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Abstract

In this paper we prove that if Q and Q' are close enough for the complementary
Hausdorff distance and their boundaries satisfy some geometrical and topological con-
ditions then

A — M| < ClQAQ | v
where A; (resp. A]) is the first Dirichlet eigenvalue of the Laplacian in © (resp. ')

and |QAQ'] is the Lebesgue measure of the symmetric difference.

1 Introduction

In this paper we prove a stability result for the first Dirichlet eigenvalue of the Laplacian in

some bounded open sets in R"Y. More precisely, we estimate the difference
M- N < Cloa (1.1)

where \; (resp. \]) is the first Dirichlet eigenvalue of the Laplacian in €2 (resp. '), and
|QAQ] = |Q\Q U Q\Q'] is Lebesgue measure of the symmetric difference between 2 and
.

Stability results for the eigenvalues were studied a lot in the last two decades (see [4, 9, 11])
and have many applications, for instance in shape optimization problems (see [5, 10]). On
the other hand, as far as the authors know, estimates with a precise quantitative bound as
(1.1) were only recently investigated ([3, 1, 19]), and always for regular domains, C*! or at
least bi-Lipschitz domains. We would like to mention also [17] where a weaker inequality
than (1.1) is proved for a very large class of domains for instance bounded connected John

sets with a “twisting external cone condition”. The proof of Pang [17] uses a Brownian



motion and is based on estimates on the Poisson kernel. In this paper we present a simpler
proof in the case of Reifenberg-flat domains.

More precisely, we seek some geometrical conditions to impose on the domains in order
to guarantee that (1.1) is true. What we obtain is that a “strong”-Reifenberg-flat boundary
is sufficient. In particular, domains with cracks are not permitted. Roughly, in terms of
regularity, such domains have boundaries which are well approximated by hyperplanes at
every scales (see Definition 1). This is weak enough to permit Holderian spirals or snowflake-
like boundaries (in particular it is weaker than Lipschitz domains) but at the same time the
geometry of a Reifenberg-flat set is sufficiently under control in order to make some thin
estimates. We refer the reader to [6, 15, 16] for some earlier works on the analysis of
operators in Reifenberg-flat domains.

Notice that one could expect (1.1) to be true with o = 1 for the case of Lipschitz domains.
In this paper, since we work with Reifenberg flat domains we only get (1.1) with o < 1 which
is optimal in our class of Domains.

It is worth mentioning that (1.1) cannot be true without assuming any kind of regularity
on the boundary of the domains. For example in R? the domains Q := B(0,1)\{z; =
0,29 <0} and €' := B(0, 1) are such that [QAQ| = 0 but clearly A\; # A]. Inequality (1.1)
can either not be true without adding some topological assumptions. Indeed, the Lipschitz
domains 2 := B(0,1)\{z; = 0} and ' := B(0,1) are again such that |QAQ| = 0 but
A1 # A].

We denote dy the Hausdorff distance, namely for two compact sets A and B

dy (A, B) :=supdist(x, B) 4+ sup dist(y, A).

€A yeB

In this paper we consider the case of Reifenberg flat Domains which are defined as follows.

Definition 1. An (g, 7q)-Reifenberg-flat domain Q@ C RY is an open and bounded set such
that for each x € 0Q and for anyr < ro, QNB(x,r) is connected and there exists a hyperplane

P(x,r) containing x which satisfies
1
;dH(aQﬂB(x,T),P(x,T) N B(x,r)) <e. (1.2)

Remark 2. This last definition is significant only when ¢ is small enough, less than 1/2 say.
For technical reasons, in the sequel we will always assume ¢ < gy < 1072 where ¢q is the
one given by the Theorem of Reifenberg [18]. Under this assumption, the topological disk
Theorem of Reifenberg [18] applies (see also Theorem 1.1. of [7]) and says that the boundary



of our Reifenberg flat domains is locally the bi-Holderian image of a N — 1 dimensional disk.
As a consequence, all our results are still valid for a Lipschitz domain with sufficiently small
constant with respect to £9. On the other hand the assumption € < g could be weaken in

e < 1072 by adding topological assumptions (see Remark 6).

