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1 Introduction

There are several ways to mathematically define quasicrystalline patterns. We adopt here
the “cut and project” approach, where a quasicrystal consists of the projection of a ‘stripe’ of
a higher-dimensional periodic pattern. If the direction of this stripe is irrational with respect
to the periods of the original pattern then the resulting projected structure is not periodic,
lacking translational symmetry. However, it inherits some ‘quasiperiodic’ properties from the
original lattice. In the case of a Penrose lattice, for example, we have a five-fold symmetry
deriving from its description as the projection from a five-dimensional lattice on a two-
dimensional plane.

Our notation for the “cut and project” approach is as follows. We fix an n-dimensional
plane IT,, C RY, and suppose that it is an “irrational” plane; i.e., that I, N Z™ = {0}. This
is not a restriction of our method: in the case that II,, N Z" is a n-dimensional lattice then
we are in a simpler periodic setting, while the case when II,, N Z" is a k-dimensional lattice
with 0 < k < n can be seen as a combination of the extreme cases. We then consider a fixed
polyhedral neighbourhood of II,,, S = II,, ® Sy with Sy a polyhedral set in the orthogonal
complement of II,,, and ¥ = Z¥ N'S. A pictorical description for N = 3 and n = 1 is given
in Fig. 1.

We will consider interactions corresponding to nearest neighbours in ¥ (i.e., pairs (i, j)
with |[¢ — 7] = 1). In order that this system of interactions give rise to a quasicrystal we have
to assume that ¥ be large enough so that we do not have “disconnected” points inside X.
To that end, we assume that there exists a coordinate n-dimensional plane in RY, which we
identify with R™ such that the projection P : ZN — Z" C R™ satisfies:

e for all nearest neighbours «, 3 € Z" there exists at least a pair of nearest neighbours
in € P a)N X and ig € P~H(B) N X.
We will consider a “ferromagnetic” spin energy defined on X of the form

D (uwi—uy)?, w:iS - {11}, (1)
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Figure 1: Picture of S (n=1, N = 3)

where the sum runs on nearest neighbours in 3 (note that on bounded sets this energy can
be rewritten in the more common form —2 ZL ; wiuj, up to an additive constant. We prefer
(1) so that uniform states have zero energy), and describe its “macroscopic” behaviour. To
this end, we introduce a small parameter € > 0 and scale the energies as

F.(u) = Ze"il(ui —u )2, w:el — {=1,1}. (2)

The scaling is justified by recalling that in the periodic setting with n = N this normalization
gives a non-trivial surface energy in the limit (see [1]). Note that our problem can be
interpreted as the asymptotic description of a “discrete thin film” concentrating on the
plane II,, (see e.g. [7]).

We will prove that, as ¢ — 0, energies (2) can be approximated by an interfacial energy.
First, we prove a coerciveness property showing that sequences {u.} equibounded in energy
can be identified with sequences {v.} defined on R™ converging to a limit v : R” — {£1}
(or, equivalently v : IT,, — {£1}). Every such v is then identified with the set A = {v = 1};
the energies F, are then shown to converge to an interfacial integral of the form

F(A) = /({M o(v)dH" . (3)

A key point is the description of the surface tension ¢, which is characterized by an
asymptotic formula involving discrete optimal transition problems on large sets in X, corre-
sponding to large cubes in R™, similar to those introduced in [7] to deal with homogenization
problems on continuous thin films. The main technical issue of the paper is precisely the
proof of the existence of such ¢, for which we adapt the quasiperiodic arguments of [11].



To this end we make a technical hypothesis by requiring that the boundary of the stripe S
be itself composed of portions of irrational hyperplanes. Under this assumption we prove
a coarse-grained “almost invariance” of the energies for a wide set of translations; this is
a consequence of the fact that for all n > 0 we may find a uniformly dense set of “almost
periods” o, in Z" such that translations of the stripe ¥ by oy, superposes exactly with X
except for a set of points whose location can be controlled. As a consequence, the effect on
the translations of minimum problems can be estimated, which is a key point in the proof
of asymptotic homogenization formulas.

We note that, contrary to the case of Penrose lattices considered in [11] where one can
essentially reason directly on the projection of the higher-dimensional lattice on II,,, here
the description of the system as a discrete thin film is exploited both in the proof of the
coerciveness of the energies and in the control over translations.

