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Abstract

We prove that, if E is the Engel group and u is a stable solution
of Agu = f(u), then

T
J - [VW{(P + W)Z +h*) - J] w* < [ |venfVeul

for any test function n € Cg°(E).
Here above, h is the horizontal mean curvature, p is the imaginary
curvature and

j = 2(X3X2UX1U - X3X1UX2U) + (X4U)(X1U - XQU)

This can be interpreted as a geometric Poincaré inequality, extending the
work of [21, 22, 13] to stratified groups of step 3.
As an application, we provide a non-existence result.

1 Introduction

The Engel group is the Lie group E having Lie algebra ¢ spanned by the vector
fields X7, X2, X3, X4 subject to the commuting relations

[X17X2] = X37 [XlaX3:| = [X27X3:| :X4'

The subRiemannian geometry of E is the one in which the horizontal vectors in
V1 := span(X1, X2) play a distinguished role. The geometry is not trivial because
Vi, Vo == [V4,V1] and V5 := [V, V5] span e. The essence of subRiemannian
geometry is that its information is carried out only by Vi, but in a way which
might differ from the Riemannian case. For istance, to better understand the
difficulties hidden by the misterious geometry of the Engel group before going
into the details of the semilinear equations on it let us consider the case of
geodesics. The distance between two points P and @ in E can be computed



as the infimum of the subRiemannian length of smooth curves joining them.
Namely, we require that ¥ = a1 X1 + a2 X5 € V7 and compute the length as

length(vy) = f \/a? + a3dt.

By definition there are co® choices for the (unit) tangent vector of a geodesic at
a point P of E, but there are co* points in E and (Chow’s Theorem) they can
all be reached from P along geodesics. Having each geodesic oo! points, there
must be two “hidden” real parameters to account for the oo® multiplicity to be
reached starting from each tangent vector at P. In particulat, let us consider
a smooth three-dimensional hypersurface S ¢ E with P € E and consider the
problem of finding the geodesic starting at P such that, for small ¢, which is the
only length minimizing geodesic between P and v(¢). Surely, 7(t) := v € V; must
be the vector normal to S in the sub-Riemannian geometry, but this leaves us
with co? geodesics to choose from. In [1] and [2] the problem was considered in
the Heisenberg group, where the only missing parameter was rescued in terms
of the “imaginary curvature” of S. In [3] the same problem was considered in
groups of any step, although most applications were proved in the step-two case
only. We refer to Section 2 for a more detailed treatment of the Engel group.

We now introduce the problem we study and present our main result. Given
a domain 2 € E we consider solutions v of the following semilinear equation in
E,

Agu = f(u). (1)

For simplicity, we assume f ¢ C*(R): in this way, u € C*(Q) by the regu-
larity theory of [18] (the case of less regular nonlinearities f may be treated
analogously, with only minor modifications).

Moreover, we assume that u is stable, that is

OS[E(VEU,VEW>E+fEf(U)n2 (2)

for every n e C°(Q).

The stability condition in (2) has been widely studied in the calculus of vari-
ation setting: indeed, it states that the second variation of the energy functional
associated to (1) is nonnegative at the critical point u — hence, for instance, min-
imal solutions are always stable, but, in principle, stability is a weaker condition
than minimality.

Equation (1) is called semilinear, since the only nonlinearity depends on
the solution « (not on the space, neither on the derivatives of u): such kind
of equations have been studied in detail in the Euclidean framework, and in
the subRiemannian one as well (see, e.g. [5, 6, 7, 17]), and they possess the
remarkable geometric property that the operator is constant along the level sets
of the solution.

At any point of
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we denote by

VEU
V =
[VEy|

the intrinsic unit normal to the level set of u, to wit v is the normalized projec-
tion on the horizontal fiber of the Riemannian normal.
We shall also consider the intrinsic tangent direction to the level set of u

X X
V= 2U Xl _ _1u 9
|VEY| |VEul

(3)
Let us observe that Vp € Eg

{(v(p),v(pP))ye =0

where (~,~)p’]E is the standard scalar product on the fiber H,E. We denote by
Hu the intrinsic Hessian matrix, i.e.

