ELASTIC ENERGY STORED IN A CRYSTAL
INDUCED BY SCREW DISLOCATIONS:
FROM DISCRETE TO CONTINUOUS
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ABsTtrACT. This paper deals with the passage from discrete to continuous in modeling
the static elastic properties, in the setting of anti-planar linear elasticity, of vertical
screw dislocations in a cylindrical crystal.

We study, in the framework of I'-convergence, the asymptotic behavior of the elastic
stored energy induced by dislocations as the atomic scale € tends to zero, in the regime
of dilute dislocations, i.e., rescaling the energy functionals by 1/2|loge|.

First we consider a continuum model, where the atomic scale is introduced as an
internal scale, usually called core radius. Then we focus on a purely discrete model.
In both cases, we prove that the asymptotic elastic energy as e — 0 is essentially given
by the number of dislocations present in the crystal. More precisely the energy per
unit volume is proportional to the length of the dislocation lines, so that our result
recovers in the limit as ¢ — 0 a line tension model.
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1. INTRODUCTION

This paper deals with energy minimization methods to model static elastic properties of
dislocations in crystals. We are interested in the asymptotic behavior of the elastic energy
stored in a crystal, induced by a configuration of dislocations, as the atomic scale tends to zero.
Our approach is completely variational, and is based on I'-convergence. First we consider a
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continuum model, where the atomic scale is introduced as an internal scale, usually called
core radius. Then we focus on a purely discrete model.

We consider the setting of anti-planar linear elasticity, so that all the physical quantities
involved in our model will be defined on a domain © C R?, which represents an horizon-
tal section of an infinite cylindrical crystal. The elastic energy associated with a vertical
displacement u : 0 — R, in absence of dislocations, is given by !

E(Vu) = /Q V(o) de.

Now we assume that vertical screw dislocations are present in the crystal. To model the
presence of dislocations we follow the general theory of eigenstrains; 2 namely to any dis-
location corresponds a pre-existing strain in the reference configuration. In this framework
a configuration of screw dislocations in the crystal can be represented by a measure on €
which is a finite sum of Dirac masses of the type p := )", zi|b| d5,. Here x;’s represent the
intersection of the dislocation lines with €2, b is the so-called Burgers vector, which in this
anti-planar setting is a vertical fixed vector whose modulus depends on the specific crystal
lattice, and z; € Z represent the multiplicity of the dislocations. The class of admissible
strains associated with a dislocation p is given by the fields whose circulation around the
dislocations z; are equal to z;|b|. These fields by definition have a singularity at each x; and
are not in L?(£2;R?). To set up a variational formulation it is then convenient to introduce an
internal scale € called core radius, which is comparable with the atomic scale, and to remove
balls of radius € around each point of singularity z;. More precisely to any admissible strain
1) we associate the elastic energy

= i 2 X
E.() := /Q IR

where Q. (1) := Q\ U;Be(z;). Given a dislocation y, the elastic energy induced by p, in the
absence of external forces, is given by minimizing F. (1)) among all admissible strains.

This variational formulation has been recently considered in [4] to study the limit of the
elastic energy induced by a fixed configuration of dislocations as the atomic scale € tends to
zero. The authors prove in particular that the energy 3 is of the order |loge].

In this paper we study the asymptotic behavior of the elastic energy induced by the disloca-
tions in terms of I'-convergence, in this regime of energies, i.e., rescaling the energy functionals
by |loge|, without assuming the dislocations to be fixed, uniformly bounded in mass nor well
separated. Let us describe our continuum model in more details.

Given a dislocation p, the class of admissible strains AS:(u) associated with p is given (we
consider for simplicity |b| = 1) by

AS. (1) == {1 € L*(Q(1); R?) : curl 1) = 0 in Q.(p) in the sense of distributions,

Y(s)-1(s)ds = u(A) for every open set A C Q2 with A smooth and with 0A C Q. (u)}.
0A

Ior simplicity we will assume the shear modulus of the crystal equal to 1.

2We refer the reader to [13], [14] for an exhaustive treatment of the subject.

3Though the Burgers vector should be rescaled by ¢, in this and in the following results the Burgers vector
is kept fixed. The relevant physical case can be recovered simply introducing a supplementary rescaling term
of the order 1/&? in the energy functionals.
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Here 7(s) is the oriented tangent vector to A at the point s, and the integrand (s) - 7(s) is
intended in the sense of traces (see Theorem 2, page 204 in [6]). The (rescaled) elastic energy
associated with p is given by

1
1.1 F. = '
(11) (1) | log €| <wer,£1é?(u)

B () + |l(®) ).

The first term in the energy represents the elastic energy far from the dislocations, where
the crystal is assumed to have a linear hyper-elastic behavior (see Remark 2.6 for a partial
justification of the use of linear elasticity in this region far from dislocations). The second
term, |u|(€2), is the total variation of p on 2, and represents the elastic energy stored in the
region surrounding the dislocations (the introduction of this energy in the continuum model
will be fully justified by our discrete model; see Remark 2.6 and Remark 3.2 for more details).
In Theorem 2.4 we prove that the I'-limit of the functionals F., with respect to the flat
convergence of the dislocations (see (2.2)), is given by the functional F defined by

(1.2) Fl) = 5 1nl(©).

The asymptotic elastic energy per unit volume is essentially proportional to the number (and
hence to the length) of the screw dislocations. Then we recover in the limit as e — 0 a line
tension model.

A similar result was obtained in [8], [9], where the authors considered a phase field model
for dislocations proposed by [11]. They study the asymptotic behavior, in different rescaling
regimes, of the elastic energy given by the interaction of a non-local H'/2 elastic energy, a
non-linear Peierls potential and a pinning condition, under the assumption that only one slip
system is active. In particular, in the energy regime corresponding to a rescaling of the order
1/|loge|, their I'-limit is given by the sum of a bulk term, taking in account the pinning
condition, and a surface term concentrated on the dislocation lines.

More in general, energy concentration phenomena as a result of the logarithmic rescaling
are nowadays classical in the theory of Ginzburg-Landau type functionals, to model vortices
in superfluidity and superconductivity. We refer the reader to [3], [15], [10], [1] and to the
references therein.

