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1 Introduction

In this paper we study the problem of the description of the overall behaviour of a discrete mem-
brane with defects. Our model mixes two extreme behaviours and is set in a variational framework.
One extreme bahaviour is that of a ‘strong membrane’, consisting just in the finite-difference ap-
proximation of the Dirichlet integral. The defects are introduced as nonlinear pair interactions as
in Blake and Zisserman’s weak membrane model in Computer Vision [3]. This model can be trans-
lated into a simple non-linear finite-difference scheme (see Chambolle [10]) on a two-dimensional
(in general, d-dimensional) grid. Its underlying discrete energy is of the form

B.(w) = S minf(u(e) - u(z2))? ek

zl,zzezzﬁéQ,\zl—zz\zl

where ¢ is the mesh size and u represents the vertical displacement in the case of a membrane (or
the grey level of an output picture in the applications to Computer Vision). The energy density
can be seen as a truncated quadratic potential. In terms of the finite difference u(z1) — u(z2)/e it
can be rewritten as

min{(u(z1) — u(z))?, e} = £ min{ (M)Q, é}

Its interpretation is that the ‘springs’ of the discrete weak membrane behave linearly until the
gradient (difference quotient) reaches the threshold ¢, = 1/4/¢; after this threshold is reached, the
spring is broken and the energy of the spring remains constant.

The overall behaviour of such a system can be expressed by an asymptotic study of this energy
as € — 0. Note that in the case of a (strong) discrete membrane the underlying energy is simply

Fe(u) =5 > (u(z1) — u(z2))*.

zl,zz€Z2ﬂ%Q,|zlfzg|:1

This is a convex energy and it is just a finite-difference approximation of the Dirichlet integral

F(u) = /Q |Vul|? d. (1.1)



In the case of the weak membrane we are not in a convex setting; in particular energies of the form
E. cannot be seen as finite-approximations of integral energies defined on H'(Q). An asymptotic
study of E. has been performed by Chambolle [11] using the language of T'-convergence (see
[5, 13]) and the techniques of Ambrosio and De Giorgi’s SBV-spaces (see [14, 2]). In loose terms,
the space where the limit energy is finite consists of functions u that are H' outside their set of
discontinuities, which we denote by S(u), and we have sufficient regularity to define a normal v to
S(u). The I'-limit of E. can be written in this space as

E(u):/ |Vu|2dx+/ |1/\1d7'[1, (1.2)
Q S(u)

where |v|; = |(v1, 1)1 = |v1|+|v2| and H! is the 1-dimensional Hausdorff measure. The anisotropy
in the ‘jump part’ of the energy is clearly due to the anisotropy of the lattice structures. This energy
highlights that the weak membrane may indeed undergo fracture in a fashion similar to Griffith
brittle fracture [16], but the fracture energy is anisotropic since cracks follow the microscopical
pattern of the lattice. Note that F is an anisotropic version of the Mumford and Shah functional
of Computer Vision [20] to whom the weak membrane model is deeply connected.

In our setting we consider a random mixture of the two types of springs (the precise definition
through the introduction of i.i.d. random variables being found in Section 2), the strong springs
with probability p and the weak springs with probability 1 —p, the case p = 1 corresponding to the
discretization of the Dirichlet integral and the case p = 0 corresponding to the weak membrane.
We show the appearance of two regimes: if p is larger than a percolation threshold p. then the effect
of the weak springs is negligible; more precisely, we obtain that the I'-limit is almost surely the
Dirichlet integral. Conversely, if p < p. then the limit functional is defined on an SBV space, with
a surface energy density depending on p. In this case, the limit energy takes the form

Ep(u):/ \Vu\Zd:z:+/ (V) dH.
Q S(w)

The result is deeply linked to percolation techniques. The proofs use arguments of I'-convergence
and geometric measure theory together with geometrical properties of percolation clusters. In the
super-critical case we combine the compactness results in SBV and the rectifiability properties of
the jump set S(u) with the existence of many paths of strong connections to obtain that actually
S(u) is negligible. Conversely, in the sub-critical case we use the properties of the ‘cluster of weak
connections’ to define the functions A, and to construct test functions that provide the upper
bound. The value A, (v) is defined through the asymptotic behaviour of the chemical distance (i.e.,
the distance on the weak cluster) between pair of points aligned with v. A crucial tool in the proof
of the lower bound is the technical Lemma 2.4 that ensures that paths whose length is strictly less
than the chemical distance contain a ‘substantial proportion’ of strong connections. This result has
been kindly provided to us by H. Kesten, and its proof is contained in the Appendix.

It must be remarked that the corresponding problem in the case of deterministic homogeniza-
tion, where we prescribe the microscopical periodic arrangement of the springs, can be performed
by following the localization methods of I'-convergence. In this case, the knowledge of averaged
quantities such as the percentage of strong and weak springs only does not allow any accurate
description of the limit energy; in particular, under proper choices of the local geometry, we can
obtain both energies (1.1) and (1.2). In fact, we may consider the ‘extreme’ periodic geometries
of period N where all weak connections are placed on the boundary of the periodicity cell. If the
fraction of weak connections exceeds 1/N, then strong connections are completely isolated, and
the arguments used by Chambolle [11] can be repeated to show that the limit is again the weak
membrane energy. Conversely, if the positions of the weak and strong connections are reversed,
then the strong connections constitute a connected frame that guarantees that the limit is defined
on H'(Q), and hence, by a comparison argument it is the Dirichlet integral. Again note that we
only need a fraction of 1/N strong connections to construct such an example (in dimension d
actually only N'=9). These considerations show that with fixed proportions of weak and strong



connections different from 0 and 1 both strong and weak membrane models (and hence also the
‘intermediate’ models) can be obtained; in particular an analysis giving optimal bounds for the
limit energies as that carried by Braides and Francfort [8] for the homogenization of conducting
networks cannot provide additional information.