Next we present our main result concerning the Dirichlet eigenvalues.

Theorem 3. Let Q be an (g,70)-Reifenberg flat domain in RN such that
0 <HNH00) = L < 4o0.

Let B be a ball such that 10B s contained in ) and let v, be the first eigenvalue of B. Then
for every a < 1 and for every M > L there is a constant C' depending on «, N, |Q|, 1, ro
and M such that the following holds. Let € be an (g, ry)-Reifenberg-flat domain such that
0 < HN=YOY) < M and let Ay (resp. \y) be the first eigenvalue for the Dirichlet Laplacian
in Q (resp. V). If

dp(e,Q°) < C™!

then
I\ — Nj| < ClQAQ|F.

The proof relies on a different approach than the technics in [1] and [17]. The principal
idea is to obtain some estimates on the behavior of eigenfunctions near the boundary and
combine them with the Min-Max principle using a good extension Lemma to compare two
functions defined on different domains.

The paper is organized as follows. Section 2 is devoted to some preliminary results,
especially a covering lemma and a geometrical fact saying that dg(£2¢,Q°¢) and QALY |%
are equivalent for two Reifenberg flat domains. Next in Section 3 we prove some boundary
estimates for both eigenfunctions and their gradients near the boundary of a Reifenberg flat
domain. The more difficult part is to control the gradient. We first prove a decay result on
balls centered at the boundary and then use the covering lemma to estimate the gradient
in a region close to the boundary. In Section 4 we prove an extension result for functions
in H}(Q2). This extension lemma is a powerful tool which is used to compare two Dirichlet
eigenvalues. In Section 5 we remark that the extension Lemma implies a y-convergence result
from which we automatically obtain the stability for Dirichlet eigenvalues. Finally Section

6 contains the proof of Theorem 3 using the Min-Max principle.
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Notations :
A : the Laplacian operator.
HY : the Hausdorff measure of dimension N.
|A| : the Lebesgue measure of the borel set A.
C5e(£2) = the C* functions with compact support on (2.
WhP(Q) : the Sobolev space of LP functions whose derivatives are in LP.
W,7(Q) : the adherence of C3°(Q) in WhP(Q).
H'(Q) : the space W12(Q).
HE(Q) : the space Wy (9Q).
dy (A, B) : the Hausdorff distance between the sets A and B.

X4 : the characteristic function associated to the set A.

2 Preliminary

We start by giving some useful and classical facts about the Dirichlet eigenvalue problem for

the Laplacian, that can be found for instance in [8] (see page 214).

Proposition 4. Let Q be a domain in RY. Then —A has a countably infinite discrete set
of eigenvalues, whose eigenfunctions span Hy(2). Moreover each eigenfunction v belongs to
L>(Q) and we have

[0][ec < C(n, [Q)]|0]]2-

For a Reifenberg-flat domain €2 and for any ball B(z, ) centered at 02 and radius r < ry,
let us define the sets D*(x, ) in the following way. Let P(z,r) be the hyperplane given by
the definition of Reifenberg flatness of €. Denote by z*(x,r) the two points that lie at
distance 3r/4 from P(z,r) and whose orthogonal projection on P(x,r) is equal to . Then

we set
D*(z,7) := B(z*(x,7),7/4) (2.1)

as in the following picture.
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We have the following useful fact regarding the sets D¥.

Lemma 5. Let Q be an (g,7¢)-Reifenberg flat domain. Then for all x € 0Q and r < ry/2,
the balls D (x,r) and D~ (x,r) lie in different connected components of B(x,r)\0S.