Even if we do not assume the dislocations to be fixed, our analysis shows that, as ¢, — 0,
the most convenient way to approximate a dislocation p with multiplicity z; = 1, is the
constant sequence u, = u. In this respect the main point is that there is no homogenization
process able to approach an energy less then 1/27liminf. |u,(Q2)|. The latter term can be
interpreted as the quantity usually referred to as geometrically necessary dislocations. We
conclude that in this energy regime there is no energetic advantage for the crystal to create
micro-patterns of dislocations.

These considerations become trivial if one assume a priori a uniform bound for the number
of dislocations. However sequences {u,} with uniformly bounded energy (i.e., such that
Fe, (un) < C)) are not in general bounded in mass. The main reason is that one can easily
construct a short dipole fiy, := 0, — 0y, , with |1, |(2) = 2, |z, —yn| — 0, and whose energetic
contribution is vanishing. On the other hand, it is clear that the flat norm of these dipoles
is also vanishing. This is the reason why we study the I'-convergence with respect to the
flat convergence, instead of weak convergence of measures. We prove that the equi-coercivity
property holds with respect to the flat convergence: sequences pu, with uniformly bounded
energy, up to a subsequence, converge with respect to the flat norm. The proof of this result
represents the main difficulty in our analysis.
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Our strategy is to divide the dislocations in clusters such that in each cluster the distance
between the dislocations is of order €2, for some 0 < § < 1. The family of clusters with zero
effective multiplicity, namely such that the sum of the multiplicities in the cluster is equal
to zero, will play the role of short dipoles. Using the estimate |u,|(©2) < E|logey|, which
follows directly from F., (un) < E and from the second term in (1.1), we deduce that these
clusters give a vanishing contribution to the flat norm, of order |loge,|?c? — 0. We identify
the remaining clusters (with non zero effective multiplicity) with Dirac masses, obtaining a
sequence of measures fi, := ), 2;0;,. Assume for a while that f, is uniformly bounded in
mass, so that (up to a subsequence) fi, weakly converge to a measure p. We prove that
tn — fbp has vanishing flat norm and we deduce the convergence of u, to u with respect to
the flat norm.

The main point in the previous argument is that fi, is uniformly bounded in mass. This
will be a consequence of the key Lemma 2.5, where we prove that each cluster with non zero
effective multiplicity gives a positive energetic contribution. It is in this step that we have
to prevent the possibility of an homogenization process, able to approach a vanishing energy
through a sequence u, with non zero geometrically necessary dislocations. This analysis
will be performed through an iterative process, which will require the introduction of several
meso-scales. The choice of the number of meso-scales involved in this analysis as &, — 0 will
play a fundamental role in our proof.

The last part of the paper is devoted to a purely discrete model. We consider the illustrative
case of a square lattice of size € with nearest-neighbor interactions, following along the lines
of the more general theory introduced in [2].

In this framework a displacement u is a function defined on the set Q0 of points of the
lattice; the strains (3 are defined on the bonds of the lattice, i.e., on the class Q! of the
oriented segments of the square lattice; finally a dislocation is represented by an integer
function a defined on the class Q2 of the oriented squares of the lattice.

The class of admissible strains associated with a dislocation « is given by the strains
¢: Q! — R satisfying
(1.3) d¢ =,
where the operator d is defined in (3.3). The condition expressed in (1.3) means that for
every Q € Q2, the discrete circulation of ¢ on 9Q is equal to a(Q). The rescaled elastic energy
induced by « is given by

1 .
= min
|loge| ¢:01—R:d¢=a

(1.4) Fla): EX(9),
where the discrete elastic energy E?() is defined in (3.2).

Every dislocation a : Q2 — Z is induced by a function 8 : Q! — Z defined on the bonds
of the lattice, such that d 3 = a. The class of admissible strains can be then written in the
equivalent form

{B+du, u: Q) — R},
where du : Q! — R is now the discrete gradient of u defined in (3.1). In this respect 3 can
be interpreted as a discrete eigenstrain inducing the dislocation a. If « =d 8 = 0, then [ is
a compatible strain, i.e, 8 = d v for some displacement v, and the associated stored energy is
equal to zero. Therefore o measures the degree of incompatibility of the eigenstrain .

In Theorem 3.4 we restate our I'-convergence result given in Theorem 2.4 in this discrete
setting. The proof can be obtained as an immediate consequence of the results achieved
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in the continuum model, introducing an interpolation procedure with suitable commutative

properties with respect to the chains u 4 & 9 yand u % P cur! i (see Proposition 3.3).

In the discrete model the behavior of the elastic stored energy is controlled by the lattice size
e, and it is not necessary (see Remark 3.2) to introduce a supplementary internal scale, as the
core radius in the continuum case, to divide the stored elastic energy into two contributions,
one concentrated in a region surrounding the dislocations, and the other one far away. In this
respect the discrete model seems very natural, and provides a theoretical justification of the
continuum model.

2. THE CONTINUUM MODEL

Here we introduce our continuum model for vertical screw dislocations in an infinite cylin-
drical crystal, in the setting of anti-planar elasticty. We will study, in terms of I'-convergence,
the asymptotic behavior of the elastic stored energy in the crystal induced by the screw dislo-
cations as the atomic internal scale € tends to zero. For the definition and the basic properties
of I'-convergence, we refer the reader to [5].

2.1. Description of the continuum model. In this section we introduce the space of screw
dislocations X, and the elastic energy functionals & : X — R. We are in the setting of anti-
planar elasticty, so that the physical quantities involved in the model will be defined on an
horizontal section © C R? of the infinite cylindrical crystal.

2.1.1. The space X of screw dislocations. Let Q be an open bounded subset of R?. For any
x €  we denote by 0, the Dirac mass centered at x. Let us denote by M(2) the class of
Radon measures on 2. The space of screw dislocations X is given by

M
(2.1) X :={peM): ,u:Zziéxi,MeN, x; € Q, z € L}.

i=1

The support set of p defined by supp(p) := {x1,...,zn} represents the set where the dis-
locations are present, while the leading coefficients z; in (2.1) are the multiplicities of the
dislocations at the points z;’s. We endow X with the flat norm || * defined by

(2.2) |l s =inf{|S], Se€S: dSLQ = u} for every u € X.

