CVGMT Preprint Server - http://cvgmt.sns.it/papers/fusgormag03/

A remark on Serrin’s Theorem

Nicola Fusco Dipartimento di Matematica e Applicazioni “R.Caccioppoli” Via Cintia, 80126 Napoli, Italy e-mail: n.fusco@unina.it

Michele Gori Dipartimento di Matematica “L.Tonelli” Via Buonarroti 2, 56127 Pisa, Italy e-mail: gori@mail.dm.unipi.it

Francesco Maggi Dipartimento di Matematica “U.Dini” Viale Morgagni 67/A, 50134 Firenze, Italy e-mail: maggi@math.unifi.it

Let Ω ⊂ R^n be an open set. A Borel function f = f(x, s, ξ) : Ω × R × R^n →[0, ∞) is called an integrand if, for every (x, s) ∈ Ω × R,

f(x, s, ·) is convex on R^n .

Given an integrand f we consider the functional I[f] : W^{1,1}_{loc} (Ω) →[0, ∞] defined as

I[f](u) := ∫ Ω f(x, u(x), ∇u(x))dx.

A classic problem in the Calculus of Variation is (see [20]) to find conditions on f ensuring that I[f] is L^1_{loc} lower semicontinuous, that is

I[f](u) ≤ lim inf_{h → ∞} I[f](u_h), ∀u_h → u in L^1_{loc}(Ω).

Aronszajn provided a counterexample (see [19], [6] and for further modifications [16] and [15]) showing that lower semicontinuity in general fails even if f is continuous. On the other hand Serrin in [20] proved the following theorem:

Theorem 1 (Serrin’s Theorem). Assume f is a continuous integrand and that one of the following conditions holds:

(i) lim_{|ξ| → ∞}f(x, s, ξ) = ∞;

(ii) f(x, s, ·) is strictly convex;

(iii) the classical derivatives f_x, f_ξ and f_{ξx} exist and are continuous functions.

Then I[f] is L^1_{loc} lower semicontinuous on W^{1,1}_{loc} .

If we want to find out a necessary and sufficient condition to L^1_{loc} lower semicontinuity we are naturally lead to ask the question: what kind of relation, if any, does exist between the conditions (i), (ii) and (iii)? The aim of this note is to provide an answer to this question. We start by reviewing some research done in the last years on the subject.

First of all let us remark that the crux of the matter in Theorem 1 is the dependence of f from the x variable: indeed De Giorgi, Buttazzo and Dal Maso have proved in [9] that if f = f(s, ξ) then the L^1 lower semicontinuity holds on W^{1,1} under very mild hypotheses on f.

More recently a renewed interest in the problem was raised by the results in [16] where the condition (iii) was significantly weakened by replacing it with the assumption that, for every bounded set B ⊂ Ω × R × R^n, there exists L = L(B) > 0 such that

|f(x_1, s, ξ) − f(x_2, s, ξ)| ≤ L|x_1 − x_2|, ∀(x_i, s, ξ) ∈ B, i = 1, 2. (1)

Condition (1) is a Lipschtiz type of differentiability condition and in particular implies continuity in x. This condition can be further relaxed up to consider mere measurability in the x variable together with a Sobolev type of differentiability condition, as showed in [15]. Further generalizations (to bounded variation type of differentiability) are possible and have been explored in [12], [7] and [13]. Some kind of differentiability is necessary: for example the L^1 lower semicontinuity on W^{1,1} is false if we replace (1) with an arbitrary Hölder condition, as showed by a counterexample in [15].

So far about condition (iii). Let us now spend a few words on the research carried over about conditions (i) and (ii). A natural question is: can we see them as particular cases of a more general condition of geometric type still sufficient to lower semicontinuity? The answer has been given in [14] and the condition is the following (this condition was independently introduced in [3] in the study of non coercive Dirichlet minimization problems and in [4] in connection with the regularity of convex envelopes).

