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For any point p € M, we rescale now the moving hypersurfaces around p = lim,_,r ¢(p, t),
following Huisken [69],

M s=s(t) = f% log(T —t)

P(g,8) = 5T ()

and we compute the evolution equation for the map ¢(g, s) in the time interval [—% log T, +oo) ,

- (5) ()
(g, t) n wla.t) — Db

ot V2T —t)
=V2(T = t)H(g, t)v(g, 1) + (g, )
=H(q,5)7(g,5) + &(a,5)

where H is the mean curvature of the rescaled hypersurfaces &, = &( -, s).

As |A| = /2(T —t)|A| < Cy < +oc, all the hypersurfaces &, have equibounded curvatures,
moreover,

=/2(T — 1)

o(p,t(s)) —p
2(T — t(s))

< G2l =) _ o o (3.2.5)

2(p, 8)| = ST AT i)

which implies that at every time s € [—% log T, —|—oo) the open ball of radius Cyv/2n centered at

the origin of R™™! intersects the hypersurface @( -, s). More precisely, the point ¢(p, s) belongs to
the interior of such ball.
Then, we rescale also the monotonicity formula. In the following /i, = B(TEW will be the

canonical measure associated to the rescaled hypersurface ¢; which, by means of equation (2.3.1),

satisfies J
%/js = (TL - Hz)ﬁs )

= (@) 13t<uflw)
( - ”/2) 4_[2(1“—-1)]n/24 g%ﬂt

oo
e T @

as

=nfls — ﬁ2ﬁs .

Proposition 3.2.5 (Rescaled Monotonicity Formula). We have

v 2
i i ‘ dﬂs = / e
ds M

which integrated becomes

y|? y 2 2 |~ ~ 2 ~
/ e dis, — / -l dis, = / / = ‘H+<y|1/)‘ dpis ds .
M M
In particular,

I

for a uniform constant C = C(Area(py),T) independent of s € {—% log T, —|—oo) and p € M.

1/2 ~ — 2 ~
i+ (]9 dis <o, (32.6)

2
17)‘ dﬁsdsg/ e*H

M
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Proof. Keeping in mind that y = —2=2— and s = —3log(T — t) we have,

V2T
z—p|2
=2(T - t)% /M M dpe
z—p|2 ~
= —2AT -1 /M [2(6T_ L(Tt)];/2 1 <§(;]i|ty)> 2 e
2 I (y|?) ~

S

= 72(T*t)/M€7T NCT Ry VG Ty
1yl?

~ 2
:7/ e [f+ (17|
M

The other two statements trivially follow. O

As a first consequence, we work out an upper estimate on the volume of the rescaled hyper-
surfaces in the balls of R" 1.
Fix a radius R > 0, if B = Br(0) C R"*!, then we have

H"(p(M,s) N Bg) = /M XBr(y) dits (3.2.7)

RZ_|y|?2
S/ XBR(y)e 2 dus
M
w®
Se}y{’-’/z/ e_yT d,us
M

2
R22 _ vl ~
<e //6 2 dp_1egr
M

< @eRZ/Q

where the constant C is independent of R and s.

Remark 3.2.6. As
_w? o et Area(go)
™ desvr = |, s o < oy

we can choose the constant C' to be independent also of p € M.

Another consequence is the following key technical lemma which is necessary in order to take
the limits of integrals of functions on the sequences of rescaled hypersurfaces.

Lemma 3.2.7 (Stone [119]). The following estimates hold.

1. There is a uniform constant C = C(n, Area(yg),T') such that, for any p € M and for all s €
[—% log T, —|—oo>,

/ e Wan, < C.
M

2. For any e > 0 there is a uniform radius R = R(e,n, Area(ypo),T') such that, for any p € M and
forall s € {—% log T, +oo),

/ P/ gn <
o (M)\BR(0)

that is, the family of measures e~VI*/2 1™ L 3,(M) is tight (see [34]).
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Proof. By the rescaled monotonicity formula (3.2.6) we have that, for any p € M and for all

s € félogT,Jroo),
/e—|y|2/2dﬁ8§/ W2y
M M 208

According to Remark 3.2.6, the right hand integral may be estimated by a constant depending
only on T and Area(pg), not on p € M. Hence, we have the following estimates for all p € M and

forall s € {—% log T, —l—oo),

e arn < ¢ (328)
?s(M)NB,,4+1(0)

and

/ e Wlan < o, (3.2.9)
s (M)NB2r12(0)

where C; and C; are constants depending only on n, T' and Area(yyp).
Then, we compute for any p and s,

d ~ 1, ~
— [ e Wan :/ —H?— —(y|HD +y) te ¥ dp
e s n 14 e s
i ) 1 M{ |y|<y\ y>} 1

< / {n—H2 — Jy| + [H]}e 1 df,
M

< / {n+1-lyl}e ¥ dp,
M

<(n+1) / e Wan” — / e gy .
¢S(M)mBn+l(0) SZS(M)\B%HrQ(O)

But then, by inequality (3.2.8) we see that we must have either

d

— [ el*lap, <o
gs |, ¢ dis <0,

or

/ e Wlanr <.
@s(M)\B2n2(0)

Hence, in view of inequality (3.2.9), it follows that either

i/ e~ 1Yl diis <0,
dS M

/ e Wlap, < ) + Oy,
M

or

which implies
/ €7|y| dﬁg < max { (Cl + 02),/ efly‘ dﬁ—;logT} =C4s
M M

for any p and s.
The proof of part (1) of the lemma follows by noticing that the integral quantity on the right hand
side can clearly be estimated by a constant depending on T" and Area(yg) but notonp € M.

Let now againp € M and s € {—% log T, +oo) arbitrary. Now subdivide ¢, (M) into “annular
pieces” {MF} ™ by setting
M? = 3,(M) N B (0),
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and foreach k > 1,
My ={y e gs(M)[2"" <yl < 2*}.