Here S denotes the family of finite formal sum of oriented segments L; in §, with extreme
points p; and ¢;, and with integer multiplicity m;; the mass of S = Zf\i 1 m; L; is given by

M M
151 := S il L] = 3 Imallg: — i,
i=1 i=1
and 9§ is defined by
(2.3) 08 =Y " mi(dq — p,)-
We will denote by iy, 4, 1 the convergence of u, to p with respect to the flat norm.

4Here we are adapting the classical definition of the flat norm to our context of Dirac masses confined in
an open bounded set. For the canonical definition of the flat norm and its main properties we refer the reader
to [7], [12].
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Remark 2.1. Note that for every u € X we can find S € § such that 0SLQ = u. By
linearity it is enough to consider the case p = J, for some = € Q. Let y € 002 be the point
of minimal distance from x, and let S be the segment joining y to x. Clearly we have S € S,
08 = 0, — 0y, so that 0SLQ = d,. Moreover |0, = |S| = dist(x,082). In fact by definition
llpullf < |S| = dist(z,09). To prove the opposite inequality it is enough to check that (by
triangular inequality) any S € S with 0S5 = §, satisfies |S| > dist(z, 992).

2.1.2. Admissible strains. Let us fix ¢ > 0. Given p € X, we denote by

Qe(p) =2\ U B (),
x;€ supp(ﬂ)
where B.(x;) denotes the open ball of center z; and radius ¢.
The class AS. (i) of admissible strains associated with p is given by

(2.4) AS.(1) == {¢p € L*(Q:(1); R?) : curl 4 = 0 in Q. (p) in the sense of distributions,
/ P(s)-7(s)ds = p(A) for every open set A C Q with 0A smooth and with 0A C Q.(u)}.

Here 7(s) is the oriented tangent vector to A at the point s, and the integrand (s) - 7(s) is
intended in the sense of traces (see Theorem 2 page 204 in [6]).

Remark 2.2. Let ¢y € AS.(). By the definition (2.4), we have in particular that the
circulation of ¥ along 0A is equal to zero for every A C Q(u), which is consistent with curl
1 =0 in Q.(p) in the sense of distributions. Note also that to define Q. (u) we do not require
that the balls B.(z;) are contained in Q. However only the balls compactly contained in €2
give a contribution to the circulation of the admissible fields in (2.4).

2.1.3. The elastic energy. The elastic energy associated with a strain ) € AS.(u) is given by

E-(4) = [¥(@)| 720, (ur2)-
The elastic energy functional & : X — R is defined by

2.5 E(p)= min E Q f € X.
(2.5) < (1) i () + [l () or every p

The first contribution to the total energy represents the elastic energy stored in a region
far from the dislocations. The second contribution to the total energy is the total variation of
won , and represents the so-called core energy, namely the energy stored in the balls B.(x;)
(see Remark 2.6 and Remark 3.2 for some comment on the core energy in this model).

Remark 2.3. Note that the minimum problem in (2.5) is well posed. In fact, following
the direct method of calculus of variations let ¥, be a minimizing sequence. We have that
1¥nll 220 (u)r2) < C for some positive constant C. Therefore (up to a subsequence) 1, — 1
for some 1 € L?(Q:(u); R?). Moreover (see Theorem 2 page 204 in [6]) we have ¢ € AS.(u).
By the fact that the L? norm is lower semicontinuous with respect to weak convergence we
deduce that ¢ is a minimum point.

2.2. The I'-convergence result. In this section we study the asymptotic behavior, ase — 0,
of the elastic energy functionals &, defined in (2.5) in terms of I'-convergence. To this aim let
us rescale the functionals & setting

1

2. = -
( 6) FE |10g€’g€7
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and let us introduce the candidate I'-limit F : X — R defined by
1
(2.7) Fu) = %M(Q) for every p € X.

Theorem 2.4. The following I'-convergence result holds.
i) Equi-coercivity. Let e, — 0, and let {u,} be a sequence in X such that Fz, (pun) < E

for some positive constant E independent of n. Then (up to a subsequence) i, 4, I
for some p € X.

ii) T'-convergence. The functionals F., T'-converge to F as €, — 0 with respect to the
flat norm, i.e., the following inequalities hold.

D-liminf inequality: F(p) < liminf F. (un) for every p € X, pn 4, win X.
L-limsup inequality: given p € X, there exists {un} C X with py, 4, wu such that
limsup ., (1tn) < F(1).

2.2.1. Equi-coercivity. The prove of the equi-coercivity property is quite technical and requires
some preliminary result. Before giving the rigorous proof, let us recall the main steps of our
strategy.

The first step is to divide the dislocations in clusters of size r = &
To this aim, let us set

(2.8) A(n) = |J  Be@).

x € supp(un)

)

n

, for some 0 < § < 1.

Each connected component of A, (u,) represents a cluster of dislocations. By construction
the distance between the dislocations belonging to the same cluster is of the order r = efl.
The main point is that the family of clusters of dislocations with zero effective multiplicity,
i.e., such that the sum of the multiplicities of the dislocations in each of these clusters is equal
to zero, gives a vanishing contribution to the flat norm, while the number of the remaining
clusters with non zero effective multiplicity is uniformly bounded. This latter fact is more
delicate, and will be done in the following key lemma, which states that each cluster with non

zero effective multiplicity gives a positive energetic contribution.

Lemma 2.5. Let 0 < § < 1 be fized. Let e, — 0 and let {u,} be a sequence such that
Fe, (pn) < E for some positive E independent of n. Moreover assume that for every n there
exists a connected component Cy, of A.s (pn) (defined according to (2.8)) with Cy, C €2, and
pn(Cr) # 0. Then

1 1
limninf Togen] /Cn [ () dz > %(1 — )  for every sequence {{n} C AS;, (iin)-

Before giving the formal proof of the lemma, let us explain its main ideas. Let C), be a
cluster of dislocations with effective multiplicity equal to A # 0, and let v be a closed curve
surrounding C,, and which does not intersect any other cluster of dislocations. Then the
circulation of every admissible strain 1, € AS;, (in) on v is equal to \. We get an estimate
of the tangential component of 1, on ~, and hence of the L? norm of v, on 7. Extending this
estimate on an annular neighborhood F;, of the cluster C,, by means of polar coordinates,
we want to obtain an estimate of the elastic energy stored around C, independently of &,.
However the rigorous proof will require some additional effort. The main obstruction to the
previous argument is that in general F;, may intersect other clusters of dislocations. Our
strategy is then to iterate the previous construction in sub-clusters of C,,. We consider a
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certain number of exponents 0 < § = s0 < s} < ...sM» <1 where M,, — cc as g, — 0. For
almost every scale si, we find a sub-cluster of C,, of size e%» with non zero effective multiplicity,
surrounded by some annulus F!, such that the sets F are pairwise disjoint, and the elastic
energy stored in each F is of the order s/, — s=!. We deduce that the elastic energy stored
in C,, is at least of the order 1 — §.