Definition 2. A function Ψ : R^n → R is said demicoercive if there exist c > 0, b ≥ 0 and v ∈ R^n such that c|ξ| ≤ Ψ(ξ) + v · ξ + b, ∀ξ ∈ R^n .

For the basic properties of demicoercive functions we refer to [3]. Notice that a convex function Ψ such that lim_{|ξ|→∞} Ψ(ξ) = ∞ is demicoercive. Also strictly convex functions are demicoercive.

There are demicoercive functions that are neither coercive or strictly convex, for example Ψ(ξ) = ∑_n

i=1 max{ξ_i, 0}. The following theorem holds.

Theorem 3 ([14], [18]). If f is a lower semicontinuous integrand such that, for every (x, s) ∈ Ω × R, f(x, s, ·) is convex and demicoercive (or constantly equal to inf f), then I[f] is L^1_{loc} lower semicontinuous on W^{1,1}_{loc} .

The question is now if we can further unify the sufficient conditions found in Theorems 3 and 1. The main result of this note is to show that actually an integrand f of the type considered in Theorem 3 can be approximated by integrands {f_m}_{m∈N} of the type considered in (iii) in such a way that the lower semicontinuity of the I[f_m] implies the lower semicontinuity of I[f].

Theorem 4. Let Σ be an open set in R^d and f : Σ × R^n → R be a non negative and lower semicontinuous function with f(t, ·) convex and demicoercive. Then there exists a sequence of functions {f_m}_{m∈N} of class C^∞(Σ × R^n, [0, ∞)) such that

f = sup_{m∈N} f_m.

Remark 5. As a consequence of this approximation result and of Proposition 1 below we have the quite surprising fact that the lower semicontinuous result under the assumption (i) or (ii) of Serrin’s Theorem1 follows indeed from part (iii) of the same theorem! Also the more general Theorem 3 can be immediately deduced from part (iii) of Theorem 1 via Theorem 4. Moreover, the above theorem suggests that the search for a necessary and sufficient condition to L^1_{loc} lower semicontinuity has to move into the direction of finding conditions of the type introduced in [16].

The following proposition can be proved by a more or less standard argument based on a well known lemma concerning the integration of the supremum of nonnnegative Borel functions (see [2, Lemma 2.35]).

Proposition 6. Let {f_m}_{m∈N} be a sequence of integrands such that I[f_m] is L^1_{loc} lower semicontinuous on W^{1,1}_{loc} . If f : Ω × R × R^n → [0, ∞] is a function such that

f(x, s, ξ) = sup_{m∈N} f_m(x, s, ξ) ∀(x, s, ξ) ∈ Ω × R × R^n,

then also I[f] is L^1_{loc} lower semicontinuous on W^{1,1}_{loc} .

The proof of Theorem 4 is based on an approximation theorem for demicoercive functions that was used to prove Theorem 3 in [14] (see Theorem 7 below), on a stability property for families of demicoercive functions (that has been used in [18] to treat the relaxation problem without coercivity assumptions, see Lemma 8, part (a)) and on an approximation result for integrands satisfying (3), an hypothesis on f, sufficient to L^1_{loc} lower semicontinuity, that was introduced by Fonseca and Leoni [11] (see Lemma 8, part (c)).

Theorem 7. Let Σ be an open set in R^d and f : Σ × R^n → R be a non negative and lower semicontinuous function with f(t, ·) convex and demicoercive. Then there exists a sequence {f_k}_{k∈N} of lower semicontinuous functions with f_k(t, ·) convex and demicoercive and a sequence of vectors {ξ_k}_{k∈N} ⊂ R^n such that ξ → f_k(t, ξ + ξ_k ) + 1 is non negative and positively homogeneous of degree one and

f = sup_{k∈N} f_k.

Proof. See Section 2 in [14].

Lemma 8. Let Σ be an open set in R^d and f : Σ × R^n → R be a non negative and lower semicontinuous function with f(t, ·) convex.