Besides the many interesting variants of the problem, some fundamental issues remain to be ex-
plored, as the asymptotical behaviour of A, as p approaches increasingly the percolation threshold:
whether A\, — +o0 and whether )\, becomes ‘isotropic’ close to the critical level.

2 Notation and setup

We will deal with limits of discrete models with randomly distributed nearest-neighbour interac-
tions giving rise to free-discontinuity energies. In this section we recall the necessary background
of percolation theory, I'-convergence and the theory of special functions of bounded variation.

L4 denotes the n-dimensional Lebesgue measure and H* the k-dimensional Hausdorff measure.
We also use the notation |A] = £4(A). B,(z) is the open ball of centre z and radius p.

2.1 Special functions of bounded variation

For the general theory of functions of bounded variation we refer to [2]; here we just recall some
definitions and results we shall use in the sequel. Let @ be an open subset of R?. We say that
u € LY(Q) is a function of bounded variation if its distributional first derivatives D;u are (Radon)
measures with finite total variation in @. This space will be denoted by BV (Q). We use Du to
indicate the vector-valued measure whose components are D;u.

Let v : @Q — R be a Borel function. We say that z € R is the approximate limit of u in z if for
every € > 0

i, p~ "y € By(x)NQ : |uly) — 2| > e} = 0.

We define the jump set S(u) of function u as the subset of @) where the approximate limit of u
does not exist. It turns out that S(u) is a Borel set and |S(u)| = 0. If w € BV(Q), then S(u) is
countably (n—1)-rectifiable, i.e. S(u) = NU(U;cy Ki), where H¥"1(N) = 0 and (K;) is a sequence
of compact sets, each contained in a C* hypersurface I';. A normal unit vector v, to S(u) exists
H? l-a.e. on S(u), in the sense that, if S(u) is represented as above then v, (x) is normal to I'; for
H ae. x € K;. Moreover, v, : S(u) — S%! is a Borel function.

We say that a function v € BV(Q) is a special function of bounded variation if the singular
part of Du is concentrated on S(u); i.e., there exist ¢ € (L}(Q))? and ¢ € (LY(Q,HI 1L S(u))?
such that Du = ¢ L% + ¢ H? 1L S(u). We denote the space of the special functions of bounded
variation by SBV(Q). Note that if ¢ = 0 then u € W11(Q). We denote by Vu the density of the
absolutely continuous part of Du with respect to the Lebesgue measure (the function ¢ above).
Vu turns out to be the approzimate differential of u, in the sense that

i 0 [ ) ) V) ol
p—0* B,(2)NQ ly — |

for a.e. x € Q.

A function u : Q — [—o00,+00] is a a generalized special function of bounded variation if its
truncations are in SBV(Q); i.e., for every T' > 0 we have ur := =T A (uV T) € SBV(Q). This
space is denoted by GSBV(Q). If v € GSBV(Q) and [{|u| = +00}| = 0 then Vu = limr_, 4 o Vur
is defined a.e. and we set S(u) = (U S(ur). Energies of the form

/f(Vu)der/ g(vy) dHI?
Q S (u)

with f, g non-negative Borel functions are then well defined on such functions.



2.2 TI'-convergence

We recall the definition of I'-convergence of a sequence of functionals F; defined on GSBV(Q): we
say that (F};) I'-converges to F' (on GSBV(Q) with respect to the convergence in measure) if for
all u € GSBV(Q)

(i) (lower bound) for all sequences (u;) converging to u in measure we have

F(u) < liminf; F};(u;);
(ii) (upper bound) there exists a sequence (u;) converging to v in measure such that
F(u) > limsup; F (u;) .
If (i) and (ii) hold then we write F'(u)=I-lim; F;(u). We define the I'-lower limit as
[-liminf; F;(u)= inf{lim inf; F; (u;) : u; — u}
and the and T"-upper limit as
[-lim sup;; Fj (v)= inf{lim sup,; ; (u;) : u; — u},

respectively. Then (i) also reads as F'(u) < I-liminf; Fj(u) and (ii) as F'(u) > I-limsup; F;(u).

We will say that a family (F;.) I'-converges to F 1f for all sequences (¢;) of positive numbers
converging to 0 the conditions (i) and (ii) above are satisfied with F., in place of F;;. The notation
is modified accordingly. For an introduction to I'-convergence we refer to [5, 13].

2.3 Discrete-to-continuous limits

The application of I'-convergence to describe continuum limits of discrete systems has been used
in different frameworks in various degrees of generality (see e.g. [5, 10, 11, 7, 9, 1]). Here we will
deal with a simple situation of nearest-neighbour energies in R2.

With fixed £ > 0 we consider energies defined on functions parameterized on the lattice eZ?N@Q,
or equivalently, upon scaling, on Z2 N éQ, of the form

E.(u) = 1 Z e2f. (zl, 29, w) (2.1)

21 €
21,22€Z2N 1 Q, |21 —22|=1

with u : €Z? N Q — R. We identify each such u : eZ? — R (extended to 0 outside £Z? N Q) with
the piecewise-constant extension u(z) = u(ez) if € ez 4+ [—5, 5)?, z € Z2.
We will say that E. I'-converge to F if they I'-converge as functionals defined on GSBV(Q) with

the identification above (we set F.(u) = +oo if u is not a piecewise-constant function as above).

Example 2.1. 1) (quadratic potentials) In the trivial quadratic case f.(i,j,z) = 22 then E. T-
converge to the Dirichlet integral
/ |Vu|? da

on HY(Q) and F(u) = +oo if u € GSBV(Q) \ H'(Q).
2) (truncated quadratic potentials — see [10, 11, 9]) If f.(4, j, z) = min{2?, 1} then E. T-converge
to the weak membrane energy

F(u):/ |Vu|2dx+/ |y|1dH1,
Q S(u)

where |v|; = |v1| + |val.
3) In both cases the sequence is equi-coercive, in the sense that from a sequence of functions
bounded in measure with sup, F.(u.) < 400 we may extract a subsequence converging to u €

GSBV(Q).



