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ABSTRACT. A new necessary minimality condition for the Mumford-Shah functional is derived
by means of second order variations. It is expressed in terms of a sign condition for a nonlocal
quadratic form on H& (T"), T being a submanifold of the regular part of the discontinuity set of
the critical point. Two equivalent formulations are provided: one in terms of the first eigenvalue
of a suitable compact operator, the other involving a sort of nonlocal capacity of I'. A sufficient
condition for minimality is also deduced. Finally, an explicit example is discussed, where a
complete characterization of the domains where the second variation is nonnegative can be
given.
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1. INTRODUCTION

The subject of this paper is the derivation and the analysis of a new minimality condition for
the Mumford-Shah functional, obtained by means of second order variations.

The homogeneous Mumford-Shah functional on a Lipschitz domain € in RV, N > 2, is
defined as

Fu, K) :/Q\K|Vu|2dx+HN_1(QﬂK), (1.1)

where HM =1 is the (N — 1)-dimensional Hausdorff measure and (u, K) is any pair such that K
is a closed subset of RY and u belongs to the Deny-Lions space L''2(Q\K) (we refer to Section 2
for the definition of this space). In the sequel the class of all such pairs will be denoted by .A(2)
and its elements will be called admissible pairs. The functional (1.1), which was introduced in
[12, 13] in the context of image segmentation problems, arises also in variational models for fracture
mechanics (see [7] and [6]).

Let (u, K) € A(2) be a Dirichlet minimizer of F, that is,

F(u,K) < F(v,K") (1.2)

for every (v,K’) € A(Q) with v = u on 99 in the sense of traces. It is well known that u is
harmonic in Q\K and satisfies a Neumann condition on K ; more precisely, u solves the equation

{Au =0 inQ\K,

1.3
O,u=0 on K. (1.3)

As for the regularity of the discontinuity set K, one can prove (see [2] and [3]) that K N can
be decomposed as
KNQ=T,UT,, (1.4)
where T'y is closed with HY¥~1(T'y) = 0 and T, is an orientable (N — 1)-manifold of class C°.
Since u is of class C> up to I', by (1.3), the traces Vu* of Vu are well defined on both sides
of T',. By considering variations of T', one can show (see [13]) that the minimality (1.2) implies
also the following transmission condition:
VuT|? = |[Vu=|>?=H  onT,, (1.5)
1
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where H is the mean curvature of I',. We point out that by (1.3) and (1.5) the function w is
subject to overdetermined boundary conditions on T',.. Exploiting this observation it has been
proved in [10] that T, has in fact analytic regularity.

Let now (u, K) be a critical point of F, that is, a pair in A(Q) satisfying (1.3), (1.4), and
(1.5). Due to the nonconvexity of F' one cannot expect these conditions to be in general sufficient
for minimality. Nevertheless using a calibration method it is possible to prove that critical points
are Dirichlet minimizers on small domains. More precisely, it has been proved in [11] that, if
N = 2, for every regular arc I' compactly contained in I', there exists a tubular neighbourhood
U of T such that (u,K) is a Dirichlet minimizer of F' in U. The minimality on large domains
can fail in a rather surprising way: there might exist critical points whose energy can be strictly
lowered by considering arbitrarily small diffeomorphic deformations of the regular part I'. of K.
An example of this phenomenon was given in [11, Proposition 4.1] by considering the critical point
(uo, Ko), where ug(z,y) =z for y > 0, up(z,y) = —x for y <0, and Ko = {y =0}. If Q is the
rectangle (xg,zo + £)x(—yo,yo) with £ and yo large enough, one can show that the functional
can be decreased by perturbing T', = (2,20 + £)x{0} by a diffeomorphism arbitrarily close to
the identity.

In this paper we begin a study of second order necessary conditions for minimality. More
precisely, given a Dirichlet minimizer (u,K), we compute the second derivative of the energy
along variations of the form (u., K.), where K. = ®.(K N, ®. being a one-parameter family
of diffeomorphisms coinciding with the identity on a fixed neighbourhood of I'y U 0€2, and wu. is
the solution of the problem

min {/ |Vol?de: ve LM*(Q\K.), v=muon 69} .
Q

This approach has some similarities with the computation of “shape derivatives” introduced in
[15] in the context of shape optimization problems. As ®. coincides with the identity on a
neighbourhood of I'y, the singular part of the discontinuity set is left unchanged by the variation,
which can thus affect only the regular part I',.. We also point out that the variation u. of the
function v has a nonlocal character. This is crucial to retrieve information about global properties,
such as the size and the geometry of 2 and T',..

Whereas the first order variation of F' along (u., K.) gives back the equilibrium condition
(1.5), the second order variation provides us with a new necessary minimality condition, expressed
in terms of a sign condition for a quadratic form depending on (u, K). More precisely, for every
submanifold I" compactly contained in I', and every Lipschitz domain U C €2 we consider the
functional §%F((u,T);U) on HF(U'NU) defined as

SF((u,T); U)g] o= 2 /

A U(v;ayv; — v 0y, ) dHN ! +/ Vel dHN !
n

rnu

+ / (QB[VFU+, VFU+] — QB[VFU_, VFU_] — |B|2)(p2 dHN_l
rnU

for every ¢ € Hj(I'NU), where v, € L*?(U\K) solves the problem

Av, =0 in U\K,

v, =0 on OU,

8,,1% =divr(¢Vrut) onT'NU,
Oyv, =0 on KNU\T.

Here the symbols Vi and divp denote the tangential gradient and the tangential divergence on
I', B is the second fundamental form of I', while vf denote the traces of v, on the two sides
of I'. As v, depends linearly on ¢, the functional §?F((u,I');U) defines a quadratic form on
HY{TNU).

We first show (Theorem 3.15) that, if (u, K) is a Dirichlet minimizer of F', then for every T’
and U as above we have the second order condition

§*F((u,T);U)[p] >0 for every p € Hy (T NU). (1.6)
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Conversely, we prove (Theorem 5.1) that, if N < 3 and (u, K) is a critical point satisfying the
stronger condition

8%F ((u,T); U)[g] > 0 for every ¢ € Hy (T NU)\{0}, (1.7)

then (u, K) is a minimizer of F' on U with respect to all pairs (v, ®(K NU)) such that ® is a
diffeomorphism belonging to a C?-neighbourhood of the identity and coinciding with the identity
on KNU\T', and v € LY2(U\®(KNU)) with v =u on U . The restriction N < 3 is a technical
assumption. In fact, a slightly weaker minimality property is shown to hold in any dimension (see
Remark 5.7).

A detailed study of the stronger condition (1.7) is performed in Section 4, where two equivalent
formulations are shown. The first one (Theorem 4.6) is a condition on the first eigenvalue of the
(nonlocal) compact operator T : Hi (D' NU) — HY(I'NU), defined for every ¢ € H{(I'NU) as

Ty = R(2Vru® - Vrv} —2Vru™ - Vroy).

Here R: H-1(I'NU) — H(T' NU) denotes the resolvent operator which maps f € H-1(I'nU)
into the solution 6 of the problem

—Arf+afd=f inI'NU,
0 e HY(I'NU),

where Ar is the Laplace-Beltrami operator on I' and
a(z) = 2B(z)[VruT (z), VruT (2)] — 2B(z)[Vru™ (z), Vru~ (z)] — |B(z)[2.

The second equivalent formulation (Theorem 4.10) is expressed in terms of the variational problem
min {2/ Vol2dz: ve LM (U\K), v=0on dU, / (a2 + |V |?) dHN ! = 1},
U U

where 1, = R(2Vru® Vot — 2Vru™ - Vro~). This minimum problem describes a sort of
nonlocal “capacity” of I' with respect to U, where the usual pointwise constraint v = 1 a.e. on
I'NU is replaced by the integral condition on v,. We also note that this second formulation is
strictly related to the sufficient condition for graph-minimality studied in [11]. It is easy to see that
the sufficient condition in [11] is stronger than (1.7) and in fact it implies a stronger minimality
property. The comparison between the two conditions is discussed in the explicit example of
Section 7 (see Remark 7.2), where we consider the critical point (ug, Ko) of [11, Proposition 4.1]
and we give a complete characterization of the rectangles U = (xo,z0 + £)x(—yo,yo) where
condition (1.7) is satisfied.

Finally, we prove some stability and instability results. We first show that, if (u,K) is a
critical point, then condition (1.7) is automatically satisfied when the domain or the support of
the variation is sufficiently small (Propositions 6.1 and 6.3). Instead, condition (1.6) may fail if
the domain is too large (Proposition 6.5). This is in agreement with the two dimensional results
of [11].

It remains an open problem to understand whether condition (1.7) implies a stronger minimality
property, in analogy to the classical results of the Calculus of Variations for weak minimizers. This
would probably require the use of different techniques, such as calibration methods or Weierstrass
fields theory.

It is our intention to investigate variations involving also the singular part I'y of the discontinuity
set in future work. Moreover, it is our belief that the techniques developed in this paper can be
applied to more general functionals, both in the bulk and in the surface energy.

The plan of the paper is the following. In Section 2 we collect all the notation and the pre-
liminary results needed in the paper. Section 3 is devoted to the derivation of the second order
necessary condition (1.6). In Section 4 we discuss the equivalent formulations of the sufficient
condition (1.7), which is proved in Section 5. Stability and instability results are the subject of
Section 6, while the explicit example in dimension 2 is studied in Section 7. Finally, the regularity
results needed in the derivation argument are collected and proved in Section 8.
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2. NOTATION AND PRELIMINARIES
In this section we fix the notation and we recall some preliminary results.

Matrices and linear operators. Given a linear operator A : RV — R? we denote the action of
A on the generic vector h € RY by A[h]. We will usually identify linear operators with matrices.
We denote the euclidean norm of a linear operator (or a matrix) A by

|A| := (trace (AT A))"/2,

where AT : R4 — RY stands for the adjoint operator. If d = N we can consider the bilinear form
associated with A

A[hl, hg] = A[hl] - ho for hl, hy € RN,

where the dot denotes the scalar product of R . Conversely, to any bilinear form B : RV xRY —
R we can naturally associate a linear operator, still denoted by B, whose action on the generic
vector h € RN can be described by duality as

B[h]-z = BJh,z] for every z € RY.
We will usually identify bilinear forms with the associated linear operators.

Geometric preliminaries. Let I' C RY be a smooth orientable (N — 1)-dimensional manifold
and assume that there exists a smooth orientable (N — 1)-dimensional manifold M such that
I' CC M. For every x € I' we denote the tangent space and the normal space to I at = by T,T"
and N,I', respectively.

