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Abstract

We investigate different concentration-compactness phenomena related
to the @Q-curvature in arbitrary even dimension. We first treat the case
of an open domain in R*™, then that of a closed manifold and, finally,
the particular case of the sphere S?™. In all cases we allow the sign of
the Q-curvature to vary, and show that in the case of a closed manifold,
contrary to the case of open domains in R®*™, concentration phenomena
can occur only at points of positive Q-curvature. As a consequence, on
a locally conformally flat manifold of non-positive Euler characteristic we
always have compactness.

1 Introduction and statement of the main re-
sults

Before stating our results, we recall a few facts concerning the Paneitz operator
P;m and the Q-curvature ng on a 2m-dimensional smooth Riemannian mani-
fold (M, g). Introduced in [BO], [Pan], [Bra] and [GJMS], the Paneitz operator
and the @Q-curvature are the higher order equivalents of the Laplace-Beltrami
operator and the Gaussian curvature respectively (Pg2 = —A, and Q; = Ky),
and they now play a central role in modern conformal geometry. For their def-
initions and more related information we refer to [Cha]. Here we only recall a
few properties which shall be used later. First of all we have the Gauss formula,
describing how the Q-curvature changes under a conformal change of metric:

P;mu + Qim = gumeQm“, (1)
where g, 1= e%“g, and u € C°°(M) is arbitrary. Then, we have the conformal
invariance of the total QQ-curvature, when M is closed:

y Q?umdvolgu = /M Qﬁmdvolg. (2)
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Finally, assuming (M, g) closed and locally conformally flat , we have the Gauss-
Bonnet-Chern formula (see e.g. [Che], [Chal):

A
| @iravol, = o), 3)

where (M) is the Euler-Poincaré characteristic of M and

A= /52 Qg dvoly,, = (2m — 1)!|52m| (4)

is a constant which we shall meet often in the sequel. In the 4-dimensional case,
if (M, g) is not locally conformally flat, we have

/ (Q; + @) dvol, = 8wy (M), (5)
M

where W, is the Weyl tensor. Recently S. Alexakis [Ale2] (see also [Alel]) proved
an analogous to (5) for m > 3:

/M (Qﬁm - W) dvol, = %X(M), (6)

where W is a local conformal invariant involving the Weyl tensor and its covari-
ant derivatives.

We can now state the main problem treated in this paper. Given a 2m-
dimensional Riemannian manifold (M, g), consider a converging sequence of
functions Q — Qo in CY(M), and let g := €2“*g be conformal metrics satis-
fying 3;" = Q. In view of (1), the uy’s satisfy the following elliptic equation
of order 2m with critical exponential non-linearity

P2y 4+ Q2™ = Qre®™. (7)

Assume further that there is a constant C' > 0 such that

vol(gx) = / e?™ut dvol, < C for all k. (8)
M

What can be said about the compactness properties of the sequence (ux)?

In general non-compactness has to be expected, at least as a consequence
of the non-compactness of the Mdbius group on R?*™ or $2™. For instance,
for every A > 0 and xy € R?™, the metric on R?>™ given by g, := e**ggem,
u(x) :=log ﬁ, satisfies Q2™ = (2m — 1)\,

We start by considering the case when (M, g) is an open domain 2 C R?™
with Euclidean metric ggem. Since Py, = (=A)™ and Q_,,, = 0, Equation (7)
reduces to (—A)™uy, = Qre?™" . The compactness properties of this equation
were studied in dimension 2 by Brézis and Merle [BM]. They proved that if
Qr >0, [|Qkllz~ < C and ||e?“*||;» < C, then up to selecting a subsequence,
one of the following is true:

(i) (ug) is bounded in L2

loc

Q).

(il) ugp — —oo locally uniformly in .



(i) There is a finite set S = {z(?;i = 1,...,I} C Q such that u, — —o0
locally uniformly in Q\S. Moreover Qge“x — 21'121 Bid, weakly in the
sense of measures, where 3; > 2m for every 1 <1i¢ < I.

Subsequently, Li and Shafrir [LS] proved that in case (iii) 3; € 47N for every
1<:i< T

Adimurthi, Robert and Struwe [ARS] studied the case of dimension 4 (m =
2). As they showed, the situation is more subtle because the blow-up set (the
set of points x such that uy(z) — oo as k — oo) can have dimension up to 3 (in
contrast to the finite blow-up set S in dimension 2). Moreover, as a consequence
of a result of Chang and Chen [CC], quantization in the sense of Li-Shafrir does
not hold anymore, see also [Robl], [Rob2].

In the following theorem we extend the result of [ARS] to arbitrary even di-
mension (see also Proposition 6 below). The function a in (9) has no geometric
meaning, and one can take ar = 1 at first. On the other hand, one can also
apply Theorem 1 to non-geometric situations, by allowing ay # 1, see [Mar3].

Theorem 1 Let Q be a domain in R*™, m > 1, and let (ux)ren be a sequence
of functions satisfying

(—A) ™ uy, = Qpe ™k, (9)

where ag, Qo € C°(2), Qo is bounded, and Qi — Qo, ar — 1 locally uniformly.
Assume that

/ e2maruk gy < O, (10)
Q

for all k and define the finite (possibly empty) set

A .
Sy = {ac € Q: lim 1imsup/ |Qr|e®max vk dy > ?1} = {x(’) 1< < I},
B, (x)

r—0T koo
where Ay is as in (4). Then one of the following is true.

(i) For every 0 < a < 1, a subsequence converges in C>"~ 2 (Q\Sy).

loc

(i) There exist a subsequence, still denoted by (uy), and a closed nowhere
dense set Sy of Hausdorff dimension at most 2m — 1 such that, letting
S = So U Sy, we have up, — —oo locally uniformly in Q\S as k — oo.
Moreover there is a sequence of numbers B — oo such that

u

—: — i O O\S), 0<a<l,

where p € C®(Q\S1), So ={z € Q: p(x) =0}, and

(A" =0, ©<0, @#0 1nQ\S.

If S1 # 0 and Qo(zM) > 0 for some 1 <i < I, then case (i) occurs.

We recently proved (see [Mar2]) the existence of solutions to the equation
(—A)™u = Qe*™ on R?™ with ) < 0 constant and e*™* € L1 (R?*™), for m > 1.
Scaling any such solution we find a sequence of solutions uy(x) := u(kx) + log k
concentrating at a point of negative Q-curvature. For m = 1 that is not possible.



