.22 has a quotient where there are metrics with bounded diameter and
arbitrarily pinched curvature. This quotient, however, does not admit a flat metric.
Gromov was nevertheless able to classify all n-manifolds with

[sec| < & (n),

diam < 1

for some very small ¢ (n) > 0. More specifically, they all have a finite cover that is a
quotient of a nilpotent Lie group by a discrete subgroup. Interestingly, there is also
a Ricci flow type proof of this result in [94]. For more on collapsing in general, the
reader can start by reading [44].

11.5 Further Study

Cheeger first proved his finiteness theorem and put down the ideas of C* conver-
gence for manifolds in [25]. They later appeared in journal form [26], but not
all ideas from the thesis were presented in this paper. Also the idea of general
pinching theorems as described here are due to Cheeger [27]. For more generalities
on convergence and their uses we recommend the surveys by Anderson, Fukaya,
Petersen, and Yamaguchiin [51]. Also for more on norms and convergence theorems
the survey by Petersen in [54] might prove useful. The text [53] should also be
mentioned again. It was probably the original french version of this book that
really spread the ideas of Gromov-Hausdorff distance and the stronger convergence
theorems to a wider audience. Also, the convergence theorem of Riemannian
geometry, as stated here, appeared for the first time in this book.

We should also mention that S. Peters in [86] obtained an explicit estimate for the
number of diffeomorphism classes in Cheeger’s finiteness theorem. This also seems
to be the first place where the modern statement of Cheeger’s finiteness theorem is
proved.
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11.6 Exercises

EXERCISE 11.6.1. Find a sequence of 1-dimensional metric spaces that Hausdorff
converge to the unit cube [0, 1]? endowed with the metric coming from the maximum
norm on R*. Then find surfaces (jungle gyms) converging to the same space.

EXERCISE 11.6.2. Assume that we have a map (not necessarily continuous) F :
X — Y between metric spaces such that for some € > 0:

[lx1x2] = |F (x1) F (x2)]| <€, x1x0 € X
and
F (X) C Y is e-dense.

Show that dg—g (X, Y) < 2e.

EXERCISE 11.6.3. C. Croke has shown that there is a universal constant ¢ (n) such

that any n-manifold with inj > R satisfies volB (p,r) > ¢ (n) - " for r < Ig. Use this
to show that the class of n-dimensional manifolds satisfying inj > R and vol < V' is

precompact in the Gromov-Hausdorff topology.

EXERCISE 11.6.4. Let (M, g) be a complete Riemannian n-manifold with Ric >
(n — 1) k. Show that there exists a constant C (n, k) with the property that for each
€ € (0, 1) there exists a cover of metric balls B (x;, €) with the property that no more
than C (n, k) of the balls B (x;, 5¢) can have nonempty intersection.

EXERCISE 11.6.5. Show that there are Bochner formulas for Hess (% g (X, Y)) and
A% g (X,Y), where X and Y are vector fields with symmetric VX and VY. This can
be used to prove the formulas relating Ricci curvature to the metric in harmonic
coordinates.

EXERCISE 11.6.6. Show that in contrast to the elliptic estimates, it is not possible
to find C* bounds for a vector field X in terms of C° bounds on X and divX.

EXERCISE 11.6.7. Define C™% convergence for incomplete manifolds. On such
manifolds define the boundary 9 as the set of points that lie in the completion but
not in the manifold itself. Show that the class of incomplete spaces with |Ric| < A
and inj (p) > min{R,R - d (p, )}, R < 1, is precompact in the C"* topology.

EXERCISE 11.6.8. Define a weighted norm concept. That is, fix a positive function
p (R), and assume that in a pointed manifold (M, g, p) the points on the distance
spheres S (p, R) have norm < p (R) . Prove the corresponding fundamental theorem.

EXERCISE 11.6.9. Assume ./ is a class of compact Riemannian n-manifolds that
is compact in the C"™“ topology. Show that there is a function f (r), where f (r) — 0
as r — 0, depending on ./ such that ||(M, g)||cne, < f (r) forall M € .Z.
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EXERCISE 11.6.10. The local models for a class of Riemannian manifolds are the
types of spaces one obtains by scaling the elements of the class by a constant — oco.
For example, if we consider the class of manifolds with [sec| < K for some K, then
upon rescaling the metrics by a factor of A2, we have the condition [sec| < A 72K,
as A — oo, we therefore arrive at the condition [sec| = 0. This means that the
local models are all the flat manifolds. Notice that we don’t worry about any type
of convergence here. If, in this example, we additionally assume that the manifolds
have inj > R, then upon rescaling and letting A — oo we get the extra condition
inj = oo. Thus, the local model is Euclidean space. It is natural to suppose that
any class that has Euclidean space as it only local model must be compact in some
topology.

Show that a class of spaces is compact in the C"“ topology if when we rescale
a sequence in this class by constants that — oo, the sequence subconverges in the
C™ topology to Euclidean space.

EXERCISE 11.6.11. Consider the singular Riemannian metric dr2 + (at)> d6?%, a >
1, on R?. Show that there is a sequence of rotationally symmetric metrics on R?
with sec < 0 and inj = oo that converge to this metric in the Gromov-Hausdorff
topology.

EXERCISE 11.6.12. Show that the class of spaces with inj > R and ‘V"Ric| <A
fork = 0,...,mis compact in the "' topology.

EXERCISE 11.6.13 (S-h. Zhu). Consider the class of complete or compact
n-dimensional Riemannian manifolds with

conj.rad > R,
|Ric| < A,
volB (p, 1) > v.

Using the techniques from Cheeger’s lemma, show that this class has a lower bound
for the injectivity radius. Conclude that it is compact in the C!* topology.

EXERCISE 11.6.14. Using the Eguchi-Hanson metrics from exercise 4.7.23 show
that one cannot in general expect a compactness result for the class

[Ric| < A,
volB (p, 1) > v.

Thus, one must assume either that v is large as we did before or that there a lower
bound for the conjugate radius.

weak

EXERCISE 11.6.15. The weak (harmonic) norm ||(M, g)|¢ma , is defined in almost
the same way as the norms we have already worked with, except that we only insist
that the charts ¢; : B(0,r) — U, are immersions. The inverse is therefore only
locally defined, but it still makes sense to say that it is harmonic.



442 11  Convergence

(1) Show that if (M, g) has bounded sectional curvature, then for all Q > 0 there is
an r > 0 such that ||(M, g) ||ch‘ff(’,]fr < Q. Thus, the weak norm can be thought of
as a generalized curvature quantity.

(2) Show that the class of manifolds with bounded weak norm is precompact in the
Gromov-Hausdorff topology.

(3) Show that (M, g) is flat if and only if the weak norm is zero on all scales.
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