Let SV—1 be the (N — 1)-dimensional unit sphere in R . We call an orientation for I' any
smooth vector field v : T' — SN=1 such that v(z) € N,I for every z € I'. Given an orientation
we can define a signed distance function from I', which turns out to be smooth in a tubular
neighbourhood U of T' and whose gradient coincides with v on I'. The extension of the normal
vector field provided by the gradient of the signed distance function will be still denoted by
v:U — SN,

We now recall the definition of some tangential differential operators. Let g : U — R? be a
smooth function. The tangential differential drg(x) of g at x € " is the linear operator from RY
into R? given by drg(z) := dg(z) o ., where dg(z) is the usual differential of g at = and 7, is
the orthogonal projection on T,I'. We denote the matrix (the vector if d = 1) associated with
drg(z) by Drg(z) (Vrg(z) if d =1). As remarked above we will often identify matrices with
linear operators. Note that

(Drg(x))Y'[h]-v(z) = h- Drg(z)[v(z)] =0 for every h € R?,

that is, (Drg(z))” maps R? into T,,I'. We remark also that by our choice of the extension of v
around I'" we have

Dv = Drv on I (2.1)
If d = N we can define the tangential divergence divrg of g as
N
divpg := Zej -Vrg;,
j=1

where e, .., ey are the vectors of the canonical basis of RY and ¢1,..., gy are the corresponding
components of g. It turns out that

N-1
divrg(z) = Y 75+ 0r,9,
j=1

where 7i,...,7n_1 is any orthonormal basis of T,I' and for every v € SV~! the symbol 9,
denotes the derivative in the direction v. Sometimes it is also useful to bear in mind the identity

divg = divrg+ v-0,9.



A SECOND ORDER MINIMALITY CONDITION FOR THE MUMFORD-SHAH FUNCTIONAL 5

In particular, as d,v = 0 by (2.1), we deduce that divy = divpry on I'. We will make repeated
use of the following identities:

divr(¢g1) = Ve - g1 + o divrg,
Vr(g1-92) = (Drg1)"[g2] + (Drgz) " [g1].-

for p € CY(U) and g1, g2 € C(U;RY). Finally, we recall that the Laplace-Beltrami operator Ar
on I is defined as
Arg = divr(Vrg)

for every smooth real valued function g. We remark that all the tangential differential operators
introduced so far have an intrisic meaning, since they only depend on the restriction of g to I".

For every z € I' we set

B(z) := Drv(z) = Dv(z). (2.2)

The bilinear form associated with B(z) is symmetric and, when restricted to T, I'xT,T", it coin-
cides with the second fundamental form of T' at z. It is also possible to prove that T,I' is an
invariant space for B(x).

We consider also the function H : Y4 — R defined by

H:=divw. (2.3)

On I' we have H = divy = divpr = trace B, that is, for every z € I" the value H(z) coincides
with the mean curvature of T' at x.
It is important to recall the following divergence formula:

/divrgdHN_l :/H(g-y) dHN (2.4)
r r

which holds for every smooth function g : 4 — RY with suppgNT' CC I'. Note that (2.4) allows
to extend to tangential operators the usual integration by parts formula. Indeed, we have

/F<pdivngHN*1 = —/Fvw.gdHN*l (2.5)

for every smooth g : U — RY such that g(z) € T,I" for z € ', and every smooth ¢ : U/ — R with
suppp NI’ CcCI'. _

Let U be a bounded open set in RY with UNI" # @ and let ® : U — U be a smooth orientation-
preserving diffeomorphism. Then T'g := ®(I'NU) is still an orientable smooth (N — 1)-manifold.
A possible choice for the orientation is given by the vector field

(D2)~"[v] -1
Ve = |(D¢)—T[y]| od . (26)
Accordingly we can define the functions Bg and Hg as in (2.2) and (2.3), with " and v replaced
by I's and vg, respectively. We shall use the following identity, which is a particular case of the
so-called generalized area formula (see, e.g., [2, Theorem 2.91]): for every ¢ € L'(T's)

A YpdHN T = /F(woq>)Jq> dHN 1, (2.7)

where Jg := [(D®)~T[v]|det D® is the (N — 1)-dimensional Jacobian of ®.
We conclude this subsection by introducing the Sobolev space H{(I'), which is defined as the
closure of C°(I") with respect to the norm

ey i= [ (a4 Vo) .

Many of the properties of classical Sobolev spaces, such as Poincaré inequalities and integration
by parts formulas continue to hold. We refer to [9] for a complete treatment of these spaces. We
shall denote the dual space of HJ(I') by H=1(T).

Deny-Lions spaces. Given a bounded open subset Q C RV, we say that Q has a Lipschitz
boundary at a point x € 9Q if there exist an orthogonal coordinate system (yi,...,yn), a
coordinate rectangle R = (a1,b1)X ... x(an,by) containing z, and a Lipschitz function ¥ :



6 F. CAGNETTI, M.G. MORA, AND M. MORINI

(a1,b1)x ... x(an—1,bn—1) — (an,bn) such that QNR={ye R: yn < ¥(y1,...,yn—1)}. The
set of all such points, which is by definition relatively open, is denoted by 9pQ. If 9.0 = 9Q we
say that € is a Lipschitz domain.

To deal with possibly unbounded functions in problem (1.3), besides the classical Sobolev space
H(Q) we shall also use the Deny-Lions space

LY2(Q) :={u e L},(Q): Vue L*(RY)},

which coincides with the space of all distributions on  whose gradient belongs to L?(€2;RY).
In the brief account below we essentially follow [4, Section 2] (see also [5]). The relation between
Sobolev and Deny-Lions spaces is unveiled by the following proposition.

Proposition 2.1. Let u € L%(Q) and let x € 9. Then there erists a neighbourhood U of x
such that ulony € HY(QNU). In particular, if Q is Lipschitz, then L12(Q) = HY(Q).

Let A and B be HY~!-measurable sets in R . We say that A is quasi-contained in B, and
we write AC B, if HN~1(B\A) = 0. It is known that every function in L!2(Q) can be specified
at HV~1-a.e. point of QU L. Hence, if A C 99 is relatively open and A G 01,92, we can define
the space

Ly2 (M) = {uec LY (Q): u=0 HY lae on A}, (2.8)
where we identify functions which differ by a constant on the connected components of € whose
boundary does not meet A. With this identification, arguing as in [4, Corollary 2.3], one can
prove the following.

Proposition 2.2. The space Ly*(%A) introduced in (2.8) is a Hilbert space endowed with the
norm ||Vul|p2q;rv) -

3. THE SECOND VARIATION

In this section we define and compute a suitable notion of second variation for the Mumford-
Shah functional (1.1). We recall that A(£2) is the class of all pairs (u, K) such that K is a closed
subset of RY and u € LY2(Q\K). It is useful to “localize” the definition of F' to any open subset
U C Q by setting

F((u, K);U) := / |Vul? de + HY (U N K)
U\K
for every admissible pair (u, K) € A(Q).
In the sequel we shall consider only admissible pairs (u, K) which are partially regular in the
sense of the following definition.

Definition 3.1. Let @ C RY be a Lipschitz domain and let (u, K) € A(£2). We say that (u, K)
is partially regular in Q if 00 c I (Q\K) (see the end of Section 2), u solves the problem

min{/ \Vol?de: v—ue Lé’z(Q\K;aﬂ)}, (3.1
O\K

and K can be decomposed as K = I'.UT, with T',,NT, = @, T, relatively closed, HY~1(T'y) = 0,
and T', orientable (N — 1)-manifold of class C*. We denote the class of all such pairs by
Ayeg (). Finally we say that U C 2 is an admissible subdomain for (u, K) if it is Lipschitz and
(u, KNU) € Areg(U).

Remark 3.2. The previous definition is motivated by the regularity results for local minimizers
of free discontinuity problems (see [2] and [3]). Note also that u solves (3.1) if and only if

/ Vu-Vzdr =0 for every z € Ly*(Q\K;0Q), (3.2)
Q

where we also used the fact that K has Lebesgue measure equal to 0.

In the next definition we introduce the class of admissible variations of the discontinuity set K .
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Definition 3.3. Let @ C R™ be a Lipschitz domain, let (u,K) € A,,(Q2), let I' cC T, be

relatively open, and let U C €2 be an admissible subdomain for (u, K) according to Definition 3.1.

We say that (®;)e(—1,1) is an admissible flow for T' in U if the following properties are satisfied:
(i) the map (t,x) — ®;(z) belongs to C*°((—1,1)xU;U);

(ii) for every t € (—1,1) the map ®; is a diffeomorphism from U onto itself;

(iii) @ coincides with the identity map I in U;

(iv) there exists a compact set G C U \ (K \T') such that supp (®; — I) C G for every
te(-1,1).

Remark 3.4. Condition (iv) in the previous definition implies that ®; can affect T' only, while
(KNU)\I' remains unchanged. We also remark that from the assumptions I" has positive distance
from I's U 02, where singular behaviour of the function u can occur.

Finally, we describe the variation of u associated with an admissible variation of its discontinuity
set K. Let Q, (u,K), and U be as in Definition 3.3. Given a diffeomorphism ® € C*(U;U),
satisfying condition (iv) (with ®; replaced by @), we define ug as the (unique) solution of

up — i € Ly?(U\Kg; 8U),

1o (3.3)
/ Vug-Vzdr =0 for every z € Ly~ (U\Kqg;0U),
U

where % := @u and ¢ is a cut-off function such that =0 on G and ¢ =1 in a neighbourhood
of OU . In particular, ue = v HV " '-a.e. on OU.
We are now ready to define our notion of second variation.

Definition 3.5. Let Q, (u,K), U, T', and (®;) be as in Definition 3.3. We define the second
variation of F at (u,K) in U along the flow (P;) to be the value of
2

dt?
where Kg, := ®,(K NU) and ug, is defined by (3.3) with ® replaced by ®,.

F((ua,, Ka,); U)lt=0, (3.4)

We point out that the existence of the derivative (3.4) is guaranteed by the regularity results
of Section 8.

We fix now some notation which will be repeatedly used in the following discussion. For any
one-parameter family of function (gs)se(—1,1) the symbol g;(z) will denote the partial derivative
with respect to s of the map (s,z) — gs(z) evaluated at (¢,z). To be more specific, let Q,
(u, K), U, T', and (®;) be as in the previous definition. For every t € (—1,1) we set

Xo, =d 00, Zg, =D 0d)
where, according to the previous notation,

. o . 92
Py = — Dy, b, = —
t D5 sls=t t 952

Similarly, for every t € (—1,1) we define ug, as the partial derivative with respect to s of the
map (s,x) — ug,(z) evaluated at (¢,z). Proposition 8.1 in the appendix guarantees that the
derivative exists and that i, € L(1)72(U\Kq>t ;OU). We shall often omit the subscript when ¢t = 0;
in particular, we set

(ps|s:t-

U= ’l:hpo, X = Xq,o, Z = Zq)o. (35)
We define X!l as the orthogonal projection of X onto the tangent space to I', that is, X/l :=
(I —v®v)X. Finally, for any function 2z € L1?(Q\K) we denote the traces of z on the two sides
of I' by z* and z~. More precisely, for HN¥'-a.e. z € I' we set

(@) = lim (y) dy,

1
r—0 LN (Br(z)NVy") Br(x)ﬁVwi

where £V is the N-dimensional Lebesgue measure, B, (z) is the open ball of radius r centered
at z,and V;F:={y e RV : +(y —2) -v(z) >0}.
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In the next theorem, which is the main result of the section, we compute the second variation of
F, according to Definition 3.5. We refer to Section 2 for the definition of all geometrical quantities
appearing in the statement.