2 Notation and setting of the problem

Let N > n > 1; we fix II,, an n-dimensional linear subspace in RN, As already remarked in
the introduction the relevant case is when

I, N ZYN = {0}. (4)

Otherwise, there exists 0 < k < n such that we can write II,, = Il ® II,,_j, where Il is a
k-dimensional rational space; i.e., generated by k independent vectors of ZY, and II,,_}, is
an n — k-dimensional space with IT,,_; N ZY = {0}, and the analysis can be decoupled in
the two spaces.
Given ¢ # 0 in the orthogonal complement of II,,, denoted by II-, let H(&) be the
half-space defined by
H(E) = {o € RY : (- £,¢) < 0},

Note that this is a way of describing any closed half-space H containing 0 in its interior. It
suffices to take the vector of minimal length in OH as €.

For K € N we choose &,...,&k € II-\ {0} such that ﬂjil H() c {z € RY .
dist(x, I1,) < R} for some R > 0, and define

K
S=(HE), £=z"ns. (5)

j=1
Note that S is a polyhedral neighbourhood of II,, with boundary faces
Ej =850 {{z,&) =0} +§&).

With these assumptions, we have that Sy = S NIL+ is a compact convex polyhedral set. In
Fig. 1 we picture S for N =3 and n = 1.

With a slight abuse of notation, we identify R™ with a coordinate n-dimensional space in
RY, which we may suppose to be the one generated by the first n coordinate basis vectors,
and denote by P the orthogonal projection on R™ from RY; i.e.,

P(xy,...,zn) = (z1,...,2y). (6)



Our main assumption is that ¥ is connected, in the sense that each pair of points in ¥ can
be joined by a chain of nearest neighbours in >. This is assured by the following assumption
on P:

(H) for all nearest neighbours «, 5 € Z™ there exists at least a pair of nearest neighbours
ion € P"Ha)N T and ig € P7HB)NX.

In addition, we choose &; such that
{z:(z,&)=0}NZY ={0} forall j =1,..., K. (7)

With this technical assumption all boundary faces E; of S lie on irrational hyperplanes
parallel to II,,, that is affine hyperplanes parallel to irrational N — 1-dimensional subspaces
containing II,,. This property will be used to ensure that translations along II,, do not
“change much” the geometry of X.

We introduce a small parameter € > 0 and denote by A, the set of all functions u : eX —
{-1,+1}. If e = 1 we will write A; = A. We define the energies F. : A. — [0, +cc] by

Fe(u) = 26"_1(% — ;)% (8)

where u; = u(ei), and the sum runs on all pairs of nearest neighbours in ¥; ie., i,j € ¥
such that |i —j| = 1. Note that if F,(u) < +o0o then u; is constant outside a bounded subset
of 3.

le=0—\l/ _‘ \Lv =+1

o

Figure 2: Projection from ¥ to eZ" (n =1, N = 2)

To each u € A, we can associate a function v = P(u) : eZ" — {—1,0,1} as follows (see



Fig. 2):
1 if u; =u(ei) =1foralli e P~ (a)NX
vo =v(ea) =49 -1 ifu; =u(ei)=—1forallie P 1(a)NX (9)
0 otherwise .

In its turn each such v is extended to a piecewise-constant function on R"; e.g., by

€ E\"
cuitscanr (52)
v(z) = v, if & €ca+ 55
We have the following coerciveness result.

Proposition 1 (coerciveness). Let hypothesis (H) hold. Let {u.} be a sequence in A with
sup, F:(ues) < 400, and let v. = P(u.) be the corresponding piecewise-constant functions on
R™ defined as in (9). Then the sequence {v.} is strongly precompact in L (R™), and each
its limit belongs to BV (R™; {—1,1}).

Proof. Proposition 1 follows easily by estimating the perimeter of the sets {v. = +1} and
showing that the sets {v. = 0} are asymptotically negligible.
We will use the notation vg, := (ve)q and u§ := (ug);. The letter ¢ will denote a strictly
positive constant, whose value may change from line to line.
First, note that for all & € Z™ such that v, = 0 there exist nearest neighbours ¢,j €
P~!(a) NY such that uf # u$; hence
4e" o v =0} < Fo(u) <c

so that
" o vs =0} <c (10)

and
{z e R" : |ve(z)| # 1} = {z € R" 1 ve(z) = 0} = " #{a : v, = 0} < ce.

It is sufficient then to prove that the (characteristic function of the) sets
Ve={zeR":v.(x) =1}
are pre-compact in L{ (R™). To that end (see e.g. [3]) it suffices to prove that
H O VL) < c.
This follows immediately from the estimate
HHOVe) = T B)la—Bl=1, ae V., B gV}
= e (#{(@.8) o= Bl =1, v, = 1,05 = 0}
+#{(0,B) s o= B =1, 0§ = 1,05 = ~1})
e (#{as v = 0)
+#{g) i =l = Luf = Lug = —1})

1
= " Y4 {a:vE =0} + gFe(uE) <c

IN



by (10). |

The coerciveness result in Proposition 1 justifies the definition of the convergence
Ue — U = P(u.) — u strongly in Li, (R"), (11)
where u € BV (R™; {—1,1}), or, also, equivalently
Ue — A — u: — uwand u=—1+2x4, (12)

where A is a set of finite perimeter in R™.