2.4 Percolation models

The object of this paper is the asymptotic description of some models randomly mixing the two
energy functionals in Example 2.1. Among the many ways to set up this problem in a stochastic
framework, we will focus on the two percolation models described below. In both cases, a random
choice is made, whether a bond (i.e., the link between two neighbouring points in the lattice) is
‘strong’ (i.e., the energy density between the two points is a quadratic potential) or ‘weak’ (i.e., it
is a truncated quadratic potential as above).

2.4.1 Bond percolation model

The first type of percolation model considered in this work consists in simply assigning the label
‘weak’ or ‘strong’ to a bond with probability p and 1— p, respectively, the choice being independent
on distinct bonds. More precisely, this model is introduced as follows. Denote by Z2 the set of middle
points of the segments [z1, 22, 21, 22 € Z2, |21 — 22| = 1, of the standard integer grid Z2. Notice
that Z2 forms the dual grid of Z?:

)

a

The notation z1(2), z2(2) is used for the endpoints of the segment containing 2. We may identify

SN
N— D=

_1% ) 72 (2.2)

2

each point in £ € Z2 with the corresponding closed segment [z1(Z2), z2(£)], so that points in 72 are
identified with bonds in Z?2. R

Let (Q, F,P) be a probability space, and let {&;, £ € Z?} be a family of independent identically
distributed (i.i.d.) random variables such that

‘weak’ with probability 1 — p,
52—{ P yoop (2.3)

‘strong’ with probability p

In this way we associate to each bond of Z2 one of the labels ‘weak’ or ‘strong’. For brevity in what
follows we identify ‘weak’ and ‘strong’ with the values 0 and 1, respectively

Given a bounded Lipschitz domain Q C R?, we will investigate the asymptotic behaviour as
€ — 07 of the functionals

o= Y - qzsg<<u<szl<z>> - u(azm»)?),

€

zelqQnz?
where u is a function defined on €Z? N Q, and

62(s) = { s if &(w) =1,

min(s, 1), otherwise.

We will study the possible T-limits of F*“, as ¢ — 0%, for different values of p in (2.3). Note
that this functional is of the form (2.1) with f.(21, 20, w) = 1¢% ... (cw?).

e z1tz2
2

2.4.2 Site percolation model

Another possible way of assigning a label ‘weak’ or ‘strong’ to bonds, is by instead randomly
labelling the points of the lattice, and then assigning the label ‘strong’ to a bond only if both its
endpoints are labelled as ‘strong’.
A standard site percolation model in Z? is formed by a collection of i.i.d. random variables &,,
z € 72, such that
£ - { 0 (‘weak’) with probability 1 — p, (2.4)
= | 1 (‘strong’) with probability p. ’



Then we define a random function

0 if Izl - 22| 7é 1a
‘;1,22 (S) = S if |Z1 - 22| =1and 621 (w) = 622 (W) = 17
min(s, 1) otherwise.

Given a bounded Lipschitz domain @ C R?, we introduce the functional

o= Y e, (MENMERD),

9
21, 22€ L QNZ2

where v is a function defined on €Z? N Q, and ¢ is a small positive parameter. We will study the
possible I-limits of F**  as ¢ — 0%, for different values of p.

Note that the functional F£ is of the form (2.1) with f.(z1,22,w) = 2¢%, _, (cw?). Note also
that in the notation of (2.1) the points z; with |27 — 22| # 1 are not considered, so that we may

regard the function ¢, ., as having only two possible forms.

2.5 Some results from percolation theory

In this section we recall a number of percolation theory results which are formulated in the form
adapted for our needs. We refer to the book by Kesten [18] for their proof if not stated otherwise.

We first consider the bond percolation model. We introduce a terminology for strong bonds; i.e.,
those points 2 € Z2 such that §; = 1. Keeping in mind the identification of 2 with [z1(2), 22(2)]
we say that two strong points Z and 2z’ are adjacent if the corresponding two segments have an
endpoint in common. A sequence of strong bonds 21, ..., Z; is said to be a strong path if any two
consecutive points of this sequence are adjacent. In what follows we identify a strong path with
the subset of R? composed of the union of the corresponding segments. A subset A of Z2 of strong
points is said to be connected if for every two points 2’, 2’ of A there exists a strong path as above
such that 2; € A, 2y = 2/, 4, = 2”. A maximum connected component of adjacent strong points is
called a strong cluster.

Theorem 2.2 (percolation threshold). For any p < p. := 1/2 all the strong clusters are almost
surely (a.s.) finite, while for any p > 1/2 with probability one there is exactly one infinite strong
cluster.

The notation S? stands for a square of size ¢, centered at the origin, whose sides are not nec-
essary parallel to the coordinate axis. A path joining two opposite sides of a square (or, more
generally, of a bar) will be called a channel. Our analysis relies essentially on the following state-
ment.

Theorem 2.3 (channel property). Assume that p > 1/2 (supercritical mode). Then there exist
constants ¢(p) > 0 and c1(p) > 0 such that a.s. for any 6, 0 < 0 < 1 there is a large enough
number No = No(w,d) such that for all N > Ny and for any S° and o € [0,1]? the square
N(S° + ) contains at least c(p)SN disjoint strong channels which connect opposite sides of the
square. Moreover, the length of each such a channel does not exceed c1(p)ON.

