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Abstract

A famous result of Denise Chenais [8] (1975) says that if €, is a sequence of extension
domains in RY that converges to Q for the characteristic functions topology, then the weak
solutions u,, for the problem

7Aun + un, = f in Q”

(0.1)

a%u" =0 on 02,

converge strongly to the solution u of the same problem in Q. It is also proved in [8] using
the method of Calderén that an e-cone condition is sufficient to obtain uniform extension
domains. In this paper we establish this result in a metric space framework, replacing the
classical Sobolev space H'(Q) by the Newtonian space N'2(Q). Moreover, using the latest
results about extension domains contained in [2], and which rely on the technics of P. Jones,
we give weaker conditions on the domains for still getting stability for the Neumann problem.
Finally we prove that the Neumann problem is stable for a sequence of quasiballs with uniform
distortion constant that converge in a certain measure sense. The latter result gives a new

existence theorem for some shape optimisation problems under quasiconformal variations.
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Introduction

In this paper we focus on the following question. If €2, is a sequence of domains that converges

to © (in a certain sense), is it true that the solutions u,, of the Neumann problem

—Au, +u, =f inQ,

%un =0 on 0,

(0.2)

converge to the solution u of the same Neumann Problem in Q ? This question related to shape
optimisation problems and domain identification problem was studied in the past for both Dirichlet
and Neumann boundary conditions. The Dirichlet problem was in particular investigated a lot
and some results involving capacity conditions are close to be optimal (see for instance [5]). On the
other hand, the Neumann problem seems more difficult and only a few works have been done in
dimension greater than 2 (see [6, 8,10, 17] and the references therein) and the classical “Neumann
Sieve” (see [11,25]) shows that in general the convergence cannot be true without topological

constraints on the sequence of domains.

In a famous paper of Denise Chenais [8] (1975), it is shown that if Q,, C RY is a sequence
of extension domains that converge to €) for the characteristic functions topology, then the weak
solutions u,, for the problem (0.2) converge strongly to the solution u of the same problem in ,
more precisely, xq,u, strongly converges to xou in L2(RY) and xq, Vu, strongly converges to
xoVu in L2(Q,RY). Tt is also proved in [8] using the method of Calderén that an uniform e-cone
condition is sufficient to obtain extension domains. It is worth mentioning that this condition

implies a Lipschitz regularity on the boundary of the domain.

In the first part of the present paper (Sections 1 to 4) we extend the result of Chenais in two
different directions. First, we place ourselves into a metric space framework replacing the classical
Sobolev space H(€2) by the Newtonian space N12(2) (Section 1). In Section 2 we give a possible
definition of Problem (0.2) in this setting while in Section 3 we prove that, as for the Euclidean

case, the stability is equivalent to a convergence of Newtonian spaces in the sense of Mosco.

Then we improve in Section 4 the e-cone condition involving the latest results about extension



domains contained in [2]. Indeed, in [18], Peter Jones introduced a class of domains called (g, d)-
flat domains, that are in particular weaker than Lipschitz domains, and he proved that they are
extension domains. This result was then declined in different contexts in the last 20 years (see [2]
and the references therein) and the particular case of Newtonian spaces was considered in [2] with
sophisticated geometrical conditions on the domains. This allows us to state some new stability

results under geometrical conditions on the boundaries of the domains (see Theorem 24).

In the second part of the paper (Section 5) we prove a new stability result along a larger class
of domains than the one of extension domains. Indeed, we prove that the stability holds along
a sequence of quasiconformal perturbations of a fixed domain, that converges for the Hausdorff
metric and in a certain measure sense (see Theorem 34). This stability result, proved here in
a general metric space framework, is interesting even for the Euclidean case. It also implies an
existence theorem for a class of shape optimisation problems under quasiconformal variations with

Neumann boundary condition (Theorem 35).

1 Notation and preliminaries

We always assume that (X, d, p) is a metric measure space, where u is a Borel regular measure,
that is, u is an outer measure on a metric space (X, d) such that all Borel sets are y—measurable
and for each set A C X there exists a Borel set B such that A C B and u(A4) = u(B).

Definition 1. We say that a measure p on X is doubling if there is a positive constant C), such
that
0 < u(B(z,2r)) < C,u(B(z,r)) < 00,

for each z € X and r > 0. Here B(xz,r) denotes the open ball of center x and radius r > 0.

Whenever we work in the Euclidean setting, that is X := RY, we will assume pu to be the
N —dimensional Lebesgue measure which will be denoted by .Z%V. Observe that £V is always a

doubling measure with any choice of distance coming from a norm on R¥.

We say that (X, d, p) is a Q-regular space if there exists a constant Cy such that for every ball
B(z,r) contained in X,
Cy '@ < u(B(z,r)) < Cor®.

In the following we will place ourselves in the context of Sobolev spaces defined in metric
measure spaces. The reader is encouraged to consult the overview article [12] by Hajlasz for an
introduction to Sobolev spaces in metric measure spaces. It should be pointed out here, that if
the space supports a p—Poincaré inequality, 1 < p < oo (see definition 3), all the approaches to

Sobolev spaces described in [12] are equivalent (see Theorem 1.0.6 in [19]).

For the record, we recall here the definition of Newtonian Spaces, introduced by Shanmu-

galingam [26]. Its definition is based on the notion of p—weak upper gradients .



Definition 2. Let p > 1. A non-negative Borel function g on X is a p—weak upper gradient of an
extended real-valued function u on X, if it holds
ur(@) = ur®)| < [ g
¥
except for a curve family with zero p—modulus (see for example [15] for the definition of the
p—modulus of a curve family). By a curve v we mean a continuous mapping v : [a,b] — X. The

image of a curve will be denoted by |y| = v([a, b])

Among the set of all p—weak upper gradients of a function wu, there is a smallest member in
the LP—norm, called the minimal weak upper gradient . The minimal weak upper gradient p,, is

unique up to a set of measure zero and p, < g a.e. for all p—weak upper gradients g of u.

Definition 3. Let 1 < p < co. We say that (X, d, 1) supports a weak (1, p)—Poincaré inequality
if there exist constants C, > 0 and A > 1 such that for every Borel measurable function u : X — R

and every upper gradient g : X — [0, 00| of u, the pair (u, g) satisfies the inequality

]/ lu—u ldu < C r(][ Pd )l/p
Ba.r) B(z,r)| O = Cp B(w,)\r)g H )

for each B(z,r) C X.

Here for arbitrary A C X with 0 < p(A) < oo we write

UAZJ[AUZﬁ/Audu.

If the space is @—regular, then a (1, p)—Poincaré inequality implies the a priori stronger in-
equality where one replaces (for all balls) the averaged L!—norm on the left by the averaged LI—

norm for some ¢ > p; we could so speak about (g, p)—Poincaré inequalities.

Theorem 4. [13, Theorem 1] Suppose that X is Q-reqular and that (u,g) satisfies a (1,p)-
Poincaré inequality for some 1 < p < Q. Then (u,g) satisfies a weak (q,p)— Poincaré inequality
for 1< qg<pQ/(Q—p). In the special case p = Q, the right-hand term is co.

In the special case ¢ = 1 we simply write weak p—Poincaré inequality.

The Poincaré inequality creates a link between the measure, the metric and the gradient and
it provides a way to pass from the infinitesimal information which gives the gradient to larger
scales. Metric spaces with doubling measure and Poincaré inequality admit first order differential

calculus akin to that in Euclidean spaces.