Remark 2. The convergence above can also be interpreted as a ‘thin-film convergence’; i.e.
as a L'-convergence on a fixed set obtained by scaling to a fixed size the components of
points in €¥ orthogonal to II,, (see [7]; see also [4] Section 14). In our case the convergence
may be considered in the set

S, = {z € RY : dist(x,11,,) < o},

where g is small enough so that S, is contained in the union of all cubes i+(—1/2,1/2)" with
i € ¥ (if no such p exists then the definition of convergence is slightly more complex). We
extend the functions u € A to piecewise-constant functions on the cubes i + (—¢/2,¢/2)V.
Note that S, = 5, ©IL,,, where S, is in the orthogonal complement of IL,,. If x = y+ s with
s € S, and y € II,,, we set . (x) = u.(y+es). Then for sequences with equi-bounded energy
we have u. — w if and only if 4. — @ on bounded subsets of S,, where u(z) = u(P(y))
depends only on y € I, if z = y + s.

We will describe the asymptotic behaviour of the energies F. through the computation of
their I-limit with respect to the convergence defined in (12). This limit will turn out to be
a surface integral. In order to define the limit surface tension we introduce some notation:
for fixed v € S™~! we will denote by Q¥ C R™ an n-cube centered in 0 with side length 1
and one face orthogonal to v. We also consider the function

() = {1 if (x,v) >0 (13)

—1  otherwise.

If ECZ" we will set -

E={ieZ":3jeE:|i—j| <1}
and (with abuse of notation) for E C R" we set E = ENZ". Finally, we localize our
energies on (pre-images of) subsets of R™ by setting

F.(u,FE) = Z " u; — uj)27 (14)

i,jESNP—1(E)

where the sum is taken on all nearest neighbours in ¥ N P~1(E). If ¢ = 1 we will write
P =F.

With this notation we can state the following proposition, which will be proved in Sec-
tion 4.



Proposition 3 (existence of the surface tension). For all v € S"~! there exists the limit

1
TEI_EDO WQT(V)a (15)
where
gr(v) = min{F(u,TQ") :u € A, P(u)=v" on Z"\TQ"}. (16)

The previous proposition allows us finally to state the main result of the paper.

Theorem 4 (homogenization of quasicrystalline lattices). Let II,, be a linear subspace of
RN of dimension n satisfying (4), let ¥ be defined by (5) and satisfy hypotheses (H) and (7).
Let the energy F. be defined by (8) and the surface tension ¢ be defined by (15). Then the
T-limit of F. with respect to the convergence (12) is given by

o) = [ ploayan, a7)

where 0* A denotes the reduced boundary of A and v 4 its interior normal.
The proof of this result will be obtained in Section 5.

Remark 5. In the case n = N — 1 hypothesis (7) is always satisfied thanks to (4) since the
two faces of the boundary of S are parallel to IT,,.

If we remove hypothesis (4) then II,, = Iy @ II,,_x, where IIj is an irrational plane and
I1,,_ is a rational plane (i.e., II,_x N Z" is a n — k-dimensional lattice). Then the same
theorem holds provided that S can be written as II,,_ @ S’, where S’ satisfies (7) in the
N —n + k dimensional space orthogonal to IT,,_;. We will not deal with this case in detail.

It is not clear if (7) is just a technical hypothesis, and if the proof of the theorem can be
adapted to cover non-polyhedral neighbourhoods of IT,,.

Remark 6 (local version of the homogenization theorem). In the same way as for Theorem 4
we can prove that for any fixed bounded open subset € in R™ with Lipschitz boundary we
have convergence of the localized functionals F.(-, Q) to the localized interfacial energy

Fy(A,Q) = /ma*A o(va)dH" 1. (18)

This can be proved by extending all functions to 1 outside eX N P~1(Q) and using the
theorem on compactly contained subsets of € to get a lower bound, while an upper bound
is obtained by the same direct construction of the upper bound of the theorem. Note that
in this case the I'-limit is computed with respect to the convergence in L'(2) in (11).



3 Quasiperiodic properties of quasicrystals

In this section we derive some properties of ¥ when the plane II,, satisfies (4).

Proposition 7. For all n > 0 the set
n __ n. i: -1
Ty ={reZ":dist(P™ ()N X, 1,) < n}

is relatively dense in R™; i.e., there exists an inclusion length L, > 0 such that for all x € R"
there exists T € T)} such that x € 7 + [0, Ly]".

