THE BERNSTEIN PROBLEM FOR INTRINSIC GRAPHS IN HEISENBERG GROUPS AND CALIBRATIONS

VITTORIO BARONE ADESI, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

1. Introduction

In this paper we deal with some problems concerning minimal hypersurfaces in Carnot-Carathéodory (CC) structures. More precisely we will introduce a general calibration method in this setting and we will study the Bernstein problem for entire regular intrinsic minimal graphs in a meaningful and simpler class of CC spaces, i.e. the Heisenberg group H^n. In particular we will positively answer to the Bernstein problem in the case n = 1 and we will provide counterexamples when n ≥ 5.

Here hypersurface simply means topological codimension 1 surface. The notion of intrinsic graph has been recently introduced in [25] in the setting of a Carnot group and deeply studied in the case of hypersurfaces in [4] even if it was already implicitly exploited in [23].

The calibration method presented here is a refinement of an unpublished result due to L. Ambrosio in [1]. The Bernstein problem in the framework of CC spaces (see Definition (2.2) below) has been recently studied for the first Heisenberg group H^1 with suitable assumptions we will precise below (see [27],[12], [11],[45] and [17]).

Many other topics of Geometric Measure Theory (GMT) have been studied in the setting of these structures (see, for instance, [9], [21],[22],[26],[23],[3], [2],[24] and [34] where an interesting survey of this argument can be found). In particular, given a family X = (X_1, . . . , X_m) of Lipschitz continuous vector field on R^n, it is possible to define the notion of X-perimeter ||∂E||_X (Ω) of a measurable E ⊂ R^n in open set Ω ⊂ R^n (see Definition (2.5)). Several interesting properties of sets of finite X-perimeter have been investigated (see [9], [7], [22], [26]) and in particular isoperimetric type inequalities have been proved for the X-perimeter ||∂E||_X associated to a measurable set E ⊂ R^n of locally finite X-perimeter, that is

||∂E||_X (Ω) < ∞

for every open bounded set Ω ⊂ R^n (see [40], [21] and [26]). In particular an interesting existence’s result of minimizing sets of locally X-finite perimeter has been obtained in [26], generalizing similar De Giorgi’s results for the Euclidean perimeter measure ||∂E|| := ||∂E||_X with X = ∇ = (∂_1, ..., ∂_n) (see [30]).

Moreover, introducing a suitable intrinsic notions of rectifiability in a Carnot group of step 2, a counterpart of De Giorgi’s result on the structure of sets of finite Euclidean perimeter (see, for instance, [30]) has been obtained in [24] (see also [3], [41],[34],[35],).

Date: March 8, 2006.

V.B.A. is supported by MIUR, Italy, GNAMPA of INDAM and University of Trento, Italy. F.S.C. is supported by MIUR, Italy, GNAMPA of INDAM and University of Trento, Italy. D.V. is supported by MIUR, Italy, GNAMPA of INDAM and Scuola Normale Superiore, Italy.

Part of the work was done while D.V. was a visitor at the University of Trento. He wishes to thank the Department of Mathematics for its hospitality. 1

In this paper we are going to study some properties for locally finite X-perimeter sets E ⊂ R^n which are locally minimizing in a fixed open subset Ω ⊂ R^n of a CCspace R^n, i.e.

(1.1) ||∂E||_X (Ω^′) ≤ ||∂F ||_X (Ω^′) whenever EΔF ⋐ Ω^′

for any open subset Ω^′ ⋐ Ω, for any measurable set F ⊂ R^n. In the following we will simply call such a set E a minimizer for the X-perimeter measure in Ω.

Through a calibration technique we will first give, in Theorem 2.1, a general simple method for the construction of minimizers for the X-perimeter measure. Then we will the study the Bernstein problem for minimizers E in the whole H^n; namely we will study the problem whether a set E satisfying (1.1) with Ω = H^n whose the boundary S = ∂E is a regular entire “graph” has to be an “half-space” with respect to suitable notions of graph and half-space involving both algebraic and CC structure of H^n (see section 5).

We refer to S.Berstein since he positively answered to this problem in the Euclidean setting, i.e. when X = ∇ = (∂_1, ..., ∂_n) with n = 3. More precisely it is well-known that if ϕ : ω → R is a C^2 regular function on an open subset ω ⊂ R^{n−1} and E = {(x^′, x_n) = (x_1, . . . , x_{n−1}, x_n) ∈ ω × R : x_n < ϕ(x^′)} then

(1.2) ||∂E||_X (ω × R) = H^{n−1}(∂E) = ∫ ω √ 1 + |∇ϕ|^2dL^{n−1}

where H^m and L^m respectively denote the m-dimensional Hausdorff measure and the m-dimensional Lebesgue measure in R^m.

In particular whenever E is a minimizer in Ω = ω×R then ϕ satisfies the classical minimal surface equation

(1.3) div ( ∇ϕ √ 1 + |∇ϕ^2| ) = 0 in ω .

When n = 3 Bernstein proved that each ϕ ∈ C^2 entire solution of (1.3) (i.e. ω = R^2) has to be affine (see Theorem 5.1 and [30], chapter 17, for an interesting account of this celebrated problem in any dimension).

Let us recall both problems we will deal with have been already studied in the setting of first Heisenberg group H^1 though by a different point of view and with different assumptions. Indeed the problem of minimizers was attacked in [42], [12],[32], [45] and [13] but only for sets E with regular boundary and in the special setting of Heisenberg group H^n. Our calibration technique, although very classic as inspiration (see, for instance, [8] and [38] for its historical applications to Calculus of Variations and GMT), extends previous results to general sets without any regularity assumptions and in the general framework of CC spaces (see section 2). The Bernstein problem in H^1 was first studied in [27] and [12] and in the subsequent papers [11], [28] and [45]. To introduce those and our results let us recall some definitions and the main properties of H^n concerning both its algebraic and CC structure (see [10] for a more complete introduction). For sake of simplicity in the introduction we will restrict ourselves to the first Heisenberg group H^1.

Let us denote H^1 = (R^3, ·) with group law

(1.4) (x, y, t) · (x^′, y^′, t^′) := (x + x^′, y + y^′, t + t^′ + 2(yx^′ − xy^′))

and the family of non isotropic dilations

(1.5) δ_r((x, y, t)) := (rx, ry, r^2t), for r > 0.

It is known that H^1 is a Lie group of topological dimension 3, its Lie algebra h_1 of the left invariant vector fields of H^1 is (linearly) generated by

(1.6) X_1 = ∂ ∂x + 2y ∂ ∂t , X_2 = ∂ ∂y − 2x ∂ ∂t ; T = ∂ ∂t , and the only non-trivial commutator relation is

[X_1, X_2] = −4T.

Let us denote in the following X := (X_1, X_2) and let d_c be the CC distance defined in (2.2): it is well-known that d_c is left-invariant with respect to the group law and homogeneous with respect to the dilations (δ_r)_r. In what follows, we will write ||∂E||_H rather than ||∂E||_X , and we will call it H-perimeter instead of X-perimeter.

Actually H^1 can be endowed with an explicit simpler metric, d_∞, equivalent to d_c we will use through the paper. More precisely let us define the homogeneous norm in H^1

(1.7) ‖P ‖_∞ := max {√ x^2 + y^2, |t|^{1/2} } if P = (x, y, t)

then the metric d_∞ we shall deal with will be defined as

(1.8) d_∞(P, Q) := ‖P^{−1} · Q‖_∞.

Moreover let us stress that Hausdorff dimension of (H^1, d_∞) is Q := 4.

The two key points we want to stress now are about the possible intrinsic notions of plane and graph in H^1 equipped with its Lie group and CC structure. A general and more complete discussion of these topics in Carnot groups can be found in [25] and [4].

The notion of plane arises quite evident taking into account the fundamental Rademacher’s type theorem due to P. Pansu in [39] in the framework of Carnot groups. Indeed Pansu proved the intrinsic differential (i.e. an intrisic linear functional) L : H^1 → R, approximating with respect to the distance d_∞ at a.e. point in a fixed open set Ω ⊂ H^1, a given Lipschitz continuous function f : Ω ⊂ (H^1, d_∞) → R has to be the form

L(x, y, t) = a x + b y ∀ (x, y, t) ∈ H^1

for suitable constants a, b ∈ R. Then it is natural by this argument to call plane in H^1 a set V ⊂ H^1 level set of L, i.e. V = {(x, y, t) : ax + by = c} form some c ∈ R, i.e it is a so-called vertical plane. Let us note such a set V = P_0 · V_0 for some P_0 ∈ V and V_0 := {(x, y, t) ∈ H^1 : ax + by = 0}. Namely a plane can be seen as the left-transleted of a maximal subgroup V_0 of H^1. This evidence has been later confirmed by an argument of GMT too. In fact it was proved in [23] the existence of a tangent maximal subgroup of H^1 in the sense of GMT for H -regular surfaces (see section 2), a class of intrinsic regular surfaces in H^n which allowed to prove a counterpart of the classical De Giorgi’s rectificability and divergence theorem in this setting (see also a generalization of this blow-up’ s technique recently proposed in [35]).

Assuming this notion of vertical plane the Bernstein problem was studied in [27] for C^2 regular sets

(1.9) E = {(x, y, t) ∈ R^3 : t < ϕ(x, y)}

verifying (1.1) and with S = ∂E without characteristic points. In particular a suitable minimal surface equation for ϕ was obtained and its solutions have been called H- minimal. In particular it was proved that Bernstein problem fails for an entire C^2-regular H-minimal solutions ϕ, i.e. there exists H-mimimal ϕ : R^2 → R whose graph is not a vertical plane. On the other hand it has been been recently proved in [45] (see also [13]) that for each C^2 regular entire H-minimal solution ϕ the set E in (1.9)) is a minimizer for the H-perimeter in the whole Ω = H^1 ≡ R^3.

In this paper we want to study the Bernstein probem in H^1 assuming again the notion of vertical plane but replacing the notion of Euclidean graph with another one more intrinsic to the CC geometry which turned be very useful in GMT (see also [17]).

Let us recall that, according to [4], two sets S, E ⊂ H^1 are respectively called X_1-graph and X_1-subgraph in H^1 if (1.10) S = {(0, η, τ) · ϕ(η, τ) e_1 : (η, τ) ∈ ω}

(1.11) E = {(x, y, t) ∈ C_{X1} (ω) : x < ϕ(y, t − 2xy)} for a suitable function ϕ : ω ⊂ R^2 → R where C_{X1} (ω) := {(x, y, t) ∈ H^1 : (y, t − 2xy) ∈ ω} and e_i (i = 1, 2, 3) is the standard basis of R^3.

Let us point out that the notion of X_1-graph is not a pointless generalization. Indeed, for instance, there are H-regular surfaces in H^1 which are not Euclidean graphs (see [25], Example 3.9).

Moreover if ϕ ∈ C^2(ω) then ∂E = S and the following area formula for X_1-graphs was proved in [4] (see Remark 2.23)

(1.12) ||∂E||_H(C_{X1} (ω)) = S^3_∞(S) = c ∫ ω √ 1 + |W^ϕϕ|^2 dL^2

where W^ϕ :=^∂_{∂η} − 4ϕ^∂_{∂τ} , S^3_∞ is the 3-dimensional spherical Hausdorff measure induced on H^1 by d_∞ and c a positive geometric constant.

By performing a simple first variation with respect to ϕ of the functional in (1.12) we can easily get (see section 3 and [17]) the following minimal surface equation for X_1-graphs in H^1

(1.13) W^ϕ ( W^ϕϕ √ 1 + |W^ϕϕ|^2 ) = 0 in ω .

In [28] interesting examples of (entire) X_1-graph satisfying (1.13) in the whole ω = R^2 which are not vertical planes have been provided. Therefore the only request to be an an entire solution of (1.13) does not yields a positive answer to the Bernstein problem.

On the other hand very recently in [17] a remarkable example of a regular entire X_1-graph S verifying (1.13) but not minimizing the H-perimeter, in the sense of (1.1) has been provided. Moreover it has been proposed the natural conjecture whether a C^2 regular set E ⊂ H^1 as in (1.11) with ω = R^2 and satisfying (1.1) with Ω = H^1 has to be a vertical half-space.

In this paper, getting motivation and benifit of this interesting counterexample, we positively answer to this question (see Theorem 5.3) by means of a characterization of the entire solutions of (1.13) (see Corollary 4.12) and studying among them those satisfy the right sign of the second variation of functional in (1.12) (see section 3.2).