On a closed manifold things are different in several respects. Under the
assumption (which we always make) that ker P;m contains only constant func-
tions, quantization of the total Q-curvature in the sense of Li-Shafrir (see (12)
below) holds, as proved in dimension 4 by Druet and Robert [DR] and Mal-
chiodi [Mal], and in arbitrary dimension by Ndiaye [Ndi]. Moreover the con-
centration set is finite. In [DR], however, it is assumed that the @Q-curvatures
are positive, while in [Mal] and [Ndi], a slightly different equation is studied
(P2™up, + Qp = hpe*™", with hy, constant and Q. prescribed), for which the
negative case is simpler. With the help of results from our recent work [Mar2]
and a technique of Robert and Struwe [RS], we can allow the prescribed Q-
curvatures to have varying signs and, contrary to the case of an open domain
in R?™, we can rule out concentration at points of negative Q-curvature.

Theorem 2 Let (M, g) be a 2m-dimensional closed Riemannian manifold, such
that ker Py = {constants}, and let (ug) be a sequence of solutions to (7), (8)
where the Qy.’s and Qo are given C functions and Qr — Qo in C1(M). Let Aq
be as in (4). Then one of the following is true.

(i) For every 0 < a < 1, a subsequence converges in C*™~1L(M).

(ii) There exists a finite (possibly empty) set S; = {xD : 1 <i < I} such that
Qo(x(i)) >0 for 1 < i <1 and, up to taking a subsequence, ur — —00
locally uniformly on (M\S1). Moreover

I
le2muk dVOlg — ZAlam(i) (11)

=1

in the sense of measures; then (2) gives

/ Qgdvoly = TA;. (12)
M

Finally, S1 = 0 if and only if vol(gx) — 0.

An immediate consequence of Theorem 2 (Identity (12) in particular) and
the Gauss-Bonnet-Chern formulas (3) and (5), is the following compactness
result:

Corollary 3 Under the hypothesis of Theorem 2 assume that either
1. x(M) <0 and dim M € {2,4}, or
2. x(M) <0, dimM >6 and (M, g) is locally conformally flat,
and that vol(gr) 7/ 0. Then (i) in Theorem 2 occurs.
It is not clear whether the hypothesis that (M, g) be locally conformally flat

when dim M > 6 is necessary in Corollary 3. For instance, we could drop it if
we knew that W > 0 in (6), in analogy with (5).

Contrary to what happens for the Yamabe equation (see [Drul], [Dru2], [DH]
and [DHR]), the concentration points of S in Theorem 2 are isolated, as already
proved in [DR] in dimension 4. In fact, a priori one could expect to have

I
Qre®™ dvol, — ZLiAléz(i)) for some L; € N\{0}, (13)

i=1



instead of (11). The compactness of M is again a crucial ingredient here; indeed
X. Chen [Ch] showed that on R? (where quantization holds, as already discussed)
one can have (13) with L; > 1.

Theorems 1 and 2 will be proven in Sections 2 and 3 respectively. In Section
4 we also consider the special case when M = S$?™. In the proofs of the above
theorems we use techniques and ideas from several of the cited papers, particu-
larly from [ARS], [BM], [DR], [Mal], [MS] and [RS]. In the following, the letter
C denotes a generic positive constant, which may change from line to line and
even within the same line.

I'm grateful to Prof. Michael Struwe for many stimulating discussions.

2 The case of an open domain in R?”

An important tool in the proof of Theorem 1 is the following estimate, proved
by Brézis and Merle [BM] in dimension 2. For the proof in arbitrary dimension
see [Marl]. Notice the role played by the constant ,, := %, which satisfies

(—A)m( - % log |z|) — o inR>™. (14)

Theorem 4 Let f € L'(Bgr(w0)), Br(zo) C R*™, and let v solve

(—A)mv = f m BR(.To),
v=Av=...=A""1 =0 on dBg(xo).

Then, for any p € ( ), we have e*™PIVl ¢ LY(Bgr(x0)) and

Ym
O’ ||f”L1(BR(m0))
/ 2Pl dy < C(p)R*™.
BR(IU)

Lemma 5 Let f € L'(Q) N LY _(Q\S1) for some p > 1, where Q@ C R*™ and

S1 C Q is a finite set. Assume that

(—A)"u=f inQ
Au=0 on 0 for0 < j<m-—1.
Then w is bounded in W2 (Q\S)); more precisely, for any Bir(zo) C (Q\S1),

loc

there is a constant C independent of f such that

[ullw2me(Br(ze)) < CUFLr(Binto) + I F 1) (15)

The proof of Lemma 5 is given in the appendix.

Proof of Theorem 1. We closely follow [ARS]. Let S; be defined as in the
statement of the Theorem. Clearly (10) implies that S; = {z() € Q:1 <i < I}
is finite. Given zo € Q\S1, we have, for some 0 < R < dist(z, 99Q),

k—oo

a = lim sup/ |Qr| ™k da < Ay (16)
Br(zo)



For such zp and R write ug = vg + hy in Br(xo), where
(—A)Mvy, = Qpe2marur in Br(zo)
vp = Avg = ... =A™y, =0 on dBr(x)

and (—A)™hy, = 0. Set by = X{hp >0t s By, = hy, —h;. Since by < u + |vgl,
we have
1R L1 (Brzo)) < Ut 1Lt (Ba(zo)) + 10kl L1 (Br(xo))-

Observe that, for k large enough muz < 2makuz < e2makuk g Bpg(x0), hence
(10) implies

uzdx <C e2martn dy. < (.
BR(CE()) BR(IO)

As for vy, observe that 1 < 'YT’", hence by Theorem 4
/ 2m|vg|dz < / e?mveldy < CR?™,
Br(zo0) Br(zo0)

with C' depending on a and not on k. Hence
1B |2 (Ba(ae)) < C- (17)
We distinguish 2 cases.

Case 1. Suppose that HthLl(BR/2)(IO) < C uniformly in k. Then by Proposition

11 we have that hy is equibounded in CZ(BR/S (z0)) for every £ > 0. Moreover,
by Pizzetti’s formula (Identity (79) in the appendix) and (17),

|he(z)|de = 2 ][ hyf (z)dx — ][ hi(z)dx

Br(zo) Br(zo) Br(zo)
< C- ][ hi(x)dx
Br(zo)
= (C-— Z CiRzzAzhk(Z‘()) S C.
1=0

Hence we can apply Proposition 11 locally on all of Br(zp) and obtain bounds
for (hg) in Cf . (Br(z0)) for any £ > 0.