Hu = X1X1u X2X1U
we= XlXQU XQXQU

As usual, we define
(Hu)? := (Hu)(Hu)"

and

|Hu| := \/|V]EX1u|2 + | VEXoul?
Also, in Ey, following an analogy in the Heisenberg group (see [1, 2, 19, 20]), we
define the horizontal mean curvature

h:=divgv (4)

and the imaginary curvature
X 3U

- |VEY|

pi= (5)
Let also

J =2(X3XouX1u - X3 XjuXou) + (Xqu)(Xiju — Xou)
With this notation, we have:

Theorem 1.1.

2

[ [l Y i) g« [ e

for any n e CF(Q).



Theorem 1.1 is a sort of geometric weighted Poincaré inequality, in the sense
that the weighted L?-norm of any test function is bounded by a weighted L>2-
norm of its gradient, and the weights are built with geometric objects.

In the Euclidean case, the analogue of Theorem 1.1 was established in [21,
22], and recently many extensions have been performed (see, in particular, [11,
12]). As far as we know, the first applications in the subRiemannian setting,
were performed in [4, 13] for the Heisenberg group and in [14] for the Grushin
plane. In several cases, these type of geometric weighted inequalities lead to
rigidity results (such as classification, symmetry, or non existence, of solutions).
Differently from the Euclidean case, the weight on the left hand side of the
inequality does not need to be positive in general, due to the presence of J.
Thus, the presence of noncommutating vector fields, complicates the geometry
of the level sets via the sign of J. Indeed, if J < 0, when the right hand side
of the inequality in Theorem 1.1 vanishes, one obtains that the level sets of u
satisfy the geometric equations, see Corollary 4.2,

. ((Hu)Tl/, 11) )
[Vey] (6)

h=0

Also, a more geometric interpretation of the quantity 7, in dependence of the
intrinsic tangent and normal vectors, will be given in Lemma 3.8.

In this paper, Theorem 1.1 is a first attempt to adapt these geometric
weighted inequalities to stratified groups of step higher than 2 (for other differ-
ent weighted inequalities in R* obtained via the Engel group, see Theorem 1.4
of [15]).

The higher the step of the group, the more complicated are the combinatorics
occurring in the inequality, and the more difficult is the geometric interpreta-
tion of the quantities involved. Nevertheless, the Engel group still mantains a
reasonable level of geometric insight and provides a challenging source of prob-
lems for this approach. For instance, we think that it would be interesting to
investigate whether or not rigidity results and geometric properties of stable so-
lutuions may be obtained from these kind of Poincaré inequalities (or by other
methods as well).

In this spirit we are able to prove a first non-existence result for semilinear
equations in the Engel group in Theorem 4.7.

To conclude this introduction we think that is interesting to propose some
suggestion for further research. In particular we think that it could be interest-
ing to see if a result like the one proved in Theorem 1.1 holds in more general
Carnot groups. Moreover, we think that it could be stimulating to study the
geometric nature of 7, in particular it would be desirable to relate J with the
sub-Riemannian metric structure of E.

The organization of this paper is as follows. In Section 2, we recall what the
Engel group is and what its basic properties are. Then, we prove Theorem 1.1



in Section 3. Finally, in Section 4, we derive the geometric equations (6) in
Corollary 4.2, and we provide a non-existence result in Theorem 4.7.

2 The Engel group

We recall the basic definitions and properties of the Engel group.

Definition 2.1. The Engel algebra is the finite dimensional Lie algebra e with
basis (X1, X2, X3,X4) where the only nonvanishing commutators relationship
among the generators are

[X1,X2] = X35, [X1,X35]=[X2,X3]=X4 (7)
Remark 2.2. It is easy to see that the Engel algebra is stratified of step 3, i.e.
e=e¢; ey @eg
where e; := span{ Xy, X5}, ¢ := span{ X3} and e3 := span{X,} and
[e1,e1] = ez, [er,e2] = e3, [e1, 03] = {0} (8)

Definition 2.3. The Engel group, denoted by E, is the simply connected nilpo-
tent Lie group associated to e.