(a) If f(t, ·) is demicoercive and positively homogeneous of degree one then, for every t_0 ∈ Σ, there exist a δ > 0 and non negative, convex and demicoercive function Φ : R^n → R such that

Φ(ξ) ≤ f(t, ξ), ∀(t, ξ) ∈ B_δ(t_0) × R^n .

(b) If f(t, ·) is positively homogeneous of degree one and there exists c_0 > 0 such that, for every (t, ξ) ∈ Σ × R^n, c_0|ξ| ≤ f(t, ξ), (2) then, for every ε > 0 and t_0 ∈ Σ, there exists δ > 0 such that

f(t_0, ξ) ≤ f(t, ξ) + ε(1 + f(t, ξ)), ∀(t, ξ) ∈ B_δ (t_0) × R^n . (3)

(c) If f satisfies (3) then there exist two sequences {a_k}_{k∈N} ⊆ C^∞_c (Σ, [0, ∞)) and {Ψ_k}_{k∈N} ⊆ C^∞(R^n, [0, ∞)) with Ψ_k : R^n →[0, ∞) convex such that

f(t, ξ) = sup_{k∈N} a_k(t)Ψ_k(ξ) ∀(t, ξ) ∈ Σ × R^n .

Proof. Part (a) is proved in [18], Lemma 1.

Let us prove part (b). Let us fix ε > 0 and t_0 ∈ Σ: using the lower semicontinuity of f we that there exists δ > 0 such that, for every (t, ξ) ∈ B_δ(t_0) × S^{n−1},

f(t_0, ξ) ≤ f(t, ξ) + εc_0.

Then, by the positive homogeneity of f and (2), for every (t, ξ) ∈ B_δ(t_0) × R^n, f(t_0, ξ) ≤ f(t, ξ) + εc_0|ξ| ≤ f(t, ξ) + εf(t, ξ) ≤ f(t, ξ) + ε(1 + f(t, ξ)).

To prove (c) let us denote by ϱ a symmetric mollifier in R^n, i.e. a nonnegative function from C^∞_c (R^n, [0, ∞)), such that ϱ(−ξ) = ϱ(ξ) for all ξ and ∫ ϱ(ξ)dξ = 1. Then, let us fix t_0 ∈ Σ, ε > 0, and set for all ξ ∈ R^n h_{ε,t0} (ξ) = 1 1 + ε ∫ R^n

ϱ(ζ)[f(t_0, ξ + εζ) − ε] dζ.

Clearly, h_{ε,t0} → f(t_0, ·), as ε → 0, uniformly on compact subsets of R^n and, by the convexity of f(t_0, ·) and the symmetry of ϱ, h_{ε,t0} (ξ) ≤ [f(t_0, ξ) − ε]/(1 + ε) for all ξ. Still denoting by ϱ a symmetric mollifier in R^n, let us set, for any s ∈ R and any i ∈ N,

σ_i(s) = ∫ R ϱ(r) ( s + r i )_+ dr (4) and g_{ε,t0,i}(t, ξ) = α_{ε,t0} (t)σ_i(h_{ε,t0} (ξ)), ∀(t, ξ) ∈ Σ × R^n, where α_{ε,t0} ∈ C^∞_c (B_δ (t_0), [0, ∞)), 0 ≤ α_{ε,t0} ≤ 1, α_{ε,t0} (t_0) = 1, and δ is the positive number provided by (3). By construction and by (3), we then get that, for all (t, ξ) ∈ Σ × R^n f(t, ξ) ≥ g_{ε,t0,i}(t, ξ) (5) and f(t, ξ) = sup_{ε∈(0,∞)} sup_{t0∈Σ} sup_{i∈N} g_{ε,t0,i}(t, ξ). (6)

The result then follows by observing that, since all functions g_{ε,t0,i} are continuous, from (5) and (6) it follows easily that there exists a sequence γ_k ∈ (0, ∞) × Σ × N such that f = sup_{k∈N} g_{γk} (see, for instance [11, Lemma 9.2]).

We are ready to prove our result.

