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Abstract

We study the scaling behaviour of thin martensitic films. Specifically we consider an elastic
energy with two SO(3) invariant wells which are strongly incompatible in the sense of Matos
and Sverdk, but whose two-dimensional projections are compatible. We show that in a thin film
of thickness the energy per unit height scales like h. This scaling lies in between the classical
membrane theory (where the energy per unit height is of order 1) and the Kirchhoff bending
theory, which corresponds to a scaling of k2.

1 Introduction

1.1 Main result

We study the scaling of the elastic energy for a thin film made of a multi-
phase material. Specifically we consider the cylindrical domain

h h 3
Qh.—SX(—i,i)CR (1)
an elastic deformation
v:Q, —R? (2)



and its energy (per unit height)

EMv) = = W(Vu(x))dx. (3)
h Ja,
We suppose that stored energy density W, which is defined on the space
M?3*3 of 3 x 3 matrices is nonnegative and vanishes exactly on the set

K :=50(3) U SO3)H, detH >0 (4)

which consists of two copies of the group SO(3) = {F € M3 : FTF =
Ids, det F' = 1} of rotations, corresponding to two preferred crystalline con-
figurations or phases (see (1.7)-(1.9) and (1.10) below for the full list of
assumptions on ). We are interested in low-energy deformations and these
are characterized by the fact that Vv is close to K, except possibly on a set
of small measure.

Bhattacharya and James [5] made the crucial observation that for a num-
ber of interesting materials the low-energy states are very different in three-
dimensional (bulk) samples and in the thin film limit. If Id represents the
austenite (high-temperature) phase and H represents one of the martensitic
phases then these are usually incompatible in bulk, in particular there are no
nontrivial zero energy states. By contrast, the limiting thin film membrane
energy

]membrane = / Wmembrane(vlv> de’,, where ZL', - (ZEl, l’g), V/ = (817 82)7
S
(5)

which, roughly speaking, is the I'-limit of E” (see section 1.2 for a more
detailed discussion), admits many nontrivial zero energy states, including
lamellar arrangements of the two phases, as well as more complicated, e.g.
tent-like, structures, see [5]. This drastic difference in behaviour stems from
the fact that in three-dimensional compatibility requires the existence of an
invariant plane (i.e. Id and RH have to agree on a plane, for some R €
SO(3)), while two-dimensional compatibility requires only an invariant line
(in the film plane), i.e. one needs a vector v in the film plane such that
v = RHv. Suppose such a vector v exists. Then in a film of small, but
finite, thickness h the juxtaposition of the deformation gradients /d and RH
(along a line in direction v) leads to a mismatch of the deformations of order
h. Separating the two regions by a strip of width proportional to h one
sees easily that there exist three-dimensional deformations v which have a
nontrivial thin-film limit and whose energy is bounded from above by Ch.
Our main result that this scaling is optimal. To state the result precisely
it is convenient to introduce the rescaling y(x) := v(xy, zo, has) and the
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notation Q = Q; = S x (=1/2,1/2). Then y : © — R3. As above we
write V'y = (y.1,y.2) = y.1 ® €1 + y 2 ® ey for the gradient in the plane and
Vwy = (y.1,9.2, %yg) Thus the elastic energy per unit height is given by

P') = B'(0) = | W(Vi)da. (6)

We assume that W is Borel measurable and satisfies

W is C? in a neighbourhood of K = SO(3) U SO(3) H, (7)
W is frame indifferent: W (F) =W (RF) for all R € K , (8)
W(F) > Cdist*(F,K), C > 0and W(F)=0if F€ K. (9)

We suppose that the two wells are strongly incompatible in the sense of Matos
[21] and Sverék [31]. By polar decomposition and an orthogonal change of
variables we may assume that H is diagonal, H = diag(A1, Ao, A\3). The
incompatibility condition then reads

)3

=1

By O(2,3) we denote the set of linear isometries from R? to R3, i.e. the set
of all 3 x 2 matrices F with FTF = Id,. It is easy to see that the convex hull
conv O(2,3) of O(2,3) is given by matrices with FTF < Id, (in the sense
of symmetric matrices), i.e. by all linear maps with Lipschitz constant less
than or equal to 1. Let H := diag()\, \2) be the two dimensional projection
of H.