Theorem 3.6. Let Q, (u,K), U, T, and (®;) be as in Definition 3.3. Then the function u
belongs to Ly*(U\K;0U) and satisfies the equation

/ Vu-Vzdx —|—/ [divp((X - v)Vrut)zt — dive((X - v)Viu™)z" | dHN "1 =0 (3.6)
U rnu

for all z € L(l)’Q(U\K;aU). Moreover, the second variation of F at (u,K) in U along the flow
() is given by

d2
L P (unys K): U)o = 2 /
dt oAU

+/ (X -v)?(2B[Vru', Vru'] — 2B[Vru™, Vru~] — [B]?)dH¥ ™1 (3.7)
rnu

(wTo,ut — a0 ) dHN 1 +/ V(X -v)|2drN 1

rnUu

+ f(Z-v—2Xl.Vvp(X-v)+B[XI, x|+ H(X -v)?)arN 1,
rnU

where f:=|Vru~|? — |[Vrut|? + H.

Remark 3.7. The first part of the previous theorem implies that % is harmonic in U\ K, 4 =0
on U, d,4* = divp((X -v)Vru®) on T'NU, and @ satisfies a weak homogeneous Neumann
condition on K NU\I'. In particular, using % as a test function in (3.6), we have

/ (uto,ut —u~d,u”)dHN Tt = —/ |Vl da.
rnu U

The following lemma contains some useful identities, which will be repeatedly used in the proof
of Theorem 3.6. The proof of the lemma is postponed until Section 8.

Lemma 3.8. The following identities are satisfied on T":
(a) VZut[v,v] = —Aru*;

(b) V2t [X,v] = —(X -v)Arut — B[Vru®, X];
(c) divr[(X -v)Vrut] = (DrX)T[v, Vrut] — V2ut[X, v];
(d) 0, = (B[,

» = ~(DrX)Tlv] - Drv[X];
0
o

We will also need the following well-known result on the first variation of the area functional
(for the definition of I'y, and Hg, we refer to Section 2).

)
)
)
e) Viut[y, Vrut] = —B[Vrut, Vrut];
)
)

(D1 (Va, 0 ®t) Jo, )10 = Z - v —2X . V(X -v) + BIXT, X 1] + dive (X -v)X).

Proposition 3.9 (see [14]). The first variation for the area functional is given by
d
—HN " (T,) = He,(Xo, -ve,) dHN 1 (3.8)
dt T,
We are now in a position to prove Theorem 3.6.
Proof of Theorem 3.6. We split the proof into three steps.

Step 1. Derivation of the equation solved by w. By Proposition 8.1 we have that u € L(l)’Q(U\
K;0U). Let z € L(l)’Q(U\K; OU) with suppzNT = @. Then, suppz C U\Kg, for t small enough,
so that, in particular, z € Ly?(U\ Kg,;0U). Hence, by (3.3) we have Jiy Vus, -Vzdr = 0.
Differentiating with respect to ¢, we deduce

/ Vi -Vzdr =0 for every z € Ly*(U\K;0U) with suppzNT = @. (3.9)
U
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Note that by (2.6) one has

(D®;)~"[V]

° P = (D3, T

on I (3.10)

V@t

It is convenient to set w; := (D®;)~T[v] (as usual, we shall omit the subscript ¢ when ¢t = 0). As
O, ugt =0 on I's, by (3.3), we have (Vui o ®;) - (vp, o P;) =0 and in turn, using (3.10),

(Vui 0®y)-wy =0 onT. (3.11)

Differentiating (3.11) with respect to ¢ at ¢ = 0 and using the fact that @ = —(DX)?[v] on T,
we obtain

it = —V2uE[X, v] + (DX)T [y, Vut] = ~VZE (X, v] + (Dr X) T v, Vrut],

where in the last equality we used that Vu* = Vru® on T'. By (c) of Lemma 3.8 we conclude
that

dyut = divp[(X -v)Vrut]  on T. (3.12)
Now let z € L(l)’z(U\K; OU). We can write z = 21+ 22, where suppz; CC U and supp z; NI'y =
@, while supp 2o NT = @. Then, by (3.9) and (3.12) we finally obtain
/ Vi -Vzdr = / Vi -Vzde = / [dive (X -v)Vru")z™ — dive((X - v)Veuh) 2t ] dHY
U U rnU

where the last equality follows by integration by parts. This establishes the first part of the
statement.

Step 2. Computation of the first variation. We shall show that
d
T F((ua,, Ko, );U) = / (Vo g, |* = [Vro,ug, * + Ho, ) (Xo, -ve, ) dH" ™1 (3.13)
for every ¢t € (—1,1).
We start by performing a change of variables in the integral, which leads to

/|Vuét\zdy:/ [Vug, o ®|* det D®; da = ||\/det D, (Vua, o D¢)[|72(pv)-
U U

By the regularity results of Proposition 8.1 and by the identity

0
ot

(see [8, Chapter III, Section 10] for a proof), we obtain

G | vy = SIVEEDE (Tus, o @) )
= 2/ \/detD(I)t(Vwbt O‘bt) . %(\/ detD@t(VU/qH o@t))dx
U

= / |Vug, o ®¢|*(div Xs, o ;) det D, dx
U

(det DD;) = (div Xg, o D;) det DD,

2/ (Vig, o @) - (Vug, o @) det DO, dx

U

+2 / (Vug, o ®)[Vug, o By, D] det DD, da
U

- / |Vug, |*div X, dy + 2 / Vi, - Vug, dy + 2 / V2ug, [Vus,, Xe,| dy
U U U

/div(|VU¢t|2X¢t)dy+2/ Vi, - Vi, dy:/ div(|Vue, |* Xs,) dy,
U U U
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where the last equality follows from (3.3), since g, € Lé’Q(U\K@t; OU). Integrating by parts we
deduce

2)(X¢‘t ! l/q>t) dHN717

d _
G | vy = [ (Ve P v,

Ts,

which, together with (3.8), gives (3.13).

Step 3. Computation of the second variation. We are now ready to compute (3.7). To simplify

the notation in the calculations below we set f; := |Vug, |* — [Vug [* + Hg, . Using the fact that
IVr,, ugt 2= |Vu$t 2 on T'g,, the area formula (2.7), and the identity Xg, o ®; = ®;, we find
@ (a0 oo = i( fiXa, -ve,) dH )|
dt2 Dy D, ) t=0 — dt Fq)t t D, (i ‘=0

= ([ ot e, o w0y )|

dt t=0

0 0 .
- / —(fr0®)|s=o(X -v)dHN ' + f&(q’t (v, 0 ®4) Ja, ) |tmo dHN 1
r

nu Ot rnu
- (3.14)
The first integral I; can be written as
L = f(X -v)dHN 1 +/ (Vf-X)(X -v)dHN?
rnu rnu
= f(X -v)dHN? +/ (Vf-v)(X-v)2dHN !
rnu rnu
+/ (Vof - X)X -v)ydHN1, (3.15)
rnu
By property (g) of Lemma 3.8 the second integral I turns out to be
I, = f(Z-v—2Xl.vp(X-v)+B[x!I X)) a1 +/ fdive((X -v)X)dHN 1. (3.16)
rnu rnu

We note that by (2.4) we have

fdivF((X.y)X)dHN*w/ (Vrf- X)X -v)dHN 1

rnu rnu
= / divr (f(X -v)X)dHN 7t = FH(X -v)2dHN L
rnu rnu
Combining the previous identity with (3.14)—(3.16) we obtain

d2
T F (U, Ko, )i U0 = f(Z-v=2xl.vp(X v)+BXI, x|+ H(X-v)?) dHN?

rnu

+ f(X-v)ydHN? +/ (VF-)(X-v)2arN~t (3.17)

rnu rnu

Using the definition of f and properties (d) and (e) of Lemma 3.8, the last term in the previous
expression can be written as

/ (Vf-v)(X-v)2dHN !
rnu
= / (2V2u~[v, Vru~] — 2V2uT v, Vru '] + 0, H) (X - v)? aHN 1
rnu

= / (2B[Vrut, Vru'] — 2B[Vru™, Vru~| — |B]?)(X -v)? dHYV L. (3.18)
rnu
Differentiating f with respect to t, we obtain

f(X-v)ydHN-t = / (2Vru~ -Vra~ —2Vrut - Veat + H)(X -v)dHY "L (3.19)

rnUu rnu
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Integrating by parts, according to (2.5), and using (3.6) (see also Remark 3.7), we deduce

2/ (Veu® - Vo) (X -v)dHN Y = —2/ wtdivp (X -v)Vput) dH¥ 1
rnUu rnUu

-2 / uto,ut dHN (3.20)
rnUu

Since 8,0 -v = —-dyv = 0 by (2.1), we have divy = divp and in turn, by (2.3), H = divpo.
Hence, integrating by parts and using (f) of Lemma 3.8, we deduce

H(X -v)dHN~! = / divry (X -v)dHN 7! = —/ v V(X -v)dHN !
rnu rnu rnU
= / ((DrX)"[v] + Drv[X]) - V(X -v) dHN
rnu
= / V(X )2 dHN L (3.21)
rnu
Combining (3.17)—(3.21), we obtain (3.7) and we conclude the proof of the theorem. O

Remark 3.10. Let us fix s € (—1,1). We observe that the family of diffeomorphisms
By = Dypp 0 ®;1

is an admissible flow for I's, = ®;(I'NU) in U (one can always reparameterize the “time”
variable h away from 0 so that @, is defined for all h € (—1,1)) and that (®,)|p—0 = X, and
(®1)|h=o = Zg, . Applying Theorem 3.6, we deduce that

d2 d? -
g (e, Ko, ); U)le=s = 5 F((ua,., Pr(Ke,)); U)lno
- 2 / (0 Oy, i — i Doy g ) dHN 71 + / Ve, (Xa, - ve,)[> dHN !
Ts, r

P

2) dHN—l

+/ (Xa, -v,)?(2Bs, [Vr,, ud , Vg, ug ] —2Bo, [Vr, ug , Vi, ug | — |[Ba,
Te,

+ fs(Zo, ve, — 2X<‘1|>S Vg, (Xe, ve,) + Be, [X<|1‘>57X<‘1|>s] + Hy,(Xo, -ve,)?)dHN ™,
Fq)s

where f, :=|Vug |* —|Vug |> + Hg, . Moreover, ig, belongs to Ly*(U\Kg,;0U) and satisfies

/qu;s -Vzdz
U
+/ (divry, (Xe, -ve,)Vr,, ugs)z"‘ —divr,, ((Xe, -ve,)Vr,, u;ﬁ)z_) dHN"1 =0
Fq>s

for every z € Ly*(U\Kog,;0U).

As already explained in the introduction, in the context of this paper critical points are partially
regular admissible pairs which satisfy an additional transmission condition along the discontinuity
set.