Proof of Theorem 4. We apply Theorem 7 to f to find a sequence of lower semicontinuous functions {f_k}_{k∈N} and a sequence of vectors {ξ_k}_{k∈N} ⊂ R^n such that h_k(t, ξ) := 1 + f_k(t, ξ + ξ_k) : Σ × R^n →[0, ∞), with h_k(t, ·) positively homogeneous of degree one, convex and demicoervice.

We apply Lemma 8 part (a) to each h_k and to each t_0 ∈ Σ in order to find a non negative, convex and demicoercive function Φ[k, t_0] : R^n →[0, ∞) and a number δ[k, t_0] such that Φ[k, t_0](ξ) ≤ h_k(t, ξ) ∀(t, ξ) ∈ B_{δ[k,t0 ]}(t_0) × R^n .

Furthermore we know there exists a vector v[k, t_0] ∈ R^n and a constant c[k, t_0] > 0 such that c[k, t_0]|ξ| ≤ Φ[k, t_0](ξ) + v[k, t_0] · ξ, ∀ξ ∈ R^n .

By Lemma 8 part (b) and part (c) there are sequences of functions {a_j [k, t_0]}_{j∈N} and {Ψ_j [k, t_0]}_{j∈N} with a_j [k, t_0] ∈ C^∞_c (Σ, [0, ∞)), spt(a_j [k, t_0]) ⊂⊂ B_{δ[k,t0 ]}(t_0) and Ψ_j [k, t_0] : R^n →[0, ∞) convex and of class C^∞(R^n, [0, ∞)) such that, for every (t, ξ) ∈ B_{δ[k,t0 ]}(t_0) × R^n, h_k(t, ξ) + v[k, t_0] · ξ = sup_{j∈N} {a_j [k, t_0](t)Ψ_j [k, t_0](ξ)} .

Let us consider now a sequence of open sets Σ_h ↑ Σ with Σ_h ⊂⊂ Σ. For every fixed k we have that the family of balls { B_{δ[k,t0 ]}(t_0) : t_0 ∈ Σ_h } is an open covering of Σ_h so that for each k, h ∈ N there exist N(k, h) ∈ N and {(t_{k,h,i})}^{N(k,h)}_{i=1} ⊆ Σ_h such that

Σ_h ⊆

N(k,h)⋃

i=1 B_{δ[k,tk,h,i ]}(t_{k,h,i}) =:

N(k,h)⋃

i=1 B_{k,h,i}.

For each k, h ∈ N, i ∈ I(k, h) := {1, . . . , N(k, h)}, we can find a sequence {ϕ_{k,h,i,l}}_{l∈N} with

sup_{l∈N} ϕ_{k,h,i,l}(t) = 1 ∀t ∈ B_{k,h,i},

and such that ϕ_{k,h,i,l} ∈ C^∞_c (Σ, [0, 1]) with spt(ϕ_{k,h,i,l}) ⊂⊂ B_{k,h,i} and thus

sup_{h∈N} sup

i∈I(k,h)

sup_{l∈N} ϕ_{k,h,i,l}(t) = 1 ∀t ∈ Σ, k ∈ N.

If we define

a_j [k, t_{k,h,i}] =: a_{k,h,i,j} , Ψ_j [k, t_{k,h,i}] =: Ψ_{k,h,i,j} , v[k, t_{k,h,i}] =: v_{k,h,i},

we have:

f(t, ξ) = sup_{k∈N} { f_k(t, ξ)^+ } = sup_{k∈N} sup_{h∈N} sup_{i∈I(k,h)} sup_{l∈N} { ϕ_{k,h,i,l}(t)f_k(t, ξ)^+ }

= sup_{k∈N} sup_{h∈N} sup_{i∈I(k,h)} sup_{l∈N} { ϕ_{k,h,i,l}(t)(h_k(t, ξ − ξ_k) − 1)^+ }

= sup_{k∈N} sup_{h∈N} sup_{i∈I(k,h)} sup_{l∈N} { ϕ_{k,h,i,l}(t) sup_{j∈N} (a_{k,h,i,j} (t)Ψ_{k,h,i,j} (ξ − ξ_k) − v_{k,h,i} · (ξ − ξ_k) − 1)^+ }