The starting point of our analysis is the following estimate, which easily follows by the
second term in (2.5) and by (2.6).

(2.9) # supp(pn) < E|logey,| for every n € N,

where § supp(p,) denotes the number of elements in supp(uy ).

Proof of Lemma 2.5. Let us divide the proof of the Lemma in four steps.

Step 1. In this Step we introduce the exponents 0 < ¢ = s9 < sk < ...sM <1 and we
select the meso-scales 8;‘;1:1 which will be involved in our analysis.

For every n, let us set
i

[y T —
+ H|log(logey)|

Sn

for every 0 < i < M,,

where H > 0 is a fixed positive constant, and M,, is the integer part of H(1 — 9)|log(logey)|.
For every n, and for every 0 < i < M, let us set

" zesupp(pn)NCh "

Let C¢, be the family of the connected components Ci of Al with un(Cf{j ) # 0. Let us now
split the indices i € [0, M,,) into two families J, and I, by setting i € J,, if every element in
C! contains at least two elements of C™1; i € I, otherwise. Let us prove that

I,
(2.10) limninf ﬁﬁ =1-0o(1/H),

n
where §E denotes the number of elements of a set £, and o(1/H) — 0 as H — oo. To this
aim, note that if i € .J,,, then #C:*! > 24C!, and hence, using that #C’ is non decreasing with
respect to 4, and recalling that by assumption #C° = #{C,} = 1, we have
Bsupp(pn) 2 £C,1" 2 22740 = 207
By (2.9) we obtain
Ellogey| > tsupp(uy) > 2°7.

Therefore §.J,, < C|log(logey,)| for some positive constant C' independent of H. We deduce
that

. b Jn o Cllog(logey)| c
1 LIPS _
SR g, = T A 8 [logllogen)| — 1 H(1—6)

which together with §J,, + # I,, = M,, gives (2.10).

Step 2. In This Step we define the annular sets F:.
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Let i € I,. By definition there exists Cj’* in C! which contains exactly one element
CitbF iy €L Let pi, € CLT%+1 be chosen arbitrarily. Let us define

L= B logenlsf}lﬂ, R} = %Ef}b.
Moreover, for every connected component C}ifl’l of Air! different from C’Z‘Jrl’k“rl let us set
(2.11) = ze%?” |z — pl | — et rh = Ig?ﬁz |z — pl| + esn
Let us set
(2.12) Ly=RLB)\J L), F={zeR: |lo—p| € L}

The set L¢ is a finite union of open intervals, and hence it can be written in the form
N;L l l

(2.13) Li, = JGen ey,
I=1

Let us claim the following properties concerning L? and F.

a) For every i, n and for every r € Lt we have ju, (B, (pt)) # 0;
b) For every n the sets F), are pairwise disjoint;

c) For every i we have Z;\jﬁ |oz£7n — ﬁfn| = (1+0(1/n))/(H|log(logen)|), where o(1/n)
is a function independent of ¢ tending to zero as n — oo.

Step 3. Let ¢y, € AS., (i,). Using the claim, we are in position to estimate the L? norm of
1, on each F} using polar coordinates.
By property a), and by the fact that i, is an admissible strain (see (2.4)) we have

/ |ty (1, 0)|rdO > \,un(BT(pﬁl))\ >1 for every r € L;.
(0,27

Using Jensen’s inequality and property c) above, we deduce the following estimate.

/\mz\<m—2w§;/ <;ﬂAﬂﬂde@Pmﬁdr2

Ni

N 9
21 / / Yp(r,0)|dO | dr > — /a Zdr =
; (eni" eﬁ’l' ) (27T (0,27) n(r, 0) ) 2T Z (e ni m 5fn) r

1 <& . 1 1+40(1/n)
E L _ gl =—— 1 7] .
or — |a’L,n ﬂl,n” OgEn’ '’ H]log(logenﬂ‘ OgEn’

Summing the previous inequality over all i € I, and dividing by |logey,|, in view of (2.10)
and property b) above, we deduce

hmmf\loggny/ b (2 |2dx>hm1nf SN‘Z/ Y (@) |2 dz >

lmflwu+mm»J inf - Mn(l = o(1/H))
n 2m Hllog(logey,)] n 2m H|log(logey,)|
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Letting H — oo, and recalling that M,, is the integer part of H(1 — J)|log(logey )|, we obtain

(2.14) hmmf / [t (2)|? dz > hmmfiH(l —§)|log(logen) -1 1
\ log Enl 27 H|log(logey,)| o7

(1-9).

Step 4. In order to conclude the proof, we have to prove the claim.

Property a) follows directly by the construction of the intervals L!. More precisely one
can easily check that by construction every cluster of dislocations C#l’l € Al intersecting
B, (p) is actually contained in B,(p’), and since i € I, then all these clusters except one
have zero effective multiplicity.

Let us pass to the proof of property (b). Let iy, is € I,, with i3 < i5. We will use
the notation used in the previous constructions, with ¢ replaced respectively by i1, i2. In

. 1,k; ; io+1,k; .. .
particular let pi! € C“+ 1 piz ¢ CZQ+ 2" We divide the proof into two cases.
1 kZ . . +1
In the first case we assume that pi2 € C’“+ 11 In this case, since |pi} — pi2| < 65"1 , wWe
have
RZQ - 12 <9 Sill+1 Ell Sill+1 _ Ril i1
(pi2) + [P} — pi2| = 6 ol - <25 < Ellogealsl = R,

and hence BR;Q (pi2) C BR? (pi}), so that Fit and F2 are disjoint.

i1+1,k; . : ]
" In this case we have pi2 € Ci for some

AR Therefore by (2.11), (2.12)

Let us consider now the case pi2 & C),

connected component Catbl of Au+l different from C,
we deduce that
B si1+1(p312) NF* =9
en’

On the other hand
. 1 o 1 11+1
RZQ = 552" S 2 .
We deduce that
B (p) NF* = 0.
This concludes the proof of b).