Then we extend our study to the higher Heisenberg groups H^n with n ≥ 2 (see section 5.2). In particular we will prove that when n ≥ 5 there is a negative answer to Bernstein problem in H^n by constructing examples of regular minimizers E ⊂ H^n ≡ R^{2n+1} whose the boundary S = ∂E is an entire intrinsic graph but not a vertical hyperplane. Moreover we will study also the Bernstein problem in the cases n=2, 3 and 4 getting only some partial information but it still remains open.

Finally N. Garofalo informed us that similar topics have been studying in [29].

Acknowledgements. We are deeply grateful to L. Ambrosio who generously communicated us a preliminary version of Theorem 2.1 and for fruitful discussions on the subject. We also warmly thank S. Spagnolo who inspired us many results of section 4, P. Secchi for fruitful discussions on the arguments of the same section, R. Monti for some suggestions on minimal surfaces and N. Garofalo who kindly sent us a preliminary version of paper [17] which gave us an important hint for the proof of Theorem 5.3. Eventually many thanks to B. Franchi and R. Serapioni for continuous discussions during the writing of this paper and to V. Chilla for some helpful advices.

2. A general calibration method for the X-perimeter and applications

Given a family X = (X_1, ..., X_m) of Lipschitz continuous vector fields X_j (x) = ∑_n

i=1 c_{ij} (x)∂_i (j = 1, ..., m) with c_{ij} ∈ Lip(R^n) (j = 1, ..., m, i = 1, ..., n), we call subunit a Lipschitz continuous curve γ : [0, T ] −→ R^n such that

(2.1) γ̇(t) = m∑ j=1 a_j (t)X_j (γ(t)) and m∑ j=1 a^2_j (t) ≤ 1 for a.e.t ∈ [0, T ],

with a_1, ..., a_m measurable coefficients. Then define the CC distance between the points x, y ∈ R^n as

(2.2) d_c(x, y) = inf{T ≥ 0 : there exists a subunit path γ : [0, T ] → R^n such that γ(0) = x and γ(T ) = y}.

If the above set is empty put d_c(x, y) = +∞. If d_c is finite on R^n, i.e. d_c(x, y) < ∞ for every x, y ∈ R^n, it turns out to be a metric on R^n and the metric space (R^n, d) is called CC space (see, for instance, [31] and [37]). In particular we shall generally assume the following connectivity condition (2.3)

d_c is finite and the identity map Id : (R^n, d_c) → (R^n, | · |) is a homeomorphism.

Whenever Ω is an open subset of R^n and f ∈ C^1(Ω) we set

Xf = (X_1f, . . . , X_mf),

whereas if φ = (φ_1, . . . , φ_m) ∈ C^1_c (Ω; R^m) we put

(2.4) div_X φ := m∑ j=1 X^∗_j φ_j ,

where X^∗_j is the adjoint operator of X_j in L^2(R^n). Given a measurable subset E ⊂ R^n we define the X-perimeter of E in Ω as

(2.5) ||∂E||_X (Ω) := sup {∫ E div_X φ : φ ∈ C^1_c (Ω, R^m), |φ| ≤ 1 } ; alternatively, we can define ||∂E||_X (Ω) as the total variation in Ω of Xχ_E.

It is well-known that by Riesz representation Theorem we can identify ||∂E||_X as a Radon measure on Ω for which there exists an unique ||∂E||_X -measurable function ν_E : Ω → R^m such that

|ν_E |_Rm = 1 ||∂E||_X -a.e. in Ω ∫ E div_X φ dL^n = − ∫ Ω ⟨φ, ν_E ⟩_Rm d||∂E||_X for all φ ∈ C^1_c (Ω, R^m).

In the following we will call ν_E horizontal inward normal to E (see [22]).

Finally, we will say that E is a minimizer for the X-perimeter in Ω if

||∂E||_X (Ω^′) ≤ ||∂F ||_X (Ω^′)

for any open set Ω^′ ⋐ Ω and any measurable F ⊂ R^n such that EΔF ⋐ Ω^′.

The following result is a refinement of one due L. Ambrosio and it extends the classical calibration method giving sufficient conditions for a Borel set E ⊂ R^n to be minimizer of X-perimeter.

Theorem 2.1. Let Ω ⊂ R^n be an open set, let X_1, . . . , X_m be a family of Lipschitz continuous vector fields in Ω and let E be a set of locally finite X-perimeter in Ω.

Suppose there are two sequences (Ω_h)_h and (ν_h)_h such that

(i) Ω_h ⊂ Ω is open, Ω_h ⋐ Ω_{h+1}, ∪^∞_{h=1}Ω_h = Ω; (ii) ν_h ∈ C^1(Ω; R^m), |ν_h(x)|_Rm ≤ 1 for all x ∈ Ω, h; (iii) div_X ν_h = 0 in Ω_h for each h; (iv) ν_h(x) → ν_E (x) ||∂E||_X -a.e. x ∈ Ω.

Then E is a minimizer for the X-perimeter in Ω.

Proof. Fix an open set Ω^′ ⋐ Ω and a measurable set F ⊂ R^n such that EΔF ⋐ Ω^′. Let Ω^{′′} be any open set such that EΔF ⋐ Ω^{′′} ⋐ Ω^′. Let h̄ and ψ ∈ C^1_c (Ω^′) be such that Ω^′ ⊂ Ω¯_h, 0 ≤ ψ ≤ 1 and

(2.6) Ω^{′′} ⋐ {ψ = 1} ⋐ Ω^′ ⋐ Ω . Now notice that for each h > h̄

(2.7) ∫ Ω ⟨ν_h ψ, ν_E ⟩_Rm d||∂E||_X = ∫ Ω ⟨ν_h ψ, ν_F ⟩_Rm d||∂F ||_X

Indeed by (2.6) and (iii) ∫ Ω ⟨ν_h ψ, ν_E ⟩_Rm d||∂E||_X − ∫ Ω ⟨ν_h ψ, ν_F ⟩_Rm d||∂F ||_X = − ∫ Ω^′

(χ_E − χ_F )div_X (ψν_h)dL^n = − ∫ Ω^{′′}

(χ_E − χ_F )div_X ν_hdL^n = 0

By (2.7)

||∂F ||_X (Ω^′) ≥ | | | ∫ Ω ⟨ν_h ψ, ν_F ⟩_Rm d||∂F ||_X | | | = | | | ∫ Ω ψ⟨ν_h, ν_E ⟩_Rm d||∂E||_X | | | . By (ii) and (iv) and thanks to Lebesgue convergence theorem, as h → ∞ we get

(2.8) ||∂F ||_X (Ω^′) ≥ ∫ Ω^′

ψ d||∂E||_X ≥ ||∂E||_X (Ω^{′′}).

Let now increase Ω^{′′} ↑ Ω^′ in (2.8) and we get the thesis. □

An interesting applications of Theorem 2.1 to non Euclidean regular sets E can be given in a particular but significant class of CC spaces, namely the Carnot groups. Let us recall that a Carnot group G of step k is a connected, simply connected Lie group whose Lie algebra g admits a step k stratification, i.e. there exist linear subspaces g_1, ..., g_k such that

(2.9) g = g_1 ⊕ ... ⊕ g_k, [g_1, g_i] = g_{i+1}, g_k ≠ {0}, g_i = {0} if i > k,

where [g_1, g_i] is the subspace of g generated by the commutators [X, Y ] with X ∈ g_1 and Y ∈ g_i. Let m_i = dim(g_i), for i = 1, . . . , k and h_i = m_1 + · · · + m_i with h_0 = 0 and, clearly, h_k = n; we will also write m instead of m_1. Choose a basis e_1, . . . , e_n of g adapted to the stratification, that is such that e_{hj−1+1}, . . . , e_{hj} is a base of g_j for each j = 1, . . . , k.

Let X_1, . . . , X_n be the family of left invariant vector fields such that X_i(e) = e_i, where e is the identity of the group. Given (2.9), the subset X = (X_1, . . . , X_m) generates by commutations all the other vector fields; we will refer to X_1, . . . , X_m as generating vector fields of the group. The exponential map is a one to one map from g onto G, i.e. any x ∈ G can be written in a unique way as x = exp(x_1X_1 +

· · · + x_nX_n). Using these exponential coordinates, we identify x with the n-tuple (x_1, . . . , x_n) ∈ R^n and we identify G with (R^n, ·) where the explicit expression of the group operation · is determined by the Campbell-Hausdorff formula (see [19]). In this coordinates e = (0, . . . , 0) and (x_1, . . . , x_n)^{−1} = (−x_1, . . . , −x_n), and the adjoint operator in L^2(G) of X_j , X^∗_j , j = 1, . . . , n, turns out to be −X_j (see, for instance,[24] Proposition 2.2).

Two important families of automorphism of G are the so called intrinsic translations and the intrinsic dilations of G. For any x ∈ G, the (left) translation τ_x : G → G is defined as z → τ_xz := x · z.

For any λ > 0, the dilation δ_λ : G → G, is defined as

(2.10) δ_λ(x_1, ..., x_n) = (λ^{α1} x_1, ..., λ^{αn} x_n),

where α_i ∈ N is called homogeneity of the variable x_i in G (see [20] Chapter 1) and is defined as

(2.11) α_j = i whenever h_{i−1} + 1 ≤ j ≤ h_i,

hence 1 = α_1 = ... = α_m < α_{m+1} = 2 ≤ ... ≤ α_n = k.

The subbundle of the tangent bundle T G that is spanned by the family of vector fields X = (X_1, . . . , X_m) plays a particularly important role in the theory, it is called the horizontal bundle HG; the fibers of HG are

HG_x = span {X_1(x), . . . , X_m(x)}, x ∈ G.

The sections of HG are called horizontal sections, a vector of HG_x is an horizontal vector while any vector in T G_x that is not horizontal is a vertical vector. Each horizontal section is identified by its canonical coordinates with respect to this moving frame X_1(x), . . . , X_m(x). This way, an horizontal section φ is identified with a function φ = (φ_1, . . . , φ_m) : R^n → R^m, and this allows us to define div_X φ as in (2.4).

Since the family X satisfies condition (2.3), it makes sense to define the Carnot- Carathéodory distance d_c and the X-perimeter as in (2.2) and (2.5). One can check that the CC distance d_c is left invariant, i.e. d_c(z · x, z · y) = d_c(x, y) for any x, y, z ∈ G, and behave well with respect to the group dilations, i.e. d_c(δ_λx, δ_λy) = λd_c(x, y) for all x, y ∈ G and λ > 0. The n-dimensional Lebesgue measure L^n is the Haar measure of the group, and the integer Q := m_1 + 2m_2 + · · ·+ km_k is called homogeneous dimension of G: it coincides also with the Hausdorff dimension of G with respect to d_c. Moreover, one has

L^n(B(x, r)) = r^QL^n(B(x, 1)) = r^QL^n(B(0, 1)),

where B(x, r) is the CC ball of center x and radius r, and it can be checked that the X-perimeter measure is homogenous of degree Q − 1, i.e.

||∂(δ_λE)||_X (δ_λΩ) = λ^{Q−1}||∂E||_X (Ω).

In Carnot groups one can refine Theorem 2.1 as follows:

Theorem 2.2. Let G = (R^n, ·) be Carnot group. Let E, Ω be respectively a measurable and open set of R^n, and denote by ν_E : Ω → R^m the horizontal inward normal to E in Ω. Let us assume

(i) E has locally finite X-perimeter in Ω; (ii) div_X (ν_E ) = 0 in Ω in distributional sense;

(iii) there exists an open set Ω̃ ⊂ Ω such that ||∂E||_X (Ω\Ω̃) = 0 and ν_E ∈ C^0(Ω̃). Then E is a minimizer of the X-perimeter in Ω.

Before the proof of Theorem 2.2, let us recall the classique technique of intrinsic convolution in homogeneous groups (see [20]), Proposition 1.20):

Lemma 2.3. Let G = (R^n, ·) be a Carnot group and let ϱ ∈ C^∞(R^n) be such that 0 ≤ ϱ ≤ 1, ∫ R^n ϱ dL

n = 1, sptϱ ⊂ B(0, 1) and ϱ(x^{−1}) = ϱ(−x) = ϱ(x) for all x ∈ R^n. Let us denote

(2.12) ϱ_ϵ(x) := ϵ^{−Q}ϱ ( δ_{1/ϵ}(x) ) , x ∈ R^n ;

(2.13) (ϱ_ϵ ⋆ f)(x) := ∫ R^n

ϱ_ϵ(y) f(y^{−1} · x)dL^n(y) = ∫ R^n

ϱ_ϵ(x · y^{−1}) f(y)dL^n(y) .