Then, by part (1) of the lemma H(MF) < C3e2 for each k, independently of the choice of p
and s. Hence in turn, for each k¥ we have

/N /2 gfjn < (e 3@ 2N g e2F -2 )
ATk

again independently of the choice of p and s.
For any € > 0 we can find a kg = ko(e, n, Area(ypp), T') such that

Z CSe(Qk_sz—S.) <
k=ko
then, if R = R(e,n, Area(yy), T) is simply taken to be equal to 20!, we have
/ e/ g = 3 /~ e G < 3 Gy P <
#s(M)\Br(0) k=ko ¥ ME k=ko

and we are done also with part (2) of the lemma. O

Corollary 3.2.8. Ifa sequence of rescaled hypersurfaces @, locally smoothly converges (up to reparametriza-
tion) to some limit hypersurface M., we have

/ e WdH" < C

and

where the constant C'is the same of the previous lemma.

Proof. Actually, it is only sufficient to show that the measures H" L 3(M, s;) associated to the
hypersurfaces weakly*—converge to the measure H" L M. Indeed, for every R > 0 we have,

/N el gH™ < lim inf e Wl dH™ < liminf e~ 1Yl dus, < C
MoNBRr(0) 100 JB(M,s;)NBR(0) =0 J M

by the first part of the lemma above. Sending R to +o0, the first inequality follows.
The second statement is an easy consequence of the estimates in the second part of the lemma. O

Now we want to estimate the covariant derivatives of the rescaled hypersurfaces.

Proposition 3.2.9 (Huisken [69]). For every k € N there exists a constant Cj, depending only on k, n,
Co (the constant in formula (3.2.1)) and the initial hypersurface such that V¥ Az < Cy, for every p € M

and s € [—% log T, +oo>.

Proof. By Proposition 2.3.5 we have for the original flow,

%\vm? = A|VFAP? —2|VFHIA2 + > VPA % VIA « V'A x VFA
ptq+r=Fk|p,q,reN
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. . . . . —k A _ k k
hence, with a straightforward computation, noticing that |V A\% = |[VFAR2(T — )] we get

O ~,~ ~ o~ -~ o~
%\v’w; < —2(k+1)|VFAR + A|VFAZ — 2|VFTA|2
+C(n, k) > [VPA5|VIAJ5| VAl VEA;.
p+q+r=Fk|p,q,rEN

As |1~X|§ is bounded by the constant Cy, supposing by induction that for i = 0,...,k — 1 we

have uniform bounds on \6Zﬁ|§ with constants C; = C;(n, Cy, ¢o), we can conclude by means of
Peter-Paul inequality

O ~,~ -~ ~ o~ ~, i~
%IV’“AIE < AIVFA[ + Bi|VFA]Z — 2|VFALZ + Dy

for some constants By and D, depending only on n, k, Cy and the initial hypersurface.
Then,

%(W’f?&g + By VFIAZ) <A|VFA + By VFAJZ — 2|VFHIA2

+ ByAIVF A2 + BB | VA2

— 2By VA2 + Dy + By Dy_y
<A(IVFAZ + B VFA]Z) — By VFA2

+ ByBy_1|V*'A|2 + Dy + By Dy
<A(VFAR + B, |VF A1) — By |VFAJ2

+ BBy,_1C}?_| + Dy + By Dy
<SA(VFAR + B[ VFT1ALD)

— B(|VFA[Z + B[V ALD)

+ BBy 1C?_, + Dy + ByDy_1 + B3C?_,

where we used the inductive hypothesis ﬁ’“*lmg < Cp—r.

By the maximum principle, the function |§"”‘K|§+Bk |VE-1 K% is then uniformly bounded in space
and time by the square of some constant Cj depending on n, k, Cy and the initial hypersurface,
hence |6k1~k|§ < (. By the inductive hypothesis, the thesis of the proposition follows. O

We are now ready to study the convergence of the rescaled hypersurfaces as s — +oc.

Proposition 3.2.10. For every point p € M and every sequence of times s; — +oo there exists a sub-
sequence (not relabeled) of times such that the hypersurfaces s, rescaled around p, locally smoothly

converge (up to reparametrization) to some nonempty, smooth, complete limit hypersurface M, such that
H+ (y|p) = 0 for every y € M.

Any limit hypersurface satisfies H"(My N Bg) < Cr for every ball of radius R in R™ ™! and for every
k € N there are constants C, such that |%’CK|§ < Cy.

Moreover, if the initial hypersurface was embedded, M, is embedded.

Proof. We give a sketch of the proof, following Huisken [69].

By estimate (3.2.7) there is a uniform upper bound on %" ($(M,s) N Bg) for each R, indepen-
dent of s. Moreover, by the uniform control on the norm of the second fundamental form of
the rescaled hypersurfaces in Proposition 3.2.9, there is a number r, > 0 such that, for each

s € [—% log T, —l—oo) and each ¢ € M, if U§ , is the connected component of &' (B,,(£s(g))) in

M containing ¢, then ¢, (U;;, ,) can be written as a graph of a smooth function f over a subset of
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the ball of radius r¢ in the tangent hyperplane to ¢5(M) C R™*! at the point @,(q).

The estimates of Proposition 3.2.9 then imply that all the derivatives of such function f up to the
order a € N are bounded by constants C,, independent of s.

Following now the method in [86] we can see that, for each R > 0, a subsequence of the hy-
persurfaces o(M, s) N Br(0) must converge smoothly to a limit hypersurface in Br(0). Then,
the existence of a smooth, complete limit hypersurface M, follows from a diagonal argument,
letting R — +o00. Recalling the fact that every rescaled hypersurface intersects the ball of radius
CoV/2n centered at the origin of R"*1, this limit cannot be empty. The estimates on the volume
and derivatives of the curvature follow from the analogous properties for the converging se-
quence.

The fact that M, satisfies H + (y|7) = Ois a consequence of the rescaled monotonicity formula
and of the uniform estimates on the curvature and its covariant derivatives for the rescaled hy-
persurfaces in Proposition 3.2.9. Indeed, by means of equation (2.3.4) we have

oH  (ds\ ' o
85_<ﬁ) or (V2T =01)
3/2
:(Q(Tft)) (AH+H|AP) — /2(T — )1
=AH + H|A]? -
and since v = v,

o ds\ ' ov -
8s_<ﬁ) 5%_—%T—QVH——VH.
Hence,
a ~ " 2
o[+ i)

:2K£ﬁ+ﬁﬁﬁ_ﬁ+wmﬁunm—wm6ﬁg(ﬁ+@nmﬂ
2| A+ HAR + (y|9) — (y| VID| [H + (y|7)|
<C(lyl + ) Iyl + )

<C(lyl?+1)

for some constant C' independent of s.