In the subcritical regime we need to introduce some terminology also for weak bonds; i.e., those
points 2 € Z2 such that ¢; = 0. In that case, we consider the shifted lattice Z, = Z2? + (%, %)
and notice that the set of middle points of its bonds coincides with Z2 defined in (2.2). Thus,
to each points 2z € 72 we can associate the corresponding bond in Zp. If Z is identified with the
corresponding segment with endpoints in Zj, then we may define the notion of adjacent points as
for strong bonds. The notion of a weak channel and a weak cluster is modified accordingly.

For p < 1/2 there is a.s. a unique infinite weak cluster and the channel property stated above
holds for the weak channels as well. Moreover, if we denote by T the bar

TV ={z € R* : [(z,v)| < p, 0< (z,v") <1},



where 0 < p < 1, v = (v1,12) € R? is a unit vector and v+ = (—149,11), then a.s. for sufficiently
large N, in the bar NTY? there is a weak channel that links the smaller sides of the bar. Denote
by Ly = Ly(v,p,p,w) the length of the shortest such channel (Ly = 400 if there is no such a
channel), and

L
A(v, p) = esssup lim sup lim sup Ln(vp,p,w)

2.5
weN p—0t N-—oo N ( )

According to [21, 15] for p < 1/2 we have \’(v, p) < co(p) with some constant cz(p). Conversely, it
is easily seen that \’(v,p) > \’(v,1) = |v|; for all p.

The following lemma (see the Appendix for a proof) expresses the fact that paths joining
opposite sides of a bar with length less than the minimal one corresponding to that in the definition
of A’, contain a substantial percentage of strong bonds.

Lemma 2.4. Let n > 0 be fized. Then there are p € (0,1) and 6 > 0 such that a.s. there exists
Ny such that for all N > Ny and all channels {2;} of length L connecting the two shorter sides of
NTP and with L < (\°(v,p) — n)N we have #({i: &, = 1}) > §(n)N.

We now consider site percolation. We introduce a terminology for strong points; i.e., those
points z € Z? with &, = 1. Two strong points 21, 22 € Z? are called adjacent if |z; — 22| = 1. In this
framework the corresponding notions of path, connectedness and cluster are defined as for bond
percolation. The analogue of Theorem 2.2 reads as follows.

Theorem 2.5 (percolation threshold). There is a critical value p. = 0.59 such that for any p < p.
all the strong clusters are almost surely (a.s.) finite, while for any p > p. with probability one there
s exactly one infinite strong cluster.

The statement of Theorem 2.3 remains valid as well, upon replacing the value 1/2 with the site
percolation threshold p..

In the subcritical regime we need to introduce some terminology also for weak points; i.e. those
z € Z? with &, = 0. The situation is not symmetric to that of strong points, since in order to
have a weak interaction between two points we only need that at least one of the two is a weak
point. The notion of adjacent weak point is then modified; namely, we say that two weak vertices
z1 and zo are adjacent if 0 < |21 — 22| < v/2. The notion of a weak channel and a weak cluster
is modified accordingly. Again, for p < p. there is a.s. a unique unbounded weak cluster and the
channel property holds for weak channels. We may then define A\* analogously to A* in (2.5). The
statement of Lemma 2.4 also hold true for the site percolation model.

Note that, in contrast with bond percolation, in the case of the site percolation model the
presence of a weak channel in some direction creates a topological obstacle for the existence of a
strong transversal channel.

3 Main results

3.1 Bond percolation model

The structure of the I'-limit functional depends crucially on whether p < 1/2 or p > 1/2 (recall
that in dimension two the percolation threshold p. is 1/2). We have the following result.

Theorem 3.1. (i) (supercritical regime) Let p > 1/2. Then a.s.

, /|Vu|2dx, if we HY(Q),
F-;EJ%FE’ (u) = 5
400

otherwise

on the space of GSBV functions.



(ii) (subcritical regime) If p < 1/2 then a.s. we have
I-limsup F>* (u) = / |Vu|*dx + / N(v(x), p)dH?
e—0t
Q S(u)

for all u € GSBV(Q), where \°(v,p) has been defined in (2.5).
Before proving the results above note the following coerciveness property.

Proposition 3.2 (equi-coerciveness and lower bound). Let p € [0,1] and w € Q; then

I‘—limianEb’“’(u)z/ \vu|2dx+/ v dH*, (3.1)
=0 Q S(w)
where |v|1 = || + |va|. Moreover if (¢;) converges to 0, then for all (u;) bounded in measure

such that sup, FEb]?‘”(uj) < 400 there exists a subsequence of (u;) converging in measure to some
u € GSBV(Q).

PROOF. It suffices to remark that for all p € [0, 1], w € Q and u we have F**(u) > E.(u), where E.
is as in Example 2.1(2). It suffices then to use the results recalled in items (2) and (3) in Example
2.1. O

Remark 3.3. Note that for all p € [0,1], w € Q and u we have F>*(u) < E.(u), where E.
is as in Example 2.1(1). By taking the I'-limsup in this inequality, if v € H'(Q) we get I'-
limsup,_,o F>(u) < fQ |Vu|? dz. By (3.1) it then follows that the I-limit always exists in H'(Q)
and

I- lim F2%(u) = / |Vul?dx  for all u € HY(Q). (3.2)
E— Q

PROOF OF THEOREM 3.1(i). We say that an element w € €2 (or, equivalently a ‘realization’ of the
medium) is typical if the statement of Theorem 2.3 holds. Fix a typical realization w, and let u® — u
be a sequence converging in measure and with bounded energy; i.e., FEb’w(uE) < C. Recall that we
identify discrete functions u® with the corresponding piecewise-constant functions of continuous
argument: u®(x) = u(z(z)) with € R? and z(x) € Z? defined a.e. by |2(z) — | = dist(z, Z?).
For the extended function we keep the same notation u¢. Note that u € GSBV(Q) by Proposition
3.2. By Remark 3.3 to prove the thesis of the theorem it suffices to show that u € H'(Q)
Suppose that v ¢ H'(Q), and denote by u§ the truncation of u¢ at the level t:

ui (x) = min (¢, max(—t, u®)).