Then

(i) if f ∈ L^p(R^n), 1 ≤ p < ∞, then ϱ_ϵ ⋆f ∈ C^∞(R^n) and ϱ_ϵ ⋆f → f in L^p(R^n) as ϵ → 0;

(ii) spt ϱ_ϵ ⋆ f ⊂ B(0, ϵ) · spt f;

(iii) X_j (ϱ_ϵ ⋆ φ) = ϱ_ϵ ⋆ X_j φ for any φ ∈ C^∞_c (R^n) and each j = 1, . . . , m; (iv) ∫ R^n (ϱϵ ⋆ f) g dL n = ∫ R^n (ϱϵ ⋆ g) f dL

n for every f ∈ L^∞(R^n), g ∈ L^1(R^n);

(v) if f ∈ L^∞(R^n) ∩ C^0(Ω) for a suitable open set Ω ⊂ R^n then ϱ_ϵ ⋆ f → f uniformly on compact subsets of Ω as ϵ → 0.

Proof of Theorem 2.2. Let ϱ_ϵ be the family of mollifiers introduced in Lemma 2.3 and denote ν̄ : R^n → R^m as ν̄ ≡ ν in Ω, ν̄ ≡ 0 in R^n \ Ω. Let us denote

ν_ϵ(x) := (ϱ_ϵ ⋆ ν̄)(x) = ( (ϱ_ϵ ⋆ ν̄_1)(x), . . . , (ϱ_ϵ ⋆ ν̄_m)(x) ) x ∈ R^n .

Let us begin to prove that for a fixed open set Ω^′ ⋐ Ω

(2.14) ∫ Ω φ div_X ν_ϵ dL^n = 0

for every φ ∈ C^∞_c (Ω^′), 0 < ϵ <^{dist(Ω′ ,Rn\Ω)}_2 .

Fix φ ∈ C^∞_c (Ω^′); since φ_ϵ := ϱ_ϵ ⋆ φ ∈ C^∞_c (Ω) and X_j (j = 1, . . . , m) are self-adjoint, by Lemma 2.3 (i)-(iv) we can integrate by parts getting ∫ Ω div_X (ν_ϵ) φ dL^n = − ∫ Ω m∑ j=1 < ν, X_j φ_ϵ >_Rm dL^n = 0 .

From (2.14) we get

(2.15) div_X (ν_ϵ) = 0 in Ω^′

for every open set Ω^′ ⋐ Ω provided 0 < ϵ <^{dist(Ω′ ,Rn\Ω)}_2 .

Let (Ω_h)_h be a sequence of open subsets of Ω verifying (i) of Theorem 2.1. Then by (2.15) with Ω^′ ≡ Ω_h there exists a sequence ϵ_h → 0 for which the sequence ν_h ≡ ν_{ϵh} satisfies the assumptions of Theorem 2.1: indeed (i)-(iii) therein are immediately satisfied. Let us prove (iv).

By (iii) and Lemma 2.3 (v) we get that ν_h → ν uniformly on compact subsets of Ω̃ and then (iv) of Theorem 2.1 follows. □

The simplest example of Carnot group is the Heisenberg group H^n: it is the Carnot group whose (2n + 1)-dimensional Lie algebra h_n is linearly generated by the fields X_1, . . . , X_n, Y_1, . . . , X_n, T , where the only non vanishing commutation relations are [X_j , Y_j ] = −4T for all j = 1, . . . , n.

It follows that the algebra admits the stratification h_n = g_1 ⊕ g_2, where

g_1 = span {X_1, . . . , X_n, Y_1, . . . , X_n} and g_2 = span {T }.

Using exponential coordinates, throughout this paper we shall denote the points of H^n by P = [z, t] = [x + iy, t], z ∈ ci^n, x, y ∈ R^n, t ∈ R. If P = [z, t], Q = [ζ, τ] ∈ H^n and r > 0, the group operation reads as (2.16) P · Q := [z + ζ, t + τ + 2ℑm(⟨z, ζ̄⟩)]

and the family of non isotropic dilations as (2.17) δ_r(P ) := [rz, r^2t]. The generators of the algebra can be written in coordinates as (2.18)

X_j = ∂ ∂x_j

+ 2y_j ∂ ∂t , Y_j = ∂ ∂y_j

− 2x_j ∂ ∂t , for j = 1, . . . , n; T = ∂ ∂t ; we will frequently use the notation X_j := Y_{j−n} for j = n + 1, . . . , 2n. As we already agreed, we will define the Carnot-Carathèodory distance d_c and the Xperimeter (which we will call H-perimeter) as the ones arising from the family X = (X_1, . . . , X_{2n}).

Moreover H^n can be endowed with the homogeneous norm

(2.19) ‖P ‖_∞ := max{|z|, |t|^{1/2}}

and the distance d_∞ we shall deal with is defined as (2.20) d_∞(P, Q) := ‖P^{−1} · Q‖_∞.

It is well-known that the distance d_∞ is equivalent to d_c; it follows that the Hausdorff dimension of (H^n, d_∞) is Q = 2n + 2, whereas its topological dimension is 2n + 1.

A real measurable function f defined on an open set Ω ⊂ H^n is said to be of class C^1_H(Ω) if the distribution ∇_Hf := Xf = (X_1f, . . . , X_{2n}f) is represented by a continuous function. We shall say that S ⊂ H^n is an H-regular hypersurface if for every P ∈ S there exist a neighbourhood U and a function f ∈ C^1_H(U) such that ∇_Hf ≠ 0 and S ∩ U = {Q ∈ U : f(Q) = 0}, and we will define the horizontal normal to S at P as ν_S (P ) := −

∇_Hf(P ) |∇_Hf(P )| . Notice that a C^1_H surface can be an highly irregular object from the viewpoint of Euclidean geometry, since it can be a fractal set (see [33]). Since it is not restrictive, in the following we will deal only with surfaces S which are locally zero level of functions f ∈ C^1_H with X_1f ≠ 0.

A first important step in the study of H-regular surfaces is the Implicit Function Theorem 2.4; before stating it however we need to fix some notations. In the following we will identify the maximal subgroup V_1 = {(x_1, . . . , x_{2n+1}) ∈ H^n : x_1 = 0} with R^{2n} through the map

ι : R^2 = R_η × R_τ → V_1 (η, τ) −→ (0, η, τ) if n = 1, and

ι : R^{2n} = R_η × R^{2n−2}_{v=(v2 ,...,vn,vn+2,...,v2n)} × R_τ → V_1 (η, v, τ) −→ (0, v_2, . . . , v_n, η, v_{n+2}, . . . , v_{2n}, τ) for n ≥ 2; we stress the strange choice made to denote the components of v, which however is justified by the structure of ι. We can then state (see [23]) the following

Theorem 2.4. [Implicit Function Theorem] Let Ω be an open set in H^n, 0 ∈ Ω, and let f ∈ C^1_H(Ω) be such that X_1f(0) > 0, f(0) = 0. Let E := {P ∈ Ω : f(P ) < 0} and S := {P ∈ Ω : f(P ) = 0};

then there exist δ, h > 0 such that, if we put I := [−δ, δ] × [−δ, δ]^{2n−2} × [−δ^2, δ^2] ⊂ R^{2n}_{η,v,τ} , J := {(s, 0, . . . , 0) ∈ H^n : s ∈ [−h, h]} and U := ι(I) · J, we have that

E has finite H-perimeter in U; ∂E ∩ U = S ∩ U;

ν_E (P ) = ν_S (P ) for all P ∈ S ∩ U.

Moreover there exists a unique continuous function ϕ : I → [−h, h] such that S ∩ U = Φ(I), where Φ is the map I ∋ A → ι(A) · (ϕ(A), 0, . . . , 0) ∈ H^n, and the H-perimeter has the integral representation

(2.21) ||∂E||_H(U) = ∫ I |∇_Hf| X_1f

(Φ(A)) dL^{2n}(A).

Finally the H-perimeter measure ||∂E||_H coincides with c(n)S^{Q−1}_∞ S, where c(n) depends only on n and S^{Q−1}_∞ is the Q − 1 dimensional spherical Hausdorff measure arising from d_∞.

From now on, given a real continuous map ϕ defined on an open set ω ⊂ R^{2n}, we will indicate with Φ the map ω ∋ A → ι(A) · (ϕ(A), 0, . . . , 0) ∈ H^n; therefore a natural question arise, i.e. to characterize all the ϕ such that S := Φ(ω) is an H-regular surface. This problem has been solved in [4]: more precisely, if we set

X̃_j ϕ := ∂ϕ ∂v_j

+ 2v_{j+n} ∂ϕ ∂τ , Ỹ_j ϕ := ∂ϕ ∂v_{j+n}

− 2v_j ∂ϕ ∂τ , j = 2, . . . n

Ỹ_1ϕ := ∂ϕ ∂η , T̃ ϕ := ∂ϕ ∂τ W^ϕ_{n+1}ϕ := ∂ϕ ∂η − 2 ∂(ϕ^2) ∂τ W^ϕϕ := { (X̃_2ϕ, . . . , X̃_nϕ, W^ϕ_{n+1}ϕ, Ỹ_2ϕ, . . . , Ỹ_nϕ) if n ≥ 2 W^ϕ_2 ϕ if n = 1 in distributional sense, then we have

Theorem 2.5. Let ω ⊂ R^{2n} be an open set and let ϕ : ω → R be a continuous function. Let Φ : ω → H^n be the function defined by Φ(A) := ι(A) · (ϕ(A), 0, . . . , 0) and let S := Φ(ω). Then the following conditions are equivalent:

(i) S is an H-regular surface and ν^1_S (P ) < 0 for all P ∈ S, where ν_S (P ) = (ν^1_S (P ), . . . , ν^{2n}_S (P )) is the horizontal normal to S at a point P ∈ S;

(ii) the distribution W^ϕϕ is represented by a continuous function and there exist a family {ϕ_ϵ}_{ϵ>0} ⊂ C^1(ω) such that, for any open set ω^′ ⋐ ω, we have (2.22) ϕ_ϵ → ϕ and W^{ϕϵ} ϕ_ϵ → W^ϕϕ uniformly on ω^′. Moreover, for all P ∈ S we have

(2.23) ν_S (P ) = ( − 1 √ 1 + |W^ϕϕ|^2 , W^ϕϕ √ 1 + |W^ϕϕ|^2 ) (Φ^{−1}(P )), and (2.24) S^{Q−1}_∞ (S) = c(n) ∫ ω √ 1 + |W^ϕϕ|^2 dL^{2n}

where L^{2n} denotes the Lebesgue measure on R^{2n}.

Throughout the paper, we will make a large use of Theorem 2.5 and expecially of the area formula (2.24).

We have now all the tools to state some results about minimizers of the Xperimeter in CC spaces: for all of them our calibration results will be crucial.

Example 2.6 (Hypersurfaces with constant horizontal normal). Let X = (X_1, . . . , X_m) a family of Lipschitz continuous vector fields on R^n. Let E ⊂ R^n be a set of locally finite X-perimeter in an open set Ω ⊂ R^n which admits a constant inward horizontal nornal ν_E in Ω, i.e.

ν_E ≡ ν_0 ||∂E||_X -a.e. in Ω

for a suitable constant vector ν_0 ∈ R^m. Then, thanks to Theorem 2.2, it is straightforward to check that E is a minimizer for the X-perimeter.

Observe that many interesting questions, such as regularity and rectifiability, are open even in this quite simple class of sets: see e.g. Example 2.9.

Example 2.7 (t-graphs in H^1). Let G = H^1 ≡ R^3 and X = (X_1, X_2) as in (1.6). Let ϕ ∈ C^2(ω) for a suitable open set ω ⊂ R^2 and let E be as in (1.9). Let Ω := ω×R, S = ∂E∩Ω and let C(S) = {(x, y, t) ∈ Ω : −ϕ_x(x, y)+2y = ϕ_y(x, y)+2x = 0} the set of so-called characteristic points of S. Then C(S) is closed in Ω and it was proved in [5] that H^2(C(S)) = 0. On the other hand since S^3_∞ << H^2 (see [6]) and ||∂E||_H << S^3_∞ (see [23]) we get

(2.25) ||∂E||_H(Ω \ Ω̃) = 0

where Ω̃ := Ω \ C(S).

A simple calculation shows the horizontal normal ν_E (x, y, t) is

(2.26) ν_E (x, y, t) = −

∇_Hf(x, y, t) |∇_Hf(x, y, t)|

= N(x, y) = (N_1(x, y), N_2(x, y))

for each (x, y, t) ∈ S \ C(S), where f(x, y, t) := t − ϕ(x, y) if (x, y, t) ∈ Ω and

N(x, y) :=

(−ϕ_x(x, y) + 2y, −ϕ_y(x, y) − 2x) √ (−ϕ_x(x, y) + 2y)^2 + (ϕ_y(x, y) + 2x)^2

(x, y, t) ∈ Ω̃ .