Theorem 1 Suppose W satisfies conditions (1.7)-(1.9) and (1.10). Con-
sider a sequence y™ which satisfies

1
th(y(h)) < C, forall0 < h < hy. (11)

Then, as h — 0, there exists a subsequence (not relabeled) such that y™ — y
W2(Q,R3) (weakly) and y is independent of x3.

Moreover V'y € conv O(2,3) or V'y H! e conv 0(2,3) a.e. in S. In
other words, L*(S \ E; U Ey) = 0, where

B = (€55 (V) (Vo) < 1)
By, = {2'eS: HT(Vy@)' (Vy@)H " < Idy}.



In addition we have
S LT
h%n_)l(l)lf h] (y'"™)
> C inf{H*(0"E) : E has finite perimeter E C E,,S\ E C E,}.(12)

Remark 2 1. Note that the sets Fy and Es need not be disjoint.

2. The situation is complicated by the fact that in the thin film limit mi-
crostructure (i.e. fine scale oscillation of the deformation gradient) can arise
from two different sources: phase mixtures and loss of compactness in thin
films due to crumbling under compression, which already occurs in single
phase materials (see (1.17) below). It is due to crumbling that one can only
assure that the limiting deformation gradient is in the convex hull of O(2,3)
(or O(2,3)H ) rather than O(2,3) itself. FEven for single phase materials
crumbling can only be excluded if one has the much stronger energy bound
I"(y™) < Ch? (see [12], Section 5).

3. Estimate (1.12) assures that the scaling proportional to h is optimal, if
the limit involves a nontrivial phase mizture. Indeed if (1/h)I"(y™) — 0
then one can choose either By = S or Ey = S (up to a nullset), i.e. the
corresponding limiting y can already be reached a single phase material (see
next subsection).

4. The scaling I" ~ h is an unconventional one in terms of classcial mem-
brane and plate theories; it lies in between the scaling for membranes (1" ~ 1)
and Kirchhoff plates (I" ~ h?), see the next subsection for details.

5. The T-limit of the scaled functionals (1/h)I" is not known. One difficulty
15 that, in contrast to many other situations, one cannot expect the I'-limit to
be independent of the boundary conditions. Thus many of the usual cut-and-
paste arguments do not apply, see the next subsection for further comments.
For rods the corresponding I'-limit is known, see [22].

1.2 Mathematical context

To put the result above in context, we very briefly review the theory of thin
film limits for a single phase material, i.e. for energy functions W which
satisfy the coercivity condition

W(F) > Cdist*(F,SO(3)), C>0 (13)

instead of (1.9) (for a more extended review with further references see [14]).

The derivation of lower dimensional theories of elasticity from the three-
dimensional theory has a very long and distinguished history which dates
back to the beginning of elasticity theory. Rigorous results, starting from
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nonlinear elasticity, however, have only been obtained since the early 90’s
beginning with the work of LeDret and Raoult [18, 19]. They showed, under
an additional growth hypothesis on W from above, that the I'-limit (with
respect to strong L? convergence in W12(Q, R3)) of the functionals I" exist
and is given by

fg Wmembrane(vlv) dz’ if Vg = O’

00 else (14)

Imembrane = {
The membrane energy can be computed in two steps. First one minimizes out
the derivatives in the third component (corresponding to the third column
of F') and defines the energy W5 on 3 x 2 matrices by

Wy(G) = min{W (G +b®e3) : b€ R*}. (15)

Then Wi embrane is given as the quasiconvex hull of W5, i.e. by minimizing
out over all possible fine-scale oscillations:

Winembrane (G) := inf{ Wo(G + V') dx' : p € C§°((0, 1)2;R3)} . (16)

(0,1)