Proof. This can be seen as a consequence of the topological disk Theorem of Reifenberg [18].
Actually one could also prove it directly without using the whole result of Reifenberg but just
the very beginning of Reifenberg’s construction, but in our situation we find it convenient
to simply apply the Theorem. More precisely, we use the statement of Theorem 1.1. in [7]
(which holds for N # 3 for the case of hyperplanes) that gives for every r < ry and x € 9%
a hyperplane P through z and a continuous homeomorphism f : B(z, 3r) — f(B(z,3r)) C
B(x,2r) such that

B(z,r) C f(B(x, ;7‘)) C B(z,2r) (2.2)

3
QN B(z,r) C f(PN B(x, 57")) C 009N B(x,2r). (2.3)
Now if we denote by v any normal vector to P and consider
Pt ={recRYz-v>0} P ={zecR"; 2 -v<0}

it is clear from (2.2) and (2.3) that 9Q separates the domains f(P* N B(z,3r)) and in
particular the sets D*(z, ). O

Remark 6. Lemma 5 is the only reason we assume ¢ < ¢y where ¢, is the one given by
the Theorem of Reifenberg [18]. All the results of this paper remains true assuming only
e < 1072 and adding the separating property of Lemma 5 in the Definition of Reifenberg-
flat domains. On the other hand one can find an explicit value for gy in [18] depending on
dimension and for instance equals to 107" in dimension 3 (see [7]). So assuming € < g is

not restrictive.



Remark 7. Since in our definition of Reifenberg flat domains we assume Q N B(x,r) to be
connected for every x € 02 and r < ry, Lemma 5 implies in addition that one ball among
D*(x,7) lies in Q while the other one lies in ¢. Thanks to this fact, any boundary 99 of
a Reifenberg-flat domain separates RY as in the Definition 2.1 of [16]. In other words our

Definition of Reifenberg-flat domains is equivalent to the one considered in [16].

Remark 8. An obvious consequence of Lemma 5 is that any Reifenberg-flat domain has a

twisting external cone condition as in the Assumption (AIIT) of [17].

The following Lemma will be useful to obtain our main result.

Lemma 9. Let Qy and Qs be two (g, ry)-Reifenberg flat domains such that dg (27,Q5) < ro/2.
Then
dp(927,93) < C|91AQ2|%

where C' depends only on N.

Proof. Let x € 0, be such that r := dist(x,0€);) is maximum, and let y € 99y be such
that dist(x,00) = d(x,y) = r. Let us set D := D*(z,r) and Dj := D*(y,r) as being the
balls defined in (2.1). Under our assumptions we know that only one of Df lies in ; and
only one of Dj lies in . Let us simply denote D; those two balls.

Now by the definition of y, we know that B(y,r) N € is empty. In particular, the two
“approximating” hyperplanes P(z,r) and P(y,r) are almost parallel (with error less than

2. < 2.1072) as in the following picture.
o
/
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Then it is not difficult to show, considering also a similar situation in B(z,3r) and
B(y, 3r) with the corresponding selection of domains D;(3r) € {D*(x, 3r), D*(y, 3r)}, that
whatever the positions of the D; and D;(3r) with respect to the lines P(z,3r) and P(y, 3r),
one can always find a ball of radius equivalent to r that lies in the symmetric difference of
Q; and €25. We conclude the proof by exchanging the role of €2; and (25 and using the same

argument. O
Finally we end this section with the following elementary covering lemma.

Lemma 10. Let Q C RY be an (g, rq)-Reifenberg-flat domain such that 0 < HN=1(0Q) =
L < +oo. Then for every r < rq/2 we can extract among {B(x,7)}zco0 a subfamily of at
most L/(CnrN=1) balls that forms a covering of U, con B(x, 357) where Cy is a dimensional

constant. Moreover, for all x we have that
where C'is again a dimensional constant.