In this case the minimal surface equation has been studied in [42], [27] and [12] when C(S) = ∅ and it simply reads as

(2.27) div_Hν_E = div N = ∂ ∂x N_1 + ∂ ∂y N_2 = 0 in ω.

In particular, whenever (2.27) is satisfied in pointwise sense, we can apply at once Theorem 2.2 obtaining that E is a minimizer for the H-perimeter measure in Ω.

Very recently the more delicate case when C(S) ≠ ∅ has been studied in [45] and [13]. In particular in [13] it has been proved that (2.27) holds in weak sense, i.e.

(2.28) ∫ ω < N, ∇φ >_R2 dL^2 = 0 ∀φ ∈ C^1_c (ω) ,

iff ϕ is a minimizer of the area functional in H^1 for Euclidean t-graph.

We can get a strong result by exploiting Theorem 2.2: in fact, if (2.28) holds, by (2.25) and (2.26) we get that E is a minimizer for H-perimeter in Ω. In particular E minimizes the H- perimeter not only among sets whose boundary is an Euclidean t- graphs but in a very much larger class of competitors.

Eventually let us stress our technique applies to the case studied in [45], Theorem 5.3. Indeed in our setting ω = R^2, ϕ(x, y) = 2xy + ay + b,

N(x, y) = ( 0, 4x − a |4x − a| ) (x, y, t) ∈ Ω̃ = {(x, y, t) : x ≠ a/4} being a, b ∈ R fixed constants. On the other hand by a simple calculation we get that (2.28) holds and then E is a minimizer of the H- perimeter in Ω = R^3.

Example 2.8. Let G = H^1 ≡ R^3, X = (X_1, X_2) as in (1.6). Let E be as in (1.11) with ϕ(η, τ) = −^{αητ}_{1+2αη2} , ω = R^2 for given constants α > 0. It was proved in [17] that S = ∂E is an entire X_1-graph which is not minimizing for the H-perimeter measure in the whole Ω = H^1 ≡ R^3. Let us stress here the difference with Example 2.7: here in fact S is not a minimizer for H-perimeter measure though it satisfies the intrinsic minimal surface equation (1.13) with ω = R^2.

On the other hand we can prove it is a minimizer in Ω = R^3 \ {y = 0}: indeed with a simple calculation we get

ν_E (x, y, t) := −

∇_Hf(x, y, t) |∇_Hf(x, y, t)| = y |y| ( − y √ x^2 + y^2 , x √ x^2 + y^2 ) , where f(x, y, t) := x + α yt. Moreover it easy to see that ν_E ∈ C^∞(Ω) and

div_H(ν_E ) = 0 in Ω .

Therefore applying Theorem 2.2 we get the thesis. It is not know whether S is H-perimeter minimizing in a neighbourhood of any point (0, y, 0), y ∈ R.

Example 2.9 (Nonsmooth minimal surfaces in H^1). We provide a way to product minimizers of the H-perimeter in H^1 whose regularity is not better than (Euclidean) Lipschitz. Examples with this regularity are also provided in [13] for minimal Euclidean t- graphs and very recently S. Pauls informed us of a work in progress on this subject.

Our key idea is to construct a “not too regular” parametrization ϕ : ω → R such that W^ϕϕ = 0 on an open set ω ⊂ R^2_{η,τ} : indeed this property ensures that the horizontal normal to the surface is constant ν ≡ X_1, and we conclude by calibrating with a constant section ν ≡ X_1.

Since for a Lipschitz continuous ϕ we have W^ϕϕ = (∂_η − 4ϕ∂_τ )ϕ, the required condition is equivalent to ϕ being constant along the integral curves of the vector field W^ϕ, i.e. to these integral curves being lines. Notice that, using the same notations of Section 4, this is equivalent to look for (local) solutions of (4.3) with initial conditions A ≡ 0.

We then start by fixing a Lipschitz function β : R → R, with L :=Lip β < +∞, which will give the “initial value” of ϕ in the sense that we look for a ϕ such that ϕ(0, ·) = β (β is simply the counterpart of the function B of Section 4). Fix a point (η, τ) ∈ R^2, consider the integral curve of W^ϕ passing through it and let (0, t) be the point in which this line meets the τ-axis: the condition of ϕ being constant along this line then becomes −4ϕ(η, τ) = −4β(t) =^{τ −t}_η , i.e.

(2.29) τ = t − 4ηβ(t).

Consider the Lipschitz continuous map

F : R^2_{x,t} → R^2_{η,τ} (x, t) −→ (x, t − 4xβ(t));

F plays the role of the F of Section 4 and the variable t the one of c. Since t → F (x, t) is coercive when x < 1/4L, one can easily see that F is invertible when η < 1/4L. If we put F^{−1}(η, τ) = (η, t(η, τ)) it turns out that condition (2.29) is equivalent to define ϕ(η, τ) := β(t(η, τ)), where from now on we suppose

(η, τ) ∈ ω := ] − 1 4L , 1 4L [ × R;

observe that ϕ has the same regularity of β (but no more since ϕ(0, τ) = β(τ)).

Finally, let us verify that W^ϕϕ ≡ 0: as

∇F (x, t) = ( 1 0 −4β(t) 1 − 4xβ^′(t) )

holds almost everywhere, one must have

∇F^{−1}(η, τ) = ( ∇F (F^{−1}(η, τ))

)_{−1} = 1 0 4β(t(η, τ)) 1 − 4ηβ^′(t(η, τ)) 1 1 − 4ηβ^′(t(η, τ))

a.e., and so

W^ϕϕ(η, τ) = ( ∂_η − 4β(t(η, τ))∂_τ ) β(t(η, τ))

= β^′(t(η, τ))

∂t(η, τ) ∂η − 4β(t(η, τ))β^′(t(η, τ))

∂t(η, τ) ∂τ = β^′(t(η, τ))

4β(t(η, τ)) 1 − 4ηβ(t(η, τ)) − 4β(t(η, τ))β^′(t(η, τ)) 1 − 4ηβ^′(t(η, τ)) = 0 holds in the sense of distribution.

We stress that all the maps ϕ : ω → R arising from the previous discussion effectively parameterize a C^1_H surface; in fact (see Theorem 2.5) it is sufficient to find C^∞ functions ϕ_ϵ : ω → R such that

ϕ_ϵ → ϕ locally uniformly on ω W^{ϕϵ} ϕ_ϵ → 0 locally uniformly on ω

as ϵ → 0.

Fix then (e.g. mollifying β) a sequence β_ϵ ∈ C^∞ such that Lip β_ϵ ≤ L and β_ϵ → β locally uniformly in R, and consider the maps ϕ_ϵ arising from the previous discussion but considering β_ϵ instead of β. By construction we have W^{ϕϵ} ϕ_ϵ ≡ 0; moreover, ϕ_ϵ are well defined on all ω (since Lip β_ϵ ≤ L) and it is not difficult to check that they converge locally uniformly to ϕ.

Observe that if β is not C^1, then the surface parameterized by ϕ cannot be of class C^1, since its intersection with the plane {y = 0} is the line {(β(t), 0, t) : t ∈ R} which is not C^1.

For instance, let us put β(t) = |t|: it is not difficult to compute that the associated parametrization is

ϕ : ] − 1/4, 1/4[ × R → R

(η, τ) −→ τ 1 − 4η if τ ≥ 0 − τ 1 + 4η if τ < 0.

The surface parameterized by this ϕ is then a perimeter minimizing set of class C^1_H but not C^1.

3. First and second variation of the area functional for intrinsic graphs

In this section we want to obtain first and second variation formulas of the area functional for intrinsic graphs; similar formulas have been obtained in [15] for general surfaces. We will study in Section 4 the structure of all entire stationary points (i.e. those functions with vanishing first variation), while a proper second variation formula (cfr. (3.15)) will be central in the study of the Bernstein problem in H^1 (see Section 5.1).

3.1. First variation of the area. Let us fix a C^1 map ϕ : ω → R, where ω is an open subset of R^{2n}, and put (3.1) E_ϕ := {ι(A) · (s, 0, . . . , 0) ∈ H^n : A ∈ ω and s < ϕ(A)} ⊂ C_{X1} (ω) where we C_{X1} (ω) is the cylinder of base ι(ω) along X_1 defined by C_{X1} (ω) := ι(ω) · {(s, 0, . . . , 0) ∈ H^n : s ∈ R};

observe that C_{X1} (ω) is an open neighbourhood of S := Φ(ω), where as usual Φ is the map A → ι(A) · (ϕ(A), 0, . . . , 0).

Let us assume that E_ϕ is a minimizer for the H-perimeter in C_{X1} (ω), fix ψ ∈ C^∞_c (ω) and set ϕ_s := ϕ + sψ; we can therefore consider the class of competitors E_{ϕs} , which are defined as in (3.1) (observe that EΔE_{ϕs} ⋐ C_{X1} (ω)), and set

(3.2) g(s) := ||∂E_{ϕs} ||_H(C_{X1} (ω)) = ∫ ω √ 1 + |W^{ϕs} ϕ_s|^2dL^{2n}.

The fact that g(s) ≥ g(0) for all s ∈ R implies that g^′(0) = 0. We recall that the operator W^ϕ is given by W^ϕ = (X̃_2, . . . , X̃_n, Ỹ_1 − 4ϕT̃ , Ỹ_2, . . . , Ỹ_n) if n ≥ 2 W^ϕ = W^ϕ_2 = Ỹ_1 − 4ϕT̃ if n = 1.

We will write X̃_j := Ỹ_{j−n} when n + 1 ≤ j ≤ 2n.

It is well known that X̃^∗_j = −X̃_j for all 2 ≤ j ≤ 2n and T̃^∗ = −T̃

and one can check that (W^ϕ_{n+1})^∗ψ = −W^ϕ_{n+1}ψ + 4ψT̃ ϕ for all ψ ∈ C^∞.

Therefore we have W^{ϕs}_{n+1}ϕ_s = Ỹ_1ϕ + sỸ_1ψ − 4(ϕ + sψ)(T̃ ϕ + sT̃ ψ) = W^ϕ_{n+1}ϕ − s (W^ϕ_{n+1})^∗ψ − 4s^2ψT̃ ψ and so (3.3)

g(s) = ∫ ω [ 1 + 2n∑ j=2 j≠n+1

(X̃_j ϕ + sX̃_j ψ)^2 + ( W^ϕ_{n+1}ϕ − s (W^ϕ_{n+1})^∗ψ − 4s^2ψT̃ ψ

)_2

]_{1/2} dL^{2n}.

From now on we will write just ∑ j to mean the sum on indices j = 2, . . . , 2n, j ≠ n+1; when n = 1 the previous formula and the following ones are to be understood by “erasing” all sums of this type.

Starting from (3.3) it is not difficult to compute

(3.4) g^′(s) = ∫ ω ∑ j X̃_j ϕ_s X̃_j ψ + W^{ϕs}_{n+1}ϕ_s (−(W^ϕ_{n+1})^∗ψ − 8sψT̃ ψ) √ 1 + |W^{ϕs} ϕ_s|^2 dL^{2n}

and in particular

(3.5) g^′(0) = ∫ ω ∑ j X̃_j ϕ X̃_j ψ − W^ϕ_{n+1}ϕ (W^ϕ_{n+1})^∗ψ √ 1 + |W^ϕϕ|^2 dL^{2n}

The Euler equation for stationary points of the area functional is then

(3.6) W^ϕ ·

W^ϕϕ √ 1 + |W^ϕϕ|^2

= 0 on ω,

where the previous equality must be understood in distributional sense.