Let us pass to the proof of ¢). For every i we have
(2.15)

. . . - i it 1 5
|Li| > (R — Ri) — Cllogeley” > —ein — Cllogeyley =« "( — Cllogen|eln 7)),

[\D\*—‘

where C is a constant depending only on E. On the other hand, fixing the quantity

N,

L L
Z ‘Egz,n _ 6gz,n|

=1

in (2.13), and maximizing | L?| with respect to the position of the indices aﬁ’n, ﬁf}n, we obtain

: i 1 N, —
(216) |L:’L| S Efln(i _ ETLlel ‘az»n ﬂz,n‘).

From (2.15) and (2.16) we deduce that

i 1 i i
> ein (= — Cllog e, |elen —o)).

1 N 1
st - 821:1 |ai,n_ﬂi,n‘)
n
2

Enn(i
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Therefore ‘
Nl gl i+ e
€§l:1 ‘az,n ﬂz,nl < C‘ log 5n‘5£bs" —s%) _ C| log 6n‘67fj\log(log6n)\ ,
from which it easily follows c). O

We are now in a position to prove the equi-coercivity. The idea is to identify the clusters
of dislocations with non zero effective multiplicity with Dirac masses, obtaining a sequence
of measures fi, := ), 2i0,. By Lemma 2.5 we will deduce that f, is uniformly bounded
in mass, so that (up to a subsequence) fi,, weakly converge to a measure u. We prove that
ln — fbn has vanishing flat norm and we deduce the convergence of pu, to u with respect to
the flat norm.

Proof of the equi-coercivity property. Let 0 < S < T < 1. For every S < 6 < T, let us consider
the set A.s (1n) defined as in (2.8). Let us denote by Cs, the family of connected components

C’g’n, e ,C’(?/q[f’" of A.s (pun) which are contained in €, and satisfying ,u(Cém) # 0. By Lemma
2.5 we deduce that §Cs, = Ms,, is bounded by a constant M independent of n and 4. For

every n, let us consider the finite family of indices
Lpo=A{th,. M} S<tl <2 <. .<tMr <T, M, <M,

given by the discontinuity points of the function 6 — #Cs,. Up to a subsequence, we have
that the set of accumulation points of I,, is of the type

Io:={64,..., 61}, S<ot<é?<...<é'<T, H<M.
Let
161,02 € (8,T)\ L.
For n big enough we have that the function § — #Cs, is constant on [01,02]. Since each
element of Cs, ,, contains at least one element of Cs, ,,, we deduce that actually each element
C’éhn € Cs, »n contains exactly one element C’fs%n € Csym-
We want to prove that for every sequence {H,} C Cs, ,, we have

(2.17) limsup |pn(Hy)| < K

for some positive constant K independent of n.

Let G, be the only element of Cs, ,, contained in H,,. The idea, as in the proof of Lemma
2.5, is to evaluate the elastic energy of every admissible strain v, € AS., (1), stored in the
region between G,, and H,, using polar coordinates. To this aim, let p, € G,, and let us
define

Ry := E|loge,|e%, Ry :=¢&l1,

Moreover, for every connected component C!, of A552 () different from G, let us set
L. _ _ 02 I ._ _ 02
ri= min |z —pn| —&3, T max @ — pnl| + &
Let us set
Ly, = (Rl’RQ)\U(Tll)Té)v Fn = {JJER22 ’x_pn| ELTL}
l
The set L, is a finite union of open intervals, and hence it can be written in the form

Nn,

(2.18) Ly = | J(egn, ).
=1
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Arguing as in the proof of properties a) and c¢), in the proof of Lemma 2.5, we deduce that
the following properties hold.

i) For every n and for every r € L,,, we have (B, (pn)) = pn(Gr).

i) STV Jad, — 8L = (14 0(1/n)) (82 — 61), where o(1/n) — 0 as n — co.
Let ¢, € AS:, (un). By the fact that v, is an admissible strain and by property i) we deduce
that

/ (o (1, 0)[rd6 > [1(Gy)|  for every 7 € L.
(0,27)

Using Jensen’s inequality and property ii) above we obtain

[, nta \dx_zﬂz / . ( [ o d9> .

n75

2
21 / / U (r,0)[dO | dr > / fdr =
Z (e e0m) ( (0,2w>| 0 ) o Z (e ety T

N 1
Gu)*Y_ lad, = Bl llog al = o |n(Gn) 2(1 4 (1/n)) (32 — 61) | log e
=1
Dividing by |log e, | in the previous inequality, and noticing that p,(G,) = pun(H,), we deduce
1 1
(2.19) E 2 limsup Fp(pn) 2 5—(62 — 61) lim sup(in(Gn))? = 5 (02 = 61) lim sup(in(Hn))?,

and this concludes the proof of (2.17).
Now we construct the sequence {S,} of oriented segments in S (see (2.2)) of the form
Sn = F,, + N,,, such that

(2.20) ISy LQ = i, |0F,| <2MK, |Nn|— 0,

which is clearly enough to guarantee the compactness of the sequence p,.
To this aim, in every element H! € Cs,n fix a point pl. and consider the measure

ﬁcél,n

fin, := Z M(Hé)épﬁl

=1
We have that |fi,| < MK, and hence we can find F,, € S satisfying
(2.21) |OF,| <2MK, OF,LQ = [i,.
Now let us denote by Z,, the union of the connected components of Aesl (un) strictly contained

in 2, and by K, the union of the connected components of Asal (in) intersecting 0€2. We
clearly have

(2.22) supp(pn) C Z,, U K,y,.