Proof. Since r < rg, we have that
di(0Q N B(z,7), P(z,7) N B(x,r)) < 1072, (2.5)

We also known that 92 separates DT (z,r) from D~ (x,7) and since the set of minimal H" !
area having this property and satisfying (2.5) is the corresponding part of the hyperplane,
we deduce that there exists a dimensional constant Cy such that for all x € 9 and all
r < T

HNHOQ N B(x,r)) > Cyr™ 1

Now let B(z;,7;), be a subfamily of { B(z, 1) }.caq indexed by i € I, maximal for the property
that %Bi N %Bj = (). Using this fact (2.4) comes from a classical geometric argument in

RY. Now we claim that #7 is finite. Indeed, since %Bi are disjoint balls we have
1
L>HY (U000 1—031») > 4ICNrY 110t

thus N1
tI < 0

B CNTNfl ‘
Finally, it remains to prove that the family {B;}c; forms a covering of |J,yo B(z, 157). Let

Y € U enq Bz, 18—07“) and let = € 09 be such that y € B(x, 1%7"). Then by the maximality of



the {B;}, there exists a point z € 15 B; N B(x,7/10). Then if x; denotes the center of B;, we
have

2
d(y,z;) < d(y,x) +d(z,z) + d(z,x;) < 1%7’ + e

which proves that y € B(x;, 7). O

3 Estimates close to the boundary for some functions

in the Sobolev space

3.1 A Sobolev inequality at the boundary

We will need the following boundary version of the classical Sobolev inequality when 2 is a

Reifenberg flat domain.

Proposition 11. Let Q be an (g, rq)-Reifenberg flat domain in RY and u € Wol’p(Q) for
some p > 1. Then for all x € 02 and r < ry we have

vl 2o (B2.yney < CT||VullLr(B(2prne)
where C := C(p,N) and b := b(N).

Proof. The proof is a small modification of the classical proof of the Sobolev inequality that
we will write here with full details for the convenience of the reader.

Without loss of generality, we may assume that u € C}(f), x is the origin and that
P(z,r) is the hyperplane {z; = 0}. We shall prove that

|u]| Lr@no@r)) < COTl|VullLrng@,n) (3.1)

where Q(x,7) is a cube centered at z, and with faces orthogonal to the axis of RY. Observe
that (3.1) implies the desired inequality with constant b coming from the comparison between
cubes and euclidian balls in R¥.

By changing the orientation of x; we can assume that Q(z,r) N Q (which is connected
by our assumptions) contains the upper part Q(z,r) N {z; > §}.

It is clear that for any u € C} (),

1 r
lu(z)| < / |Dyu| dzy < / |Dyu| de;y.



Integrating over x; we obtain

/ lu(z)| de; < 27“/ |D;u| dzx;.

Now integrating the last inequality between —r and r successively over each variable xo, ..., x5

/ lu(z)| dzy < 2r / |Dyu| dx

Q(z,r)NN Q(z,r)NQ

o / |1Dul| dz.

Q(z,r)NQ

we get

IN

Then (3.1) follows if we apply this last inequality to u? and use the Holder’s inequality. [
Corollary 12. Let Q be an (g,7q)-Reifenberg flat domain in RN and for § < ro/2 set

As = QN {d(z,00;) <0}
Then for any function u € Wy* () we have

</|u|p dx)zl) < C’(5< / |Vul? dx)zl)
As

Aops

where b is the dimensional constant of Proposition 11.

Proof. Let {B;}icr be the subfamily of balls { B(z,20) }.ca0, given by Lemma 10. Then

QN A{x;d(x,00) <} C U B(z, %5) C UBZ"

€N icl

Moreover the covering is bounded by a dimensional constant C'. Then,

and using Proposition 11, together with the fact that the B; are centered at 0€2;, we obtain

/|u|p dz < CZép/|Vu|p dz
bB;

As il

IN

C’5p/|Vu|p dz
Aaps

which proves the Corollary. m



3.2 Boundary estimate on the gradient of eigenfunctions

Proposition 13. Let Q be an (g,79)-Reifenberg flat domain in RY, and let u be an eigen-
function for the Dirichlet Laplacian in €2, associated to the eigenvalue A. Then for every
B > 0 there is a constant Cy depending on N, |Q| and (3 such that for every x € 9Q and for

all v < ry, we have that
r\N P
0
B(z,r)NQ

Proof. For a given (3 > 0, define

S

I
DO
ho

(3.3)