3.2. Second variation of the area. If ϕ ∈ C^1 from (3.4) we can compute

g^{′′}(s) = ∫ ω 1 1 + |W^{ϕs} ϕ_s|^2 {√ 1 + |W^{ϕs} ϕ_s|^2 ×

× [ ∑ j (X̃_j ψ)^2 + ( (W^ϕ_{n+1})^∗ψ + 8sψT̃ ψ

)_2

− 8ψT̃ ψW^{ϕs}_{n+1}ϕ_s ] +

− [ [∑_j~

X_j ϕ_s X̃_j ψ + W^{ϕs}_{n+1}ϕ_s ( −(W^ϕ_{n+1})^∗ψ − 8sψT̃ ψ )]2 √ 1 + |W^{ϕs} ϕ_s|^2 ]} dL^{2n}

(3.7)

and so (3.8)

g^{′′}(0) = ∫ ω (1 + |W^ϕϕ|^2) [ |W^{ϕ∗}ψ|^2 − 8ψT̃ ψW^ϕ_{n+1}ϕ ] − ( W^ϕϕ · W^{ϕ∗}ψ

)_2

[1 + |W^ϕϕ|^2]^{3/2} dL^{2n}

where we put

W^{ϕ∗}ψ := ( X̃ ∗_2 ψ, . . . , X̃ ∗_nψ, (W^ϕ_{n+1})^∗ψ, X̃ ∗_{n+2}ψ, . . . , X̃ ∗_{2n}ψ ) if n ≥ 2 W^{ϕ∗}ψ := (W^ϕ_2 )^∗ψ if n = 1;

the fact that E_ϕ is a minimizer implies that g^{′′}(0) ≥ 0 for all ψ ∈ C^1_c (ω).

Notice that when n = 1 formula (3.8) for the second variation reads as

(3.9) g^{′′}(0) = ∫ ω |W^{ϕ∗}ψ|^2 − 8ψT̃ ψW^ϕϕ(1 + |W^ϕϕ|^2) [1 + |W^ϕϕ|^2]^{3/2} dL^2;

in particular when W^ϕϕ ≡ 0 one has g^{′′}(0) ≥ 0 for all C^1_c (ω).

If we suppose ϕ ∈ C^2 we can further exploit (3.9) as

g^{′′}(0) = ∫ ω |W^{ϕ∗}ψ|^2 − 4T̃ (ψ^2)W^ϕϕ(1 + |W^ϕϕ|^2) [1 + |W^ϕϕ|^2]^{3/2} dL^2

= ∫ ω [ |W^{ϕ∗}ψ|^2 [1 + |W^ϕϕ|^2]^{3/2}

+ 4ψ^2T̃ ( W^ϕϕ [1 + |W^ϕϕ|^2]^{1/2} )] dL^2.

(3.10)

We will see in Section 4 that if n = 1 and ϕ is a stationary point of the area functional, i.e. if ϕ solves (3.6), then (3.11) (W^ϕ)^2ϕ = 0 and thanks to this fact integrating by parts the first term of (3.10) becomes (3.12) ∫ ω |W^{ϕ∗}ψ|^2 dL^2 [1 + |W^ϕϕ|^2]^{3/2} = ∫ ω ψW^ϕ ( W^{ϕ∗}ψ [1 + |W^ϕϕ|^2]^{3/2} ) dL^2 = ∫ ω ψ W^ϕW^{ϕ∗}ψ [1 + |W^ϕϕ|^2]^{3/2} dL^2.

Since

(W^ϕW^{ϕ∗} − W^{ϕ∗}W^ϕ)ψ = W^ϕ ( −W^ϕ + 4T̃ ϕId ) ψ − ( −W^ϕ + 4T̃ ϕId ) W^ϕψ = 4ψ W^ϕT̃ ϕ we can rewrite (3.12) as ∫ ω |W^{ϕ∗}ψ|^2 [1 + |W^ϕϕ|^2]^{3/2} dL^2 = ∫ ω ψ W^{ϕ∗}W^ϕψ + 4ψ W^ϕT̃ ϕ [1 + |W^ϕϕ|^2]^{3/2} dL^2

= ∫ ω [ (W^ϕψ)^2 [1 + |W^ϕϕ|^2]^{3/2}

+ 4ψ^2

W^ϕT̃ ϕ [1 + |W^ϕϕ|^2]^{3/2} ] dL^2

(3.13) where we used (3.11) again. Therefore (3.10) becomes

g^{′′}(0) = ∫ ω { (W^ϕψ)^2 [1 + |W^ϕϕ|^2]^{3/2}

+ 4ψ^2 [ W^ϕT̃ ϕ [1 + |W^ϕϕ|^2]^{3/2} + T̃ ( W^ϕϕ [1 + |W^ϕϕ|^2]^{1/2} )]} dL^2

= ∫ ω { (W^ϕψ)^2 [1 + |W^ϕϕ|^2]^{3/2} +

+ 4ψ^2 [ W^ϕT̃ ϕ [1 + |W^ϕϕ|^2]^{3/2} + [1 + |W^ϕϕ|^2]T̃ W^ϕϕ − |W^ϕϕ|^2T̃ W^ϕψ [1 + |W^ϕϕ|^2]^{3/2} ]} dL^2

= ∫ ω (W^ϕψ)^2 + 4ψ^2 [W^ϕT̃ ϕ + T̃ W^ϕϕ] [1 + |W^ϕϕ|^2]^{3/2} dL^2

(3.14)

Finally, we have W^ϕT̃ ϕ = ϕ_{ητ} − 4ϕϕ_{τ τ} = T̃ W^ϕϕ + 4(T̃ ϕ)^2 and so from (3.14) we can also write

(3.15) g^{′′}(0) = ∫ ω (W^ϕψ)^2 + 8ψ^2 [T̃ W^ϕϕ + 2(T̃ ϕ)^2] [1 + |W^ϕϕ|^2]^{3/2} dL^2.

Equation (3.15) will be crucial in the proof of Theorem 5.3.

4. Entire solutions of the minimal surface equation for intrinsic graphs in H^1 In this section we will give a characterization (see Corollary 4.12) of all the entire C^2 solutions ϕ : R^2_{η,τ} → R of the minimal surface equation for intrinsic graphs in H^1, i.e. of

(4.1) W^ϕ ( W^ϕϕ √ 1 + |W^ϕϕ|^2 ) = 0 in R^2;

this result will be provide key tool to attack the Bernstein problem in H^1.

Observe that we can rewrite (4.1) also as 0 = (W^ϕ)^2ϕ √ 1 + |W^ϕϕ|^2 − W^ϕϕ^{W ϕϕ·(W ϕ )2ϕ}

√_{1+|W ϕϕ|2} 1 + |W^ϕϕ|^2 = (W^ϕ)^2ϕ (1 + |W^ϕϕ|^2)^{3/2} which means that ϕ is a solution of (4.1) if and only if it solves (4.2) (W^ϕ)^2 ϕ = 0 in R^2.

Observe that (4.2) is equivalent to a “double” Burgers’equation: in fact by performing the change of variables G : R^2_{x,t} → R^2_{η,τ}

(x, t) −→ (t, −4x), setting u(x, t) := (ϕ ∘ G)(x, t) = ϕ(t, −4x) and defining L_u to be the operator (L_uv)(x, t) = (v_t + uv_x)(x, t) (v ∈ C^1(R^2)), we get (L_u(L_uu))(x, t) = ((W^ϕ)^2ϕ)(t, −4x).

This means that we can restrict to consider the C^2 solutions u of the “double” Burgers’ equation (4.3) (L_u)^2u = 0 in R^2

(recall that L_uu = 0 is the classical Burgers’ equation). We will focus our attention on the problem (4.3) rather than (4.1) or (4.2).

4.1. Characteristic curves for entire solutions of (4.3). Suppose u is a C^2 solution of (4.3) and let us consider the characteristic curves (see [18]) of the equation L_uv = 0, i.e. for all c ∈ R the maximal solution x = x(c, ·) : I_c → R of the Cauchy problem

(4.4) { ẋ(c, t) = u(x(t, c), t) x(c, 0) = c.

Observe that from (4.3) one gets^d_{dt} L_uu(x(c, t), t) = 0 and so (4.5) L_uu(x(c, t), t) = A(c) for all t ∈ I_c. Since d dt u(x(c, t), t) = ( u_t(x(c, t), t) + u_x(x(c, t), t) ẋ(c, t) ) = L_uu(x(c, t), t) = A(c)

we obtain (4.6) u(x(c, t), t) = A(c)t + B(c) for all t ∈ I_c, where we have set B(c) := u(c, 0). Equation (4.6), together with (4.4), gives

(4.7) x(c, t) =

A(c) 2 t^2 + B(c)t + c;

in particular, I_c = R.

We have therefore the following Theorem 4.1. Let u be a C^2 solution of (4.3) and for c, t ∈ R set x(c, t) :=

A(c)

2 t^2 + B(c)t + c, where A(c) = L_uu(c, 0) and B(c) = u(c, 0). Then for all c, t we have

(i) u(x(c, t), t) = A(c)t + B(c); (ii) L_uu(x(c, t), t) = A(c);

(iii) x(·, t) is strictly increasing for any fixed time t;

(iv) for all c ∈ R we have one of A^′(c) = B^′(c) = 0 or B^′(c)^2 < 2A^′(c). In particular, the family of characteristics x(c, ·) are parabolas which cannot intersect themselves.

Proof. We have already proved (i) and (ii); as for (iii), it will be sufficient to prove that, for every t, (4.8) x(c, t) ≠ x(c^′, t) if c ≠ c^′;

in fact, were (iii) false, we could find c < c^′ and t^′ such that x(c, t^′) ≥ x(c^′, t^′), but since the characteristics are continuous and x(c, 0) = c < c^′ = x(c^′, 0) we could find a t between 0 and t^′ such that (4.8) does not hold.

Arguing by contradiction, let us assume that (4.8) does not hold for some c ≠ c^′ and t; observe that, from (i) and (ii), one has A(c) = L_uu(x(c, t), t) = A(c^′) A(c)t + B(c) = u(x(c, t), t) = A(c^′)t + B(c^′)

whence c = x(c, t) −^{A(c)}_2 t^2 − B(c)t = c^′, which is a contradiction.

Notice that (iii) implies that ∂x ∂c (c, t) =

A^′(c) 2 t^2 + B^′(c)t + 1 ≥ 0

for all c, t, and this in turn implies B^′(c)^2 ≤ 2A^′(c). Observe in particular that A^′(c) ≥ 0 and^{∂x}_{∂c} (c, t) ≥ 0.

In order to prove (iv), suppose by contradiction that for a certain c we have B^′(c)^2 = 2A^′(c) ≠ 0. Let us differentiate (i) with respect to c to get ∂u ∂c (x(c, t), t) =

A^′(c)t + B^′(c) ∂x ∂c (c, t) = A^′(c) ( t +^{B′(c)}_{A′(c)} ) A^′(c) ( t +^{B′ (c)}_{A′(c)}

)_2 = 1 t +^{B′(c)}_{A′(c)} for all t

which contradicts the hypothesis u ∈ C^2(R^2). □ Remark 4.2. Observe that if u is a C^2 solution of (L_u)^2u = 0 u(x, 0) = B(x) L_uu(x, 0) ≡ A ∈ R then one must have also B(x) ≡ B(0) = B. In particular, Theorem 4.1 (i) implies that u(x, t) = At + B.

Remark 4.3. Following the same proof of Theorem 4.1 (i), it is possible to prove that if u is a C^1 solution of the Burgers’ equation L_uu = u_t + uu_x ≡ k for a suitable constant k ∈ R, then B = u(·, 0) must be constant.

It is not difficult to extend the proof of Theorem 4.1 and get the following Theorem 4.4. Let Ω be an open set of R^2_{x,t} such that {(x, 0) : x ∈ R} ⊂ Ω, let u ∈ C^2(Ω) be a solution of (4.3), and let A(c), B(c) and x(c, t) be as in Theorem 4.1. Suppose moreover that {(x(c, t), t) : c, t ∈ R} ⊂ Ω. Then the statements (i)-(iv) of Theorem 4.1 still hold.

From Theorem 4.4 we get the following uniqueness result for equation (4.3) (see also [14], Chap V, Section 7, and [36]).

Theorem 4.5. Let u_0 ∈ C^2(R), u_1 ∈ C^1(R) be given functions and set A := u_0, B := u_1 + u_0u^′_0. Let x(c, t) := A(c)t^2/2 + B(c)t + c and suppose that (4.9) Ω = {(x(c, t), t) : c, t ∈ R}. Then there is at most one solution u ∈ C^2(Ω) of the problem

(4.10)

(L_u)^2u = 0 in Ω u(x, 0) = u_0(x) ∀ x ∈ R u_t(x, 0) = u_1(x) ∀ x ∈ R.

Proof. By Theorem 4.4 any solution u ∈ C^2(R^2) of (4.10) has to satisfy u(x(c, t), t) = A(c)t + B(c);

however, hypothesis (4.9) ensures that for all (x, t) ∈ Ω we can find a c such that x = x(c, t). This proves that u is uniquely determined in Ω by A and B, i.e. by u_0 and u_1. □ Corollary 4.6. Let u_0, u_1, A, B, x(t, c) and Ω be as in Theorem 4.5, and suppose moreover that for all c ∈ R we have A^′(c) = B^′(c) = 0 or B^′(c)^2 < A^′(c). Then (i) Ω is an open neigbourhood of the x-axis {(x, 0) : x ∈ R}; (ii) there is at most one solution u ∈ C^2(Ω) of the problem (4.10).