Moreover by construction (u, — fin)(IL) = 0 for every I € Z,. Therefore, using that
tsupp(un) < E|loge,|, and that for every I, € T, we have diam(I) < E| logsn\e , we
can easily find V,, € § such that

(2:23) OV = (b — fin) LTy, Vol < diam([ﬁb) £ supp(pin) < 521E2’ log En’2-
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On the other hand, since for every z € supp(u,) N K, we have d(z,09) < E|loge,|edt, we
can also find W,, € S (joining each x € supp(u,) N K, with a point of 9€2) such that

(2.24) OWn = LK, |Wy| <2 E?|loge, |2
Setting N,, := V,, + W, by (2.21), (2.22), (2.23) and (2.24) we deduce that (2.20) holds
true. O

2.2.2. T'-convergence. Here we prove the I'-convergence result.

Proof of the I'-limsup inequality. It is enough to prove the I'-limsup inequality assuming that
|u(z)| =1 for every x € supp(p). In fact the class of measures satisfying this assumption is
dense in energy and with respect to the flat convergence in X (more precisely, given 6 > 0
and i € X, there exists p € X with || — fif|f < 0 and F(pu) = F(f1), satisfying |u(x)| =1 for
every x € supp(u)).

The recovering sequence is given by the constant sequence u, = . We have to construct
a sequence of admissible strains 1, € AS.(u) satisfying

1
2.25 Fu >limsup/ Unl?.
(2.25) (1) Tog 2] Qen(u)l !

To this aim, for every z; € supp(u) N2, we consider the field 1), which in polar coordinates
is defined by

1
Yy, (1,0) 1= %Ti(r, 0)

where 7;(r, 6) is the unit tangent vector to 0B, (x;) at the point with coordinates (r, ).
The recovering sequence v, is defined by

(2.26) Yni= > e L.
z;€ supp(p)
It can be easily proved that v, € AS:(u), and
|| = lim sup Z
)

x; € supp(p

1

lim sup _—
Togzal o,

T b, |? = F(p),
Togen] Jon (0 )| | (1)

and this concludes the proof of (2.25). O

Proof of the I'-liminf inequality. Let p € X and let uy, 4, win X. We can assume that
liminf 7, (pn) < 00. Let us fix 0 < S < T < 1, and let us consider the set A_r(u) defined as
in (2.8). By Lemma 2.5 we deduce that there exists a finite number of connected component
Cl ... ,Ckn of Acr(pn), with Ly, uniformly bounded by a constant M independent of n, such
that C! C Q and u,(C) # 0. Let us denote by f, : (S,T) — {1,... M} the function which
counts the number of connected components of Acs (j1,,) containing at least one CL. For every
n, let us consider the finite family of indices

Lpo=A{tt, . M} S<tl <2 <. .<tM <T, M,<M,

given by the discontinuity points of #,. Up to a subsequence, we have that the set of accu-
mulation points of I,, contained in (S,T) is of the type

Io:={64,..., 0}, S<ot<é?<...<éf <T, H<M.
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Let us setléo = 5, §H+1 = T and for every 0 < i < H consider intervals (a’,b’) with
6t < a® < b < §*l. Fixed any 7 > 0, we can always assume that

Y —a)>T-S-7.
i
For every s € (a%,b'), we have exactly f,(b") connected components K3 .. ,Kﬁ’ﬁ”(bl) of
Acs (un) containing at least one Cl. For every 1 < j < #,(b') we arbitrarily fix a point
pf{j € Kfzf’j . Let us define

i

R := E|loge,le?, Ry" =l

..
Moreover, for every connected component Cit of Ay (in) different from K27 et us set

7"1"77;[ = mml |z — phd| — bi, ré’ﬁ’bl = max |z — phd| + &b,
ccy x€ C
Let us set
.. -7 -’ ﬁ .. .. ..
L = R RN 1% i), Fi={x e R?: |z —pif| € LI/}
l

The sets Li;j are finite union of open intervals, and hence they can be written in the form

NyJ
LZ’J o U (EO/’}L]Z c i;jyl)
n n r-n .
=1

Let us denote by H! the family of sets F}, "7 which are strictly contained in 2. The following
properties concerning L5 and FYY and H, can be readily verified by the reader.
a) For every i, j, for n big enough, and for every r € L% we have tin (By (pn )) = M(Fﬁ’j );
b) For n big enough, the sets Fy,” are pairwise disjoint;

c) For every i, p, L (U e F”) 4 m

d) For every i, j, Zl |a B gL = (14-0(1/n)) (b —a'), where o(1/n) — 0 as n — .
Arguing as in the proof of (2.19) we obtain that for every v, € AS;,(un) and for every
Fy) e HY,

1

|logen| Fid

Yl dr > 5 (s (F3) 21+ o(1/m) (B~ ).

Summing the previous inequality over all F}; i g H:,, we obtain
(2.27) “Ogg Mogel] 3 / [l dz > 5 ( +o(1/m) 3 a(Fi)( — ab).
Fil e, Fpl eHy,

Recalling that the diameter of F7 tends to 0 as n — oo, by property ¢) we easily deduce
that for every fixed 7

(2.28) lminf 3 [ (FE)] > |ul().
FileHs,
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Letting n — oo in (2.27), and using (2.28) we obtain

limninf]-"(un) > limninf o] / [ |? dz > hmmf Tog €n| Z Z / |thn|? da >

Z ] Hz
| N ; 1
liminf 5= 37 37 (B —a) = (T = 5 = 7)o |ul(@).
i Fen,
Letting S — 0, T'— 1 and 7 — 0 we deduce the I'-liminf inequality. ([l

Remark 2.6. Let C,C’ > 0 be fixed positive constants. Here we observe that nothing
changes in our I'-convergence result if in the definition of Q. (¢) we remove balls of radius Ce
instead of e, and if we multiply the second term |u|(€2) in (2.5) by C’. More precisely given
u € X, define

(2.29) Q) =0\ |J Bela).

x;€supp(p)

Define consequently the space of admissible strains ASY (1) associated with p as follows

(2.30) ASC( )= {1 € L*(QF(1); R?) : curl ¢ = 0 in QF () in the sense of distributions,

/ ¥(s)-7(s) ds = u(A) for every open set A C Q with A smooth and with A c QF (u)}.
. c,c’

Finally let & (u) be defined by

2.31 ESC (1) == min / V(@)|? dz + O u|(Q),

231 = min [ e Clal©)

and let & =1 /|logelEE '“ be the corresponding rescaled functionals. Then Theorem 2.4

still holds true with F. replaced by .7-}0 ¢

In this respect the choice of the core radius and of the core energy does not play an essential
role in the asymptotic behavior of the functionals F; as € — 0. This fact gives also a partial
justification of the use of linearized elasticity in Q¢ (u). In fact, the recovering sequence 1,

given in (2.26) satisfies
1
[¥nllLe @ (un)r2) < once. + O(n),

where O(n) is uniformly bounded with respect to n. Recalling that the admissible strains
should be rescaled by ¢, (because the Burgers vector has to be rescaled by ¢,), we deduce
that the modulus of the gradient of the rescaled recovering sequence can be chosen arbitrarily
small, choosing C big enough. This is our partial justification of the use of linear elasticity.