Without loss of generality we assume that rg = 1 and |Jul|s = 1. Now let x € 9. We
will obtain the appropriate decay by showing that for £ € N and a specific selection of the
constant C] we have
/ Vul2de < CyaHV-P). (3.4)
B(z,a=*k)NQ
We will prove (3.4) inductively. It is clear that (3.4) is true for k =0 if C} > 1.
Suppose now that (3.4) is true for k and denote by v the “harmonic” replacement of u in
Sk := B(x,a™*)NQ; that is a harmonic function v € H'(S),) which satisfies u —v € H}(S}).
Such a function v can be obtained by minimizing the Dirichlet integral, and since u is a

competitor we have that

/\Vv|2dx < /|Vu\2dx < Cyha FN=P)
Sy Sy

by the inductive hypothesis. On the other hand w := |Vv|? is subharmonic therefore by the

classical mean value inequality applied to w we have

/ |Vv|2d:v§a_N/|Vv|2da:,

Skt1 Sk
that is
/ \Vol?dz < Ciha Na FV=9), (3.5)
Sk41

10



Now we want to estimate fSk |V(u — v)|* dz. Notice that for all k, u is the unique solution

of the problem
{ —Aw = \w in S},

w—u € H}(Sk)
therefore u is minimizing the energy
/\Vw|2 dr — /)\uw dz
Sk

among all functions w such that u — w € H}(S). Therefore we deduce that

1 1
5/]Vu|2—)\/|u]2 < §/|Vv|2—)\/uv

S Sk Sk Sk
hence
/|Vu|2—/|Vv|2 < 2)\(/|u|2—/uv)
Sk S Sk Sk
< CNSkllullZ
< AC(N,|Q)a™™N
< ACya N

(3.6)

where |v| was estimated in terms of ||ul|« by the maximum principle and ||ul. < C(NV,|€])

by Proposition 4.

Now since v is harmonic in Sy and v —v € H}(Sy), we deduce that Vv and V(u —v) are

orthogonal in L?(S},) thus (3.6) and Pythagoras inequality imply

/|Vu—Vv|2 :/|vu\2—/yvv|2 < ACpa Y
Sk Sk Sk

Gathering (3.5) and (3.7) together we complete the induction as follows:

/]Vu]%im < 2/\V1}|2+2/]V(u—v)]2da¢

Sk41 Sk+1 Sk+1

< 200 0a Na PN 4 oNCya RN

< Cha (k+1)(N—p8)

where the last inequality holds by the definition of a and provided for instance

2(N+1)

Cy > (052

11

(3.7)

(3.8)



Now to finish the proof, since (3.4) is true, for every r < 1 one can find an integer k such
that

r§a7k<ar

thus
/ Vul? dz < / IVu|? dz < Cyha ¥V =P < Oy A (ar)N P
B(a,r) B(z,a~*)
so the Proposition is true with Cy := o™V "2} O

A consequence of the above proposition is the following.

Corollary 14. Let Q be an (g, 79)-Reifenberg flat domain in RY such that 0 < HN71(9Q,) =
L < +o00. Then for any a < 1 there is a constant Cy := C1(|Q|, 79, N, ) such that for any
eigenfunction u for the Dirichlet Laplacian associated to the eigenvalue A in ) and for any
§ < ro/2 we have

M N{d(z,001)<é}
Proof. We argue as in Corollary 12. Let {B;};c; be the subfamily of balls { B(x,2§)}.co0,
given by Lemma 10. We know that

#1 < L/(2N T On6N

and that
QN {x;d(z,00) <} C U m—5 CUB

€00 el

Moreover the covering is bounded by a dimensional constant C'. Then,
/ Vul* dz < Z/ [Vul® dx
Q1N {d(2,001)<5} i€l g,

and using Proposition 13 together with the fact that the B; are centered at 0§2; we obtain