Proof. Observe that the map F : R^2 → R^2

(c, t) −→ (x(c, t), t) is regular and one-to-one; in particular, it is an open map and (i) follows. This means that condition (4.9) of Theorem 4.5 is automatically fulfilled, and so (ii) must hold too. □

Corollary 4.7. Under the same assumptions of Theorem 4.1 let us denote l_1 := lim_{c→+∞} A(c) (respectively l_2 := lim_{c→−∞} A(c)). Then for any fixed t ∈ R we can conclude

(4.11) lim_{c→+∞} x(c, t) = +∞ (resp. lim_{c→−∞} x(c, t) = −∞)

if either l_1 ∈ R (resp. l_2 ∈ R), or l_1 = +∞ (resp. l_2 = −∞) and one of the following conditions is satisfied:

lim inf

c→+∞

A(c) c = 0 ( resp. lim inf

c→−∞

A(c) c = 0 ) (4.12)

lim sup

c→+∞

A(c) c = +∞ ( resp. lim sup

c→+∞

A(c) c = −∞ ) (4.13)

lim inf

c→+∞ | | | | B(c) √ cA(c) | | | | < √ 2 ( resp. lim inf

c→−∞ | | | | B(c) √ cA(c) | | | | < √ 2 ) . (4.14)

In particular, when lim_{c→+∞} x(c, t) = +∞ and lim_{c→−∞} x(c, t) = −∞ we have that x(·, t) : R → R is an homeomorphism and Ω := {(x(c, t), t) : c, t ∈ R} = R^2.

Proof. Observe that for fixed t ∈ R and c ≠ 0 one can write (4.15)

x(c, t) = √ |c| [ 1 2 ( A(c) − A(0) √ |c| + A(0) √ |c| ) t^2 + ( B(c) − B(0) √ |c| + B(0) √ |c| ) t + √ c ] . Being A increasing there exist

m_1 := lim_{c→+∞}(A(c) − A(0)) ( resp. m_2 := lim_{c→−∞}(A(c) − A(0)) ) with −∞ ≤ m_2 ≤ 0 ≤ m_1 ≤ +∞. Notice also that, using Theorem 4.1 (iv), one can get

(4.16) |B(c) − B(0)| ≤

∫_c 0 |B^′(s)| ds ≤ √ 2 ∫_c 0 √ A^′(s) ds ≤ √ 2 |c| |A(c) − A(0)|

and this allows us to conclude when l_1 ∈ R (resp. l_2 ∈ R), since in this case we have m_1 ∈ R (resp. m_2 ∈ R) and so x(c, t) ≈ c for large (resp. small) c.

Instead, when l_1 = +∞, for large c we can write

(4.17) x(c, t) = √ c(A(c) − A(0)) [ 1 2 (√ A(c) − A(0) c + A(0) √ c(A(c) − A(0)) ) t^2 +

+ ( B(c) − B(0) √ c(A(c) − A(0)) + B(0) √ c(A(c) − A(0)) ) t + √ c A(c) − A(0) ]

whence (using (4.16) again) lim sup_{c→∞} x(c, t) = +∞ in case (4.12) or (4.13) hold; however, this implies (4.11) since x(·, t) is increasing. When c → −∞ we have instead

(4.18)

x(c, t) = √ c(A(c) − A(0)) [ − 1 2 (√ A(c) − A(0) c + A(0) √ c(A(c) − A(0)) ) t^2 +

+ ( B(c) − B(0) √ c(A(c) − A(0)) + B(0) √ c(A(c) − A(0)) ) t − √ c A(c) − A(0) ] and we conclude analogously lim inf_{c→−∞} x(c, t) = −∞, which is sufficient.

Instead if (4.14) holds together with l_1 = +∞, we have a sequence c_h → +∞ such that

(4.19)

B^′(c_h)^2 2A^′(c_h)

≤ (1 − ϵ)c_h ∀h;

observe that the parabola x(c_h, ·) reaches its minimum at t = −^{B(ch)}_{A(ch)} and so

x(c_h, t) ≥ x(c_h, −^{B(ch)}_{A(ch)} ) = c_h −

B^′(c_h)^2 2A^′(c_h)

≥ ϵc_h^{h→∞}−→ +∞

which, together with the fact that x(·, t) is increasing, proves (4.11) when c → +∞. It is a little more complicated to get the thesis when l_2 = −∞ and c → −∞; however, as in (4.19) we get a sequence c_h → −∞ such that − B^′(c_h)^2 2A^′(c_h)

≤ ϵc_h − c_h ∀h

and so

x(c_h, t) =

A(c_h) 2 ( t + B(c_h) A(c_h)

)_2 + ( c_h −

B^′(c_h)^2 2A^′(c_h) )

≤ A(c_h) 2 ( t + B(c_h) A(c_h)

)_2

+ ϵc_h

which allows us to conclude since A(c) → −∞ as c → −∞. □

Example 4.8. Let A(c) := c/2 and B(c) := −c; then it is easy to check that the family of characteristic curves for the related problem (4.3) are x(c, t) = (t − 2)^2c/4.

Notice that x(c, 2) ≡ 0, i.e. the thesis of Corollary 4.7 does not hold; here in fact (4.14) is not fulfilled since lim c→±∞

B(c) √ cA(c) = √ 2. Moreover, taking into account Theorem 4.1, a global C^2 solution u of (4.3), with u(x, 0) = −x and L_uu(x, 0) = x/2, cannot exist.

Example 4.9. Let A(c) = c and B(c) = √ 2(1 + c^2), and let us consider the associated family of characteristic parabolas

x(c, t) = c 2 t^2 + √ 2(1 + c^2)t + c.

Then for fixed t we have ∂x ∂c (c, t) = t^2 2 + √ 2c √ 1 + c^2 t + 1

which is (strictly) positive for any c: in particular, the family the characteristics cannot intersect, and in fact one has

B^′(c)^2 = 2 c^2 1 + c^2

< 2 = 2A^′(c).

Observe also that lim c→±∞ | | | | B(c) √ cA(c) | | | | = √ 2.

If we set F (c, t) := (x(c, t), t) it is easy to see that the image F (R^2) is the open set Ω := R^2 \ ( {(x, √ 2) : x ≤ 0} ∪ {(x, − √ 2) : x ≥ 0} ) . Indeed a simple calculation gives F^{−1}(x, t) = (c(x, t), t) where

c(x, t) = x(1 + t^2/2) − √ 2|t| √ x^2 + (1 − t^2/2)^2 (1 − t^2/2)^2 if |t| ≠ √ 2 x^2 − 4 4x if t = √ 2, x > 0 or t = − √ 2, x < 0.

We will see that u(x, t) := A(c(x, t))t + B(c(x, t)) is the unique solution of (4.3) in Ω such that L_uu(x, 0) = A(x) and u(x, 0) = B(x).

Example 4.10. If we require B ≡ 0, then the solution to (4.3) with initial data A, B is defined everywhere for any C^2 increasing function A. Obviously, even if it is possible to characterize it intrinsically as in Theorem 4.1 (i), in general it is not possible to give an explicit formula for the solution.

4.2. Existence of entire solutions. In the following theorem we provide an existence and uniqueness result for the equation (4.3).

Theorem 4.11. Let A, B ∈ C^2(R) and for c, t ∈ R set

x(c, t) :=

A(c) 2 t^2 + B(c)t + c F : R^2 ∋ (c, t) −→ (x(c, t), t) ∈ R Ω := F (R^2) = {(x(c, t), t) : c, t ∈ R} and suppose that (4.20) for all c ∈ R one has either A^′(c) = B^′(c) = 0 or B^′(c)^2 < 2A^′(c). Then

(i) F is C^2 regular and one-to-one and, in particular, Ω is open; (ii) if F^{−1}(x, t) := (c(x, t), t), (x, t) ∈ Ω, then u(x, t) := A(c(x, t))t + B(c(x, t)) is the unique C^2 solution (4.3) in Ω satisfying L_uu(x, 0) = A(x), u(x, 0) = B(x).

Proof. We begin by proving that the C^2 map F : R^2 → R^2 is one-to-one. By construction it is enough to prove that for any fixed t the map x(·, t) is strictly increasing, and this is an easy consequence of (4.20) which implies that ∂x ∂c (t, c) =

A^′(c) 2 t^2 + B^′(c) + 1

is strictly positive for any c. Being one-to-one and continuous, F is also an open map, i.e. Ω ⊂ R^2 is open, and (i) is proved.

As for (ii), observe that the Jacobian matrix of F is given by

JF (c, t) =

(_{A′(c)} 2 t^2 + B^′(c) + 1 A(c)t + B(c) 0 1 )

and so the Inverse Function Theorem implies that the Jacobian matrix of F^{−1} is

JF^{−1}(x, t) = ( JF (F^{−1}(x, t))

)_{−1}

= 1 A^′(c(x,t))

2 t^2 + B^′(c(x, t)) + 1 ( 1 −A(c(x, t))t − B(c(x, t)) 0^{A′(c(x,t))}_2 t^2 + B^′(c(x, t)) + 1 ) .

Thus

(4.21) ∂c ∂x (x, t) = 1 A^′ (c(x,t))

2 t^2 + B^′(c(x, t)) + 1

(4.22) ∂c ∂t (x, t) = −

A(c(x, t))t + B(c(x, t))

A^′ (c)

2 t^2 + B^′(c) + 1 and so one can compute

L_uu(x, t) = [ A^′(c(x, t))t + B^′(c(x, t))

] ∂c ∂t (x, t) + A(c(x, t)) + + [ A^′(c(x, t))t + B^′(c(x, t)) ][ A(c(x, t))t + B(c(x, t))

] ∂c ∂x (x, t)

= A(c(x, t)) and L^2_uu(x, t) = A^′(c(x, t)) ∂c ∂t (x, t) + [ A(c(x, t))t + B(c(x, t)) ] A^′(c(x, t)) ∂c ∂x (x, t) = 0.

Therefore u is a solution of the given problem, and the proof is completed since uniqueness follows from Theorem 4.5. □

Corollary 4.12. Suppose that A, B ∈ C^2(R) and that u : R^2 → R is a C^2 entire solution of the problem (L_u)^2u = 0 u(x, 0) = B(x) L_uu(x, 0) = A(x) Let Ω, c(x, t) be as in Theorem 4.11; then

u(x, t) = A(c(x, t))t + B(c(x, t)) for all (x, t) ∈ Ω

and u is the unique solution in Ω of the same problem.

4.3. Examples of entire solutions of (4.3).

Example 4.13. Let A(c) = αc (α > 0) and B ≡ 0, then it is easy to see that in this case Ω = R^2; since c(x, t) =^{2x}_{2+αt2} , the required solution of (4.3) is given by

u(x, t) =

2αxt 2 + αt^2 . These solutions correspond to the maps ϕ_α′ (η, τ) = −^{α′ ητ}_{1+2α′ η2} (where α^′ := α/4) solutions of (W^ϕ)^2ϕ = 0; it is not difficult to notice that the surfaces parameterized by ϕ_α′ corresponds to {(x, y, t ∈ H^1 : x = −α^′yt)}, which are deeply studied in [17]: in particular (see Theorem 1.2 therein) it is proved that they are not H-perimeter minimizing (see also Theorem 5.3).

Example 4.14. Let B ≡ 0 and choose a bounded, not constant and strictly increasing A ∈ C^2 ; then, if Ω and c(x, t) are as in Theorem 4.11, by Corollary 4.7 we have that Ω = R^2 and that u(x, t) := A(c(x, t))t + B(c(x, t)) is the unique entire solution of (4.3); moreover, L_uu(x, t) = A(c(x, t)) is bounded.

Observe that an analogous situation cannot occur in the Euclidean case: in fact (see [30], Theorem 17.5), any smooth global solution ψ of the classical minimal surface equation with ‖∇ψ‖_L∞ < ∞ must be linear. Here, instead, it happens that the map ϕ, which arises from the u of this construction, solves (4.1), is not linear (and, in particular, not of type (5.3), see Section 5) but is such that ‖W^ϕϕ‖_L∞ < ∞.