Then,
.
ds Me
I
i
C / e~

and this last term is bounded uniformly in s € {—% log T, —i—oo) by a positive constant C' =

| 2

Y

M‘

+@wwdm (3.2.10)

- {~+<ylﬁ>’2 (n—ﬁ2—<y|ﬁ5+y>)+§S‘ﬁ+<ylﬁ>‘2] dfis

ly|?
2
ly \2 [

(Iyl* + D (Jyl* + 1) + C(ly* + 1)] dfis

IN

ly2 ~
= (lyl* + 1) diis

IN

e
e
M

C(Area(go), T) by the estimates in Stone’s Lemma 3.2.7.
Supposing that there is a sequence of times s; — +o0o such that

g2 |~ 2
[ e E i win] di, =
M

for some ¢ > 0, then we have that in all the intervals [s;, s; + ¢/(2C)) such integral is larger than
/2. This is clearly in contradiction with the fact that

T

(19| disds < +oo,
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stated in Proposition 3.2.5.
If &, is alocally smoothly converging subsequence of rescaled hypersurfaces (up to reparametriza-
tion), we have then that for every ball Bg

Yy y2 it o~ 2 ~
/ -y ‘H—&- y|u>’ dH" < / et ‘H—&—(y\u)‘ dpis, — 0,
B(M,s )mBR M

hence, the limit hypersurface My, satisfies H + (y | 7) = 0 at all its points.
Assume now that the initial hypersurface was embedded, then by Proposition 2.2.7 all the

hypersurfaces ¢, are embedded and the only possibility for M, not to be embedded is that two
or more of its regions “touch” each other at some point y € R"*! with a common tangent space.
Let g(t) be the metrics induced on the moving hypersurfaces, we consider the following set 2. C

M x M x [0,T) given by { D,q,t) | di(p,q) < e/2(T — t)}, where d; is the geodesic distance in
the Riemannian manifold (M, g(t)). Let

B, = Ci)rnge lp(p,t) — (g, )]/V/2(T 1),

we claim that B. > 0 for any ¢ > 0 small enough. Suppose that B. = 0 for some ¢ > 0, this means
that there exists a sequence of times ¢; ,* T and points p;, ¢; with d;, (pz, q;) = e\/2(T —t;) and

lo(pi ti) — @(qi )| //2(T — t;) — 0, hence, |i(p:) — &i(q:)| — 0 and d;(ps, q;) = &, where we
denoted by @i the rescaled hypersurfaces oi(p) = %\/L_(tpl)m and d; = dy, /\/2(T — t;).

Reasoning like in the first part of this proof, by the uniform bound on the second fundamental
form of the rescaled hypersurfaces, if U’ is the connected component of &; ' (B, (#;(p:))) contain-
ing p;, then @, (U %) can be written as a graph of a smooth function f; over a subset of the tangent
hyperplane to @;(M) C R™"*! at the point @;(p;). As cz-(pi, ¢i) = €, when ¢ > 0 is small enough
(depending on 7y and Cy) the Lipschitz constants of these functions f; are uniformly bounded by
a constant depending on r¢ and Cp, moreover, for every i € N the point g; stays in U* and @;(q;)
belongs to the graph of f;.

It is then easy to see that there exists a uniform positive bound from below on |;(p;) — @i (i)l
hence the constant B. cannot be zero for such € > 0.

Supposing that M, has a self-intersection, we can parametrize it locally with a map @ : U —
R™! such that a sequence of reparametrizations of the rescaled hypersurfaces $; converges
smoothly to ¢ and ¢ (p) = P (g) for a couple of points p, g € U.

Choosing € > 0 smaller than the intrinsic distance between p and ¢ in M. ~ and such that B, > 0,
we consider the function

L(p,q;t) = [p(p,t) — @(q,t)|//2(T — t)

on 0Q. € M x M x [0,T). If the minimum of L at time ¢ is lower than B. > 0 then it cannot be
attained on the boundary of (2. and arguing as in the proof of Proposition 2.2.7, such minimum
is nondecreasing. Hence, there is a positive lower bound on

ég{ lo(pt) — (g, )|//2(T —1).

Now we are done, since if we consider two sequences p; — p and ¢; — ¢ we have definitely
di(pi,q;) > € and |@;(p;) — @(qz)\ — 0, hence di,(pis i) > e€v/2(T —t;) which implies that

(pir girsti) € CQe and |@(piyti) — ©(gisti)|//2(T —t;) — 0, in contradiction with the previous
conclusion. O

Open Problem 3.2.11. The limit hypersurface M, is unique? That is, independent of the se-
quence s; — +00?

This problem is the parabolic analogue to the long—standing problem of uniqueness of the tan-
gent cone in minimal surface theory.

If the limit hypersurface is compact the answer is positive, as shown recently by Schulze [106].
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We have seen in Proposition 1.4.1 that any of these limit hypersurfaces Moo satisfying H +
(y|7) = 0, that we call homothetic, generates a homothetically shrinking mean curvature flow
given by M; = Moo/T =2, vanishing at 7" = 1/2.

As we said few explicit examples are available, hyperplanes through the origin, the sphere
S™(v/n), the cylinders S™(y/m) x R"~" and the Angenent’s torus we mentioned in Section 1.4,
described in [17].

Open Problem 3.2.12. Classify all the complete hypersurfaces (compact or not) satisfying H +
(y|v) =0, or at least the ones arising as blow up limits of the flow of a compact and embedded
hypersurface.

This problem is difficult, an equivalent formulation is to find the critical points of the Huisken'’s

functional )
/ e dnn.
M

As we will see in the next sections, the classification is possible for curves or under the extra
hypothesis H > 0 whenn > 2.

Remark 3.2.13. In the case of a homothetically shrinking hypersurface around a point zy € R™*!
and vanishing at time T, the derivative in the monotonicity formula with the backward heat
kernel p,, 7 is zero, that is, the integral

2
lz—zq]|

e AT-1) p
/M[4w<T—t>]n/2 e

is constant in time. Conversely, it follows from Proposition 1.4.1 and the uniqueness of the flow,
that if such derivative is zero at some time the hypersurface is homothetically shrinking around
(z—mo|v) _

o as at such time it must satisfy H + 5725+ = 0 for all its points.
Finally, notice that if the flow ¢; is homothetically shrinking around z, for ¢ € [0,T), the

relative rescaled hypersurfaces ¢, = \;’% are not moving at all (as a subset of R"*!) and
conversely.