Let 1\71””()(7 d, p), where 1 < p < 00, be the class of all L? integrable Borel functions on X for
which there exists a p—weak upper gradient in LP. For u € NLp (X,d, 1) we define

lull 1. = llull e + infflg]lze,

where the infimum is taken over all p—weak upper gradients g of u. Now, we define in NP an

equivalence relation by u ~ v if and only if ||u — v/ 5., = 0.



Definition 5. The Newtonian space N*?(X, d, ;1) is defined as the quotient N*P(X, d, )/ ~ and

it is equipped with the norm ||ul[n1.» = ||ul 51,5

Let us mention that the space (N*?(X),|| - ||x1.») is a Banach space (see Theorem 3.7 in [26]).

In the sequel we will need the following technical Lemma.

Lemma 6. [26, 2.3.3] Let p > 1 and let {u}r>0 be a sequence of functions in LP(X) with upper
gradients {gx } x>0 in LP(X) such that uy weakly converges to w in LP and g, weakly converges to

g in LP. Then g is an upper gradient for u.

Now, we focus our attention in the exponent p = 2. In this case, the energy integral,
E1(u) = / puldp, u € NV (X) (1.1)
X

defines a Dirichlet energy form (for more information about Dirichlet forms in the context of
metric measure spaces we refer to the reader to [21]). This energy form is in general not bilinear
since the pallelogram rule fails, that is, puiv2 + pu—o> # 2(pu? + pu2). However, in this case an
equivalent bilinear Dirichlet form on N2(X) can be constructed using Cheeger’s differentiation
theory. Cheeger in [7] gave an alternative definition of Sobolev spaces which leads to the same
space (see [26, 4.10]). Cheeger’s definition yields the notion of partial derivatives in the following

theorem.

Theorem 7. [7, 4.38] Let X be a metric space that supports a doubling Borel measure p which is
non-trivial and finite on balls and suppose that X supports a weak p-Poincaré inequality for some
1 < p < oco. Then there exists a countable collection (X,,Xqs) of measurable sets X, C X and

Lipschitz coordinates

Xo = (1, ..., 2N (@) X — RN@  phere 0< N(a) < oo

(o)

such that:

(1) X =, Xo and u(X\UaXa) = 0.
(2) There exists N > 0 such that N(a) < N for each (Xq,Xq)-

(8) If u : X — R is Lipschitz, then there exists a unique measurable bounded vector valued

function such that du® : X, — RN(@)

o July) = u(a) — du (@) - (%a(y) = Xa(2)

y—T d
v (y, )

=0
for p—a.e. x € X,.
We can assume that the sets X, are pairwise disjoint and extend du® by zero outside X,. Now

we put Du = " du®, regarding du®(z) as vectors in R and the differential mapping D : u — Du

is linear.



The previous theorem establishes a version of Rademacher’s theorem for Lipschitz functions
in the context of metric measure spaces. Cheeger constructs a finite-dimensional vector bundle
F over X (the generalized cotangent bundle) and the differential operator D which takes N2(X)
into the L2—sections of F. The pointwise norms || - ||, on the fibers of F is defined so that the
identity ||Du(x)||z = pu(z) holds almost everywhere. Thus the Dirichlet form of (1.1) can be

rewritten

Ea(u) = /X | Dul. (1.2)

Since the fibers of F' are uniformly finite-dimensional, they can be uniformly renormed with equiv-

alent inner product norms ||| - |||z = (-, )&/, so that for all u € N12(X) we have ||[Dul||s < pu(z)

for p—almost every z € X. Then,
g = [ IDulP, weN)
X

defines a new Dirichlet form which is equivalent to (1.2) on N12(X). The usual polarization

technique yields the bilinear form
E(u,v) = /(Du,Dv) du.

On that way, N12(X) becomes a Hilbert space with the inner product

(u,v) N1.2(0) ::/ Du-Dvdu—l—/ uv dit.
X X

The following Lemma will be also useful in the sequel.

Lemma 8. Let (X, 1) be a measurable space and let u, : X — R, ¢, : X — R be two sequences
of measurable functions such that w, is uniformly bounded in L*(X, i), u, weakly converges to u,

and ¢, strongly converges to ¢ in L*(X,u). Then

[ @) dute) - [ a@ote) duto).
X X

Proof. We have that
/X Un G dp = /X(un —u)pdp + /X(un —u)(¢pn — @) du + /X Uy, dp. (1.3)

By the weak convergence of u,, we know that [ +(un —u)pdp — 0 and by the strong convergence

of ¢, we also have fX uGpdp — fX updp. So it is enough to prove that

[ =)0 = 9y 0.
X

But since u,, is uniformly bounded in L?(X) we have that

/X(un - u)(¢n - ¢) d/’(‘ < Hun - u||L2||¢n - ¢HL2 < C”¢n - ¢||L2

and we conclude using the strong convergence of ¢,,. O

Throughout this paper constants are labeled C, and the value of C' might change even from

line to lime.



2 The Neumann Problem on metric spaces

In this section we want to give a weak sense to the equation

—Au4+u=f in{

%:O on 0f2

(2.1)

in a general metric space framework. In [1] it has already been studied a generalized Dirichlet
problem for p-harmonic functions under the conditions that the measure on the space is doubling

and supports a Poincaré inequality. In the wake of [1], we will use the next definition.

Definition 9. Let Q be an open subspace of X and let L be a bounded linear form on L?(Q) x
L2(Q,RN). A function u : X — [—o00,00] is said to solve the Neumann problem associated to L if
u € N2(Q) and for all ¢ € N2(Q),

pr¢w+%g@m=iw><w

Q
where L : ¢ — L(¢, D).

Actually Problem (2.1) corresponds to the case L(¢) := [, ¢f. Observe that when L is a
bounded linear form on L?(92) x L?(£2,RY), then it induces a bounded linear form on N12((Q).

Since N1:2(Q) is a Hilbert space endowed with the scalar product
(u, v) N1.2(q) = / Du - Dvdu —|—/ uv djt,
Q Q

we deduce by Lax-Milgram Theorem that for any bounded linear form L on L?(2) x L?(Q,RY)
there exists a unique solution u € N12(Q) satisfying equation (x). This solution can be obtained
by minimizing the energy

J(v) = %<'U,'U>N1,2(Q) — L(v).

For every L and 2 we will denote u§; this solution. For the special case when L(u) = [, uf we

will also denote u{z

Applying (x) with ¢ = u§ we get the identity

H%%mm:(éw%Fw+Am?mQ:U%)

which implies in particular
[ugllnr2 @) < CIILI, (2.2)

where || L|| is the norm of L as bounded operator on L%(Q) x L2(2,RY).

3 Mosco-convergence and y-convergence

In this section, we will study the relationship between stability for the Neumann problem described

in the previous section and Mosco-convergence, a classical notion of convergence introduced by



Mosco [24] related to variational problems and very close to I'-convergence for functionals. We

refer to [3,9,17] for some surveys about the subject.
Let Q be a domain of X and p > 1. For every u € NYP(Q) we denote
@ = (wxa, Duxq) € LP(X) x LP(X,R")
and we introduce the closed linear subspace Bb, of LP(X) x LP(X,RY)
BY, = {@u € N'7(Q)},

which is a closed subspace of the Banach space LP(X) x LP(X,RY). When p = 2 we will simply

denote Bgq.

Definition 10. Let {2, }nen and © be some domains contained in X. We say that the sequence
Q,, y-converges to 2 and we denote
Q, 5 Q

if for every bounded linear form L on L?(X) x L?(X,RY) we have that 4§ strongly converges in
L2(X) x L*(X,RY) to ak.