Since E is a Carnot group we can represent it by means of graded coordinates
associated to the basis (X, X2, X3, X4); it follows that E = (R4,-,{(5r}{r>0}),
where V($17$27$37x4), (ylu y27y37y4) eE

(71,72, 23,24) - (Y1, Y2,Y3,Y4) = 9)

1
= (131 +Y1, T2+ Y2,T3 + Y3+ §(x1y2 - ToY1),
1
Tat+ys+ 5[(9313/3 —x3y1) + (T2y3 — T3y2) ]+

1
+ ﬁ[(xl —y1+ 22— y2)(T1Y2 - 3321/1)])
and the homogeneous dilations on E are

57‘(331733273:37354) = (Tzl,TIQ,T2x37T3£E4) r>0

The rappresentation of the basis (X, X2, X3,X4) on the graded coordinates
gives

x T3 T

Xi(x1,22,23,24) = 01 — ?233 - ?3 + 1—;(331 +22))04
x T3 T

Xo(x1,29,23,24) = 02 + ?133 - ?3 - é(ﬂﬁl +22))04

1
X3(x1,72,23,24) = O3 + 5(331 +22)04

X4($1,$2,I3,J;4) = 84



We fix a left invariant Riemannian metric on R* that makes the above vector
fields orthonormal, i.e. at every p € E we give a scalar product (-, -)p)IE such that

<Xi(p)7Xi(p)>p,IE: 1 ie{1,2,3,4}
and
(Xi(p)7Xj(p))p7]E =0 ifi#j
As usual in the context of Carnot groups, for every p € E we define the Horizontal

fiber at p as the subspace of the tangent space at p generated by X;(p) and

XZ(p)7 i'e
HyE :=span{X;(p), X2(p)} c T,E

and the horizontal subbundle of the tangent boundle associated to E as

HE:= | J H,E
pekE

Finally, we briefly recall the notion of Carnot-Carathéodory distance on E, see [7]
for a more detailed treatment.

Definition 2.4. A locally Lipschitz curve X : [0,T] — R* is said to be hori-
zontal if there are c1,co € L ([0,T]) such that

At) = et (D)X (A1) + c2(H) X2 (A1) L= qote[0,T]
and
c1(t)? +ca(t)?* <1 in [0,T]
The CC-distance between two points p,q € E is defined as follows
dee(z,y) = nf{T >0 | 3 X:[0,T] — R* horizontal s.t \(0) =z, \(T) = y}

Remark 2.5. It is a classical result that doe is a distance on E, see [9]. More-
over, we have
dCC(xay):dCC(Z'va'y) Vo,y,z€E

and
dec(6r(2),6-(y)) = rdec(x,y)  Va,y ek, Vre(0,00)
Finally, let K € 2 be a compact set then there exists a constant « > 0 such that
dec(2,y) 2 alr -y (10)
for all x,y e K.

Definition 2.6. Let u: Q — R be a C' map then the horizontal gradient of u
1s defined as follows

Veu(z) = Xiu(z) Xy + Xou(x)Xo
moreover, if u e C1(,R?) the horizontal divergence of u is
divg u(z) = Xjuq (2) + Xoua(x)
Finally, if u: Q — R is C? the horizontal Laplacian of u is
Agu(x) = X1 Xqu(z) + XoXou(x)



Remark 2.7. Let us explicitely observe that the intrinsic gradient does not
depend of the basis (X1, X2).

Remark 2.8. If, in Theorem 1.1, u does not depend on x4, then the situation
boils down to the one in the Heisenberg group (note indeed that X3Xju =
X1X3u, so Theorem 1.1 reduces to Theorem 2.3 in [13]).

3 Proof of Theorem 1.1

The proof of our first result needs some preliminary, technical computations, by
which we obtain some useful identities.