Proof. The function f(x) = dist(P~!(x) NII,,Z") is continuous and quasiperiodic; hence,
it is uniformly almost-periodic in R™. By the characterization of uniformly almost-periodic
functions in [2], the set 7" = {x : f(x) < n} is relatively dense in R". Then P({o € Z" :

dist(c, P~ (T, ) N1II,) < n}) is also relatively dense. Since by construction we have that
{0 € ZN : dist(o, P_l(i?) NIL,) < n} = {o € ¥ : dist(o,11,) < 5},

then T = P({o € Z" : dist(o, Pil(ﬁ;‘) NII,) < n}) concluding the proof. O
We define
N _ T
T, = {0 € ¥ :dist(o, 1) <n}, (19)

so that T = P(T;)Y). For any o € T, we define

B(o)={a€eZ": (P (a)NE)+0#P (a+Plo))NZ}

and

B,= |J Blo). (20)

N
o€l

Proposition 8. There exist a sequence {R,} with R, — 400 as n — 0, such that for any
z €R" and any v € S"~1
#(B, N (R,Q" + 7)) < K,

where K is the number of the faces of the neighbourhood S of 11,,.
Forn>0and j=1,...,k we define

K
A ={iezN :dist(i,L; + §) <n} and A, =|]JA]
j=1

K
Hy={z eRY: (v —¢,&) <nlgl} and §,= () Hj
j=1
where L; = {z € RN : (2,§;) = 0} (see Fig. 3). Note that S, is a polyhedral “n-

neighbourhood” of S, so that A, are the points in ZN lying in a polyhedral “n-neighbourhood”
of 0S.



Hn e 1 2)7,/ Lj+§j

Figure 3: Parameterization of an n-neighbourhood of S

Proof. We start by showing that for any n > 0
B, C P(A,NSy) (21)

(see Fig. 4). Indeed, suppose by contradiction that there exists o € B,, such that for any

Figure 4: The set P(A, N S,)

i € P71(a) either the inequality

dist(é, L; +&;) = |<Z_|§J|7£]>| >n holds for every j =1,..., K, (22)
J
or the inequality
(1 —¢&;,&) > nl&|  holds for some j € {1,..., K}. (23)



Let o € T,V be such that o € B(o). Then for any j such that |(i — &, &;)| > n|&;], it follows
that for i € P7!(a)

€17 > o, &) = 1651 — 2(i + 0 = &, 6 = &, &5)- (24)

This implies that ¢ and i + o belong to the same half-space H(;) defined by L; +¢&;. If (22)
holds, then (24) holds for any j, and we have

ieX<=icH() forany j <= i+o € H() forany j < i+o0 € X.

On the other hand, if (23) holds, then there exists an index j such that (24) holds and
i ¢ H(&;). Thus, i+ o0 ¢ H(;), hence i + o ¢ . We conclude that i + ¢ € X if and only if
i € X. This implies that (P~ 1(a) + )N = (P~!(a) NX) + o and since the set equality
P~ Yz +y) =P Y(z)+Y holds for any Y € P~1(y), we get

P Y a+P)NE=(Pa)+o)nE = (P Ha)NX) +o0,

which gives a contradiction since o € B(o). This proves (21).

We recall that the family {¢;} satisfies the hypothesis L;NZ"Y = {0} forany j = 1,..., K.
Then, setting _ '

2 (n) = inf{[i; — %] 2 ij,45 € A5 # 45},

we show that lim, .o/ (n) = 400 for any j. Indeed, suppose by contradiction that there
exists a subsequence {n} such that r7(n;) < C; < +oo for any k; then for any k € N there
exist i;(k) and (k) in AJ such that i;(k) # i(k) and |i;(k) — (k)| < Cj. Then (up to
subsequences) i;(k) — i;(k) is constant, say i;(k) — (k) = ¢ € ZN \ {0}. Since i;(k) and

i%(k) belong to A%k, it follows that for any k dist(¢, L;) < 2n; — 0; this implies ( € Lj,

giving the contradiction since L; N ZN = {0}. Setting
ry, =min{ri(n):j=1,..., K},

it follows that lim, . r, = 400, and satisfies the property that if ¢ and ¢’ belong to A% and
|¢ — 4’| <7y, then ¢ = '. Therefore, for any closed ball Dév C RY with diameter 7, we get

#(D) N A,) < K. (25)
Now we define
R = ™
T V(1 +p)

where
p = [|(Pl,) ™| = max{|(Pln,) " (v)] : Jo] = 1}.
Let Dy be the ball with center z and diameter Vv/nR,; we now prove that
diam(P~"(D}') N Sy) < 7y (26)