For a single well material (i.e. if W vanishes on SO(3) and satisfies (1.13))
the reduced energy W, vanishes on O(2,3) and

Winembrane(G) =0 < G € convO(2,3) (17)

(the convex, quasiconvex and rank-one convex hull of O(2,3) agree). Thus
the membrane energy is fully degenerate for compressions, which agrees with
the physical intuition that a membrane can only withstand tension but not
compression. Based on this intuition a so-called tension field theory for
membranes has been used in the engineering literature for a long time [33,
28, 29]. Pipkin [25, 26] has shown that tension-field theory arises naturally
as a consequence of relaxation and quasiconvexification.

We leave for a moment the case of single phase materials to mention
that the limit considered by Bhattacharya and James [5] is slightly different
from that studied by of LeDret and Raoult. They add a regularising higher
gradient perturbation x?|V?v|? to the integrand in (1.3) and (after the usual
rescaling y(z1, 22, x3) = v(x1, 29, has)) pass to the limit h — 0 at fixed
tk > 0. They thus obtain a limiting two-dimensional energy which involves
W5 (V'y) (plus a higher gradient contribution) rather then Wiembrane(V'y).
If one now takes the limit x — 0 the Bhattacharya-James limiting energy
then one recovers (1.14). Shu [30] has shown that one also obtains (1.14)
if one considers a k(h) with lim,_ox(h) = 0, in fact he gives a detailed
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analysis of a variety of multiparameter limits related to the scale of material
heterogeneities in the tangential and normal directions (corresponding, e.g.
to polycrystals or multilayers).

Let us now return to single phase materials, i.e. those for which W
vanishes on SO(3) and satisfies (1.13). For those materials it has recently
become possible to study also the I'-limit of the rescaled functionals h=21"
and to derive a full hierarchy of plate theories. For § = 2 one obtains
Kirchhoff’s geometrically nonlinear bending theory [11, 12, 23, 24]. This
theory imposes the isometry constraint V'y € O(2,3) and the energy is
given by a quadratic expression in the curvature, more precisely in the second
fundamental form A = —(V’)?y - v, where v := y; Ay is the normal to the
deformed surface. For 3 = 4 one obtains the von Kdrman plate theory [13],
in fact the full range of exponents 3 > 2 is now understood [14].

By contrast relatively little is known in the range 0 < 5 < 2. Conti [§]
has recently shown that for 0 < § < 1 the I'-limit of

W |10 = [yt do (18)

is given by

J(y) = { —Jgf-yda' if y3=0, V'yeconvO(2,3), (19)

00 else.

The range 1 < 3 < 2 is largely unexplored in terms of rigorous analysis. In
the context of delamination and blistering of thin films [15] one is lead to
the study of compressive Dirichlet boundary conditions such as y™ (2/, z3) =
(A’ hxs) on OS x I, with 0 < X\ < 1. If this boundary condition is imposed
one can show that ch < inf I"(y™) < Ch, with ¢ > 0, see [4] (as well as [17, 3]
for related work). For the extension to anisotropic boundary compression see
[8]. The I-limit of A~'I" is not known.

If instead of Dirichlet boundary conditions we only assume that y® —
(Az’,0) in W2 then much less is known. Constructions of S. Venkatara-
mani and of Conti and Maggi [9] suggest that one has an upper bound
Ch®3. No general lower bound is known, except for the (almost) trivial
one liminf, o h=2I"(y™) = co. The scaling exponent h*/3 has been sug-
gested in the physics literature on crumbling as a natural exponent based
on a formal scaling argument and an assumed equipartition of bending and
stretching energy [20, 10] (see also [2, 6]; for complex folding patterns at
free boundaries and their potential relevance for certain growth models in
biology see as well as [27, 1]). For a single ridge with well-defined boundary

conditions Venkataramini recently showed that the energy scales indeeed like
ho/3 [32].



2 Proof of the lower bound

The key ingredient in the proof is the following rigidity result.