We now fix a point p € M and consider a sequence of rescaled hypersurfaces ¢,,, locally
smoothly converging (up to reparametrization) to some limit hypersurface M., which satisfies
H+ (y|v) =0 forevery y € M.

We want to relate the limit heat density ©(p) in Definition 3.2.3 with M,
O(p) = lim O(p, )

t—T

|z—p|?

i e~ HT=t(s;) J
e / [an (T — t(s)]72 10

2

_ lyl

(& 2 ~
=1l — .
1,y

| .
L /~ e an,
Mo

where in the last passage we applied Corollary 3.2.8.
In particular, if M, is a unit multiplicity hyperplane through the origin of R"*! then O(p) =

1 _ w2 ) n
W f MQO & 2 dH = 1.
Remark 3.2.14. If we choose a time 7 > 0 which is strictly less than the maximal time 7" of ex-
istence of the flow and we perform the rescaling procedure around the nonsingular point p =
lim;, - ¢(p, t) = ¢(p, 7), being the hypersurface regular around p at time 7, every limit of rescaled
hypersurfaces must be flat, actually a union of hyperplanes through the origin. If moreover at
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©(p, 7) the hypersurface has no self-intersections, such limit is a single hyperplane through the
origin and
_le—em@n)?

e I(r—1t)

lim =1.

0
157 Jyy P (r — o2
This clearly holds for every p € M if the initial hypersurface is embedded.

Lemma 3.2.15 (White [127]). Among all the smooth, complete, hypersurfaces M in R™T! satisfying
H+ (y|v) =0and [,, e W dH™ < +oo, the hyperplanes with unit multiplicity through the origin are
the only minimizers of the functional

1 / ~LE
— e .
2m)"2 Ju

Hence, for all such hypersurfaces the value of this integral is at least 1.

Proof. Suppose that there exists a smooth hypersurface M = M, such that

1 w2~
g s

and satisfies H + (y | v) = 0, then the flow M; = M+/1 — 2t is a smooth mean curvature flow in
the time interval (—o0, 1/2).
Choosing a point yo € R"*! and a time 7 < 1/2 we consider the limit
_ly=wol?
I ASE—, vl
11m —_— 5
=25 Jy, G =

where all the integrals are well defined since [, e~1¥! dH™ < +oo.
Changing variables, we have

ly—wyol? _Jev/I=Zt—yg|?
I ¢ T H(y) = lim c Y dH" (z)
11m —_— = .
150 oy, f(r —o)r2 W TS ) Tan(r — 6/ — 2072

As t — —oo, the sequence of functions inside the integral pointwise converges to the function
=)

e~ 2 /(2m)"/? and they are definitely uniformly bounded from above, outside some large fixed
ball Br(0) C R™!, by the function e~!*|. Since this last function is integrable on M by the
hypothesis, using the dominated convergence theorem we get

7\y—yglz
e 4AGr-1)

~ 1 |22~
li —  dH"= — “2 dH"<1.
1250 fyy, [Am(r — £)]7/2 (2m)"/? /N ‘ =

By the monotonicity formula this implies that

ly—wol?

e Y <
/Mt [47 (T — t)]"/? -

forevery yo € R""land t < 7 € (—o0,1/2).
Choosing now yo € M and 7 = 0, repeating the argument in Remark 3.2.14 (in this noncompact

case it can be carried on by means of the hypothesis [,, e~1¥! dH™ < +00) we have

_ly—wol?
I ¢ aH" =1
im —_— =

t=0- J g, [—4mt]n/2 ’
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hence, we conclude that the function

_ \y—io 12
(& —4t ~
B f V.
,,
is constant equal to 1 for every ¢t € (—o0,0). Even if the evolving hypersurfaces M; are not
compact, by the hypothesis [,, e1¥/dH" < +oo it is straightforward to check (writing every
integral as an integral on M fixed) that the monotonicity formula still holds. Hence, we must
have that the right hand side of such formula is identically zero and H(y, t) + % = 0 for
every t < 0 and y € M;. Multiplying by —2¢ and sending ¢ to zero, as M; — M, we conclude

that (y — yo | ¥(y)) = 0 for every y,yo € M. This condition easily implies that M is a hyperplane
through the origin of R" 1. O

The following corollary is the consequence of Lemma 3.2.15 and the previous discussion about
the relation between © and the limits of sequences of rescaled hypersurfaces.

Corollary 3.2.16. The function © : M — R satisfies © > 1 on all M. Moreover, if ©(p) = 1, every
converging sequence of rescaled hypersurfaces s, around p converges to a unit multiplicity hyperplane
through the origin of R™ 1.

Remark 3.2.17. The fact that © > 1 on all M can also be proved directly. Since for every 7 < T' we
have

_le—erm)|?
4(T—t)

li ——du; =1
7 oy [am(r — g2 T

by the argument in Remark 3.2.14, then we get

_lr—er(m)|?
/ e A(T—t) d -1
v B(r — )2 =

by the monotonicity formula, for every p € M and ¢ € [0,7). Keeping now ¢ < T fixed and
sending 7 — T we have ¢, (p) — p and

_lz—p|? _le—erm)|?
e 4T-1) e A(T—1t)

O(p.t) = —— —du; = 1i — du; >1.
#.%) AMMUMWQM A s TG =7 e =

This clearly implies that ©(p) = lim;_,7 6(p, t) > 1.

Remark 3.2.18. Rescaling around some p, by the discussion after Definition 3.2.2, means rescaling
around some reachable point. Actually, we could rescale the evolving hypersurfaces around any
point zo € R**! but if 2y ¢ S, as the distance from (M, t) and z is definitely positive, the limit
hypersurface is empty. This would imply that

lz—zg|2

e AT-v
— d 0
Aww—wmm%

ast —T.

By Corollary 3.2.16, if instead we consider zy € S, thatis, zo = p for some p € M, there holds
O(p) > 1. Hence, there is a dichotomy between the points of R"*1, according to the value of this
extended limit heat density function which can be either zero or at least one.

Moreover, by looking carefully at the first part of the proof of Lemma 3.2.15 we can see that
this fact is independent of the type I hypothesis, it is indeed only a consequence of the upper
semicontinuity of 6(p, t).