Remark 11. To be coherent with Definition 9, when considering uén, the linear form L has to
be understood as the canonical linear form on L?(£2,) x L?(Q,,RY) induced by the given linear
form on L?(X) x L*(X,RY) by the formula

L(u,v) = L(xa,u, X0, v)

where u and v lie in L?*(Q,,) x L*(Q,, RY). Sometimes in the proofs, the characteristic function

X, Wwill be omitted.

If Q,, y-converges to 2 we will also say that the Neumann problem is stable. It is well known

that in the Euclidean case, y-convergence of €2, is equivalent to Mosco-convergence of Bq,, .

Definition 12 (Mosco convergence). Let B be a Banach space and let {By} be a sequence of

closed subspaces of B. Set

limBy, := {z € B;x = strong — lim yy, yx. € By, for k large}. (3.1)

limBy, := {x € B;x = weak — limyy, ,yr, € By, ,kn — +00} (3.2)
We say that {Bj} converges to B, (a subspace of B) in the sense of Mosco , if
EBk = liimBk = Boo.
The subspaces limB;, and limB;, are called the weak-limsup and the strong-liminf of the se-
quence B in the sense of Mosco. Note that we always have limBj, C limB;,.

Here we give an alternative definition of Mosco-convergence which is equivalent to the previous

one in the case By, = B}. We will use both definitions indistinctly.



Definition 13. (Mosco-convergence). Let €, and ©Q be open subsets of X and let B and B
be the corresponding subspaces of LP(X) x LP(X,RY). We say that B}, converges to B, in the
k

sense of Mosco if the following two properties hold:

(M1) For every u € NLP(Q), there exists a sequence u, € N'P(Qy) such that ugyq, converges to
uxq strongly in LP(X) and Dugxq, converges to Duygq strongly in LP(X,RY).

(M2) If hy is a sequence of indices converging to oo, uy, is a sequence such that up, € NP (€, ) for
every k, and up, Xq,  converges weakly in L? (X) to a function ¢, while Duy, Xq,, converges
weakly in LP(X,RY) to a function ¢, then there exists u € N'P(Q) such that ¢ = uyq and
1 = Duxq p—a.e. in X.

As we shall see in the following, the link between Mosco convergence and -convergence still
holds in metric spaces. The proof rely on the same argument that the standard proof in RY (see
for instance Proposition 3.7.10 in [17]) and we write here the full details for the convenience of

the reader.

Proposition 14. Let Q,, C X where (X,d, u) is a metric measure space such that the embedding
NY2(X) — L*(X) is compact. Then ,, y-converges to ) if and only if Bg, converges to Bq in

the sense of Mosco.

Proof. First, let us prove that Mosco-convergence implies y-convergence. Indeed, assume that Bq
Mosco-converges to Bq and let u, := uén be a sequence of solutions for equation (*) associated to
a given linear form L. By (2.2) we know that the sequence i, is uniformly bounded in L?(X) x
L?(X,RY) and so, we can extract a subsequence i, of i, such that u,, weakly converges to a
function ¢ and Du,, weakly converges to another function ¢. Now, Mosco-convergence (condition

M?2) implies that (¢,%) € Bq. In other words there exists u € N%2(Q) such that (p,1) = 4.

Now for all ¢ € N12(€), by the strong-liminf property (M1) we know that there exists a
sequence of functions ¢,, € N12(,) such that ¢, strongly converges to ¢ in L2(X) x L2(X,RN).
Then, applying Lemma 8 we can pass to the limit, strongly in ¢,, and weakly in u,, in the

following identity
/X Dutg, - Dby, dpi + /X U Gy it = Ly, Dby ), (3.3)

to obtain that the function u = u§, is the solution of (x) in . Moreover, since L is a bounded
operator on L? for the strong topology, it is bounded also for the weak topology (because of the

Riesz representation theorem). We deduce, taking u,, as a test function in (3.3) that

[ 1D dit [ o, = L D) = L, D) = [ (Du dt [ Jul? dn
X X X X

which implies the strong convergence of w,, to uw and Du,, to Du. Consequently, from the
uniqueness of solution u for equation (%) we deduce that u is the unique point in the adherence of

{uy,} and so the whole sequence u,, converges strongly to u.



On the other hand, let us prove that y-convergence implies Mosco-convergence. We begin by
checking the strong-liminf property, namely that Bq C limBgq,, , which is also condition (M1). For
a given u € N12(Q) we define the bounded linear form L on L?(X) x L?(X,R") by

L(v,w) ::/uvdu—i—/Dum}du.
Q Q

It is clear that, with this choice of linear form L, u is the solution of (x) in © . Now if u,, is the
solution of (x) in €, by y-convergence we know that @, strongly converges to @ which proves the

strong-liminf property.

Now, let nj; be a sequence of indices converging to co and let 4 be a sequence in BQ% that
weakly converges in L*(X) x L2(X,RY) to (u,v). We have to prove that (u,v) = 1 for a certain

w € N12(Q). First, we consider the linear form
L(p, ) = /Qerv Y dp, (3-4)

and we denote wy, the solution of (x) in Q,, associated to L. By hypothesis, Q,,, 2 Q and so wy,
strongly converges in L?(X) x L? (X x RY) to b, where w is the solution of (x) in . Thus, all
. Indeed, by (%) we get

we have to prove is that (u,v) =

Duwy, - (Dwy, — Dug) dp + / wi(wg — ug) du = L(wy, — ug, Dw,, — Duy,)

Qg Qp

and taking the limit strongly in wy, weakly in wy — up (i.e. applying Lemma 8), we obtain
(extending Duy, by 0 out of €, ) that

/QDw~(Dw—v)dqu/Qw(wfu)du:L(w—u,Dw—v),

which implies v = w and Dw = v, by definition of L (see (3.4)). O

4 Stability for extension domains

In order to study some stability with respect to a variation of the domain, the family of domains
of X has to be endowed with a suitable topology. In this section, following Chenais [8], we choose

the topology of characteristic functions.

Definition 15. Let 2, be a sequence of domains in X. We say that Q,, converges to the domain
Q for the characteristic functions topology if the sequence of characteristic functions xq, strongly
converges in L?(X) to the characteristic function yq.

We now give the definition of N'2-extension domain.

Definition 16. Let Q C X. We say that Q is an N'2-extension domain if there is a constant

C > 0 and a bounded linear operator

E:NY“2(Q) — NM(X)

10



such that E(u) = u in  and
IE()llwraex) < Cllullnrz -

In the next paragraph we will give more information about extension domains, including suf-
ficient geometrical conditions on the boundary of a domain that implies the extension property.

Before that, let us prove the following stability result.

Theorem 17. Let (X, d, 1) be a metric measure space such that the embedding N*?(X) — L*(X)
is compact. Let Q@ C X and Q,, C X (n € N) be some NL2_extension domains (with same constant

C) such that Q,, converges to Q0 for the characteristic functions topology. Then Q,, v-converges to
Q.

Proof. This result is contained in [8] for the Euclidean case (see also Theorem 3.7.3 in [17]). There

is no deep changes in metric spaces but let us write here the entire proof for sake of completeness.