Theorem 3 ([7], Thm. 2) Let Q@ C R" be a bounded Lipschitz domain,
n > 2 and K := SO(n) U SO(n) H,where H = diag(A1,---A\y), A > 0
such that > 7 (1= X\;) (1 —det H/\;) > 0. There exists a positive constant
C(Q, H) with the following property. For each u € W1Y2(Q2,R") there is an
associated R := R(u,Q) € K such that

We note that the inequality (2.20) is invariant under uniform scaling and
translation of the domain; e.g., the same value of C' serves for A2 + ¢, and
the rescaled function Av((x — ¢)/A\) may be associated with the same choice
of Re K.

Proof of Theorem 1. Suppose first that S = (0,1)> and h = 1/N, N € N.
Divide S into squares S, of side h with centre at a., i.e.,

h h\? h 3h h
- a2z 72, Z,=do2t 2L (o
Sa,h CL—‘—( 272) , @€ h>s h {2a 27 ) 2} ( )

Then S = US,, up to a set of measure zero. Let us define, v : Q, — R3

by v™ (21, 29, has) ==y (21, 29, 23), for all = (z1, 19, 73) € Q := Q). Now

h h
we apply the rigidity Theorem 2.1 for v for the domain S, x (—5, 5)
to obtain a constant C' > 0, (independent of a and h) and R" € K =
SO(3) U SO(3) H, such that

/ o) (Vo™ (2) — RM?dz < C’/ dist*> (VoM (2), K)dz. (22)
Sanx(—5,% s

h h
a,h><(‘§7§)

a

/ : )\vhy<h>(x) — R'dz < C )dist2(Vhy(h),K)dx, (23)
SahX — )

1
where, as before, V,y" = (V'y(h), ﬁy,:a)'

Define the piecewise constant map R" : S — K by R" := R" in S, .
Summing (2.23) over all S, ), and using (1.9) and (1.11) we obtain

/ Vo™ (z) — R (') 2z < C dist(Vyy™ (2), K)dz

11
Sx(=33

<Ch. (24)



Thus
Viy™ — Rh— 0 strongly in L?(€, M3*3)
ViyM— (V'y,b) weakly in L?(, M>*3) (25)
R'—~ R weakly in L2(S,M3*3).
From (2.25) we have R = (V'y,b), and hence y is independent of 3.

Let € > 0 be sufficiently small. We divide the family of squares S, into
three different groups A;, i =0, 1, 2 in the following manner.

a€ Ay if and only if / 11) W (Viy™ (z))dz > e h? (26)
Sanx(=33

If a ¢ Ay, Theorem 3 implies that there exists R" € K such that

1 C
V) - RiPd < [ W) < Ce, (20)
h Sa’hXI h Sa’hXI
here [ := 1l Now defi
where [ := { 2,5 ]. Now define
a € A, if and only if (2.27) holds for R" € SO(3), (28)
a € Ay if and only if (2.27) holds for R" € SO(3) H . (29)

Clearly A; N Ay = 0, if € is sufficiently small. Thus the sets

Q? = int (UaeAi ga,h) , (30)
i1 =0, 1, 2 are disjoint and cover S.

Note also that the area of the set QF is bounded by Ch in view of (1.11).
We now would like to estimate the length of the boundary 9Q%. Clearly this
boundary consists of a union of vertical on horizontal segments of lengths
h. The main observation is that each such boundary segment must also be
in the boundary of one of the squares in Qf (see Lemma 4 below). Then
a simple counting argument yields that the length of 9Q" is bounded by a
constant independent of h.

To state the argument precisely we introduce the following notation. Let
ex = (0,£1), and é; = (£1,0). Then 05, consists of four segments,

h h h
namely the top and bottom boundaries T" = a + (— ) X {i—} and

e 272 2
h h h
the left and right boundaries FZ,éi =a+ {:I:a} X (—5,5) Thus the



boundary of Q! is the union of the line segments I, C 8S,, for S, ), C QF,
such that I'? /N Qf = 0. In other words,

o= |J T (31)
o o=

Lemma 4 Let a € Ay, andTh , C 9Q}\dS for some e € {(£1,0), (0,+1)}.
Then Sy C Qg, forb:=a+ he.