For any ¢ > 0 the sequence u$ is of bounded energy since F%¢(u$) < F%¢(uf), and uf — u; €
SBV(Q) in L?(Q). Under our assumptions, the function u; does not belong to H'(Q) for sufficiently
large ¢; that is, the discontinuity set S(u;) is not empty and H*(S(u;)) > 0.

By the properties of S(u;) (see [2]) for Hl-a.a. xo € S(u;) there exist two numbers u™ = u™ (zg)
and u~ = ut(zg), ut # u~, and v = v, (zg) such that, in the unit square S, centred in 0 and with
one side parallel to v, the following relation holds

_ r—x
i o (555) i -
where
u™ if (xz,v) >0,
up(w) =9
u if (xz,v) <0



Since uf converges in L?([0,1]?) to us, as € — 0T, this yields

lim lim
n—0t e—0t

ui(ﬂﬁ—n%) —uo(x)’dx =0,

v

Denote I* = {z € S, : (z,v) = +1/2} the two sides of S, orthogonal to v. Taking appropriate
subsequences  — 07 and € — 07, one may assume without loss of generality that

_ + oy
uf(gg nx0>—ui‘ >H}:0.

lim lim 'Hl{xeli : 3

n—0t e—0+

We choose 1 and then ¢ in such a way that

_ + _ - 1
Hl{x ert . uf(x xo) —ui(x)‘ > uu} < =c(p). (3.3)
n 8 8
for € < gg.
By Theorem 2.3 for small enough ¢ in the square 1S, + o there are at least ¢(p)n/e disjoint
strong channels that connect the sides I~ and I*. Denote these channels by Ki, Ks,..., K,

M > ¢(p)n/e, and the vertices of each K by 2,23, ..., zl]J with I; < ¢1(p)n/e and 2] € eZ?.
Considering (3.3) and slightly reducing the constant ¢(p) we may suppose that all the channels
possess the following properties

, ut —u- 4 ut — u-
ui (27) Su‘—l—T, uf(zl]j)>u+_T
Therefore, for each channel K; one has

;-1 2

(ut —u™)? . , , ,

S (il —ui(=)’ = D (=) —ulz)
i=1

;-1
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This implies the inequality

lj—l + —\2
. . _ 1
E us (2, ) —us(27))? > (u u”) <
7;21( t( z+1) t( 7,)) = 4 7701(]))
Summing up over the channels gives
M =1 + —\2 + —\2
: : - 1 n_ (W —u7)* ¢(p)
ug (2], ) — uj (2] 2>(u w)e cp)- =
D Do) —ui ) 2 M e T = M

j=1 i=1

Clearly, since the channels are disjoint, the total energy of the square S)! + z¢ is estimated from
below as follows

21,22€ (S} +x0)NeZ2

Y



Since this estimate is n-independent, we may fix an arbitrary number NV of distinct points of
S(ug) as above with (vt —u~) > C > 0, and repeat the arguments above on disjoint squares
centered at these points. We then obtain the estimate for the total energy

02
Frew) > N AL
4 ci(p)
which contradicts our assumption that the energy is bounded. Hence we must have H!(S(u;)) = 0
for all ¢, which implies that v € H(Q). O

Remark 3.4. The statement (i) of Theorem 3.1 remains valid in any dimension d > 2. Indeed,
the assertions of Theorems 2.2 and 2.3 hold true for any d > 2, and the proof of item (i) above can
be easily rearranged so that it applies for any d > 2. Notice that for d > 2 we have p. < 1/2.

PROOF OF THEOREM 3.1(ii). We first prove the liminf inequality. It suffices to deal with u €
SBV(Q) since by comparison the limit energy is +o0o outside GSBV (Q) and it is not restrictive
to suppose that u € L*(Q) by a truncation argument.

Let u. — u be such that F>“(u.) < ¢ < +o0o. We will give an estimate on the energy related
to u. concentrating at a.e. point in S(u). We fix R > 0 and v > 0; we will show that

I-liminf F*“ (u.) >

/ N (va(@),p) — ). (3.4)
=07 S(u)n{ut—u—|>1/R}

From this estimate the complete liminf inequality is easily recovered.
For « as above let § = d(/2) > 0 be defined by Lemma 2.4. Consider = € S(u) and p > 0. We
denote by T, x(x) the bar

Tou(@) = {y € B : |{(y — ), va())] < %kp’m,ﬁ” _ %p},

and by X )
T,5@) = {y € B : [{(y—a).vu(@))] < ghp. (w.v") = 250},
T @) =y € R ¢ ((y— ) ma(e)) = gho (v )] < 50)

its four sides. We choose k = §/16.
We choose = and p such that

) (@) — @) 2
0 1 1

AR N ((a)p)
1 1)
8) M ({z e Ti(@) (o) —w= (@) > 5 }) < 2o
4) ue — w in L' (0T, x(x)).
In order to simplify the notation, it is not restrictive to suppose that x = 0. We scale our

problem by the factor N = £ to the bar Ty x(0) and the corresponding v () = u.(ex).
Let I = I(e) be the set of all 2 € Ty 1(0) such that

2)

De=0 i) fu(en(2) - u(en(2)| = Ve
Suppose that
#(I(2)) < (A (vu(x),p) = 7)N. (3.5)

We then construct strong channels as follows. Let

Jo = U{S closed unit cube with integer vertices, S N TJQICL(O) # 0},

10



(we use the general notation A+ = |J.. 4 2%,

jil = J+ U {2 : 3 path in I'* connecting 2+ and J;-},
Jig1 = U{S closed unit cube with integer vertices, S N jil # 0}.