Let ¢ be the diameter of S, N P~*(0). If i,4/ € P~*(Dy)N S,, and w = P(i — i), then i — 4’
admits a decomposition i — i’ = (P, )~ (w) + wp, where wg € P~(0). We have

i — | < e+ |(Pln,) ™ (w)| < ViR, + plw| < VAR, (1+p) <7,

10



since ¢ < y/nR, for n small enough.
If o € (R, Q" +2)NP(S,NA,), there exists i, € P~ (a)NS,NA, C P71 (Dp)NS,NA,;
then, (26) implies

(R,Q" +2) N P(S,NA,) C P(P~(D}) NS, NA,) € P(DY NAy),
where D) denotes a closed ball in RY with diameter 7, as in (25). Thus, (21) and (25) give
#((RyQ" +x) N By) < K,

and the proof is concluded. O

4 The surface-tension formula

In this section we prove Proposition 3, which will be obtained using the following result.

Proposition 9. Letv € S" 1, T > 0, and let ur € A satisfy F(up, TQV) < CT"~! and the
boundary condition Pur = v” on Z™ \ TQ", where v” is defined in (13); then for alln >0
anZ for all 7 € T}} there exists up such that (Pup)(a) = v"(a —7) for a € Z" \ (TQ" + 1)
an
F(u7, TQV+7) < F(ur, TQ") + 71",
nm
where ¢ depends only on n,N,% and C, and R, is given by Proposition 8.

Proof. The idea behind the construction of w7 is that we can simply translate the function
ur except close to some set of exceptional points. This exceptional set is not negligible,
but the function up must be constant on some sets enclosing most of such points, so that
up can be defined as that constant in the interior of the translation of those enclosing sets.
Proposition 8 allows to quantify this process. In the sequel, ¢ will be used to denote possibly
different positive constants depending only on n, N and ¥, and on the constant C' in the
hypothesis on the energy F(ur, TQY).

Given n > 0 and 7 € T}, we set (omitting the dependence on 1) o as the unique element
in P~ (7)NT)Y and Iy = TQV N B(o). Thanks to Proposition 8, for any y € Z" we have
# (B(o) N (R,Q" + 7)) < K; then, since TQ" C (T + R,)Q", it follows that

(I \ (T~ RQ") < T

. 27
— R”Iql*l ( )

We set Jp = Ir N (T — R,)Q"; Proposition 8 ensures that there exist 79 > 0 depending only
on n, N and %, and a family St of indices such that Jr = J,cs  Jp and

1. #J7 < K for any s € Sr;

2. the set U5 =J (roR,Q + «) is connected for any s € Sr;

acJ

3. if 5,5’ € Sp with s # &' then U3 NUS = 0.

11



Conditions 1-3 above express the fact that points in Jp can be decomposed into “clusters”
of at most K elements, at a distance of order R,. Moreover, we can assume ro < 1/2, so
that for n small enough we have

(roRyQ +a) N (T +2)Q"\ (T - 2)Q") =0

for any o € Jr.

~ -1 N
Setting St = {8 € Sr: Flur,Up) > TOR;’}, the hypothesis on F(ur, TQV) gives
~ 2071
Sp < —————. 28
# = ToRn — 3 ( )
Then, fixed s € St \gT, we define
Co=J @Q+a
aeJy
Co= | ] (@k+1)Q+a)\ | ] (2k-1Q+a) fork=1,.., |fa=1}
eJs eJs 2

R,—1
Since F(up,U3) < ro#, there exists an index k(s) such that F(ur,Cl)) = 0;

denoting the connected components of C(s) by C}?Es)’ with m = 1,..., My, we can write

City = U (@) +1DQ+a)\ | ((2k(s) - DQ + a),

aEFL"(S) aer;;(/S)

My ()
where the sets I'j7) are disjoint and U I'isy = J7 (see Fig. 5). Then, for any m =
m=1

1, ..., My(s), ur is constant on 3N P’l(C’,’C’ZS) NZ"™). We denote this constant value by uy"™.

Now, we can construct u},. For any s € Sp\ Sy, we define w7, in ¥ N P~1(Us + 7) by
setting

u™ if P(i)—re | (2k(s)+1D)Q+a), m=1,..., My

up(i) = aely

ur(i — o) otherwise in X N P~ (U3 + 7);

it follows that
Fup,Uf +71) < F(up,Uf). (29)

For s € gT, the function w7 is given by

T (i) = 1 if P(i) — 7 € B(o)
ur(i — o) otherwise in ¥ N P~Y(Us + 7).

12



Figure 5: Construction of functions close to exceptional points

Finally, we set
T(i): UV(P(i)—T) ifP(i)—TGIT\JT
ur(i — o) otherwise in X.