Fix p € (1,%m/c). By Theorem 4 |[*™" || 11 p,(z0)) < C(p), hence, using
that ar — 1 uniformly on Bg(zg), we infer

1(=2)" vkl o) = [1(Que* ™= *)e™ w0k | 1y < C(B, p) (18)

for every ball B CC Br(wo) and for k large enough. In addition [|vk | £1(By(z0)) <
C, hence by elliptic estimates,

lvkllwemr gy < C(B,p) for every ball B CC Br(wo).

By the immersion W?2™P — C%_ (y,), is bounded in C&S(BR(,T())), for some

a > 0. Going back to (18), we now see that A™vy, is uniformly bounded in
LS (Bgr(xg)), hence

loc

llvkllwzm.» 5y < C(B,p)



for every p > 1, B CC Bg(z0), and by the immersion W2mP « C?m=La we
obtain that (vy), hence (uy), is bounded in C2™ ™" (Bg(x0)).

loc

tCl'laste 2. Assume that ||hk||L1(BR/2(mo)) =: 0 — o0 as k — oo. Set YK = 2_27 SO
a

1. A"y, =0,
2. [lkllLr(Bra(zo)) =1

3. lef Il Li(Bawe)) — 0 by (17).

As above we have that ¢y is bounded in CfOC(BR(:EO)) for every ¢ > 0, hence a

subsequence converges in C2(Bg(z0)) to a function ¢, with

1. A™p =0,
2. [[ellz1(Brja(zo)) = 14
3. et L1 (Br(zo)) =0, hence ¢ < 0.

Let us define Sy = {« € Bgr(zg) : p(x) = 0}. Take x € Sp; then by (79),
Ap(z),...,A™ 1p(z) cannot all vanish, unless p = 0 on B,(z) C Bgr(zo) for
some p > 0, but then by analyticity, we would have ¢ = 0, contradiction. Hence
there exists 7 with 1 < j < 2m — 3 such that

Dlp(z) =0, D' o(z)#0,

ie.
2m—3

So € |J {= € Brlao) : DVp(z) = 0, D7 p(x) # 0}.

j=1

Therefore Sy is (2m — 1)-rectifiable. Since ¢ < 0 on Bg(z)\So, we infer
hi = Bk — —o0, > — 0

locally uniformly on Bgr(xo)\So. Then, as before, from
(~A)" 0y = (QuePmostn)(e2manwe),

we have that vy is bounded in CIQOT_LO‘(Q\SO). Then uy = hy + v — —00
uniformly locally away from Sp.

Since Case 1 and Case 2 are mutually exclusive, covering Q\S; with balls,
we obtain that either a subsequence uy is bounded in CE"~"*(Q\S)), or a
subsequence u; — —oo locally uniformly on Q\(SoUS1). In this latter case, the
behavior described in case (ii) of the theorem occurs. Indeed fix any Br(xo) C
(O\S; and take i as above. Then, on a ball B,(yo) C Q\Si, we can wrie
U = ﬁk—l—ﬁk as above, where iLk — —00 1qcally uniformly away from a rectifiable

hi

set Sy of dimension at most (2m — 1), v @ , where 3, = ||Bk||L1(Bp/2(y))a
k

and ¥, is bounded in C2" ™ *(B,(yo)). Then %f: — 0in C2" (B, (yo)), and
we have that either
(a) Z—: and & are bounded in CE™ 5B, (yo)), or

loc



(b) %ﬁ and %f go to —oo locally uniformly away from Sj.

Since the 2 cases are mutually exclusive, and on Bg(zg) case (a) occurs, upon
covering Q\S7 with a sequence of balls, we obtain the desired behavior for %ﬁ

We now show that if 7 > 1 and Qo(x(i)) > 0 for some 1 < i < I, then Case
2 occurs. Assume by contradiction that Qq(zg) > 0 for some zy € S; and Case
1 occurs, i.e. (ug) is bounded in C27~H*(Q\S)), so that fi, == Qxe2™™" is
bounded in L{2, (Q2\S1). Then there exists a finite signed measure y on €2, with

loc

€ L2 (Q2\S1) such that

fik — W as measures

fr — p inILP (Q\S)) for 1 <p< .

loc

Let us take R > 0 such that Br(xzo) C Q, Br(zo) N S1 = {0} and Qp > 0 on
Bgr(xo). By our assumption,

(=AY up > —C, on dBg(xp) for 0 < j <m — 1. (19)

Let zx be the solution to

(—A)"zy, = Qpe?mart in Bgr(zo)
2k =QAzp=...= Am_lzk =0 on aBR(mo).
By Proposition 13, and (19)
up >z, — C. (20)
By Lemma 5, up to a subsequence, z; — z in Cp™"*(Bp(zo)\{zo}), where
(—A)"z=pu in Br(xo)
z2=Az=...=A""12=0 on dBg(zo).
Since Qo(z) > 0, we have p > Y0, = (—A)™1n m, and Proposition 13
applied to the function z(z) — In \m——lmo| implies
1
2(z) >In—— — C,
|z — o]
hence
2mz 1 1
e de > — 72md:13 = +00.
Br(xo) C JBg(zo) |7 — 2o

Then (20) and Fatou’s lemma imply

liminf/ 2ty > / lim inf ™% dz;
k—oo BR(IU) BR(CEO) k— o0
1
> = lim inf €*"**** dz; (21)
C Br(zo) k—oo
1
> = e*™* dy = 400,
C JBr(ao)
contradicting (10). O

The following proposition gives a general procedure to rescale at points where
uy, goes to infinity.



Proposition 6 In the hypothesis of Theorem 1, assume that ar = 1 for every
k and that case (ii) occurs. Then, for every xo € S such that supg,, ;) uk — o0
for every 0 < R < dist(zg,0Q) as k — oo, there exist points x — xo and
positive numbers r, — 0 such that

vp(z) = ug(zp + rex) + Inr, <0 <1In2+ v, (0), (22)

. . ~2m—1
and as k — oo either a subsequence v, — v in Cpn~ *(R*™), where

(7A)m’0 — Qo(xo)e2mv,

or v, — —oo almost everywhere and there are positive numbers v, — +00 such
that v
oy G @),

where p s a polynomial on even degree at most 2m — 2.

Proof. Following [ARS], take xo such that sup Br(zo) Wk — 00 for every R and

select, for R < dist(zg,09), 0 <rp < R and xj, € By, (x9) such that

(R—r)e™ @) = (R—rp) sup e = max ((R —7r) sup e“k) =: Ly.
—B'rk (z0) 0<r<R —Br(zo)

R—ry
2L

Then L — +o00 and s := — 0as k — oo, and
vg(z) == ug(z + spx) +Insp <0 in B, (0)

satisfies B _
(—A)™vp, = Qre®™™*,  Qi(x) := Qr(zk + sk2),

/ @keQm”kdx = / leQm“kdx <C.
BLk (0) B

L(R—ry) (T5)

and

We can now apply the first part of the theorem to the functions vy, observing
that there are no concentration points (S; = (), since v, < 0, and using Theorem
12 to characterize the function p. (I

3 The case of a closed manifold

To prove Theorem 2 we assume that sup,, ury — oo and we blow up at I suitably
chosen sequences of points z;  — @ with ug(zip) —o00ask —o0,1<i<I.
We call the (9)’s concentration points. Then we show the following:

(i) If () is a concentration point, then Qq(z®) > 0.