Lemma 3.1. Let j € {1,2}. If ue C*(Q) then in Ey we have
XJ|V]E’LL| = (XJ(V[EU), V)]E (11)
Moreover, for each ne C§°(82),

V]E(|V]Eu|77) = (HU)TVEU + |VEU|V]E77 (12)
[VEuy|
and
772 T
[Ve(|Veun)[® = AE |(Hu) " Vgul? + 20 (Veu, (Hu)Ven)g + [Ven|*|Veu/?
(13)

Proof. Equation (11) is straightforward. Also, the proof of (12) follows from
the following simple calculation:

Ve(|VEun) = nVe(|VEu|) +|Veu|VEn = (14)
= L(HU)TVEU +|VEu|VED
|VEu|

Furthermore

Ve(|Veuln)® = (Ve(IVeuln), Ve(|Veuln))g =

n T n T
={ — H H +
<|vEu|( w) Ve g ) VE“>E

+2 (L(H’U,)TV]E% |VEUIVE77> +
|V[EU| E
+(|Veu|VEn, |VEU|VED)E -

Hence

2
Va(veulnf = (o ) (T aul? + 20 {(HW)T Veu, Ven), +

+|VEn?[Veul®
2
~ () 10O Veul® + 20 (Vs (Hu) Ve +

+|VEnP|VEul?



and this proves (13). O
Lemma 3.2. Let ue C*(Q) then

|Hu|2 - ((HU)QV,V>E = |(Hu)T11|2. (15)
Moreover, in Eq

(H v )2 oy

Hu) o) = |vgul? +
() ol =9 {(p+ =

(16)
Proof. We note that for each p € E (v(p),v(p)) is an orthonormal basis of H,E.
Then (15) follows, for instance, from Lemma 3 in [4].

In order to prove (16), we begin observing that

T _ X1X1u XlXQU _
(HU) - (XQXlu XQXQU - (17)
_ X1X1u XgXlu + 0 Xngu—XgXlu _
- X1X2u X2X2u X2X1u—X1X2u 0 -
_ 0 X3u
=Hu+ (—Xgu 0 ) .
Now we define
0 1
(5
Let also Z and H, € Mat (R, 2 x 2) be defined as
Zij = l/i((Hu)TV)j and (Hl/)ij = Xj(Vi)
for 4, j € {1,2}. So, we use (11) to obtain that
Zij + [Veul(Hy)ij =
Xiu
= lX(Vau), e + VeulX () -
X,»u Xiu
= —— (X, (Vgu),v)g + X; X;u - ——X,|Vgu| =
|V]Eu|( ]( ) > 7 |V]Eu| ]| |
= X]XZ’U,
that is
Z +|Vru|H, = Hu
Hence, we can rewrite (17) in the following way
(Hu)" = (X3u)J + Z + |VeulH, (18)
Furthermore
Jv=-v (19)



and
2
(Zv)i =), Zijv; =
j=1

2, I/i((Hu)TV)j’Uj =i (Hu) v, v)g

that is
Zv = ((Hu)TV,v)IE v (20)

By plugging (19) and (20) into (18), we conclude that
(Hu)v = (—X3u+ ((HU)TV,U)IE )1/+|V]Eu|Hl,v (21)
and so
|(Hu)Tv|2 = ((HU)TU, (Hu)TU)IE =
= ( - X3u+ ((Hu)Ty, v)E )2 + |V]Eu|2|H,,v|2+
+ 2( - X3u + ((Hu)Tz/m)E )|V]Eu| (Hyv,v)g

From this and the definitions in (4) and (5), we obtain that the proof of (16) is
completed if we prove that
(Hyv,v)g =0 (22)

and that
|H,v| = |divg V] (23)

To this end, let us observe that, by (21),

|Veu| (Hyv,v)g = <(Hu)Tv, y)]E - ((Hu)v,v)g + X3u (24)
Now, by (17),
- Xlu X3u
|V]EU|
(Hu)"v - (Hu)v = = —(X3u)v
2U
- Xzu
|V]EU| 3
hence

<(Hu)Tv - (Hu)v, Z/)E =-Xsu

By plugging this into (24), we obtain (22).
To obtain (23), we argue as follows. By (22), we know that H,v is parallel
(or antiparallel) to v, therefore

H,v=+|H,vlv



Hence, by (21),
+ |Veul [H,v| = ([VeulH, v, v)g =

T 2 (25)
= ((Hu) v,v)g = Y, (X; X;u)v;v;
i,j=1
Now, we remark that
vi=1-v? (26)

To prove this, we take ¢ = 1 (the case ¢ = 2 being analogous), and we observe
that
1/12 = v% =1- v%
which establishes (26).
On the other hand, if 7 # j,

vivy =1mbg = (—”UQ)(Ul) = VU4 (27)