3. THE DISCRETE MODEL

Here we give a I'-convergence result in a discrete model for the stored energy associated
with a configuration of screw dislocations, as the atomic distance € tends to zero. The model
follows the general theory of eigenstrains (we refer the reader to [13]): a dislocation in the
crystal is associated with a pre-existing plastic strain in the reference lattice. In the next
section we will describe our discrete model, which follows the lines of the more general theory
introduced in [2].
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3.1. Description of the discrete model. We will consider the illustrative case of a square
lattice, with nearest-neighbor interactions. Let £ C R? be an horizontal section of the region
occupied by the cylindrical crystal. We will assume for simplicity €2 to be polygonal. In the
reference configuration, the lattice of atoms is given by the set

Q= {rcecZ’NQ}.

We denote by Qg the class of bonds in €, i.e., the class of oriented e-segments [z, x + e,
where e, ey is the canonical basis of R2, and z, z + ce; € Qg.

Given a function u : Q2 — R, let us introduce the (rescaled) discrete gradient of u, du :
Q! — R, defined by
(3.1) du([z,z + ce;]) == u(x + ee;) — u(x) for every [z, z + ce;] € QL.
Given a strain ¢ : ! — R, the elastic energy associated with &, is given by
(3-2) EY€) =) a(v)(§(v))?,

veQl

where the function a(v) € {1/2, 1}, introduced only to simplify some interpolation procedure
(see property b) of Proposition 3.3), is defined by

1 .
5 ifx, x4 ce; € O
o[z, @+ zeil) = {i otherwise Z

The elastic energy associated with a displacement u : 20 — R, in absence of dislocations, is
given by E4(dw).

To model the presence of dislocations, following [2] we introduce the class Q2 of oriented
e-squares [x,T + €e, T + €e1 + ceg| with x, x + ceg, © + ce; + cex,x + €€ € Qg. Given
Q = [z,7 + cez,x + ce1 + eeg] € Q2 let us denote by Q C R? the convex envelop of
{2,z + ceq, x + ceq + e }. For simplicity we will always assume that Q = UQingQi.

In this discrete setting, a dislocation is represented by a function « : Qg — Z. The squares
in the support of « represent the zone where a dislocation is present, while the value of o on

these squares represents the multiplicity of the dislocation.
Given ¢ : Q! — R, the function d ¢ : Q2 — R is defined by

(3.3) d&([x,z+eeq,x+cer +eea]) :=&([x,x + cea]) + E([x + cea, x + ce1 + cea])—
E([x +eer,x + cer + eea]) — &([x, x + ceq)) for every [z, + cea, x + ceq + ceo] € Q2.
The elastic energy associated with a dislocation o : QY — Z is given by

d o : d
(34) gs (Oé) T gzﬂéianEiE:a Es (5)

Remark 3.1. Note that if « is a dipole of the type
-1 ifQ=[z,x+ces,x+e(er +e2);
a(Q)=¢+1 ifQ=[r+ezer,x+e(e2+ ze1),x+ce(er +ex + zeq)];
0 otherwise,

for some x € Q0, 2 € Z, then a = d 3, with 3 defined by

1 ifv=[z+ese,z+e(se; +e2)] withse{l,... 2z}
B(v) :== .
0 otherwise.
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Actually for every a : 92 — Z we can find 3 with d 3 = a. By linearity, it is sufficient to
check it in the case

a(Q) = {1 if Q=[z,x+eer,z+eler + e)l;

0 otherwise,
We have a = d 3, where

1 fv=[zr—ese,z—ese +eeg] with s € {0 UN};
Bv) = :
0 otherwise.

Note that there are many (3 inducing the same « (such that d 3 = a). More precisely if
d g = «a, then « is induced exactly by

{B+du, u: QY — R}

This follows by the fact that if ¢ : O — R is such that d ¢ = 0, then there exists u : Q2 — R
such that ¢ = du, and ddu(Q) = 0 for every u: QY — R, for every Q € Q2.
We deduce that if d@ = «a, then
d : d
Ea) == u:g%ngR Ef(du—p).

Therefore 3 can be interpreted as an eigenstrain associated with the dislocation a. However
we stress that the energy depends on « and not on the particular choice of the eigenstrain
inducing a.

3.2. The TI'-convergence result. To study the asymptotic behavior of the elastic energy
functionals 5;1 as € — 0 in terms of I'-convergence, it is convenient to define a common space
of configurations of dislocations independent of £. To this aim, to every dislocation a : Q2 — Z
we associate the measure

(o) =) a(Q)dyq),

Qen?

where z(Q) denotes the center of ). Therefore, as in the continuum case, the space of
dislocations is the space X defined in (2.1). Moreover we denote by X. the subspace of X
given by the measures u such that p = fi(a) for some a € Q2. Finally, given p € X., we will
denote by a(u) : Q2 — Z the (unique) dislocation satisfying ji(&(u)) = p.