Definition 3.11. Let Q, (u,K), U, and T be as in Definition 3.3. We say that (u,K) is a
critical point in U with respect to I' if

H = |Vru™|? = |Vpu~ |2 on I'NU. (3.22)

If (u, K) is a critical point, then the expression of the second variation of F' at (u, K) simplifies,
as the function f vanishes. We have therefore the following corollary.
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Corollary 3.12. In addition to the hypotheses of Theorem 3.6 assume that (u, K) is a critical
point in U with respect to I'. Then

2

T F(ua,, Ko,);U)le=o = 2/ (uto,ut —a~d,u" ) dHN ! +/ V(X - v)[2dHN !
3 rnU rnu

+/ (X -v)?(2B[Vru', Vrut] — 2B[Vru ™, Vru~] — |B|?) dH™ L.
rnUu

Remark 3.13. We note that, if (u, K) is a critical point in U with respect to I', then the second
variation of (u, K) in U with respect to the flow (®;) depends only on the normal component of
the variation X -v. Moreover, as @ depends linearly on X - v, the second variation becomes in
this case a quadratic form in the variable X - v.

The previous corollary suggests the following definition. Given 2, (u,K), U, and T' as in
Definition 3.3, we can consider the function 6%F((u,T);U) : Hi(P NU) — R given by

FF((u. D))ol =2 [

(whov) —v oy ) dHN Tt + / V| dHN !
InUu rnU

+/ (2B[Vru™, Vru'] — 2B[Vru™, Vru~] — [B]?)p? dHY 71, (3.23)
rnu
where v, € Ly”*(U\K;8U) is the solution of
/ Vv, - Vzdx + / (divp (pVrut)zt — dive(eVru )z ") dHY 1 =0 (3.24)
U rnu

for all z € Ly*(U\K;0U). As v, depends linearly on ¢, the function §%F((u,I');U) defines a
quadratic form on Hg (' NU). Arguing as in Remark 3.7, it is easy to see that

8,,1);[ = divp(eVru®) onI'NU (3.25)
and

/FU(U;_&,’U — v, 0,0, YaHN L = /|v1}¢| dx. (3.26)
n

We conclude this section by proving a second order necessary condition for minimality, expressed
in terms of the quadratic form defined in (3.23). Minimality is intended in the sense of the following
definition.

Definition 3.14. Let Q, (u, K), U, and T be as in Definition 3.3 and let ¥ € NU {occ}. We say
that (u, K) is a C* -local minimizer in U with respect to ' if there exists 6 > 0 such that

/|Vu|2dx+HN_1(KﬂU)§/ (Vo2 de +HYNHO(K NT)) (3.27)
U U

for every C*-diffeomorphism ® on U with ® =1 on (K NU)\I' and ||® — I||cx < J, and every
ve LM (U\®(KNU)) with v =u HN¥"1-a.e. on OU. We say that (u, K) is an isolated C* -local
minimizer in U with respect to T if (3.27) holds with the strict inequality for every ® as before,
with T Z0NU.

Every C'°°-local minimizer has nonnegative second variation, as made precise by the following
proposition.

Theorem 3.15. Assume that (u, K) is a C* -local minimizer in U with respect to T'. Then the
quadratic form (3.23) is positive semidefinite; i.e.,

82F ((u,T); U)[p] > 0 for every ¢ € Hy(T'NU). (3.28)

Proof. Let us fix ¢ € C°(I' N U) and consider an admissible flow (®;) for I' in U such that for ¢
small enough ®; = (I +tyv)ollr in a neighbourhood of I' N U, where Il denotes the orthogonal
projection on I'. Tt turns out that the vector field X, introduced in (3.5), coincides with v on
I'NU. Using Corollary 3.12 and the minimality of (u, K) we then deduce

2

d
TF((U‘PHK‘i’t); U)|t=0 > 0.

(T V)] =
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The thesis follows by approximating any ¢ € H}(I' N U) with functions in C°(I'NU). O

4. EQUIVALENT FORMULATIONS OF THE SECOND ORDER CONDITION

Throughout the whole section (u, K) will be a pair in A,4(2) and U C Q an admissible
subdomain for (u,K) in the sense of Definition 3.1, while T' will denote a relatively open set
compactly contained in T',..

The purpose of this section is to perform a more detailed study of the second variation. In
particular we shall derive some necessary and sufficient conditions for the second variation to be
positive definite in admissible subdomains U of §2; i.e.,

8%F ((u,T); U)[¢] >0 for every o € Hy(I' N U)\{0}. (4.1)

In the first subsection we show that (4.1) is equivalent to a condition on the first eigenvalue
of a suitable compact operator T on H}(I'NU). In the second subsection we formulate (4.1) in
terms of a dual minimum problem.

4.1. An equivalent eigenvalue problem. We introduce a bilinear form on H}(I' N U) defined
by

(@ﬂmwzzi/ appdHN !+ Vre -V dHN 1 (4.2)
rnU

rnu
for every ¢,1 € H}(I' NU), where

a(z) = 2B(x)[VruT (z), Vru™t (2)] — 2B(x)[Vru™ (z), Vru~ (z)] — |B(2)|?
forevery z € I'NU.

Remark 4.1. All the results contained in this section do not depend on the special form of a
and continue to hold whenever a is replaced by any smooth bounded function on I'.

We start by showing that the bilinear form (4.2), when it is a scalar product, is indeed equivalent
to the standard scalar product of H}(I'NU).

Proposition 4.2. Assume that
(p, ) >0 for every o € HY(T' N U)\{0}. (4.3)
Then the bilinear form (4.2) defines an equivalent scalar product on H}(I'NU).

Proof. Assumption (4.3) immediately implies that the bilinear form (4.2) is a scalar product. In
particular,

lell~ = (0, )2 (4.4)

defines a norm on H(I'NU).

To show the equivalence with the scalar product of H}(I'NU), we first observe that, as a is
bounded, we have |||~ < C| |z for every ¢ € HY(T'NU). For the opposite inequality we
argue by contradiction assuming that there exists a sequence (¢,) such that ||o,| g1 =1 and

lnll~ < & (4.5)

Then, up to subsequences, ¢, — ¢ weakly in Hj(I' N U). In particular, ¢, — ¢ in L*(T'NU),
hence
/ a<p2 dHN-1 = lim a(pi dHN L,
rnU n AU (46)
/ |VF§0|2 dHN 1 < liminf/ |Vr<pn|2 dHN L.
rnU n TnU

Recalling (4.5) it follows that ||¢||~ = 0, that is, ¢ = 0. Using again (4.5) and (4.6), we deduce
that [i - [Vren|? dHY ™1 — 0, which contradicts the fact that |l¢,|[z = 1. O
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Given ¢ € Hj(I'NU) let v, be the function defined in (3.24). The linear map

Ve H(INU) — —2/ (v} divp (pVru™) — vy dive (pVru™)) dHN L,
rnu

is continuous on H (' NU). If condition (4.3) is satisfied, then by Proposition 4.2 and by the

Riesz Theorem there exists a unique element T € H}(I'NU) such that

(T, ) = —2 / (vidive (¥Vru®) — v dive(pVru™)) dH ! (4.7)
rnu
for every v € HY(I' NU). By this definition and (3.25) it turns out that
FF((u,1); U)le] = llellZ — (T, )~ (4.8)

for every p € HY(T'NU), provided (4.3) is satisfied.
We now study some properties of the operator T .

Proposition 4.3. Assume condition (4.3). Then the linear operator T : (H}(T'NU),~) —
(HY T NU),~), defined by (4.7), is monotone, compact, and self-adjoint.

Proof. By (3.25) and (3.26) we obtain

(T, )~ = —2/

rnu
that is, T" is monotone.

Let ¢, — ¢ weakly in (H}(I'NU),~). Then Proposition 4.2 implies that divr(p,Vru®)
converges to divp(¢Vru®) weakly in L2(I'NU). From (3.24) it follows that vy, — v, weakly
in Lé’Q(U\K; 0U). By the compactness of the trace operator we have that U;E" (up to additive
constants on the connected components of U\ K whose boundary does not meet 9U) converges
to U;E strongly in L2(I' N U). This is enough to deduce from (4.7) that T is weakly continuous,
hence continuous.

Taking ¢ = ¢, and ¢ = Ty, in (4.7), we obtain that ||T'¢,|~ — [|[T¢|~, which concludes
the proof of the compactness of T'.

Using the Green identity

(v;divr(chpqu) — v, divr(¢Vru™)) dHN -1 = 2/U |V, |* dx > 0,

/ (Uzdin (¥pVru't) — v, divp (¥ Vru™)) dHN 1
rnU

= / (v;}fdivF(@Vpqu) — v, divr(eVru™)) dHNL
rnu
it is easy to check that T is self-adjoint. O

Under the assumptions of Proposition 4.3 we can define

M= max (T, ) = [T (4.9)

ell~=1
It is well known that A; coincides with the first eigenvalue of 1. The following proposition gives
an equivalent characterization of Ap.

Proposition 4.4. Assume condition (4.3) and consider the following auxiliary system in the
unknown (v, ) € Ly*(U\K;0U)xHI(T NU):

/\/ Vv -Vzdx —|—/ [divp (¢Vru)zt — divp(eVru)z"|dHY 1 =0,
U rnu

/ vmp.vadHN*w/ appdHN ! (4.10)
rnU rnU

+2 / (divp (¢ Vrut)ot — divp(¥Vru o™ )dHYN 1 =0
U

for all z € L(1)’2(U\K;8U) and for all ¢ € HY(T NU). Then A\ coincides with the greatest A

such that (4.10) admits a nontrivial solution (v, ) # (0,0).
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Proof. Tt is enough to observe that under condition (4.3), A is an eigenvalue of T' with eigenfunc-
tion ¢ if and only if the pair (v,/A, @) (see (3.24) for the definition of v, ) is a nontrivial solution
of (4.10). O

Remark 4.5. We note that the strong formulation of (4.10) corresponds to

Av=0 in U\K,

v=20 on U,

ot =0 on K\(T'NU), (4.11)
A9, vt = divp(eVrut) onI'NU,

—Arp+ap =2Vrut - Vot —2Vru™ - Vv~ on I'NU.
Condition (4.1) can be characterized in terms of A1, as explained in the following theorem.

Theorem 4.6. Condition (4.1) is satisfied if and only if the following two properties hold:

() (ps9)~ >0 for every p € Hy(TNU)\{0};
(i) A < 1.

Proof. Assume that condition (4.1) is satisfied. Then by (3.26) we have

(p,0)~ > —2/

FHU(v;fa,,v;g —v,0,v,) dHN ! = Q/U |V, |* dz > 0
for every ¢ € HY(T' NU)\{0}, which implies condition (i). Once (i) is satisfied, condition (ii) is

equivalent to (4.1) by (4.8) and (4.9). O

Upon assuming (4.3), we can also characterize the positive semidefiniteness of the second vari-
ation 6%F((u,T');U) in terms of \;. More precisely, we have the following.

Theorem 4.7. Assume (4.3). Then condition (3.28) holds if and only if A\ < 1.