Note that P(ul)(a) = v’ (o — 1) for a € Z™ \ (TQ" + 7). Recalling (27), (28) and (29) we
get
Fuh,TQ"+71) < F(up, TQ") + c#(Ir \ Jr) + cK#Sr

Flup, TQV) + —1m1,
Rn

A

as desired. 0

Remark 10. The same argument as above shows that, given 7 € T}* and a function u € A
satisfying F(u, TQ" + 7) < CT""! and the boundary condition (Pu)(a) = v*(a — 7) for
a€Z"\ (TQV +7), we can construct a function u € A such that Pu = v” in Z" \ TQ" and

F(@,TQ") < F(u,TQ + 1) + RLT"—%
Y

where R, is given by Proposition 8.

13



Proof of Proposition 3. We consider S >> T and the n-cube SQ¥. With fixed n > 0,
let L, be the inclusion length given by the relative density of 777, and denote by @} with
k=1,..., [%2%] nt disjoint cubes with two faces orthogonal to v and side length T'+2L,,
included in SQ” N {|{z,v)| <L + L,}.
The relative density ensures that for any k there exists a translation vector T,I; € T} such
that TQ" + 7, C Q.
k

Following Proposition 9, given ur, for any translation vector 7'7’7“ we define u* = u;” . We
then define ug as

uP (i) if P(i)e TQV+7F
ug(i) = PRy . N e . 30
0= { (o) it Py G Uylrar o) (30)
In Fig. 6 we picture the construction of ug by representing the corresponding projections
P(ug) (gray and white regions corresponding to +1, the 0 zones being negligible).

Figure 6: Representation of the construction of ug

The contributions to F(ug, SQ¥) outside the union of the squares Q7 can be easily
estimated by ¢(T + 2L,)"~1S"~2 since there we have ug(i) = v”(P(i)).

Hence, the function ug: SNP~1(SQV) — {—1,+1} defined in (30) satisfies the boundary
condition Pug = v¥ in SQ¥ \ SQ and thanks to Proposition 9

__ S n—1 - Tn—1
F(us,SQv) < [T+2LJ <F(UT7TQ ) +c R

+c(T + 2L,))" 18" 2,

+ cLZl)
n

14



Thus, taking the upper limit as .S — +oo,

1 4447 1 . Tmfl
i —F vy < — | F TV
;Igil;g Snfl (U’Sa SQ ) = (T ¥ 2Ln)n71 < (UT, Q ) +c R

+ 0L21>
n

+ 0L21>

n—1

(F(uT,TQ”) +c =

< 1
— Tn—l -

and, taking the lower limit as T" — 400,

_— C
F TQY —.
(uTa Q ) + Rn

1 _

li —F SQ7) < liminf

imeup grmr (s, SQ7) < fiminf 7y
Now, for a given r > 0, let u}.: ¥ — {—1,+1} satisfy Pul. = v” in Z™ \ TQ" and be such
that

Fup, TQ¥) < gr(v) + .
Then u/. satisfies the hypothesis of Proposition 9, and
c

1 1
lisrgitig g1 95(v) < liminf 7o gr(v) + o

Letting  — 0, since I, — +oo by Proposition 8, we have

1
W g 9s0) S P gy 970
o . 1 .
and we conclude that the limit p(v) = Thm ﬁgT(u) exists. O
—+oo AT

5 Homogenization of quasicrystalline lattices

In this Section we prove Theorem 4 by showing separately a lower and an upper bound.

5.1 Lower bound

Let A be a set of finite perimeter in R™ and let {u.} be a sequence of admissible functions
such that u. — A, where the convergence is as in (12). It is not restrictive to assume that
there exists the limit lim F.(u.) and that it is finite.

e—0t
We define the measures

pe = 1Y Sa#{{i,j} € NUP M) NTY) :ue(i) # ue(4)}
aEZ™
et Y s #{{i 5} € N(B) i€ PTHa),j € PTH(B), us(d) # ue (),
{a,8}EN(Z™)
where for E C Z" (or ZV) we set N(E) = {{a,}: a,3 € E, |a — 3| = 1}. In this way,
te(R™) = F.(ue), so that the sequence {u.} is bounded, and, up to subsequences, we can
assume iz — fi.
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We want to prove that the inequality

dp
dH"—1 L 9*A

holds for H"'-a.a. z¢ € 0*A.

(o) = ¢(va(xo)) (31)

With fixed zg € 0*A we set v = v4(xp), and consider as above pQ" + x( as any cube in
R™ with centre xg, side length ¢ and two faces orthogonal to v. Note that, for almost every
0, (0Q" + xo) = lim. o pe(0Q" + o).