So, by (11), (26) and (27), we obtain

X;u
d. X p—
|Veu||divg v| = |V]EU|Z (|V u|)
2 Xiu
= ZX,-qu - ——(X;(Vgu),v)g =
=1 |V]Eu|
2 2
= ZXva - Z (Xinu)ViVj =
i=1 1,5=1
2 2 9 2
=Y XiXu- Y (XiXu)vi = Y (X Xju)vv; = (28)
i=1 i=1 1#j=1

Me

X X;u— Z(XXu)(l v?) + Z(Xxu)m]

i=1 1#5=1

~.
oo
[

2

Z(X X))oy + Y, (XaiXju)vv; =
=1 1#j=1

2

Y (XX u)viv;

ij=1

By comparing (25) and (28), we see that
+|Vgu| |Hyv| = |Vru||dive v|
which implies (23), as desired. O

Lemma 3.3. For each uwe C*(Q) it holds that

X1 Agu = ApXiu +2X3Xou + Xau; (29)
XoAgu = ApXou - 2X1 X3u + Xqu; (30)
X3Agu = ApXsu - 2X, Xqu - 2X, Xou; (31)
and X Arpu = AgX4u. (32)

10



Proof. For the first equality
XlA]Eu = Xl(Xleu) + Xl(XQXQ’U,)
= A]EXl’LL + X1X2X2u - X2X2X1’LL
= AEXlu + XgXQU + X2X1X2U - X2X2X1U
= A]EXlu + 2X3X2U + X2X3’U, - X3X2’U,
= A]EXlu + 2X3X2u + X4u.
The second and the third equality follow in a similar way, indeed
XQAIEU = Xz(Xleu) + XQ(XQXQU)
= A]EXQU - X1X1X2U + X2X1X1U
= A]EXgu - X3X1u + X1X2X1u - X1X1X2u
= A]EXQ’LL - X3X1u - X1X3’LL
= A]EXQ'LL - X3X17.L + X1X3U - 2X1X37.L
= A]EX2’LL - 2X1X3’LL + X4U
and
XgAE’U, = X3(X1X1u) + X3(X2X2u)
= X1X3X1U + X2X3X2U - X4X1’LL - X4X2’LL
= A[EXgu - 2X4X1U - 2X4X2U.
The last is a direct consequence of X1 Xqu = Xy X ju and XoXyu = Xy Xou. O

Using Lemma 3.3, we obtain
Corollary 3.4. Let u e C*(Q) be a solution of (1) then
ApXiu+2X3Xou+ Xau = f(u)Xlu
ApXou - 2X1 Xsu+ Xau = f(u)Xou
AEX3U - 2X4X1’LL - 2X4X2U = f(U)X3U,

Now, some observation related to the Coarea formula, in order to reduce the
computations in the whole of E to the one in Eg.

Lemma 3.5. If u:Q — R is Lipschitz with respect to the dcc distance then,
for every ¢ € R, the set {x € Q| Vgu(z) # 0} n{z € Q | w(x) = ¢} has zero
Lebesgue measure.

Proof. For every f e L'(2) by the Coarea formula proved in [19] we have

+o00
dz = f f AlOE, g )dt
\/Qf|VEU| v —oo ( {zeQ | u(z)=t} f | thE)

where |0E¢|g is the Engel group perimeter (see [7, 16, 17]).

11



If we take as f the characteristic function of the set Un{u = ¢} where U ¢ Q
is a bounded domain, then

f JABEs=0 Vize
{zeQ? | u(z)=t}

hence
/ |VEu|dz =0
Un{u=c}

that implies the desired result. O
Using Lemma 3.5 and (10) it easily follows the following

Corollary 3.6. If u € Lip;,.(Q2) then, for every c € R, the set {x € Q | Vru(x) #
0} n{zeQ | u(x) =c} has zero Lebesgue measure.