5. The Bernstein problem in H^n

The classical Bernstein problem is to find global functions ψ : R^m → R solving the minimal surface equation

(5.1) div ( ∇ψ √ 1 + |∇ψ|^2 ) = 0 and which are not affine functions, i.e. functions parameterizing hyperplanes or, which is the same, (translations of) maximal subgroups of R^{m+1}. It is well known that this problem has been completely solved thanks to many contribution (see [30] for an interisting historical survey). Here we summarize these celebrated results in the following

Theorem 5.1. Every ψ : R^m → R which solves (5.1) must be an affine function if m ≤ 7; if m ≥ 8 there are analytic functions ψ : R^m → R solving (5.1) which are not affine functions.

Remark 5.2. Notice that, through a standard calibration argument, one can prove that every Euclidean subgraph parameterized by an entire solution of (5.1) is a minimizer for X- perimeter mesure in R^n provided X = ∇ = (∂_1, . . . , ∂_n) and n = m + 1.

Let us recall the minimal surface equation for minimal H-graphs in H^n

(5.2) W^ϕ · ( W^ϕϕ √ 1 + |W^ϕϕ|^2 ) = 0,

where ϕ : R^{2n} → R is of class C^2. Observe that the “affine” functions given by

(5.3) ϕ(η, v, τ) = c + ⟨(η, v), w⟩_R2n−1

for c ∈ R, w ∈ R^{2n−1} (the previous formula has to be read as ϕ(η, τ) = c + ηw when n = 1) are trivial solutions of (5.2), and that they parametrize the so called “vertical hyperplanes”, i.e. (left- translations of) maximal subgroups of H^n: it follows that these hypersurfaces are stationary points of the area functional, and a simple calibration argument implies that they are also minimizers since they have constant horizontal normal (cfr. Example 2.6). These considerations suggest that the right counterpart of the classical Bernstein problem in the Heisenberg setting is Bernstein problem for X_1-graphs in H^n: are there global solutions ϕ :

R^{2n} → R of the minimal surface equation (5.2) which cannot be written as in (5.3)?

As we will see, again the answer seems to depend on the dimension n of the space; however, new and unexpected phenomena seem to arise, e.g. the fact that we have solutions to (5.1) which are not area minimizing.

5.1. The Bernstein problem in H^1. We have seen in Section 4 that for n = 1 there exist solutions of (5.2) which cannot be written as in (5.3); see for instance Examples 4.13 and 4.14.

We already pointed out that every solution of the classic minimal surface equation (5.1) parametrizes (the boundary of) a globally minimizer; in H^1 instead a new phenomenon arise, in the sense that there are entire solutions of the intrinsic minimal surface equation (5.2) which parameterize a surface which is not a minimizer. However whenever the surface is H- perimeter minimizing in H^1 it has to be a vertical plane. More precisely, we have the following

Theorem 5.3 (Minimizers vs. stationary entire X_1-graphs). Let ϕ : R^2 → R be a C^2 function and let E, S ⊂ H^1 be respectively the X_1-graph and the X_1-subgraph induced by ϕ as in (1.10) and (1.11). Let us suppose E is a minimizer for the H-perimeter measure in H^1 ≡ R^3, i.e. E satisfies (1.1) with Ω = R^3.

Then S is a vertical plane, i.e. ϕ(η, τ) = wη + c for all (η, τ) ∈ R^2 for some constants w, c ∈ R.

Proof. STEP 1. First of all, we want to rewrite the second variation formula (3.15) in the coordinates c, t introduced in Section 3. Therefore let G be defined by G : R^2_{x,t} → R^2_{η,τ} (x, t) −→ (t, −4x) and set A(x) := (W^ϕϕ ∘ G)(x, 0), B(x) := (ϕ ∘ G)(x, 0);

in particular, ϕ ∘ G is an entire solution of (4.3). As in Section 4 we set x(c, t) :=

A(c)

2 t^2 + B(c)t + c and F : R^2_{c,t} → R^2_{x,t} (c, t) −→ (x(c, t), t) Therefore, if we define Ω := F (R^2) ⊂ R^2_{x,t}, F^∗ := G ∘ F, Ω^∗ := F^∗(R^2) = G(Ω) ⊂ R^2_{η,τ} and c : Ω → R through the formula F^{−1}(x, t) = (c(x, t), t), thanks to Theorem 4.4 we have

• for any c ∈ R we have A^′(c) = B^′(c) = 0 or B^′(c)^2 < 2A^′(c); • F^∗ is a C^2 diffeomorphism between R^2_{c,t} and Ω^∗. Moreover, Ω and Ω^∗ are open neighbourhood of the lines {t = 0} and {η = 0} respectively.

It is not difficult to prove that for all (η, τ) ∈ Ω^∗ one has

ϕ(η, τ) = A(c(−τ/4, η))η + B(c(−τ/4, η))) = ∂x ∂t (F^{∗−1}(η, τ));

(5.4) W^ϕϕ(η, τ) = A(c(−τ/4, η)).

(5.5) and taking into account that ∂c ∂x (x, t) = 1 ∂x ∂c (F^{−1}(c, t)) = 1 A^′(c(x,t))

2 t^2 + B^′(c(x, t)) + 1

(5.6) ∂c ∂t (x, t) = − ∂x ∂t (F^{−1}(c, t)) ∂x ∂c (F^{−1}(c, t)) = − A(c(x, t))t + B(c(x, t))

A^′(c(x,t))

2 t^2 + B^′(c(x, t)) + 1

(5.7)

for all x, t ∈ Ω, we get for all (η, τ) ∈ Ω^∗ that

T̃ W^ϕϕ + 2(T̃ ϕ)^2 = − 1 4 A^′(c(F^{∗−1}(η, τ))) ∂x ∂c (F^{∗−1}(η, τ)) +

+2 [ 1 4 A^′(c(F^{∗−1}(η, τ))) + B^′(c(F^{∗−1}(η, τ))) ∂x ∂c (F^{∗−1}(η, τ))

]_2

= 1 8 −2A^′(c)^{∂x}_{∂c} + (^{∂2 x}_{∂c∂t} )^2 (^{∂x}_{∂c} )^2

(F^{∗−1}(η, τ)).

(5.8)

Observe that for any (c, t) ∈ R^2 we have 1 8 −2A^′(c)^{∂x}_{∂c} (c, t) + (^{∂2x}_{∂c∂t} (c, t))^2 (^{∂x}_{∂c} (c, t))^2 = 1 8 −2A^′(c)(^{A′ (c)}_2 t^2 + B^′(c)t + 1) + (A^′(c)t + B^′(c))^2 (^{A′ (c)}_2 t^2 + B^′(c)t + 1)^2 = 1 8 −2A^′(c) + B^′(c)^2 (^{A′(c)}_2 t^2 + B^′(c)t + 1)^2 ≤ 0 (5.9)

Notice that the correspondance C^1_c (R^2_{c,t}) ∋ ζ ←→ ψ := ζ ∘ F^{∗−1} ∈ C^1_c (Ω^∗) is bijective and

(W^ϕψ)(F^∗(c, t)) = ∂ψ ∂η (F^∗(c, t)) − 4ϕ(F^∗(c, t)) ∂ψ ∂τ (F^∗(c, t)) = ∂ψ ∂η (F^∗(c, t)) − 4 ∂x ∂t (c, t) ∂ψ ∂τ (F^∗(c, t)) = ∂ζ ∂t (c, t).

(5.10)

Since det JF^∗(c, t) = det JG(F (c, t))det JF (c, t) = 4(^{A′(c)}_2 t^2 + B^′(c)t + 1) > 0 a change of variable and equations (3.15), (5.8), (5.9) and (5.10) give

g^{′′}(0) = ∫ Ω^∗

(W^ϕψ)^2 + 8ψ^2 [T̃ W^ϕϕ + 2(T̃ ϕ)^2]

[1 + |W^ϕϕ|^2]^{3/2} dηdτ

= 4 ∫ R^2

(^{∂ζ}_{∂t} )^2 + ζ^{2 −2A′(c)+B′(c)2}

(^{A′(c)}_2 t^2 +B^′(c)t+1)^2

[1 + A(c)^2]^{3/2} [ A^′(c) 2 t^2 + B^′(c)t + 1 ] dc dt = 4 ∫ R^2 [( ∂ζ ∂t )_2

u + ζ^2v ] dc dt

(5.11)

where g is as in (3.2) and we have set ζ := ψ ∘ F^∗ and

u(c, t) :=

A^′ (c)

2 t^2 + B^′(c)t + 1 [1 + A(c)^2]^{3/2}

v(c, t) :=

B^′(c)^2 − 2A^′(c) [1 + A(c)^2]^{3/2}[^{A′ (c)}_2 t^2 + B^′(c)t + 1] . The fact that ϕ parameterizes a minimizer implies that g^{′′}(0) ≥ 0 for all ψ ∈ C^1_c (Ω^∗); since F^∗ : R^2 → Ω^∗ is a C^2 diffeomorphism we deduce that

(5.12) ∫ R^2 [( ∂ζ ∂t )_2

u + ζ^2v ] dc dt ≥ 0 ∀ζ ∈ C^1_c (R^2).

STEP 2. It is easy to see that our thesis on ϕ is equivalent to A and B being constant, i.e. to A^′ = B^′ ≡ 0. Suppose by contradiction that there exist a c_0 ∈ R such that this does not hold, then by Theorem 4.4 we have b^2 < 2a, where b := B^′(c_0) and a := A^′(c_0) > 0. We want to use the second variation formula (5.12) to obtain simpler conditions, namely inequalities on certain one-dimensional integrals involving a and b (see equation (5.17)).

Fix therefore a ζ ∈ C^1_c (R^2) and set

ζ_ϵ(c, t) := 1 √ ϵ ζ ( c_0 +^{c−c0}_ϵ , t ) ;

then by (5.12) we get

(5.13) 0 ≤ ∫ R^2 ( ∂ζ_ϵ ∂t )_2

u dc dt + ∫ R^2

ζ^2_ϵ v dc dt =: I_ϵ + II_ϵ

Observe that

I_ϵ = 1 ϵ ∫ R^2 ( ∂ζ ∂t ( c_0 +^{c−c0}_ϵ , t ))^2 u(c, t) dc dt = ∫ R^2 ( ∂ζ ∂t (u, t)

)_2

u(c_0 + ϵ(u − c_0), t) du dt

and by Lebesgue convergence theorem one obtains

(5.14) lim_{ϵ→0} I_ϵ = ∫ R^2 ( ∂ζ ∂t (c, t)

)_2

u(c_0, t) dc dt.

Analogously one gets

(5.15) lim_{ϵ→0} II_ϵ = ∫ R^2

z(c, t)^2v(c_0, t) dc dt.

Combining (5.13), (5.14) and (5.15) we get

(5.16) ∫ R^2 ( ∂ζ ∂t (c, t)

)_2

h(t) dc dt ≥ (2a − b^2) ∫ R^2

z(c, t)^2 1 h(t) dc dt

for all ζ ∈ C^1_c (R^2), where we have put

h(t) := a 2 t^2 + bt + 1.

By standard arguments (taking for example ζ(c, t) of the form ζ_1(c)ζ_2(t)) we can infer the one-dimensional inequalities

(5.17) ∫ R ζ^{′2}h dt ≥ (2a − b^2) ∫ R ζ^2 1 h dt for all ζ ∈ C^1_c (R).

STEP 3. We will follow here the technique used in [17] to provide a counterexample to (5.17), which will give a contradiction.

For ϵ > 0 fix χ_ϵ ∈ C^1_c (R) such that 0 ≤ χ_ϵ ≤ 1 χ_ϵ ≡ 1 on ( −^1_ϵ ,^1_ϵ ) , spt χ_ϵ ⋐ ( −^2_ϵ ,^2_ϵ ) |χ^′_ϵ| ≤ Cϵ, C > 0 independent of ϵ and set ζ_ϵ(t) := χ_ϵ(t) √ h(t) . Equation (5.17) becomes then

(5.18) ∫ R ζ^{′2}_ϵ h dt ≥ (2a − b^2) ∫ R ζ^2_ϵ 1 h dt and observe that

(5.19) lim_{ϵ→0} ∫ R ζ^2_ϵ 1 h dt = ∫ R dt (_a 2 t^2 + bt + 1

)_2 .