Actually, one can say more by the following result of White [127] (see also [37, Theorems 5.6, 5.7]
and [119], moreover compare with [20, Theorem 6.11]), which also gives a partial answer to Prob-
lem 3.2.11.
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Theorem 3.2.19 (White [127, Theorem 3.5]). There exist constants e = e(n) > 0and C' = C(yo) such
that if ©(p) < 1 + ¢, then |A| < C in a ball of R"*! around p uniformly in time t € [0,T).

If the limit of a subsequence of rescaled hypersurfaces is a hyperplane through the origin,
then ©(p) = 1 and by this theorem there is a ball around p where the curvature is bounded.
Then in such a ball, the unscaled hypersurfaces ¢, (possibly after a reparametrization) converge
locally uniformly in C° to some @7 with uniformly bounded curvature, this implies that the
convergence is actually in C'* by the interior estimates of Ecker and Huisken in [40]. Hence, it
follows easily that the tangent hyperplane to ¢ at the point p coincides with the limit of any
sequence of rescaled hypersurfaces, that is, there is full convergence and the limit hypersurface
is unique, solving affirmatively Problem 3.2.11 in this very special case.

Remark 3.2.20. The strength of White’s result is that it does not assume any condition on the
sign of H and on the blow up rate of the curvature. The theorem also holds without the type I
hypothesis.

Another consequence is that there is a “gap” between the value 1 realized by the hyperplanes
through the origin of R"*! in the functional

1 2  ~
S dH™
@2 /M e H
and any other smooth, complete hypersurface M in R"*! satisfying H+(y | v) = 0and [, e 1¥| dH" <
+00.

3.3 Hypersurfaces with Nonnegative Mean Curvature

If the compact initial hypersurface is embedded and has H > 0 (or at some positive time the
evolving hypersurface becomes like that) then the analysis of the previous section can be pushed
forward since we can restrict the class of the possible limits of rescaled hypersurfaces to the ones
satisfying these two conditions.

In this case every singular point is a special singular point and it is actually possible to classify
all the embedded limit hypersurfaces in R"™! such that H + (z|v) = 0 and H > 0, see [69, 70]
and [120]. Moreover, as we mentioned in Remark 3.4.2, there cannot happen that the curvature

in some region of the hypersurface goes to infinity with a rate lower than \/2(‘;7t), for every

constant § > 0.

We recall that if H > 0 for the initial hypersurface, after a positive time ty > 0, there exists
a constant o > 0 such that a|A| < H < n|A| everywhere on M for every time ¢ > ty, by Corol-
lary 2.4.3.
Hence, we can assume in the sequel that for ¢ € [0,7') we have
S <maxH(p,t) < L
2T —t) ~ vel 2T —t)
Proposition 3.3.1 (Huisken [69, 70], Abresch and Langer [1] in the one-dimensional case). Let
M C R be a smooth, complete, embedded, mean convex hypersurface in R"*1 such that H+ (x| v) = 0
at every x € M and there exists a constant C such that |A| + |VA| < C and H"*(M N Bg) < CeR,for
every ball of radius R > 0 in R"+1,
Then, up to a rotation of R" 1, M must be one of only n + 1 possible hypersurfaces, namely, either a
hyperplane through the origin or the sphere S™(\/n) or one of the cylinders S™(y/m) x R*~™.

In the special one—dimensional case the only smooth, complete, embedded curves in R? satisfying the
structural equation k + (x| v) = 0 are the lines through the origin and the unit circle (notice that in this
case neither the positivity of the curvature nor the two estimates above are assumed).

Proof. Let us suppose that M is connected. If the theorem is true in this case, it it easy to see
that it is not possible to have a nonconnected embedded hypersurface satisfying the hypothe-
ses. Indeed, any connected component has to belong to the list of the statement and every two
hypersurfaces in such list either coincide or have some intersections.
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We first deal separately with the case n = 1.
Fixing a reference point on a curve v we have an arclength parameter s which gives a unit tangent
vector field 7 = 75 and a unit normal vector field v, which is the counterclockwise rotation of 7/2
in R? of the vector 7, then the curvature is given by k = (97 |v) = — (7| d;v).
The relation k = — (| v) implies the ODE for the curvature ks = k(v | 7). Suppose that at some
point k£ = 0, then also ks = 0 at the same point, hence, by the uniqueness theorem for ODE’s we
conclude that k is identically zero and we are dealing with a line L which, as (z |v) = 0 for every
z € L, must contain the origin of R?.
So we suppose that k is always nonzero and possibly reversing the orientation of the curve, we
assume that £ > 0 at every point, that is, the curve is strictly convex.
Computing the derivative of |y|?,

85'7‘2 = 2<’Y | T> = ka/k = 20, Ing

we getk = Cel*/2 for some constant C' > 0, it follows that k is bounded from below by C > 0.
We consider now a new coordinate § = arccos (e; | ), this can be done for the whole curve as
we know that this latter is convex (obviously, as for the arclength parameter s it is only locally
continuous, ¢ “jumps” after a complete round).

Differentiating with respect to the arclength parameter we have 9,0 = k and

05k 1+ k{(v|v 1
Fo=ho/k=(lm) ko= = ;7|>:%7k. (33.1)

Multiplying both sides of the last equation by 2ky we get 9p[kZ + k? — log k?] = 0, that is, the
quantity k2 + k* —log k? is equal to some constant E along all the curve. Notice that such quantity
E cannot be less than 1, moreover, if £ = 1 we have that & must be constant and equal to 1 along
the curve, which consequently must be the unit circle centered at the origin of R?.

When E > 1, it follows that & is uniformly bounded from above, hence recalling that & = Cehl/2,
the image of the curve is contained in a ball of R? and by the embeddedness and completeness
hypotheses, the curve must be closed, simple and strictly convex, as k > 0 at every point.

We now suppose that + is not the unit circle and we look at the critical points of the curvature
k. Since kg9 = % — k, there holds that kg9 # 0 when ky = 0, otherwise this second order ODE
for k would imply k9 = 0 everywhere, hence k£ = 1 identically and we would be in the case
of the unit circle. Thus, the critical points of the curvature are not degenerate, hence, by the
compactness of the curve they are isolated and finite. Moreover, by looking at the equation for
the curvature (3.3.1) we can see easily that kyin < 1 and kpax > 1.