We finally define K; as the unique path in 0J; N Ty ;(0) joining T;,k(O) and Ty, (0), and M as
the maximal index such that
Ky_1N T]—\i,_:]j_ (0) = 0.

By construction, Ki,..., Ky are disjoint strong channels connecting T]‘Vﬁk(O) and Ty ,.(0).
Moreover, for each element in (K;)" there exists a path with exactly i elements in the complement
of I't connecting it with Jy.

We conclude that there exists a path in Z1 connecting Tjglj‘ (0) and T;;‘ (0) with exactly M

elements from the complement of I+. From Lemma 2.4 we then deduce that M > §N.
Note that in order to estimate the limit of F2“ (u., T}, x(z)) we may set £ = 1 for all 2 & I(e).
We can then repeat the argument in the proof of theorem 3.1 and conclude that

liminf F2 (u., T, 1 (7)) > C,

e—0t

with C' = C(v, R). Since this inequality may hold only for a finite number of z, we conclude that
(3.5) must fail for almost all , so that

#(I()) = (A (vu(x),p) = V)N,
from which we deduce that

liminf F2“ (e, Ty () = (A (vu(2), p) — 7)p,

e—0+

and inequality (3.4).

We now prove the limsup inequality. By the density results by Cortesani and Toader [12] (see
also [6]) the space GSBV(Q) can also be seen as the closure of piecewise-smooth functions in the
sense that for all u € GSBV(Q) with Vu € L*(Q) and H!(S(u)) < +oo there exists a sequence of
finite families of disjoint closed segments (P;) and functions u; that are C™ and Lipschitz outside
U; P} converging to u in measure such that

njm(/Q f(Vuj)dx—i—/S(u‘)g(Vuj)dHl) :/Qf(Vu) d;v—i—/s(u)g(z/u)dHl (3.6)

for all continuous f, g with |f(2)] < C(1 + |2]?).

Using this observation, it suffices to prove the limsup inequality of Theorem 3.1(ii) only for
piecewise-smooth functions as above. In fact, by the lower semicontinuity of the I'-upper limit (see
e.g. [5] Section 1.7), from (3.6), applied to f(w) = |w|? and g(w) = \b(w, p), we get

IA

I-lim sup F> (u) lim inf (F— lim sup F>¢ (u]))

e—0t J e—0t

lim(/ |Vuj|2dx+/ )\b(yuj,p)dHl)
7Ne S(uy )

— /\vu|2dx+/ N (v, p)dH?
Q S(u)

11
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as desired.

We then have to construct a recovery sequence for the I'-limsup for a piecewise-smooth function.
Since the construction is performed by modifying the target function u close to each segment of
S(u), we may deal with S(u) composed of only one segment. It is no restriction to consider only
the case S(u) = [—1,1] x {0}. Note that the traces of u on both sides of S(u) are well-defined
Lipschitz functions. We can also suppose that

u(xl’xQ) = qu(wl) on [_1 _7771"‘77} X (0377)7

u(z',2®) =u"(z') on [-1—mn,1+mn]x (—n,0),

for some 1 > 0.

Fix arbitrary small § > 0. Then a.s. for all sufficiently small ¢ > 0 in the rectangle RY =
[-1—n,14 n] x [, 0] there is a weak channel K. connecting the left and the right sides of the
rectangle, of length no greater than 2\°(e1, p)(1 + n) + o(1), where o(1) tends to zero as € — 0.

We define

u(z) ifz & RY,

R ut(z) if z belongs to the closure of the connected component of

sy
I

R} containing the upper side,

u” (z) otherwise.

Let u® be the discretization of 4. Then after a straightforward computation we have

Fe) < [ 1Vafds+ 20 ea )1+ 1) + o)
Q

- / Vulde + A ez p)H (s(u))(1 + 1) + o(1),
Q

with o(1) — 0 as ¢ — 0. Since 7 and § are arbitrary positive numbers, this implies the desired
bound. O

3.2 Site percolation model

The results below are basically the same as those obtained for the bond percolation model. We
only formulate these results and leave their proof to the reader.

In the supercritical regime p > p. the structure of the I'-limit of F>* is described by the
following statement

Theorem 3.5. (i) (supercritical regime) Let p > p.. Then a.s.

/|Vu\2dx, if we HY(Q),
. 5,w _
SRR

+00

otherwise.
The limit functional is defined on GSBV(Q).
(ii) (subcritical regime) If p < p. then a.s. we have
I- h%l+ F23%(u) =/|Vu|2dx—|— / N (v(x), p)dH?
E—
Q S (u)

on GSBV(Q), where A\*(v,p) has been defined as in (2.5).

12



4 Appendix

This appendix contains a proof of Lemma 2.4 kindly provided by H. Kesten. It relies on the
following large deviation result for Bernoulli percolation at p > p. (see [15]). We denote by D(z,y)
the chemical distance between = and y for z,y € Z?, i.e. the length of the shortest weak path
which connects « and y, and by || - || the norm ||z| = Zle |z;|. Differently from the previous
sections we will use the terminology ‘black’ and ‘white’ bonds in place of ‘strong’ and ‘weak’
bonds, respectively.

Proposition 4.1 ([15]). There exists a norm u(zx) such that for alle >0

log P{0 < z, D(&i?) ¢(1l—e1+4¢)}
lim sup £
lzl|—o0 [l

<0, (4.1)

where y < x stands for the event that both x and y are elements of the infinite cluster.

We need a number of definitions. Let

E(v, N,d,n) = { there exists a path from 0 to Nv of length < N(a — 0)
and containing at most nN black edges }.