With this, we are in the position of proving the following geometric inequal-
ity:

Proposition 3.7. Let u e C*(Q) be a stable weak solution of (1). Then, for
each n e C3(Q),

fE [|Hu|2—((Hu)2V7u)]E]n2—2/]E(Xngquu—XgXlquu)nz—
0 0
- [ X ru-Xauy? < [ |venveul

0

Proof. Multiplying by (X;u)n? equation (29) in Corollary 3.4 and by (Xau)n?
equation (30) and then integrating by parts we obtain

—fE(vExlu,vE(XlunQ))E+2fEX3X2u(X1u)n2+fEXw(Xlu)n?:
- [ auy?
_[E(VEXQU,VE(XQUU2)>]E—QfEXngu(Xgu)n2+[]EX4U(X2u)772:
- [ f(Xew?
Consequently, by summing term by term, we get

_/]E\(|VEXIU|2+|V]EX2U|2)7]2_

—fE(VEXlu,VEnQ)EXlu—A(VEXQu,VEn2)EX2u+ (33)
+2f(X3X2uX1u—X1X3uX2u)n2+/(X4U)(X1U+X2u)n2 =

E E

- [ faiveuy? (34)

12



On the other hand, since u is stable, by choosing |Vru|n as a test function in (2)
we obtain

0< [[19a(vaul)?+ [ f()veu? (35)

By Corollary 3.6 we have that Vg(|Vgu|n) = 0 almost everywhere outside Eo;
hence making use of (13) we obtain from (35) that

2
n T 2 T ) )
0< f Veul” +2n((Hu)" Vgu, VEn), + Ve[|V +
JEO(IVEuP'(H“) gul” +2n ((Hu) " Viu En)]E \Ven2|Veyl )

v [ Fa)ITauly?

So, noticing that 2nVgn = Ven?, and using (33), after a simplification we obtain
that

2
H“—f”—HTv Q—QfXXX—XXX 2_
/E| ul E, |VEU|2|( u)” Viul E( 3X2UA1U 1 XzuXou)n

_/E(Xw)(Xlququ)nszE |Ven?|VEul®.
0

Recalling that
X1X3u = X3X1u + X4u
we get the thesis. O

Then, from Proposition 3.7 and Lemma 3.2 we immediately obtain Theo-
rem 1.1.

We end this section by giving some more geometric insight on the quantity 7,
in relation with the intrinsic normal and tangent vectors:

Lemma 3.8. For every ue C%(Q) and every x € Eq it holds
J(x) = ~|Veul(2) (VeXsu(x), v(2))s - [Veul(2)* (Xsv(2),v(2))s  (36)

Proof. By definition in Eg

(VEX3u,v)y = Ivle'(X'pg'gu)(zu — X, X3uXiu) (37)
and using (7) we obtain
(VEX3u,v)y = @[(xg,xluxzu - X3 XouXiu) + Xsu(Xou - X1u)|.  (38)
Moreover, in Eg,
(Xsv,0)g = m(xg,xluxzu - X3X2uX1u) (39)
hence adding (38) and (39) we get the thesis. O

13



Using Theorem 1.1 and Lemma 3.8 it immediately follows that
Corollary 3.9. Let u e C*(Q) be a stable weak solution of (1). Then, for each
ne C(<)X)(Q))
T
2 ((Hw)Tv,v)\2 2 2
on (|VEu| {(p + T ) +h } +|VEu| (VEX3u, v)p + | VEu|* (X351, 0)5 )77
(40)

< [ Iven?Iveup

4 Some applications to entire stable solutions:
geometric equations and non-existence results

From now on, for every x = (21,2, 23,%4) € E, we denote by

1

ol (0 a3+ o+ )
the standard gauge norm in E (see [7], [10]), and we denote by
B(0,R):={z€cE||z| < R}

the gauge open ball centered at 0 of radius R.

The following Lemma is proved in [13].