By the Besicovitch differentiation theorem it follows that H™ '-almost every zo € 9*4
is a Lebesgue point for p with respect to H"~! L 9*A. Hence, for H" !-a.a. 29 € 9*A there
exists the limit d 5

B (z0) = lim (0@ + o) .
dH™1 L 9*A 0o—0 H™1((0Q¥ + ) N O*A)

A—
For H" l-a.a. 9 € 9* A we have O o {z: (x,v) >0} as o — 0.

We may therefore assume that zo € 0*A satisfies the properties above.
Since p is finite it is also possible to choose an infinitesimal sequence g. such that

i (zo) = liminf e (0:Q” + o)
dHTL 0*A" ~ Te20" H 1 ((02QY + 20) N O*A)

satisfying the asymptotic conditions T, = LN 400 and, setting z. = —
€

1
T |ve(ez) — v (z — x2)| dz = 0(1)es0- (32)
[ TEQUJ’_IE
Then we get
lim inf e (0:Q" + o) = liminf Fg(us,ggg + o)
e—0 Hn_l((QEQV + ,’1,‘0) M 8*A) e—0 ‘Q?
= 11m mf F (w€7 TE?I i xE)
e—0 n

€

where w. (i) = uc(g7) in ¥ so that Pw.(a) = v.(eq).
The relative density of the set of translations 7' ensures that fixed n > 0 there exists
7¢ € T} such that (T: —2L,)Q" + 7° C T.Q" + z.. Note that

/ W (& — 2) — 0" (& — )] dx = O(T" oo,
(Te—2L»)Qv+T°
We set T, = T — 2L,; from (32) we get

1

= |ve(ex) — v” (& — 7°)| dz = 0(1)cs0- (33)
T2 J7.qr i
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Now, we fix 6 € (0,1/4) and define
T.
3v/n

Moreover, we set C(m,e) = Q¥(m—1,¢)\ Q¥ (m,e). The definition of Q¥ (m, ¢) is envisaged
so that the cube Q¥ (m, ) is well separated from the exterior of Q¥ (m—1,¢) (see also Fig. 7).
Then there exists m(e) € {1,..., Nc} such that

Q" (m,e) = (Te - 2(6T€ + 3m\/ﬁ))QV +7, m=0,...,N. =

Hx €T.Q" +7°: Pw.(z) # v (x — TE)}]
> NZ #{a€Z":Q+aC C(me)and Pw.(a) # v"(a —7°)}
> ;;?a €Z":Q+a C C(m(e),e) and Pw.(a) # v”(a — 1)} N,
so that recalling (33) we get
#{aeZ": Q+ac C(m(e),e) and Pw.(a) # v’ (a —71°)} = o(T" o, (34)
Now we define @, : ¥ — {—1,+1} as

= [ e I (Q + P(0) N Q¥ (m() +1,2) £ 0
€ v’ (P(i) — 7¢)  otherwise

(see Fig. 7).

Figure 7: Modification of boundary values

Recalling (34), it follows that w, satisfies the boundary conditions, and by construction

F(., ToQ¥ +7.) < Flwe, TeQ" + 7.) + o(T Yo + T4,
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Taking the liminf as € — 0, and the limit for § — 0, the previous inequality implies

F(w.,T-Qv F(w., T-Q"
liminf (ws’;EQ +7e) < liminf (we’;EQ +7e)
e—0 Tsn_l e—0 TE"_l

Now, Remark 10 ensures that there exists w. € A with Pw, = v” in Z" \ TEQ” such that
F(@., T.Q") < F(@., T.Q" + ) + T,
and we can conclude

,LLE(QEQV + xO)

lim inf >  liminf —
U Hr1((0.QY +20)NO*A) = g T
F(@.,T.Q" F(@.,T.
> liminf (ws,le + 7e) > liminf (11)5,75162) -
£—0 Téﬂi e—0 T;’7 Rn

Since R, — +o0 as 7 — 0, Proposition 3 finally allows to conclude that

1iminf ME(QEQU + ’IO)
20" H1((0.Q¥ + w0) N O"A

) > o(v). (35)

5.2 Upper bound

The proof of the upper bound will use a density argument, following the line of the proof of
the upper bound in [11]. We start by proving in Proposition 11 the existence of a recovery
sequence when A is a polyhedral set.

Proposition 11. Let A C R™ be a polyhedral set. Then there exists a sequence {uc},
ue € Ae such that ue — A as € — 0 (where the convergence is given by (12)) and

limsup F.(u.) < Fy(A) = / o(v)dH" .
A

e—0

Proof. Fixed r > 0, omitting the dependence on r, for any S > 0 we denote by u% € A a
function satisfying Pu% = v” in Z" \ SQ" and

F(u%,5Q") < gs(v) + . (36)

Our construction is localized close to each (n — 1)-dimensional face of the polyhedral set
A. We start by considering, for 7 € R" and v € S"~!, the affine space L = {(z —Z,v) = 0}.
Let E be a (n — 1)-dimensional polyhedral subset of L.