For all n we denote i, := E,(u,) € N*?(X) where E, is the extension operator in Q,. By
(2.2) we know that
]| n12(x) < Cllunllniz@,) < CIIL]

thus we can extract a subsequence (not relabeled) that weakly converges in N*?(X) to a function
u € NY2(X). By the compact embedding of N12(X) into L?(X) we may also assume that i,
strongly converges to u in L?(X). We claim that xqu is the solution of (x) in Q. Indeed, for every

¢ € N2(X) we have that xq, ¢ € N12(€,) and since u, is a solution of (x) in Q,, we can write

Du, - Dédpu + / wunddp = L(xa, 6 o, Do),
Qn Q

which implies
[ xa.Din-Dodu+ [ xa,anbdn = Lixa, 6. xa, Do) (4.1)
X X

Now up to a subsequence, xq, converges to xo f a.e. in X and is uniformly bounded, so xq, ¢ —
xa¢ and xqo, D¢ — xaD¢ in L?(X). Next, applying Lemma 8 and passing to the limit in (4.1)
we obtain

Du - Dy dp + / up dp = L(xa¢, xo Do),
O Q

for all p € N12(X). In fact, it is true also for all ¢ € N 2(£2) because (2 is an extension domain.
This proves that the restriction of u to €2 satisfies (x). It remains to prove that xq, Du, strongly
converges in L?(X) to xoDu and this is a consequence of the fact that, since L is continuous for
the weak topology of N%2(X),

lim | Du,, |2 dp —|—/ lup|?dp = lim  L(xq,un, xa, Du)
n—+oo n Qn n—+to0
= L(xau, xaDu)
— [ 1DuPdut [ fup d
Q Q
so the prove is now complete. O

11



4.1 N'“2— extension domains.

It is well known that uniform domains are extension domains for the Sobolev spaces WP (Q) in
Euclidean spaces. This fact was first proved by P. Jones in [18] for a wide class of domains called
(€,0)—domains, and domains which satisfy a e—cone condition are a particular case. In [2] we can

find some geometric conditions for a domain 2 to be an extension domain for N2,

Definition 18. A domain Q C X is A—uniform , A > 1, if for every pair of points x,y € € there
is a curve v in  connecting x and y such that ¢(y) < Ad(z,y) and for all z € ~,

dist(z, X \ Q) > - min{l(2), (7,2}

Here, 7;,. and 7y, . denotes a subcurve connecting x to z and y to z respectively.

In [2, 5.9] it is proved that if p supports a weak 2—Poincaré inequality on X, then every
uniform domain is an N2~ extension domain.
Definition 19. We say that () satisfies the corkscrew condition if there exists € > 0 such that for

all z € Q and 0 < 7 < diam(€2), the set B(x,r) N contains a ball of radius er.

It is well known that uniform domains satisfy the corkscrew condition (see [2, 4.2]). There
are many geometric conditions equivalent to the corkscrew condition. In the following, we will

mention the more remarkable ones:

Definition 20. Let 3 > 0. We say that ) satisfies the local 3—shell condition if for every x € Q)
and 0 < t <r < diam(Q) there exists a positive constant C' such that the shell

Sy ={y € B(z,r) N Q: d(y,00) < t}

satisfies
u(s) < o(L) uBa.nna).

Definition 21. Let 0 < e < 1 and 0 < § < 1. We say that Q satisfies the (g,d)—measure density
condition if for every x € Q and for each 0 < r < diam(2),

uw{y € B(x,r)NQ:d(y,00) >er}) > du(B(z,r) NQ).

Theorem 22. [2, 2.8] Let pu be a doubling measure on Q or in X. Then the following are

equivalent:

(1) Q satisfies the corkscrew condition.
(2) Q satisfies the local B—shell condition for some 3 > 0.

(3) Q satisfies the (e,d)—measure density condition for some € > 0 and § > 0.

Now, we can state an extension of a result from Jones [18] to the setting of metric spaces

equipped with a doubling measure and supporting a weak 2—Poincaré inequality.
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Theorem 23. [2, 5.6] Let p be a doubling measure and X supporting a weak 2— Poincaré in-
equality. Suppose that Q C X is a domain such that u(9)) = 0, Q satisfies one of the condition in
Theorem 22 and that for some a > 0, the measure given by the density dv(y) := (d(y, 0Q))*du(y)
supports a weak 2— Poincaré inequality on Q. Then, © is an N2 —extension domain, and more-
over the following local estimates for the extension operator hold: for bounded € there exist A > 0
and C > 0 such that for all balls B with radius at most diamQ) and a centre in Q

IE(u)ll2(B) < Cllull2@nap)y and |DE(u)| 23y < Cl|DullL2@naB)- (4.2)

If Q is unbounded, (4.2) holds for balls with radius at most R, and C' depends on R.

A straightforward consequence of Theorem 23 together with Theorem 17 is the following.

Theorem 24. Let (X, d, u) be a metric measure space, and let Q,, C X be a sequence of domains
satisfying the conditions of Theorem 23. Suppose also that the sequence 2, converges to a domain

Q for the characteristic function topology. Then ., y-converges to 2.

Remark 25. For instance the class of §-Reifenberg-flat domains in RY, that are considered in

[22] and also in [23] in a more general setting, satisfies any of the conditions in Theorem 22.

5 Stability under quasiconformal deformations

In [4] it is proved (in particular) that any sequence of connected and simply connected domains in
R? that converges for the complementary Hausdorff distance is stable for the Neumann problem.
This suggests that the regularity of the boundary of the domains is not determinant for having
~y-convergence. In other words the stability might be true for a larger class of domains than the

one of extension domains.

In this last section we will prove that the Neumann problem is stable for a sequence of a certain
classes of quasiballs defined in a general metric space. A quasiball is defined as being the image
of the unit ball by a quasiconformal mapping, so this result could be understood as an extension
in higher dimensions of the aforementioned result about simply connected domains in R? (image
of the unit disk by a conformal mapping). In R? one can prove that if ), is a sequence of simply
connected domains that converges for the complementary Hausdorff distance, then the sequence
of conformal representations g; of €2 converges itself to a conformal mapping g which represents
the limit domain (see [4] 3.1.). In the case of quasiconformal mappings we have less rigidity and
one cannot expect such a convergence in general. However, we will see in this section that if we
assume in addition that the mappings converge in L' to the identity map, then the stability still
holds (see Theorem 34).

Quasiconformal mappings are commonly understood to be homeomorphisms that transforms
infinitesimall balls into infinitesimall ellipsoids of bounded eccentricity. This requirement makes

sense in any metric space. Let f: X — Y be a homeomorphism between metric spaces (X, dx)
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and (Y, dy) and define for each r > 0 and z € X
Ly(z,r) := sup{dy (f(z), f(y)); dx (z,y) <1}

Lp(,7) = inf{dy (f(2), f(y)); dx (2,y) =}

and
Ly(z,r)

Lp(z,r)

Observe that the ratio Hy(x,r) measures the eccentricity of the image of the ball B(x,r) under

Hy(z,r) =

f, and we always have Hy(z,r) > 1.

Definition 26. We say that the homeomorphism f: X — Y is

K -quasiconformal if limsup Hy(z,7) < K Ve e X ;

r—0

K -quasisymmetric if Hjy(z,r) < K Vo € X, VB(z,r) C X.

Actually, this definition of quasisymmetric mapping is not exactly the one that could be com-
monly found in the literature, but if the space X is doubling and pathwise connected, then our
definition is equivalent to the classical one due to a result of Viisélé (see Lemma 4.6 in [15] or [28,
2.9]).

Observe that if f is K-quasisymmetric then f~! is also K-quasisymmetric. It is also clear from
the definitions that every K-quasisymmetric mapping is a K-quasiconformal mapping. It turns

out that for a large class of metric spaces the converse is also true.