(ii) The profile of the uy’s at any concentration point is the function 7y defined
in (27) below, hence it carries the fixed amount of energy Aj, see (29).

(iii) up — —oo locally uniformly in M\{z® :1 <i < I}.

(iv) The neck energy vanishes in the sense of (47) below, hence in the limit
only the energy of the profiles at the concentration points appears.



Parts (i) and (ii) (Proposition 8) follow from Lemma 7 below and the classi-
fication results of [Marl] (or [Xu]) and [Mar2]. For parts (iii) and (iv) we adapt
a technique of [DR], see also also [Mal], [Ndi] for a different approach.

The following lemma (compare [Mal, Lemma 2.3]) is important, because
its failure in the non-compact case is responsible for the rich concentration-
compactness behavior in Theorem 1. Its proof relies on the existence and on
basic properties of the Green function for the Paneitz operator szm, as proven
in [Ndi, Lemma 2.1] (here we need the hypothesis ker P.™ = {constants}).

Lemma 7 Let (uy) be a sequence of functions on (M, g) satisfying (7) and (8).
Then for £ =1,...,2m — 1, we have

/ » |Viug|P dvol, < C(p)r®™=®, 1<p< —,
B, (xz

for everyx € M, 0 <1 < riyj and for every k, where riy; is the injectivity radius

of (M, g).

Proof. Set fy := Qre*™"* — Q2™ which is bounded in L'(M) thanks to (8).
Let G¢ be the Green’s function for P2™ on (M, g) such that

ug(§) = ][uk dvol, + /Gg(y)fk(y) dvoly(y). (23)

M
For x,& € M, x # &, [Ndi, Lemma 2.1] implies

c

¢ <« _ =

1<0<2m—1. (24)

Then, differentiating (23) and using (24) and Jensen’s inequality, we get

A

p 1 g
vulor = o [ grelhmlac)

|fk||L1(M)>p |fr(y)]
C dvol .
/M <dist(§, v ) I frlloran voly (y)

From Fubini’s theorem we then conclude

1
Viug ()7 dvoly(6) < C||fxl2 sup/ -
/B V@ dvoly(©) N WO e

IN

dvol, (€)

< Qormte,

Let exp,, : T, M = R?™ — M denote the exponential map at .

Proposition 8 Let (uy) be a sequence of solutions to (7), (8) with max uy — 00
as k — oo. Choose points x, — w9 € M (up to a subsequence) such that
ug(zxr) = maxps ux. Then Qo(zg) > 0 and, setting

e (2m —1)! %me*uk(xk)
He = 2( Qo(7o) ) (25)

10



we find that the functions Ny, : Briny, C R?™ — R, given by

[
(2m — 1)!

1
= 1 ~om 08 o
M (y) := uk(exp,, (key)) + 10g pi om 8 Qo(zo) ’

converge up to a subsequence to no(y) = In T2y\2 in 01207:71’0‘(&2’”). Moreover

lim lim Qre*™ dvol, = A;. (26)
R—+00 k—oco BR;Lk(Ik) 9
Remark. The function
= log ———— 27
o () OglJr 2|2 (27)

satisfies (—A)™ng = (2m — 1)le?™™ which is (9) with Q, = (2m — 1)! and
ar = 1. In fact 1o has a remarkable geometric interpretation: If 7 : $2™ — R2?™
is the stereographic projection, then

€2nogR2m = (ﬂil)*gszm, (28)

where ggzm is the round metric on S?™. Then (28) implies

(2m — 1)!/ e2mm dy = Qsemdvoly_, = (2m — )I[S*™[ = Ay, (29)
R2m SZWL
Proof of Proposition 8. Step 1. Set o, = e~**(®*) and consider on Brin; C R?™
the functions ’
zk(y) = uk(exp,, (ory)) + log(or) <0, (30)

and the metrics
gr. := (exp,, oTx)"g,

where T}, : R2™ — R2™ Ty = opy. Then, setting Qi (y) := Qr(exp,, (ory)),
and pulling back (7) via exp,, oT}, we get

P2z + QM = 0} 2" Qpe™ (31)

Setting now g, := oy, >gx, we have P2 = gpmP2m, Q2 = o™ Q2 and from
(31) we infer
P?mzk + ng = QkGszk. (32)
9k Ik

Then, since the principal part of the Paneitz operator is (—A,)™, we can write
Py, = (7Af1k)m + Ay,

where Ay, is a linear differential operator of order at most 2m — 1; moreover the
coefficients of Ay, are going to 0 in CF_(R?™) for all k > 0, since j, — ggem in

Cllf)c(R?m) for all k > 0, and P,_,, = (—A)™. Then (32) can be written as
(7A§k)mzk + Agzi + ngn - leszk. (33)

Step 2. We now claim that z; — 2o in Co ™ b*(R*™), where

(—A)™ 2 = Qo(wg)e* ™, /}R2 e*™M*0 dy < oo. (34)

11



We first assume m > 1. Fix R > 0 and write zx = hy + wx on Br = Bg(0),
where Ag}c hr =0 and

(35)

(—Ag )" wy = (—Ag, )™ 2k in Bgr
wk:A'LUk::Am_lwk:O OnaBR

dr
in L{° (R*™). Lemma 7 implies that (Ayzy) is bounded in LP(Bg), 1 < p <

72 hence from (35) and elliptic estimates we get uniform bounds for (wy) in

W2™P(Bg), 1<p<

From zj, < 0 we infer |Qxe?™**|| (5, < C, and clearly Q=" — 0

2m 7, hence in C°(Bgr). Again using Lemma 7, we get

1Al Ly < Clllzkllw21 () + l[wkllwei(sr) < C.
Since Ag;_l(Agk hi) = 0, elliptic estimates (compare Proposition 11) give

1A, hkll e < C(¢) forevery £ € N. (36)

Br/2)

This, together with |hx(0)] = |wg(0)] < C, and hy < —w, < C and elliptic
estimates (e.g. [GT, Thm. 8.18]), implies that [|hg| r1(B,,,) < C, hence, again
using elliptic estimates,

hilloe By, < C()  for every £ € N. (37)

Therefore (z;) is bounded in WQm’p(BRM) 1<p< 2m 7. We now go back to
(35), replacing R with R/4 and redefining hj and wy, accordingly on Bpr,4. We
now have that (Ayz;) is bounded in LP(Bp/4) for 1 < p < 52™- by Sobolev’s
embedding, and we infer as above that (wy) is bounded in VV2m P(Br/a), 1 <
p < 722, and hy, is bounded in C*(Bpg/16), £ > 0. Iterating, we find that (z;)
is bounded in W2m7p(BR/42nL) for every p € [1,00[. By letting R — oo and ex-

tracting a diagonal subsequence, we infer that (z;) converges in CIQOT L Y(R2™M).
Then (34) follows from Fatou’s lemma, letting R — oo, and the claim is proven.