Here v € R?\ 0, a = u(v). Further, let M be some large integer and i = (i1, s, . . .,1q) € Z%, and
define

d
B(i) = Bu(i) = [ [ lix — M, ix + M]
k=1

(a closed cube of size 2M with center at i). Now let w = w(0) = 0,w(1),--- ,w(r) be a sequence
of vertices in Z? for which

w(j + 1) € 0B(w(j)), or equivalently ||lw(j+1) —w()||=M, 0<j<r—1 (4.2)
(0B denotes the topological boundary of B), and
[Nv] := (nearest lattice point to Nv) € B(w(r)). (4.3)

In addition, let S be a subsequence of 0,1,...,r, say S = {j1,...,J:} with 0 < j; < jo < -+- <
j+ <r} and define the event

F(w,S) = {there exists a path ¢ on Z¢ with the properties (4.3)(4.7) below} :

o is a self-avoiding path from 0 to [Nv] which successively
visits the vertices w(0),w(1),...,w(r). (4.4)

Let 0 = 0(0),0(1),...,0(m) and w(j) = o(s(y)) with s(0) =0 < s(1) < --- < s(r). Define further
w(r+1) = [Nv] and s(r + 1) = m. Then

the piece (o(s(j)),0(s(4) +1),...,0(s(j +1) — 1) of o is contained
in the interior of B(w(j)), 0 <j <r. (4.5)

For j = r we even require that o(s(r + 1)) = w(r + 1) = [Nv] lies in the interior of B(w(r)). For
any path 7 on Z¢ denote its length, i.e., the number of edges in 7, by |7|. Then

m = |o| < N(a—9). (4.6)

all edges of o except possibly those in UjcsB(w(j)) are white. (4.7)

13



|S| := cardinality of S < nN. (4.8)
We claim that (4.2) and (4.6) imply that

r < TR (4.9)

To see this, note that the piece of o from w(j) to (w(j+1) contains at least [|[w(j+1)—w(j)|| = M
edges, for 0 < j <r — 1. This shows that N(a —6) > m = |o| > rM. Thus (4.9) holds.

Next we note that once w(j) with j < 7 is given, there are at most K := 2d(2M +1)9~1 possible
choices for w(j + 1), because of (4.2). As a consequence, the number of sequences w(0), ..., w(r)
and subsequences S of {0,...,r} for which F(w,S) can occur is at most [2K;]V/M,

Proposition 4.2.
Ew N, o) c | Flw,S), (4.10)
(U)’S)

where (w,S) runs over the pairs for which F(w,S) is possible. (Thus this union contains at most
2K |N/M clements).

PROOF. Assume that £(v, N, §,n) occurs. By definition, there then exists a self-avoiding path o
from 0 to [Nv] with |o| < N(a — J) which contains at most 7N black edges. We now show that
we can choose w and S such that (4.2)—(4.8) all hold. To this end take s(0) = 0 and w(0) =
0(s(0)) = 0(0) = 0. Then for j > 0 such that s(j) and w(j) have already been determined such
that w(j) = o(s(4)), take

s(G+1) = inf{k > s(): [lo(k) —o(s())] = M}

= nt{k > () : o (k) — w(i)]| = M}, (411)
We stop the process at the first index r such that ||o(k) — o(s(r))|| < M for all k > s(r) and take
s(r+1) =|o|, so that w(r+1) = o(|o|) = [Nv], the endpoint of o. With this choice (4.2)—(4.5) are
immediate. (For (4.5) note that ||o(k) — w(j)|| < M for s(j) < k < s(j + 1), by virtue of (4.11).)

Also (4.6) holds by assumption. To get (4.7) and (4.8) we take

S = {0<j <r:thereis a black edge in the piece

a(s(j)),0(s(j) +1),...0(s(j +1)) of o} (4.12)
(4.7) follows, because any black edge of o belongs to exactly one of the pieces a(s(j)),o(s(j) +

1),...0(s(j +1)) with 0 < j <, and this piece is contained in B(w(j)) by (4.5). Since ¢ contains
at most nN black edges, by assumption, (4.8) is also immediate. O

We next define the events
G(@1) = Gum(i) = {all edges in By,(i) are white}

and

H(w,S) = (] G(w(4)).

JjES
The following proposition is a kind of converse of Proposition 4.2. Note that £(N,v,d,0) is the
event that there exists a white path of length at most N(a — §) from 0 to [Nwv].

Proposition 4.3. For each pair (w,S) for which (4.3)—(4.8) hold, it is the case that

F(w,S) NH(w,S) C E(v, N, 6,0). (4.13)

14



PROOF. Assume that F(w,S) NH(w,S) occurs, and let o be a self-avoiding path from 0 to [Nv]
for which (4.4)-(4.8) hold. Let ¢ = (¢(0),0(1),...,0(m)). Let S = {0 < 51 < -+ < ji} with
t < nN. Then o runs from 0 to [Nv] and it contains only white edges. Indeed, by (4.7) there are
no black edges in o except possibly edges in B(w(j)) for some j € S. However, for j € S there are
no black edges in B(w(j)) either, because we assumed that G(w(j)) occurs. Finally, the length of
o is at most N(« — ¢), by virtue of (4.6). Thus £(v, N, §,0) does indeed occur. O

We next compare the probabilities of F(w,S) and of F(w,S) NH(w,S).

Proposition 4.4. Let
Ko = d2M(2M +1)%71.

Then, for each pair (w,S) for which (4.3)—(4.8) hold, it is the case that

P{F(w,8)} < p K2 "N P{F(w,S) N H(w,S)}. (4.14)
PROOF. The number of edges in any Bjs(i) equals Ks. Therefore,

the number of edges in UjesB(w(j)) < nNKs. (4.15)

Now notice that for given (w,S), the event F(w,S) is increasing (in the white edges). Therefore,
if F(w,S) occurs in some sample point, then F(w,S) still occurs if we change any collection of
edges to white. Now let B be an increasing event B and fix the configuration outside a given edge
edge e. Then either B occurs only if e is white, or B occurs no matter what the color of e is. In
the former case, the conditional probability of B (given the configuration outside e) is the same
as the conditional probability of B N {e is white}. In the latter case, the conditional probability
of B equals 1 and the conditional probability of B N {e is white} equals p. By averaging over the
configuration outside e this shows that

1
P{B} < ];P{B’ e is white}.

The inequality (4.14) now follows by successively applying this argument to each edge in Ujes B(w(j))
and taking (4.15) into account. O

The following final proposition proves Lemma 2.4.