It was proven by Heinonen and Koskela [14] (see also [20]) that under the following conditions:
(i) X and Y are Q-regular spaces with @ > 1

(ii) X is proper and quasiconvex

(iii) Y is locally linearly connected

(iv) f:X —Y is a quasiconformal mapping that maps bounded sets to bounded sets

if X supports a Q—Poincaré inequality then f is quasisymmetric. If in addition, X supports a
p—Poincaré inequality for some 1 < p < @, then f is not only quasisymmetric but also absolutely

continuous, and the pullback measure is A -related to p.

Recall that a measure o is said to be Ay -related to u if for each € > 0 there exists § > 0 such
that
w(E) <ou(B) implies o(F)<eo(B),

whenever E is a measurable subset of a ball B.

Standard assumptions : In the sequel, we will say that (X,d,u, f) satisfies the standard
assumptions with constants (@, K, p) when X is a Q-regular and complete metric measure space
(thus is separable and locally compact) that admits a p-Poincaré inequality for some p < @ and

f: X — X is a K-quasisymmetric map between two bounded domains. We also assume that the
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pull-back measure pi of p by f is Aso-related to p, and that J; (the Radon-Nikodym derivative of
oy with respect to p) satisfies a reverse Holder condition. This means that for every ball B C X

(fo)=e(fom) o

Example 27. (X,d, p, f) satisfies the standard assumptions when (i)-(iv) hold and X supports

with & defined by p = 1 4+ &7 1.

a p-Poincaré inequality for some p < Q. By Theorem 1.0.1 in [19], if X is in addition complete,

we automatically have a weak p—Poincaré inequality, for some 1 < p < Q.

Remark 28. It follows from the Holder inequality that if a space admits a p—Poincaré inequality,
it admits a g—Poincaré inequality for each ¢ > p. Thus, even if we can choose ¢ as small as we

want in (5.1), the estimate which gives more information is the one with p =1 4 ¢&71.

Remark 29. It follows from the quasisymmetry of f and @-regularity of X that (5.1) still holds
when the ball B is replaced by the pre-image of a ball by f.

In [16] (Theorem 9.10) it is proved that quasiconformal mappings between metric spaces of
locally @—bounded geometry (see Definition 9.1 in [16]) preserve the Newtonian-Sobolev space
N1LQ. More precisely, if f : X — Y is a quasiconformal homeomorphism between metric spaces

of locally @Q—bounded geometry then
ue NP (X) = uo f~h e NUO(Y).

Let us notice that if (i)-(iii) hold and X supports a Q-Poincaré inequality, then X is of locally
@Q—bounded geometry (see Section 5 in [15]).

In order to prove the main stability result of this section, we will need some technical lemmas.
The first Lemma controls the difference |ug — (uo f~!) | provided that the set of points that are

mapped far away by f~! has small measure compared to the radius of B.

Lemma 30. Assume that (X,d, u, f) satisfies the standard assumptions with constants (Q, K, p)
and that f maps Q1 — Qa, where Q1 and Qo are two bounded domains of X such that Q1 NQs # (.

Assume in addition that

ully € - dly, 7 (9) 2 gor)) < 6r9 (5.2)

for a positive constant § < (2Cy)~1100~9, and a given radius r > 0. Then for all u € NP(Q)
and for all ball B := B(x,r) C Q1 N Qg such that B(x, \MKr) C Q4 one has that

fY(B) C B(z,4K7) (5.3)

and

lup — (uo f7h)p| < Cr (][ pﬁ)é (5.4)

B(xz, MKr)

where C' depends on p, K and the doubling constant of u.
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Proof. Let x € X and B = B(z,r) and let us denote E := f~1(B). We claim that
1
B(,—)CECB AK :
5g") SEC (x,4Kr) (5.5)

for some point z € X. Let us begin with the first inclusion. We consider the set ¥ := {y €
Qo;: d(y, f(y)) = 1457} and we take a point z; € B(z,7r)\X with 7 : (2500)%. Such a point
always exists because pu(B(z,7r)) > Cy ' 79r? = 26r? > (). In particular, d(z1, f~(21)) < 155
thus f~(z1) € B(z, (T + 155)7) € B(x, 1957) by definition of 7 and because by assumption
§ < (2C5)~1100~9. Now take a point y € B such that d(x,y) = %r. By a similar argument one

can choose a point z; in B(y,7r)\X such that f~'(z2) € B(y, 1o57). In particular we have that

1 1 ro 22 T
> - >
and -
d(z1,22) < 3 + ﬁr < 27",

we deduce that
r

3
lf (Zlv ) 4K

This proves that f~!(B(z1, 2r)) contains a ball of radius at least ;% and so, there exists a z such

that 3
Be ) e 1 (B 2)) s

Now let us prove the second inclusion in (5.5). We keep the same point z; € B(z, 7r)\K and
following the previous argument, we find a point z5 lying in B(y, 77)\2 where this time y is chosen

satisfying d(z,y) = 2r. By construction we get

22 222
d(ft -t <=
(e M) S 20 4 e = 222,
and .
22 178
d >2r— —r=—r.
(21:22) 2 20 = 9567 = Jgp"
These two estimates implies l;-1(z1, 1187) < 222y Therefore L;-1(z1, 108r) < K222p and so we

deduce that there exists a point 2z’ such that

B < (B, gi r)) € B(~ %m) C B(a, 4K7),

and claim (5.5) is proved.

Now let us denote By := B(z,4K7r). Observe that if ¢ is an upper gradient for u, then for any
constant a > 0, g is still an upper gradient for v + a. In addition (u +a)o f~! =uo f~! +a.

Therefore, to prove (5.4) we can assume without loss of generality that
][ wdp = 0. (5.6)
By
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By Theorem 4, we get in particular that

<][Bo|up du>; =or (][ABogp dM) 117 ' (5.7)

Our aim now is to estimate
lup — (wo f~1)p| < |up|+[(uo f~1)s5l.

Using p—Poincaré inequality and minding that up, = 0 we get

lup| = |up —up,|

. /ﬁ)) AR

< Cr (][ gpd#>p
ABo

So we are left to estimate |(uo f~')pg|. Let us be the pull-back measure of u by f, that is,

for any Borel set £ of X. Recall that under our assumptions we know that ps is absolutely

continuous with respect to u and we have

py = Jyp

Recall also that by definition of € we have p’ = € + 1 where p’ is the conjugate of p. From the
reverse Holder’s inequality satisfied by J; it follows

(wo fY)p| < 1B/|u|deu
: (>/' "’)p(@/f“d“) | |
(i) (fue) () (Lo )™
Cle, K, p)r (wo )

< o ( ][ABO gp)

Let us observe that in inequality (5.8) we have used (5.7), (5.1) and Remark 29. The proof of the

lemma is now complete. O

IN

Jf d,LL (5.8)

Our stability result (Theorem 34) will rely on a “key lemma” that allows us to compare two
functions defined in different domains, and say that they are close in the Newtonian space norm
when the domains are close enough for a suitable topology. We will need some classical Whitney

type coverings and we refer for instance to [1] for a proof of the following Lemma.
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Lemma 31. Let Q C X be an open set such that Q2 is not empty, and let us define for e > 0 the

sets
Vei={2z e ;0 <d(z,Q° <e} CQ.