When m = 1, since P} = —A,, (32) implies at once that (A, z) is locally
bounded in L*. Then, since z < 0 and z,(0) = 0, the claim follows from

elliptic estimates (e.g. [GT, Thm. 8.18]).
Step 3. We shall now rule out the possibility that Qg (zo) < 0.

Case Qo(xp) = 0. By the maximum principle one sees that, for m = 1, (34) has
no solution (see e.g. [Mar2, Thm. 3]), contradiction. If m > 2, still by [Mar2,
Thm. 3], any solution zy to (34) is a non-constant polynomial of degree at most
2m — 2, and there are 1 < j < m — 1 and a < 0 such that AJzy = a. Following
an argument of [RS], see also [Mal], we shall find a contradiction. Indeed we
have

| |W2m

5oy — T R?™ 4 o(R*™), as R — +oo.

lim |Ajzk|dx:/ |AT zg|d2 =
Br

k—o0 Br

Scaling back to ug, we find

k—o0

lim (oij_%"/ |V 2 | dvolg) > C7'R?*™ 4 o(R*™), as R — oo,
BRak(zk)

12



while, from Lemma 7,
/ |V#uy| dvol, < C(Roy,)?™ 2. (38)
BRo'k (Ik)

This yields the desired contradiction as k, R — +oc.

Case Qo(zg) < 0. By [Mar2, Thm. 1] there exists no solution to (34) for
m = 1, a contradiction. If m > 2, from [Mar2, Thm. 2] we infer that there are
a constant @ # 0 and 1 < 7 < m — 1 such that

lim  Alz(z) = a,
x| —+o00
zeC

where C := {t£ e R*™ : ¢t >0, £ € K} and K C S?™~! is a compact set with
H?™~1(K) > 0. Then, as above,

lim (Jiij/ |V2juk|dvolg)
k—o00 BRak(Ik)

Y]

Cil/ |AT 2g|da
BgrNC

> C—1R2m + O(RQW),

again contradicting (38). Then we have shown that Qq(zg) > 0.

Step 4. Since Qr(xo) > 0, pi and 7y, are well-defined. Repeating the proce-
dure of Step 2, we find a function 7 € C2"~"*(R*™) such that 7, — 7 in
Cﬁ:?_l’a(RQm), where (compare (34))

(—=A)™ = (2m — 1)le?™, / e*™dy < 400.
R2m

By [Marl, Thm. 2], either 7 is a standard solution, i.e. there are zo € R*™,

A > 0 such that
2\

_ 39
14+ A2y —yol?’ (39)

7(y) = log
or A/f(z) — a as |z| — oo for some constant a < 0 and for some 1 < j < m—1.
In the latter case, as in Step 3, we reach a contradiction. Hence (39) is satisfied.
Since maxy nx = 1k (0) = log 2 for every k, we have yo = 0, A =1, i.e. 7 = np.
Since, by Fatou’s lemma

lim lim Qpe?mur dvol, = (2m — 1)!/ e2mmo .
R—o00 k—o0 Ry (1) R2m
(26) follows from (29). O

Proof of Theorem 2. Assume first that uxy < C. Then P;muk is bounded in
L% (M) and Lemma 7 and by elliptic estimates uy — 1y is bounded in W2™P (M)
for every 1 < p < oo, hence in C?*™~1%(M) for every a € [0, 1], where uy, :=
f 1 wk dvoly. Observe that by Jensen’s inequality and (8), T < C.

If W, remains bounded (up to a subsequence), then by Ascoli-Arzeld’s theo-
rem, for every a € [0, 1], uy is convergent (up to a subsequence) in C?™=5(M),
and we are in case (i) of Theorem 2.

If W — —oo, we have that uy — —oo uniformly on M and we are in case
(i) of the theorem, with S; = 0.

13



From now on we shall assume that maxy; ury — oo as k — oo, and closely
follow the argument of [DR].

Step 1. There are I > 0 converging sequences x; j, — 2 e M with ug(xig) —
oo as k — oo, such that

(A1) Qo(z®W)>0,1<i<I.

(AQ) dist(ziwk,xjyk)

n — t+ooas k — 4oo forall 1 <i4,5 <1,i+# j, where

L (2m—1)! = —ug(zir)
=Gy )

(As) Set nik(y) == uk(exp,, , (Hi,ky)) — uk(zik). Then for 1 <i <[

in C2™(R*™) (k — o0).  (40)

2
; — = log ———
i (y) = 10(y) = log e

(Aq) For 1 <i<T

lim lim Qre*™ s dx — A. (41)
Rtoo k=00 S 0

(As) There exists C' > 0 such that for all k

ug () < . 3 : .
zsg]\% e Ri(z)] <C, Rui(z): 12_1;1](118'5(1‘,1'1116).

Step 1 follows from Proposition 8 and induction as follows. Define x; 1 = =z
as in Proposition 8. Then (4;), (As) and (A4) are satisfied with ¢ = 1. If
SUD,c s [e“k(x) dist(x1,x,2)] < C, then I = 1 and also (As) is satisfied, so we
are done. Otherwise we choose x3 j such that

Ry (g )et@2n) = Hg\}(RLk(:c)e“"(l) — 00, Ryjp(z):=dist(x,z1%). (42)
Then (Ag) with ¢ = 2, j = 1 follows at once from (42), while (A3) with ¢ = 1,
j = 2 follows from (As), as in [DR]. A slight modification of Proposition 8
shows that (z2k, po,x) satisfies (A1), (Az) and (A4), and we continue so, until
also property (As) is satisfied. The procedure stops after finitely many steps,
thanks to (A4s), (A4) and (8).