Proof. The fact that A; < 1 implies (3.28) follows from (4.8) and (4.9), as in Theorem 4.6.
Conversely, assume A1 > 1 and let ¢ be an eigenfunction of T associated with A;. Then by
(4.8) we have 0%F ((u,T);U)[p1] = (1 — A\1)J¢1]/2 < 0. O

We conclude this subsection with a corollary, where we show that pointwise coercivity of the
second variation §?F((u,I'); U) implies uniform coercivity.

Corollary 4.8. Assume (4.1). Then there exists a constant C' > 0 such that
O°F((u, T); U)le] = Cllellzn
for every p € HX(T'NU).
Proof. We first note that by (4.8)
FF((u, D) U)le] = lell2 = (Te, 0)~ 2 llel2 = [Tl lelZ = (1= M)l

The conclusion follows from Theorem 4.6 and Proposition 4.2. O

Remark 4.9. If N = 2 condition (4.3) is always true. Indeed, by (3.22) the expression of a(x)
reduces to H?(x). Therefore, by Theorem 4.6 condition (4.1) is satisfied in this case if and only
if A\; < 1. In higher dimensions the situation is different. A counterexample can be constructed
by considering as I'; an unstable minimal hypersurface (i.e., a critical point of the area functional
with nonpositive second variation) and then by choosing any function u defined in a tubular
neighbourhood of T',., satisfying the first order conditions (3.2) and (3.22), and Vu~ = Vu™ on
I',.. This can be easily done using Cauchy-Kowalevskaya theorem. The conclusion follows by
observing that in this situation the bilinear form (4.2) reduces to the second variation of the area
functional at T',.
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4.2. A dual minimum problem. We introduce the linear operators
Ay - HYTNU) = LA T NU),  Aip:= —2divr(pVru®)

and we denote by A% : LA T NU) — H-}(T'NU) the adjoint operators of Ay with respect to
the scalar product of L2(I' N U); i.e., for every 1 € L>(I'NU) and every p € Hi(I'NU)

Uibie) = [ Asppant® =2 [ dive(eVratyuant
nU rnU

where (-,-) denotes the duality product in H= YT NU)xHi (L' NU). We consider also the resol-
vent operator R: H-Y(I'NU) — H}(I' NU), which maps any f € H-Y(I' N U) into the solution
¢ € HY('NU) of the problem

—Arpt+ap=f inI'NnU,
e HY(TNU).

The operator R is well defined under the assumptions of Proposition 4.2. We note also that the
operator T', introduced in (4.7), can be written as

Te = R(A% v} — A vy) (4.12)
for every ¢ € Hi(I'NU), where v, is defined in (3.24).
We introduce now the following dual minimum problem:

min {2/ Vol?da: v e LY (U\K;00), |R(A%0" — Ao =1}, (4.13)
U

An argument similar to the one used in the proof of Proposition 4.3 shows that
v R(A%vT — A v™) s compact from Ly (U\K;dU) to HYT NU). (4.14)

Exploiting this remark, it is not difficult to prove that the problem (4.13) admits a solution by
the direct method of the Calculus of Variations.

The following theorem, which is the main result of this subsection, provides a characterization
of condition (4.1) in terms of the dual problem (4.13).

Theorem 4.10. Assume condition (4.3). Then A1 = 1/u, where p is the value of (4.13).
Moreover, condition (4.1) is satisfied if and only if (4.3) holds and > 1.

Proof. It is enough to prove that under (4.3) we have u = 1/A1, as the second part of the statement
will then follow by Theorem 4.6.
Let ¢ € HY(U'NU) be such that [[¢]|~ =1 and Ty = ;. Then by (4.12) we have

R(Aj_v;f —Alv,) = M, (4.15)

that is
—AMAre + Map = Aiv; — A’iv;.
Multiplying both sides by ¢ and integrating by parts, we obtain

)\1/ ap® dHN ! +)\1/ |Vrp|? dHN ! :/ (viAyp—v  A_p)dHN 1.
rnu rnu rnu
Using the fact that [|¢]~ =1 and 20,vF = —A+e, we deduce that
A1 = —2/ (vfdvf —vz8,07) dHN Tt = 2/ |V, |* da, (4.16)
rnu U

where the last equality follows from (3.26). By (4.15) the function v,/A; is admissible for problem
(4.13). Therefore, from (4.16) we infer that p < 1/A;.

To show the converse inequality, let v be a solution of (4.13). Then it is easy to see that there
exists a Lagrange multiplier po such that

/ Vou-Vz = po (R(ALvT — A" v7), R(A%L 2T — A% 27)). (4.17)
U

for every z € Ly”*(U\K;AU). Choosing v as test function in (4.17), we deduce that 2uo = p.
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We set ¢ := R(A%vT — A*v™) and ¢ := R(A% 2" — A* z7). Then using the definition of
and integrating by parts it turns out that

/ appdHN 1+
rnu
in other words

(R(AG 0T — A" 07), R(A% 2T — A% 27))0 = (p,9)n = /mU(z+A+<p — 2 A_)dHNTY. (4.18)

Ve VewdH = [ (A a A g an

rnu rnu

From (4.17) and (4.18) it follows that ;%U satisfies (3.24), which implies that v = pwv, . Therefore,

by (4.12) we have that
1 1

To=—R(A* vt —A*v™) = —¢;

I (4 u
i.e, 1/p is an eigenvalue of T'. This implies that 1/ < A; and concludes the proof of the
theorem. 0

In the next corollary the dependence of A\; and g on the domain will be made explicit. In
particular we will show that they depend monotonically on U .

Corollary 4.11. Assume that condition (4.3) is satisfied. Let Uy,Uy C Q be admissible subdo-
mains for (u, K) such that Uy C Uy and TNU; =T NUs. Then A\ (Ur) < A1 (Us). In particular,
if condition (4.1) is satisfied in Us, then it also holds in U .

Proof. As 0U;y G 0r,(U1\K), we have that if v € L(l)’z(Ul\K; OUy), then the function ¥ given by
o =v on U\K and & = 0 on U\U; belongs to Ly*(Us\K; dUy). Therefore, if v is an admissible
function for the problem (4.13) in Uy, then ¢ is an admissible function for the problem (4.13) in
Us. Hence p(Uy) > u(Uz). The conclusions follows from Theorems 4.10 and 4.6. O

The following corollary will be used in the next section (see Remark 5.2). It shows that A; and
w1 are continuous along decreasing sequences of open sets.

Corollary 4.12. Assume that condition (4.3) is satisfied. Let U, C § be a decreasing sequence
of admissible subdomains for (u, K). Assume also that the open set U defined as the interior part
of NS Uy, is an admissible subdomain for (u,K) and that T NU, =T NU for every n. Then

Proof. In view of Corollary 4.11 it is enough to show that lim,, A\; (U,) < A1 (U). By Theorem 4.10
this is equivalent to prove that

lim pu(Uy) = p(U). (4.19)
Let v, be a solution of (4.13) with U replaced by U,,. Then the function o, given by o, = v,
on U, and &, =0 on Uy \U, belongs to Ly*(U1\K;0U1) and 2 [, [Vin|*dz = u(Uy) < p(U).
Hence there exists a subsequence (not relabelled) @, and a function & € Ly?(U;\ K;0U;) such
that @, — o weakly in Ly?(U;\K;0U;). Clearly o = 0 a.e. in U;\U, which in turn implies that
the restriction v of ¥ to the set U belongs to Ly*(U\K;dU). Recalling also (4.14) we infer that
v is admissible for problem (4.13) and thus

lim p(Uy,) = lim 2/
n n U

which shows (4.19) and concludes the proof. O

Vi |? dz > 2/ V2 da = 2/ Vol2da > p(U),
Uy U

1

5. A SECOND ORDER SUFFICIENT MINIMALITY CONDITION

In this section we show that any critical point satisfying the second order condition (4.1) is a
local minimizer with respect to variations of class C? of the regular part I', of the discontinuity
set. Critical points which are C?-local minimizers (in the sense of Definition 3.14) play in our
context the same role of weak minimizers in the classical Calculus of Variations, as made precise
by the following theorem.



18 F. CAGNETTI, M.G. MORA, AND M. MORINI

Theorem 5.1. Let N < 3 and let Q, (u,K), U, and T' be as in Definition 3.3. Assume in
addition that (u, K) is a critical point in U with respect to T' and that (4.1) is satisfied. Then
(u, K) is an isolated C*-local minimizer in U with respect to T .

Remark 5.2. We observe that in the statement of the theorem we can assume without loss of
generality that I' cC U. Indeed, if this is not the case, setting IV := I'NU, we can find an
admissible subdomain U’ D U such that IV cC U’ and §?F((u,[");U’) is positive definite on
H}(T"). The existence of such a domain U’ is guaranteed by Corollary 4.12. It is now sufficient
to show that (u, K) is an isolated C?-local minimizer in U’ with respect to I, since this implies
in particular the thesis of Theorem 5.1.

In view of the previous remark we may assume in the remaining part of the section that
I'ccU.

In order to prove Theorem 5.1 we need some auxiliary results, which are contained in the next
lemmas. For every 6 > 0 we define the §-neighbourhood (A)s of an arbitrary set A C RV as

(A)s :={z € RY : dist (z,A) < d}. (5.1)
For notational convenience we set
Ds :={® € C*(U;U) : ® diffeomorphism, ® = on (K NU)\T, 0 < ||® — I||¢c= < 6}

for every § > 0. We fix §p > 0 such that the orthogonal projection IIr. on I', is well defined
(and smooth) in (T')s, NU and for every ® € Dy, there exists a unique ¢ € C3(T') such that

e =0T) ={a+p(x)v(z): zeT}.
We can then define in (I')s, N U the vector field

X3 = (¢v) oIlp, (5.2)
for every ® € D;,. Moreover, we consider the bilinear form
(0,9) = / ag9h dHN ! +/ Vra® - Vgt dHN 1 (5.3)
Fq> F<1>

for every 9,1 € Hi(I'g), where
as = 2Ba[Vryug, Vryug) — 2Ba[Vrgug, Vryug) — [Ba |

(here and in the sequel we use the same notation as in the previous sections).
In the next lemma we prove that the H'!-norm on I's can be controlled in terms of the norm
I ll~,@, uniformly with respect to ®.

Lemma 5.3. There exist C1 > 0 and 01 € (0,00) such that for every ® € Ds, we have
Il rey < Cill¥l~,e (5.4)
for every ¢ € H{(T'p).

Proof. As (u, K) satisfies the second order condition (4.1), by Theorem 4.6 and Proposition 4.2
we have that there exists a constant C' > 0 such that

1l oy < CliwllZ (5:5)

for every ¢ € H}(T'). Setting M := SUPg e, SUPzerny Jo(x) (|(Dr®)~T(z)|> + 1), by the area
formula (2.7) we obtain

W2, = / (160 B2 + | (Vry ) 0 B?) Jo dHY

= /F (I o @ + |(Dr®) T [V (e 0 ®)][2) Jg dHN?