Vul> dz < CAJJufl 2y Y 6V
Q10 {d(z,001)<6) =

C)\HUHLQ(Q)ﬂdeilJra

IN

where C'= C(rg, N, «, |€2|) and the proof is complete. O

12



4 An extension Lemma

In our approach we need the following extension Lemma for Sobolev functions in Reifenberg-
flat domains. The proof relies on a Whitney extension which is now quite common. A
first result of this kind is probably due to P. Jones in [12] which has been used by several
authors, particulary by scientists working on quasiconformal maps (see for instance [2] and
references therein). We would like to mention that [15] contains a Lemma very close to the
following one but for Neumann extensions and for domains with cracks. One can also find a
similar extension Lemma used together with a stopping time argument to prove some thin

convergence results in [13], or a regularity result in [14].

Lemma 15. Let 4 and Qy be two (g, ry)-Reifenberg flat domains such that
d(95,9Q5) < 5 < (100b) 'rg.

Set
As = {x;d(x,00) < d}.

Then for any v € Wy*(Q) there exists a function © € Wy (Qy) such that v =1 in Q\ Ags

and

191l e ) < V]| Lrcy) (4.1)

VOl r(a) < IVOllLrin) + ClIVOl Lo (aus)- (4.2)

Proof. Let {B;}icr be the subfamily of balls {B(z,20)}.ca0, given by Lemma 10. We will
denote by z; the center of B; and r; its radius. Since Q;AQ, C Ui€ ; Bi, to define a function
v € W'2(Qy), it is sufficient to define an extension of v in Qo N J,c; Bi.

For all 4, define a function ¢; € C}(5B;), such that ¢; = 1 in 2B;, [Vp| < 67 and let o
be a function that is equal to 1 in i\ U,c;4Bi, ¢o = 0 in U;c; 2B; and 9o+ ;0 > 1 in
QU UjeJ 5B;. Moreover, we can assume that for all x € 4B;\2B;, |Vo(z)| < 6. Indeed,

such a function ¢, can be obtained by setting
wo() = [ [ Uld(,2:)/0)
iel
where [ is a Lipschitz function equal to 0 in [0,2], equal to 1 in [4,400) and I'(z) < 1.

Finally, define

2 .
0, — — 2 foriec TULO).
o+ D icr Wi {0}

13



This allows us to obtain a partition of the unity in 2, U UZe I
Next we simply define v by

0(x) := Op(x)v(x) (4.3)

in such a way that (z) vanishes on U;jc;2B; D 0Q,. We claim that & € W,?(Q,) and
that (4.1), (4.2) are satisfied. The first estimate (4.1) comes directly from the fact that
0o(x) < xa,. So we only have to prove (4.2), which will also imply that © € WhP(Q,).
We have that
Vio(x) = v(x)Vy(z) + O(z)Vo(z)
thus

IVO(2)|zr0y) < [[VU(Z) Xoupp(oo) | Lr02) + |0(2) VO ()| Lr(022)
< V(@) ey + [v(@)VOo(2) || Lr ()

therefore it is enough to prove that
[o(2) Vo (@) Lr sy < ClIVO(2)]|Lr(a) (4.4)

with
A= | J4bB; C Aus.
iel
On the other hand, from the construction of 6, we have
Vo ()| < ZX%BZ- (z)d . (4.5)
iel

Therefore, since the sum in (4.5) is locally finite we conclude that

mmwmmmﬂs/\ 'S s, (2)

jeJ

< oY p/|v (4.6)

el

Now since B; is centered on 02y, from Proposition 11 we have

/|v|p dx<C’5p/|Vu]p do

b4B;

SO

o) Veu(a) fay < €Y [ 1Ve@P <€ [ [Deta)y

z€I4B Aus

which concludes the proof. O]

14



5 Mosco convergence and consequences

As in [15], the extension Lemma will imply the Mosco-convergence of H}(,,) to Hi(€2) while
), tends to €2 for the complementary Hausdorff distance. It is well known that this notion
is equivalent to the y-convergence of €2,, to 2 which will in particular imply a stability result
for eigenvalues. Actually this section will not be used in the proof of our main result but
the authors would like to say a few words about those classical notions.