= sup_{k∈N} sup_{h∈N} sup_{i∈I(k,h)} sup_{l∈N} sup_{j∈N} { ϕ_{k,h,i,l}(t) (a_{k,h,i,j} (t)Ψ_{k,h,i,j} (ξ − ξ_k) − v_{k,h,i} · (ξ − ξ_k) − 1)^+ }

= sup_{k∈N} sup_{h∈N} sup_{i∈I(k,h)} sup_{l∈N} sup_{j∈N} sup_{m∈N} { ϕ_{k,h,i,l}(t)σ_m ( a_{k,h,i,j} (t)Ψ_{k,h,i,j} (ξ−ξ_k) − v_{k,h,i} · (ξ−ξ_k) − 1 )} ,

where σ_m is defined as in (4). The conclusion then follows by a suitable re-labeling of the indexes.

References

[1] Ambrosio L., New lower semicontinuity results for integral functionals, Rend. Accad. Naz. Sci.

XL, 11, 1-42, 1987.

[2] Ambrosio L., Fusco N., Pallara D., Functions of bounded variation and free discontinuity problems, Oxford University Press, Oxford, 2000.

[3] Anzellotti G., Buttazzo G., Dal Maso G., Dirichlet problem for demi-coercive functionals, Nonlinear Anal. 10, 603-613, 1986.

[4] Benoist J., Hiriart-Urruty J.B., What is the subdifferential of the closed convex hull of a function?, SIAM J. Math. Anal 27, 1661-1679, 1996.

[5] Buttazzo G., Semicontinuity, Relaxation and Integral Representation in the Calculus of Variations, Pitman Res. Notes Math. Ser., 207, Longman, Harlow, 1989.

[6] Dal Maso G., Integral representation on BV (Ω) of Γ-limits of variational integrals, Manuscripta Math., 30, 387-416, 1980.

[7] De Cicco V., Leoni G. A chain rule in L^1(div; Ω) and its applications to lower semicontinuity, to appear on Calc. Var..

[8] De Giorgi E., Teoremi di semicontinuitá nel calcolo delle variazioni, Istituto Nazionale di Alta Matematica, Roma, 1968-1969.

[9] De Giorgi E., Buttazzo G., Dal Maso G., On the lower semicontinuity of certain integral functionals, Atti Accad. Naz. Lincei, Cl. Sci. Fis. Mat. Natur., Rend. 74, 274-282, 1983.

[10] Eisen G., A counterexample for some lower semicontinuity results, Math. Z., 162, 241 - 243, 1978.

[11] Fonseca I., Leoni G., On lower semicontinuity and relaxation, Proc. Roy. Soc. Edinburgh, 131A, 519-565, 2001.

[12] De Cicco V., Fusco N., Verde A., On L^1-lower semicontinuity in BV, preprint, 2003. [13] Fusco N., Giannetti F., Verde A., A remark on the L^1− lower semicontinuity for integral functionals in BV , to appear on Man. Math. .

[14] Gori M., Maggi F., The common root of the geometric conditions in Serrin’s lower semicontinuity theorem, Ann. Mat. Pura Appl., to appear.

[15] Gori M., Maggi F., Marcellini P., On some sharp lower semicontinuity condition in L^1, Differential Integral Equations, 2003.

[16] Gori M., Marcellini P., An extension of the Serrin’s lower semicontinuity theorem, J. Convex Analysis, 9, 1-28, 2002.

[17] Ioffe A.D., On lower semicontinuity of integral functionals, SIAM J. Control Optim., 15, 521- 538, 1977.

[18] Maggi F., On the relaxation on BV of certain non coercive integral functionals, J. Convex Analysis, 2003.

[19] Pauc C.Y., La méthode métrique en calcul des variations, Paris, Hermann, 1941. [20] Serrin J., On the definition and properties of certain variational integrals, Trans. Amer. Math.

Soc., 101, 139-167, 1961.