Suppose now that k(0) = kmax and k(0) is the first subsequent critical value for k, for some 6> 0.
Then the curvature is strictly decreasing in the interval [0, 6] and again by the second order ODE,
the function & (hence also the curve, by integration) is symmetric with respect to § = 0 and 6 = 6.
This clearly implies that k(0) must be the minimum Ky, of the curvature, as every critical point
is not degenerate.

By the four vertex theorem [95, 103], on every closed curve there are at least four critical points
of k, as a consequence our curve is composed of at least four pieces like the one described above.
Hence, since the curve is closed and embedded the curvature £(¢) must be a periodic function
with period 7' > 0 not larger than 7 (since 27 is an obvious multiple of the period) and 6 = T'/2.
More precisely, the period T must be 27 /n for some n > 2.

By a straightforward computation, starting by differentiating the equation kg9 = + — k, one
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gets (k?)ggo + 4(k?)g = 4ky/k, then we compute
T/2 I T/2
4/ sin 26 f df = / sin 260 [(k*)agg + 4(k?)e] dO
0 0

T/2 T/2
= sin 20(k?)go|L/* — 2/ cos 20(k*)pg df + 4/ sin 20(k?)y d6
0 0

= 2sin T[k(T/2)koo (T/2) + k2(T/2)] — 2 cos 20(k>)g|2 "
T/2 T/2
74/ sin20(k2)9d0+4/ sin 20(k?)g db
0 0

=2sin T[k(T/2)koo(T/2) + k3 (T/2)]
— 4cos TK(T/2)ke(T/2) + 4k(0)ke(0) .

Now, since ky(0) = kg(T/2) = 0 and k(T'/2) = kmin, using the equation for the curvature kgg =
1/k — k we get
T/2 ko
4/ sin260 —= df = 2sinT(1 — k2,.),
0 k
and this last term is nonnegative as kpin < land 0 <7 < 7.
Looking at the left hand integral we see instead that the factor sin 26 is always nonnegative, since
T < 7 and kg is always nonpositive in the interval [0, 7/2], as we assumed that we were moving
from the maximum kyax at § = 0 to the minimum ki, at @ = 7'/2 without crossing any other
critical point of k. This gives a contradiction so v must be the unit circle.
We suppose now that n > 2.

By covariant differentiation of the equation H + (x| ¥) = 0 in an orthonormal frame {es, ..., e, }
on M we get

VlH = <.’E | ek>hik
ViViH = hij + (x [V)hikhje + ([ ex)Vilje = hij — Hhighj, + (2] ex) Vihi; (3.3.2)

where we used Gauss—-Weingarten and Codazzi equations (1.1.1), (1.1.3).
Contracting now with g/ and h% respectively we have

AH=H-H|AP + (z|ex)ViH = H(1 — |A]*) + (x| VH) (3.3.3)

RV, V,H = |AP — tr(A*)H + (x| ex) Vi |A]?/2
which implies, by Simons’ identity (1.1.4),
AAP = 2]APP(1 — |A]?) + 2|VAP + (2| V|AF%).

From equation (3.3.3) and the strong maximum principle for elliptic equations we see that, since
M satisfies H > 0 by assumption and AH < H + (z| VH), we must either have that H = 0 or
H > Oonall M.

The case H = 0 can be easily handled: as M is complete and x is a tangent vector field on
M by the equation (x |v) = 0, for every point zy of M there is a unique solution of the ODE
~'(s) = z(7(s)) = v(s) passing through z( and contained in M for every s € R, but such solution
is simply the line in R" ! passing through z, and the origin. Thus, M has to be a cone and being
smooth the only possibility is a hyperplane through the origin of R"*1.

Therefore we may assume that the mean curvature satisfies the strict inequality H > 0 every-
where (so dividing by H and |A] is allowed).

Now let R > 0 and define 7 to be the inward unit conormal to M N Bg(0) along 8(M N Bg(0)),
which is a smooth boundary for almost every R > 0 (by Sard’s theorem). Then, supposing that
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R belongs to the set 2 C R of the reqular values of the function | - | restricted to M C R"*!, from
equation (3.3.3) and the divergence theorem we compute

cn=- | A|(VH] n)e /2 am" (a)
d(MNBRr(0))
:/ IA|AHe #1772 4 (W(|Ale1#1/2) | VH) dH™ (x)
MNBRr(0)
:/ (JAIH(L ~ [AP) + Al | VH) e~ /2 dm7 a)
MF‘IBR(O)

1 2
+ L IAR [ VH) — |Al(z | VE) )e =2 g (2
/MmBR(o)(2|A|< A7 VH) — |Al(z | )) (z)

1 2
= [ (A AP+ s (VIAR [ VED)e 2 (o)
MNBg(0) 2|A

and similarly,

H _R? n—
Sn=- [ IR e 2 amn (@)
o(MNBR(0)) |Al

H 2 H 2
= 7AA26_‘;C‘ /2 + v 7 e—\xl /2 VAQ d%n T
/MnBR(o) A 4] < <|A|‘ )’ [A] > ()
2H|VA|2 H )
— / (2|A|H(1 — AP + HIVAF + —<z|V|A\2>)e’|x| 12 aH" (x)
MABR(0) A |A|
(VH|VIA]?) H|VIAP? H o\ = |z[2/2
+/ - — (x| VIA]R) ) e 1#2 anq (2
MnBR(0)< |A| 2|A3 |A|< | VIA] >> ()
2H|VA]Z (VH|VIAPZ)  H|VIAP2Y _ .2
= 2(AH(1 — |A]?) + + — e 1#2 g ()
/MQBM( AR = AP + = A] AT ) (@)

Hence,

UR=25R—4€R=/

<4H|VA2 H|V|A[22
MNBRr(0)

—122 n
A AP ) A (@)

H 2
= [ (AAPIVAP - [VIAPE) e an o).
MNBg(0) |A|

As we have 4|A|?|VA|? > |[V|A|?|%, this quantity o is nonnegative and nondecreasing in R.
If now we show that liminfr_, { .o or = 0 we can conclude that at every point of M

4|APIVAP2 = |VIAP)?. (3.3.4)

Getting back to the definitions of e and dr, we have

lor| =

H
_2/ AR e d’}-l”_1—|—4/ A|(VH| e /2 gpn—1
a(MNBRr(0)) Al d(MNBR(0))