Proposition 4.5. For § > 0 there exists an > 0 and a K3 > 0 such that for all large N
P{&(v,N,d,n} < exp[-K3N]. (4.16)

PROOF. Fix 6 > 0. By Proposition 4.1 there exists some constant K4 = K4(J) > 0 such that
P{&(v, N, 6,0} < exp[—K4N]

for all large N. Proposition 4.3 then tells us that for each permissible (w,S) it also holds

P{F(w,S) N H(w,S)} < exp[—K,N]
for all large N. Then, by Proposition 4.4,
P{F(w,S)} < p 2"V exp[~K4N]

for all large N. Since K5 depends on M only, we can for given 6 and M choose 7 so small that

1 Ky
Konlog — < —. 4.17
27 ng_ 5 ( )
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For such a choice we even have
P{F(w,8)} < exp|[—-K4N/2]

for all large N. Note that these estimates are uniform in the choice of (w,S) which satisfy (4.1)—
(4.8). By Proposition 4.2 this finally gives

P{E(U7N757n)} < Z eXp[_K4N/2]
(w,5)

[2K,|VNM exp[—K4N/2]
= [4d(2M 4 1)1 N/M exp[— Ky N/2]

IN

for large IN. We can therefore first choose M so large that
[4d(2M + 1)371)2/M < exp[Ky /4],

and then 7 so small that (4.17) holds. Result (4.16) with K3 = K4/4 then follows. O

Acknowledgments We gratefully acknowledge the support of GNAMPA through the project
Homogenization techniques and asymptotic methods for problems with multiple scales co-ordinated
by V. Chiado Piat. A. Braides’ work is part of the Marie Curie Research Training Network MRTN-
CT-2004-505226 ‘Multi-scale modelling and characterisation for phase transformations in advanced
materials’(MULTIMAT). The work of A. Piatnitski has also been supported in part by RFBR,
grants 00-01-22000 and 02-01-00868.

16



References

[1]

R. Alicandro and M. Cicalese, Representation result for continuum limits of discrete energies
with superlinear growth. SIAM J. Math. Anal. 36 (2004), 1-37.

L. Ambrosio, N. Fusco and D. Pallara, Functions of Bounded Variation and Free Discontinuity
Problems, Oxford University Press, Oxford, 2000.

A. Blake and A. Zisserman, Visual Reconstruction, MIT Press, Cambridge, Massachussets,
1987.

A. Braides, Approximation of Free-Discontinuity Problems, Lecture Notes in Mathematics
1694, Springer Verlag, Berlin, 1998.

A. Braides, I'-convergence for Beginners, Oxford University Press, Oxford, 2002.

A. Braides and V. Chiado Piat, Integral representation results for functionals defined in
SBV(;IR™). J. Math. Pures Appl. 75 (1996), 595-626.

A. Braides, G. Dal Maso and A. Garroni, Variational formulation of softening phenomena in
fracture mechanics: the one-dimensional case, Arch. Rational Mech. Anal. 146 (1999), 23-58.

A. Braides and G. Francfort, Bounds on the effective behavior of a square conducting lattice.
R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 460 (2004), 1755-1769.

A. Braides and M.S. Gelli The passage from discrete to continuous variational problems: a
nonlinear homogenization process Nonlinear Homogenization and its Applications to Compos-
ites, Polycrystals and Smart Materials (P. Ponte Castaneda, J.J. Telega and B. Gambin eds.),
Kluwer, 2004, pp. 4563

A. Chambolle, Un theoreme de I'-convergence pour la segmentation des signaux, C. R. Acad.
Sci., Paris, Ser. 1314 (1992), 191-196.

A. Chambolle, Image segmentation by variational methods: Mumford and Shah functional
and the discrete approximations. STAM J. Appl. Math. 55 (1995), 827-863.

G. Cortesani and R. Toader, A density result in SBV with respect to non-isotropic energies.
Nonlinear Anal. 38 (1999), 585-604.

G. Dal Maso, An Introduction to I'-convergence, Birkhiduser, Boston, 1993.

E. De Giorgi and L. Ambrosio, Un nuovo funzionale del calcolo delle variazioni, Atti Accad.
Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 82 (1988), 199-210.

O. Garet and R. Marchand, Large deviations for the chemical distance in supercritical
Bernoulli percolation. Preprint MAPMO 14-04, to appear.

A. A. Griffith, The phenomenon of rupture and flow in solids, Phil Trans. Royal Soc. London
A 221 (1920), 163-198.

G. Grimmett and H. Kesten, First-passage percolation, network flows and electrical resis-
tances, Z. Wahrsch. verw. Geb. 66 (1984) 335-366,

H. Kesten, Percolation Theory for Mathematicians. Progress in Probability and Statistics, 2.
Birkhauser, Boston, 1982

H. Kesten, Aspects of first-passage percolation, in Ecole d’été de probabilités de Saint-Fleur,
XI1V-1984 (P.L. Hennequin, ed.) Lecture Notes in Math. 180 Springer-Verlag, 1986, pp. 125—
262

D. Mumford and J. Shah, Optimal approximation by piecewise smooth functions and associ-
ated variational problems, Comm. Pure Appl. Math. 1'7 (1989), 577-685.

Yu Zhang and Yi Ci Zhang, A limit theorem for Ny, /n in first passage percolation, Annals
of Probability 12 (1984), 1068-1076.

17