Step 2. With the same proof as in Step 2 of [DR, Thm. 1]:

sup Ry (2)"|Viug(z)| < C, £=1,2,...,2m — 1. (43)
zeM

Step 3. up — —oo locally uniformly in M\Si, S; := {x(i) :1 < i< T} This
follows easily from (43) above and (46) below (which implies that u; — —oo
locally uniformly in Bs, (z)\{z®} for any 1 < i < I, v € [1,2[ and §, as
in Step 4), but we also sketch an instructive alternative proof, which does not
make use of (46).

Our Theorem 1 can be reproduced on a closed manifold, with a similar proof
and using Proposition 3.1 from [Mal] instead of Theorem 4 above. Then either

14



(a) ug is bounded in C2" 1% (M\Sy), or

loc
(b) up — —oo locally uniformly in M\Si, or
(c) There exists a closed set Sp € M\S; of Hausdorff dimension at most
2m — 1 and numbers B; — +oo such that

u

B_: — @ in Gy (M\(So U 9)), (44)

where
AT'p=0, ¢<0, ¢@#0 onM\S;, ¢=0onS. (45)

Case (a) can be ruled out using (8) as in (21) at the end of the proof of Theorem
1. Case (c) contradicts Lemma 7, by considering any ball Br(zg) CC Q\S; with
fBR(zo) |[Vp|dvol, > 0 and using (44). Hence Case (b) occurs, as claimed.

Step 4. We claim that for every 1 < v < 2, there exist §,, > 0 and C, > 0 such
that for 1 << 1T

dist(, z; ) 2™ e2mur (@) < Culﬁrg(l’fl), for x € Bs, (%) (46)

1/1

Then on the necks ¥; i := Bs, (2i,x)\Bry, ,, (i) we have

/ ¥ dvol, < C,,u?f;(”_l) / dist(z, ;1) 2™ dvol, (z)
ik ik
0w
, Ry i
- ¢, R¥01-) _ Cyﬂzrg(vfl)(ggm(lfu)’
whence
lim  lim Qre®™" dvol, = 0. (47)

R—+00 k—+oco ik
This, together with (26) and Step 3 implies (11), assuming that z(* # 2 for
i # j. This we be shown in Step 4c¢ below. Then (12) follows at once from (2).
Let us prove (46). Fix 1 <v < 2andset for 1 <i<1T

Riy = ?;?dist(xi,k, Tjk)-
Step 4a. Let i € {1,...,I} be such that for some 6 > 0 we have
Rip <ORjp for1<j<I, k>1. (48)
Set

i r(r) = 2™ exp < ][ 2mukdog>, (49)
OBy (zik)

for 0 < r < riyj, where doy is the measure on 9B, (z; ) induced by g. Observe
that

P -1
i p(rpig) <0 ifand only if  rup < —V( ][ %dag) . (50)
: n

aBruiyk (%i,k)

15



From (40) we infer

0 2 —2r

auk ]
= L log—— = 2
or B1aer T 142

ik —8n

OBy, jr(2ik)

hence

0 2
Mk ][ %dongH—rﬂ, for r > 0 as k — oo,

OBy (i)
and (50) implies that for any R > 2R, := 2\/g, there exists ko(R) such that
@i g (rpig) <0 for k> ko(R), r € 2R,, R]. (51)
Define
Tik i= Sup {7’ € 2Ry ik, Ri /2] : @i x(p) <0 for pe [2Ryui7k,r)}. (52)

From (51) we infer that
Tik

lim = +o0. (53)
k—+o00 44
Let us assume that
klim rik = 0. (54)
Consider
Uik (Y) = uk(expy,, , (riky)) — Cig, Cig = ][ ugdog,  (55)
OBy, . (zi k)
and let

Gik i=1; ,?(expmi,k oTik)'g, Qin(y) = Qu(exp,, , (Ti,kY)),

)

where
Tik(y) :=mripy forye R?™,
Then
P;:zvi,k + T?,T]?Qézk _ 7,12’7121 Aiyke2m(vi,k+ci,k)
= Tz?,r/?(lfy)sﬁi,k(Ti,k)Qi,kemv““- (56)
We also set
Ji={j#i:dist(xig,xjr) =O(rir) as k — oo}, (57)
and
0 = exp, ! (k) # = lim 7, (58)
gk Tik Tk \"IHE) J booo

after passing to a subsequence, if necessary. Thanks to (48) and (52), we have
that |:E§-Z)| > 2 for all j € J; and that

Do > forallj e T, AL

o
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By (43) and the choice of C; 1 in (55), vk is uniformly bounded in

CEnLR2™ {0,711 j € T}).

loc

Thanks to (52) and (53), given R > 2R, there exists ko(R) such that ¢; 1 (r; %) <
@i k(R ) for all k > ko. From (40), we infer

M%? exp ( ][ Qmukdg) = exp ( ][ 2m(uy + log ui,k)d(T)

OBRyu; (e 1) 9BRy; ;. (ik)
= C(R)+o0(1), ask— oo, (59)
where
C(R)— 0, as R — . (60)

Then, together with (53), letting k — 400 we get

rr i) < T (R )

ik 2m(v—1)
= ‘uf’]; exp( 7Z 2mukdo> R2m”<—z’ >
’ Tik

aBR“i,k(mi,k)

— 0. (61)
Therefore the right-hand side of (56) goes to 0 locally uniformly in
R*™\{0,7\" : j € Tik;
moreover
Gik — grem In C{f)c(RQm) for every k > 0, r?]j@zk — 0 in Clloc(RQm). (62)
It follows that, up to a subsequence,

Vi — hy in CE 1 (R¥™\{0,2 1 j € T3}, (63)

loc

where, taking (43) into account,
A"™hi(x) =0, = eR*™\{0,:j e Ji}
and
R(x)'|V'hi(z)] < Cp, for £=1,....2m~1, z e R¥™\{0,3{" : j € 7},

with R(z) := min{|z|,|z — i§i)| :j € Jit. Then Proposition 15 from the
appendix implies that

hi(z) = —Moglz| — Y Njlogla — 7| + 5, (64)
JET:

for some A, 3, \; € R. We now recall that the Paneitz operator is in divergence
form, hence we can write
Pyl = divg, , (Ag, , vik) (65)

ik
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for some differential operator Ay, , of order 2m — 1, with coefficients converg-
ing to the coefficient of (—1)™VA™~! uniformly in Bj, thanks to (62). Then
integrating (56), using (62), (63) and (65), we get

lim Qpe2mur dvol;, = lim @iyk(riﬁk)rf?(l_y) Qiﬁkevaiv’“ dvolg, ,
k—oo Briwk(ziwk) k—oo ’ By ’