Fixed € > 0 small enough, we denote by Q¥ = \/zQ" + z¥, for k = 1,..., M, each cube
of a maximal family of disjoint cubes with center in E, two faces orthogonal to v and side

length /g, such that Q¥ N L C E. Note that
M. = M E) WA+ ol (V) oo,
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Setting
Eyx={z+tv:z € E,-A<t< A}

for A > 0, we can estimate
#(EZ” N (Eaeym \ U ng)) <cyeetm (37)
k

For any 1 > 0, the relative density of 7' ensures that for any ¢ > 0 and k there exists
Tk e Ty (where we omit the dependence on 7) such that e~tzk € [0, L,)" + 7F; hence, for
T large enough

(T —4L,)Q" +7F C TQ" + & 'a*
so that, choosing T'=1//e

(Ve —4eL,)QV + etk C \/2Q¥ + z¥.
Setting p. = /e — 4¢L,, (again omitting the dependence on 7), Proposition 9 ensures that
for each ¢ > 0 and k = 1,..., M. there exists u* € A such that P(u¥)(a) = v*(a — 7F) in
27\ ((0./€)@” + %) and

F(uf, (0-/)Q" +7F) < F(ul_,., (0-/6)Q") + R% (?)n_l

where uy ;. is as in (36) with S = p./e. Defining for each k = 1,..., M. the function

wh € A. as wk(ei) = uk (i), it follows that

F.(wk, 0.Q" T e1F) =" F(ul, (0-/)Q" + 7F)

n— v o cC
<e" T F(uy s, (0-/6)QY) + R !
_ e c
<" 1995/5(V)+5 1T+R795 !
n
Now, for a fixed A > /£, we define w.: eX N P71 (E)) — {—1,+1} as
N ) wi(e) if P(ei) € 0.Q¥ + et}
we (&) { vY(P(gi)) otherwise. (38)

where
1 ifeae{z+ty, x € E,0<t <A}

vE(sa)—{ -1 ifeae{z+ty, ze E,-X<t <0}

In Fig. 8 we picture the construction of w. by representing the corresponding projections
P(w,).
Since for each k we have

# (227 1 By 01(QE\ 0:Q7 +278) ) < e(vE)* ™,
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Figure 8: Construction of w,

recalling (37) we have
Fs(ws,E)\) < ZFE(wfa QEQV + ETsk) + anil # <5Zn N (EZE\/E \ U QsQV + 57’5))
k k

¢
< M, <5”_1g95/5(y) +e e 4 Rg?_1> +c\/e
n

< HMEWE M)+ + 5 (L) oo

n—1
_ € c
< HE)(Z) (0se0) 1)+ ol
0c Ry
. . Qe
since g < v/ and il_I)I’(l) v 1. Then
1 c
lim sup F; (we, E < H"YE) limsup ———— V) + —
g—»Op 6( € )\) ( ) g—»Op(QE/F;)n—ngE/E( ) R'r]
n—1 c
= E —.
HE) o) + g
Since R, — +o00 as 7 — 0, we conclude
limsup F. (w2, Ex) < H" " H(E) ¢(v). (39)

e—0

Now, let A be a polyhedral set in R™ with (n — 1)-dimensional faces E',..., E7. We
denote by 17 the inner normal to E? and by EY the set {zx +t17 1z € E, -\ <t < A}.

Let w. ;: eXNP~Y(E]) — {~1,+1} be the function constructed as in the previous step,
by choosing E = E/, v = 17 and E) = EJ. Now, we define

w(ei) = w, ;(e) it P(ei) € B) \Upu(B5-NEL )
Xanezn (P(g1))  otherwise in eX.
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With this definition, uc — A in the sense of (12); since ‘Ukﬂ(E\k/g N Eiﬁ) —0ase—0,
recalling (39) we get

limsup Fi(u:) < > H"H(ET) (1) = / p(v)dH" " = Fy(A). (40)
e—0 - 0A
J
concluding the proof. O

To treat the case of a general A, we use a density argument based on the Reshetnjak
Theorem. Given A with finite perimeter in R™, let {Ax} be a sequence of polyhedral sets
such that |AAAg| — 0 and |Dxa,|(R") — |Dxa|(R™) as k — 400 (see [3]). The same
proof as [11, Sec. 4.2] shows that the function ¢ is continuous, so that we can apply the
Reshetnjak Theorem (see, e.g., [3, Th. 1.3.2]) to obtain

kEToo FQ(Ak) = Fo(A)

Then, the lower-semicontinuity of the upper I'-limit allows to conclude the proof.
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