< qe-F/2 / H
o(MNBR(0)) |Al

§86_R2/2/ H|VA| + |A||[VH|dH"*
d(MNBR(0))

[VIA[ + A VH| ax"

< Ce B 2n=1(5(M N Bg(0))),

by the estimates on A and VA in the hypotheses.
Now, suppose that for every R belonging to the set 2 C R* (which is of full measure) and R
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larger than some Ry > 0 we have
H"1(3(M N BR(0))) > 6Re™ /4

for some constant § > 0. Setting 2™ to be the projection of the vector = on the tangent space to
M, as the function R — H"(M N Br(0)) is monotone and continuous from the left and actually
continuous at every value R € (2, we can differentiate it almost everywhere in R* and we have
(by the coarea formula, see [43] or [109]),

R q
H"(M N Bg(0)) — H"(M N B,.(0)) 2/ d—g’H”(MﬂBg(O))dg

R

> / / M || Y () de
r G(MOBQ(O))
R

- / / ) /™| dH () de
v Joa(nBe(0))

R
> / / dH" () dE |
r S(MﬁBg(O))

where the derivative in the integral is taken only at the points where it exists and V¥ |z| denotes
the projection of the R""!—gradient of the function |z| on the tangent space to M.
Hence, if R > r > Ry we get

R
H”(MnBR(O))—H”(MmBT(O))Z/ / dH" 1t d¢
r  JO(MNB:(0))

R 2
>5 / €e/ g
= 25(6R2/4 — er2/4) ,

then if R goes to +oo, the quantity H" (M N Br(0))e~f diverges, in contradiction with the hy-
potheses of the proposition. Hence, the liminf of the quantity =% /4H"=1((M N Bg(0))) as
R — +o0 in the set 2 has to be zero. It follows that the same holds for |o | and equation (3.3.4) is
proved.

Making explicit such equation, by the equality condition in the Cauchy-Schwartz inequality
it immediately follows that at every point there exist constants ¢;, such that

Vihi; = crhij

for every i, j. Contracting this equation with the metric ¢”/ and with 2/ we get V,H = ¢, H and
VMA‘Q = 26k|A|2, hence Vk IOgH = Ck and Vk lOg ‘A|2 = 2Ck.

This implies that locally |A| = oH for some constant a > 0 and by connectedness this relation
has to hold globally on M.

Suppose now that at a point |VH| # 0, then V,h;; = cphi; = %hij which is a symmetric 3—
tensor by the Codazzi equations (1.1.3), hence V,Hh,;; = V;Hh;,. Computing then in normal
coordinates with an orthonormal basis {e; ...,e,} such that e; = VH/|VH|, we have

0= |ViHhy; — V,Hhy|? = 2|VH|? <|A2 -3 hi) .

i=1

Hence, |A|? = Y0 | h?,, thatis,

hiy +2Zh%i + Z hi; = AP = h%, +Zh%m
i—2 i—2

i,J=2



3. MONOTONICITY FORMULA AND TYPE I SINGULARITIES 64

so h;; = 0 unless ¢ = j = 1, which means that A has rank one.
Thus, we have two possible (not mutually excluding) situations at every point of M, either A has
rank one or VH = 0.

If the kernel of A is empty everywhere, A must have rank at least two as we assumed n > 2,
then we have VH = 0 which implies VA = 0 and h;; = Hh;,hij, by equation (3.3.2). This means
that all the eigenvalues of A are 0 or 1/H. As the kernel is empty A = Hg/n, precisely H = /n
and A = g/v/n. Then, the complete hypersurface M has to be the sphere S"(y/n), indeed we
compute

AM|22 = 2n 4 2(x | AMz) = 2n + 2H(z | v) = 2n — 2H? = 0,

by means of the structural equation H + (x| ) = 0, hence |z|? is a harmonic function on M and
looking at the point of M of minimum distance from the origin, by the strong maximum principle
for elliptic equations, it must be constant on M.

We assume now that the kernel of A is not empty at some point p € M andlet vy (p), ..., vn—m(p) €
T,M C R""! be a family of unit orthonormal tangent vectors spanning such (n—m)-dimensional
kernel, that is h;; (p)vi (p) = 0. Then, the geodesic v(s) from p in M (which is complete) with ini-
tial velocity vy (p) satisfies

Vs(hijvd) = HTHVH 7o) hijy

hence, by Gronwall’s lemma there holds h;;(v(s))v!(s) = 0 for every s € R.
Being v a geodesic in M, the normal to the curve in R"*! is also the normal to M, then letting ~
be the curvature of v in R**!, we have

d o
- Vs :hz . j:();
e (o] L)~ i

thus v is a straight line in R" 1.

Hence, all the (n — m)-dimensional affine subspace p + S(p) C R"*! is contained in M, where
we set S(p) = (v1(p), ..., Vn_m(p)) C R*TL

Let now o(s) be a geodesic from p to another point ¢ parametrized by arclength and extend by
parallel transport the vectors vy, along o, then

Vs(hijol) = HHVH | os)hijv]

and again by Gronwall’s lemma it follows that h;;v},(s) = 0 for every s € R, in particular vy (q) is
contained in the kernel of A at ¢ € M. This argument clearly shows that the kernel S(p) of A has
constant dimension n — m with 0 < m < n (as A is never zero) at every point p € M and all the
affine (n — m)-dimensional subspaces p + S(p) C R"*! are contained in M.

Moreover, as h;; vi = 0 along the geodesic ¢, denoting by VE"™ the covariant derivative of R"*!
we have -

Ve vk = Vv + hijjujow =0,

so the extended vectors vy, are constant in R”!, which means that the parallel extension is inde-
pendent of the geodesic o, that the subspaces S(p) are all a common (n — m)-dimensional vector
subspace of R"*! that we denote by S and that M = M + S C R"+L.

Since the orthogonal projection map 7 : M — S is then a submersion, for every vector y € S we
have that N = M N (y + S1) is a smooth, complete m-dimensional submanifold of R"*! and,
as M = M + S, it is easy to see that M = N x S, which implies that L = S+ N M is a smooth,
complete m—~dimensional submanifold of S+ = R™*! with M = L x S.