Proof of Lemma 4. Since I'} , C 00 \ S, the square S, belongs to S.
h h
2°2)
Thus there exists a constant C' > 0 (independent of h, a and b) and R, € K,
such that

Suppose b ¢ Ay and apply Theorem 3 to the domain (S, , U Spp) X (—

1
oy / \Viy™ — R 2dr < % W (Viy™) da
W2 J (S0 nusin)x(~1.3) W2 J (S0 n0S0)%(~4.4)

<2Ce. (32)
Since S, 5 C QF, there also exist R" € SO(3) such that

1

3 IViy™ — RM?de < Ce. (33)
S,

11
a,h><(‘§7§

Therefore (2.32) and (2.33) yield |R", — R"| < 4Ce. Similarly there exist
R € SO(3)H such that |R", — R}| < 4Ce. We thus obtain a contradiction
if € is chosen sufficiently small, and the proof of the lemma is finished. [J

Proof of Theorem 1 (ctd.). Let a € Ay, and T, C 9Qf \ 85, for some e.
Then by the Lemma 4, the square adjacent to the side FZ,G is in Q. There
can be at most four edges T, C 90} \ 95, touching a single square in Q.
Thus from (2.31), (2.26) and (1.11) we obtain

H (O \0S) = > HY(TL,)
I oM as

= hcard {a € Ay : Th C 00\ 0S}
< 4h card Ay

1
< 4h — [M(yM
< dh oo IM(y™)
<C, (34)



where ‘card’ stands for the cardinality of a set. Hence Xqr 18 bounded in
BV (S), functions of bounded variation on S, (see example 14 in [16]) and
passing to a subsequence, we get xgn X xg in BV(S). Therefore by the
lower semicontinuity and compactness theorems for BV functions (Theorem
1.9 and Theorem 1.19 in [16], respectively) we obtain

Per(F) = / IVxe| < liminf/ IVxqr| = liminf H'(0Q)\0S) < C liminf lj'h(y(h)),
S h—0 Jg 1 h—0 h—0 h
and xqn — Xg strongly in L'(S).

Furthermore it follows from (1.9) that dist*(F, SO(3)) < C(W(F) + 1).
Using (1.11) we deduce that

/ dist?>(V,y™, SO(3)) dx — 0, whenever £3(Nj,) — 0. (35)
Ny,

Since the map X — dist(X, M) is convex, whenever M is a convex set, by
standard convexity and lower semicontinuity arguments yield (with / := (—1/2,1/2)

)

/XEX]dISt (V'y,conv O(2, 3))dr < hmlnf/XEX[dlst (V'y (h) ,conv O(2, 3))dz

Sliminf/XExldist (Viy™, SO(3))dx
Q

h—0

< lim inf / Xansr dist?(Vay™, SO(3))da

h—0
< liminf Z / IViy™ — RM2da
h—0 cA hXI
acA;
< C liminf Z / W (Vyy™)da
h=0 acAy Y SanxI

<C hm mf I"(y™
=0, (36)

where we used (2.35) to obtain the third inequality. Hence V'y € conv O(2, 3)
1

a.e. in E. Since L2(Q) = h%card Ay < = I"(y™) — 0 as h — 0 we have
€

Xar = 1= Xar — Xar — (1 — xg) strongly in LY(S).

Applying the above arguments with V'y replaced by (V'y)H H™' and xgxs

replaced by 1 — xgxr, we conclude similarly that (V'y)H ! € convO(2,3)
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a.e. in S\ E. Thus £ C £y, S\ E C Ey and
1
Per(F) < C'liminf E[h(y(h)) :

This finishes the proof for S being the unit square and 1/h € N. For a general
bounded open set S the assertion follows similarly by first considering the

subset S" which consists of the union all squares S, that are contained in
S. O
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