IN

M [ (ooP + Ve o)) < MOl ol (56)
I

where in the last inequality we used (5.5).
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Let € be a positive constant that will be chosen later. By classical elliptic estimates (see,
e.g., [16, Theorem 3.17]) we have that ui is C1 up to I'y for some a € (0,1), with Ct®-norm
uniformly bounded with respect to ® € Ds, . It follows that the map ® +— (ago®) Js is continuous
from Dy, , endowed with the C? topology, into L°°(T"). In particular, there esists §; € (0, dp) such
that [|(ag o ®) Jo — al|p(r) < € for every ® € D5, , and, taking d; smaller, if needed, we can also
guarantee that supgep, SUP erny J3 (z) |[(Dr®) T (x)]? < 1+¢ and SUPgep,, SUPzerny Jpl(z) <
1+ . Hence, using also the area formula (2.7), we have

(ot < [laso®)leoPudhY s [[Vewo @) an¥ e [lwo o an
N N

r

IN

/ aq>\1/)|2dHN_1+(1+5)/ |qu,w|2dHN_1+a(1+a)/ |2 dHN T
'y Ty T

P

A

< I tete) [+ [T ) Y

I's

Choosing ¢ > 0 such that MCe(l + ¢) = 3, the thesis follows from (5.6) and the previous
inequality with Cy := v2MC'. O

From the previous lemma, Proposition 4.2, and Remark 4.1 it follows that for every ® € D;, the
bilinear form (-,-)~ ¢ is a scalar product on H{(I's), so that, similarly to (4.7), we can introduce
the operator Tg : H}(P'p) — HE(T'e) defined by

(Tod, )y = —2 / (0 pdives (¥Vr, 1) — v gdive, (6Vr,ug) dHY 1, (5.7)
T's

where vy ¢ € Lé’2(U\Kq>;6U) is the solution of
[ Vono Vet [ (dive, (05, u)zt — dive, (Ve u)2 ) dHY =0
U T's

for all z € Lé’2(U\K<p; OU). By Proposition 4.3 and Remark 4.1 the operator Tg is monotone,
compact, and self-adjoint for every ® € D;, . Moreover, we have the following property.

Lemma 5.4. Assume N < 3. For ® € Ds, let A\ ¢ denote the norm of Ty on H& (T's) endowed
with the norm || - ||~.& and let Ay := A1 ;. Then

limsup A1a < Aq. (5.8)
[[®—1I]|o2—0

Remark 5.5. It is actually possible to prove that A; ¢ converges to A1, as ||® — I||c2 — 0, but
this is not needed in the sequel.

Proof of Lemma 5.4. Assume by contradiction that (5.8) fails. Then there exist Ao > A1, ®,, — 1
in C2-norm, ¢, € C*°(Ty,) with ||¢nll~a, =1, and w, € Ly*(U\Kg,;0U) solution to

/van Vzdr + /F (divr,, (9nVra, ug )zt —dive, (0n Vi, ug )2 ) dHY "1 =0
®n
for all z € Ly*(U\Ksg,;U), such that
(T, on, o)~ .0, = 2/U [Vw,|* dz — oo > A1 (5.9)
Let 0, := w, o ®,,. Then w,, € Lé’Q(U\K;GU) satisfies
/UAn [V, Vz]dx + /F(divfw (©nVr,, ugn)) 0 ®,Jp, 2t dHN !

— /(divr% (©nVry, u;n)) 0o®,Jp, 2~ dHN "t =0
r
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for all = € LY2(U\K;QU), where A, = 2%D¥o o @ with W, := @', while Jg, is the

(N — 1)-dimensional Jacobian of ®,,. Moreover, it is easily seen that
lim 2/ |V, | dr = lim 2/ |Vw, | de = Moo (5.10)
" U " U

We finally set ¢, := cppn © @, , where
cn = [lpn 0 Bpll Tt — 1, (5.11)

and we consider the function vg, defined by (3.24) with ¢ replaced by ¢, . To conclude the proof
of the lemma it will be enough to show that

hm/ IV (vg, — Wn)|* dz = 0. (5.12)
Indeed, by (5.9) and (5.10) this would imply

A1 > lim (T, Pn)~ = lim 2/ Vg,
n n U

2dm=lim2/ |V, |* dz = Moo > A1,
n U

which gives a contradiction.
In order to prove (5.12) we observe that z, := vz, — W, solves the problem

zn € L2 (U\K;OU),
/ An|Vzn, Vz]dx — / (An, — I)[Vug, , V7] der/ (hf2t —hyz7)dHN 1 =0
U U r
for all z € Ly*(U\K;dU), where ht := divr (@, Vru®) — ((divry, (9nVr,, uén)) 0®,)Js, . Since
A, —I — 0 in C'-norm and vz, is bounded in Ly*(U\K;dU), we have that (A, — I)[Vovg, ]
converges to 0 strongly in L2(U;RY). Hence (5.12) follows once we show that hf — 0 in
H—2(D).
To this aim let ¢ € C2°(T"). Then we have

[ (ivrs, (e, 08, 0 @) Ju, Car¥ = [ dive,, (01, )(Co 0, dY
- /F onVra, uE Vg, (CoW,)dH !
- - / n(Dr®,) o W, [Vr(ud, 0 ®,) 0 Wyl (Dry W) [(VrC) 0 W, ] dHV
- /F € G0 (Dr,) "L (Drpd,) T [Ve(uk 0 @,), Vr(lJa, dHY 1

_ / e dive (Bo s, (Dr@,) " (Drd,) T [Ve(uE o @,)])¢dHY !,
IN

where we repeatedly used the area formula (2.7). It follows that

hif = dive(3,Vru® — ¢, ' @nds, (Dr®,)  (Dr®,) " [Vr(ug o @,))). (5.13)
We claim that for every a € (0,1)
Vr(up o®,) — Vru®  in CO*(T;RY). (5.14)

To prove this we observe that y,, := us, o ®, —u solves
yn € Ly*(U\K;0U),
/ An[Vyn, Vz]dx + / (A, — I)[Vu,Vz]dx =0
U U

for all z € Ly?(U\K;9U). As A, — I in CY(U;RY*N), we deduce by standard elliptic
estimates (see, e.g., [16, Theorem 3.17]) that y,, — 0 in W2P(V\I') for every p and for a suitable
neighbourhood V' of I'. This provides (5.14).
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It is now convenient to set 1 := c;; ' Jg, (Dr®,) " (Dr®,) T [Vr(ug, o ®,)] — Vrut. As the
matrix Jg, (Dr®,) " (Dr®, )~ 7T converge to I in C1(T; RV*Y) | claim (5.14) and the convergence
in (5.11) imply that for every a € (0,1)

YE -0 in CO(T;RY). (5.15)

Let us fix a € (0,1) and p > 1 such that (2a — 1)p > 2N — 2. As @, is bounded in H}(I') and
N < 3, by the Sobolev imbedding theorem ¢,, is bounded in LP(T"), too. Adding and subtracting
the term @, (z)yE(y) and using the Holder continuity of ¥, we can estimate the Gagliardo
H? -seminorm of G as follows:

rJr lz =y

2 e | 9nlney + 205 oy [ [ 1@l =52 aHY ) )

IN

IN

206 12000y (1801221

+HN_1(F)E||¢TL||%Z’(F)(/F/1; |$—y‘(2a71\7)p7€2 dHN_1<.'L')dHN_1(y)) P )

By our choice of a and p the last integral in the previous formula is finite. Thus, using the
boundedness of @, in Hz(T') and in LP(T), we deduce from (5.15) that

GntiE —0 in H2(I;RY),
which in turn gives hE — 0 in H~2(I') by the definition of ¢ O

Remark 5.6. The assumption N < 3 in Lemma 5.4 can be removed if we require ® to converge
to I in the C*“-norm for some o € (0,1). Indeed, arguing by contradiction as before, the
proof reduces to show that hf — 0 in H_%(I‘). Since ®,, converge now to I with respect to
the C%“-norm, we deduce by standard elliptic estimates that 3, — 0 in C%%-norm up to T,
so that Vr(uin o ®,) — Vrut in CH(T;RY). As Js, (Dr®,) Y(Dr®,)~T converge to I in
CH*-norm, we have that ¢ — 0 in C12(T;RY), hence ¢,1;F — 0 in H*(T; RY), which implies
hE —0in H-2(T).

Proof of Theorem 5.1. First of all, we note that it is enough to show that there exist ¢ € (0,d;)
and ¢ > 0 such that for every ® € DsNC>(U;U), with supp (® —I)NT cCT and I's ZT'NU,
F((u, K);U) < (g, Ka):U) — ol Ko -vo e, (5.16)

where, we recall, Ko = ®(K NU) and Xg is defined in (5.2). Indeed, the statement would then
follow by approximating in the C2-norm any ® € D; with diffeormophisms having the properties
above.

The strategy will be the following. Given ® € Ds N C>®(U;U) with § < 6;, we consider an
admissible flow @, for I' in U which coincides with I+tXg in the §-neighbourhood of I'. Setting
9o (t) := F((us,, Ko,); U), we shall show that there exist § < d; and ¢ > 0 such that

ga(t) > 2| Xg - z@H%{l(F@) for every t € [0,1] and every ® € Ds N C>(U;U). (5.17)
As ¢4, (0) = 0, condition (5.17) will then imply

F((u, K); U)

0(0) = ga(l) / (1~ t)gh(t) dt

A

1

90(1) = 2| X -vorncr,y [ (1= 0)a
0

= F((us, Ka);U) — | Xa vl r),

that is (5.16).
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Let us prove (5.17). Using (5.3), (5.7), and the fact that Xy, = X4, so that Zg, = 0, we have
by Remark 3.10 that for every ¢ € [0, 1]

gg(t) = - (T‘I:‘t(Xq’t : Vq)t)’X(I)t : Vq)t)"/’q)t + HX@t 'Vq%Hi,@t

+ ft(_2X<‘I|>t : VF<1>,5 (Xq>t ’ V<I’t) + Bq)t [X~‘1|>'t7X<II|>t] + Hq)t (Xq>t ’ V<I>t)2) dHN_lv (518)

Te,

where we recall that XJILt stands for (I —ve, ®ve,)Xe, and f; = |V, ug, > = |Vr,, ugt >+ Hs, .
As (u, K) satisfies the second order condition (4.1), it follows from Theorem 4.6 that A\; =
A1,r < 1. Hence by Lemma 5.4 there exists d2 € (0,61) such that

Mo < z(M+1)<1 (5.19)
for every ® € Ds,. By taking do smaller, if needed, we can also guarantee that
31X v lFi i, < 1 Xe, Vo, [l (ry,) < 21X - vall 3 ry) (5.20)
for every ® € D5, and every t € [0,1]. Using the definition of A; ¢ and invoking (5.4), we deduce
—(To,(Xo, - va,), Xo, - Vo,) 0, + | Xo, 'Vq>t||2~,q>t > (1—-X0,) || Xs, 'Vq>t\|2w,q>t
> 307 (1= M) Xa, v, i (r,,) = 07 (1= M) X - vallin ry)s (5.21)

where the last two inequalities follow from (5.19) and (5.20).
Choosing &, smaller, if needed, we also have that vg = voll, 4 pe with [|ps|lc1 < L for every