Then for any constant \, K > 1 there exists a countable family of balls {B;}ier of center x; and
radius r; satisfying
(i) Ve S UierBi S Vs,
(i) 1 100AK < d(x;,Q°) < 7;200\K for alli€ I,
(i)  the balls in the family {%Bi}iel are pairwise disjoint,
(iv) if B; N B; # 0 then r; < 4r;, and
(v) > icrxi0B;(x) < M where M depends only on the doubling constant of ju.

By standard technics there exists a partition of unity {p;};cr associated to {B;};cr and satis-
fying
() Sieroile) =1on V.,
(i)  supp(p;) C 2B; for all i € I,
(1)) 0<¢; <1foralliel,and
(iv) @, is C'/r;-Lipschitz for all ¢ € 1.
From this partition of unity on V. C  we would like to obtain a partition of unity on all Q.

To this aim, let us define
Y(z) = U(d(z,Q)/¢)

where [ is a C'—Lipschitz function equal to 0 in [0,1/2], equal to 1 in [1,+00) and I'(z) < C.
Observe that by construction v is C'/e-Lipschitz, equal to 0 on V., and ¢4 >, ., @; > 0 on Q.

Now, we define

i . P
= —FL  foriel and dhpim— — b
Y+ e P T+ dicr Pi

We now have a partition of unity in €2, and the following properties are easily checked:

(i

forie 1.

) o+ crbi =1o0n Q.

(15)  supp(0;) C 2B; for all i € I.
(i1i)  supp(tho) C Q\Vz 2.

(iv)

(v)

We will need also the following result.

1 is C/e-Lipschitz.
Yo =1on Q\V..

Lemma 32. Let Q C X be an open set. Then, for any q > p and for any u € NY9(Q) one has

lutbo + > up,0:ll xra(ay < Cllull e (ay),
el

where W(A) := AU U;cr.op,naz9 10AB;, for any Borel set A C ().

Proof. The proof relies on the classical Whitney argument. The adaptation in a metric space
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framework is inspired in the proof of Theorem 5.6. in [2]. Set
f(@) = u(@)vo(z) + > up,bi(x)
iel
and let us first control the L9—norm of f. We denote I4 :={i €I :3y € A:0;(y) # 0} and for
any x € Q we denote I, := {i € I;0;(z) # 0}. Using the fact that #I, < C and applying Fubini’s

theorem, we obtain the following chain of inequalities:

I un bl = [ 13 unbilo)"dn

il icl,
< ¢ [ S lunldn
Aer,
< oY funt [ au
Ta supp(0;)
< O lu,|'u(B)
Ia
< oY [
1, VB
< C’/ |u]? dp. (5.9)
W (A)

Therefore, since ¥y < 1 and A C W(A),

£l zacay < llutbollzacay + CIID _ wpbill Lagway) < CllullLagway-
iel

Now we have to control the gradient of f. For this purpose we need first to find a suitable
upper gradient for f. Let v be a curve connecting two points x and y. Up to split v into parts we
may assume that |y| C 2B;, for some ig € I, or |y| C Q\ U;es 2B;. In the latter case we have that

f = u and so, for any upper gradient g of u one has
#@) - f0)l < [ o

2l

Consequently, it is enough to consider the first case when |y| C 2B, for some ig € I. First, we
can add and subtract the constant ujop,, and use that ¥ + > ;c;0i(z) = 1 to write f(z) — f(y)

in the following fashion:

F(@)=f(y) = (ul@) = wiom,,) (Wo(w) = do(y)) +o(y) (w(@)—u(@)+D _(us, — wos,,)(0:(x) = i(y)).

il
)

(%)

First, let us estimate (xx). We have that

1> (up, —wios,,)(0:(x) = 0:(v)] < D |up, —wios, |6i(z) — 0i(y)|
i€l el
1
< Cd(z,y) Z lup, — U10B;, |-
i€l Ul, T
1
< Cd(@y)— > |up, —uos, |- (5.10)
"0 jer,ul,
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We use now ¢-Poincaré inequality (which holds since g > p) to obtain that for all ¢ € I, U, that
is, for all ¢ € I with 2B; N B;, # { (and such balls B; are contained in 10B;,),

1

q

lup, — ui0B,,| < CTiO( gq) .
10AB;,

This last estimate together with the fact that §{i € I;2B; N B;, # 0} < C yields

|3 s, w0, J0s@) — 6| < Gtz (f, - 0%)" o)

ey 10AB;,

On the other hand since vy is either C/r;,-Lipschitz either equal to 0 in B;, we have that

[u(z) — w10, |[Yo(z) — Yo(y)| < Cd(z,y)

1
lu(x) —uiop,, | (%)-
Tig

Keeping in mind that |10 (y)| < 1, all together we have proved

[f (@) = F(Y)] < |u(z) — u(y)| + Cd(z, y) {(][

3 1
q q
+ — — . 5.11
10/\Biog ) Tig [u() u103,0|] ( )

From those last estimates, up to a new choice of constant C', we claim that the function

G(x) = Cym)+C 3 [(][IOABng); + rli|u(x) - ] (5.12)

icl;xeB;

is an upper gradient for f.

Indeed, for any couple of points & and y belonging to €2, and for any curve «y connecting = to
y we can split 7y into a finite number of parts 7, in such a way that ~; is connected, v, C 2By, for
some k € I, and vy C Q\ Ujer 2B;. Let x, and yi be the two endpoints of i, for each k. First
observe that for any k and for any z € vy it holds

fu(zx) — waop, | < [u(z) — wrop, | + / g
Yk

Thus

d(xkayk) wlz —u d(xkayk) w(z) —u
S e o) —won| < 3 (1) o + [ )

IN

Tk

IN

d(zr, yr) .
C ——2=2 inf - . 5.13
/ﬁ%? I inf fu(z) ol (5.13)
We deduce that

f@) = f)l < 1f(@e) = Fwo)l + DI (@) — fye)l
k
(5.11)

< [ oo Tiuten —wwl - denu [(f,,,,0)" + e o |

o1,
< [yg+ zk:/%ﬁ zk: (%) [(fwwkg) + - inf Ju(z) ulOBk|:|
i1
= C/g+C’ / { f g9 +|u(z)_u10Bi|:| dH'(2)
¥ Zk: Vi iEI;ZzéBi ( 10AB; ) r;
<

L G(2)dH(2).
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In the penultimate inequality we have used that for every z € By,

1 1
—lu(z) = wos, | < > —lu(z) — w10,
k iclizeB;
and
1 1
g < a)q .
(][IOABkg )q o Z (][5/\Big )q
i€l;zeB;

We have then proved that G(z) defined in (5.12) is an upper gradient for f. Now to finish the

proof of the Lemma, it suffices to control the LY—norm of G. We have that

1
1GllLa(a) < CllgllLacay +C Zf 9l paay + || Z —|u(z) — wiom, |l Le(a)-
: 10AB; ) T
i€l ic€l;x€B;
On one hand, as for (5.9), we get
q
C q)|4 < C/ ][ q d
I Z][m)\Big HLq(A) > AZ( 10)\Big ()
1€1, IS
q
< X (o) [ auto)
%: 102B; supp(6:)
q
< C d B;
< %: (fmwﬂ) p(Bi)
< C / g* du
< C g? dp. (5.14)

W(A)
On the other hand, using Theorem 4 and Fubini’s theorem we obtain

1 1
1€ Fhute) —won ey < C [ 3 Spluta) = won,'du(o)

icl, I A

1
< OY o [ Jule) - mon, tdta)
%: r{ J10B, 10
< oY [ graue
Tr J10AB;
< of g duto). (5.15)
W(A)
which finishes the proof of the lemma. O