As for the left hand side of (5.18), we have (5.20) ∫ R ζ^{′2}_ϵ h dt = ∫ R ( χ^′_ϵ √ h − χ_ϵh^′ 2h^{3/2}

)_2

h dt = ∫ R χ^{′2}_ϵ dt − ∫ R χ_ϵχ^′_ϵh^′ h dt + 1 4 ∫ R χ^2_ϵ h^{′2} h^2 dt;

an integration by parts gives ∫ R χ_ϵχ^′_ϵ h^′ h dt = − 1 2 ∫ R χ^2_ϵ h^{′′} h dt + 1 2 ∫ R χ^2_ϵ h^{′2} h^2 dt whence (5.20) rewrites as ∫ R ζ^{′2}_ϵ h dt = ∫ R χ^{′2}_ϵ dt + 1 2 ∫ R χ^2_ϵ h^{′′} h dt − 1 4 ∫ R χ^2_ϵ h^{′2} h^2 dt Finally, by Lebesgue convergence theorem we infer

(5.21) lim_{ϵ→0} ∫ R ζ^{′2}_ϵ h dt = 1 2 ∫ R h^{′′} h dt − 1 4 ∫ R h^{′2} h^2 dt = 1 4 ∫ R h^{′′} h dt where, in the last equality, we integrated by parts again.

From (5.18), (5.19) and (5.21) we obtain therefore

(5.22) 1 4 ∫ R a dt a 2 t^2 + bt + 1

≥ (2a − b^2) ∫ R dt (_a 2 t^2 + bt + 1

)_2 .

Since for α > 0 we have ∫ R dt 1 + αt^2 = π √ α and ∫ R dt (1 + αt^2)^2 = π 2 √ α and observing that ∫ R dt (_a 2 t^2 + bt + 1

)_m = ( 2a 2a − b^2

)_m ∫ R dt (1 + αt^2)^m m = 1, 2

with α :=^{a2}_{2a−b2} , by (5.22) we obtain a 4 2a 2a − b^2 π √ 2a − b^2 a ≥ (2a − b^2)

4a^2 (2a − b^2)^2 π 2 √ 2a − b^2 a which reduces to 1/2 ≥ 2 recalling that a > 0 and then a contradiction.

STEP 4. We have proved that A and B are constant functions, and this in turn implies that Ω^∗ = R^2 and ϕ(η, τ) = Aη + B. This completes the proof of the Theorem. □

5.2. The Bernstein problem in H^n for n ≥ 2. Let us exploit equation (5.2) and write it as

(5.23) n∑ j=2 X̃_j ( X̃_j ϕ √ 1 + |W^ϕϕ|^2 ) + W^ϕ_{n+1} ( W^ϕ_{n+1}ϕ √ 1 + |W^ϕϕ|^2 ) +

+ n∑ j=2 Ỹ_j ( Ỹ_j ϕ √ 1 + |W^ϕϕ|^2 ) = 0 where ϕ : R^{2n} = R_η × R^{2n−2}_v × R_τ → R is of class C^2. Notice that, if one looks for solutions ϕ which do not depend on the τ variable, i.e. such that ϕ(η, v, τ) = ψ(η, v) for some ψ : R^{2n−1} → R, equation (5.23) rewrites as the classic minimal surface equation

(5.24) div ( ∇ψ √ 1 + |∇ψ|^2 ) = 0.

This observation allows us to easily construct a counterexample to the Bernstein problem for X_1-graphs in H^n when n ≥ 5; in fact in this case we have 2n − 1 ≥ 9 and Theorem 5.1 provides a function ψ : R^{2n−1} → R which solves (5.1) and is not affine, i.e. the related ϕ(η, v, τ) = ψ(η, v) solves (5.23) and cannot be written as in (5.3).

We also notice that X_1-graphs of functions ϕ(η, v, τ) = ψ(η, v) (where ψ solves (5.1)) are actually minimizers of the H-perimeter; in fact it is easy to check that the smooth section ν : H^n → HH^n defined by

ν(x, y, t) = ( − 1 √ 1 + |W^ϕϕ|^2 , W^ϕϕ √ 1 + |W^ϕϕ|^2 ) (η, v, 0)

= ( − 1 √ 1 + |∇ψ|^2 , ∇ψ √ 1 + |∇ψ|^2 ) (η, v),

where we put η := y_1 and v := (x_2, . . . , x_n, y_2, . . . , y_n), is a calibration for the graph of ϕ, i.e.

• div_X ν = 0;

• |ν(P )| = 1 for all P ∈ H^n;

• ν coincides with the horizontal inward normal to the X_1-graph of ϕ (see Theorem 2.5).

Observe that in this argument (which is basicly the same used to prove the minimality of any entire graph solution of (5.1) in the classical case) it was essential the non-dependance of ϕ on the vertical variable τ: as we have seen in Section 5.1, in general it is not true that an entire solution of (5.2) parameterizes a minimizer.

The Bernstein problem for intrinsic graphs in H^n, as far as we know, remains unsolved for n = 2, 3, 4; observe that any possible negative answer must effectively depend on the variable τ, or the previous argument leading to the classic Bernstein equation could apply, contradicting Theorem 5.1.

Remark 5.4. We explicitely notice that, as H^n cannot be written as a product of H^m for any m < n, in general there is no easy way to construct a solution to (5.2) in H^n “modifying” somehow a given solution to (5.2) in H^m, e.g. managing the nontrivial ones found in Subsection 5.1 for m = 1. . References

[1] L.Ambrosio, Private Communication, March 2002.

[2] L.Ambrosio, Fine properties of sets of finite perimeter in doubling metric measure spaces, in Calculus of Variations, non-smooth analysis and related topics, Set-Valued Anal., 10 (2002),11–128 [3] L.Ambrosio, Some fine propertiesof sets of finite perimeter in Ahlfors regular metrice measurespaces, Adv. in Math., 159 (2001),51–67 [4] L.Ambrosio, F. Serra Cassano & D. Vittone, Intrinsic regular hypersurfaces in Heisenberg groups, J. Geom. An. to appear. Available at http://www.cvgmt.sns.it [5] Z.Balogh, Size of characteristic sets and functions with prescribedgradient, J. Reine Angew Math. ,564,(2003),63–83.

[6] Z.Balogh, M.Rickly & F.Serra Cassano,Comparison of Hausdorff measures with respect to theEuclidean and the Heisenberg metric, Publ.Math., 47 (2003), 237–259.

[7] M.Biroli & U.Mosco, Sobolev andisoperimetric inequalities for Dirichlet forms on homogeneousspaces, Atti Accad. Naz. Lincei, Cl. Sci. Fis. Mat. Nat., IX.Ser. Rend. Lincei, Mat. Appl., 6, (1995), 37–44.

[8] G. Buttazzo, M. Giaquinta & S. Hildebrandt, One- dimensional Variational Problems.

An Introduction.,Oxford ,1998.

[9] L.Capogna & D.Danielli & N.Garofalo, The geometric Sobolev embedding for vector fields and theisoperimetric inequality, Comm.Anal.Geom.12,(1994), 203–215.

[10] L.Capogna & D.Danielli,S.D. Pauls & J. T. Tyson, An Introduction to the Heisenberg group and the sub- Riemannian isoperimetric problem, Preprint 2006.

[11] J.H. Cheng & J.F. Hwang, Properly embedded and immersed minimal surfaces in the Heisenberg group, Bull. Austr. Math. Soc. 70,(2005), 507–520.

[12] J.H. Cheng , J.F. Hwang, A. Malchiodi & P. Yang, Minimal surfaces in in pseudohermitian geometry and the Bernstein problem in the Heisenberg group, Ann. Sc. Norm. Pisa Cl. Sci.1,(2005), 129–177.

[13] J.H. Cheng , J.F. Hwang & P. Yang, Existence and uniqueness for p-area minimizers in the Heisenberg group, Preprint, 2006.

[14] R.Courant & D.Hilbert, Methods of Mathematical Physics, Volume II, Interscience Publishers, New York, 1962.

[15] D.Danielli & N.Garofalo & D.M.Nhieu, Minimal Surfaces in Carnot groups, Preprint 2004 [16] D.Danielli & N.Garofalo & D.M.Nhieu, A partial solution of the isoperimetric problem for the Heisenberg group, Preprint 2003 [17] D.Danielli & N.Garofalo & D.M.Nhieu, A notable family of entire intrinsic minimal graphs in the Heinsenberg group which are not perimeter minimizing, Preprint 2005 [18] L.C.Evans, Partial Differential Equations, Am. Math. Soc., Providence, 1998. [19] G.B.Folland, Subelliptic estimates and function spaces on nilpotent Lie groups, Ark. Mat., 13 (1975), 161–207.

[20] G.B.Folland & E.M.Stein, Hardy spaces on homogeneous groups, Princeton University Press, 1982.

[21] B. Franchi & S. Gallot & R.L. Wheeden,Sobolev and isoperimetric inequalities for degeneratemetrics, Math. Ann., 300, (1994), 557–571.

[22] B.Franchi & R.Serapioni & F.Serra Cassano, Meyers-Serrin TypeTheorems and Relaxation of Variational Integrals Depending VectorFields, Houston Journal of Mathematics, 22, 4, (1996),859–889.

[23] B.Franchi, R.Serapioni & F.Serra Cassano,Rectifiability and perimeter in the Heisenberg group, MathAnn 321, (2001), 479–531.

[24] B.Franchi, R.Serapioni & F.Serra Cassano,On the structure of finite perimeter sets in step 2 Carnot groups, Journal Geometric Analysis 13, (2003),421–466.

[25] B.Franchi, R.Serapioni & F.Serra Cassano,Regular Submanifolds, Graphs and Area Formula in Heisenberg Groups, Preprint (2004).

[26] N.Garofalo & D.M.Nhieu, Isoperimetric andSobolev inequalities for Carnot-Carathéodory spaces and the existence of minimal surfaces,Comm. PureAppl. Math., 49 (1996), 1081–1144.

[27] N.Garofalo & S. Pauls , The Berstein problem in the Heisenberg group,Preprint 2003. [28] N.Garofalo & S. Pauls , Notable examples of H- minimal surfaces,Preprint 2005. [29] N.Garofalo & C. Selby , Equations of mean curvature type in the Heisenberg group,work in progress 2005.

[30] E.Giusti,Minimal surfaces and functions of bounded variation,Birkhauser,Boston, 1984. [31] M.Gromov, Carnot-Carathéodory spaces seen fromwithin, in Subriemannian Geometry, Progress in Mathematics,144. ed. by A.Bellaiche and J.Risler, Birkhauser Verlag,Basel (1996).

[32] R. K. Hladky & S. Pauls , Minimal surfaces in the roto-translation group with applications to a neurobiological image completion,Preprint 2005.

[33] B.Kirchheim & F.Serra Cassano, Rectifiability and parametrization of intrinsic regular surfaces in the Heisenberg group, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5) III (2004),871– 896.

[34] V. Magnani, Elements of geometric Measure Theory on Sub- Riemannian Groups,Tesi di Perfezionamento, Scuola Normale Superiore,Pisa,2002.

[35] P.Mattila,Measures with unique tangent measures in metric groups,Math. Scand. 97 (2005), 298–398.

[36] G.Métivier, Counterexamples to Hölgrem’s uniqueness for analytic non linear Cauchy problems, Inv. Math., 112 (1992), 217–222.

[37] R. Montgomery, A tour of Sub- Riemannian Geometries, Their Geodesics and Applications,AMS,2002.

[38] F. Morgan, Geometric Measure Theory. A Beginner’s Guide,Academic Press, Third Edition,,2000.

[39] P.Pansu, Métriques de Carnot-Carathéodory et quasiisométries des espaces symétriques de rang un, Annals of Mathematics, 129 (1989), 1–60.

[40] P.Pansu, Une inégalitéisopérimétrique sur le groupe de Heisenberg,C.R.Acad.Sci.Paris, 295, I, (1982), 127–130.

[41] S.D.Pauls,A notion of rectifiability modelled on Carnot groups, Indiana Univ .Math. J., 53(2004), 49–81.

[42] S.D.Pauls, Minimal surfaces in the Heisenberg groups,Geom. Dedicata,104(2004),201-231. [43] S.D.Pauls, H- minimal graphs of low regularity in H^1,Comm. Math. Helv,, to appear.

[44] M. Ritoré & C. Rosales, Rotationally invariant hypresurfaces with constant mean curvature in the Heisenberg groups H^n,Preprint 2005.

[45] M. Ritoré & C. Rosales, Area-stationary surfaces in the Heisenberg group H^1,Preprint 2005.

[46] E.M.Stein,Harmonic Analysis, Princeton University Press, 1993.

Vittorio Barone Adesi: Dipartimento di Matematica, Università di Trento, Via Sommarive 14, 38050, Povo (Trento) - Italy,

E-mail address: vbarone@science.unitn.it

Francesco Serra Cassano: Dipartimento di Matematica, Università di Trento, Via Sommarive 14, 38050, Povo (Trento) - Italy,

E-mail address: cassano@science.unitn.it

Davide Vittone: Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa - Italy E-mail address: d.vittone@sns.it