Lemma 4.1. Let g € L7? (R, [0,+00)) and let ¢ > 0. Let also, for any T >0,

= d 41
nw)= [ ot (41)
Then, for every 0 <r < R,
9(z) fn(r)
< dr+ —n(R
/}3(0 R)NB(0,r) |x|q =4 —— T 7)( )

Corollary 4.2. Let u be a stable solution of Agu = f(u) in the whole of E with
J <0 inEo (42)

For any 7 >0 and any © = (x1,x2,23,24) € E, let us define

. 2
n(r) = fB (O’T)|VEu(x)| dz (43)
If
r n(T) n(R)
_d 4+ =7
lim inf j\/ﬁ 73 . R? =0 (44)
R—oo (10gR)2

14



then, the level set of u in the proximity of noncharacteristic points are such that
divgr =0 (45)

and on such sets the following equation holds

b= (Huw, V)]E (46)

- |V]Eu|
Proof. This is a modification of the proof of Corollary 3.2 of [13], where we take
into account the more complicated algebraic calculations of the Engel group.
Given R > 1, we define

1 if z € B(0,VR)
or(z) =1{2(log R) ' log(R/|z]) if 2 € B(0,R)~ B(0,V/R)
0 if ze E~ B(0,R)

We observe that

X |z'? = 1223 + 23)°x1 - Ay — 2w325

and Xo|z|'? = 12(2? + 22)°xy + Az — 2w325

with A := 323 + (1/3) (21 + z2)x3. Since |z1| < |z, |z2| < ||, |23] < |2* and |z4] <
|x|3, we conclude that |A4] < C1|£U|10 and so

|Vela]"?| < Cola]™

for some for some C7, Cy > 0.
Notice also that, in B(0, R) ~ B(0,/R),

¢r(x) = C(R) - (1/6)(log )™ log ™
for some C(R) € R, thus
[Vedr(z)| = (1/6)(log R) ™ || ?|Vgla| | < C3(log R) ™[]

in B(0,R) ~ B(0,vR), for some C3 > 0. Therefore, by (42) and Theorem 1.1,

[ [ (o SR ey

. Veu/?
SfE|VIE¢R|2|V]EU|2SC4(IOgR) ? [Veu

B(0,R)\B(0,VR) |z/?

for some Cy > 0. On the other hand, by Lemma 4.1,

f [VEul®
B(0,R)\B(0O,VR) |x|?

R
n(7) 1
<2 [t AT gan(®)
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All in all,

w) Ty, v)\2
fEU [|vEu|2{(p+—((Iﬁvlu|’ >) +h2}]¢%
<2C4(log R) 2 [f; @ dr + %W(R)]

Then the claim follows by sending R — oo, thanks to (44). O

Remark 4.3. Recalling Lemma 3.8, we observe that (42) is implied by the
following monotonicity conditions:

(Xsv,v)p >0 and (VgXsu,v)g 20

Remark 4.4. Condition (44) may be seen as a bound on the energy growth:
for instance, it is satisfied if n(R)/R? stays bounded for large R, i.e. if the
energy in B(0,R) does not grow more than R Of course, this is quite a
strong assumption on the decay of Vgu in the variables (x3,z4) and it would
be desirable to investigate in which way such condition may be weakened.

Remark 4.5. We stress that equations (45) and (46) may be seen as geometric
equations along the level sets of the solution w. In particular, (45) may be
stated as saying that the level set is a minimal surface for the Engel framework
(in analogy with the Euclidean setting and in the terminology of [19]). Also, (46)
is a prescription on the imaginary curvature p, in relation with the Hessian, the
normal, and the tangent vectors.

Remark 4.6. Let us observe that if u is solution of (1.1) that do not depend
on 3 and x4 then u satisfies Au = f(u), where A is the classical Euclidean
Laplacian. Moreover, by [13, Remark 3.4], every bounded stable solution of
(1.1) that do not depend on the last two coordinates and satisties (44) has to
be constant.

Theorem 4.7. There exists no stable solution of Agu = f(u) satisfying
i. The zeros of f (if any) are isolated;
it. {x ek | Vgu(z) =0} = &;
iti. we L=(E);
iv. (Xsv,v)g >0 in E;
v. (VEX3u,v) >0 in E;
vi. the set {(Xiju+ Xou) =0} has zero Lebesgue measure;
n Md + @

VR
vig. liminf 7 li =0;
R—oo (log R)2
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where n is as in Corollary 4.2.