We will denote dy the Hausdorff distance between two non empty closed sets A, B of X defined
by

dy (A, B) := sup d(z, B) + sup d(z, A),
z€A rEB
and df; will denote the complementary Hausdorff distance between two open sets

d%(Ql, QQ) = dH(Qi, Q;)

We are now ready to prove the analogue of the so-called “key lemma” in [23] which leads to

the desired -convergence result.
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Lemma 33. For any constants K, Q and Cy there exists €y and ¢ such that the following holds. Let
Q1,Q2 be two bounded domains in X. Assume that (X,d, u, f) satisfies the standard assumptions
with f: Q1 — Qo. Assume in addition that

/ A(F (), 2) A+ 5y (1, 0) <& (5.16)
Qo

for some € € (0,1) satisfying ¢ < min(10~°diam(Q1),e0). Then for every u € NHQ(Qy), there
exists 4 € NV 9(Qy) such that u = @ in Q. (defined below) and
lallvre(@,) < ullvie@,) + Cllullvier-1(a.)): (5.17)
where
Ao i={x € Qo;d(x,Q5) < csﬁ} and Q. :={x € Qo;d(z,Q5) > csﬁ}.

If in addition f is bi-Lipschitz, then for every q > p and for every u € NV9(2;) there ewists
@ € NM(Qy) such that u =@ in Q. and (5.17) holds with N7 instead of NV@.

Proof. Let ¢ € (0,1) and let u € N%@(Qy). Observe that Q; C A. U Q. and by (5.16), together

with the fact that ¢ < 1, we have Q. C Q7 N Q3. On the other hand, recall that since f is

K-quasisymmetric, v := uo f~! € Nb?(Q,) and for any Borel set A C Q5 we have that
[vllnreay < Cllullvies-1ay)- (5.18)

If in addition f is bi-Lipschitz and u € N9, then (5.18) holds with N'¢ instead of N*?. So
roughly speaking, our aim is to keep & = v in €. and set & = v in A.. A Whitney decomposition

is the appropriate tool for glueing the two functions.
Indeed, let {B;}icr be the Whitney decomposition given by Lemma 31 associated to
AL = {x;d(z,Q5) > r(e)}

where r(g) = %5ﬁ and where ¢ will be defined later depending on Cy, K, A and Q. Let vy and
{0i}icr be the associated partition of unity such that 1o+ ;. ; 0; = 1 on Q3 and where the sum
is locally finite. Then we define

i =y + »_vp,0i (5.19)

el

1
vp, = M(Bz)/B v(z)dz.

By construction of ¢y we have u = @ in .. It remains to prove (5.17), which will follow from

where, as usual,

Lemma 32 and Lemma 30.

Let us first control the LY —norm of 4. Using Lemma 32 and (5.18) we get

lilla@,) < llutbolla,) + 1Y ve,0:llLeq.)
icl
< lullpea) + Cllvline(a,)
< ullpe,) + Cllullzer-1(a.))-
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Now we have to control the norm of the gradient of u. Let us first observe that if we split I

into I; U Iy with
I :={i € I;supp(¢po) N 2B; #0}, I :=1I\I1,
and if we set
Ay=|J 2B and Ay:= ] 2B,
i€l icly
then
]| n1.e ) < Nl vrtey + @l vrecar) + 18l N1eay)-

On the other hand, observe that @& = u on €2, and @(x) = ), ; vp,0i(x) on Ay. Therefore, if we
apply Lemma 32 to v and then (5.18) we obtain

]l n1.e iy < lullnte.) + @l nrecayy + Cllull v s-1(a.))-

Thus, since f~!(Az) C f~1(A:), all we have to prove is that

allnrecay) < llullvre-1(an)- (5.20)

For this purpose, we have to find a suitable upper gradient for @ in A; and control its norm. Let
~ be a curve connecting two points z and y of A;. We argue as in the proof of Lemma 32. Up
to split v into parts we may assume that |y| C B;, for some iy € I;. In the latter situation we

can add and subtract the constant viop,, and use that 1o + > _;c; 0:(x) = 1 to write (after some

i€l
computations)

f@)=f(y) = (u(@) — vios,, ) (Yo(x) — tho(y)) +1bo(y)(u D)+ (v, —vios,, ) (0i(2) = 0;(y)) -
i€l
()

(&)

First, let us control the term (<), which stand actually for the key point of the proof. Recall first
that there exists a constant a > 1 depending on K, A and ) such that the radius of 10B;, denoted
75, satisfies

atr(e) < ryy < ar(e).

Now, using (5.16) and Tchebychev’s inequality we obtain that

Pz € Did(e, f ) 2 osriad) S wl(e € s, 17E)) 2 (@)
< T [ de e an
< 100a (5.21)

r(e)

Now if 6 := (2C) 11009 (the constant of Lemma 30), we can define 7(¢) in such a way that

Q Q+1\ @
100(1E 5 @ = r(e) = 100a e
r(e) a )

(which gives at the same time the definition of constant ¢) and now (5.21) becomes

a

c Q
iz € (e, £ 2 qroma ) <0 (M) <
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Subsequently, we can apply Lemma 30 with B := 10B;,to prove the following estimate

lu(z) — V10B;, lu(z) — U10B;, | + |UloBiU — V10By,

1

Q
+ Cry, (f dez> . (5.22)
50K AB;,

< fu() —wos,,
Since g is C/r;,-Lipschitz and d(z,y) < 2r;,,

[u(z) — V108, [ [Y0(2) — Yo(y)| < Clu(z) — wios,, | + Cri, <]/ dez> . (5.23)

50K ABj,

Let us control now the term ({<). First, let us denote B; := 50K \B;, (note that by (i) in the
definition of the balls B;, we have that B; is still contained in €2). Now, since for every i € I

with B; N B;, # 0 the radius of B; is Cr;,, we can estimate |vp, — V108,

applying Lemma 30

again in the following way

+ up, — uiop,, | + [w10B,, — V108,

é
Cri, (f dez> . (5.24)
B,

lvp, —vioB,,| < |vB, —us,

IN

Then,

1> (vB, —vi0s,, ) (0i(z) — 0i(y))] > s, = vios,, |10:(x) — 0;(y)]

iel i€l

IN

1
< Cd(z,y) Z \vBi—U1OBi0;
$€1;2B;NB;y #0 !
1
< Cd@y)— Y |vs —vios,|
0 €1;2B;NB;y #0
1
Q
< ciwn(f, )"

io
All together we have proved that

£0) = £ < futa) = u(w)] + Cdw)( f, 9°)7 +]u(e) = wrom, |

i0

(5.25)

Now, as in the proof of Lemma 32 (the details this time are omitted), we deduce from (5.25) that

Glz)=Cg+C Y [(][B

!
i€l;x€B; 0

1

Q
69) " + lu(w) — up, |]
is an upper gradient for f in A;. Now to finish the proof of the Lemma, it suffices to control the
LY —norm of G, which is the same computation as for (5.14) and (5.15) so we omit the proof here
again. We get

IGllLe(a,) < C/ 99 dp,
W (A1)

where W (A1) = A1 UU;erop,na,20 P0KAB;. Since W(A;) C A. the proof of the Lemma
is complete for the case when f is K-quasisymmetric. Now if f is bi-Lipschitz all the above

arguments work with ¢ > p instead of @ which proves the lemma in its full generality. O
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We are now in a position to prove the following stability result.