. . 2
= lim ( dlvfh,k (Afh,k ’UiJC) + ri,’rl?th,k) dV01fh,k
k—oo B

= lim n - (Ag, ,vik)dog, ,
k—co Jop, ’ ’
8Am71hi Al
_ (,nm/ 98 Mgy 2L (66)
0B, on 2

where here n denotes the exterior unit normal to dB; and the last identity can
be inferred using (14) and the following;:

A1}, dA™ 1 og L
/ OA™Thi oy / 98 Bl 4y
9B, (971 9B, an

m 1
—_——

JET: Lj
=0 on B;

From (43) with £ = 1, we get

luk(expy, , (riky1)) — uk(expy, , (rixy2))| < Crigr  sup  [Vu| < C, (67)
6BTi,k7‘(mi,k)

for 0 <r < %, ly1] = |y2| = r. For 2R, p; 1 < Rpsp <7 < 7k, we infer from
(59)
2m(v—1 2m(v—1
i k(1) < @i (R r) < C’(R)ui,k( )+ o(ui,k( .

This, (49), (59), (60) and (67) imply that for any n > 0 there exist R, > 2R,

and k;, € N such that

dist(x,xiyk)Qm”eQm“’“ < nuf’,?(y_l) for x € By, , (%5 x)\BRypi x (Tik), k> k.
(68)

It now follows easily that

lim lim Qre*™ U dx = 0,
R—+o00 k—oo Bri’k(mi,k)\BRui,k(zi,k)

and from (41)

lim Qk€2mukdl‘ = Al.
k——+oo BTi,k(mi,k)
That implies that A = 2. With a similar computation, integrating on B(s(fcg-i))
for ¢ small instead of B1(0), one proves that A; > 2 for all j € J;. Now set

Ti(r) = ]l hedo.

8B,.(0)

18



Then

di (TQmVe2mEi(r)) —9m (I/ _9_ < Z Aj )TQ) T27n1/71€27nﬁi(7“)7
r

G
jez 2030

for0<r< % In particular

d

% (r2ml/62mhi(r)) ‘TZl <0

hence, for k large enough, ¢f ; (r;x) < 0. This implies that

Ri
2

for k large. (69)

Tik =

This in turn implies limg_, o Ri,k = 0, when ¢ satisfies (48) and limg_oo 73k =

0. For i satisfying (48) and limsup,_,., Rir > 0, we infer, instead, that
lim supy,_, o, 7,5 > 0. In both cases (68) holds.

Step 4b. Now assume that

lim sup Rzk >0, foreveryl<i<I. (70)

k—oo
Then (48) is satisfied for every 1 < i < I, hence limsup,,_,, rix > 0,1 <i<1T.

Up to selecting a subsequence, we can set

1
0y, := inf = lim 7; % > 0.
1<6<I 2 k—oo

Take now 7 = 1 in (68), and let Ry be the corresponding R,,. Then (46) is true
for x € Bs, (xix)\BRyp, .. (%ix). On the other hand, thanks to (A3), we have
up(z) < ug(wix) +C on Br,y,, (x). Then, using (25), we get

dist (:C, Tik >2mue2muk (z)

IN

C(R1Mi1k>2mue2muk (xi,K)

CR%’"”/L?;:(U%) for x € Bryy, , (®ik)-

A

This completes the proof of (46), under the assumption that (70) holds.

Step 4c. We now prove that in fact (70) holds true. Choose 1 < iy < I so that,
up to a subsequence,

r = min R;j; for every k € N,

0 1<i<I

and assume by contradiction that limg .o Ry, x = 0. Clearly (48) holds for
i =g, hence also (69) holds for ¢ = iy, by Step 4a. Then, setting 7;, as is (57),
we claim that, for any i € J;,, there exists 6(i) > 0 such that

Rix <O0()Rjy for1<j<I.

Indeed

Rik = O(ri.k) = O(Riy 1) as k — oo.
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It then follows that (48) holds for all i € J;,, and that Step 4a applies to them.
Observing that J;, # 0 thanks to Step 4a (Identity (69) with i instead of i),
we can pick i € J;, such that, up to a subsequence,

dist (4 k, Tig k) > dist(xjx, Tip6) forall j € Ty, k> 0.

Recalling the definition of :%50 for j € J;, we get |:iz(z)| > |:i§i) — jgz)| for all
j € J;. A consequence of this inequality is that the scalar product

#2077 >0 (71)
for all j € J;. In other words all the :igo 's with j € J; lie in the same half space
orthogonal to igz) and whose boundary contains 0 = igz) Multiplying (56) by
Vu; 1, and integrating over Bs = B;s(0) (6 > 0 small), we get

/ P;ﬁvi,vai7k dvolg,, = —/ riZLQMVUi,k dvoly, ,
Bs Bs
r.2m(171/)
+11k27<,0i1k(7"i7k) QiﬁkVeQm”ivk dVOlgM
m Bs(0)
=: (I)kJr(II)k. (72)

Recalling (62) and (63), we see at once that limg_,oo(I)r = 0. Integrating by
parts, we also see that

.2;”(1_1’) VO
|(IT),| < Cz’i%,k(n,k)/ ST Qu e ™ iR d voly,
2m Bs(0) Qik ik
T2m(1—1/)
ik
Jr’i%,k(ﬁ,k)/ O(1)dog, ,
2m 9B (0) gk

— 0 ask — oo,

where the last term vanishes thanks to (61), and the first term on the right of
(II)j, vanishes thanks to (66) and the remark that
vQ;
Qik o in 1(By). (73)
Qi k

Recalling (63), using (43) and (62), we arrive at
Bs

Let us assume m even. Then, integrating by parts, we get

0 = l/ ((—A) % hy)*ndo
2 JoB,

=1 .

2 ) _ m—1—j1 .

=0 OB on

2 -1 .

2 — AV h; .

+ / V<m>(A)mljhidg.
OB an

=0
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Then, taking the limit as § — 0, and writing

1
hi(z) = 210gm + Gi(z)

we see that all terms in (75) vanish (G; is regular in a neighborhood of 0 and
the vector function V log ﬁ is anti-symmetric), up to at most

1
I VGO, (=AY (210g — )do = 29, VG, (0),
lim 635( G;)0,(—A) ( og |x|)da Ym VG;(0)

see (14). But then (75) gives
27mVGZ(O)

Also when m is odd, in a completely analogous way, we get VG;(0) = 0, a
contradiction with (64) and (71). This ends the proof of Step 4.