Proof. By contradiction: let u € C3(E) be a stable solution of (1) and satisfying
(i), (i1), (i), (iv), (v), (vi) and (vii). By (i#) and [8, Th. 2.10] we have

|Vru| € L= (E) (47)
We claim that
Xsu=0 inE (48)

To this end, we argue by contradiction, supposing that there exists @ € E such
that

Xzu(Q) # 0. (49)
Thus we consider the following Cauchy problem

{ ¢ (5) = v(6(s))
(0)=Q

where v is as in (3). By (4¢) and the fact that |v| = 1 it follows that the solution
exists and it is defined for any s € R. Moreover, by (ii)

w($()) = (Veu(9(s)), ¢ (), = IVe(@(s)] ((é(5)),0(é(5))g =0 Vs eR
that is, ¢ lies on the level set of u, namely
o(s) e {weE | u(®) =u(Q)}  VseR
Furthermore,
[Veu(6(s))| = (ValVeul(6()), 6(s) ) VseR

and by (14) (applied here with n = 1) and Corollary 4.2 (recall also Remark 4.3)
we get

"= ; W Vru(d(s)), v(p(s =
= (v(¢(s)), (Hu)v(9(s)))g = -[VEu(9(s))[p(e(s)) =
= Xsu(¢p(s)) VseR
which, via (49), implies
|VE(6(5))]js0 # 0 (51)

From (50) we deduce

[Veu(o(s))|” = (Xsu(6(s))) = (VeXau(9(s)),0 (s)), = (52)
= (VeX3u(p(s)),v(p(s)))g VseR

17



and by (iv) we deduce also that
[Veu(é(s)] 20 VseR (53)
Therefore, defining ® : R — R by
D(s) := |VEu(9(s))] - [VEu(Q)]

we have that ® € C*(R), ®(0) = 0, ®'(s) # 0 Vs e R and ® (s) > 0 Vs € R,
thanks to (51) and (53). It follows that

sup ® = +o0
R

but this is in contradiction with (47), hence (48) is established.
Now we claim that

Xqu=0 (54)
By Corollary 3.4, we have
ApXau—-2X1X1u-2X4Xou = X3Agu =
= X3(f(w)) = f(u)X3u
and so by (48) it follows that
Xy(Xyu+ Xou) =0 (55)
Moreover, by Corollary 3.4 and (48),

AEXlu - X4U = AEXlu - 2X4U + X4U =
=ApXiu-— 2(X2X3 - X3X2)’U, + Xyu = A Xiu+2X3Xou + Xyu = (56)
= f(u)Xqu
and

A]EXQU + X4U = A]EXQU - 2X1X3u + X4U =

. 57
- f) X o0

By adding (56) and (57) we obtain
Ag(X1u+ Xou) = f(u)(X1u + Xou) (58)

and so, by Lemma 3.3,

A]EX4(X1U + Xgu) = X4AE(X1u + Xgu) =
= Xa(f (u)(X1u+ Xou)) = (59)
= fu) Xqu(Xiu+ Xou) + f(u) Xa(X1u + Xou)

18



Accordingly, using (59) and (55), we conclude that
fw)Xu(Xju+Xou)=0 in E
Hence, by (vi)
f(u)X4u=0 almost everywhere in E
and so, by continuity,
f(u)X4u=0 everywhere in E

This implies that (54) holds at any point of the open set G == {z e E | f(u(z)) #
0}. So, by continuity, (54) holds at any point of its closure G.

We show that (54) also holds at points of Ex G (if any). For this, let us
take z, € E~ G. Since the latter is an open set, there exists an open neighbor-
hood V such that

T, VE(ENG)CENG={zeE | f(u(x))=0}.

In particular, f(u(z)) = 0 for any x € V. Thus, by (4), u(x) must be constant for
any z € V. Therefore, X u(z) = 0 for any x € V, and, in particular, X u(z,) = 0.
This shows that (54) holds at points of E \ G too, and so the proof of (54)
is completed.
Now, by (48) and (54), we conclude that u does not depend on x3 and x4
and by Remark 4.6 we conclude that u is constant but this is impossible by (%),
which proves Theorem 4.7. O

Remark 4.8. Of course, we do not believe that our Theorem 4.7 is optimal: we
just consider it a first attempt towards the understanding of semilinear equations
in the Engel framework and, as far as we know, this is the first non-existence
result in this setting. We think it would be interesting to develop a stronger
theory and possibly to drop some structural assumptions in Theorem 4.7.
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