Theorem 34. Let (Q,K,p) be some given constants and let fr : Qr — Q be a sequence of
K -quasisymmetric mappings into a fized domain Q C X satisfying p(02) = 0 and such that
(X,d, , fr) satisfies the standard assumptions with constants (Q, K, p). Assume in addition that

/ d(fi (x),2) dp — 0 and Q25 Q. (5.26)
Q

Then ng — Bg in the sense of Mosco. In addition, if the sequence of functions fi, are bi-Lipschitz

(with same constants) then B4 — B for all ¢ > p.

Proof. We begin by proving condition (M1). Let u € N»?(Q) and for k € N big enough we define
uy, := iy the function given by Lemma 33 with Q and Q. We already know that u;, € NLQ(Qy).
Therefore, all we have to prove is that (uxXxq,, Durxa,) converges strongly to (uxq, Duxq) in
LR(X) x L9 (X,RN).

We denote
A ={y € Q;d(y,00) < csﬁ},

and we also define
e = /Qd(x, fit (@) du(z) + 200AKdp (Q5,9°)  and Ay = i1 (Aey)-
Let us first prove that
p(Ag) — 0 when k — +o0. (5.27)
Indeed, let n be any small constant. For k big enough we have that
[ s @) dnte) <

and so, if we denote
Ay ={y € %d(y, ' (y) > Vi),

we obtain by applying Tchebychev’s inequality that
1
p(a,) < == [ dGe @) du(o) < VA
n \/ﬁ o k \/>

Now observe that
fk_l(AEk)\An g Aak—i-\/?p

Therefore,
p(f (M) <0 nlfi (M) NAy) + u(f (As)\Ay)
< w(Ay) + (et )
< \/77 + /U‘(Aek-i-\/ﬁ)
which implies
0 < limsup p(Ag) < /0 + (A 7). (5.28)
k—+o00
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Since 7 is arbitrary, if we let 7 — 0 in (5.28), we deduce (5.27).

Now applying Lemma 33 we can write

1
Q
(/ Iukmk—uleQdu) = (/ Iu/cmk—um\@du)
X Ag

CllullLe Az

Q=

IN

which tends to zero when k& — 400 because of (5.27). For the gradients, a similar argument can
be done, that is,

Q=
Q-

([ 1Duxe, - Duxal®du)® = ([ |Duxa, - Duxal%dn)
X Ag

C||Dul[ e (a,)s

IN

which tends to 0 as k tends to infinity. Thus (M1) is proved.

Let us now prove (M2). Let hy be a sequence of indices converging to oo, uy is a sequence
such that u, € NY9(Qy,,) for every k, and ukXq,, converges weakly in L%(X) to a function ¢,
while Dugxq,, converges weakly in L?(X,RY) to a function ¢. Let ¢ € L?(X) be compactly

supported in 2. By the weak convergence we have that

k—-+o00
u dp 2=, d
Jo urxa,, edp Jo oedp (5.29)

k——+oo
Jo(Dukxay,, o) ——2 [ dedp.

On the other hand, since €2, converges to 2 for the complementary Hausdorff distance, for k
large enough the function XQp, 18 equal to 1 everywhere on the support of ¢. Thus (5.29) shows
that ug, converges to ¢ weakly in L?(Q) and Duy converges to ¢ weakly in L2?(£2). By Lemma 6
we conclude that 1) is an upper gradient for ¢. Moreover since ¢ € L?(X,RY), we deduce that
dla € NHQ(Q). To conclude, all we have to show is that ¢ = 1) = 0 in Q°. To see this, we use
a similar argument as above by defining a function ¢ compactly supported in Q°. By the weak
convergence, and because €2 converges to () for the complementary Hausdorff distance, we deduce
that fQ ¢y dor = 0. This holds for any function ¢ compactly supported in Q°¢. Since ¢ € L9(X) we
conclude that ¢ = 0 a.e. in Q°. In a similar way we obtain that ¢ = 0 in Q¢ and since u(992) =0
we have that ¢ = ¢xq and ¥ = Pxq p-a.e. All together we have proved that ng converges to

Bg in the sense of Mosco.

If f; are bi-Lipschitz the proof works in the same way replacing @@ by ¢ > p and the proof of

the Lemma is now complete. O

5.1 An example

We would like to emphasize the fact that for some sequences of domains, Theorem 34 applies

whereas Theorem 17 not. For instance, let us define

Q = {(z,y) € R x| < Land 0 <y < (2 - V/]a])t}
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Observe that for t € (0,1), ; is never an extension domain for W2(;) thus we cannot apply
Theorem 17 to prove some ~y-convergence results for ;. On the other hand for a fixed ¢y > 0, one

can consider the bi-Lipschitz mappings g; : € — €, defined by

t
gt : (-'L',y) = (.’L‘7 ?Oy>
It is easily seen that
t —
/ d(z, g; '(2)) do < 22 (Q)[1 - ?0 =4 .
Q

Therefore, by applying Theorem 34, the v-convergence of €, to €2, holds when ¢ — #¢ .

5.2 Application for shape optimisation problems

In this last paragraph we use Theorem 34 to prove an existence result for a class of Shape opti-
misation problems (with Neumann boundary conditions) under quasiconformal deformations. We
found it more concrete to fit this application in RY, but one could get a similar result in more

general metric spaces without substantial changes.

We say that Q. v,-converges to Q if ng — BP in the sense of Mosco. Let A be a class of
domains in RY, and let F be a functional defined on A. We say that F is lower-semicontinuous

with respect to ~y,-convergence , if

S
F($) < liminf F(§)

whenever €, is a sequence of domains that y,-converges to Q. A classical example is the eigenvalue
problem. If F(Q) := A1(92) where )\ is the first eigenvalue of the Laplacian in © (with Neumann
boundary conditions), then it is well known that A;(Q2) is lower semicontinuous with respect to

~a-convergence. We refer to [3,5,17] for other examples of lower-semicontinuous functionals.
Let Q9 C RY be a fixed bounded domain. We denote A(€) the familly of quasiconformal
maps g : Qg — g(p) satisfying :

(i)  g(Qo) is contained in a fixed ball,
(ii) g lies in W1P with norm less than C' and with p > N, and

(iii)  the distortion constant of g is less than K.

A consequence of our stability result is the following existence theorem for minimizers of such

functionals.

Theorem 35. For any lower-semicontinuous functional F with respect to yn-convergence, there

exists a minimizer for the problem

oum F(g(0))- (5.30)
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Proof. Let Q := gx(Q0) be a minimizing sequence for the problem (5.30). Since € is contained
in a fixed ball, after passing to a subsequence if necessary we may assume that there exists a
domain €2 such that dg (25, 2°) — 0. On the other hand, since the functions g; are equibounded
in WP with p > N, by the Sobolev embedding they are equicontinuous and equibounded in L.
Therefore, one can extract a subsequence of g; that converges uniformly on every compact subset
of Qg to a function g. By classical results on quasiconformal maps (see [27]), we deduce that the
limit ¢ is a K-quasiconformal homeomorphism. This allows us to consider g; o g~' that converges
in L' to Id on Q. Indeed,
[ laog @) = ol 42 = [ o) - 9@ Io(o) 4L < llg - gu2(@) — 0.
9(Q0) Qo
Then applying Theorem 34 we deduce that ng — BY in the sense of Mosco. And since
) < i PO

we conclude that € is a minimizer for the problem (5.30). O

Remark 36. A similar result could be obtained with bi-Lipschitz mappings instead of quasi-

conformal mappings replacing yy—convergence assumption by <y,-convergence with any p > 1.
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