® € Ds,. As |Xg| = |Xo-(vollp)|, we deduce that
[ Xo| < [Xo-ve| + | Xe - (ps oI, )| < [Xo - ve| + 5| Xal,
hence R }
| Xo| < 2|Xe - val (5.22)
for every ® € Ds,. Moreover, as the C*®-norm of ui on I'g is uniformly bounded with respect
to ® € D, , one can show that the map
URS D52 = |||Vr<bu‘;|2 - |VF¢U$|2 + H@HL"O(F@)

is continuous. In particular, as it vanishes at ® = I, for every € > 0 there esists § € (0,d2) such
that

I1Vraugl® = [Vryug|* + HaollL=(re) < €
for every ® € Ds. Hence, there exists a constant ¢y > 0 such that for every t € [0,1]

/F ft(72X<|IL, ' VFét (X<1>t ’ V‘i’t,) + Bq>t [X<‘I|>,7X<|1Lf] + H(bt (X@t ’ V@t)2) dHNil

@y

> 2| Xa,||2(ra,) I Vre, (Xa, -va,) | 12(ra,) — coc [ Xa, | 72(r,,)

> —4(1+co)e || Xa, v, | (rg,) = —8(1+ co)e | Xa - va |7 (ry);

where the last two inequalities follow from (5.20), (5.22), and the fact that X¢, = %Xq:.t . Choosing
£ so small that 8CF(1+cp)e < £(1— A1), claim (5.17) follows from the previous inequality, (5.21),
and (5.18), with ¢:= LC7?(1— \p). O

Remark 5.7. We observe that in the course of the proof of Theorem 5.1 we made use of the
technical assumption N < 3 only in Lemma 5.4. Thus, by Remark 5.6 the following weaker
version of Theorem 5.1 holds in dimension N > 3. If (u, K) is a critical point in U with respect
to T satisfying (4.1), then for every « € (0,1) there exists § > 0 such that

/|Vu|2dx+HN’1(KﬂU)</ (Vo2 de +HYNHO(K NT))
U U

for every C%“-diffeomorphism ® on U with ® = I on (KNU)\I', T'e #T'NU, and ||®—I||c2.a <
§, and every v € LL2(U\®(K NU)) with v =u HY"1-a.e. on OU. In other words, (u, K) is an
isolated C*“-local minimizer in U with respect to ' for any « € (0,1).
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6. STABILITY AND INSTABILITY RESULTS

We start with two results of stability in small domains. In the first proposition we show that
(u, K) is an isolated C?-local minimizer in a tubular neighbourhood (I'). of T' (see (5.1) for the
definition of (T')¢), provided condition (4.3) is satisfied.

Proposition 6.1. Let Q, (u,K), and T be as in Definition 3.5. Assume that (u,K) is a
critical point in Q with respect to T' and that (¢, )~ > 0 for every ¢ € H}(T)\{0}. Assume
furthermore that (T'): is an admissible subdomain for (u,K) (in the sense of Definition 3.1) for
every € € (0,e9). Then there exists €1 € (0,e9) such that for every e < &1 the second variation is
positive in (I')e; i.e.,
8%F ((u,T); (D)e)[g] > 0

for every o € HYT)\{0}. In particular, if N <3, (u,K) is an isolated C?-local minimizer in
(D). with respect to T, while if N > 3, (u,K) is an isolated C*% -local minimizer in (T). with
respect to T' for any a € (0,1).

Remark 6.2. If N = 2, by the previous proposition and Remark 4.9 it follows that every critical
point is an isolated C?-local minimizer in a tubular neighbourhood of a compact subarc of the
regular part of the discontinuity set. This is in agreement with the result in [11], where in fact a
stronger minimality property is proved. Instead if N > 3, there exist critical points whose second
variation is nonpositive in every tubular neighbourhood of the regular part of the discontinuity
set. This follows from Remark 4.9, where it is shown that condition (4.3) may fail.

Proof of Proposition 6.1. By Theorem 4.10 it is enough to show that

lim p((T):) = +oo, (6.1)

e—0+

where u((T')) is the value of (4.13) with U replaced by (I')c. Assume by contradiction that
(6.1) fails. Then there exist C > 0, &, — 0T, and v, € Ly*((I)e, \ K;0(T'),) such that

IR(A% vl — AZv7)|l~ =1 and
/ |V, |? de < C.
(D)e,,

By setting v, = 0 on Q\ ()., we have that v, is a bounded sequence in Ly*(Q\ K;Q). Since
the measure of (I')., goes to zero, we deduce that v, converge to 0 weakly in L (Q\ K;09Q).
As the operator (4.14) is compact, we conclude that R(A% v} — A* v, ) converge to 0 strongly in
H§(T'), which contradicts [[R(A%v} — A* v, )|~ =1.

The last part of the statement follows from Theorem 5.1 and Remark 5.7. O

In the next proposition we prove that the generic critical point (u, K) is stable with respect to
C? perturbations with small support.

Proposition 6.3. Let Q, (u,K), U, and T be as in Definition 3.3 and assume in addition that
(u, K) is a critical point in U with respect to T'. Then there exists R > 0 such that

§°F((u,T); U)[g] > 0 (6.2)
for every ¢ € HY(' N U)\{0} with diam (supp ¢) < R.

Remark 6.4. Arguing as in the proof of Theorem 5.1, one can show that the thesis of Proposi-
tion 6.3 implies the following minimality property in dimension N < 3: there exists § > 0 such
that

/|Vu|2dx+HN’1(KﬂU)</ (Vo2 dz +HYN DK NT))
U U

for every ® € Ds with diam (supp (® — I)NT) < R and T'p # I'NU, and every v € LV2(U\
®(KNU)) with v=u HN¥"'-a.e. on OU.
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Proof of Proposition 6.53. As an easy consequence of Poincaré inequality, we infer that there exists
Ry > 0 such that for every z € IV, with TNU cc IV cC T, we have

(o)~ >0

for every p € HY(T'NU)\{0} with supp ¢ C Bg,(x). By Proposition 4.2 the bilinear form (4.2)
defines an equivalent scalar product on the subspace

H,,={p¢€ Hol(F NU): supp ¢ C By(z)}
for every r < Ry and every x € I''. Thus we can define by duality the operator T, : Hy , — Hy ,
satisfying

(Tyriprth) = —2 / (ubdive (07 = o dive (0 ) d (6.4)
N

for every ¢, € H,,. The operator T,, may be thought of as a “localization” of T and
turns out to be compact and self-adjoint. We note that by the representation formula (6.4), if
B, (x1) C By,(x2), then for every ¢ € H,, ,, the function Ty, ,,¢ coincides with the orthogonal
projection (with respect to (-,-)~) of Ty, ¢ on Hy, . Moreover, using (6.3) and arguing as in
the proof of Theorem 4.6, one can see that inequality (6.2) is satisfied for every ¢ € H, , if and
only if

Ty 0, 0)0 < 1.
Jélﬁfr( 95 P)

lell~=1
Therefore, to conclude the proof it is enough to show that

lim+ max (Tyrp, )~ = 0 uniformly with respect to x e T NU. (6.5)
r—0 LPE x,r
lollv=1

Assume by contradiction that (6.5) fails. Then there exist C > 0, x, € TNU, r, — 07, and
©n € Hy, . such that [|g,|~ =1 and

(T v Py o) 2 C. (6.6)

Without loss of generality we can assume that x, — « € I'NU and B, (z,) C Bgy(x) for n
large enough. In particular, by the projection property mentioned before this implies

(T v Py ) = (T, Ro Prs P )~ (6.7)
As |lgnll~ = 1 and the measure of the support of ¢, tends to zero, we conclude that ¢, — 0
weakly in H}(I' NU). Since T g, is compact, it follows that T r,¢, — 0 strongly in HJ (' N U)
and in turn, (T, gy %n, Pn)~ — 0. By (6.7) this contradicts (6.6). O

We conclude this section with an example of instability in large domains. A related explicit
example will be discussed in the next section. Let w : R¥Y~! — R be an affine function. We
consider as critical point the pair (u, K), where for every z = (2/,zy5) € RV

() w(z') for xzy >0,
u(x) ==
—w(z") for xy <0,

and K =T, = {zy = 0}.

Proposition 6.5. There exists Ry > 0 such that the second variation 6°F((u, KN Bg(z)); Br(x))
is nonpositive for every x € K and every R > Ry.

Proof. We first note that, as a = 0 in this case, condition (4.3) is satisfied. Therefore, we can
consider the operator T defined in (4.7). By Proposition 4.4 there exists a nontrivial solution
(v,¢) € Ly*(B1(0)\K;0B,(0))x HL(K N B1(0)) of (4.10) with U = B1(0) and A = A (B1(0)).
For every zo € K and every r > 0 let us consider the functions v, € Ly?(B,(x0)\K;dB,(z0))
and ¢, € Hj(K N B,.(x)) defined by v,(z) := v(£=2) and ¢,(2’) = rcp(ml;rmé). It is easy to see
that (vr, @) is a nontrivial solution of (4.10) with U = B,(x¢) and A = rA1(B1(0)). Therefore,
by Proposition 4.4 we have A1 (Br(z9)) > rA1(B1(0)). The conclusion follows by Theorem 4.7
choosing Ry = 1/A\1(B1(0)). O
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7. AN EXPLICIT EXAMPLE

As a final application of the results of the previous sections, we discuss an explicit example, for
simplicity in dimension 2. In € = R? we consider the function

w(w,y) = z fory >0,
W= —z fory <0,

whose discontinuity set is given by K =T', = Rx{0}. For every Lipschitz bounded domain U in
R? we recall that A1 (U) denotes the constant introduced in (4.9), corresponding to this choice of
u, K, U,and to I' =T, NU. We will compute explicitly the value of A\; for rectangles which are
symmetric with respect to K.

Proposition 7.1. Let U = (zo,zo + £)X(—yo,Y0), Yo > 0, and let T' = (xg,x0 + £)x{0}. Then
M (U) = Z tanh 270 (7.1)

so that the second variation is positive if and only if
2L tanh 2”% < 1. (7.2)

In particular, if (7.2) holds, then (u, K) is an isolated C?-local minimizer in U with respect to
T;if 2;4 tanh 2”% > 1, then (u, K) is not a minimizer in U .

Remark 7.2. In [11] it is proved that, if a condition stronger than (7.2) is satisfied, then a
stronger minimality property holds. More precisely, from the results of [11, Section 4] it follows
that there exists a constant ¢y < 1 such that if 4;( tanh 7% < ¢o, then (u, K) minimizes F' among
all competitors in SBV(Q2), whose extended graph is contained in a sufficiently small tubular
neighbourhood of the extended graph of u.

Proof of Proposition 7.1. We choose v(z,0) := (0,1) as an orientation for I". Let (v,¢) be a
nontrivial solution of (4.11). By symmetry we have v(x,y) = v(x,—y); thus, setting R :=
(20,20 + £)x(0,y0), we have that (v,¢) solves the problem

Av=0 in R,
v=0 on OR\T,
AOyv = ¢’ onT,
@' =—-40,v onT.