The class of discrete admissible strains associated with € and pu € X, is defined by

ASH(p) = {€: QL = R: d&=a(p)}.
The rescaled energy functionals take the form
1 ~ : :
(3.5) ]__g(u) .— J Tloge] SE(OZ(,LL)) Tf e Xe;
+o0 in X\ X..
Remark 3.2. Here we notice that in the discrete model, we do not need to introduce the
core energy |u|(€2) as in the continuum case to obtain an estimate similar to (2.9). The term

|1|(2), in the continuum model, represents the energy stored in a region surrounding the
dislocations, whose diameter is comparable to the atomic distance. This interpretation is



18 M. PONSIGLIONE

fully justified by the following easy computation. Let p € X, let x € supp(u), and let Q. (x)
be the e-square centered at x. For every admissible strain & € ASg (1), we have by definition

> tw) = pa).
vEIQ: ()
We deduce that
(3.6) > kWP =c,
vEAQe ()

where C' is a constant independent of €. Therefore, in the discrete model, the energy stored
in the bonds near to the dislocations turns out to be controlled from below by |u|(€2). As
observed in Remark 2.6, a sharp computation of this energy becomes unnecessary in the
continuum model, in the study of the asymptotic behavior of the elastic energy as ¢ — 0.

By (3.6) we deduce (as in (2.9)) that if £,, — 0, and {u,} is a sequence in X such that, for
every n € N, F?_ (u,) < E for some positive constant E, then

(3.7) fsupp(pn) < CE|log(ey)| for every n € N,

where C is a fixed positive constant independent of ¢.

The candidate I'-limit of the functionals FZ, as in the continuum case (see (2.7)), is the
functional F : X — R defined by

1
(3.8) F(p) = %]uy(ﬁ) for every u € X.

Now we provide some interpolation procedures which will be used in the proof of the I'-
convergence result. Let u : Q¥ — R. Let us introduce its extension @ :  — R, defined in
the following way. We divide every Q € Q2 (more precisely every Q with Q € 02), in two
triangles. In each triangle T', @ is the only affine function coinciding with u on the vertices
of T. In a similar way, given a function £ : Q! — R we define £:0 — R? imposing on each
triangle

(3.9) £ = (6(na(T)), £(va(T))),
where v1(T") and v2(7T') are the horizontal (parallel to e;) and the vertical (parallel to es) edges
of T'. We collect in the following proposition some properties satisfied by the interpolated
functions introduced above.
Proposition 3.3. The following facts hold.

a) For every u : Q0 — R, we have Vi = %dNU,'

b) For every £ : QL — R, we have E4(&) = HEHQLQ(Q.R%;

¢) The function & belongs to the class ASE (i(d €)) defined in (2.30) for every C > 21/2,

Now we are in a position to give our I'-convergence result in this discrete model, for the

elastic energy functionals ]—"g as e — 0.
Theorem 3.4. The following I'-convergence result holds.

i) Equi-coercivity. Let e, — 0, and let {y,} be a sequence in X such that F2 (u,) < E

for some positive constant E independent of n. Then (up to a subsequence) piy 4, I
for some p € X.
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ii) T'-convergence. The functionals ]—"gn I'-converge to F as €, — 0 with respect to the
flat norm, i.e., the following inequalities hold.

D-liminf inequality: F(p) < liminf ]:gn () for every u e X, up 4 win X.
D-limsup inequality: given p € X, there exists {un,} C X with py, 4, w such that
limsup F¢ (pn) < F(p).

Proof. We begin by proving the equi-coercivity property.
Equi-coercivity. Let &, € ASgn (1) be such that
1

mEgﬂ(ﬁn) <E+1.
n

Let C > 2Y/2. By Proposition 3.3 we have that the functions &, introduced in (3.9) are
in the class ASY (i) defined in (2.30). By Proposition 3.3 and by (3.7) we deduce that

fg’l(un) < K for some positive constant K > 0. Therefore by Theorem 2.4 and by Remark
2.6 we deduce that the equi-coercivity property holds.

C-liminf inequality. Let 4, win X, and let &, € ASgn () be such that

lim inf

Tz, E2 (&,) = liminf F2 (1)

By Proposition 3.3 we have that &, € ASE (), with C > 1/2. By the I'-liminf inequality of
Theorem 2.4, and by Remark 2.6 we deduce that for every positive constant C’ > 0 we have

1 -
F(p) < liminf ——— / Enl? + C () ] -
(1) Tog 2] ( Qgﬂ(ﬂn)\ | |pn | (€2)

By the arbitrariness of C’, by Remark 3.2 and by Proposition 3.3 we deduce

. 1
£n|? < lim inf
n |logey|

F(p) < liminf

Ed n) = 1 i ffd mn)s
n |10g5n| QC, (pn) en(€ ) 1mn111 sn('u, )

that is the I'-liminf inequality holds true.

[-limsup inequality. It is enough to prove the I'-limsup inequality assuming that |u(x)| =1
for every x € supp(p). In fact the class of measures satisfying this assumption is dense in
energy and with respect to the flat convergence in X.

The recovering sequence is given by the constant sequence p, = u. We have to construct
a sequence of admissible strains &, € ASgn (1y) satisfying

(3.10) F (1) > limsup EZ (&)-

|log &y, |

Let us fix x; € supp(u) N €. For every v := [v1,v9] € L, let as denote by T'(v) the triangle
whose vertices are x;, v1 and v, and by 6, (v) € [0,27), its angle at the point z;. We consider
the field & : Q! — R defined by

&, (V) = 04, (v)o(T) for every v € Qén,

where o(T") € {—1,1} is equal to 1 if the oriented segments [z, v1], [v1,v2], [v2, z] induce a
clock-wise orientation to 0T'; o(T') = —1 otherwise.
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Let us fix 0 < § < 1. We set
AV i={z e Q: |z — x| <70},
B':=Q\ A
Let us consider the function f;}l : Q0 — R? of R” defined in (3.9). By construction, for n big

enough égz satisfies as follows.

i) For every x € A}
C

max{|z — x;|,en}’

€5, (2)] <

where C' is a positive constant independent of €,;
ii) For every z € B}

~ 1+o(en)
|z — ;]

€2 ()]

where o(g,) — 0 as g, — 0.
The recovering sequence &, is defined by

fn = Zﬁz

It can be easily proved that &, € ASgn (). By Proposition 3.3 and by properties i), %)
above it follows that

. 1 d Y 1 z 02 _ 1 _
Jin e B (60 =l ) = gt supp(n) (14 0(8)) = F()(1+ 0(9))
where 0(d) — 0 as 6 — 0, and this concludes the proof of (3.10) and of the I'-convergence
result.
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