Moreover, as S is in the tangent space to every point of L, the normal v to M at a point of L stays
in S+ so it must coincide with the normal v* to L in S+, then a simple computation shows that
the mean curvature of M at the points of L is equal to the mean curvature H” of L as a hyper-
surface of S+ = R™T!. This shows that L is a hypersurface in R™*! satisfying H + (2 | %) = 0
for every = € R™"!. Finally, as by construction the second fundamental form of L has empty
kernel, by the previous discussion we have L = S™(y/m) and M = S™(y/m) x R"™™ and we are
done. O



3. MONOTONICITY FORMULA AND TYPE I SINGULARITIES 65

Remark 3.3.2. Notice that it follows that all the possible blow up limits are convex. It is a very
important fact, proved by Huisken and Sinestrari [75] (see also White [126]), that the same conclu-
sion also holds at a type II singularity of the flow of a mean convex hypersurface (Theorem 4.2.1
and Proposition 4.2.3 in the next lecture).

Remark 3.3.3. Actually, Abresch and Langer in [1] (and also Epstein and Weinstein in [42]) classi-
fied all the closed curves in R? satisfying the structural equation k + (v|v) = 0 (also the curves
with self-intersections), see Appendix E for more details. We underline that, even if the tech-
niques are elementary, the proof of such classification result is definitely nontrivial.
The result in the embedded case in these papers is a consequence of the general classification
theorem. To the author’s knowledge, the “shortcut” presented in the proof above is due to Chou
and Zhu [26, Proposition 2.3].

We mention that recently Colding and Minicozzi in [29] proved this classification result as-

suming only a polynomial volume growth, without any bound on the second fundamental form
A.

In dimension n > 2, without the assumption H > 0 the conclusion is not true, an example is
the Angenent’s torus in [17]. The following higher dimensional analogue of Abresch and Langer
result is an open question.

Open Problem 3.3.4. When n > 2, is any smooth embedding of S" in R"*! such that H+ (z | v) =
0 isometric to a sphere?
This was recently shown by Brendle [21] in the 2—dimensional case.

We discuss now what are the possible values of the limit heat density function, following
Stone [119]. As O(p) is the value of the Huisken’s functional on any limit of rescaled hypersur-
faces and since these latter are “finite”, we have that the possible values of ©(p) are 1 in the case
of a hyperplane and

1

(271')"/2 /Sm(\/m) xRn—m

|z)2

e = e 2 dH"
form e {1,...,n}.
A straightforward computation gives for m > 0

— m m/2
on = (27re) W

where w,, denotes the volume of the unit m-sphere.
Notice that ©™"™ does not depend on n so we can simply write @™ = @™

Lemma 3.3.5 (Stone [119]). The values of ©™ are all distinct and larger than 1 for m > 0. Indeed the
numbers {©™ |m = 1,2,... } form a strictly decreasing sequence in m € N, with ©™ N\, v/2as m — oc.

By all this discussion we conclude that the “shape” of the limit hypersurfaces arising from a
blow up at a type I singularity of mean curvature flow of a compact, embedded, mean convex
hypersurface, is classified by the value of the limit heat density function at the blow up point.

Notice that Proposition 3.3.1 solves Problem 3.2.12 in the case of curves and in the subclass of
the embedded, limit hypersurfaces with H > 0, whenn > 2.

3.4 Analysis of Singularities

Definition 3.4.1. We say that p € M is a singular point if there exists a sequence of points p; — p
in M and times ¢; — T such that for some constant § > 0 there holds

|A(pi, t:)] > Nk (3.4.1)
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forevery i € N.
We say that p € M is a special singular point if there exists a sequence of times ¢; — 71" such that for
some constant § > 0 there holds

forevery i € N.
The lower estimate on the blow up rate of the curvature

1
mecc [A(p, £)] > — e .
peM 2(T —t)
and the compactness of M clearly imply that there always exists at least one singular point, but
not that any special singular point is present.

Remark 3.4.2. Though we will concentrate on the above definition of singular points at a type
I singularity, it could possibly happen that while around some point |A| is blowing up at least
like L__, at the same time in another region the hypersurface is getting singular with the

V2(T—1)

curvature going to infinity at a lower rate. So one can say that p € M is a mild singular point if
there exists a sequence of points p; — p in M and times ¢; — 1" such that simply

‘A(ph tl)| — +00,

but for no constant § > 0 there exist a sequence of points p; — p and times ¢; — 7" such that
inequality 3.4.1 holds, for every i € N.

It is easy to see that, performing the rescaling procedure of the previous section around a mild
singular point p € M, any limit hypersurface must be flat, hence, the union of a finite number
of hyperspaces. Then, in the case of the flow of an embedded hypersurface, actually it has to
be a single hyperspace, which implies ©(p) = 1. Thus, White’s Theorem 3.2.19 tell us that the
curvature must be uniformly bounded in a neighborhood U C R™*! of the point p, for every
time ¢t € [0,7). This is in contradiction with the fact that p is a mild singular point, indeed,
©(pi, ti) — P, as i — oo, since, by inequality 3.2.2, we have

lo(pisti) — P | < lepisti) — bl + |pi —D| < Cov/n(T —t;) + lor(pi) —or(p)|,

for every i € N and the map ¢ : M — R""! is continuous, so the point ¢(p;, t;) is definitely in
the open set U, but A(p;,t;) — +o00.

A different line to exclude such mild singular points in the case of a flow of embedded hypersur-
faces with nonnegative mean curvature was followed by Stone in [119, Section 4].

Notice that this fact is a sort of “localization” of the bound from below (2.4.1) on the blow
up rate of the curvature. It is unknown to the author if the presence of points with such “bad”
behavior at a type I singularity can also be excluded when the evolving hypersurfaces are not
necessarily embedded, at least in the case of nonnegative mean curvature.

Suppose that p € M is a special singular point, then after rescaling the hypersurface as before
around p we have for s; = —3 log (T — t;),

A(p, 5:)| = V2(T — t:)|A(p, ;)] > 6> 0

which implies, by estimate (3.2.5), that taking a subsequence of s; — +o00, any limit hypersurface
obtained by Proposition 3.2.10 cannot be flat, as A # 0 at some point in the ball B, ;-
If p € M is not a special singular point clearly, for every sequence s; — 400,

[A(p, s3)| = V2(T — t;)|Ap, t:)| — 0,

that is, any limit hypersurface satisfies A = 0 at some point in the ball B, 5.
By means of a small variation of an argument by Stone, we have a good description when the
limit hypersurface is a single hyperplane.