For u € H}(Q2) we will identify u and Vu as function in L?(RY) and L*(RY,R") by

extending them being zero outside ).

Definition 16 (Mosco-convergence). Let 0, and Q be open subsets of RY. We say that
H}(Q,) converges to HY(Q) in the sense of Mosco if the following two properties hold:

(M1) for every u € H}(SY), there exists a sequence u, € H}(Q,) such that u, converges to u
strongly in L?(RY) and Vu, converges to Vu strongly in L*(RY RY);

(M2) if hy, is a sequence of indices converging to +00, uy, is a sequence such that uy, € HY(Qp,)
for every k, and uy converges weakly in L2(RN) to a function ¢, while Vuy converges
weakly in L*(RY,RY) to a function 1, then ¢ € H} ().

The Mosco convergence is a great tool to study stability for elliptic problems. Indeed,
for any bounded open set Q € RN and any f € H~1(Q) let us denote by ul, € H}(Q) the

unique solution of the equation —Au = f in €.

Definition 17. Let D C RY be bounded. We say that the sequence of open sets Q, C D
y-converge to 2 C D if for any f € H (D) we have that u{zn strongly converges to ué n

H(D).

The following classical result shows the link between Mosco convergence and «-convergence

(see for instance Proposition 3.5.4 of [10]).

Proposition 18. Q, v-converges to Q if and only if H}(S,) converges to Hy(Q) in the sense
of Mosco.

In our situation, by the same argument as for Theorem 11 of [15], we can prove the

following.

Theorem 19. Let rg,e > 0 and let {Qy,}nen and Q be some (g,19)-Reifenberg-flat domains.
Assume that Q, converges to ) for the complementary Hausdorff distance. Then Hj(S2,)

converges to Hg () in the sense of Mosco.

15



Proof. The proof is the same as for Theorem 11 in [15], using this time the extension Lemma
for H} (Lemma 15). O

A useful consequence of y-convergence is the stability of eigenvalues, which is again very
standard (see [10, 5]).

Proposition 20. Let rg,e > 0 and let {Q,}nen and Q be (g,70)-Reifenberg-flat. Assume
that ), converges to 2 for the complementary Hausdorff distance. Then the k-th eigenvalue

in 2, converges to the k-th eigenvalue in €.

6 Quantitative Stability

We are now ready to prove Theorem 3. Notice that our theorem contains in particular a

second proof of Proposition 20 for the case of the first eigenvalue.

Proof of Theorem 3. Let uy (resp. u)) be an eigenfunction of unit norm associated to the
first eigenvalue A (resp. X') in Q (resp. €'). We denote by ¢ := dg(Q°, Q). Let v, be the
first eigenvalue of the Laplacian in a ball contained in both ©Q and €, in such a way that
the inequality max (A, \') < 7 holds by the monotonicity property for Dirichlet eigenvalues.
We finally denote by C' := min(Cy, Cy) where Cy and C; are the constants of Corollary 12
and Corollary 14, depending on N, o and max(|€2], |€2']) < 10]Q].

We know that

v 2
X= inf M—I‘J:/yvulﬁ.
weH (@) [ |ul J

Let @, € H}(Q2) be the extension of u}j given by Lemma 15. Using Corollary 12 and
Corollary 14 we obtain

Vit |? d
Al:/mlp < blVulde
J fﬂ|u1| dz

Joy VUL |? da 4 Co*
- 1 — Cé>
/ C(Sa(l—i_’yl)
M T e
< N+ 06

A

provided for instance that § < (2C)~“. Here C' depends on 7, Cy, N, v, |2|, and M. Then

by the same argument and exchanging the role of A\; and \| we get the desired inequality,

16



namely

A1 — A < CoF.

We conclude the proof by observing that the estimate involving [ AQ| ¥ is a direct con-

sequence of Lemma 9. O]
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