Combining together the two conditions on I', we deduce that
AOyv=—4(v—c) onT,

where ¢ := % f{;OH v(z,0) dz. The computation of A\; amounts to the identification of the largest
A such that there exists a nontrivial solution of

Av=0 in R,
v=20 on OR\T, (73)
AOyv=—4(v—c) onT.

Expanding v in series of sines and taking into account the first two conditions of the system, we
have that

v(z,y) = Z Cp sin(F (x — x)) sinh (7 (yo — y))

with ¢, € R. Differentiating with respect to y and imposing that 0,v has zero average on I', we
obtain the condition

Z ¢p cosh(%722) = 0. (7.4)

neN
n odd
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Expanding also ¢ in series of sines on [xg,z¢ + ¢], one can see that the last condition in (7.3) is
equivalent to

0 nmYyo : nm
Ay > ney cosh("5) sin("F (z — )

neN
=4 cpsinh(250) sin(2F (z — 20)) — 16¢ Y L sin(2E (z — x0)),
neN neN
n odd
which implies
AGney cosh “#0 = 4cp, sinh “5#  for n even, (7.5)
AGncy cosh “#0 = 4ep, sinh #7520 — 160n—17r for n odd. (7.6)

From (7.5) we deduce that either ¢, =0 for every n even or there exists an even number 7 such
that )
A= 4% tanh "7,
Clearly the biggest A which falls in the latter case, corresponds to 7 = 2 and hence,
M(U) > 2 tanh 2720, (7.7)

If ¢, = 0 for every n even, it follows from (7.4) and (7.6) that ¢ # 0. Hence (7.6) is equivalent

to
16 c

nm 4sinh “7# — A% cosh "

for every n odd. Condition (7.4) and the fact that ¢ # 0 finally yield

1 1
— =0. 7.8
Z n? %tanh = — AT (78)

neN
n odd

Cp =

By (7.7) the proof is concluded if we show that the previous equation has no solution in the
interval (2 tanh 27 +o00). If A > 4 tanh ™ | all the terms of the series in (7.8) are negative
(since tanhx/x is decreasing for = > 0), so that we can restrict our attention to the interval
[2 tanh 2”%, 4 tanh T2). Let g(A) be the function given by the left-hand side of (7.8). It is

easy to see that g is monotone increasing in [2?( tanh 2”%, 4;@ tanh 73%). Hence it will be enough

to prove that g(% tanh 2”%) > 0. This is equivalent to

1 1 1
> — . 7.9
4tanh%—2tanh2”# 7; n? 2tanh27rl#—%tanhm;# (7.9)
n odd

Using the inequality
4 4
2tanh2ﬂ% — — tanh “% > 2tanh2ﬂ% - ftanh?’”%
g n 3

for every n > 3 and the identity

1 s
2. m=g b
n>3
n odd

inequality (7.9) will be proved if we show

1 2myo _ 1 37Yo 2
2tanh 7 3tanh 7 ™

> — —1. 7.10
tanh ™ — 1 tanh 2”# 8 (7.10)
Applying the addition formula for the hyperbolic tangent it is easy to see that
3 tanh(2z) — § tanh(3z) 5 — tanh® z

tanhz — $ tanh(2z) ~ 3(1+3tanh®x)

for every & > 0. By this identity it is then clear that the left-hand side of (7.10) is a decreasing

function of yy and its infimum is equal to % > %2 — 1. This concludes the proof of (7.9), and in
turn of (7.1).
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The last part of the statement follows now from Theorem 4.6, Remark 4.9, Theorem 5.1, and
Theorem 4.7. (]

8. APPENDIX

In this section we collect some auxiliary results, which are needed in the proof of Theorem 3.6.
We start with a proposition where the regularity properties of the map ¢ — ug, are investigated
(see (3.3) for the definition of ug, ). We give only a sketch of the proof.

Proposition 8.1. Under the assumptions of Theorem 3.6, let U; := ugp, o Py and vy := U — u.
The following properties hold:
(i) the map t — v, belongs to C=((—1,1); Ly*(U\K;U));
(ii) for every xo € T let B be a ball centered at xo such that BC U, BNTy =&, and B\l
has two connected components, By and B_. For every t € (—1,1) let ﬂti denote the
restriction of iy to By. Then the map 4*(t,x) == i (x) belongs to C>°((—1,1) x B).

Proof (Sketch). In order to prove part (i), it is enough to show that for every to € (—1,1) the
map t — v; is smooth in a neighbourhood (¢tg — ¢,to + €). For simplicity we consider only the
case tg = 0 (the general case can be treated similarly).

First of all, we note that by (3.3) the function v; solves

/ AV, V2] dx +/ Ay[Vu,Vz]de =0 for every z € Ly*(U\K;dU), (8.1)
U U
where A; := % o®, and ¥, := <I)t_1.

Let us consider the map F : (—1,1)x Ly >(U\K;0U) — Ly*(U\K;dU) defined in the following
way: for every t € (—1,1) and every v € L(l)’Q(U\K;GU) the function F(¢,v) is the unique
solution ¢ € Ly*(U\K;dU) of

/ VE-Vz= / AV, Vz] dx —|—/ Ay[Vu,Vz]dx for every z € Ly*(U\K;dU).
U U U

It can be checked that F is of class C°°, F(0,0) =0 (as (u, K NU) € Areq(U) by assumption),
and 9,F(0,0) is an invertible bounded linear operator from L(l)’z(U\K ;0U) onto itself. Hence,
since vy satisfies F(t,v;) = 0 by (8.1), part (i) of the statement follows from the Implicit Function
Theorem.

Let us fix zo € I' and let B, B, and B_ be as in part (ii) of the statement. Let v  be the
derivative of ¢t — v, with respect to the L2-norm, evaluated at some tq, which exists by part
(i). We claim that

v, =1, inB and  a* e C'((-1,1)xBy). (8.2)

To this aim we first observe that by (8.1) the function wy, := 3 (vgy4n — vy,) is the solution of

/ Agyin[Vwp, V2] dx + / L(Aggn — Agy) Vi, Vz]ldz =0 for every z € Ly*(U \ K;0U).
U U

(8.3)
By standard elliptic estimates for every p > 1 the restrictions w,jf to B4 satisfy

+
[wi w2 () < Cp

for some constant C), independent of h. We deduce that vtio o Utjg and wi — (vj,)* in
CY(B4), as h — 0. In particular,
(t,z) — Voi(z) is continuous in (—1,1)x By (8.4)

and the equality in (8.2) holds. Moreover, from (8.3) and the strong convergence of Vwy, to Vi, ,
we infer that

/ Ay [Vir,, V] do + / Ay [Vig,, Vz]de =0 for every z € Ly*(U\K;0U).
U U
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Using this equation and arguing as before, we obtain
.4+ .+ T -
%(’Uto-&-h —Uy,) = b, in C°(Bx),
which yields, in particular, the continuity of the map (¢,z) — vti (z). Together with (8.4), this
implies that the map (¢, ) — v () belongs to C'((—1,1)xB.), which is equivalent to the second

part of (8.2). Finally, the C* regularity can be obtained by iterating the arguments above. O

The content of the next lemma is a pair of preliminary identities, which will be needed in the
proof of Lemma 3.8.

Lemma 8.2. Under the assumptions of Theorem 3.6, the following equalities hold on T :
DX[XI vy = -B[XI Xl + XI. V(X -v), (8.5)

2 (ve, 0 ®¢)|t=0 = DX[v,v]v — (DX)T[v] = —(DrX)T[v]. (8.6)

Proof. As XI. V(X -v) = XI.V(X -v) = (DX)T[v, X] + (Dv)T[X, X!I], identity (8.5) follows
by observing that (Dv)T = (Drv)T = B on T' and that T, is invariant for Drv(x) for every
zel.

Setting w; := (D®;)~T[v], it follows from (3.10) that

0 , ;
a(wbt 0 ®y)|j—o = —(v-w)v + w. (8.7)
The equality (8.6) then follows from (8.7) and the fact that w = —(DX)T[v]. O

We conclude this appendix with the proof of Lemma 3.8.

Proof of Lemma 3.8. To simplify the notation in the sequel we will write simply « instead of u®.
For z € T let 74 (y),...,7n—1(y) denote an orthonormal basis of T,I" which varies smoothly with
y in a neighbourhood of x. For i € {1,..., N — 1} we have

0r, (0r,u) = 07, (Vu-7;) = V2u[r;, ;] + V- 0;,7;.

3

Expressing 0., 7; in the basis {r1,...,7n_1,7} and using the fact that d,u =0 on I', we obtain
N—-1
Or, (0r,u) = V2u 7, 73] + Z (The - OF; Ti) Ory
k=1
Hence, as 7y - 0,7, = —7; - O, 7, and 7; -7, = 0 for k # i, we have
N—-1 N—1 N—1
Z Vulr,n = (75 - T )Or, (O u) + (1 - 07, Ti)Or 4
i=1 ik=1 ik=1
N-1

N-1
= T .an( ; 8Tku7-k) = Aru.

=1

Since u is harmonic, the first term in the previous identity coincides with —V?u [v, V], so that (a)
follows.
By differentiating along the direction 7; the identity d,u = 0 we deduce

0=0,,(Vu-v)=Vulr,v]|+Vu-0,,v=Vulr,v]+ Vru-0,v.
Since 0;,v = B7; and B is symmetric, the previous equality yields
V2ulr,v] = —B[Vru, 7] fori=1,...,N—1.
By linearity the identity continues to hold if 7; is replaced by any tangent vector. Hence, writing
V2u[X,v] = (X -v) V2ulv,v] + V2u [ Xl 1] and applying (a), we have
Viu[X,v] = —(X -v)Aru — B[Vru, X = —(X -v)Aru — B[Vru, X], (8.8)
where in the last equality we used the fact that B[Vru] is tangent to I'. This proves (b). We

also note that identity (8.8) still holds when X is replaced by Vru (in fact by any vector field),
so that we obtain (e).
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Using (b) and recalling that B = Dpv, we find
divp[(X -v)Vru] = (DrX)T[v, Vru] + B[X, Vru] + (X -v)Aru = (DrX) T [v, Viu] — V2u[X, V],
which shows (c).
Since Dv coincides with the Hessian of the signed distance function, we have by [1, Theorem 3,
Part I] that
0,(Dv) = —(Dv)>.
Since H = divr and Dv = Drrv = B is symmetric on I', we immediately deduce (d).
As %(V@ o ®;)|t=0 = ¥ + Dv[X], we obtain (f) by comparison with (8.6).
Finally, as %(J@t)h:() = divp X (see [15, Lemma 2.49]), we have by (8.6)
2(Dy (Vo 0 @) Jo,)tmo = Z-v+X-Z(ve, 0 Py)|mo + (X -v)divp X
Z-v+ (X -v)DX[v,v] — (DX)T[v, X] + (X -v)divp X
= Z.v—(DX)T[v, X + (X -v)divp X
Z-v—DX[XIv] - XIl.Vp(X -v) + dive (X -v)X).
Using (8.5) we obtain identity (g). O
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