Step 5. Finally, if case (ii) occurs and S # @, then (41) implies

lim sup vol(gz) > Qo(z™) A, > 0.

k—o0

This justifies the last claim of the theorem. O

4 The case M = S?™m

In the case of the 2m-dimensional sphere, the concentration-compactness of
Theorem 2 becomes quite explicit: only one concentration point can appear
and, by composing with suitable Mobius transformations, we have a global
understanding of the concentration behavior. This was already noticed in [Str]
and [MS], in dimension 2 and 4 under the assumption, which we now drop, that
the Q-curvatures are positive.

Theorem 9 Let (S?™, g) be the 2m-dimensional round sphere, and let uy :
M — R be a sequence of solutions of

Pyuy + (2m — 1)! = Qpe?™x, (76)

where Qr, — Qo in C° for a given continuous function Qq. Assume also that
vol(gx) = / e*™uk dvol, = [S*™], (77)
SQ‘n’I,

where gy, := e>™g. Then one of the following is true.
(i) For every 0 < a < 1, a subsequence converges in C*™=1(§2m),

(ii) There is a point xo € S?™ such that up to a subsequence uy — —oo locally
uniformly in S*™\{zo}. Moreover Qo(zo) > 0,

Qre?mur dvoly — A9z,

and there exist Mébius diffeomorphisms @y such that the metrics hy =
®7 g1 satisfy

hi — g in H*™(S*™),  Qpn, — (2m — 1)l in L?(S*™). (78)
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Proof. On the round sphere P, = HZBI(ng +i(2m — i — 1)); moreover
ker Ay = {constants} and the non-zero eigenvalues of —A, are all positive.
That easily implies that ker P;m = {constants}. From Theorem 2, and the
Gauss-Bonnet-Chern theorem, we infer that in case (ii) we have

A1:/ diVOIg:IAl,
M

hence I = 1, and Qre*™"* dvol, — A1d,,. In fact, in order to apply Theorem 2,
we would need Qr — Qo in C*(M), but this hypothesis is only used in (73) in
the last part of the proof of Theorem 2, in order to show that the concentration
points are isolated. Since in the case of the sphere only one concentration point
appears, that part of the proof is superfluous, and the assumption Qr — Qg in
C°(M) suffices.

To prove the second part of the theorem, for every k we define a Md&bius
transformation ® : S?™ — S$2™ such that the normalized metric hy, := D7 g

satisfies
/ x dvolp, = 0.
S2m
Then (78) follows by reasoning as in [MS, bottom of Page 16]. O
Appendix

A A few useful results

Here we collect a few results which have been used above. For the proofs of
Lemma 10, Propositions 11 and 13, and Theorem 12, see e.g. [Marl].

The following Lemma can be considered a generalized mean value identity
for polyharmonic function.

Lemma 10 (Pizzetti [Piz]) Let A™h = 0, in Br(zo) C R™, for some m,n
positive integers. Then there are positive constants ¢; = ¢;(n) such that

][ h(z)dz = mz_:l ci R A'h(xo). (79)

BR(IU) 1=0

Proposition 11 Let A™h =0 in By C R™. For every 0 < a <1, p € [1,00)
and £ > 0 there are constants C(¢,p) and C(¢,a) independent of h such that

C(Eap)”h”Ll(Bﬁ
C(ﬂa O‘)HhHLl(Bz)‘

IAllwenzy <
1hllctem) <

A simple consequence of Lemma 10 and Proposition 11 is the following
Liouville-type Theorem.

Theorem 12 Consider h : R® — R with A™h = 0 and h(z) < C(1 + |z|*) for
some integer £ > 0. Then h is a polynomial of degree at most max{¢,2m — 2}.
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Proposition 13 Let u € C*"~1(B;) such that

(—A)"u < C in By (80)
(=AY u<C ondB; for0<j<m.

Then there exists a constant C' independent of u such that u < C in Bj.

Lemma 14 Let Au € L*(Q) and u = 0 on 99, where Q C R" is a bounded
domain. Then for every 1 < p < 25 we have

[ullwr@) < Cp)||AullL1 @)

Proof. Let u € C*°(Q) and u[sq = 0. If 1 < p < 2=, then ¢ := ﬁ > n. From
LP-theory (see e.g. [Sim, Pag. 91]) and the imbedding W14 < L* we infer

IVullzroy < C  sup /Vu~Vgpdx:C’ sup /fAugadx
peEWy 1 (Q) /O peEWy 1 (Q) /O
IVellLa@)<1 [IVeollLa) <1
< C sup /—AwpdeCHAuHLl.
weL>() Ja
lellLoo @) <1

To estimate ||ul| 1»(q) we use Poincaré’s inequality. For the general case one can
use a standard mollifying procedure. O

Proof of Lemma 5. By Lemma 14, ||Am_1u||W1,r(Q) SO fllpr for 1 <r <

52 Then, by LP-theory, |lullwzm—1.-q) < C(r)|fllL1 (o), and by Sobolev’s

embedding,

||U||L5(Q) < C(S)Hf”Ll(Q), forall 1 < s < oc. (81)
Now fix B = Byg(zg) CC (Q\S1) and write u = u; + ug, where

(_.A)mU/Q = f in B4R((E0)
A‘]UQ =0 on 8B4R(x0) fOI‘OSj Sm—l.

By LP-theory

[wzllw2m.e(Ban(zo)) < C@s B fllLr(Bin (o)) (82)

with C(p, B) depending on p and the chosen ball B. Together with (81), we
find

[urll L2 (Bar (o)) < C @, B)(IfllLe(Ban(zo)) + [fllLr(2))-
By Proposition 11

lullweme(Br(o)) < OO B)fllLr(Bir (o)) + 1 fllLr))
and (15) follows. O

Proposition 15 Let S = {x1,...,z;} C R?™ be a finite set and let h €
C>(R?™\S) satisfy A™h =0 and

dist(z, S)|Vh(z)| < C, for x € R*™\S. (83)
Then there are constants 3 and X\;, 1 <1 < I, such that

I
h(z) =Y Ailog 1 3. (84)
=1

|x — ;]
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Proof. Thanks to (83), h € Li (R?>™), so that A™h is well defined in the sense

loc
of distributions and it is supported in S. Therefore

I
A"h =" Bibs,,
=1

for some constants ;. Then, recalling (14), if we set

N = (—1)mﬁ,

1
|z7$i|, Tm

v(x) := h(z) — Z Ai log

we get A™v = 0 in R?™ in the sense of distributions (hence v is smooth) and

|Vo(z)||z] <C  in R*™. (85)
Then |v(z)| < C(log(1+ |z])+1). By Theorem 12 v is a polynomial, which (85)
forces to be constant, say v = —3. Now (84) follows at once. O
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